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Abstract: With the development of bridge structures towards being light weight and having a large
span , the overall flexibility, and, hence, wind sensitivity, of the bridge increases. Flutter is one of
the pivotal factors considered in the design and operation stage for long-span cable-stayed bridges
due to its devastating impact, often intrigued by relatively low instability caused by wind speed.
This paper presents a reliability theory-based numerical analysis on bridge flutter stability and its
influence law of key parameters using a real bridge, the Xiangshan Harbor highway cable-stayed
bridge in China. The analysis starts with creating a full scale of finite element model for the bridge in
service to calculate the flutter derivative and time-dominated combining rational function in order
to obtain the critical-flutter wind speed, and then the aerodynamic self-excited forces on the bridge
and flutter time-history response are calculated to identify the flutter critical wind speed. Further,
the influence of key parameters for flutter reliability, including the stiffness of the main girder, wire
breaking rate, damping ratio and cable breakage location are analyzed comprehensively to achieve
the change law of critical flutter wind speed with these parameters. Considering the uncertainty
of the actual parameters, these parameters are taken as random variables, and the reliability index
and failure probability of bridge flutter are calculated according to their probability distribution and
the Latin hypercube sampling method. On this basis, a few suggestions are put forward for flutter
risk-control during the service of this cable-stayed bridge, which can further enhance the design
theory for long-span flexible bridges.

Keywords: long-span cable-stayed bridge in service; flutter instability; parameter influence analysis;
Latin hypercube sampling; flutter reliability

1. Introduction

At present, for the flutter-safety evaluation of cable-stayed bridges, the determinis-
tic analysis method is generally adopted to obtain the maximum critical wind speed or
response, which is then compared with the allowable value to evaluate the wind-resistance
performance [1–9]. However, the determination of the allowable value is based on the
experience of bridge designers or scientific researchers, and there is no relatively perfect
and accurate specification. Therefore, the actual safety of using this method to evaluate
the flutter stability of long-span cable-stayed bridges is unknown [10–16]. In addition,
the influence of the uncertainty of various parameters on flutter instability of long-span
bridges is not taken into account in the deterministic analysis methods. In light of this,
the structural-reliability theory, which can consider the uncertainty of load parameters
and structural parameters, has attracted more and more attention, and is widely used in
structural performance evaluations. As such, it is very important to introduce reliability
theory into bridge flutter risk assessment and conduct in-depth research, and this is also
the general trend.
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Ge [17–19] and Zhou [20] used the first-order second-moment reliability method to
evaluate the flutter safety of long-span cable-stayed bridges. However, the flutter test
wind speed and flutter critical wind speed were calculated by the Van der Put formula
instead of by a wind tunnel test or finite element simulation. In addition, because of
the limitations of the first-order second-moment method, the evaluation result is more
conservative. Cheng [21], Canor [22], Kusano [23,24] and Baldomir [25] analyzed the flutter
reliability of long-span suspension bridges, but the flutter reliability of the bridges in their
analyses was not comprehensive because only the probability distribution of flutter critical
wind speed was considered, and the flutter reliability study on the Messina Bridge was
conducted based on the modified FORM. At the same time, another general method for the
probabilistic flutter analysis of bridges is the sampling method, such as the Monte Carlo
simulation (MCS). Seo and Caracoglia [12,13] analyzed the single-mode torsional flutter
reliability, containing the randomness of the flutter derivatives and critical wind speed
by using MCS and FORM. Argentini [26] studied flutter reliability by MCS, considering
the randomness of structural parameters and flutter derivatives. Similarly, Mannini [14]
obtained the distribution type of flutter derivatives. Based on the sampling approach,
a framework of the uncertainty quantification of bridge flutter is proposed. After these
studies, some in-depth explorations have emerged for the flutter reliability analysis of
long-span bridges, such as Wu [27], who used the finite element reliability method to
calculate the static wind reliability and flutter reliability for the Xihoumen Bridge. The
research results show that the ignoring of the uncertainty of parameters may lead to the
unsafe flutter reliability of bridge structures. Ma [28] analyzed the sensitivity of flutter
parameters for the open section and typical closed-mouth segment model, respectively,
by the two-dimensional frequency-domain flutter analysis method, and discussed the
sensitivity of flutter critical wind speed to structural parameter difference. Fang [29] and
Ji [30,31] quantified the uncertainty of flutter derivatives of bridges by wind tunnel tests,
and carried on the probabilistic flutter analysis of the bridge. Wang [32] pointed out that
reliability analysis methods have been developed rapidly in bridge engineering design, and
reliability studies and applications considering the uncertainty of structural parameters
and dynamic loads are more and more widespread. Flutter reliability of long-span bridges
is still a hot topic in the bridge field.

