
MNRAS 513, 4527–4555 (2022) https://doi.org/10.1093/mnras/stac1163 
Advance Access publication 2022 April 29 

Dynamical double black holes and their host cluster properties 

Debatri Chattopadhyay , 1 , 2 , 3 ‹ Jarrod Hurley , 1 , 2 Simon Stevenson 

1 , 2 and Arihant Raidani 1 , 2 
1 Centre for Astrophysics and Supercomputing, Swinburne University of Technology, John St, Hawthorn, Victoria 3122, Australia 
2 The ARC Centre of Excellence for Gravitational Wave Discovery, OzGrav, Australia 
3 Gr avity Explor ation Institute, Sc hool of Physics and Astronomy, Car diff University, Car diff CF24 3AA, UK 

Accepted 2022 April 21. Received 2022 April 19; in original form 2021 August 12 

A B S T R A C T 

We investigate the relationship between the global properties of star clusters and their double black hole (DBH) populations. We 
use the code NBODY6 to evolve a suite of star cluster models with an initial mass of O(10 

4 )M � and varying initial parameters. 
We conclude that cluster metallicity plays the most significant role in determining the lifespan of a cluster, while the initial 
half-mass radius is dominant in setting the rate of BH exchange interactions in the central cluster regions. We find that the mass of 
interacting BHs, rather than how frequently their interactions with other BHs occur, is more crucial in the thermal expansion and 

e ventual e v aporation of the cluster. We formulate a no v el approach to easily quantify the de gree of BH-BH dynamical activity 

in each model. We report 12 in-cluster and three out-of-cluster (after ejection from the cluster) DBH mergers, of different types 
(inspiral, eccentric, and hierarchical) across the 10 N -body models presented. Our DBH merger efficiency is 3–4 × 10 

−5 mergers 
per M �. We note the cluster initial density plays the most crucial role in determining the number of DBH mergers, with the 
potential presence of a transitional density point (between 1.2 and 3.8 × 10 

3 M � pc −3 ) below which the number of in-cluster 
mergers increases with cluster density and abo v e which the increased stellar density acts to prevent in-cluster BH mergers. The 
importance of the history of dynamical interactions within the cluster in setting up the pathways to ejected DBH mergers is also 

discussed. 

Key w ords: gravitational w aves – star clusters – black holes mergers – black hole physics. 
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 I N T RO D U C T I O N  

he three science runs by the advanced Laser Interferometer 
ra vitational-wa ve Observatory (LIGO; Aasi et al. 2015 ) and Virgo

Acernese et al. 2015 ) since 2015 have catalogued in total o v er
0 binary black hole (BH) merger events (Abbott et al. 2019 ,
020a ; The LIGO Scientific Collaboration 2021a ). Analysis of 
he observed population of double black holes (DBHs) leads to a 
etter understanding of their mass spectrum, spin magnitude, and 
lignment and merger rate through cosmological history (Abbott 
t al. 2021 ; The LIGO Scientific Collaboration 2021b ). The mass
nd spin spectra of these DBH mergers can provide an indication 
f different evolutionary pathways for these mergers (Abbott et al. 
021 ; Bouffanais et al. 2021 ), whether that be through isolated binary
volution (Belczynski et al. 2007 ; Stevenson et al. 2017a ), stellar
riples (Antonini, Toonen & Hamers 2017 ; Silsbee & Tremaine 
017 ) or quadruples (Liu & Lai 2019 ; Fragione, Loeb & Rasio
020 ), in dense stellar environments such as star clusters (Banerjee, 
aumgardt & Kroupa 2010 ; Rodriguez, Chatterjee & Rasio 2016a ; 
anerjee 2021b ) or in galactic nuclei (Antonini & Perets 2012 ; Stone,
etzger & Haiman 2017 ). A combination of observational evidence, 

heory, and results of simulations exploring the various scenarios is 
equired to develop the full picture of these merger histories. 

Very massive stars [approximately 100 M � or more on the zero- 
ge main sequence (ZAMS)] are believed to become unstable to 
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lectron–positron pair production, which can lead to the star either 
eing completely destroyed, leaving behind no remnant, or can, 
fter a series of pulses, lead to the formation of a BH less massive
han roughly 40–50 M � (with uncertainties) through core collapse 
see Fowler & Hoyle 1964 ; Bond, Arnett & Carr 1984 ; Fryer,

oosle y & He ger 2001 ; He ger & Woosle y 2002 ; Woosle y, He ger &
eaver 2002 , for more discussion). This phenomenon creates a 

earth of stellar mass BHs between about 50 and 130 M �, termed
s the (pulsational) pair instability or (P)PISN mass gap (Woosley, 
linnikov & Heger 2007 ; Stevenson et al. 2019 ; Belczynski et al.
020 ; Farmer et al. 2020 ). Ho we ver, recent LIGO/Virgo observations
f pre-merger BHs o v er 50 M � has resulted in a renewed analysis
f the (P)PISN mass gap (Abbott et al. 2020a ; Baxter et al. 2021 ;
delman, Doctor & Farr 2021 ; Wang et al. 2021b ). In the dynamical

ormation channel (in dense systems such as star clusters and the
iscs of active galactic nuclei), more massive BHs can form through
ultiple generations of BH mergers, where a smaller BH merges with
 companion, forming a more massive merger product. This pathway 
an explain the occurrence of massive BHs in the (P)PISN mass gap
Fishbach, Holz & Farr 2017 ; Gerosa & Berti 2017 ; Rodriguez et al.
018b , 2019 ; Kremer et al. 2020 ). In particular, the observation of
W190521 (Abbott et al. 2020b , d ), a binary BH merger leading to

he formation of a ∼140 M � intermediate mass BH (IMBH) remnant,
as sparked further discussion on the possible formation scenarios. 
epending on the post-merger recoil kick, the remnant BH may 
et ejected out of the host cluster (Merritt et al. 2004 ; Herrmann
t al. 2007 ; Holley-Bockelmann et al. 2008 ; Abbott et al. 2020d )
r may possibly be retained in the cluster. The likelihood of the
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http://orcid.org/0000-0002-6100-537X
mailto:ChattopadhyayD@cardiff.ac.uk


4528 D. Chattopadhyay et al. 

M

l  

l  

l  

r  

v  

i  

G  

c  

t  

a  

e

L  

i  

t  

R  

t  

e  

G  

1  

i  

s
 

w  

f  

a  

p  

S  

d  

d  

2  

t  

e  

O  

2  

t  

T  

o  

d  

s  

2  

s  

s  

b  

t  

L  

e  

b  

h  

2
 

d  

e  

b  

t  

(  

L  

i  

b  

�  

(  

5  

d  

fi  

o  

g  

o  

t  

c  

e  

w  

e  

B  

o  

B
 

s  

L  

c  

s  

g  

E  

n  

l  

M  

e  

H  

i  

s  

c  

B  

w
t  

B  

m  

t  

a  

s  

t  

m  

T  

l  

B  

t  

t  

C  

i  

t  

h  

A  

w  

c  

c  

i  

D  

t  

t  

i  

a
 

–  

d  

a  

N  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/513/3/4527/6575928 by C
ardiff U

niversity user on 24 M
ay 2022
atter outcome is boosted by the belief that dynamical encounters
ead to a BH spin distribution that is isotropic and biased towards
ow magnitude spins. For a merger involving BHs with low spin, the
ecoil velocity of the merger remnant can be lower than the escape
elocity of a massive host cluster ensuring the BH will be retained
nside (see for e.g. Miller 2002 ; Rodriguez et al. 2016c ; Antonini,
ieles & Gualandris 2019 ; Belczynski & Banerjee 2020 ). These in-

luster retained merger remnant BHs can not only occupy the void of
he (P)PISN mass gap (Fishbach et al. 2017 ; Gerosa & Berti 2017 ) but
lso undergo further mergers to become more massive (Rodriguez
t al. 2019 ). 

To further add to the mix, it has long been discussed that the Kozai–
idov mechanism in three-body systems or binary–binary/single

nteractions can produce compact binary mergers at a higher eccen-
ricity (Wen 2003 ; Antonini, Murray & Mikkola 2014 ; Samsing &
amirez-Ruiz 2017 ; Rodriguez et al. 2018b ; Martinez et al. 2020 )

han through isolated binary evolution. Hence, eccentric mergers are
xpected to be signatures of a dynamical environment. Evidence for
W190521 being a merger with significant eccentricity ( e > 0.1 at
0 Hz; Gayathri et al. 2020 ; Romero-Shaw et al. 2020b ) has further
ncreased the significance of studying BH mergers in dense stellar
ystems. 

The spin distribution of the binary BHs obtained from gravitational
aves observations have long been expected to help infer the

ormation channels of such events, with increased detections finally
ssisting to resolve the relative abundance of mergers through the
roposed dynamical versus isolated channels (Farr et al. 2017 ;
tevenson, Berry & Mandel 2017b ; Vitale et al. 2017 ). While
ynamically formed BH pairs are predicted to have an isotropic spin
istribution (Sigurdsson & Hernquist 1993 ; Rodriguez et al. 2015 ,
016c ), isolated binary evolution is predominately expected to have
he individual BHs spins aligned (Marchant et al. 2016 ; Stevenson
t al. 2017a ; Gerosa et al. 2018 ) or in specific cases misaligned (e.g.
’Shaughnessy, Gerosa & Wysocki 2017 ; Stegmann & Antonini
021 ) with the binary orbital angular momentum. The analysis of
he three LIGO/Virgo observing runs (Abbott et al. 2019 , 2020a ;
he LIGO Scientific Collaboration 2021b ) rules out both extremes
f perfectly aligned double BH spins and a completely isotropic spin
istribution. Though there appears a slight preference for aligned
pins, evidence of spin misalignment is also present (Abbott et al.
020a ), with about 12–44 per cent of binary BHs having their
pins tilted by > 90 ◦. The third LIGO/Virgo observing run has
hown indications of the presence of components of spin in the
inary orbital plane, and hence binary BH spin precession about
he orbital angular momentum (Abbott et al. 2020a , 2021 ; The
IGO Scientific Collaboration 2021b ). These tw o f actors further
mphasize the importance of the dynamical formation channel of
inary BH mergers. The pre-merger progenitor LIGO/Virgo BHs
ave also sho wn e vidence of small spin magnitudes (Bavera et al.
020 ; Belczynski et al. 2020 ). 
These observations have allowed the relative contributions of

ynamical and isolated binary channels to be constrained. Bouffanais
t al. ( 2021 ), using a combination of young star cluster and isolated
inary models, found 57–82 per cent of the LIGO/Virgo observa-
ions originating from dynamical sources, while Rodriguez et al.
 2021 ) conclude that the merger rate of double BHs from GWTC-2
IGO/Virgo observations is entirely explainable through formation

n dense star clusters. Based on the observation of two eccentric
inary BH mergers, Romero-Sha w, Lask y & Thrane ( 2021 ) argue that
 27 per cent of binary BHs may be formed dynamically. Safarzadeh

 2020 ) argued that dynamical formation contributes more than
0 per cent of LIGO/Virgo observations based on modelling of the
NRAS 513, 4527–4555 (2022) 
istributions of BH spins. Furthermore, Fragione & Banerjee ( 2021 )
nd that all but GW190521 can form in young open clusters. On the
ther hand, Tagawa et al. ( 2021 ) suggested the dominance of active
alactic nuclei discs and nuclear star clusters in producing these
bservations rather than globular clusters. Ho we ver, it is more likely
hat the entire population of the observed binary BH mergers contain
ontributions from multiple independent channels (e.g. Bouffanais
t al. 2021 ; Zevin et al. 2021 ). Future third-generation gravitational
ave detectors like the Cosmic Explorer (Abbott et al. 2017a ; Reitze

t al. 2019 ) and Einstein Telescope (Punturo et al. 2010 ; Van Den
roeck 2014 ; Maggiore et al. 2020 ) are expected to shed more light
n different formation channels as well as different generations of
H mergers (Ng et al. 2021 ). 
Exploring the dynamical formation channel – especially within

tar clusters – hence remains important in understanding the
IGO/Virgo observations of double BHs. The dependence of in-
luster binary BH mergers on the cluster global properties has been
tudied using both Monte Carlo and NBODY simulations, which are
enerally in agreement with each other (Rodriguez et al. 2016b ).
ven with multiple associated uncertainties pertaining to supernovae
atal kicks and dynamical recoil kicks, more recent studies expect a
arger fraction of BHs retained in star clusters (Strader et al. 2012 ;

orscher et al. 2015 ; Rodriguez et al. 2015 ), contrary to previous
xpectations of most BHs being ejected out (e.g. Sigurdsson &
ernquist 1993 ). The dynamical age of the star cluster is especially

mportant in regards to the BHs. While young clusters may have a
ignificant fraction of BHs, as the cluster matures to a post-core-
ollapse state the continuous e v aporation of BHs leads to fewer
Hs being retained inside the cluster. Banerjee et al. ( 2010 ) showed
ith a host of NBODY6 cluster models with initial masses ≤10 5 M �

hat intermediate-age star clusters form the ideal hub for double-
H mergers in contrast with old ( > 4 Gyr) globular clusters where
ost BH–BH mergers have already occurred or clusters which are

oo young ( < 50 Myr), which are yet to achieve peak dynamical
ctivity. The escaped binary BHs with significant eccentricity (a
ignature of the dynamical environment) at the moment of leaving
he cluster can also merge within a Hubble time. Such out-of cluster
ergers can still be considered of dynamical origin (Anagnostou,
renti & Melatos 2020 ). It has also been noted that clusters with

ower metallicity not only form more massive BHs (Mapelli 2016 ;
anerjee 2017 ), but enhanced dynamical interactions further increase

he rate of BH mergers hence creating even more massive BHs
han through isolated binary evolution (Rodriguez et al. 2015 ; Di
arlo et al. 2020a ). Furthermore, as well as the cluster properties

mpacting the nature of the BHs produced, it is also found that
he dynamical interactions of these stellar-mass BHs can affect the
ost cluster evolution (Chatterjee et al. 2013 ; Kremer et al. 2019 ;
ntonini & Gieles 2020 ). Of the many uncertainties associated
ith binary stellar evolution, Chatterjee, Rodriguez & Rasio ( 2017 )

oncluded that although variations of the initial properties of the
luster affected the number of BHs retained in the cluster, which
n turn affected the cluster evolution lifetime, it mostly left the
BH dynamics unaffected (with the exception of assumptions on

he initial mass fraction and stellar winds). It can hence be said that
o fully understand the dynamical channel of double BH mergers, it
s necessary to understand the properties of the star clusters which
re ideal to host dynamically active populations of BHs. 

In this paper, we explore the effect of a cluster’s initial properties
metallicity, half-mass radius, and initial binary semimajor axis

istribution – on the evolution of the cluster, its double BH population
nd dynamical interactions within the cluster through a set of
BODY6 models. In Section 2 , we describe our primary suite of
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odels and their initial parameters. In Section 3 , we analyse the
ypical evolution of our base model and investigate how the evolution 
f the cluster is affected by the initial choice of parameters. In
ection 4 , we describe some of the details of the populations of
ompact objects (BHs and neutron stars) in our cluster models. We 
iscuss the details of the double BH systems, including both their 
ynamics within the cluster, as well as their binary properties (mass,
rbital eccentricity etc.) in Section 5 . We also describe double BH
inaries which merge outside of the cluster mergers. We describe 
he details of several different double BH mergers and their remnant 
roperties (mass, spin, and recoil kick) from our models in Section 6 .
e summarize our findings in Section 7 and consider some avenues 

or future studies. 

 STAR  CLUSTER  SIMULATIONS  

n this section, we outline our primary suite of models and their
etailed specifications. 

.1 Models 

e present a set of eleven models simulated using the direct N -body
ode NBODY6 (Aarseth 2003 ; Nitadori & Aarseth 2012 ). For these
imulations, we utilize the variant of NBODY6 referred to as NBODY7
Aarseth 2012 ) that employs the Algorithmic Regularization method 
f Mikkola & Tanikawa ( 1999 ) for a consistent treatment of dy-
amically formed multiple systems, as implemented (including post- 
e wtonian correcti ve terms) in Mikkola & Merritt ( 2008 ). In concert
ith modelling the N -body gravitational interactions, NBODY6/7 

ollows stellar (Hurley, Pols & Tout 2000 ) and binary evolution 
Hurley, Tout & Pols 2002 ) as described in Hurley et al. ( 2001 ).
ach simulation is performed on a single node of the OzSTAR 

upercomputer at Swinburne University, making use of either a 
VIDIA K10 or P100 graphics processing unit. 
Our focus is a primary ensemble of six models that each started

ith N tot = 55 000 as the initial number of stars and N bin = 5 000
s the number of primordial binaries (meaning that 10 000 stars are
inary members and the initial binary frequency is 10 per cent). 
hese models are all evolved until they either reach an age of 13 Gyr,
hich we take as the approximate age of the univ erse, or the y hav e

ess than 500 stars remaining. Whichever occurs first becomes the 
nd point. All of the models presented in this work are summarized
n Table 1 where M-01 is considered as our base model and each
f the subsequent five models in our primary set have one (or two)
arameter(s) varied from M-01. 
The ZAMS masses of the stars, drawn from the Kroupa ( 2001 )

nitial mass function (IMF), are in the mass range of 0.1–100 M �. 1 

or primordial binaries, the drawn masses are combined to give the 
otal binary mass and a mass-ratio is then selected from an uni-
orm distribution before setting the component masses accordingly 
Hurley et al. 2016 ). This sampling method ensures that systems of
1 M � (since a primary of 0.1 M � cannot have a secondary of lower
ass) have an uniform mass ratio ( q ≤1) distribution. As a result,

he initial cluster masses M i for these models are ≈3.5 × 10 4 M �,
MNRAS 513, 4527–4555 (2022) 

 Recently, a number of authors have examined the impact of uncertainties in 
he IMFs of star clusters (in particular, the possibility of a top-heavy IMF) 
n the evolution of star clusters and the populations of gra vitational-wa ve 
ources they produce (Haghi et al. 2020 ; Wang, Fujii & Tanikawa 2021a ; 
eatherford et al. 2021 ). Ta
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ith slight variations induced due to sampling with different random
umber seeds. 
The initial positions and velocities of the cluster stars are initiated

y assuming a density profile following Plummer ( 1911 ) and that
he system begins in virial equilibrium (for more details see Aarseth,
enon & Wielen 1974 ). The clusters are assumed to be orbiting

n a 3D Milky Way-like potential consisting of a point-mass bulge,
n extended disc of uniform density (Miyamoto & Nagai 1975 )
nd a dark-matter halo of logarithmic potential (Aarseth 2003 ). The
ulge and disc masses are taken to be 1.5 × 10 10 and 5 × 10 10 M �,
espectively, with disc scale-lengths a = 4 kpc, b = 0 . 5 kpc, as given
y Xue et al. ( 2008 ). The halo is constrained by requiring that the
ombined mass of the bulge, disc, and halo results in a circular
elocity of 220 km s −1 at 8 . 5 kpc from the Galactic centre (Aarseth
003 ). Each of our model clusters is placed on a circular orbit in the
alactic plane, at a distance of 8.5 kpc from the Galactic centre. 
The range of cluster metallicity, Z , explored in our models is Z =

