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ON THE CLASSIFICATION OF ANCIENT SOLUTIONS TO

CURVATURE FLOWS ON THE SPHERE

PAUL BRYAN, MOHAMMAD N. IVAKI, AND JULIAN SCHEUER

Abstract. We consider the evolution of hypersurfaces on the unit sphere
Sn+1 by smooth functions of the Weingarten map. We introduce the notion of
‘quasi-ancient’ solutions for flows that do not admit non-trivial, convex, ancient
solutions. Such solutions are somewhat analogous to ancient solutions for flows
such as the mean curvature flow, or 1-homogeneous flows. The techniques
presented here allow us to prove that any convex, quasi-ancient solution of a
curvature flow which satisfies a backwards in time uniform bound on mean

curvature must be stationary or a family of shrinking geodesic spheres. The
main tools are geometric, employing the maximum principle, a rigidity result

in the sphere and an Aleksandrov reflection argument. We emphasize that
no homogeneity or convexity/concavity restrictions are placed on the speed,
though we do also offer a short classification proof for several such restricted
cases.

1. Introduction

We consider the evolution of a closed, convex hypersurfaces Mn by

(1.1) ∂tx = −Fν, x : (−T, 0)×Mn → S
n+1,

where S
n+1 is equipped with the round metric of constant curvature 1, ν is the

outward unit normal to Mt = x(t,Mn) and F is a function of the principal curva-
tures of Mt. Whenever we refer to (1.1), F will be understood to have the following
properties without further mentioning.

1.1. Assumption. Let Γ+ = {(κi) ∈ R
n : κi > 0, i = 1, . . . , n}. Assume that

F ∈ C∞(Γ+) ∩ C0(Γ̄+) is

(i) symmetric,
(ii) positive on Γ+ with F (0) = 0 and
(iii) increasing, i.e., for all 1 ≤ i ≤ n we have ∂F

∂κi
≥ 0.

We emphasize that no homogeneity, convexity or concavity restrictions are placed
on the speed - all we require is that the speed is parabolic, positive and symmetric
(equivalently, the speed is invariant under isometries). It shrinks strictly convex
hypersurfaces. The assumption F (0) = 0 ensures that equators are static solu-
tions and that the choice of an outward unit normal makes sense for all nontrivial
solutions.

We consider quasi-ancient, convex solutions of (1.1). Here quasi-ancient refers to
solutions existing on the same time interval (−T, 0) as the maximal flow of strictly
convex geodesic spheres, compare Definition 3.3. For many common flows, such as
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2 P. BRYAN, M.N. IVAKI, AND J. SCHEUER

the mean curvature flow F (W) = Trace(W) = H, the maximal interval of a flow of
geodesic spheres is the infinite time interval (−∞, 0). However, for flows F = Hp

with p ∈ (0, 1), the maximal time interval is in fact bounded; see Section 3.
The following theorem is the main result of the paper.

1.2. Theorem. Let n ≥ 1 and let Mt be a smooth, quasi-ancient, convex solution
of (1.1) where F satisfies Assumption 1.1 and such that

lim sup
t→−T

max
Mt

H < ∞.

Suppose that either

(i) Mt is strictly convex for all t ∈ (−T, 0), or
(ii) F ∈ C1(Γ̄+).

Then Mt is a flow of geodesic spheres.

In certain situations, such as 1-homogeneous speeds that are either convex, or
concave and comparable to H, the theorem is quite easy to prove, and we offer a
short proof in these cases in Section 4 without assuming a bound on the curvature.
For instance, this should be compared with the result in [17, Theorem 6.1] where
a short proof in the case of the mean curvature flow in the sphere may be found.
The main idea is to find the correct quantity to which the maximum principle may
be applied. In the paper referred to it is the pinching quantity (|A|2 − nH2)/H2

used so often for the mean curvature flow. Here we use W/F but also remark that
the curvature ball estimates from [1] may also be used.

The main thrust of the theorem is that we have very strong rigidity in the sphere,
and we can prove the result in great generality - all we require is weak parabolicity
of the flow. At this level of generality, it is quite difficult to obtain suitable uniform
regularity estimates, in particular, Evans-Krylov higher regularity estimates are not
known for arbitrary non-linear equations, and hence less direct PDE methods are
required. We obtain the theorem by first using the rigidity results of [21] to argue
that quasi-ancient solutions with bounded H must limit to an equator backwards
in time. Then the Aleksandrov reflection technique developed in [8, 10] applies to
show the symmetry is preserved under the flow, completing the classification.

Let us remark that one may seek other methods of classification, using more
PDE theoretic techniques, but they tend to suffer the drawback that they only
apply (without modification) to speeds F that are non-singular and non-degenerate
on the equator. The methods we describe here apply even in the case of singular
or degenerate speeds. Very simple examples of such speeds are Hp, which are
singular for 0 < p < 1 and degenerate for p > 1 whenever H = 0, in particular
along the equator. We find that the geometric methods are quite appealing and of
interest in their own right, even in cases where PDE methods are applicable, these
methods offering a powerful, complementary alternative to direct PDE techniques,
and supplanting them in cases where such methods are unknown.

One limitation of our method is that at this stage, we assume a bound on the
mean curvature H. Although there are certainly solutions emanating from convex
polyhedra (and hence with unboundedH), it is not at all clear to us whether such so-
lutions can be quasi-ancient. In Section 7, we give two examples (for non-geometric
flows) showing what could go wrong. The first converges to a lune (intersection of
hemispheres), with unbounded H and the second converges to an equator, but is
not a family of shrinking spheres. Since these examples are not geometric flows,
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they are not of the type considered here, but they do show that parabolic flows on
the sphere may admit ancient solutions that are not a family of shrinking geodesics
spheres.