Although some scholars conducted flutter reliability analyses of long-span bridges
from different perspectives and focuses based on the reliability theory, most of the studies
on parameter sensitivity were deterministic analyses and considered flutter influencing
factors only in the design stage, while few studies have analyzed the flutter parameters of
cable-stayed bridges in a service state. In this paper, the time-history analysis method of
the bridge flutter and reliability theory are introduced in Section 2. Then, the functional
function and parameters distribution for flutter reliability analysis are also determined
in Section 2. Furthermore, the building of the finite element model of Xiangshan Harbor
Bridge, the calculating of its flutter derivatives and critical flutter wind speed, and the
exploring of the change law of the critical flutter wind speed under different parameters
take place in Section 3. In Section 4, the flutter reliability index of Xiangshan Harbor
Bridge is calculated based on the checking point method and Latin hypercube sampling,
considering the operation stage of the bridge and parameter uncertainty. Finally, some
conclusions are summarized in Section 5.

2. The Flutter Analysis Framework for Flexible Bridge
2.1. Overview

Bridge flutter is mainly caused by self-excited forces, and its motion equation can be
expressed as [33]:

M
..
Z + C

.
Z + KZ = Fse (1)

in which M is the mass matrix; C is the damping matrix; K is the stiffness matrix; Z,
.
Z

and
..
Z are the node displacement vector, the velocity vector and the acceleration vector,
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respectively; and Fse is the self-excited wind force, including the lift forces, drag forces and
torsional moments. Since the drag force is not the main factor causing the flutter of the
cable-stayed bridge, the influence of the drag force is ignored in this study. Furthermore,
the main factor of bridge flutter is the aerodynamic force on the main girder, while the
aerodynamic force on the stay cable and the bridge tower has little effect on bridge flutter
and can be ignored [1,2,5–7,10].

Aerodynamic lift force and the torsional moment of the bridge per unit length can be
expressed by the aerodynamic derivative proposed by Scanlan [34] (lateral movement of
the section is ignored):

L = (
1
2

ρU2)(2B)(KH∗1

.
h
U

+ KH∗2
B

.
α

U
+ K2H∗3 α + K2H∗4

h
B
) (2)

M = (
1
2

ρU2)(2B2)(KA∗1

.
h
U

+ KA∗2
B

.
α

U
+ K2 A∗3α + K2 A∗4

h
B
) (3)

where h is the vertical displacement of the bridge; α is the bridge torsion angle; ρ is
the air density; B = 2b is the bridge width; U is the air inflow velocity; H∗i (i = 1, 2, 3, 4),
A∗i (i = 1, 2, 3, 4) is the flutter derivative; K = Bw

U is the dimensionless reduced frequency;
and w is the vibration circle frequency (rad/s).

It can be seen from Equations (2) and (3) that the self-excited force acting on the bridge
is a function of K and U. Therefore, the expression of the self-excited force must be expressed
in the time-domain before it can be further used for flutter time-history analysis [35]. In
this paper, impulse-response function, combined with rational function, is used to express
the self-excited force in time-domain.

On the basis of the concept of impulse-response function [36,37], Lin proposed the
time-domain expression of self-excited force by combining the time-domain fitting of flutter
derivatives with the impulse-response function. Taking lift force in pure vertical motion as
an example, the expression Lseh(t) can be obtained as follows:

Lseh(t) =
1
2

ρU2[ALh1h(t) + ALh2
B
U

.
h(t) + ∑m

i=3 ALhi

∫ t

−∞
e

dLhiU
B (t−τ)

.
h(t)dτ ] (4)

in which ALh1, ALh2, ALh3, ALhi, dLhi(dLhi ≥ 0; i = 4, · · ·, m) are the parameters to be fitted.
The value of m depends on the approximate accuracy of the expression.

In the same way, we can find out Lseff , Mseff and Mseh. After the self-excited force
function expression representing the bridge section is obtained, the time-history analysis
of bridge flutter can be completed by the parametric design language in ANSYS software.
The detailed process of bridge flutter analysis is shown in Figure 1.

2.2. Reliability Analysis Method and Process

The reliability index is calculated by the checking point method, which means that
when the random variable is at a certain checking point, it will have the most adverse effect
on the structure, and the functional function obtains the extreme value at this checking
point, so the structure failure probability is the maximum value at this checking point.
Before applying the checking point method, the variables that do not obey normal distri-
bution must be treated with equivalent normalization, and the calculation of equivalent
normalization must meet the requirement that the failure areas, before and after transfor-
mation, are equal. Firstly, the coordinate x∗i (i = 1, 2, · · · , n) of the checking point must be
written down, and then the calculation formula of equivalent normalizing condition is
as follows:

FXi (x∗i ) = Φ{
x∗i − µ′Xi

σ′Xi

} (5)

fXi (x∗i ) = ϕ{
x∗i − µ′Xi

σ′Xi

}/σ′Xi
(6)
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where Φ represents the standard normal distribution function; ϕ stands for the standard
normal distribution density function; FXi represents the distribution function of non-normal
variables; fXi represents the distribution density function of non-normal variables; µ′Xi
represents the mean value of the equivalent normal variable Xi