.01, 0.001, and 0.0005, corresponding to [Fe/H] ≈ −0.3, −1.3, and
1.6, assuming solar metallicity to be Z = 0.02. For our base model
-01, we take Z = 0.01 as typical of the upper end of the metallicity

istribution of star clusters, represented by metal-rich Milky Way
lusters, including Liller 1 (Stephens & Frogel 2004 ), NGC 6440
Ortolani, Barbuy & Bica 1994 ), and Palomer 8 (Heitsch & Richtler
999 ), for example, as listed in (Harris 2010 ). Next, for M-02, we
educe the metallicity by a factor of 10 to Z = 0.001 to represent
lusters of intermediate range metallicity, such as BH 261, NGC
558, and Terzan 7 with [Fe/H] ≈ −1.30 (Harris 2010 ). Then, for
-03, we use Z = 0.0005 guided by metal-poor clusters, 2 with NGC

904, Palomer 14, and NGC 5986 as some examples (Harris 2010 ).
iven that our primary focus is investigating the effect of cluster
lobal properties on the core BH dynamics and that lower Z clusters
re expected to produce more massive BHs (Hurley et al. 2000 ;
elczynski et al. 2010 ), this moti v ates the metallicities chosen for
odels M-02 and M-03. Ho we ver, it is interesting that the massive

 ≈10 6 M �) and metal-rich cluster Liller 1 sho ws e vidence of high
ynamical activity through the observation of e xcessiv e gamma
mission and is postulated to host a population of millisecond pulsars
s a result (Saracino et al. 2015 ). Thus, we should not rule out the
ossibility of interesting results from our models with higher Z . 
The majority of our models have the initial half-mass radius, R h ,

et to be approximately 3 pc. Ho we ver, to study the effect of the
tellar density on the resultant BH binary population, we have evolved
odel M-05 with a smaller initial half-mass radius of R h ∼ 1 . 5 pc. In
able 1 , we also show the ratio of the initial half-mass radius to tidal
or Jacobi) radius, calculated as in Madrid, Hurley & Sippel ( 2012 ),
nd it can be seen that all of our models start as tidally under-filled.
he issue of sampling noise has been investigated by two models M-
4a and M-04b with different seeds for the random number generator
sed in NBODY6 while all other parameters remain the same (see
 able 1 ). W e utilize two orbital period distributions for the primordial
inaries of our models: the Duquennoy & Mayor ( 1991 ) distribution
referred to as ‘DM91’ hereafter and used in models M-04a, M-
4b and M05) and the Sana et al. ( 2012 ) distribution (referred to
s ‘Sana12’ hereafter and used in models M-01, M-02 and M-03).
or all models, we set the eccentricities of the binaries following

he process described in Geller, Hurley & Mathieu ( 2013 ) which is
NRAS 513, 4527–4555 (2022) 

 Recently, Larsen et al. ( 2020 ) reported the most metal-poor globular cluster 
bserved to date, with [Fe/H] = −2.9 so M-03 should more correctly be 
eferred to as representative of a relatively metal-poor cluster. 
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uided by observations of the young open cluster M35 (Meibom &
athieu 2005 ). 
As shown by Sana et al. ( 2012 ), about 56 per cent of O-stars

n their sample of 71 Milky Way systems used to constrain their
istribution are in a binary, and using the Sana12 distribution will
ncrease the massive star binary fraction (relative to DM91) by
ecreasing their intrinsic orbital separation (since wider binaries are
asily disrupted). As O-stars are typical progenitors of BHs, a higher
roportion of close massive primordial binaries can be expected to
ffect the resultant dynamics of the cluster. We can investigate this by
omparing models M-01 and M-04a (or M-04b) that have the same
etup aside from the orbital period distribution. 

We have evolved some additional models to help investigate the
luster evolutionary trends further, focusing on the early evolution
hen the cluster BH population is forming. One parameter we

nvestigate here is in the initial N of the models: M-06 starts with
 tot = 11 000 (a factor of five less than for M-01) while M-07 starts
ith N tot = 75 000 (and also a smaller half-mass radius). With model
-09, we look at the effect of an increased primordial binary fraction,

tarting with N bin = 10 000. These models are also summarized in
able 1 and we will discuss their particulars in more detail when

hey are utilized within the text. In general, we were not concerned
ith evolving these models to completion, although M-06 with the

maller N did evolve quickly to completion. M-08 is identical to
-05 with a different seed and only evolved to about 50 per cent of

ts mass remaining. Model M-10 is the same as for models M-05 and
-08 aside from a lower metallicity of Z = 0.001. 

.2 Wind mass loss and remnant prescriptions 

ompared to the stellar evolution algorithm described in Hurley et al.
 2000 ) our models take advantage of two important updates. First,
ompact object masses are assigned according to the prescription
rom Belczynski et al. ( 2008 ). Secondly, for mass-loss from stellar
inds, we use the updated model by Vink, de Koter & Lamers ( 2001 )
escribed in Belczynski et al. ( 2010 ), which is referred to as the Vink
t al. model . The updated mass-loss for massive stars rich in hydrogen
as the form of metallicity-dependant power law as Ṁ ∝ Z 

α , with
being a function of the ef fecti ve temperature of the star. For lower
ass stars, we follow the mass loss prescription described in Hurley

t al. ( 2000 ). The Vink et al. ( 2001 ) model reduces the wind mass loss
or stars with lower metallicity. While the remnant masses for stars
ith ZAMS mass less than 30 M � do not change through the Vink

t al. ( 2001 ) prescription, stars with higher masses produce more
assiv e pre-superno va objects, e xperiencing a larger fallback and

ence becoming heavier BHs (Belczynski et al. 2010 ). The stellar
nd binary evolution updates that have been made to NBODY6 and
BODY7 are also described in Banerjee et al. ( 2020 ) 
The initial mass distribution of the BHs right after formation

hrough binary and stellar evolution for different metallicities for our
hree primary models is shown in Fig. 1 . The peak of the distribution
ets biased towards more massive BHs for lower metallicities. 
Compact object progenitors are usually expected to go through

 phase of supernova explosion prior to the formation of the
emnant. The asymmetry of the explosion mechanism results in the
emnant receiving some amount of recoil kick, especially for neutron
tars (Gunn & Ostriker 1970 ; Helfand & Tademaru 1977 ; Lyne &
orimer 1994 ). Though the expected neutron star retention fraction

or massive globular clusters with ≈10 6 initial stars is about 10–
0 per cent, Pfahl, Rappaport & Podsiadlowski ( 2002b ) used Monte
arlo simulations in which the neutron star kicks were drawn from
ither a Maxwellian or Lorentzian (Paczynski 1990 ) distribution to
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Figure 1. The initial mass distribution of BHs formed from single and binary 
evolution in models M-01, M-02, and M-03 with metallicities Z = 0.01, 0.001, 
and 0.0005, respectively. 
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Figure 2. Total mass of the model clusters as a function of time. The impact 
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how that typically � 10 per cent of the neutron stars are retained in
lusters under these assumptions. Hence, there is a need to revise the
eutron star kick prescription in clusters. The neutron star natal kick 
an be as high as 1000 km s −1 (Arzoumanian, Chernoff & Cordes
002 ; Chatterjee et al. 2005 ), though Verbunt, Igoshev & Cator
 2017 ) show that a significant fraction of neutron stars may have
elocity kicks < 60 km s −1 . It is generally accepted that the core
ollapse supernova mechanism has on an average a higher natal kick 
istribution (Maxwellian σ ≈ 265 km s −1 from Hobbs et al. 2005 ) 
s discussed in Fryer et al. ( 2012 ) compared to electron capture
Nomoto 1984 ; Podsiadlowski et al. 2004 ; Gessner & Janka 2018 )
nd ultra stripped supernovae (Tauris et al. 2013 ; Tauris, Langer &
odsiadlowski 2015 ; M ̈uller et al. 2019 ) with typically velocities
 30 km s −1 (Pfahl, Rappaport & Podsiadlowski 2002a ; Podsiad-

owski et al. 2004 ; Suwa et al. 2015 ). On the other hand, observations
f Galactic low mass X-ray binaries shed some light on the possible
H birth kicks, which are expected to be lower than for neutron stars

Repetto, Davies & Sigurdsson 2012 ; Repetto & Nelemans 2015 ; 
andel 2016 ). Uncertainties still remain in correlating their mass 

nd orbital properties to the ejection mechanism (and hence kick) 
s discussed by Janka ( 2013 ) and Sukhbold et al. ( 2016 ). Though
elczynski, Kalogera & Bulik ( 2001 ) showed a mass-dependant BH
ick distribution, Repetto et al. ( 2012 ) found BH kicks to be similar
o neutron stars. 

It is usually assumed that the BH kick is scaled down by the relative
mount of material ejected during the supernova that falls back on to
he proto-remnant (Fryer et al. 2012 ), thus increasing the final mass
f the remnant and decreasing its natal kick. 
For simplicity, we do not differentiate between types of supernova 

icks in our models. Combining the fact that we evolve small clusters
ith low escape velocities, together with the uncertainties of compact 
bject kicks and their retention fraction in star clusters, we use a flat
istribution of the natal kick between 0 and 100 km s −1 for neutron
tars, so that about 10 per cent of the neutron stars are retained in the
luster. The BHs in our models use the same kick distribution, which
s further lowered by fallback mass scaling. 

This means that for BHs, where all of the ejected material is
ccreted back on to the BH (so that the resultant BH mass is the
ame as the mass of the star at the time of the supernova), the
utcome will be a natal kick that is zero. This occurs for stars that
ad a carbon-oxygen core-mass of 7 . 6 M � or greater at the time
f the superno va. F or lower-mass stars, the kick chosen from the
at distribution between 0 and 100 km s −1 is scaled linearly by the
ractional amount of ejected mass that falls back on to the remnant.
his scaling process is described further in Fryer et al. ( 2012 ) and
anerjee et al. ( 2020 ) 
 CLUSTER  G L O BA L  PROPERTIES  

n this section, we examine the evolution of the global properties (e.g.
ass and radius) of our clusters with time. We begin by focusing on

ur fiducial model M-01 (Section 3.1 ). We then, in-turn, examine
he role of the initial cluster metallicity (Section 3.2 ), the initial
istribution of binary orbital periods (Section 3.3 ), and the initial
alf-mass radius (Section 3.4 ) on the evolution of star clusters. We
riefly describe some additional models in Section 3.5 . 

.1 The evolution of model M-01 

odel M-01 acts as our base model. It started with 45 000 single
tars and 5 000 binaries, with a metallicity of Z = 0.01, a half-mass
adius of 3 . 08 pc and used the Sana12 distribution to set the initial
rbital periods of the binaries. The model was evolved to an age of
ust o v er 10 Gyr when less than 1 per cent of the 3 . 5 × 10 4 M � initial
ass remained (see Table 1 for a summary of the model). 
Fig. 2 shows the evolution of the cluster mass ( M clus ) across the

ifetime of the model and Fig. 3 provides a close-up of the early
volution. The decrease of cluster mass throughout the evolution 
f the model is a combined effect of stellar evolution (stellar winds
nd supernovae), tidal stripping by the external Galactic potential and 
ynamical interactions imparting kinetic energy to the stars to escape 
he cluster. Depending on the stage of a cluster in its evolutionary
athway, one or more of these processes becomes the dominant 
actor for cluster mass loss (Lamers, Baumgardt & Gieles 2010 ;

adrid et al. 2012 ). As expected, mass-loss owing to stellar evolution
ominates the initial stage. For M-01, we find that 302 NSs and 120
Hs form within the first 100 Myr with a combined 6 040 M � of
ass lost through stellar winds and supernovae. We also note that,

f these, only 37 of the NSs are retained in the cluster at 100 Myr,
hich means that a further 390 M � is lost from the cluster as a result
MNRAS 513, 4527–4555 (2022) 
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Figure 3. Total mass of the model clusters as a function of time, focused on 
the early evolution. The upper panel corresponds to the upper panel of Fig. 2 . 
The lower panel shows some additional models in which the metallicity is 
varied (see Table 1 for details). 
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f remnants that are ejected after receiving a velocity kick. All of
he 120 BHs are retained (at least initially: the remnant properties
f the clusters will be discussed in more detail in Sections 4 and
 ). Subsequent to this early phase of compact object formation, the
ynamical evolution of the cluster becomes the primary driver for
etermining the loss of mass from the cluster, as we will discuss
elow. 
An ongoing process for a star cluster is that of energy equipartition

riven by a quest for thermal equilibrium, a state which the cluster
an strive for but never fully achieve in reality (Giersz & Heggie
997 ). The cumulativ e e xchanges of energy between stars within
his relaxation-driven process results in low-mass stars heating up
nd moving preferentially to the outer cluster regions while heavier
tars sink towards the centre, which we observe as mass segregation.

In Fig. 4 , we show the evolution of the 50 per cent, 10 per cent,
nd 1 per cent Lagrangian radii (the radii of successive spheres
ontaining a certain portion of the cluster mass), which are R h ,
 10 , and R 01 , respectively, for M-01. We also show the density-
eighted core radius, R c , commonly used in N -body simulations

Casertano & Hut 1985 ), as well as the half-mass radius of the BH
opulation, R h, BH (which we will discuss later). We clearly see that
he early phase of mass-loss dominated by stellar evolution produces
n o v erall e xpansion of the inner re gions of the cluster. This is most
ronounced for R h but also evident for R 10 . The expansion of R h 

s then sustained by the equipartition of energy process where the
o w-on ef fect of mass se gre gation is to create a density contrast and
 tendency for the inner regions of the cluster to contract while the
uter regions expand to conserve energy (Meylan & Heggie 1997 ).
his expansion also drives stars towards the tidal boundary of the
luster and results in the loss of mass as stars escape into the field
f the host galaxy. As the cluster mass decreases with time so does
he extent of the tidal boundary and eventually we see a turno v er
n R h and a subsequent decrease. For model M-01, this turnover (or
NRAS 513, 4527–4555 (2022) 
eak) in the R h evolution occurs at an age of about 6 Gyr when the
luster has 30 per cent of the initial mass remaining. The continuous
idal and occasional shock stripping by the host galaxy becomes
urther accelerated as the cluster loses more mass and we see that
he cluster mo v es quickly towards complete dissolution from about
 Gyr onwards. 
In theory, the removal of energy from the core leads to a phase of

ore collapse, where R c drops to small values and a deep gravitational
otential well develops. This enhances dynamical interactions in the
entral regions and results in the formation of new binaries or the
ardening of existing binaries (Lema ̂ ıtre 1955 ; Spitzer & Hart 1971 ;
arseth & Zare 1974 ) which provides an energy source to halt the

ollapse and even cause a period of core expansion (Heggie 1975 ; Hut
983 ). As such, the gravitational activity and the pattern of thermal
nergy that is generated can result in a series of R c expansions and
ontractions. We see this oscillatory and even noisy behaviour of R c in
ig. 4 and there are signs of local minima (near 1 . 5 Gyr for example).
o we ver, we do not see any sign of a clear deep core-collapse phase.

n fact, we would have to say that on average R c increases over
ime. This is also true of R 01 , which is less noisy in behaviour but
hows no signs of a significant contraction phase. The lack of a clear
ore-collapse phase is not unexpected for models with a substantial
rimordial binary population that can provide a centralized heating
ource from the beginning of the evolution (Vesperini & Chernoff
994 ; Heggie & Hut 2003 ; Fregeau & Rasio 2007 ; Chatterjee et al.
013 ; Kremer et al. 2019 ). This is accentuated in our models by a
izeable BH population that quickly sinks towards the centre of the
luster (if the progenitor massive stars were not there already) and
ushes low-mass main-sequence stars and white dw arfs outw ards. In
ig. 4 , we see that the half-mass radius for the BHs sits well within
 10 and even inside R c . Thus, the core becomes a hub of activity

or these massive bodies such that the action of single and binary
Hs inflates the central regions and restricts the possibility of deep
ollapse. 