It is also worth comparing the techniques and results here to the Euclidean case.
The latter does not exhibit such strong rigidity, and other ancient, convex solutions
may occur. Indeed, for the curve shortening flow in the plane, the classification
[11] states that solutions are either shrinking circles or the Angenent oval (also
known as the paper clip solution) [2]. In higher dimensions a characterization of
when ancient, convex mean curvature flows are shrinking spheres have been given
[14, 17], and one generally expects a greater variety of ancient, convex solutions to
exist.

Convex, ancient solutions are of interest as they arise as rescalings of singularities,
cf. [16], of mean convex, mean curvature flow, cf. [15, 26]. Singularity models for
mean curvature flow in the sphere have been studied in [22], where mean convex
singularities with an ambient curvature dependent pinching condition are classified
according to a blow-up yielding ancient solutions in Euclidean space.

Finally, we want to mention that after the first version of this paper appeared
on arXiv.org in 2016, many other results on ancient solutions to curvature flows
appeared, see [5, 24] for a classification of ancient solutions using Aleksandrov
reflection and [6, 7, 19, 20] for other related results.

This paper is laid out as follows: In Section 2, we establish some notation and
basic equations to be used in this paper. In Section 3, we introduce the notion of
quasi-ancient solutions and establish some facts about such solutions. In Section 4,
we give a short classification result for 1-homogeneous concave or convex speeds
and for the curve shortening flow. In Section 5, we use the rigidity results from [21]
to show that the backwards limits of convex quasi-ancient solutions with bounded
H are equators. In Section 6, we use an Aleksandrov reflection technique to com-
plete the classification. In Section 7, we look at two examples of non-geometric
flows for which there exist convex, ancient solutions that are not shrinking spheres,
illustrating the necessary restriction to geometric flows and justifying our use of
geometric methods.
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2. Preliminaries

It is well known, e.g. [13, Chapter 2], that a curvature function as in Assump-
tion 1.1 also can be considered to depend on the Weingarten map,

F = F (W) = F (hi
j),

in case of which the derivatives of the speed F are written as

F i
j =

∂F

∂hj
i

.

It is also possible to consider F as a function of the metric and second fundamental
form,

F (g, h) = F (gikhkj),

where we write

F ij =
∂F

∂hij

, F ij,kl =
∂2F

∂hkl∂hij

.

These derivatives are related by

F ij = gikF j
k .

Let us also define the operator

� = F ij∇2
ij ,

where ∇ is the Levi-Civita connection of the induced metric g. Occasionally ∇ will
denote the Levi-Civita connection of the round metric of Sn, in which case we will
explicitly say so.

2.1. Lemma. The following evolution equations hold.

(2.1)
∂th

j
i = �hj

i + F kl(h2)klh
j
i − (F klhkl − F )(h2)ji + F kl,rs∇ihkl∇jhrs

+ (F + F klhkl)δ
j
i − F klgklh

j
i ,

(2.2) ∂tF = �F + FF ij(h2)ij + FF ijgij .

Proof. The proofs are standard; see [13, Lemma 2.4.3, Lemma 2.3.4]. �

We will occasionally have to work with graphs u over an equator E ⊂ S
n+1

around a point e ∈ S
n+1. In geodesic polar coordinates around e the spherical

metric takes the form

(2.3) ds̄2 = dρ2 + ϑ(ρ)2σij(x)dx
idxj ,

where ρ is the radial distance to e, ϑ(ρ) = sin(ρ) and σ the round metric on the
equator E ≃ S

n. Hence, if a hypersurface M is given as a graph of a function u
over E,

M = {(ρ, (xi)) ∈ S
n+1 : ρ = u(x), x ∈ E},

a straightforward computation yields the following representation of the Weingarten
map in terms of the function u, namely

(2.4) hi
j =

ϑ′

vϑ
δij +

ϑ′

v3ϑ3
∇iu∇ju− gik

v
∇2

kju,

where v−1 = ∂ρ · ν. Covariant derivatives as well as index raising are performed
with respect to σij ; see, for example, [25, (3.82)].
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A one-parameter family of graphs satisfying the flow (1.1) is a solution of

(2.5)
∂

∂t
u = −F

(

ϑ′

vϑ
δij +

ϑ′

v3ϑ3
∇iu∇ju− gik

v
∇2

kju

)

v = Φ(x, u,∇u,∇2u);

see [13, p. 98-99].

3. Ancient and quasi-ancient Solutions

We are interested in solutions with maximal possible lifetime. To understand
this maximal time, we define TS to be the lifespan of the strictly convex spherical
solution of (1.1). By the strictly convex spherical solution we mean a family of
geodesic spheres shrinking under the flow (1.1) collapsing to a point at time t = 0
and existing on the maximal interval (−TS , 0). TS can be finite or infinite, as the
following lemma shows.

3.1. Lemma. The following assertions hold:

i: Let p ∈ (0, 1) and consider (1.1) with speed F = fp where f is strictly
increasing, concave and 1-homogeneous. Then the strictly convex spherical
solution exists only on a finite time interval (−TS , 0) with 0 < TS < ∞,
collapses to a point at t = 0 and converges to an equator at t = −TS.

ii: Let F be 1-homogeneous, then the strictly convex spherical solution of (1.1)
is ancient.

Proof. (i) We may assume that f(1, . . . , 1) = n. Since F is constant on a geodesic
sphere, the evolution equation (2.2) for a flow of geodesic spheres yields

d

dt
f ≥ 1

n
fp+2 + nfp,

where we used [13, Lemma 2.2.19, Lemma 2.2.20]. Finite lifespan forward in time
follows immediately. Integration over an interval (a, b) ⊂ (−TS , 0) yields

0 ≤ f1−p(a) ≤ f1−p(b)− n(1− p)(b− a).

Allowing a → −∞ gives the finite time existence backwards in time.
(ii) Assume F (1, . . . , 1) = n and let r be the radius of the spherical solution.

Then (1.1) yields

ṙ = −n cot r.

The maximal spherical solution satisfies

r(0) = 0 and r(−T ) =
π

2

and hence integration of this ODE yields T = ∞. �

3.2. Lemma. Let x be a non-equatorial, convex solution of (1.1), defined on the
open interval (−T, 0), where 0 is the collapsing time, then T ≤ TS .