′; and σ′Xi
is the standard

deviation of the equivalent normal variable Xi
′.
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The mean value and standard deviation of equivalent normal variable Xi
′ can be

obtained from the following two formulas:{
µ′Xi

= x∗i −Φ−1[FXi

(
x∗i
)]

σ′Xi

σ′Xi
= ϕ

(
Φ−1[FXi

(
x∗i
)])

/ fXi

(
x′i
) (7)

where, when the random variable X obeys the lognormal distribution; that is, Y = lnX, Y ∼
N
(
µY, σ2Y

)
; the mean value and standard deviation of Y can be expressed as: µY = µlnX = ln( µX√

1+δ2
X
)

σY = σlnX =
√

ln(1 + δ2
X)

(8)

where µX and σX represent the mean value and standard deviation of random variable X
and δX is the variation-coefficient of the random variable X.
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Supposing the functional function as Z = g(X1, · · ·Xn), and x∗i is the design checking
point, then the calculation formula of the reliability index β is as follows:

β ≈
gX
(

x∗1 , x∗2 , · · · , x∗n
)
+ ∑n

i=1
∂gX
∂Xi

∣∣∣(uXi − x∗i
)√

∑n
i=1(

∂gX
∂Xi

∣∣∣
x∗i

σXi )
(9)

By introducing sensitivity coefficient ai, let:

ai = cosθi =

∂gX
∂Xi

∣∣∣
x∗i

σXi√
∑n

i=1 (
∂gX
∂Xi

∣∣∣
x∗i

σXi )
2

(10)

Then x∗i and β have the following relationship:

x∗i = µxi − σxi βai (11)

The calculation process of the check point method is shown in Figure 2.
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In order to reflect the randomness of the parameters affecting the flutter response of
the bridge, the Latin hypercube sampling method was used to sample the parameters. Latin
hypercube sampling (LHS) is an efficient and fast sampling method, which was further
improved on the basis of the stratified sampling method. The advantage of this method is
that the sampling times can be greatly reduced while the accuracy is maintained. Bao [38]
pointed out that when obtaining the same failure probability with the same accuracy,
the sample number by the Latin hypercube sampling method is only about 1/4 of that
by traditional sampling method. This advantage can save a lot of time in the process
of numerical simulation. In the subsequent analysis, MATLAB software can be used to
conduct Latin hypercube sampling for the parameter uncertainty analysis, and it can also
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be effectively combined with the design checking point method to ensure the accuracy of
the calculation reliability and greatly improve the calculation efficiency.

2.3. Determination of Functional Function and Parameters of Wind-Induced Flutter Reliability Analysis
2.3.1. Establishment of Flutter Reliability Functional Function

The flutter reliability analysis model of the bridge can be described as follows. When
the wind speed at the bridge site exceeds the critical wind speed for bridge stability, the
bridge structure will have a wind-induced failure risk. Supposing that S is the wind load
effect acting on the bridge and R is the capacity of the bridge structure itself to resist wind
load, then its function is:

Z = R− S (12)

In the reliability analysis of bridge flutter, the limit state function can be expressed by
the difference between the critical flutter wind speed Ucr and the design wind speed Um,
namely:

Z = Ucr −Um (13)

where the designed wind speed can be expressed by the product of the gust coefficient and
the 10 min reference wind speed at the bridge site:

Um = GvUb (14)

where Ub is the 10 min time-interval reference wind speed at the height of the main beam
at the bridge site; and Gv is the gust coefficient, considering the influence of maximum
fluctuating wind speed. The gust coefficient and the reference wind speed at the bridge
site need to be fitted by the corresponding probability distribution function. In the limit
state equation of bridge wind-induced flutter, R refers to the critical wind speed of bridge
structure wind-induced flutter. Due to the great uncertainty of natural wind and the
nonlinearity of bridge structure, the critical wind speed for flutter instability also has
certain randomness. Therefore, the critical wind speed Ucr for flutter instability should also
be modified with a variable Cw:

Ucr = CwUs (15)

where Us is the critical wind speed of bridge flutter, which is determined by finite element
calculation in this study; and Cw is the correction coefficient of critical wind speed for the
bridge flutter.

Due to the uncertainty of bridge structures, the critical wind speed obtained by flutter
instability analysis is also a random variable, which needs to be expressed by a probability
distribution function. The critical wind speed correction coefficient Cw for bridge flutter is
used to describe the uncertain factor in the process of flutter instability analysis, so Cw is a
random variable and should be expressed by a probability distribution function.