To measure the dynamical time-scale of a cluster, and to use
t as a reference time-scale for dif ferent e volutionary phases, the
oncept of relaxation time ( t relax ) is often used where this is defined
s the time required by a particle to be deflected perpendicularly
rom the direction of its initial velocity (lose the memory of its
nitial conditions) while traversing through the cluster potential. The
elaxation time is a local quantity and will be shorter in the dense core
han in the sparser outer regions. It is common to take the half-mass
elaxation time, t rh , as the typical or average relaxation time for the
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Figure 5. The number of elapsed t rh with respect to physical time are shown 
for a grid of cluster models with varying metallicity (top panel) and initial 
half-mass radius (bottom panel). 
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luster. The relaxation time at the half-mass radius is related to the
luster mass ( M clus ), number of particles ( N ), and half-mass radius
 h as 

 rh = K × N 

ψ ln 10 � 

×
√ 

R 

3 
h 

GM clus 
. (1) 

he quantity ln 10 � is called the Coulomb logarithm (which includes 
 dependence on N ) and ψ depends on the mass spectrum of the
luster particles, with ψ = 1 for clusters with equi-mass bodies. The
erm K is the constant of proportionality. While there are multiple 
orms of Equation 1 , derived from Spitzer & Hart ( 1971 ), we use
he form as described in equation (19) of Hurley et al. ( 2001 ) with
 = 0.4 N , ψ = 1 and the constant K/ 

√ 

G = 0 . 894. In this paper,
e use the Hurley et al. ( 2001 ) definition of t rh in Myrs, where
 h is measured in parsecs and M clus is in solar masses. Ho we ver,
e note that other definitions of t rh that use ψ > 1 for a broader
ass spectrum, will result in a shorter calculated relaxation time 

Antonini & Gieles 2020 ). 
As R h increases o v er the first half of the cluster evolution, as

e have seen for model M-01, t rh also increases. This is despite
he cluster losing mass because R h remains the dominant factor in 
quation 1 . For model M-01, t rh is about 300 Myr at the onset and has

ncreased to about 1 600 Myr by the time (2 . 5 Gyr) that the cluster has
ost half of its initial mass. It is at a similar value when R h reaches its
eak value of 10 . 7 pc (after 6 Gyr) before decreasing steadily as the
luster heads towards dissolution. We show the number of elapsed 
alf-mass relaxation times as a function of time in Fig. 5 where we
ee that M-01 has reached the equi v alent of 10 half-mass relaxation
imes at the end point (noting that we have used 9 . 9 Gyr when N =
00 as the end point rather than the later dissolution time shown in
able 1 ). 
.2 Metallicity 

e next look at the differences that arise as a result of the metallicity
f the stellar populations by comparing models M-01 ( Z = 0.01),
-02 ( Z = 0.001), and M-03 ( Z = 0.0005). The evolution of cluster
ass is shown in the upper panels of Figs 2 and 3 for these three
odels, with the evolution of key radii compared in Fig. 6 . 
The primary observation from Fig. 2 is that the lower Z models M-

2 and M-03 evolve on a faster time-scale than the metal-rich M-01.
he cluster mass loss rate in the first few hundred million years is
lower for M-02 and M-03 (see Fig. 3 ) due to reduced stellar winds
Mapelli, Trani & Bressan 2014 ). Ho we ver, shortly afterwards the
etal-poor M-02 and M-03 o v ertake the metal-rich M-01 in mass

oss, at ages of approximately 350 and 500 Myr, respectively (see
ig. 3 ) and end up with lifetimes about half that of model M-01. 
The differences in evolution time-scales can be traced back to 

ifferences in the masses of the BH populations and the effect that
his has on the cluster structure. M-01, M-02, and M-03 have the same
nitial half-mass radius (and thus density). Ho we ver, we see that very
uickly the low- Z models exhibit enhanced growth of R h : the peak R h 

eached for M-02 and M-03 is 12 . 8 and 13 . 4 pc, respectively, with
oth more than 20 per cent larger than the peak of 10 . 6 pc obtained
y M-01. Moreo v er, M-02 and M-03 take only about 5 and 4 Gyr,
espectively, to reach their peak compared to 6 Gyr for M-01. 

The divergence in R h evolution sets in shortly after formation of
he BHs where the low- Z clusters form more massive BHs (Maeder
992 ; Hurley et al. 2000 ; Mirabel 2017 ). 
This has already been demonstrated by Fig. 1 but we further

mphasize the fact by showing the mass in single BHs (SBHs) as
 function of time for a range of models in Fig. 7 . We see that
articularly at early times (up to about 0 . 5 Gyr) the metal-rich clusters
nly carry about half the amount of mass in SBHs compared to their
etal-poor counterparts, irrespective of their initial density. 
MNRAS 513, 4527–4555 (2022) 
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Figure 7. The total mass in SBHs as a function of time for the first 2.5 Gyr 
is shown for two grids of models with varying metallicity. 

Figure 8. The total mass in double BHs as a function of time for the first 
2.5 Gyr is shown for two grids of models with varying metallicity. The upper 
panel shows the model set with initial R h = 3.08 pc and the lower panel with 
initial R h = 1.54 pc. 
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Even more importantly, the low- Z clusters form more massive
BHs and form them earlier than in M-01: the upper panel of Fig. 8

hows that on average M-02 and M-03 have more than 1.5 × the mass
n DBH systems than M-01. In fact, we find that the average mass
f the DBHs in M-02 and M-03 is roughly double that in M-01 o v er
he cluster lifetime. This results in enhanced core dynamical activity
or M-02 and M-03, which causes increased thermal energy injection
nto the cluster halo, expanding the cluster and accelerating the mass-
oss across the tidal boundary. Although the increased frequency of

assive-BH dynamical interactions in metal-poor clusters is initially
ore efficient at feeding thermal energy to the cluster core and halo,

he increased mass-loss decreases this efficiency in the long run.
his is because heightened mass-loss reduces both the gravitational
otential well of the core and the rate of dynamical friction due to
ess BHs being retained in the cluster o v er an O(Gyr) time-scale. 
NRAS 513, 4527–4555 (2022) 
This increased expansion for the low- Z clusters is clearly evident
hen we look at the evolution of R h and R 01 in Fig. 6 . Interestingly,

he increased expansion rate for M-02 and M-03 compared to M-01
nsets at an earlier time for R h ( ≈ 0.20 Gyr) than that for R 01 ( ≈
.75 Gyr). This reflects the local evolutionary time-scales and the bat-
le in the central regions between the tendency for gravitational col-
apse and the thermal energy generated through interactions with the
BH population. Ov erall e xpansion pre v ails but the extent is reduced

nd the onset delayed for R 01 as a result of this battle. This same inter-
lay of gravity and the generation of thermal energy causes the cluster
ore and hence R 01 to alternatively contract and dilate. These central
scillations appear to be more extreme for M-02 and M-03 (top panel
f Fig. 6 ) although we should be careful to not read too much into the
ehaviour towards the end of the evolution when N is greatly reduced
nd the results become noisy owing to low number statistics. 

Enhanced R h expansion in metal-poor clusters not only leads to
ore mass-loss through tidal stripping (referred to as e v aporation:
ieles, Heggie & Zhao 2011 ) but can also lead to an increase in

tellar ejections through a combination of the velocity kicks given
o stars in interactions with the more sizeable DBHs and the lower
scape velocity. We refer to stars which leave the cluster through
ither of these two mechanisms as escapers. Given that the external
idal field remains the same for all of our models, the rate of escape
f stars from the cluster can also reflect the internal heat-up and
ence dynamical activity of the cluster. Fig. 9 shows the cumulative
umber and mass of escaped bodies from the star cluster models
here we clearly see a greater number of; as well as more mass in

he escapers at any given age in metal-poor M-02 and M-03 than
n M-01. The stars (and their mass) that escape from the cluster
hrough natal kicks or recoil velocities and those that are stripped
way by the host galaxy are differentiated in Fig. 10 . While the
 v aporation from the cluster appears to increase with time (the more
 cluster loses its mass, its tidal radius, and escape velocity are
educed and it is easier for the host galaxy to strip more stars), the
umber of ejected systems reach 200–400 within the first 100 Myr,
nd then onwards there is very little increase. For all models shown
n Fig. 10 , about 80 per cent of the cumulative ejected systems at
.5 Gyr have already escaped within the first 100 Myr, while the
umulative number ejected by 4 Gyr is only about 1.1–1.2 × that
t 1.5 Gyr. We also observe that for both e v aporation and ejection,
etal-poor clusters have a more rapid rate of mass loss than for

lusters with Z = 0.01 (aside from the e v aporation rate at very early
imes). For ejection, it needs to be remembered that metal-poor stars
end to evolve faster than their metal-rich counterparts of the same

ass. Though this difference is negligible for masses > 10 M �, the
MF being bottom heavy ensures that the metal-poor clusters start
o lose mass through stellar evolution more rapidly from an early
tage. This is also manifested in the finding that M-02 and M-03
ave shorter lifetimes than M-01. The rate of cluster evolution can
e measured in the number of elapsed half-mass relaxation times t rh 
t a particular age. As we see from Fig. 5 , M-01 completes three
alf-mass relaxation times by around 4 Gyr; whereas at the same
hysical time M-02 and M-03 have completed only two. To reach
he mature state of < 500 stars remaining, M-01 requires 10 t rh while

-02 and M-03 take only 4 and 5 t rh , respectively. In terms of the
hysical time-scale, to reach the same point M-01 with Z = 0.01 takes
bout 9 . 9 Gyr, while M-02 and M-03 require about 6 . 3 and 5 . 3 Gyr,
espectively. Thus, using the half-mass relaxation time-scale as a
easure, we see that the dynamical evolution of the low- Z clusters

as not been accelerated. Instead, the presence of the more massive
H population has dramatically truncated the o v erall lifetime and the
ynamical lifetime of the low- Z clusters. As we shall see in Section 5 ,
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Figure 9. Cumulative number of escapers from a cluster as a function of 
time. The top panel shows the variation as a function of metallicity for the 
life of the clusters, the middle panel focuses on the first ∼1 Gyr for selected 
models, whilst the bottom panel shows the mass loss for the first 2 Gyr. 
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from a cluster as a function of time. The bottom plots shows the cumulative 
mass in these two types of escapers, and only the first 800 and 500 Myr 
(respecti vely) are sho wn in order to provide sufficient resolution for the 
important early stages. 
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his is not at the expense of enhanced dynamical activity for the very
entrally condensed BH population. 

A related quantity is the escape velocity V esc . Though the initial
luster density of M-01, M-02, and M-03 is the same (all starting
ith R h = 3 . 08 pc), very quickly the V esc distributions become lower

or the lower cluster metallicities. This is a direct consequence of the
nhanced expansion of the inner regions of the clusters of lower Z
hat have produced the more massi ve BHs. The dif ference between
he low- Z and high- Z escape v elocities increases o v er time, fuelled
y the snowball effect of it being easier to escape, thus more mass is
ost and the V esc reduces further. 

We can utilize some of our additional models to see whether or not
his behaviour with metallicity holds up in general and across a wider
ange of cluster initial conditions. Model M-05 from our main set
as the same metallicity ( Z = 0.01) as M-01 but an initial R h reduced
y half to 1 . 54 pc and thus an increased initial stellar density. These
wo models will be compared in more detail in Section 3.4 below.
or now, we can pair M-05 with M-08, which has the same initial
onditions aside from a different random number seed, and compare 
o M-10 which again is the same other than a lower metallicity of
 = 0.001, noting that M-08 and M-10 were not evolved until late

imes as we were only interested in their early evolution. The early
volution of M clus for these models with initial R h = 1 . 54 pc is shown
n the lower panel of Fig. 3 where we see the same metallicity trend
s we saw for the models with larger initial R h , namely that over
ime the low- Z M-10 is losing more mass than the higher- Z M-05
nd M-08. This is also the case when we look at the escaper numbers
n the lower panel of Fig. 9 , where we see that M-10 has a similar
umulative number of escaped stars as M-02, while M-05 and M-08
re similar to M-01. While the models of higher initial density have
 slightly lower rate of ejected stars in general, the o v erriding factor
n determining this appears to be Z . Furthermore, we see the same
attern of increased early DBH behaviour for low- Z when we look at
he lower panel of Fig. 8 where the net DBH mass for M-10 remains
.5–2 × higher than that of M-05 and M-08. Thus it appears that the
mportance of Z on the cluster evolution and dissolution time is even

ore paramount than initial density. 
Our results here echo Banerjee ( 2017 ) who also used the updated

ind prescription (Vink et al. 2001 ; Belczynski et al. 2008 ) and
ound a similar impact of BHs on the dynamical evolution in models
f different metallicities. Banerjee ( 2017 ) also noted that for the
ame initial density, clusters of lower Z had a shorter lifespan due
o both a heightened rate of dynamical interactions and the presence
f more massive BHs. In contrast, Sippel et al. ( 2012 ), who used
he original Hurley et al. ( 2000 ) wind prescription, concluded that
luster Z did not significantly affect the evolution of R h . This too is
he result of having BHs of lower mass than in our current models
MNRAS 513, 4527–4555 (2022) 
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Figure 11. The mass ratio of the in-cluster BHs to the cluster mass o v er time 
is shown by the solid lines. The dotted lines signify fractional mass left in the 
cluster M fr = M clus / M ini , where M ini is the initial mass of the cluster. 
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Figure 12. Initial binary orbital period against total ZAMS mass for all 
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to models with different initial binary orbital period distributions: model M- 
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uses the DM91 distribution (blue points). 
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ith the Vink et al. ( 2001 ) stellar wind prescription for massive stars.
verall, our grids of models of different Z and different initial R h 

how that the factor of more massive BHs (as present in the low Z
odels) is dominant when it comes to heating the cluster, more so

han two-body BH interactions as will be discussed further in the
ollowing sections. 

On a similar note, Mapelli et al. ( 2014 ) showed the trend of early
issolution of metal-poor clusters and attributed this to the higher
ensity of the cluster core within the first few hundred Myr of the
luster’s lifetime. It was argued that since larger stellar winds in
etal-rich clusters (with the expectation that this corresponds to

reater net stellar evolution mass-loss) somewhat quench the central
ravitational potential, their core density remains smaller. Higher
ore density in a low metallicity cluster ensures more three-body
nteractions, which injects more heat into the halo and aids in its
arly e v aporation. On the contrary, we clearly sho w that the net
ass remo v ed from the clusters due to stellar evolution is al w ays

arger in metal-poor clusters (see bottom panel Fig. 10 ) when the
ull extent of the IMF is considered. Furthermore, the amount of
ass held in BHs (both singly and in binaries) for the first few
yr is also al w ays higher in the metal-poor clusters. We will also

how in Section 5.1 that the rate of DBH interactions themselves
ffects the cluster expansion to a smaller extent. Indeed, under an
mpulse approximation the hardening rate of a binary is independent
f the mass of the binary but rather depends on its local mass density
nd velocity dispersion (see Mapelli 2018 for discussion). For our
lusters of different metallicity we observe that the core density for
he first few hundred Myr of cluster evolution is only slightly high for

etal-poor clusters and o v er the first Gyr there is not much difference
t all on average. We thus argue in a similar vein as before that it
s the mass of the BHs – specifically the width of the BH mass
unction – that plays the key role in injecting more energy into the
alo in the cases of metal-poor clusters rather than the higher rate
f three-body interactions. The broader mass function shortens the
ass se gre gation time-scale in metal-poor clusters. It is the (mass

ependent) kinetic energy that gets drawn out of the binaries per
nteraction, rather than the number of interactions, which becomes

ore important in determining the amount of thermal energy pumped
n to the halo which affects the cluster’s lifetime. 
We also show the variation of the fractional mass in the BHs

esiding inside the cluster as a function of time in Fig. 11 . All
lusters shown in Fig. 11 have an initial BH mass fraction of less
han the critical 10 per cent suggested by Breen & Heggie ( 2013 );
o we ver , the cluster mass loss is balanced in such a way that
he BH mass fraction still remains nearly constant through most
NRAS 513, 4527–4555 (2022) 
f the cluster evolution. It is only at late times, when the clusters
re close to the point of dissolution and only have of order 100
ound bodies remaining, that the mass fraction in BHs trends towards
nity. The metal-poor clusters, with initially more massive BHs, do
how slightly more tendency to move towards BH domination at an
arlier stage of cluster evolution (in terms of the fractional cluster
ass remaining). The dense cluster M-05 appears to eject BHs more

apidly, resulting in a lower BH mass fraction throughout its evolution
similar to Gieles et al. 2021 ). M-05 is terminated at 13 Gyr, at which
oint its BH population does not even account for 10 per cent of the
luster’s net mass. 

.3 Initial orbital period 

ow we analyse the possible effects of the initial orbital period
and thus semimajor axis) distribution of the binaries on the cluster
volution through comparison of model M-01 with M-04a (and M-
4b). While M-01 utilizes the Sana12 initial orbital period ( P orb )
istribution, the M-04a and M04b primordial binaries are chosen
rom the DM91 distribution. Note that M-04a and M-04b differ
nly in the random number seed used (which affects the sequencing
f distributions for setting the initial masses, positions, velocities,
rbital periods, and eccentricities) and otherwise have the same initial
arameters. Crucially, models M-01, M-04a, and M-04b have the
ame metallicity ( Z = 0.01) and half-mass radius ( R h = 3 . 08 pc). 

The P orb distribution described in Sana et al. ( 2012 ) is a broken
ower -law distrib ution while that of Duquennoy & Mayor ( 1991 ) is
 lognormal distribution. DM91 allows for a comparatively larger
raction of very short, P orb < 1 d, primordial binaries ( ≈0.03) than
ana12 ( ≈0.01) for the Kroupa ( 2001 ) IMF and our mass range
f 0.1–100 M �. Ho we ver, the Sana12 distribution preferentially
hooses lower orbital periods for massive binaries (those with at least
ne star more massive than 15 M �) which are prime progenitors of
ompact objects (de Mink & Belczynski 2015 ). For the primordial
inaries with a total ZAMS mass of > 15 M �, the clear preference of
horter P orb is observed in Fig. 12 . Model M-01 has 10 primordial
inaries of total mass o v er 15 M � and P orb < 10 d, while M-04a and
-04b have only one and two such systems, respectively. 
The global properties of the M-01 and M-04a clusters can be

ompared in the upper panels of Figs 2 , 3 , and 6 . We see no clear
istinguishable features between these models during most of their
 volutionary phases. Ho we ver, to wards the end of their lifetimes,
ost 8 Gyr, the mass-loss rate of M-01 increases relative to M-04a,
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Figure 13. Cluster stellar mass density ( ρ) as a function of time for models 
varying the initial cluster half-mass radius. 
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esulting in an accelerated path towards dissolution for M-01 (see 
he rapid decrease of half-mass radius for M-01 post 9 Gyr in Fig. 6 ).
ndeed, while M-04a does not drop below 500 stars remaining until 
1 . 1 Gyr, this occurs earlier at 9 . 9 Gyr for M-01 as already noted.
n terms of half-mass relaxation times elapsed, this corresponds to 
0 for M-01 and 11 for M-04a (see Fig. 5 ). This divergence in
ehaviour only appears towards the end of the cluster evolution 
hen the clusters have lost around 80 per cent of their mass. To

ome extent, we can account for this by the random effects due to
mall number statistics. During the evolution of a cluster chance 
ncounters can lead to the formation of one or a few hard DBHs.
hese stable binaries tend to act as thermal engines at the core,
ccelerating the expansion and e ventual e v aporation of the cluster.
he median DBH binding energies for M-04a and M-04b are only 
bout 0.9 and 0.8 times, respectively, of that of M-01, computed o v er
he lifetime of the clusters. Similarly, the median latus-rectum of the 

-04a and M-04b DBHs are about 1.5 and 1.8 times, respectively, 
f those of M-01. While these are not huge differences, they do show
o w dif ferences in the characteristics of the binary populations can
ev elop o v er time. This in turn can influence the outcomes for the
luster model, as we see with M-01 having the tighter DBHs and
eading to a faster demise compared to M-04a and M-04b. 