Proof. Suppose T > TS+ǫ for some ǫ > 0. M = M−TS− ǫ
2
bounds a convex body M̂

and is strictly contained in an open hemisphere due to the classical paper [12]. Then

there exists a geodesic sphere S with M̂ ⊂ Ŝ. By the avoidance principle, the flow
with initial hypersurface M collapses before the spherical flow thus contradicting
T > TS . �

In view of this lemma, the following definition is reasonable.
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3.3. Definition. A convex solution of (1.1) defined on an interval (−T, 0) is called
quasi-ancient, if T = TS . For convenience we also call the static equatorial solution
quasi-ancient.

By the definition, convex ancient solutions are also quasi-ancient. For convex
speeds of homogeneity 1, the following proposition gives a bound on mean curvature
backwards in time for ancient solutions, using a Harnack inequality. For genuine
quasi-ancient solutions (TS < ∞), the Harnack inequality (whenever it holds) does
not give such a bound since we cannot send s → −∞ as in the proof. For example,
a Harnack inequality holds for the flows F = Hp, 0 < p < 1; see [9, Theorem
1] and from Lemma 3.1, TS < ∞. One could envisage backwards limits as convex
polyhedra and hence with unboundedH, but it is not clear that these solutions exist
on the maximal time interval (−TS , 0), i.e., we do not know if they can be quasi-
ancient solutions. For the classification of quasi-ancient solutions, we thus make
the additional assumption that H is bounded, and defer the question of whether
solutions with unbounded H can exist as an interesting study for a later date.

For a strictly convex hypersurface, define (bij) to be the inverse of (hij).

3.4. Proposition. Suppose F is a strictly monotone, 1-homogeneous and convex
curvature function. Then any strictly convex ancient solution of (1.1) satisfies

∂tF − bij∇iF∇jF ≥ 0.

Therefore, for any t0 > 0 and all t ≤ −t0 we have H(·, t) ≤ c(t0), where c(t0) < ∞
depends only on M−t0 .

Proof. For any t > s, the Harnack estimate of [9, Theorem 1] implies that

∂tF − bij∇iF∇jF +
1

2

F

t− s
> 0.

Allowing s → −∞ proves the first claim.
In particular, for strictly convex, ancient solutions, bij > 0 and hence F (·, t) is

a non-decreasing function in t. For the second claim then, observe that for any
1-homogeneous, convex F we have

F ≥ F (1, . . . , 1)

n
H,

see [13, Lemma 2.2.20]. Therefore, strictly convex, ancient solutions satisfy

H(·, t) ≤ n

F (1, . . . , 1)
F (·, t) ≤ n

F (1, . . . , 1)
F (·,−t0).

for all t ≤ −t0. �

4. Convex, Concave and Homogeneous Speeds

In this section, we give a quick classification of ancient solutions in three special
cases.

4.1. Theorem. Let n ≥ 2 and let F be strictly monotone, 1-homogeneous, and
either convex, or concave with H ≤ cF for some c > 0. Then any strictly convex
ancient solution of the flow (1.1) with speed F is a family of contracting geodesic
spheres.
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Proof. We may assume F is normalized so that F (1, . . . , 1) = n. We will give the
details for F convex. The concave case is similar, and we remark below where the
proof deviates slightly.

Convexity and 1-homogeneity implies that F ≥ F (1,...,1)
n

H; see [13, Lemma 2.2.20].
The chosen normalization then implies,

(4.1)
κmin

F
≤ κmin

H
≤ 1

n
.

Now we prove the reverse inequality, κmin

F
≥ 1

n
. The tensor wj

i =
h
j
i

F
satisfies the

evolution equation

∂tw
j
i = �wj

i − 2F klgklw
j
i + 2δji +

1

F
F kl,rs∇ihkl∇jhrs

− 2F kl∇kh
j
i∇l

(

1

F

)

− 2
hi
j

F 3
F kl∇kF∇lF.

At a critical point of wi
i we have

0 = ∇k

(

hi
i

F

)

=
∇kh

i
i

F
+ hi

i∇k

(

1

F

)

,

and hence the second line above vanishes:

− 2F kl∇kh
i
i∇l

(

1

F

)

− 2
hi
i

F 3
F kl∇kF∇lF

= 2F kl

(

Fhi
i∇k

(

1

F

)

∇l

(

1

F

)

− hi
i

F 3
∇kF∇lF

)

= 0.

Homogeneity, convexity and the normalization F (1, . . . , 1) = n imply that

F klgkl ≤ n, and F kl,rs ≥ 0,

see the proof of [13, Lemma 2.2.19]. Fixing an index i and working in normal
coordinates centered on a local minimum we have

1

F
F kl,rs∇ihkl∇ihrs =

1

F
F kl,rs∇ihkl∇ihrs

is non-negative. Thus at a spatial minimum,

∂t

(

wi
i −

1

n

)

≥ �

(

wi
i −

1

n

)

− 2n

(

wi
i −

1

n

)

.

By the maximum principle, for any s < 0, we obtain the bound

wi
i −

1

n
≥ cse

−2n(t−s)

for t ≥ s, and where

cs := min
κmin

F
(·, s)− 1

n
.

Moreover, we have the uniform bounds

− 1

n
≤ cs ≤ 0

from equation (4.1).
Taking the limit s → −∞ we then obtain for all t < 0,

(4.2)
κmin

F
≥ 1

n
.
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Combining equations (4.1) and (4.2) we obtain

κmin

F
≤ κmin

H
≤ 1

n
≤ κmin

F
.

Hence, H ≡ nκmin and the flow is by totally umbilical, closed hypersurfaces, and
hence by geodesic spheres.

In the concave case, we obtain

wi
i −

1

n
≤ dse

−2n(t−s),

where ds := max κmax

F
(·, s) − 1

n
≥ 0. Using the additional assumption H

F
≤ c, we

obtain that

ds ≤ max
H(·, s)

F
− 1

n
≤ c− 1

n
.