To sum up, the functional function for the reliability analysis of the bridge can be
expressed as:

Z = CwUs − GvUb (16)

2.3.2. Wind Speed Probability Distribution Function at Bridge Site

This paper adopted the provisions of the Wind-resistant Design Specification for Highway
Bridges (JTG/T 3360-01-2018) in China: “When the weather station in the area where the
bridge is located has sufficient unmeasured data of continuous wind speed, the probability
distribution type of annual maximum wind speed of the local weather station can be
adopted [39]”. For the wind speed distribution function at the bridge site, the extreme
value I distribution type was adopted in this paper.

The data selected in this paper were provided by Dinghai weather station in Ningbo
City, China, which is relatively close to Xiangshan Harbor Bridge. The wind speed data
used was the 10 min average annual maximum wind speed in 30 consecutive years, which
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met the requirements of the code for wind speed data of the bridge. Statistical data of wind
speed are shown in Table 1.

Table 1. Data of maximum wind speed in 30 years (m/s).

Year/Month 1 2 3 4 5 6 7 8 9 10 11 12

1987 12.7 13.0 13.0 9.3 9.3 15.7 14.3 10.3 9.0 11.3 12.3 12.7
1988 13.0 11.3 9.0 10.7 8.3 10.0 17.3 9.7 8.7 10.3 9.7 13.0
1989 11.0 12.0 10.3 8.3 8.0 13.3 13.0 110.0 10.3 10.7 8.7 11.0
1990 9.3 9.7 12.0 9.7 16.0 15.0 17.3 15.0 10.3 12.7 10.7 9.3
1991 11.0 11.0 8.7 9.7 7.7 10.7 9.7 9.3 9.3 8.0 11.3 11.0
1992 11.3 12.0 16.0 11.3 9.0 10.1 12.9 14.3 9.0 10.4 10.0 11.3
1993 10.3 9.5 12.5 8.4 14.3 7.6 13.0 9.1 10.0 11.0 11.8 10.3
1994 11.4 9.2 11.7 9.7 10.7 11.6 13.6 8.3 15.4 7.8 9.0 11.4
1995 10.7 10.0 10.4 9.3 8.9 10.7 14.1 8.7 8.3 14.1 9.1 10.7
1996 9.0 11.9 11.6 10.0 7.8 11.0 13.0 9.9 7.7 11.9 10.4 9.0
1997 10.8 9.1 10.2 10.5 9.9 11.3 18.7 8.9 8.1 10.6 8.5 10.8
1998 11.3 14.8 10.0 8.8 7.7 8.7 10.0 17.3 11.2 7.8 9.9 11.3
1999 10.2 11.1 9.2 9.0 9.4 10.5 7.5 9.6 9.7 10.3 9.6 10.2
2000 9.2 11.9 11.9 10.8 8.1 13.6 15.9 14.1 8.5 10.6 9.5 9.2
2001 11.5 10.0 9.1 9.3 9.5 9.2 11.6 10.6 10.1 11.1 10.2 11.5
2002 8.1 10.6 11.9 8.1 8.4 15.5 10.6 9.5 9.6 9.4 8.8 8.1
2003 10.1 10.8 11.2 7.8 6.8 9.4 8.1 8.4 8.8 9.0 9.4 10.1
2004 8.8 11.1 10.2 8.1 8.9 11.9 11.7 10.6 8.6 9.0 11.5 8.8
2005 10.4 11.6 9.2 8.1 8.1 10.4 15.7 19.7 9.2 7.1 10.5 10.4
2006 8.4 10.9 10.7 13.7 10.3 13.4 7.8 9.4 7.0 10.4 9.8 8.4
2007 8.7 9.3 11.9 11.3 7.3 11.5 9.7 13.3 10.0 8.0 8.9 8.7
2008 9.0 8.2 12.9 9.2 8.3 12.6 11.1 10.1 5.7 7.1 9.8 9.0
2009 8.9 8.9 10.9 7.4 8.8 8.9 9.5 10.1 6.2 8.7 7.6 8.9
2010 8.5 9.5 9.7 7.6 6.3 8.7 8.1 8.3 8.9 6.4 10.6 8.5
2011 6.1 7.2 7.6 8.3 9.5 7.3 13.5 9.0 7.1 8.3 8.0 6.1
2012 9.3 8.2 11.7 8.0 6.6 6.9 14.9 9.4 8.6 9.5 10.2 9.3
2013 7.8 8.4 11.4 8.2 10.9 9.9 11.1 8.0 8.4 7.8 7.9 7.8
2014 6.9 7.9 7.5 7.4 5.8 8.7 7.7 11.9 8.7 6.1 9.9 6.9
2015 7.8 8.1 8.6 6.8 6.7 12.5 9.5 6.5 6.2 7.2 6.7 7.8
2016 7.7 8.7 8.7 9.3 10.5 6.2 6.2 8.0 8.6 10.3 7.8 7.7