If we instead compare M-04a and M-04b (see lower panels of
igs 2 , 6 , and 5 , we see that the two clusters of exactly the same

nitial parameters, but with different random number seeds, show 

ifferences between the evolution of their parameters that are of 
imilar or greater magnitude than observed when comparing M- 
4a with M-01. F or e xample, the evolution of the cluster mass
tarts to show a difference at an age of 6 Gyr, which is about 2 Gyr
arlier. In fact, the difference between the dissolution times of M-04a 
nd M-04b is larger than between M-04a and M-01, showing that 
he initial P orb distribution is not having a dominant effect on the
lobal properties of clusters of our sample size. Though the DM91 
lusters have slightly more very short P orb primordial binaries, these 
re predominantly comprised of low-mass stars and do not play a 
ery significant role in the cluster dynamics. On the other hand, the
dditional very short P orb massive binaries arising from the Sana12 
istribution still only amounts to a handful of systems and does not
xtraordinarily affect the core behaviour in the long run to in turn
ffect the global evolution of the cluster. 

.4 Initial half-mass radius 

e explore the effect of initial cluster density on the global properties
nd evolution through models M-04a (or M-04b) and M05, with 
nitial half mass radii ( R h ) of 3.08 and 1.54 pc, respectively. The
actor of two difference in initial size translates to a factor of eight
ifference in initial density. It also reflects the variation in the size
istribution of star clusters (e.g. van Loon, Marshall & Zijlstra 2005 ;
isgeld & Hilker 2011 ; Madrid et al. 2012 ) and uncertainty o v er
hether clusters should be born compact and then expand or should 

lready be filling their tidal radii when star formation has finished 
Baumgardt & Kroupa 2007 ). Model M-04a is filling its tidal radius
y 50 per cent initially and M-05 by 25 per cent so this provides an
pportunity to compare the effect of the filling factor on the cluster
volution, which is expected to be noticeable (Baumgardt et al. 2010 ). 

From the lower panel of Fig. 2 we see that all three models have
ery similar initial mass loss rates. Ho we ver, over time differences
evelop and the evolutionary time-scale for M-04a ends up almost 
 Gyr shorter than M-05. Models M-04b and M-05 track each other
n mass for longer, although at 13 Gyr when both models are stopped,
e find that M-05 retains about 8 per cent of its initial mass compared

o 5 per cent for M-04b. 
The half-mass radius R h for M-05 begins at half the value of M-04a
nd as we see from Fig. 6 (lower panel) remains lower throughout
he evolution. The peak R h reached by M-05 is about 8.4 pc in
pproximately 7 Gyr while for model M-04a, it is around 10.4 pc
nd occurs on a similar time-scale. Our peak R h values are within
he range found by Madrid et al. ( 2012 ) who also explored variations
ith Galactocentric orbit and cluster mass. In terms of density, we
nd that M-05 maintains its higher stellar density compared to M-
4a (and M-04b) throughout but that the difference in their densities
ecreases o v er time. The density evolution of the cluster core and
alf mass radius is copared for models M-04a,b and M-05 in Fig. 13 .
If we look at the behaviour in the central regions and take R 01 as a

epresentative radius (given that it is less noisy than the N -body core
adius) we see from Fig. 6 that although M-05 starts at a lower value
by construction), after about 800 Myr of evolution the models show
early equal R 01 . Averaged across the period between 5 and 8 Gyr,
here the R 01 evolution has plateaued somewhat for all models, we
nd that M-05 has R 01 ∼ 0.8 pc compared to R 01 ∼ 1.0 pc for M-04a.
o the difference in the size of the inner regions for the initial models
as clearly decreased o v er time owing to increased expansion within
-05. This accelerated expansion of the core of M-05 indicates 

apid heating resulting from enhanced dynamical acti vity. Ho we ver, 
t is also observed that this expansion rate does not continue to be
ustained as we saw for the cores of the metal-poor clusters M-02 and

-03 (compare the lower and upper panels of Fig. 6 ). It appears that
lthough the frequency of DBH interactions in the central regions 
ffects the cluster thermal energy, the heat up is dominated by the
ncreased BH masses. 

A lower half-mass radius and thus higher density ensures a higher
nitial half-mass escape velocity of ≈10 km s −1 for M-05 compared
o ≈7 km s −1 for M-04a. This higher V esc aids in retaining BHs in

-05, which leads to enhanced dynamical activity (as noted abo v e
nd also see Section 5 ). The difference in escape velocity between
he two clusters decreases o v er the first couple of Gyr to about
.5 km s −1 , with values of 4 and 3.5 km s −1 for M-05 and M-04a,
espectively, and this difference is maintained across the remainder 
f their evolution. 
The evolution of R h also plays an important role in determining

he half-mass relaxation time-scale of the cluster at any point in time.
odel M-05, with the smaller initial R h , has a smaller maximum t rh 

f 1.3 Gyr compared to M-04a and M-04b with 1.76 and 1.66 Gyr,
espectively . Accordingly , we find that the number of half-mass
elaxation times elapsed for M-05 is 18 in its lifetime compared
o 15 for M-04b and 11 for M-04a (Fig. 5 , lower panel). This shows
hat the change in initial half-mass radius (and stellar density) is
aving a greater impact on the dynamical ages of the clusters than
n the dissolution time, noting that M-04b and M-05 have similar
MNRAS 513, 4527–4555 (2022) 

art/stac1163_f13.eps


4538 D. Chattopadhyay et al. 

M

Figure 14. Population numbers of BHs present in star clusters as a function of time. The upper panel represents a grid of cluster models with varying metallicities 
and the lower panel is for a grid with different half-mass radii. The time evolution of retained SBHs (left-hand panel) and double BHs (middle panel) o v er the 
entire cluster lifetime are shown. A more detailed zoom-in of the double BHs for the first 1.5 Gyr of cluster evolution is also shown (right-hand panel). 
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issolution times. Ho we ver, gi ven that dif ferences between M-04a
nd M-04b ri v al those between M-04a and M-05 is it also true that
tatistical uncertainties are a factor, particularly in the later phases of
luster evolution. 

.5 Additional models 

s mentioned earlier, we ha ve ev olved an additional set of models
hat we utilize in part for comparison purposes as required (for
xample, as has already been done in Section 3.2 ). For these models,
e were not necessarily concerned with running them to completion

s in most cases the early behaviour sufficed for what was needed. The
odels in question are M-06 through to M-10. They are summarized

n Table 1 and here we give a brief overview of how they evolved. 
Model M-06 started with a smaller number of stars (initial N tot =

1 000) than our main set of models and as expected that led to a
horter evolution time-scale, with the cluster essentially dissolved
fter 2 . 5 Gyr. This was the equi v alent of se ven half-mass relaxation
imes having elapsed. In contrast, model M-07, which had 25 per cent
f its initial 75 000 stars remaining when it was halted at an age of
 . 6 Gyr, evolved for the equivalent of six half-mass relaxation times.
he maximum R h reached by M-06 was 8 . 4 pc after 1.2 Gyr and by
-07 was 9 . 5 pc after 6.5 Gyr. 
Model M-08 is identical to M-05 aside from the random number

eed. It is evolved to 2 . 7 Gyr, rather than the 13 Gyr of M-05 but
s we see from Figs 3 and 9 the early evolution is very similar.
or model M-09 with a primordial binary fraction of 10 per cent
ompared to 5 per cent for the main models, we were only interested
n the effect on the DBH population in the early stages of cluster
volution (see Section 5 ). As such, this model was only evolved for
00 Myr. Finally, model M-10 is a low-metallicity higher-density
odel evolved to an age of 2 . 5 Gyr when just under 50 per cent of

he initial stars remained. This model had already reached its R h peak
f 9 . 8 pc after 2.5 Gyr. 
NRAS 513, 4527–4555 (2022) 
 C O M PAC T  O B J E C T  P O P U L AT I O N  

TATISTICS  

n this section, we examine in more detail the populations of NSs and
Hs in our clusters. The retention of these objects inside the cluster

s primarily dependent on the supernovae, dynamical, and merger
emnant recoil kicks. While we assume for all our models a uniform
S kick distribution, the BH kicks are scaled down by the fall-back
asses (see Section 2.2 for details). Hence, the mass distribution of

he BH-progenitors plays an important role in the retention fraction of
Hs (and DBHs). Depending on their masses and orbital parameters,
jected DBHs can also merge outside the cluster. In the following
ections, we will refer to the BH properties and mergers inside the
luster as ‘ in situ ’ and outside the cluster as ‘ ex situ ’. 

Fig. 14 sho ws ho w the BH and DBH populations evolve for our
ain set of models. The first point that we notice is that there is no

onclusive trend of the number of BHs produced as a function of
etallicity. Though the lower Z clusters M-02 and M-03 do produce
 relati vely lo wer number of SBHs (100 and 110, respectively, across
he first 100 Myr) than metal-rich M-01 (120), the intermediate

etallicity M-02 has the lowest BH number of the three models.
e also see that the random seed, through its effect on the relative

umber of massive ZAMS stars drawn from the stellar IMF, is having
 greater impact in determining the BH production for the clusters of
ur size and Z range. This effect of statistical noise on BH creation is
learly apparent by comparing M-04a and M-04b, as their difference
f about 20 BHs produced is greater than between each pair of the
ifferent metallicity models. In fact, metal-rich models produce both
he highest (M-01, 120) and lowest (M-04b, 80) number of BHs.
he 100 BHs produced in model M-02 in the first 100 Myr have
 total mass of 1880 M �, evolved from their total ZAMS mass of
410 M �. For M-03, 3760 M � of ZAMS mass evolves to 110 BHs
ith a total mass of 2075 M �. To compare, for M-01, 120 BHs of
et mass 1150 M � are formed from 4310 M � ZAMS mass. Hence,
ot only do M-02 and M-03 have nearly 1.6 and 1.8 times more
ass in BHs than M-01 but also lose less mass in stellar evolution,
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onverting 55 per cent of the BH progenitors’ ZAMS mass to BHs
ompared to 27 per cent for M-01. The median BH mass at 100 Myr
before any escape from the cluster) for M-01 is 9.7 M �, while for

-02 and M-03 it is about 20.5 M � for both. 
The retention of BHs in situ is influenced by the cluster metallicity

hrough BH natal kicks and the dynamical activities in the core 
hrough generation of thermal energy. While higher stellar winds 
n metal-rich clusters results in lower fallback masses and hence 
arger natal kicks, higher dynamical interactions in low Z clusters 
ause more heat up (see Section 5.1 for more details). The latter
ecomes more dominant after the formation of the BHs in O(Myr),
ausing metal-poor clusters to lose more BHs. In a time bin of 950–
050 Myr, the average masses of SBHs for M-01, M-02, and M-03 are
bout 9.1,15.6, and 15.6 M �, while the BHs in DBH systems have
ean individual masses of 10.1, 18.8, and 25.5 M �, respectively. 
he metal-poor clusters thus have nearly 1.8–2.5 times more mass 

n DBHs. 
A similar thermal effect is observed in the lower initial R h cluster
odel M-05, which initially produces ≈100 BHs. Due to the high 

ncidence of dynamical activity in M-05, these BHs then escape from
he cluster much more rapidly than in the lower density clusters M-
4a and M-04b, leading to the lower density clusters having a larger
opulation of BHs after the first Gyr (lower left panel of Fig. 14 ). 
As we see from the middle panel of Fig. 14 , the number of BH–

H pairs in situ for all our cluster models oscillates between 0 and
 at any given time. While the metal-rich clusters M-01 and M-04a
ave a higher maxima of 5 DBHs than the lower- Z M-02 and M-03
whose BH-BH count does not exceed three at any point) due to a
igher retention fraction of BHs o v er time, we note that noise can
ecome significant in small number statistics (upper middle panel of 
ig. 14 ). The comparatively rapid evolution of M-02 and M-03 in

he first 200 Myr through dynamics is apparent in the top-right panel
f Fig. 14 , showing the quicker formation of DBHs than for M-01.
he higher density cluster M-05 shows similar behaviour of prompt 

ormation of BH binaries (bottom-right panel of Fig. 14 ) relative 
o M-04a and M-04b. Even though the young M-05 cluster appears 
o have more BH–BH interactions happening than M-02 and M-03, 
he latter two show higher thermal radiation and hence more rapid 

ass-loss and eventual evaporation. This all seems to point to a trend
here cluster heat up is determined primarily by BH masses while 

he dynamical interactions are go v erned mainly by cluster density. 
We also notice that all our models either do not form primordial

BHs, and if they do form, the binaries are very short lived. After
bout a hundred Myrs, the model with the most primordial DBH 

inaries remaining is M-09 with 4 and the bulk of the models have
ither 0 or 1 remaining. The natal kicks and enhanced participation of
Hs in dynamical activities at the onset disrupts primordial binaries 

hat would have otherwise gone on to form DBHs. 
There appears to be no strong correlation between metallicity 

nd the number of NSs produced in our range of models (upper
anel(s) of Fig. 15 and 16 ). The number of SNSs in our set of
luster models varies from 0 to 135 for our primary grid of models.
ost of the primordial binaries that produce these NSs are disrupted 

y supernova kicks, and NSs in binaries remain too rare (less than
wo) to include in our analysis. The effect of statistical noise on
he number of NSs is apparent through comparing models M-04a 
nd M-04b, with different random seeds with M-04b, producing 
early 30 more NSs than M-04a, which is about 30 per cent more
Fig. 16 , lower panel). Conversely, the difference in the initial half-
ass radius does not effect the total number of NSs produced in

ur simulations (Fig. 16 , lower panel). However, the DM91 initial 
emimajor axis distribution produces on average more NSs (90–
35, the lower and upper limits from models M-04a and M-08) than
ana12 models [none exceeds 90 single NSs (SNS)]. Although the 
ana12 models have close massive (total mass approximately > 20 
 �, log 10 ( P orb /d) � 1) binaries, DM91 models have more binaries in

ighter orbits (with log 10 ( P orb /d) � 0) that are less massive (total mass
 20 M �), as can be seen from Fig. 12 . 
The reduction of the number of NSs as a result of natal kicks

an be observed in the lower panel of Fig. 15 by the sharp peak
t around 100 Myr, denoting the sudden increase in numbers from
tar formation/evolution followed by a rapid decrease as many are 
jected. Fig. 16 then shows the longer -term ev olution of the NS
opulation and we see a subsequent steady decline of the NSs
umbers as they are lost through interactions with other cluster 
embers and/or tidally stripped. 
For reference, we note that after 1 Gyr, M-01 has 28 SNSs and one

n a binary with an oxygen-neon white dwarf, whereas M-02 has 38
NSs (with one NS-carbon-oxygen white dwarf binary) and M-03 
as 33 SNSs. 

Further utilizing 1 Gyr as a census reference point, we find that
here are no primordial DBHs across models M-01,M-02, and M-03, 
MNRAS 513, 4527–4555 (2022) 
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n contrast to the two NS binaries (with white dwarfs as mentioned
efore) in M-01 and M-02 at the same age that are primordial in
ature. As non-primordial (i.e. dynamical) binaries 3 are indicative of
lose gravitational interaction between the compact objects, a lack
f primordial DBHs and the primordial nature of the few binaries
ontaining an NS, which are retained, demonstrates the dynamically
ctive nature of the BH population and on the other hand the non-
articipation of NSs in exchange interactions. Hence, for our suite
f models, the cluster dynamics is primarily and predominantly
etermined by the central BH population. The BH activity at the
luster core mostly prohibits active dynamical participation of the
ess massive NSs. 

 D O U B L E  BLAC K  H O L E  PROPERTIES  

e now examine in further details the populations of DBH binaries in
ur clusters. As demonstrated already, these binaries are of particular
mportance for the o v erall evolution of the cluster, and merging DBHs
an also be observed directly with gravitational wav es. F or all our
odels, from very early on in the cluster evolution (within the first

00 Myr), all primordial DBHs have been disrupted and an y e xisting
BHs are of a dynamical nature. Thus, the DBHs presented in this

ection are implied to be dynamically formed pairs unless stated
therwise. In this section, we will study the interactive and orbital
roperties of in situ DBHs (Sections 5.1 , 5.4 ), as well as discuss the
jected ex situ binary BHs (Section 5.5 ). 
NRAS 513, 4527–4555 (2022) 

 While compact object binaries born through isolated binary evolution 
i.e. without any exchange interactions with other stars or systems) are 
eferred to as primordial binaries, the double compact object formed through 
nterchanging stellar companions are often termed dynamical systems (Hong 
t al. 2018 ). 
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.1 In situ DBH: dynamics 

o quantify the DBH dynamical activity in our cluster models, we
oin three quantities – ‘UniquePair’, ‘Promiscuity’, and ‘Survi v abil-
ty’. 

The number of unique BH pairings that each BH has (i.e. the
umber of different individual DBH combinations) integrated over
i) all BHs and (ii) the entire lifetime of the cluster, is termed as
niqueP air ( U). An y binary that is disrupted but is later re-coupled

s counted as a new system. The Promiscuity ( P) is defined as the
umber of unique BH partners per individual BH. In this case, any
ejoining of a BH with its previous companion after a hiatus does
ot increase its Promiscuity count. Binary systems can be broken-
p through interactions within binary-single, binary-binary, or even
igher order chain subsystems. For instance, the types of interaction
hat can contribute to a higher Promiscuity value include an incoming
y-by BH either snatching or replacing another BH in a binary, and

wo binaries interchanging partners in an exchange interaction. The
ifespan of each unique DBH pairing (i.e. the lifetime of each distinct
inary) is identified as the Survi v ability ( S) time-scale in this paper.
Promiscuity, UniquePair and Survi v ability can be used to estimate

he extent of the BH dynamical interactions in the cluster. In particu-
ar, using the three measures in conjunction with each other can help
o paint a more detailed story of the cluster dynamics. Furthermore,
tudying the saddle point of the 3D space of Promiscuity, UniquePair,
nd Survi v ability that creates the maximum number of possible
ergers for a given cluster can lead us in analysing clusters with

n ideal DBH merger environment. While we define UniquePair
or the total evolutionary time-scale of the cluster ( τ ), we compute
oth Promiscuity and Survi v ability at three dif ferent characteristic
imes. First, after a physical time of 1.5 Gyr has elapsed, secondly,
fter three half-mass relaxation times have elapsed (3 t rh ), and finally
t the end of the cluster lifetime, τ . Analysing Promiscuity and
urvi v ability at separate time snapshots can help to shine more light
n the DBH dynamical evolution of the cluster. However, unless
pecified, we will refer to Promiscuity and Survi v ability at τ , the full
uration of the cluster. A larger Promiscuity and smaller Survi v ability
ould hint at a heightened level of BH–BH interactions, while a
igher value of Survivability would suggest less dynamical activity.
nother consideration is that while an increased level of BH–BH

ncounters may increase the chances of DBH mergers, too many
requent encounters also has the possibility of breaking-up pairs
hich may have otherwise spiralled in to coalesce. Table 2 shows

he UniquePair, Promiscuity, and Survi v ability distributions of each
luster model presented in the paper. 