Now by letting s → −∞, we conclude that H ≡ nκmax and the claim follows. �

4.2. Remark. The bounds,

κmax

F
≤ 1

n
, F concave

κmin

F
≥ 1

n
, F convex

may also be obtained from the curvature ball estimates of [1, Theorem 1.1], which
imply that any strictly convex solution of the flow with a 1-homogeneous, concave
speed F satisfies

κmax

F
(x, t) ≤ 1

n
+ dse

−2n(t−s),

with ds as in the proof above. For convex speeds, the curvature ball estimates
imply that

κmin

F
(x, t) ≥ 1

n
+ cse

−2n(t−s),

where cs is from the proof above. The proof applying the maximum principle to
hi
i/F above, though weaker than the curvature ball estimates, is significantly simple

and suffices for our purposes.

4.3. Remark. In virtue of the evolution equations in Lemma 2.1, for strictly in-
creasing, 1-homogeneous, convex speeds F with F ∈ C1(Γ̄+), any non-equatorial,
convex, ancient solution of (1.1) is in fact strictly convex. To see this, apply the
strong maximum principle to the evolution equation of F to conclude that F must
be strictly positive for any time. On the other hand, the last term in the evolution
equation of κmin is bounded below by

F + F − nκmin ≥ F +H − nκmin ≥ F > 0.

Therefore, the statement of Theorem 4.1 holds under the weaker assumption of
convexity of ancient solutions rather than strict convexity.

We end this section by providing a short proof for the classification result of [10].

4.4. Theorem. [10] The only convex, ancient solutions of the curve shortening flow
on the sphere are shrinking geodesic circles or equators.
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Proof. Suppose γt is a convex, ancient solution to the curve shortening flow. Let s
denote the arc-length parameter of γt. By Lemma 2.1 and d

dt
ds = −κ2ds we have

d

dt

(

(
ˆ

γt

κds

)2

+

(
ˆ

γt

ds

)2
)

= 2

(

(
ˆ

γt

κds

)2

−
ˆ

γt

ds

ˆ

γt

κ2ds

)

≤ 0.

Therefore,

q(t) =

(
ˆ

γt

κds

)2

+

(
ˆ

γt

ds

)2

is a non-increasing function. By [10, Lemma 4.1], lim
t→−∞

´

γt
κds = 0; therefore,

lim
t→−∞

q(t) = 4π2.

On the other hand, by the Gauss-Bonnet theorem and the isoperimetric inequality
[23], q(t) ≥ 4π2 and hence

q(t) ≡ 4π2.

By the characterization of the equality cases, γt are either shrinking geodesic circles
or equators. �

5. Rigidity and Backwards Limit

Now we turn to more general speeds F . The aim of this section is to prove that
for a quasi-ancient solution of (1.1) with bounded mean curvature for t → −TS the
backwards limit of the flow hypersurfaces Mt is an equator. We will use the rigidity
result of [21] to achieve this. For convenience, we state this result:

5.1. Theorem. [21, Theorem 1.1] Let n ≥ 1 and M̂ ⊂ S
n+1 be a weakly convex

body in a hemisphere. Let x0 ∈ S
n+1 be such that M̂ is contained in the closed

hemisphere H(x0) with equator S(x0). Suppose that M̂ satisfies an interior sphere

condition at all points p ∈ M̂ ∩ S(x0). Then either M̂ is equal to H(x0) or M̂ is
contained in an open hemisphere.

Here M̂ is a weakly convex body in a hemisphere H(x0), if it is a compact set

with non-empty interior and for every two points p, q ∈ M̂ there exists a minimizing
geodesic connecting p with q, while being contained in M̂. M̂ satisfies an interior
sphere condition at p ∈ ∂M̂ with radius R, if there exists a geodesic ball BR with
radius R, such that

∂BR ∩ ∂M̂ = {p} and BR ⊂ int(M̂).

Note that the points p in Theorem 5.1 are automatically boundary points of M̂.
In what follows, in addition to the notion of “weakly convex body”, we will also

need the notions of “weakly convex set”, “convex set” and “convex body” for which
we refer the reader to [21, Definition 3.2].

The next lemma is the first step in providing the assumptions of Theorem 5.1.

5.2. Lemma. Let x be a convex, quasi-ancient solution of (1.1) with backwards
bounded mean curvature. Then there holds:

(1) For all t0 < 0 there exists a uniform radius R > 0, such that the enclosed

convex bodies M̂t, −TS < t ≤ t0, of the flow hypersurfaces Mt satisfy a
uniform interior sphere condition with radius R.
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(2) For every y0 ∈ int M̂t0 the hypersurfaces Mt, −TS < t ≤ t0, can be written
as a graph in geodesic polar coordinates around y0 and the corresponding
graph functions satisfy uniform C2-estimates.

Proof. Fix an interior point y0 ∈ int M̂t0 . Since for a contracting flow the enclosed
convex bodies of the flow hypersurfaces are decreasing, they are increasing back-
wards in time. By the proof of [21, Lemma 3.9] there exists a closed hemisphere
H(x0), such that

M̂t ⊂ H(x0).

In our situation all hypersurfaces Mt, −TS < t ≤ t0, satisfy

Bǫ(y0) ⊂ int M̂t

and

Bǫ(ŷ0) ⊂ M̂ c
t

with a uniform ǫ, where ŷ0 denotes the antipodal point of y0. Now we prove the
two claims.

(1) Consider the stereographic projection with ŷ0 corresponding to infinity. The
image hypersurfaces are then strictly convex hypersurfaces in Euclidean
space with uniformly bounded second fundamental form. Blaschke’s rolling
theorem (see [4]) gives the interior sphere condition.

(2) Write the Mt as graphs in geodesic polar coordinates around y0,

Mt = {(ρ, xi) : ρ = u(t, xi)}.