According to the selected statistical data of 10 min average annual maximum wind

speed, the average annual maximum wind speed is
−
U = 10.23 m/s and the mean square

deviation is σ = 5.72. The coefficient of variation is δ = σ
Ex

= 0.56. As such, the expression
of extreme value I distribution is:

F1(x) = exp{−exp[−α(x− b)]} (17)

In general, the two parameters a, b are estimated by the moment method of Gumbel,
where a > 0 is the scale parameter and b is the mode of the distribution density. According
to the mathematical expectation Ex and mean square deviation σ formula,

Ex =
γ

α
+ b (18)

where γ is Euler’s constant, γ ≈ 0.57722,

σ =
π√
6α

(19)

The mean value and mean square deviation of the annual maximum wind speed
obtained from statistical data were substituted into the Equations, then the parameters a
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and b could be obtained. Therefore, the probability distribution function of maximum wind
speed can be expressed as:

F = exp{−exp[−0.2243(x− 7.65541)]} (20)

The height of the main beam is 53 m away from the water surface, so the basic wind
speed needed to be converted into the wind speed at the main beam bridge surface by the
following Equation:

UZ2

UZ1
= (

Z2

Z1
)

α

(21)

where UZ2,UZ1, and α, respectively, represent the wind speed at Z2 height, the wind speed
at Z1 height and the influence coefficient of wind speed.

Since the Xiangshan Harbor cable-stayed bridge is on the sea, α is equal to 0.12, and
the reference wind speed at the height of the main beam is 12.51 m/s. Therefore, the
parameters of the extreme value I-type distribution function were re-determined, and the
probability distribution function of wind speed at the bridge deck could be re-obtained:

E[Ub]= 12.51; σ[Ub] = 7.01 (22)

F = exp{−exp[−0.184(x− 9.361)]} (23)

2.3.3. Parameters Distribution in Functional Function

Due to many uncertain factors in natural wind, the correction coefficient Cw of the
critical wind speed is irregular, even through the wind tunnel test and measured data.
For the sake of safety, the mean value of correction coefficient of wind speed was set as
1.0 and the variation coefficient was set as δ = σ/µ = 0.1, which followed the normal
distribution, namely:

E[Cw] = µc = 1.0 (24)

σ[Cw] = σc = 0.10 (25)

Gust coefficient Gv refers to the ratio of the maximum gust wind speed to the 10 min
average wind speed. The mean value of the gust coefficient Gv was determined by referring
to Wind-resistant Design Specification for Highway Bridges (JTG/T 3360-01-2018) [39], and its
distribution type was considered as a normal distribution in this paper. The expectation of
gust coefficient Gv was expressed as follows:

E[Gv] = µG = 1.39 (26)

The variation coefficient of gust coefficient Gv was δ = 0.10, therefore the standard
deviation of gust coefficient Gv was:

σ[Gv] = σG = 0.10µG = 0.139 (27)

The critical wind speed Us of the bridge flutter can be obtained by the time-history
analysis of flutter in ANSYS software. It is generally considered that the critical flutter wind
speed adopts lognormal distribution, so it should be quantized normally before calculation.

3. Case Analysis—Critical Wind Speed Solution and Analysis of the Influence Factors
of Flutter for Xiangshan Harbor Bridge
3.1. Establishment of Bridge Finite Element Model

The main bridge of the Xiangshan Harbor Highway cable-stayed bridge is a two-tower,
two-cable plane, five-span continuous semi-floating system cable-stayed bridge, and the
specific layout is shown in Figure 3. The main girder is a streamlined steel box girder, and
the specific size is shown in Figure 4. The cable tower is diamond shaped tower, and the
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foundation of the main tower, auxiliary pier and transition pier is a drilling pole foundation.
The whole bridge is simulated with a “fish bone spur” model.
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Figure 4. Cross-sectional layout of steel box girder (mm).

The finite element software ANSYS was used for modeling and analysis. Xiangshan
Harbor Bridge in Ningbo was simplified into a single-backbone girder model, and the
finite element model of Xiangshan Harbor Bridge was established by the APDL command
flow method. BEAM188 element was used to simulate the main girder, tower and pier.
The main girder and stay cables are connected by rigid arms, which were simulated by
BEAM4 element. The cable was simulated by LINK10 element with axial tension only.
MASS21 element was used to simulate ballasting weight and second-phase dead load. The
connections of the main girder, bridge tower and pier were simulated by coupling, and
the bridge tower and pier were consolidated at the bottom. The finite element model of
Xiangshan Harbor Bridge is shown in Figure 5.
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Figure 5. Finite element model of Xiangshan Harbor Bridge.