.1.1 Promiscuity 

he initial half-mass radius of the cluster plays a key role in
etermining the DBH Promiscuity of a cluster. A lower initial
 h leads to a denser cluster core, which, as we see from Figs 4
nd 17 , is where most BHs reside and hence leads to a higher level
f Promiscuity. The top panel of Fig. 18 shows the Promiscuity
istribution of individual BHs for a grid of clusters with initial R half =
.15, 1.54, and 3.08 pc. While the majority of BHs have only one BH
ompanion, clusters of lower initial R h (M-07, M-06, M-08, and M-
5) show an increased trend towards higher Promiscuity than those
ith larger R h (M-04a and M-04b). It is further noted that although
-07 is dynamically younger (as well as younger in physical age)

han model M-05, the two models have the same Promiscuity median
f 3 and M-07 has a slightly larger maxima at 16 than 15 for M-
5. An even younger cluster is M-08, which, although sharing the
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Table 2. UniquePair ( U ), Promiscuity ( P), and Survi v ability ( S) of all star cluster models presented in this paper (see Section 5.1 for more details). 
The third column shows the equivalent of three half-mass relaxation times (3 t rh ) in physical time for each model. The following four columns show 

P medians (md) calculated at 3 t rh , 1.5 Gyr, entire cluster lifetime ( τ ), and P maxima (mx) for τ , respectively. The next five columns depict the 
median values of S in logarithm after 3 t rh , 1.5 Gyr, τ and the maxima and minima of S in logarithm for τ . 

Model U 3 t rh P md (3 t rh ) P md (1.5) P md ( τ ) P mx ( τ ) log 10 S md (3 t rh ) log 10 S md (1.5) log 10 S md ( τ ) log 10 S mx ( τ ) log 10 S mn ( τ ) 
- - Gyr - - - - Myr Myr Myr Myr Myr 

M-01 139 4.7 2 1.5 3 12 1.704 1.579 1.801 2.941 1.102 
M-02 64 5.8 2 2 2 12 1.708 1.583 1.757 3.025 1.106 
M-03 107 5.1 2 2 3 12 1.707 1.406 1.582 2.905 1.105 
M-04a 86 4.1 2 1.5 2 9 1.406 1.406 1.582 3.358 1.105 
M-04b 91 4.5 2 2 3 11 1.709 1.584 1.952 3.619 1.107 
M-05 157 2.5 3 2 3 15 1.129 0.953 1.351 3.286 0.652 
M-06 18 1.4 1 2 2 4 1.118 1.118 1.119 3.030 0.818 
M-07 209 4.0 3 2 3 16 0.997 0.872 0.997 3.276 0.395 
M-08 115 2.3 3 2 3 9 1.254 1.254 1.255 2.786 0.653 
M-09 46 2 8 0.953 2.129 0.652 
M-10 80 2 2 8 1.127 2.141 2.793 2.097 

Figure 17. Characteristic radii of neutron star and BH populations within 
the star cluster for model M-01. The green R h line represents the cluster 
half-mass radius and the black R h, BH line shows the BH half-mass radius. 
The positions of the double BHs (DBH in magenta), BHs and NSs in binaries 
with objects other than BHs (Bin. NS/BH in purple), SNSs (in orange), and 
SBHs (in blue) are identified as points. 
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ame initial properties as M-05 (aside from the random seed), shows
he exact same Promiscuity medians for times 3 t rh , 1.5 Gyr, and τ .
o we ver, the maximum Promiscuity for M-05 is 1.6 × higher than

or M-08, likely reflecting that the BHs have more time to interact in
-05. If we tally Promiscuity with the UniquePair value in Table 2 ,
e observe that M-07 has its UniquePair value nearly 1.5 times
igher than the average UniquePair of M-05 and M-08. The higher 
 h models M-04a and M-04b have their UniquePair v alues e ven

ower than that of M-07. 
This is despite the fact that they are more evolved in time: M-

7 reaches an age of 9 . 6 Gyr with 25 per cent of the initial mass
emaining while M-04a and M-04b are evolved to close to dissolution
at 11.2 and 13 Gyr, respectively). Furthermore, the metallicity of 

-07 is half that of the other models shown in the top panel of
ig. 18 ( Z = 0.005) and M-07 has more mass (7.1 times that of
-06 and 1.4 times the other models). The metal-poor environment 

nd the higher initial mass of M-07 both assist in enhancing the
ynamical activity within this model. The effect of initial cluster 
ass becomes even more apparent when M-06, with the lowest 

nitial mass, shows reduced DBH dynamical activity through an 
niquePair value of only 18 and Promiscuity maxima at 4. Ho we ver,
he Promiscuity median remains 2, equal to that of M-04a and close
o the other models, showing that this, individually, is not such a
seful indicator. We instead emphasize the importance of the third 
 ariable Survi v ability to realize a more complete picture of cluster
ore dynamics, as will be discussed in the following section. 

The initial semimajor axis distribution appears to affect the DBH 

ctivity of the cluster as illustrated in the middle panel of Fig. 18 .
-01, using the Sana12 initial semimajor axis distribution, shows a 

lightly higher Promiscuity maxima (and also about 1.6 times larger 
niquePair value) than M-04a and M-04b with the DM91 initial 

emimajor axis distribution. With a closer initial separation for more 
MNRAS 513, 4527–4555 (2022) 
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assive stars than DM91 (see Fig. 12 ), the Sana12 distribution hence
eems to assist in increased cluster core activity. 

Lower metallicity seems to slightly increase the Promiscuity of
he cluster BHs as is shown in the middle panel of Fig. 18 , where the
ow- Z cluster models are biased further towards higher Promiscuity
 alues, e ven though they have the same maxima. Ho we ver, the
igher- Z cluster M-01 has a higher UniquePair value than M-02
nd M-03. In metal-rich environments with ele v ated stellar winds,
ower-mass BHs are formed. M-01 creates less massive but slightly

ore numerous BHs (Fig. 14 ) than M-02 and M-03, giving rise to
n increased number of unique individual DBH binaries. However,
he more massive BHs of the low metallicity clusters are more
ikely to reside in the denser environment at the very centre of the
luster thus experiencing stronger gravitational perturbation and thus
ave a slightly higher interaction rate as shown in the Promiscuity
istogram. 
To compare the effect of the time evolution of the clusters, we

ompute the Promiscuity medians at the age of 1.5 Gyr and after 3 t rh 
ave elapsed. We observe that at the same dynamical age (3 t rh ), the
enser clusters M-05 and M-08 have a higher Promiscuity median
than less dense M-04a, M-04b, M-01, M-02, and M-03) but at
.5 Gyr this difference is less apparent. Comparing the Promiscuity
edians at 3 t rh and τ for all six primary models (that evolve to

ompletion, by our definition), we observe that mostly the median
ncreases as we go from 3 t rh to τ . Ho we ver, for M-02 and M-04a, the
wo values remain the same (their UniquePair values are also lower
han the other primary models) showing that their slightly lower
umber of BHs (see Fig. 14 ) slightly hampers the Promiscuity. M-02
till reaches a Promiscuity maxima of 12, showing that even with
he low UniquePair count, the low- Z , more massive BH environment
reates ample exchange interactions. 

.1.2 Survivability 

n increased number of BH–BH exchange interactions leads to short-
ived binary pairings. Hence, the Survivability coefficient of a cluster
odel is ordinarily expected to be inversely related to the Promiscuity

ount. For instance, M-07 which shows the largest UniquePair
nd Promiscuity maxima also has the lo west Survi v ability medians
Table 2 ). 

A lower initial half-mass radius for clusters of similar initial mass
nsures a denser environment and hence increased rate of close
ncounters. This can decrease the lifetime of each DBH system
nd lower the calculated Survivability. The effect is illustrated in
he top panel of Fig. 19 , with smaller R h clusters M-05 and M-08,
ho wing lo wer Survi v ability minima than M-04a and M-04b of the
ame metallicity and initial number of stars. M-06 is a small cluster
f initial mass < 20 per cent of M-01. In spite of its small number
f stars, it shows the signature of high rate of BH–BH interaction
hrough having smaller Survi v ability v alues. The higher Survi v ability
edians at both 3 t rh and 1.5 Gyr of M-04a, M-04b compared to M-

5, M-08, M-06 and M-07 (see Table 2 ) shows the similar trend
f anticorrelation with their initial R h . From this, we infer that the
ynamical time-scales are not significantly effected by the initial
ensity and hence the relative magnitudes of the DBH signatures at
he same physical and dynamical time-scales for these clusters do
ot change. 
The importance of the initial semimajor axis distribution is

pparent through the lower panel of Fig. 19 , where we can compare
-01 to M-04a and observe the bias of M-04a towards larger

urvi v ability v alues. The presence of long-li ved DBH binaries in
NRAS 513, 4527–4555 (2022) 
-04a and M-04b can also be seen in the upper panel of Fig. 19 ,
here the distribution tails towards Survivability values higher than
 000 Myr. The higher Survi v ability maxima of M-04a (and M-04b)
elative to M-01 is further evident in Table 2 . 

Although the trend with metallicity is not as strongly apparent
s for models with varying initial R h , the lower panel of Fig. 19
oes show a steeper slope of Survi v ability distributions for the
etal-poor models M-02 and M-03 compared to M-01 with higher
etallicity. M-01, M-02, and M-03, arranged by descending Z , have

onsecuti vely lo wer Survi v ability medians (albeit slightly); signi-
ying an increased incidence of dynamical interactions. Comparing
he Survi v ability medians at 1.5 Gyr, we still observe the metal-poor
lusters to have consecutively shorter DBH lifespans. To account for
ifferences in dynamical time-scales of clusters of different Z , we
an compare the Survi v ability medians at 3 t rh and see that M-01,
-02, M-03 all have very similar values. That the difference in BH

ynamical interactions for clusters of different Z is not significant
s further illustrated by comparing the Survi v ability of M-05, M-08,
nd M-10. Since M-10 is only evolved to about 1 t rh , we compare
urvi v ability at 1.5 Gyr from Table 2 and observe their similarity. In
act, M-08 actually has a slightly lo wer v alue than M-10, e ven though
he latter is comparatively metal-poor. This emphasizes that while
luster heat-up and hence the dynamical time-scale is dominated
y the BH mass spectrum (different Z clusters producing BHs of
ifferent mass ranges), the BH–BH interaction is mainly influenced
y cluster density. 
A way to compare Survi v ability is through the inverse of encounter

ate R ∼ ρ/( a σ ) as introduced by Hills & Day ( 1976 ), where ρ is
he local density, σ is the velocity dispersion, and a is the semimajor
xis of the binary. For dynamical DBHs of equal masses m BH ; a ∼
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 BH / σ 2 , making R ∼ ρσ/m BH . At the same dynamical age, metal
oor clusters with more massive DBHs thus should have a lower R ,
eflected by a slightly higher log 10 S md (3 t rh ). Ho we ver, as the density
nd velocity dispersion also determine R , this trend is not observed
or the Survi v ability calculated at similar physical time-scales or at
he end of cluster evolution (clusters of different metallicity have 
ignificantly different lifetimes in our models). 

.2 Chirp mass and mass ratio: in situ 

e compare the in-cluster DBH masses through the chirp mass and 
ass-ratio distributions. The chirp mass ( M chirp ) is defined as 

 chirp = ( m 1 m 2 ) 
3 / 5 ( m 1 + m 2 ) 

−1 / 5 , (2) 

nd the mass ratio q = m 2 / m 1 , where m 1 > m 2 are the masses of
he two BHs in a binary. M chirp is the dominant term determined
irectly from the gra vitational wa ves signal (Abbott et al. 2016 ).
bserv ationally, the indi vidual masses m 1 and m 2 are derived from
 chirp and q (which has more uncertainty), leading to larger error

ars in m 1 and m 2 than M chirp . Thus, instead of showing the mass
istribution of the individual BHs ( m 1 and m 2 ) in DBH binaries,
e express our mass distribution in terms of M chirp and q . Since
ost of our models have no surviving or v ery short-liv ed primordial
BHs, the discussion and plots of DBHs in the following sections are

f fecti vely of dynamical DBHs, unless mentioned otherwise. 

.2.1 Chirp mass 

luster metallicity plays the key role in determining the BH masses
nd hence the DBH chirp mass ( M chirp ) distribution. Lower Z allows
he formation of heavier BHs, due to decreased stellar winds (Hurley 
t al. 2000 ; Belczynski et al. 2010 ). The more massive BH progenitors
lso have typically larger fall-back masses, increasing the BH mass 
nd decreasing the BH natal kick, thus retaining more of these heavier 
Hs in the cluster. The median BH mass in a binary with another
H for M-01 ( Z = 0.01) is ≈10.1 M �, for M-02 ( Z = 0.001) is
24.3 M �, and for M-03 ( Z = 0.0005) is ≈26.5 M �. The top panel

f Fig. 20 shows the M chirp distributions for clusters with different 
etallicities through their respecti ve Cumulati ve Density Functions 

CDFs). M-01 has a median M chirp of 8.9 M �, while M-02 and M-03
ave median M chirp of 20.7 and 22.0 M �, respectively. 
The initial R h of a cluster model does not significantly alter the
 chirp distribution within our range of variation of R h = 1.54, 3.08 pc

see Fig. 20 , middle panel). The median M chirp of M-04a and M-04b
re 9.4 and 9.2 M �, respectively, while for the lower R h models M-05
nd M-08, the medians are 9.8 and 9.2 M �, respectively. It is also to
e noted that though M-05 and M-08 are at different physical and
ynamical ages the mass distributions are not significantly affected 
y this (see the next paragraph for further details). 
Models M-08 and M-09 have the same initial total number of

tars, metallicity, and initial semimajor axis distribution (DM91) and 
nitial half-mass radii but different binary fraction: M-09 having 
ouble the number of primordial binaries than M-08. Since the final 
hysical ages of M-08 and M-09 are different, we define M-08t,
hich is model M-08 at the same maximum physical age reached 
y M-09 (about 400 Myr) to compare the effect of initial binary
raction (f bin = 0.09 and 0.18 for M-08 and M-09, respectively) on
he DBH mass distribution. As shown in the lower panel of Fig. 20 ,
he higher initial f bin cluster M-09 has a significantly more massive 
 chirp distribution: 80 per cent of the M-09 DBHs have M chirp <

4 M � compared to 80 per cent of M-08 (and M-08t) DBHs with
 chirp < 9 (and < 11) M �. Although accounting for the difference
n cluster ages (through changing M-08 to M-08t) slightly shifted 
he M chirp CDF (lower panel, Fig. 20 ), the qualitative inference of
ur results does not change (as discussed in the previous paragraph).
nterestingly, the M-08t and M-09 CDFs are similar up until the 50th
ercentile, after which differences appear. It can be argued that M-09
roduces more hard BH binaries as a result of having a higher initial
inary fraction. Since massive binaries have higher binding energy 
ompared to binaries with lower masses (orbital separation remaining 
onstant) and Heggie’s law shows that hard binaries become harder, 
he more massive DBHs of M-09 contribute to its higher M chirp CDF
ail. The low mass, softer binaries of M-09 are easily disrupted and
he M chirp distributions of M-08t and M-09 appear similar at the lower

ass end. The median M chirp values for M-08, M-08t, and M-09 are
.3, 10.4, and 10.8 M �, respectively. 
The initial semimajor axis distribution only slightly affects the 

et M chirp distribution of the DBHs. M-01 with Sana12 has a M chirp 

edian of 8.9 M � compared to M-04a and M-04b (with DM91) with
.4 and 9.2 M �, respecti vely, sho wing the dif ference between M-04a
nd M-04b is close to that between M-01 and M-04a. While the
edian values are similar, M-01 has the M chirp maxima at 20.2 M �,
MNRAS 513, 4527–4555 (2022) 
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M

Figure 21. Cumulative distribution of DBH mass ratios q . The three panels 
show the same models as in Fig. 20 . 
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ompared to M-04a with 16.5 M � and M-04b with 13.4 M �. Hence,
e comment that the initial semimajor axis distribution of Sana12

ppears to allow the formation of slightly more massive DBHs,
hile keeping the median value similar to DM91 but the data are

nsufficient to conclude so with certainty. 

.2.2 Mass ratio 

he distribution of the mass ratios q of the DBHs in all our models
aries from about 0.3 (with the exception of M-09, discussed later) to
.0, with the median in the range of 0.8–0.9, depending on the cluster
odel. Fig 21 shows the CDFs of q for our different cluster models.
or the initial binaries in our models we choose q from a uniform
istribution so there is no bias towards equal-mass partners. However,
e expect that over time, binary evolution and dynamical interactions
ill affect the DBH q distribution with a tendency towards equal mass
inaries. 
The mass ratio distribution of BH binaries is more biased towards

ower q for low metallicity models M-02 and M-03 than for metal-
ich model M-01 (Fig. 21 , top panel). The primary reason for this
NRAS 513, 4527–4555 (2022) 
ifference is because at lower Z , the BH mass distribution becomes
roader, with more chances of asymmetric masses pairing together.
n terms of the median q values, for models M-01, M-02, and M-03
hese are 0.91, 0.90, and 0.83, respectively. 

While a change in the R h of the clusters does not seem to
ignificantly impact the DBH q distribution (Fig. 21 , middle panel),
he initial semimajor axis distribution appears to play a small role.
he median q values for models with the DM91 semimajor axis
istributions and Z = 0.01 (M-04a, M-04b) are 0.84 and 0.88,
espectively, whereas the median q for the equally metal-rich model
ut with the Sana12 mass distribution (M-01) is 0.91 (as noted abo v e).
n fact, the metal-rich DM91 models are quite similar in behaviour
o the metal-poor Sana12 model, as is apparent from the respective
edian values and comparing M-03 to M-04a in Fig. 21 (top panel).
eviations from the initial uniform q distribution towards q = 1

s a result of more prolonged dynamical activity and more mass
e gre gation. 

A higher initial binary fraction ( f bin ) increases the mass range of
he DBHs (as was apparent from the M chirp distribution in the bottom
anel of Fig. 20 ). From the lower panel of Fig. 21 , we see that the
 distributions of M-09 and M-08t are not as remarkably different
s for M chirp but we still find that M-09 ( f bin = 0.18) shows more
symmetric mass-ratio DBHs and hence a lower q distribution than
-08t ( f bin = 0.09). It is interesting to compare M-08 to the younger

ersion M-08t where we see a clear demonstration of dynamical
nteractions (mostly exchange interactions) leading to a preference
or systems of similar mass o v er time. 