Due to (2.3), on the set in which Mt range, the metrics gij , ḡij = sin2 ρσij

and σij are all equivalent. In view of [13, Theorem 2.7.10], for all convex
hypersurfaces Mt the quantity

v2 = 1 + ḡij∇iu∇ju

is uniformly bounded by a constant which only depends on ǫ. Hence by the
equivalence of norms, Mt are uniformly C1-bounded in the sense that the
corresponding functions u(t, ·) are uniformly C1(Sn)-bounded. Recalling
equation (2.4), due to the curvature estimates we obtain uniform C2(Sn)-
estimates for u.

�

5.3. Corollary. Let x be a convex and quasi-ancient solution of (1.1) with back-
wards bounded mean curvature. Then there exists a unique backwards limiting
hypersurface M−TS

and the flow hypersurfaces Mt converge to M−TS
in C1,β ,

0 < β < 1, in the sense that for a common graph representation as in Lemma
5.2 there holds

u(t, ·) → u(−TS , ·)
in the norm of C1,β(Sn).

Proof. In view of the point-wise monotonicity of u(t, ·) backwards in time, we obtain
a point-wise limit. The C1,β-convergence follows from compactness. �

5.4. Theorem. The hypersurface M−TS
defined in Corollary 5.3 is an equator.



ANCIENT SOLUTIONS TO CURVATURE FLOWS IN THE SPHERE 11

Proof. Since the convex bodies M̂t are increasing backwards in time and due to the
uniform convergence of Mt to M−TS

, the set

M̂−TS
:=
⋃

t<0

M̂t

is a compact body with

∂M̂−TS
= M−TS

.

Since int(M̂−TS
) is a convex set, it is especially a weakly convex set in a hemisphere.

Thus M̂−TS
is a weakly convex body in a hemisphere. The proof of [21, Lemma

6.1] can literally be applied to show that M̂−TS
satisfies a uniform interior sphere

condition as well. We can apply [21, Theorem 1.1] and obtain that M̂−TS
is either

strictly contained in an open hemisphere or is equal to a closed hemisphere. The
first alternative is not possible since the solution is quasi-ancient.1 We conclude
that ∂M̂−TS

= M−TS
is an equator of Sn+1. �

6. Aleksandrov Reflection and Classification

In this section, we use the result of Theorem 5.4 to classify convex and quasi-
ancient solutions of contracting curvature flows on S

n+1 as either equators or shrink-
ing geodesic spheres. The proof uses Aleksandrov reflection as in [8, 10] to show
that the symmetry of the backwards limit is preserved along the flow. Here we give
a very general version with minimal assumptions on the flow: all we require is that
the flow limits to an equator at −TS in C0, with uniform C2 bounds, and that the
flow is geometric and parabolic, compare Assumption 1.1.

6.1. Notation. We consider Sn+1 to be embedded into R
n+2 by the standard in-

clusion. Let

e = en+2 = (0, . . . , 0, 1) ∈ R
n+2.

For a vector V ∈ S
n+1 let H±

V = {x ∈ R
n+2 : ±〈x, V 〉 > 0}, and for a set S ∈ R

n+2

define S±
V = S ∩H±

V . We denote the equator in S
n+1 around e by E = e⊥ ∩ S

n+1.
Furthermore, δV denotes the signed angle that V makes with the hyperplane e⊥,
δV = arcsin 〈V,−e〉 . The reflection map across the hyperplane V ⊥ is denoted by

RV : Rn+2 → R
n+2

x 7→ x− 2 〈x, V 〉V,
which is an isometry of Rn+2. Finally, for x ∈ S

n+1\{±e}, let γx denote the unique
minimizing geodesic in S

n+1 from e to −e that passes through x and then define

pr(x) =

{

y, x ∈ S
n+1\{±e}

E, x = e or x = −e,

where y ∈ E is the unique element on the image of γx lying in E.
The reader may find it useful to refer to Figure 1 for the arguments in this

section.

1On the contrary, suppose M̂−TS
is contained in an open hemisphere, then there exists an

open geodesic ball B of radius ρ ≤ π/2− ǫ, for some ǫ > 0, enclosing M̂−TS
. Its boundary sphere

∂B has a maximal finite time existence T < TS − cǫ for some constant cǫ. For all t > −TS we
have Mt ⊂ B. Hence the flow starting from Mt exists only for −t ≤ T. Letting t → −TS yields a
contradiction.
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V

δ

-V

δ

P

E +
V

E −
V

RV(E
+
V )

δM −
t M +

t

RV(M
+
t )

Figure 1. Reflection in the (e,V)-plane showing the reflected
equator, Mt, RV(Mt) and some geodesics through the north pole
(dotted lines).

6.2. Star-shaped hypersurfaces and one-sided reflections.

6.1. Remark. Recall a nonempty set S ∈ S
n+1 to be star-shaped around e, if ±e /∈ S

and if every minimizing geodesic from e to −e hits S at most once, i.e.,

∀x ∈ E : # (Im γx ∩ S) ≤ 1.

In this case we have a well-defined graph function of S,

fS : prS →
(

−π

2
,
π

2

)

σ 7→ arcsin 〈xσ, e〉 ,
where xσ is the unique preimage of σ in S under the projection pr . We obtain a
parametrization of the set S via the correspondence

xσ = (σ, fS(σ)).

6.2. Definition. Let S, T be two star-shaped sets around e with the corresponding
functions fS and fT .

(1) We say that S lies above T, denoted by S ≥ T, if

∀σ ∈ prS ∩ prT : fS(σ) ≥ fT (σ).

(2) Let V ∈ R
n+2 and suppose RV (S) and T are star-shaped around e. We say

that S one-sided reflects above T, if

RV (S
+
V ) ≥ T−

V .
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6.3. Lemma. Let V ∈ S
n+1 and 0 ≤ δV ≤ δ0 < π

4 . Then

i: RV (E) is star-shaped around e.
ii: There exists a constant c = c(δ0) > 0 with the following property. If a

closed and convex hypersurface M ⊂ S
n+1 is star-shaped around e and

satisfies

|fM | ≤ c,

then the reflection RV (M) is star-shaped around e.