The modal analysis of the bridge was carried out according to the established finite
element model, and this allowed for the frequency and mode shape results of the bridge to
be obtained. The calculation results of the first ten order frequencies are listed in Table 2,
where they are compared with the measured frequencies of Xiangshan Harbor Bridge [40],
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where the natural frequencies of this bridge were measured by dynamic-load tests, and the
detailed contents of this experiment is from Ref. [41]. It can be seen from the table that the
natural vibration frequency calculated by the finite element model was not much different
from the measured value of the structure, which is within an acceptable range. Therefore, it
is considered that the established finite element model can be used for subsequent analysis.

Table 2. Dynamic characteristics of Xiangshan Harbor cable-stayed bridge.

Number Calculated
Frequency/Hz

Measured
Frequency/Hz Error/% Mode Shape

1 0.129 —— —— Longitudinal drift of main girder
2 0.206 0.213 2.82 First-order symmetrical lateral bending of main girder
3 0.249 0.250 0.40 First-order symmetrical vertical bending of main girder
4 0.316 0.300 5.33 First-order antisymmetric vertical bending of main girder
5 0.453 0.438 3.20 First-order antisymmetric side bending of main tower
6 0.457 —— —— First-order symmetrical side bending of main tower
7 0.482 —— —— Second-order symmetrical vertical bending of main girder
8 0.570 0.525 9.52 First-order antisymmetric lateral bend of main girder
9 0.578 0.600 3.17 Second-order antisymmetric vertical bending of main girder

10 0.628 —— —— Third-order symmetrical vertical bending of the main girder

3.2. Calculation of the Bridge Flutter Derivatives

In order to calculate the self-excited aerodynamic force of the bridge in a time-history
analysis, the flutter derivatives of the bridge should be identified before the flutter analysis.
Computational fluid dynamics software combined with dynamic grid technology can be
used to control the forced vibration of the beam section by a UDF (user-defined functions)
program, and the unsteady aerodynamic force of the main beam section of the bridge
can be calculated by the state-divided forced vibration method, so as to extract the flutter
derivatives [40]. Considering the limitation of computing resources and computational
efficiency, the main girder of Xiangshan Harbor Bridge adopts a 1:50 scale model. The model
size was 0.68 m long by 0.07 m high. The geometric model and grid model of the box girder
were generated by ICEM, which is the pre-processing module of the Fluent software. In
order to better simulate the flutter state of the main beam section, the grid was divided into
a few regions. The schematic diagram of the calculation area is shown in Figures 6 and 7.
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The grid of the main beam model was divided in ICEM according to the schematic
diagram. The boundary-layer grid height of the main beam was 0.2 mm and the total grid
number was 12 W, which is shown in Figures 8 and 9.
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In this meshing model, when the main beam was subjected to pure vertical bending
or torsional forced vibration, the lift coefficient and moment coefficient time-history curves
were calculated, and then the flutter derivative was identified based on the relationship
between the aerodynamic coefficient and flutter derivative. When identifying the flutter
derivative, zero-mean processing should be carried out firstly to eliminate the constant term
in the flutter derivative, then the least square method should be used to extract the flutter
derivative, and the flutter derivative under different wind speeds is shown in Table 3.

Table 3. Flutter derivatives of Xiangshan Harbor Bridge.

Wind
Speed
(m/s)

Reduction
Wind
Speed

H1* H2* H3* H4* A1* A2* A3* A4*

2 1.47 −0.31 −0.12 −0.05 0.61 0.07 −0.0019 0.033 −0.010
4 2.94 −0.64 −0.16 −0.14 0.52 0.12 −0.0078 0.073 −0.002
6 4.41 −0.99 −0.30 −0.48 0.43 0.24 −0.021 0.177 0.008
8 5.88 −1.39 −0.36 −0.62 0.32 0.38 −0.040 0.303 0.011

10 7.35 −1.82 −0.41 −1.52 0.30 0.53 −0.089 0.473 0.012
12 8.82 −1.92 −0.44 −2.27 0.24 0.65 −0.12 0.690 0.044
14 10.29 −2.17 −0.47 −3.17 0.18 0.76 −0.16 0.960 0.051
16 11.76 −2.53 −0.52 −4.21 0.07 0.87 −0.21 1.275 0.061
18 13.24 −2.86 −0.56 −5.38 −0.03 0.91 −0.27 1.642 0.067
20 14.71 −3.16 −0.63 −6.70 −0.12 1.08 −0.33 2.047 0.079
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3.3. Calculation of the Bridge Flutter Critical Wind Speed

As mentioned above, in order to realize the time-history analysis of bridge flutter, the
flutter derivatives obtained should be time-domain processed, namely, the parameters in
Equation (4) should be solved. Rational function parameter fitting was carried out for the
flutter derivative of Xiangshan Harbor Bridge. Generally, in the process of rational function
fitting, the number of nonlinear terms is two, that is, m = 4, which can meet the accuracy
requirements. Therefore, each self-excited force expression needed to solve six parameters
to be fitted, namely A1, A2, A3, A4, d1, d2.