.3 Orbital properties: in situ 

nlike isolated binary evolution where the orbital period ( P orb )
nd eccentricity ( e ) can provide clues about the mass transfer and
upernovae kick history of a binary, in the dynamical environment of
 star cluster such orbital information can be lost or scrambled. This
s especially true in the central regions of the clusters where BHs
eside and can result from the formation and breaking of binaries or
hain systems. Strong gravitational perturbation from nearby stars
an also modify the orbital properties of the DBHs such that the P orb 

e distribution instead becomes a marker for the degree of cluster
ynamical activity. While a distribution of binary orbital parameters
ke wed to wards high eccentricity values is expected to be a clear
mprint of ele v ated dynamical acti vity, a distrib ution that fa v ours
onger orbital periods could be caused by two opposing effects – (i)
 low density (less close encounters) environment that leaves wide
inaries intact or (ii) too many encounters that either break-up or
ccelerate the evolution towards contact of close pairs. Thus, even
f the Promiscuity, Survi v ability, and e distributions are known and
oint towards increased dynamical activity, a P orb distrib ution fa v our -
ng long-periods may also emerge from interactions breaking soft
inaries (contrary of hard binaries evolving towards shorter orbital
eriods). Using this combination of indicators to find the optimal
luster configuration amongst the initial parameter hyperspace is a
onger-term project and beyond the scope of this paper. Here, we
imply present P orb and e distributions for our models to add to the
ortfolio of information as we form a picture of what may be possible
n the future with an expanded set of models. 

.3.1 Orbital period 

rom the upper panel of Fig. 22 showing the distribution of DBH
rbital periods for clusters of different metallicity, we conclude that
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Figure 22. Cumulative distribution of log 10 P orb . The top panel compares 
models with different initial half-mass radii, whilst the bottom panel compares 
models with different initial metallicities. 
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or our models, co v ering the range of Z = 0.01, 0.001, and 0.0005,
here is no conclusive evidence of the cluster metallicity affecting the 
 orb distribution of the DBHs. Similarly, the initial semimajor axis 
istribution does not appear to show any major effect on the DBH
 orb distribution (cf. Fig. 22 ). If we compare M-01 with the Sana
istribution and M-04a and M-04b with the DM91 initial distribution 
across the upper and lower panels of Fig. 22 ), we see they have
ypically similar P orb values. 

The initial R h of a cluster has a more noticeable effect on the
umulative DBH P orb as can be seen in the lower panel of Fig. 22 .
he slopes of the CDFs for the simulations with larger R h (M-04a
nd M-04b) are less steep, showing a slight preference towards larger 
 orb relative to M-05 from the main model set that has an initial R h 

educed by a factor of two. As a smaller R h facilitates more close
ncounters due to a higher density, the corresponding depletion of 
ide (and thus loosely bound) DBH systems matches the behaviour 

hat we would expect to observe. Model M-08 has the same initial
onditions as M-05 aside from a different random number seed but 
as a clear preference for even shorter P orb systems than M-05,
ven though both have the same initial R h . A key difference is that
-08 is only evolved for 2 . 8 Gyr and is thus a younger cluster.

o determine if this is a significant factor, we compare M-05 and
-08 at the same physical time by creating M-05t which is M-05

estricted to considering only systems within the same time-frame 
s for M-08 (2 . 8 Gyr). We observe in Fig. 22 that M-05t does have
 slightly shorter orbital period distribution than M-05, indicating 
hat an age effect may be at play where given more time a cluster is

ore ef fecti ve at depleting short-period systems. Ho we ver, the most
ignificant differences exist between M-05t and M-08, showing that 
ifferences in the evolution pathways of these models arising from 

andom fluctuations (in the same way as discussed for M-04a and M-
4b in Section 3.3 ) is the main factor. As a final comparison, models
-04a and M-04b ( R h = 3.08) have approximately 60 per cent of the
BHs with log 10 P orb < 5, while M-05 and M-08 ( R h = 1.54) have
bout 80 per cent and 90 per cent, respectively. 

.3.2 Eccentricity 

he eccentricity distributions of the DBHs for our models are shown
n Fig. 23 alongside a thermal (Boltzmann) distribution f ( e ) de =
 ede (Jeans 1919 ; Heggie 1975 ), which they appear to follow in
eneral. Under the assumption of a population solely composed 
f dynamically interacting binaries, Jeans ( 1919 ) showed that the
inaries achieve thermal equilibrium o v er multiple energy exchange 
nteractions. Although, in star clusters the presence of singles and 
riples (or even higher order chain systems) can cause deviation from
he idealistic scenario. Though the average binding energy is solely a
unction of the semimajor axis, the binding energy varies periodically 
hrough the change in the orbital separation in eccentric orbits. 
rbital e is mathematically connected to binary orbital separation 

through latus-rectum), which in turn makes the binding energy 
t each point of an eccentric orbit an implicit function of e . The
eviation from Jeans ( 1919 )’s law was explained by Heggie ( 1975 ),
ho showed that due to binary–single interactions, a hard binary 

binding energy > kinetic energy of the passer-by third body) will
ecome more tightly bound and a soft binary (binding energy <
inetic energy of the passer-by third body) will become more loose
and eventually break). 

As for orbital period the effect of the initial cluster metallicity
n the DBH e distribution appears to be inconclusive for our grid
f models (upper panel of Fig. 23 ). The only notable observation is
 slight bias towards higher eccentricity ( e > 0.6) for the lower- Z
luster M-03 with Z = 0.0005 (compared to models M-01 and M-02
ith Z = 0.01 and Z = 0.001, respectively). This perhaps is caused by

he higher rate of DBH activity for M-03 with stronger gravitational
MNRAS 513, 4527–4555 (2022) 
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tion and merger for our models. 
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erturbations from massive BHs or exchange interactions creating
lightly more eccentric binary orbits. Indeed, M-03 is the only model
o show any significant departure from the thermal eccentricity
istribution. 
There appears to be no variance in the orbital eccentricity

istribution across clusters with different initial R h (lower panel
ig. 23 ). M-04b, M-04a, M-05, and M-08 all with Z = 0.01,
nd the same initial number of systems but different R h , all show
hat approximately 60 per cent of the binaries have e > 0.6. For
he models with different initial semimajor axis distributions we
ee some differences, for example M-04a (DM91) has more low
ccentricity orbits compared to M-01 (Sana12), but nothing that
ould not be attributed to statistical noise. M-01 and M-04a have
0 per cent compared to M-04b with 60 per cent of their respective
BH systems with e > 0.6. 

.4 Delay time: in situ 

he delay time ( t delay ) is defined as the time span from the formation
f a compact object pair through to its merger (potential or actual).
e have calculated t delay as formulated by Peters ( 1964 ), assuming

wo point-mass particles in a binary spiralling in towards each other
olely due to the loss of gravitational energy. The main factor in
etermining the t delay of a binary is the initial orbital separation ( a ),
ollowed by the masses of the two bodies ( m 1 and m 2 ) and the orbital
ccentricity ( e ). Peters ( 1964 ) show that the time taken by the two
odies, BHs in our case, in a binary to merge is given by 

 = 

12 c 4 0 

19 β

∫ e 0 

0 

e 29 / 19 [1 + (121 / 304) e 2 ] 1181 / 2299 

(1 − e 2 ) 3 / 2 
, (3) 

here 

= 

64 G 

2 m 1 m 2 ( m 1 + m 2 ) 

5 c 5 
, (4) 

nd 

 0 = 

a 0 (1 − e 2 0 ) 

e 
12 / 19 
0 

[
1 + 

121 e 2 0 

304 

]−870 / 2299 

. (5) 

ere, e 0 and a 0 are respectively the initial eccentricity and initial
emimajor axis of the elliptical orbit. For a circularized binary, the
erger time is solved to be T ( e = 0) = a 4 0 / 4 β. For isolated binary
ergers t delay = T al w ays. For a dynamical environment, orbital

erturbations from nearby stars can change a or e of the initial
inary and hence t delay needs to be computed in steps rather than as
 continuous integral. It is also possible that the initial BH–BH pair
an get disrupted, for example in an exchange interaction, and a new
ynamical BH binary can emerge from the interaction, making t delay 

ifferent from the initial T computed for the initial pair. Thus, t delay 

eeds to be re-calculated with the masses and the orbital parameters
f the new BH-BH system. To a v oid confusion between isolated
rimordial mergers and dynamical mergers in dense environments (as
n this paper), we define t delay as the time it will take for two compact
bjects to merge after forming a bound binary system (as opposed to
he time after the second supernova that marks the formation of the
ouble compact object in an isolated systems). 
For nearly circular binaries, the time delay remains proportional

o the fourth power of separation ( t delay ∝ a 4 ). Decreasing the binary
ass increases the t delay of the system while a higher orbital e (with

ll other factors remaining constant) reduces the merger time. Given
hat the variation of the DBH e distribution o v er different cluster
lobal parameters has been fairly small for our array of models (see
ection 5.3.2 ), we expect ordinarily that a will have the dominant
NRAS 513, 4527–4555 (2022) 
mpact on t delay . Ho we ver, if the v ariation in a remains small, a
onsiderable change of DBH masses will effect the t delay distribution.
o study this, we calculate the t delay at every major output time-step
i.e. snapshot interval, which is ∼ 10 Myr for our models) for each
BH present in the model at that time, since the a and e of the
rbit can change on this time-scale owing to perturbations from
eighbouring systems. 
The distributions of t delay for our models are shown in Fig. 24 . For
etallicity, we did not see any significant variation in the distribution

f P orb in Fig. 22 and thus we would not expect variations in a to
e a factor. Instead, any differences in the delay times for clusters of
ifferent metallicity are likely caused by the mass difference of BHs
n these clusters, where the average DBH mass for M-01 is 19.7 M �,
hile for M-02 and M-03 it is 44.6 and 47.5 M �, respectively. In

ontrast, the median log 10 ( a / R �) of the DBHs in M-01, M-02, and
-03 is 4.2, 4.5, and 4.3, respectively. The median t delay numbers do

how a slight decrease in merger time for lower metallicity: median
og 10 ( t delay /Myr) is 14.7 for M-01 ( Z = 0.01), 14.6 for M-02 ( Z =
.001), and 13.8 for M-03 ( Z = 0.0005). Ho we v er, o v erall there is
o clear pattern for metallicity influencing the delay times. It is a
imilar story for the initial semimajor axis distribution (comparing

-01 and M-04a in the upper panel Fig. 24 ) where our models do
ot significantly affect the t delay distribution. 
The behaviour of t delay across clusters of different initial R h (lower

anel of Fig. 24 ) closely follows that observed for P orb in Fig. 22 .
his is to be expected and as such the corresponding analysis in
ection 5.3.1 holds here as well. The main result is that denser clusters
re ef fecti ve in shortening the delay times of the DBH binaries. 

.5 Ex situ: ejected DBHs 

s described earlier, for NSs, the high natal kick will usually eject
he object out of the cluster. In the case of BHs, where the supernova
icks are scaled down by fallback mass and the BHs reside mainly
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ithin the core of the cluster, the escape rate is relatively lower than
or NSs. Nevertheless, it is still possible for BHs and even DBHs to
scape from our model clusters. Unlike the in situ binaries, escaped 
H pairs will not be subsequently interrupted by other BHs as they
ontinue to evolve in the Galactic field. This can be an advantage
ecause while it is true that gravitational perturbations from other 
Hs or DBHs can facilitate mergers, too many close interactions 
ay also hinder potential mergers (see Section 6 for an example). 
hus, if a DBH from a cluster escapes with a tightly bound or highly
ccentric orbit, instead of potential unwanted hindrances from other 
Hs, it can be left to merge in peace (MIP). While the importance
f the orbital separation a in determining the t delay is explained in
ection 5.4 , we also highlight the role of eccentricity e in DBH
ergers. Unlike in-cluster DBHs, where a and e of the binary can be

hanged due to external influence, the orbital separation of escaped 
H pairs will gradually reduce solely due to emission of gravitational 

adiation. Hence, all the ex situ mergers, when observed by ground- 
ased gra vitational-wa ve detectors, will show circular orbits at a 
ra vitational-wa v e frequenc y of 10Hz, whereas there remains a
ossibility of in situ mergers having e > 0.1 at the same frequency
see Section 1 ). 

To illustrate the importance of ex situ DBHs, we select M-07
ith the highest UniquePair, largest Promiscuity maxima, and lowest 
urvi v ability median (see Table 2 ), which are all signatures of high
ynamical activity in the cluster. The median mass of the BHs in
 DBH inside the cluster for M-07 is m ≈ 17.3 M �, the median
 ≈ 0.94, median log 10 ( a / R �) ≈ 4, and the median e ≈ 0.94. For
he escaped DBHs of M-07, these medians are m ≈ 17.7 M �, q ≈
.96, log 10 ( a / R �) ≈ 3, and e ≈ 0.91. We thus select a typical case
f a 18.1 and 17.3 M � DBH, with an initial orbital separation of
og 10 ( a / R �) = 3. 

It is important to note the nature of the t delay versus e curve and
he sensitivity to the initial conditions of our typical M-07 binary: 
n eccentricity of 0.99 will result in a merger in a Hubble time
ompared to 0.98 which would not. Of course, a smaller a and more
assive BHs can allow less eccentric binaries to merge. For model 
-07, which is the most massive that we evolved, we have 23 DBHs

scaping from the cluster o v er the span of 9.5 Gyr, out of which three
erge in a Hubble time. For comparison, model M-01 has 15 DBHs

jected during its lifetime of about 10 Gyr, none of which merge in a
ubble time. 
The first system of the three ex situ M-07 DBHs mergers escapes

he cluster at 0.33 Gyr with masses m 1 = 16.1 M � and m 2 = 15.4 M �,
nd orbital properties log 10 ( a / R �) = 3.01 and e = 0.994 at the time of
scape. The system mergers outside cluster 5.38 Gyr from the time it
eav es. The ne xt DBH of interest departs the cluster at 0.94 Gyr. It has

asses and orbital parameters (at escape) of m 1 = 17.7 M �, m 2 =
7.7 M �, log 10 ( a / R �) = 2.95 and e = 0.994. This system merges
.61 Gyr after escape. The third system leaves the M-07 cluster at
.20 Gyr with m 1 = 18.1 M �, m 2 = 18.2 M �, log 10 ( a / R �) = 2.88
nd e = 0.995. It merges 0.63 Gyr after leaving the cluster. All three
ystems are highly eccentric in nature. The third DBH with a lower
 and higher e merges in the shortest time (out of the three). 
M-07 has the highest incidence of dynamical activity of all 

ur models. It has no in situ merger even though it is a fairly
volved model (Table 1 ). This points to the possibility that the
eightened incidence of in-cluster dynamical interactions creates 
 too agile environment for DBHs to coalesce inside cluster M-07
ithout interruption. Ho we ver, the increased intensity of dynamical 

nteractions like (i) binary–binary encounters, which (apart from 

roducing more eccentric binaries) typically have longer time-scales 
han binary–single encounters (Zevin et al. 2019 ) – and thus is more
f fecti ve in a more massive cluster like M-07 and (ii) more exchange
nteractions (Ziosi et al. 2014 ) due to higher stellar density also
esults in more elliptic orbits, which in turn can help ex situ DBHs
o MIP. Thus clusters with a high in situ DBH merger rate may not
orrespond to the clusters with more ex situ mergers. 

 IN-CLUSTER  M E R G E R S  

e record a total of 12 distinct in-cluster binary BH mergers
ccurring in models M-01, M-03, M-04a, M-04b, M-05, and M- 
8 (see Table 1 ), all of dynamical origin, such that the merging pair
f BHs were formed through multiple chain systems and exchange 
nteractions. 