Proof. (i) Since RV (E) is also an equator, the only way not to be star-shaped
around e would be e ∈ RV (E). But then, letting e = RV (x) with x ∈ E, and using
the Cauchy-Schwarz inequality, we obtain

1 = 〈RV (x), e〉 = 2 sin δV 〈x, V 〉 ≤ 2 sin δV cos δV ,

which is impossible in the given range of δV .
(ii) Let us put

2r = min
{V : 0≤δV ≤δ0}

dist(e,RV (E)) > 0.

The minimum is precisely achieved for vectors V with δV = δ0 and thus r depends
on δ0. Suppose Sr(±e) are the geodesic spheres of radii r with centers at ±e. Note
that Sr(e) is contained in the interior of one of the open hemispheres formed by
RV (E), and Sr(−e) is contained in the interior of the opposite hemisphere.

Write E±ε for the geodesic spheres at heights ±ε. By continuity, there exists
c(δ0) such that for all 0 < ε ≤ c(δ0), S r

2
(e) is contained in the interior of the

smallest spherical cap cut by RV (Eε), and S r
2
(−e) is contained in the interior of

the smallest spherical cap cut by RV (E−ε).
Assume that −c(δ0) ≤ fM ≤ c(δ0). Then using E±c(δ0) as barriers we can

see that one of the bodies enclosed by RV (M) contains only e in its interior and
the other contains −e in its interior. Now convexity of RV (M) implies that it is
star-shaped around e. �

It is easily seen that the equator E one-sided reflects above itself with respect to
V ⊥, if 0 < δV < π

4 . Now we show that this is also true for any convex hypersurface

M , which is C1-close to E.

6.4. Proposition. Suppose V ∈ S
n+1 and 0 < δ1 ≤ δV ≤ δ0 < π

4 . There exists α =
α(δ0, δ1) > 0 with the following property. If M is a closed and convex hypersurface
that is star-shaped around e and

0 ≤ fM , |fM |C1 ≤ α,

then M one-sided reflects above itself.

Proof. Assume without loss of generality that fM ≤ c(δ0), where c(δ0) is given in
the previous lemma. We will prove

RV (M
+
V ) ≥ M−

V .

Suppose there exist x ∈ M+
V and y ∈ M−

V with

pr(RV (x)) = pr(y) ∈ pr(RV (M
+
V )) ∩ pr(M−

V ).
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Consider the projection map

pr: Sε ⊂ R
n+2 → E ⊂ R

n+1

pr(a) =
a− 〈a, e〉e
|a− 〈a, e〉e| ,

where Sε is the compact set that is made by removing two opposite caps of height
0 < ε < c(δ0) from the unit sphere at e,−e. Since pr is smooth on Sε, it is Lipschitz
and we have the estimate

| pr(a)− pr(b)| ≤ lε|a− b|, ∀a, b ∈ Sε

for some constant 0 < lε < ∞. In addition, we have

〈x, e〉 = sin(fM (pr(x)), ∀x ∈ M,

2 arcsin

( | pr(a)− pr(b)|
2

)

= d(pr(a), pr(b)),

arcsin(z) ≤ π

2
z, ∀ 0 ≤ z ≤ 1.

Therefore, we obtain

〈x, e〉 − 〈y, e〉 ≥ −| sin(fM (pr(x)))− sin(fM (pr(y)))|
≥ −d(pr(x), pr(y))|fM |C1(Sn)

= −2 arcsin(
1

2
| pr(x)− pr(y)|)|fM |C1

≥ −π

2
| pr(x)− pr(y)||fM |C1 .

Let us put α = min{ 2 sin δ1
πlε

, c(δ0)}. To finish the proof, note that

〈RV (x), e〉 − 〈y, e〉 = 〈RV (x), e〉 − 〈x, e〉+ 〈x, e〉 − 〈y, e〉

≥ 2〈x, V 〉 sin δV − π

2
| pr(x)− pr(y)||fM |C1

= |RV (x)− x| sin δV − π

2
| pr(x)− pr(RV (x))||fM |C1

≥
(

sin δ1 −
π

2
lεα
)

|RV (x)− x| ≥ 0

and hence,

arcsin(〈RV (x), e〉) ≥ arcsin(〈y, e〉)
as required in Definition 6.2. �

6.3. Reflecting quasi-ancient curvature flows. The final aim of this section
is to show that for a solution of a curvature flow defined on an interval (−TS , 0),
which converges backwards in time to E in C1 and has bounded curvature, the
flow hypersurfaces are invariant under reflection about every hyperplane V ⊥ with
V ∈ E. Hence we somehow need to let δ1 go to zero in the preceding proposition.
In fact, until now we have only obtained that for a given δ1 > 0, there exists Tδ1

such that all flow hypersurfaces in an interval (−TS , Tδ1) one-sided reflect above
themselves. Thus we cannot yet deduce that any flow hypersurface has this property
for δ1 = 0. To eliminate the dependence of the interval (−TS , Tδ1) on δ1, we will
use the parabolic maximum principle.
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6.5. Lemma. Let the closed and convex hypersurfaces Mt, −TS < t < 0, satisfy
the parabolic curvature flow equation (1.1) under either assumption (i) or (ii) in
Theorem 1.2 and suppose

Mt → E, t → −TS ,

in the sense that e lies in the enclosed convex bodies by Mt for all sufficiently small
times and the graph functions satisfy

0 ≤ fMt
and lim

t→−TS

|fMt
|C1 = 0.

Then there exists T > −TS , such that for all V ∈ S
n+1 satisfying

0 < δV ≤ π

8
,

Mt one-sided reflects above itself for all t ∈ (−TS , T ).

Proof. We may assume Mt is not the equator E and that fMt
≤ π/4 for all t ≤ T∗.