The flutter derivative data of Xiangshan Harbor Bridge calculated by Fluent software
was fitted and solved in Matlab, which was divided into the following four steps:

1. Create the corresponding target function.
2. Read the flutter derivative data and the reduction wind speed data.
3. Determine the initial value of these parameters to be fitted and set the search condi-

tions d1,d2 > 0.
4. Transform the initial value, then start the cycle iteration to find the optimal solution,

and take the minimum residual value of the target function as the optimal result.

Table 4 lists the parameter fitting results of the flutter derivative of Xiangshan Harbor
Bridge, which could be substituted into Equation (4) to obtain the calculation formula of
the self-excited force on Xiangshan Harbor Bridge for the flutter time-history analysis.

Table 4. Time-domain fitting of flutter derivatives of Xiangshan Harbor Bridge.

Self-Excited
Force A1 A2 A3 A4 d1 d2

Lseh −0.1141 −17.348 479.926 −0.0286 30.026 0.4648
Lseα −1.3287 −1.0653 1.2277 0.1474 1.5640 1.9191
Mseh 0.0144 0.4450 0.0813 −0.0856 2.1176 2.7743
Mseα 0.4266 −0.0361 −0.0942 0.0183 0.3744 3.5885

According to the flutter analysis process and calculation method mentioned above, the
flutter time-history analysis of Xiangshan Harbor Bridge was carried out in ANSYS. After
removing the unstable part of motion, the time-history curve of the mid-span displace-
ment of Xiangshan Harbor Bridge was obtained, as shown in Figures 10–12 at different
wind speeds.
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Figure 10. Time-history curve of mid-span displacement of Xiangshan Harbor Bridge when wind
speed was 50 m/s. (a) Vertical displacement; (b) Angular displacement.
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Figure 11. Time-history curve of mid-span displacement of Xiangshan Harbor Bridge when wind
speed was 64 m/s. (a) Vertical displacement; (b) Angular displacement.
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Figure 12. Time-history curve of mid-span displacement of Xiangshan Harbor Bridge when wind
speed was 75 m/s. (a) Vertical displacement; (b) Angular displacement.

According to Figure 10, when the wind speed was 50 m/s, the mid-span vertical
displacement of the main girder of the cable-stayed bridge and the torsional displacement
showed a convergence trend, which shows that no flutter occurs in Xiangshan Harbor
Bridge at the wind speed 50 m/s. However, when the wind speed increased to 64 m/s,
it was concluded that the cable-stayed bridge reached the critical state of flutter, and its
time-history curve of mid-span displacement is shown in Figure 11 where, with the increase
of time, the motion state became stable and then the displacement amplitude was a constant.
At this time, the cable-stayed bridge is in the critical state of flutter instability, so the flutter
wind speed of Xiangshan Harbor Bridge is 64 m/s.

When further increasing the wind speed, bridge flutter occurs, and the motion state
of the cable-stayed bridge after flutter is explored. In order to more obviously display the
motion state of the cable-stayed bridge after flutter, the time-history curve of mid-span
displacement of the cable-stayed bridge is shown in Figure 12, where the wind speed was
75 m/s. It can be found that the mid-span vertical displacement of the main girder of
the cable-stayed bridge and the torsional displacement showed a trend of departure and
dispersion, which proves that when the wind speed reaches 75 m/s, the flutter instability
of Xiangshan Harbor Bridge has occurred.
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3.4. Influence of Main Beam Stiffness on Flutter Stability

One of the most important factors causing the flutter instability of bridges is the
decrease in the stiffness of the bridge. With the increase of bridge span, the overall stiffness
of bridges decreases, the flexibility increases, and the sensitivity to wind loads increases.
In this research, the elastic modulus E of the steel were changed to represent the change
of the main beam stiffness, which was adjusted to 0.5, 0.75, 1.0, 1.25 and 1.5 times of the
design value, respectively. Then, the variation law of the critical flutter wind speed with the
stiffness of the main beam could be obtained, while other parameters remain unchanged.
The calculation results are shown in Figure 13.
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Figure 13. Change curve of flutter critical wind speed with stiffness of main beam.

As can be seen from Figure 13, the critical flutter wind speed of Xiangshan Harbor
Bridge presented an S-shaped change when the stiffness of the main beam was between
0.5 times and 1.5 times design value. With the increase of the stiffness of the main beam,
the critical flutter wind speed increased from 58 m/s when the stiffness of the main beam
was 0.5 times to 72 m/s when the stiffness of the main beam was 1.5 times, which is 24.14%
higher than that of when the stiffness of the main beam is 0.5 times. The main reason for
this phenomenon is that the increase of the stiffness of the main beam improves the torsion
frequency of the bridge, which has a positive correlation with the flutter critical wind speed.
In general, the change of main beam stiffness is directly proportional to the flutter critical
wind speed of Xiangshan Harbor Bridge.