M-05 has four in situ BH-BH coalescences, the highest in our suite
f models, followed by M-08 with three such mergers. Both these
odels have low initial half-mass radii ( R h = 1.54 pc) and are metal-

ich ( Z = 0.01). M-08 is not fully evolved (with about half its mass
emaining), unlike M-05 which has nearly e v aporated (Table 1 ). In
pite of this, M-08 has a higher merger rate than all models other than
-05. Even though M-08 only evolves to 2 . 8 Gyr, it has completed

hree half-mass relaxation times after 2 . 3 Gyr (see Table 2 ) and all
f the mergers have occurred within this timeframe. M-05 completes 
8 half-mass relaxation times across 13 Gyr of evolution but only
ncreases the total number of in situ DBH mergers by one from M-
8. Indeed the last DBH merger in M-05 occurs around 3.1 Gyr (with
he earliest at around 150 Myr) which is just after it has completed
hree half-mass relaxation times (also see Table 2 ). This suggests
hat most in-cluster mergers are completed (or at least set in motion)
arly in the dynamical lifetime of a cluster and that even for long-lived
lusters there is less need to focus on the later evolution stages when
ooking for DBH in-cluster mergers. Furthermore, the abundance of 
BH mergers for M-05 and M-08 shows the importance of initial

luster density in increasing the number of in situ mergers. This
s also supported by the UniquePair, Promiscuity, and Survi v ability
uotients discussed in Sections 5.1.1 and 5.1.2 . 
Interestingly, M-07 with the the lowest initial R h = 1.15 pc,

omparatively metal-poor Z = 0.005 and the most massive of our
et of models, although dynamically mature (Table 1 ), does not have
ny in-cluster DBH merger. This might appear counter-intuitive as 
-07 pro v es itself to be the most dynamically active out of all our
odels (see Sections 5.1.1 and 5.1.2 ; Table 2 ; Figs 18 and 19 ).
o we ver, as we noted in the previous section, extreme dynamical

ctivity may also hamper compact binary mergers (note also that 
ompared to the three ex situ mergers for M-07 we find none for
-05 and M-08). Dynamical activity actually prohibiting mergers 

s also observed by Di Carlo et al. ( 2020a , 2020b ) and Zevin et al.
 2019 ), who discuss that lower mass binaries are actually stopped
rom in-spiral mergers due to dynamics. The difference between in- 
luster BH merger probability between M-05/M-08 and M-07 shows 
hat further investigation of the ‘cluster initial density versus number 
f in-cluster DBH mergers’ parameter space is warranted (as well as
he total number of stars, BH masses, and BH mass spectrum), with
he possibility that mergers increase with density up to a certain point
eyond which in situ mergers are inhibited. It is important to compare
his in terms of cluster density than half-mass radius as the density
lso varies depending on cluster size. For instance, even though 
-07 and M-06 have the same initial R h = 1.15 pc; their initial half-
ass densities are 3.79 × 10 3 M � pc −3 and 0.54 × 10 3 M � pc −3 ,

espectively. The initial half-mass cluster density of M-05 and 
-08 is 1.15 × 10 3 M � pc −3 . Ho we ver, we realize the need for

urther investigation of this behaviour with a larger array of 
odels. 
MNRAS 513, 4527–4555 (2022) 
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Cluster metallicity does not appear to affect the number of DBH
ergers with one in situ merger for both M-01 ( Z = 0.01) and M-03

 Z = 0.0005), and none for M-02 ( Z = 0.001). Although Z does
ot affect the number of DBH mergers, the masses of the merging
Hs is indeed dictated by Z (see Section 6.1 ). M-04a and M-04b
ave two and one mergers, respectively, highlighting statistical noise
an slightly alter the total number of mergers in otherwise similar
onditions. The initial semimajor axis of the binary population does
ot appear to affect the number of DBH mergers for the range of
odels that we have performed. 
We observe a higher fraction of in situ DBH mergers than ex situ
ergers. This trend is noted in NBODY cluster simulations as shown

y Anagnostou et al. ( 2020 ) using models from de Vita, Trenti &
acLeod ( 2019 ), as well as by Banerjee ( 2021b ), unlike Monte
arlo simulations (e.g. Rodriguez et al. 2016a ). We find that the
jected systems that merge (basically, the ejected systems of M-07)
re biased towards higher eccentricity, unlike the ejected systems
f all other models which roughly follow the thermal distribution.
nagnostou et al. ( 2020 ) also finds ejected mergers having steeper

ccentricity, as expected from Peters ( 1964 ) calculations showing
hat higher ellipticity aids in more efficient emission of gravitational
aves (also discussed in Section 5.5 ). It can be argued that the

maller clusters of our dataset—as well as Banerjee ( 2021b )—do
ot allow enough interactions to eject hard (smaller semi-major axis),
ccentric binaries and instead eject softer binaries more readily than
hey should be compared to more massive clusters. The models from
e Vita et al. ( 2019 ), which show a similar trend, also consist of
00,000 initial systems, as do the models in Rodriguez et al. ( 2016a );
nd Anagnostou et al. ( 2020 ) argues the lower density of the latter’s
odel causes the disparity of in situ versus ex situ mergers. The

ddition of PN terms increases the fraction of in-cluster mergers, as
hown by Rodriguez et al. ( 2018b ), unlike Rodriguez et al. ( 2016a ).
he higher in situ DBH mergers in NBODY models can hence arise

rom multiple factors, including their smaller size and the inclusion
f PN terms. 
We select the details of four in situ DBH coalescences from models
-03 (one), M-04a (one), and M-05 (two). We make the selections

ased on some unique properties of these mergers (as described in the
ollowing subsections) For each event, we use the terms ‘Star1’ and
Star2’ to refer to the two individual stars that merge. The metallicity
f the stars are Z = 0.0005 in M-03 and Z = 0.01 in both M-04a
nd M-05. We discuss the properties of the merger remnants in
ection 6.4 and the BH merger rates in Section 6.5 . 

.1 M-03 merger 

his example starts with two single stars of ZAMS masses 70.2 and
3.1 M � that evolve to become BHs within the first 6 Myr of cluster
volution. The BH masses are 28.1 and 19.4 M � and we will refer to
hese as Star1 and Star2, respectively. Star1 forms its first compact
bject binary around 100 Myr with a 18.9 M � BH. Over the next
ouple of Gyr, Star1 forms binaries with seven different BHs, with
asses ranging from 25.4 to 28.3 M �, as well as with a couple of

ow-mass ( < 1 M �) main-sequence stars. Out of the array of BHs
hat pair up with Star1, six (out of the seven) DBH systems have
.6 < e < 0.9 while the other is less eccentric (0.2 < e < 0.3) but
n a wide (5.2 < log 10 ( a / R �) < 5.3) orbit with a 25.4 M � BH from
.2 to 1.3 Gyr. 
The 19.4 M � Star2 BH mostly lingers around as single star,

orming a short-lived binary with a 24.8 M � BH at 1.6 Gyr. Around
.9 Gyr, Star2 disrupts a DBH system, containing Star1 with a
5.8 M � BH and forms a binary with Star1. The orbital parameters
NRAS 513, 4527–4555 (2022) 
f the binary are e = 0.4 and log 10 ( a / R �) = 4.2. The newly formed
tar1-Star2 DBH system soon becomes a chain system with another
H binary formed by the previous 24.8 M � BH (that was a partner
ith Star2) and its new 22.4 M � BH companion. The gravitational
erturbation of the added binary in the chain system causes Star1
nd Star2 to merge at 2.8 Gyr, forming a remnant BH of mass
7.5 M �. The chain system is disrupted as Star1 and Star2 merge.
his is the most massive merger remnant produced in our suite of
odels, highlighting the importance of low metallicity clusters in

nderstanding LIGO detections of higher mass BHs. The 47.5 M �
H forms a binary with 26.2 M � at 2 . 9 Gyr and it escapes the cluster
 few Myr later. 

.2 M-04a merger 

or this merger we start with Star1 as a 54.1 M � main-sequence
tar that evolves to become a 12.5 M � BH in about 6 Myr, while
tar2 originates from a 38.8 M � main-sequence star to become
n 11.1 M � BH on a similar time-scale. By an age of 1.6 Gyr,
hey both sunk into the cluster core. About 0.1 Gyr later, they
orm a short lived binary with eccentricity of 0.7 with each other,
ut this get disrupted by another nearby DBH system. The BHs
hen become involved in a succession of chain system interactions
varying between configurations of three to five bodies) with BHs of
imilar mass before experiencing a hyperbolic collision within the
ubsystem and merging. 

.3 M-05 mergers 

n this example, Star1 begins its life as a 26.2 M � ZAMS single
tar and evolves to become a 10.2 M � BH in the span of 8 Myr. It
roceeds to form binaries with seven unique stars (excluding Star2,
he final merger companion), including five BHs, a low-mass ZAMS
tar, and a star on the first giant branch. These interactions occur in
he time-frame from BH formation up until an age of 2 . 8 Gyr when
tar1 first encounters Star2. 
Star2 evolves from a 41.0 M � ZAMS single star to become an

1.4 M � BH o v er the span of 6 Myr. This BH partners with 14
ifferent stars in 19 distinct systems before it encounters the Star1
H. Notable amongst these pairings is a binary formed with a 1.8 M �
ain sequence star in which the two stars eventually become close

nough together for the BH to accrete some of the companion and
he BH mass increases to 12.4 M � in the process. Also of important
onsequence is a binary formed with another BH amongst a short-
ived subsystem where the two BHs undergo an eccentric collision
nd the Star2 BH increases to 19.8 M �. 

Star1 and Star2 have had three common BH companions of mass
0.1, 9.8, and 10.2 M �, where they each paired with these BHs but
t different times. Subsequently, Star1 and Star2 formed a triple with
he third of those BHs and from that triple (at a cluster age of 3 Gyr)
merged the Star1 and Star2 binary that goes on to result in the BH–
H merger via inspiral. The initial orbital period and eccentricity of

his Star1 and Star2 binary BH (with masses 10.1 M � and 19.8 M �)
ere 11 749 and 0.863 d, respectiv ely. F or these conditions, if the
inary was kept isolated, we estimate t delay = 4.4 × 10 11 Myr, which
eans it would not have merged within a Hubble time (Peters 1964 ).
o we ver, the orbit becomes perturbed under the influence of a third
ody, causing it to shrink. The period changes quickly with brief
auses at 93 and 29 d (where the eccentricity is 0.29). The binary
hen goes into an in-spiral coalescence about t delay = 0.1 Myr after
t first formed to merge and form a 30.0 M � BH (at cluster physical
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Figure 25. Evolution in time of the orbital period P orb of BH-BH binaries 
in model M-05. All BH 1 encounters are shown in dotted lines and all BH 2 
encounters shown in bold lines. The individual colours of lines signify each 
unique encounter with other BHs. The eccentric BH 2 and BH 3 merger is 
identified by the green stars while the black stars represent the final BH 1 
and BH 2 inspiral merger (see Section 6.3 for more details). 
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ge of about 3.1 Gyr). Then, 9.7 Myr after the merger, the remnant
H escapes the cluster. 
All the encounters of Star1 and Star2 as BHs (hence BH 1 and

H 2) with all other BHs mentioned in the description abo v e are
hown in Fig. 25 in terms of their orbital period evolution o v er time.
he comparatively short time-span eccentric merger of BH 2 with 
nother BH (BH 3) at around 2.2 Gyr is plotted, as well as the in-
piral merger of BH 1 and BH 2 showing a pre-merger orbital period
f less than a day. 

.4 Merger remnant properties 

or each of our BH mergers, we estimate the final mass, spin. and
ick of the remnant BH. Since these binaries have undergone multiple 
ynamical interactions, we assume that the orientations of their spin 
 ectors hav e been randomized (Rodriguez et al. 2016c ). The final
H mass is typically around 5 per cent lower than the total merging
inary mass due to energy lost in gravitational waves (Abbott et al.
019 ; Varma et al. 2019 ), whilst the final BH spin is typically
round 0.7 (where a spin of 0 corresponds to a non-spinning BH
nd a spin of 1 is maximally spinning) due to the orbital angular
omentum of the binary at the last stable orbit (Abbott et al. 2019 ;
arma et al. 2019 ). The gra vitational-wa ve recoil kick 4 , ho we ver,
epends sensitively on both the binary mass-ratio, and the spins of
he merging BHs. For an equal-mass or extreme mass-ratio non- 
pinning binary, the recoil kick will be zero, whilst at intermediate 
ass-ratios the kick peaks at around 150 km s −1 for a mass ratio of

round 1/3. Incorporating generically spinning BHs, recoil velocities 
p to thousands of km s −1 are possible for certain configurations 
Campanelli et al. 2007 ; Gonzalez et al. 2007 ; Herrmann et al. 2007 ),
ufficient to eject BHs from even the most massive star clusters. At
resent our models do not make robust predictions for the spins of
Hs (for an early attempt at including models of BH spins in NBODY
alculations, see Banerjee 2021a ). In the absence of reliable models 
or BH spins, we calculate the properties of the merger remnant under
wo different spin models to demonstrate the uncertainty. We show 
 In the future, gra vitational-wa ve recoil kicks may become direct observables 
Gerosa & Moore 2016 ; Abbott et al. 2020d ; Varma, Isi & Bisco v eanu 2020 ). 

5

i
(

hat our conclusions are robust to these uncertainties. We determine 
he merger remnant properties using the surfin BH (Varma et al. 2019 )
oftware package, which uses fits to results from numerical relativity 
imulations. Specificallly, we use the NRSUR7DQ2 approximant 
Blackman et al. 2017 ), which is appropriate for comparable mass
inaries with misaligned spins. Using the kick velocity, we then 
alculate the probability of each remnant BH being retained within 
he cluster – the retention probability – by calculating the fraction 
f the kick distribution below the escape velocity in the core of the
luster at the time of the merger. 

We first assume that both component BHs are non-spinning, as is
onsistent with most gra vitational-wa ve observations (e.g. Farr et al.
017 ; Abbott et al. 2019 , 2020a ) and predicted by stellar models
ncorporating strong core-envelope coupling (e.g. Qin et al. 2018 ; 
uller & Ma 2019 ). In this model, we find that the final BH from the
-03 merger (Section 6.1 ) results in a remnant BH of mass 45.3 M �,

 dimensionless spin of 0.66 and a recoil kick of 90.7 km s −1 . The
-04a merger (Section 6.2 ) yields a BH remnant with a mass of

2.6 M �, a dimensionless spin of 0.69 and a recoil kick of 20 km s −1 .
he M-05 merger (Section 6.3 ) remnant has a mass of 28.8 M �, a
imensionless spin of 0.62 and a recoil kick of 130 km s −1 . The
scape velocities in the cores of the clusters these mergers occurred
n were only a few km s −1 . Thus, under this spin assumption, we
xpect that each of these remnant BHs would be ejected from their
ost clusters. 
Our second spin model is moti v ated by stellar models with weak

ore-envelope coupling (Belczynski et al. 2020 ), which can lead to
oderately or highly spinning BHs. In this model, we independently 

raw each of the dimensionless spins of the component BHs from a
niform distribution 5 between 0 and 1. In this spin model, the final
arameters of each remnant BH are not unique, but depend upon the
ix parameters describing the spin vectors of the component BHs. 
e find that for the M-03 DBH merger under this spin assumption,

he remnant BH mass is 45 . 3 + 0 . 4 
−0 . 7 M �, the final BH spin is 0 . 67 + 0 . 14 

−0 . 15 ,
nd the kick velocity is 1110 + 1180 

−760 km s −1 (all quantities quoted are
he median and upper and lower 90 per cent bounds). For the M-05
erger remnant the final BH mass is 28 . 8 + 0 . 3 

−0 . 5 M �, the final BH spin
s 0 . 65 + 0 . 19 

−0 . 16 , and the kick velocity is 370 + 820 
−230 km s −1 . For the M-04a

erger remnant, the final BH mass is 22 . 6 + 0 . 2 
−0 . 3 M �, the final BH spin

s 0 . 69 + 0 . 12 
−0 . 12 , and the kick velocity is 550 + 1120 

−410 km s −1 . Hence, we
onclude that for star clusters with parameters similar to those we
tudy here, it is likely that most DBH merger remnants are ejected
rom the cluster. 

In this section, we have computed the final properties of BH merger
emnants using a state-of-the-art model (Varma et al. 2019 ). In the
uture, it would be desirable to calculate these properties on-the-fly, 
o that, in the case the remnant is ejected from the cluster, it can be
emo v ed from the simulation, and the remainder of the simulation can
e performed self consistently (see Banerjee 2021a ). Ho we ver, we
ote that the M-05 merger remnant did leave the cluster soon after the
 vent o wing to the recoil velocity obtained in dynamical encounters.

.5 Binary black hole merger efficiencies 

e ha ve ev olved six base models (each with an initial mass of
.5 × 10 4 M �) until either only 500 stars remain or until a cluster age
MNRAS 513, 4527–4555 (2022) 

 This model also matches the prior distribution used to perform parameter 
nference on gra vitational-wa ve signals by the LIGO/Virgo collaborations 
e.g. Abbott et al. 2020a ; Romero-Shaw et al. 2020a ). 
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f 13 Gyr. Using only this base set (M-01, M-02, M-03, M-04a, M-
4b, and M-05 in Table 1 ), we obtain a DBH in situ merger efficiency
f 4.2 × 10 −5 mergers M �−1 . Adding our five additional models (M-
6, M-07, M-08, M-09, and M-10 in Table 1 ) which are evolved to
arious early-intermediate stages, we obtain a DBH in situ merger ef-
ciency of 3.2 × 10 −5 mergers M �−1 . Adding the three ex situ merg-
rs from M-07 (for a total of 15 mergers) results in a DBH merger
fficiency of 4.1 × 10 −5 mergers M �−1 from our all 11 models. 

We now compare our DBH merger efficiencies to previously
ublished results. Using table 1 of Banerjee ( 2017 ), who evolved
2 star cluster models with similar initial masses to our clusters
 ∼10 4 M �), we calculate an in situ DBH merger efficiency of
.9 × 10 −5 mergers M �−1 . Their total merger efficiency ( in situ
nd ex situ ) is 4.6 × 10 −5 mergers M �−1 . From Banerjee ( 2021a ),
ho performed a larger suite of 65 simulations (63 models
10 4 M � and 2 models ∼10 5 M �) with varying initial settings,
e obtain (from their table C1) an in situ DBH merger efficiency
f 4.0 × 10 −5 mergers M �−1 and total merger efficiency of
.0 × 10 −5 mergers M �−1 . Taking only the 63 models with ∼10 4 M �
nitial mass, we calculate in situ and total DBH merger efficiencies
f 3.7 × 10 −5 mergers M �−1 and 4.6 × 10 −5 mergerss M �−1 ,
espectiv ely. K umamoto, Fujii & Tanika w a ( 2019 ) finds, using tw o
rids of simulation (with initial masses of ∼10 3 and ∼10 4 M � and
nitial half-mass radii of ∼0.3 and 0.5 pc, respectively), similar
BH total merger efficiencies of 1.7 and 4.0 × 10 −5 mergers M �−1 

Table 2 ). All of these studies are in broad agreement with our
btained merger efficiencies. 
The DBH merger efficiency has been shown to be a function

f cluster mass, with more massive globular clusters found to have
igher efficiencies. For example, the in-cluster and total DBH merger
ates obtained from Rodriguez et al. ( 2016a ), who present 24 models
f clusters with initial masses of ∼10 5 M � and initial half-mass radii
f 1–2 pc at various metallicities (see their table 1) are 8.0 × 10 −5 and
5.8 × 10 −5 mergers M �−1 , considerably higher than for star clusters
ith initial masses around 10 4 M �. 
Translating these merger efficiencies into a predicted DBH merger

ate is fraught with uncertainties. These are primarily due to
ncertainties in the cosmological formation rate of star clusters,
he initial distributions of their masses and radii, and uncertainties
n the cosmic star formation rate (e.g. Rodriguez & Loeb 2018 ;
eijssel et al. 2019 ; Santoliquido et al. 2020 ). Considering all this,

long with our relatively small set of models (Table 1 ), we do not
ttempt to calculate a volumetric merger rate. For cosmological
ntegration, a larger data set covering the full parameter space of
luster initial masses, densities, metallicities, and host galaxy types
s necessary. Other studies of clusters with similar properties to the
nes we study typically find BBH merger rates of 1–100 Gpc −3 yr −1 

e.g. Kumamoto, Fujii & Tanikawa 2020 ; Santoliquido et al. 2020 ;
anerjee 2021b ), comparable to the empirically determined BBH
erger rate (Abbott et al. 2021 ). 