By Lemma 6.3 and the C1-convergence of Mt we find a time T ∈ (−TS , T∗], such
that Mt and RV (Mt) are both star-shaped around e and e also lies in the convex
body of RV (Mt) for all t ∈ (−TS , T ]. We show that this T has the desired property.

By Proposition 6.4, we know that for a given V ∈ S
n+1 with (suppressing the

subscript V )

0 < δ ≤ π

8
,

there exists −TS < T̃δ ≤ T∗, such that Mt one-sided reflects above itself for all
t ∈ (−TS , T̃δ). Pick a −TS < Tδ < T̃δ and define the domain

Ω =
⋃

t∈(Tδ,T )

(

pr(M−
t ) ∩ pr(R(M+

t )
)

× {t} ⊂ E × (−TS , T ).

Recall from (2.5) that the time dependent radial graph functions of Mt satisfy

∂

∂t
w = −F

(

ϑ′

vϑ
δij +

ϑ′

v3ϑ3
∇iw∇jw − gik

v
∇2

kjw

)

v,

where ϑ = ϑ (w) = sin (w) , w(·, t) = π/2− fMt
(·), v2 = 1+ ϑ−2|∇w|2 and the con-

nection and the norm | · | are those belonging to the spherical metric σij . Since the
Weingarten operator is invariant under ambient isometries, the reflected hypersur-
faces RV (Mt) with the corresponding graph functions u satisfy the same curvature
flow equation.

If the claim of the lemma were false, then there existed a time t∗ ∈ (Tδ, T ) and
a point x∗ ∈ pr(M−

t∗
) ∩ pr(R(M+

t∗
)), such that

(6.1) u(x∗, t∗) > w(x∗, t∗) ≥
π

4
.

Formally we would like to apply the parabolic maximum principle to conclude that
u must remain below w, since this is the case at the initial time Tδ and also at the
boundaries ∂

(

pr(M−
t ) ∩ pr(R(M+

t ))
)

⊂ pr
(

V ⊥ ∩Mt

)

.2

2Note that for two sets A and B we have

∂(A ∩B) ⊂ ∂A ∪ ∂B.

Since pr is a diffeomorphism from Mt to E and Mt is star-shaped,

∂(pr(M−

t
)) = pr(∂M−

t
) = pr(V ⊥ ∩Mt)

Similarly, ∂(pr(R(M+
t
))) = pr(R(∂M+

t
)) = pr(R(V ⊥ ∩Mt)) = pr(V ⊥ ∩Mt).
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However, in this situation the application of the standard comparison principles
to equations of the form

ẇ = Φ(x,w,∇w,∇2w)

is not straightforward; note to the restriction that F is generally only defined on
non-negative definite endomorphisms and hence the standard proof of comparison
principles for fully nonlinear operators, namely forming convex combinations of two
solutions, might leave the domain of Φ. Nevertheless, assuming (6.1), we obtain a
contradiction using the following argument.

A slight rewriting of the second fundamental form of R(Mt) described by the
graph function u yields, cf. (2.4),

hi
j =

ϑ′

√

ϑ2 + |∇u|2
δij +

ϑ′

(ϑ2 + |∇u|2)
3

2

∇iu∇ju− ϑgik
√

ϑ2 + |∇u|2
∇2

kju

=
ϑgik

√

ϑ2 + |∇u|2

(

ϑ′

ϑ
gkj +

ϑ′

ϑ (ϑ2 + |∇u|2)gkmσmr∇ru∇ju−∇2
kju

)

≡ ϑ(u)gik
√

ϑ2(u) + |∇u|2
Akj(x, u, u,∇u,∇2u),

where ϑ = ϑ(u) and we set

Akj(x, z, u, p, r) =
ϑ′(z)

ϑ(z)
gkj(p, u) +

ϑ′(z)

ϑ(z) (ϑ2(z) + |p|2)gkm(p, u)σmrprpj − rkj .

Here the dependence on x is hidden in σmr. Moreover, gkj(p, u) = pkpj + ϑ2(u)σkj

and we artificially introduced z in the argument in order to distinguish increasing
behavior from decreasing behavior in u. Since cot(z) is decreasing in z, we have

Aij

(

x, z2, u,∇u,∇2u
)

XiXj < Aij

(

x, z1, u,∇u,∇2u
)

XiXj(6.2)

for all z1, z2 ∈ (0, u(x, t)) with z2 > z1 and all non-zero vectors X ∈ TMt.
Also write

hi
j(x, z, u, p, r) =

ϑ(z)gik(p, z)
√

ϑ2(z) + |p|2
Akj(x, z, u, p, r).

Note that if u graphs a convex hypersurface, (6.2) implies that

hi
j(x, z, u(x, t),∇u(x, t),∇2u(x, t)) > 0, ∀ 0 < z < u(x, t)

as a self-adjoint endomorphism and thus hi
j lies in the domain of F. Write

Φ(x, z, u, p, r) = −F (hi
j(x, z, u, p, r))

√

1 + ϑ−2(z)|p|2, ∀ 0 < z < u(x, t).

Choose

(6.3) λ > sup
(x,t)∈E×[Tδ,T ]

sup
z∈Q(x,t)

∂Φ

∂z
(x, z, u(x, t),∇u(x, t),∇2u(x, t)),

where for (x, t) ∈ E × [Tδ, T ] we defined Q(x, t) = {z : π
4 ≤ z ≤ u(x, t)}. Such a

choice of λ is possible since when z is away from 0, Φ is smooth.
In view of (6.1), there exists (x0, t0) ∈ Ω̄ not lying on the parabolic boundary of

Ω such that for

ũ = ue−λt and w̃ = we−λt,
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there holds

0 < ũ(x0, t0)− w̃(x0, t0) = max
Ω̄

(ũ− w̃).

Therefore,

[w(x0, t0), u(x0, t0)] ⊂ Q(x0, t0).(6.4)

Note that at (x0, t0) we have ˙̃u ≥ ˙̃w, ∇u = ∇w and ∇2u ≤ ∇2w. Hence using (6.4),
(6.3) and our choice of λ, we obtain, at (x0, t0), that

(

u̇− Φ(x0, u, u,∇u,∇2u)
)

e−λt0 = ˙̃u− Φ(x0, u, u,∇u,∇2u)e−λt0 + λũ

> ˙̃u− Φ(x0, w, u,∇u,∇2u)e−λt0 + λw̃

≥ ˙̃w − Φ(x0, w, w,∇w,∇2w)e−λt0 + λw̃

=
(

ẇ − Φ(x0, w, w,∇w,∇2w
)

e−λt0 ,

a contradiction, since both sides are zero in view of the flow equation. �

Proof of Theorem 1.2. From Lemma 6.5 we have RV((Mt)
+
V) ≥ (Mt)

−
V everywhere

for all t ∈ (−TS ,−T ) and any δ ∈ (0, δ0). By continuity therefore, sending δ → 0

we have RV((Mt)
+
V) ≥ (Mt)

−
V for all t ∈ (−TS ,−T ) and any V satisfying 〈V, e〉 = 0.

Now we need some properties of RV following from the fact that 〈V, e〉 = 0:

• R2
V = id,

• S ≥ T ⇒ RV(S) ≥ RV(T ),
• RV = R−V, and
• S±

V = S∓
−V.

Thus we obtain

(Mt)
+
V = RV(RV((Mt)

+
V)) ≥ RV((Mt)

−
V)

= R−V ((Mt)
+
−V ) ≥ (Mt)

−
−V

= (Mt)
+
V.

So we must have equality all the way through and hence the middle line implies

R−V ((Mt)
+
−V ) = (Mt)

−
−V

for any V.
Therefore, Mt is invariant under RV for any V satisfying 〈V, e〉 = 0, hence it is

a geodesic sphere for every t ∈ (−TS ,−T ) and thus it is a geodesic sphere for every
t ∈ (−TS , 0). �

7. Non-geometric counterexamples

The examples in this section highlight the necessity of geometric invariance,
without which our methods can not be applied. First, we have a flow that is
parabolic - but not geometric - admitting a convex, ancient solution for which
H becomes unbounded. As mentioned earlier, we do not yet know whether such
singular behavior can occur for isotropic, geometric flows. Certainly this is not
possible whenever a differential Harnack inequality holds and the spherical solutions
are ancient as in Proposition 3.4.
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7.1. Example. Let γ̄t, evolve by the curve shortening flow in R
2, and let γt ⊂ S

2 be
the inverse gnomonic projection (see, e.g., [3]) of γ̄t. The spherical radial functions

ρ : S1 × [0, T ) → R

evolve by

(7.1) ∂tρ(·, t) = −κ

√

sin2 ρ+ ρ2θ

sin ρ

sin2 ρ+ ρ2θ
tan2 ρ+ (tan ρ)2θ

(·, t)

where, κ(·, t) is the curvature of the curve γt with radial function ρ(·, t).
To obtain the evolution equation, in polar coordinates we can express the cur-

vature as follows:

κ =
−ρθθ sin ρ+ 2ρ2θ cos ρ+ cos ρ sin2 ρ

(sin2 ρ+ ρ2θ)
3

2

.

Write ρ̄(·, t) for the radial function of γ̄t. We recall from [3, p. 8] that ρ̄ = tan ρ.
Using this formula and the expression of κ we can write the curvature of γ̄t, κ̄(·, t),
as follows:

κ =

(

ρ̄2 + ρ̄2θ
(1 + ρ̄2)(sin2 ρ+ ρ2θ)

)

3

2

κ̄ =

(

ρ̄2 + 1

h̄2 + 1

)

3

2

κ̄.

Here h̄ = ρ̄2√
ρ̄2+ρ̄2

θ

is the support function of γ̄. Therefore,

∂tρ̄ = −κ̄(1 + ρ̄2)

(

ρ̄2 + ρ̄2θ
(1 + ρ̄2)(sin2 ρ+ ρ2θ)

)

3

2

√

sin2 ρ+ ρ2θ

sin ρ

sin2 ρ+ ρ2θ
tan2 ρ+ (tan ρ)2θ

= −κ̄(1 + ρ̄2)
3

2

(

ρ̄2 + ρ̄2θ
(1 + ρ̄2)(sin2 ρ+ ρ2θ)

)

3

2

√

sin2 ρ+ ρ2θ

ρ̄

sin2 ρ+ ρ2θ
tan2 ρ+ (tan ρ)2θ

= −κ̄

√

ρ̄2 + ρ̄2θ
ρ̄

.

The curve shortening flow in R
2 has non-trivial ancient solutions, the Angenent

ovals. Thus, there exists a non-spherical, convex, ancient solution to the flow (7.1).
This ancient solution converges backwards in time to a lune (the intersection of two
hemispheres) with a pair of antipodal points at which κ is unbounded.

The second example exhibits a (non-geometric) flow for which the symmetry of
the backwards limit is not preserved. That is, the backwards limit is an equator,
yet the flow is not by geodesic spheres. This example is not as troubling as the
first, since the non-geometric nature of the flow prohibits the use of the Aleksandrov
reflection technique in Section 6, but it does illustrate the necessity of geometric
invariance for our methods.

7.2. Example. Using the notation of the previous example, let γ̄t evolve by the affine
normal flow in R

2 :

∂tρ̄ = −κ̄
1

3

√

ρ̄2 + ρ̄2θ
ρ̄

.

Let γt be the inverse gnomonic projection. Then the spherical radial functions
evolve by

ρ : S1 × [0, T ) → R
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(7.2) ∂t tan ρ(·, t) = −κ
1

3

√

sin2 ρ+ ρ2θ

sin ρ
(·, t).

Origin-centered ellipses are ancient solutions to the affine normal flow in R
2 (see,

for example, [18]). Thus, there exists a non-spherical, convex, ancient solution to
the flow (7.2). This solution converges backwards in time to an equator.
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