 DISCUSSION  

n this paper, we have investigated the effect of varying several
nitial parameters of a star cluster on the evolution of its global
roperties and its double BH population. In particular, we looked
t the impact of varying the cluster metallicity, the initial half-mass
adius, binary fraction and binary distributions through a suite of
odels (see Table 1 ). 
Out of the parameters we varied, we find that the initial cluster
etallicity Z plays the most important role in dictating the DBH

ynamics and evolution of the cluster. We began with a fiducial star
luster with N = 55 000 stars at a metallicity Z = 0.01 (model M-
NRAS 513, 4527–4555 (2022) 
1). This was compared to clusters with Z = 0.001 and Z = 0.0005
M-02 and M-03, respectively) that otherwise had the same initial
onditions. We found that the lower- Z clusters dissipate faster: to
each the state of only 500 M � remaining, which is approximately
 per cent of the initial cluster mass, M-01 ( Z = 0.01) took about
0 Gyr while M-02 ( Z = 0.001) and M-03 ( Z = 0.0005) took around
 and 5 Gyr, respectively, to reach the same final mass. This result is
omewhat contradictory to Hurley et al. ( 2004 ), who find metal-
ich clusters to have the shorter lifespans by a factor of about
0 per cent. We attest this discrepancy to the key difference that
e use the updated Z -dependant stellar wind mass-loss prescriptions

rom Belczynski et al. ( 2010 ), creating more massive BHs and thus
 cluster core comprised of heavier remnants for metal-poor clusters
han in the Hurley et al. ( 2004 ) models. Moreover, the Hurley et al.
 2004 ) suite of models have no primordial binaries and start with
0 000 stars (0.55 times our starting N ), both of which are factors in
etermining lifetimes but should not be expected to be the primary
ause of variations with metallicity. 

Overall, we find that the presence of more massive double BH
ystems in metal-poor clusters plays the key role in setting the
ynamical evolution picture and determining the life-span of these
lusters. More massive DBHs that sink to the cluster core generate
ore thermal energy, expanding the outer envelope of the cluster (see

etails in Section 3.2 ) and resulting in the earlier dissolution of the
ow- Z host cluster. We also conclude that metal-poor clusters, though
omparati vely short-li ved, sho w slightly enhanced BH dynamical
ctivity (see Section 5.1 ). 

The dissolution times of our models implies that any low mass,
ow metallicity clusters (with similar properties to those we study
ere) born more than 6 Gyr ago would be expected to have dissolved
y the present age and would not be observable in the Milky Way
oday. Ho we ver, globular clusters that are more massive, by at least
n order of magnitude, even of low metallicity are expected to
till linger on (e.g. the metal-poor NGC 4372 with an estimated
ge of about 12.5 Gyr, see San Roman et al. 2015 ). Furthermore,
ynamical mergers from low- Z clusters at higher redshift that have
lready dissolved in the past can still be observable by the current
ra vitational wa ve detectors. 
Following on from that point it is interesting to consider how the

ra vitational wa ve signatures of the DBH mergers varies with Z and
ow that compares to the detections to date. We plot the stacked
robability density function chirp mass distribution of DBHs from
wo of our higher metallicity models (M-01 and M-04a, both Z =
.01) and two metal-poor models (M-02 and M-03, Z = 0.001 and
.0005, respectively) in the upper panel of Fig. 26 . To compare
ur models to the observ ations, we sho w in the lower panel of
ig. 26 the M chirp distributions from (i) the combined data from

he four models (M-01, M-04a, M-02, and M-03), (ii) the same
ata weighted by the ef fecti ve volume (V eff ∝ M 

5 / 2 
chirp ) to account

or the gra vitational-wa ve selection effect fa v ouring more massive
ources, and (iii) the current confirmed DBH LIGO/Virgo detections
rom GWTC-2 (Abbott et al. 2020a ). There appears to be two peak
tructures at low (about 10 M �) and higher (about 25 M �) M chirp 

or the observed DBH mergers, which roughly corresponds with
ur metal-rich and metal-poor cluster models, respectively. A more
areful future calculation, accounting for the cluster distribution with
espect to metallicity and redshift, will be able to shed more light on
his mass distribution feature of the DBH observations. 

We find a total of 12 in situ DBH mergers and three ex situ
BH mergers for our 11 models (Table 1 ). Across the models
e notice that the initial half-mass radius R h , through determining

he initial density, plays the most important role in determining
he total number of mergers in a cluster model. While a higher
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Figure 26. Chirp mass distributions comparing our four low and high 
metallicity models (top panel) to the gra vitational wa ve data from the first 
tw o gravitational-w ave transient catalogues (GWTC1 + 2; Abbott et al. 
2019 , 2020a ), excluding the two DNSs GW170817 (Abbott et al. 2017b ) and 
GW190425 (Abbott et al. 2020c ) and the low significance BHNS candidate 
GW190426 (bottom panel). 
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nitial density produces more in situ mergers, if the density is
oo high it appears that it can prohibit inspiral mergers within 
he cluster. Our models suggest a transitional density point in the 
ange of approximately 1–4 × 10 3 M � pc −3 , below which in situ
ergers increase with increasing initial density and beyond which 

ncreasing density actually inhibits DBH in situ inspiral events (see 
ection 6 ). Furthermore, while we find that a high density can prevent
BH mergers inside the cluster, the associated active dynamical 

nvironment can instead imprint a signature of high eccentricity 
 e > 0.9) on the DBH systems ejected from the cluster. This aids
hose systems in merging when outside the cluster (as shown by 

-07, see Section 5.5 ). Therefore, while a heightened rate of BH–
H interaction can either aid or hinder DBH mergers inside the 
luster (Section 5.1 ), highly eccentric binaries (produced by major 
ynamical activity) once ejected out of the cluster can have expedited 
ergers compared to their more circular counterparts (Section 5.5 ). 
Although we find that the number of DBH mergers is unaffected 

y the initial metallicity, the mass of such mergers is indeed a
unction of Z , with metal-poor clusters producing more massive 
BH mergers (see Section 6.1 , where we discuss the production of a
7.5 M � remnant in the Z = 0.0005 model M-03). Combined across
ll of our 11 models, we obtain an in situ DBH merger efficiency
f 3.2 × 10 −5 merger/M � and a total ( in situ and ex situ ) merger
fficiency of 4.1 × 10 −5 mergers M �−1 . 

We also examined the impact of other initial properties on 
he evolution of star clusters. Changing the initial orbital period 
istribution through altering the initial semimajor axis distribution 
rom Duquennoy & Mayor ( 1991 ) to Sana et al. ( 2012 ) reduces the
umber of NSs produced by the cluster (see Section 4 ) but does not
ignificantly impact the global cluster properties, such as dissolution 
ime, or the characteristics of the DBH populations. A higher initial
inary fraction, ho we ver, has a consequential ef fect in biasing the
hirp mass distribution of the DBH population towards more massive 
ystems (Section 5.2.1 ). 

The initial cluster density, determined by the starting half mass 
adius R h , does not significantly change the cluster global properties
r evolutionary time-scales for our range of models. On the other
and, it can have a pronounced effect on the DBH dynamics of the
luster, stimulating more exchange interactions (see Section 5.1 ). 
hat is interesting to note is that cluster models starting with the

ame initial conditions, such as the same R h , but with different
andom seeds can have non-identical evolutionary time-scales due to 
tatistical fluctuations. Chance encounters can create hard binaries 
hat persistently transfer thermal energy to the cluster halo and boost
he e v aporation rate of the cluster. As a result the outcome for
he cluster evolution (such as dissolution time) can hinge on the
ormation (or not) and subsequent effects of a few subsystems in the
entre of the cluster. This statistical effect can be observed in the
odels as subtle differences arising in the properties of the binary

opulations as the y evolv e, as shown for models M-01, M-04a, and
-04b in Section 3.3 . For these models, we start to see a difference

n the rate of R h expansion around 2 Gyr, with greater expansion
educing the cluster escape velocity as well as allowing more stars
o cross the tidal radius, which finally leads to enhanced mass-loss
rom the cluster and its more rapid demise. 

In general the evolution of the half-mass radius of a cluster
whether expanding or contracting) depends on the varying factors 
f thermal expansion, self gravity, mass loss, dynamical interactions, 
nd the action of the external tidal field (Fujii & Portegies Zwart
016 ). We determine (from Section 3.2 and 5.1 ) that the mass
istribution of DBHs within the cluster core plays the principal 
ole in driving the expansion of the cluster (through generation of
nergy), thereby determining the cluster’s lifetime, rather than the 
H–BH interactions (which can have a secondary effect). This trend 
f the mass of the DBH population factoring into cluster heat-up
nd dissolution can be understood more clearly through core radius 
scillations (Fig. 6 ) and escaping systems (Fig. 10 ) from the clusters
f varying metallicity and initial half-mass radii. 
The lack of a distinct core-collapse phase for our grid of models is

ttributed to the sizeable ( ≈10–20 per cent) primordial binary pop-
lation and is in agreement with previous studies (e.g. Vesperini &
hernoff 1994 ; Chatterjee et al. 2013 , see Section 3.1 ). Observation-
lly, the Galactic globular clusters can be sub-categorized as core- 
ollapsed and non-core collapsed (Heggie & Hut 2003 ; McLaugh- 
in & van der Marel 2005 ; Harris 2010 ), with about 20 per cent of
ll Milky Way globular clusters being core-collapsed (Harris 2010 ). 

hile the central regions of the non-core collapsed clusters show 

 plateau feature in their surface brightness profile, the brightness 
f core-collapsed clusters continues to increase to the core. The 
mportance of stellar mass BHs in restraining complete core collapse 
as been observed in several studies before. Morscher et al. ( 2013 )
ound the lack of evidence of the ‘Spitzer instability’ (Spitzer 1969 ;
ulkarni, Hut & McMillan 1993 ), which is the complete se gre gation
f BHs to the cluster core and their eventual rapid e v aporation.
nstead, BH-rich clusters show no evidence of a clear core collapse
hase and instead, three-body interactions such as the Kozai–Lidov 
echanism involving the heavier BHs prevents complete decoupling 

f the cluster core and allows the lower mass BHs to intermingle with
ther stars, prohibiting complete mass se gre gation (Morscher et al.
013 , 2015 ). Previously, modelling of BH-abundant clusters have 
MNRAS 513, 4527–4555 (2022) 
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hown the ability to halt complete core-collapse, while simulations
f BH-poor clusters have shown a clear core-collapse phase (Kremer
t al. 2019 ). Moreo v er, the central dense cores of massiv e clusters
an be misinterpreted as IMBHs, because the lack of extreme mass-
e gre gation and less radial anisotropy can instead point towards
 sizeable population of stellar-mass BHs (see for example the ω
entauri study by Zocchi, Gieles & H ́enault-Brunet 2019 ). 
Finally, we introduced three variables – UniquePair, Promiscuity,

nd Survi v ability (defined in Section 5.1 ), which allow us to quan-
ify BH–BH interactive dynamics with ease. When we looked at
he statistics from these variables, particularly the comparisons of
romiscuity (Fig. 18 ) and Survi v ability (Fig. 19 ) across the models,

he dominance of BH dynamical activity in the denser clusters
ecame apparent. In particular, these measures correlated with M-07
eing the model with the highest incidence of dynamical activity,
eflected in a high UniquePair number, the largest Promiscuity
aximum, and the lowest Survivability median (indicating that
BHs have short lifetimes in the model). 

.1 Futur e impr o v ements 

s discussed in Section 2.2 , our models include several important
mpro v ements to the modelling of massive stellar evolution. That
eing said, there are a number of further impro v ements that should
e made in the future to impro v e the accuracy of our predictions
or populations of compact object binaries (see also Rodriguez et al.
016b ; Banerjee 2021a ; Kamlah et al. 2022 , for further discussion). 
The masses of the BH population formed through stellar evolution

Hurley et al. 2000 , 2002 ) depend on the mass-loss prescription
ssumed. As discussed in Section 1 , BHs formed from very massive
tars directly through stellar evolution are not expected to exist in
n upper mass gap due to (P)PISN. Currently, in our models, it is
ossible to form BHs with mass greater than 40 M � directly from
tellar evolution and we do see a few of these in our metal-poor
odels. 6 In the future, we plan to implement (P)PISN mass loss

n NBODY6 using prescriptions (for example, from Belczynski et al.
016 ; Marchant et al. 2016 ; Woosley 2017 ) as was done by Stevenson
t al. ( 2019 ) in the population synthesis code COMPAS (Stevenson
t al. 2017b ; Vigna-G ́omez et al. 2018 ; Chattopadhyay et al. 2021 ).
epeating our study of how cluster initial conditions impact the
roperties of the DBH population, after accounting for the (P)PISN
ass loss in binary and stellar evolution calculations in NBODY6

as was done in different versions of the code, see Di Carlo et al.
020b ; Banerjee 2021a ; Kamlah et al. 2022 ) can aid us understand the
IGO/Virgo observations in the upper mass gap region (Section 1 ).
pecifically, these studies have shown that massive, low metallicity
tar clusters may play a crucial role in the formation of BH merger
emnants in the (P)PISN mass gap that may eventually lead to IMBH
ormation (Di Carlo et al. 2020b ; Banerjee 2021a ). We note that the
ajority of BHs formed in our models have masses less than 40 M �

nd so our results will be largely unaffected by this. 
We hav e observ ed in this study how massive BHs (formed primar-

ly in metal-poor environments) can severely influence a cluster’s
volution. Though there still remains considerable uncertainty within
he field of stellar evolution modelling (Dominik et al. 2012 ; Vigna-
 ́omez et al. 2018 ), implementation of more updated approaches that

ncorporate recent developments in massive stellar (Agrawal et al.
NRAS 513, 4527–4555 (2022) 

 The DBH merger we highlight in Section 6.1 produces a merger remnant at 
he lower edge of the (P)PISN mass gap, around 47.5 M �, but its progenitor 
Hs formed through stellar evolution were not mass gap objects 

7

1
c

020 ) and binary evolution (Postnov & Yungelson 2014 ) may hence
ffect the DBH population and consequently the global properties of
he cluster. 

We use an artificial uniform supernova kick distribution for
Ss and BHs as discussed in Section 2.2 . Differentiating various

upernov a channels (Podsiadlo wski et al. 2004 ; Tauris et al. 2013 ;
essner & Janka 2018 ), applying more updated core-mass to

emnant-mass prescriptions and more realistic natal kick prescrip-
ions (Mandel & M ̈uller 2020 ) can alter the retention fraction of the
ompact objects and thereby change the host cluster evolution. This
ill be particularly important for accurately modelling the formation
f neutron star binaries in star clusters in future work. 
As we have discussed (Section 1 ) and shown (Section 6.4 ), the

onservation of (spin and orbital) angular momentum at the time of a
H–BH merger plays an important role in determining the fate of BH
erger remnants, whether they are retained in a cluster or ejected.
eeping this in mind, we highlight the necessity of modelling BH
atal spins by accounting for their formation history (e.g. orbital
volution) and the type of supernova or direct collapse that forms the
H, as well as merger recoils in our future models. 
In our models, we find that collisions and mergers between BHs

nd stars are common. This can lead to the formation of massive BHs,
nd in some cases provides a pathway for IMBH formation (Rizzuto
t al. 2021 ). Ho we ver, it is uncertain what fraction of the mass would
eally be accreted by a BH in such a situation. The engulfing of a
H by a giant star is reminiscent of the common envelope phase

n isolated binary evolution (Ivanova et al. 2013 ; Stevenson et al.
017a ). Several studies (e.g. Fryer & Woosley 1998 ; Schrøder et al.
020 ) have argued that in the event that the common envelope is
ot expelled, such a configuration is likely to lead to a supernova
r gamma-ray burst like event, with the explosion ejecting most
f the stellar mass. Rizzuto et al. ( 2021 ) explored this uncertainty
n the context of IMBH formation in star clusters and found that
hen restricting the fraction of mass accreted by BHs, the formation
f IMBHs was completely suppressed. We leave a more thorough
xploration of the impact on the masses of the BH population to
uture work, noting that the fraction of mass accreted by BHs in
ergers with other stars follows a prescription-based approach in
BODY6/7 and can be easily varied to accommodate the changing

heoretical landscape. 
For most situations in dense star clusters, modelling the effect of

ewtonian gravity between the N -bodies is sufficient, as the typical
eparations are large enough, and the velocities low enough, to ne-
lect the impact of relativistic corrections. One important exception is
uring binary–single interactions, in which the dynamics can lead to
ery small separations between pairs of BHs (Samsing, MacLeod &
amirez-Ruiz 2014 ). In these situations, the instantaneous energy

oss due to gra vitational-wa ve radiation can become large enough
o drive a pair of BHs to merge rapidly (Hansen 1972 ; Samsing
t al. 2014 ), an outcome not predicted in Newtonian dynamics. 7 

hese important relativistic corrections can be included using the
ost-Newtonian (PN) formalism (see Will 2011 or Blanchet 2014
or a re vie w). The most important general relativistic correction
o the orbital evolution in this context is the dissipative 2.5 PN
adiation reaction term (Peters 1964 ; Damour 1983 ). This term is
ncluded in the binary evolution algorithm utilized within COMPAS
nd the N -body code (Hurley et al. 2001 ; Hurley et al. 2002 ), and
 This is the gravitational equi v alent of Bremsstrahlung radiation (e.g. Peters 
970 ; Kovacs & Thorne 1978 ), and interactions of this form have also been 
alled gra vitational-wa ve captures (e.g. Rodriguez et al. 2018a ). 
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as first included in modelling dynamics in the NBODY7 code by 
upi, Amaro-Seoane & Spurzem ( 2006 ). Across our suite of models,
e hav e e xperimented with having these PN terms both on and
ff, finding that there is a little impact on the number of mergers
roduced (for example model M-01 has them off while M-04a and 
-04b have them on and all record only 1–2 mergers), although our
odels do represent a small sample size. Recent work has shown that

he inclusion of the 2.5 PN term in detailed models of star clusters
eads to the prediction that around 5 per cent of binary BH mergers
ill retain significant eccentricity ( e > 0.1) in the LIGO band,

t a gra vitational-wa v e frequenc y of 10 Hz (Samsing & Ramirez-
uiz 2017 ; Banerjee 2018 , 2021a ; Samsing, Askar & Giersz 2018 ;
amsing 2018 ; Rodriguez et al. 2018b , a ; Zevin et al. 2019 ). It will

herefore be important to include these terms in all of our future star
luster models when studying the formation of BH-BH binaries. 

Finally, a more thorough investigation of the parameter space of 
tar clusters (young, open, and old globulars) encompassing a broader 
ange of metallicities, initial half-mass radii, initial masses, mass 
unctions, and types of host galaxies is required to fully explore 
he formation of compact objects in all star clusters. Especially for
inary BH mergers, massive host clusters with very low metallicity 
RBC EXT8 Larsen et al. 2020 , for example) and high density are
f special importance (as illustrated by our model M-07). Modelling 
uch clusters with realistic parameters can help us probe more into 
he interesting correlation between the evolution of star clusters and 
heir BHs. 
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