3.5. Influence of Wire Breaking Rate of Cables on Flutter Stability

During the long-term operation of Xiangshan Harbor Bridge, wire breakage of stay
cables will inevitably occur with the load effect and environment influence, which will
affect the cross-sectional area of the cable and lead to the reduction of structural safety per-
formance. For the stay cables of the bridge, Lan [42] pointed out that the wire breaking rate
of 10% could be taken as the end point of stay cable life through experiments. In order to
better discuss the influence of wire breakage rate on flutter instability wind speed, the wire
breaking rates of 5%, 10%, 15% and 20% were analyzed. The wire breaking rate was simu-
lated by the change of the cross-sectional area of each cable, so as to achieve the target wire
breaking rate. The critical flutter wind speed of Xiangshan Harbor Bridge was calculated
under different wire breaking rates. The calculation results are shown in Figure 14.
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Figure 14. Change curve of flutter critical wind speed with wire breaking rate.

It can be seen from Figure 14 that when the wire breaking rate was between 0 and 5%,
the flutter instability wind speed of Xiangshan Harbor Bridge was almost unchanged. When
the wire breaking rate was between 5% and 10%, the flutter critical wind speed decreased
slowly with the increase of wire breaking rate, that is, from 64 m/s to 63 m/s. However,
when the wire breaking rate exceeded 10%, the critical flutter wind speed decreased rapidly.
The critical flutter wind speed decreased from 63 m/s to 57 m/s. This indicates that if
the cable is replaced in time according to the maintenance requirements during the bridge
operation, and the wire breaking rate of the cables is below 10%, and the impact on the
critical flutter wind speed of Xiangshan Harbor Bridge is very small. Once it exceeds 10%,
the critical flutter wind speed will decrease rapidly.

3.6. Influence of Damping Ratio on Flutter Stability

The overall bridge damping under wind load is composed of bridge structural damp-
ing and aerodynamic damping under wind. When bridge flutter occurs, the overall
damping of the bridge structure changes from positive to negative, so it was necessary to
consider the influence of bridge structure damping on the critical wind speed of flutter
instability. The damping ratio was set to 0, 0.3%, 0.5% and 1%, respectively, and the change
curve of flutter critical wind speed of Xiangshan Harbor Bridge is shown in Figure 15.
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Figure 15. Change curve of flutter critical wind speed with damping ratio.
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Figure 15 shows that the critical flutter wind speed of Xiangshan Harbor Bridge
increased with the increase of damping ratio. When the damping ratio changed from 0 to
1%, the critical flutter wind speed increased from 50 m/s to 73 m/s, and the growth rate of
the critical flutter wind speed was faster at the damping ratio 0–0.5% than that at 0.5–1%.

3.7. Influence of Cable Breakage Position on Flutter Stability

During the service of the bridge, some special situations or replacing of cables will lead
to the overall loss of the cable (or cable breakage). In order to explore the influence of cable
breakage position on flutter instability wind speed, the cable breaks at the middle position
of the main span, the quarter position of the main span and the bridge tower position,
which were termed as Condition 1, Condition 2 and Condition 3, respectively, are shown in
Figure 16. The results of the flutter critical wind speed of the bridge are listed in Table 5.
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Table 5. Flutter critical wind speed of Xiangshan Harbor Bridge at different cable breakage location.

Cable Breakage Position Condition 1 Condition 2 Condition 3 Initial State

Critical flutter wind speed
(m/s) 53 60 63 64

As can be seen from the above table, the cable in the middle of the main span had
the greatest influence on the flutter critical wind speed. When the cable in the middle of
the main span broke, the flutter instability wind speed dropped to 53 m/s, which is 17.2%
less than the initial normal-use state. Meanwhile. the cable breakage close to the bridge
tower had almost no influence on the flutter instability wind speed. Therefore, the wind
environment should be paid close attention when the cable is replaced near the middle of
the main span, so as to avoid wind-induced flutter of the bridge.

4. Flutter Reliability Analysis of Xiangshan Harbor Bridge
4.1. Flutter Reliability Analysis

According to the analysis of the influence law for flutter instability parameters, it could
be found that the influences of main beam stiffness, wire breaking rate, damping ratio
and cable breakage location on flutter stability cannot be ignored. Therefore, the flutter
reliability of Xiangshan Harbor Bridge was analyzed considering these four parameters
and the actual situation.

For the flutter uncertainty analysis of Xiangshan Harbor Bridge, according to the
results of the above parameters affect, there are four random parameters, including the
main beam stiffness, the wire breaking rate, the damping ratio and the cable breakage
location. The design value of the stiffness of the main beam was 0.75 times that of the
bridge under initial state, and the stiffness of the main beam was changed by adjusting
the elastic modulus E of the steel material, so the design value of the main beam stiffness
was 1.575 × 105 MPa and the variation coefficient was 0.05. The wire breaking rate was
20% for reliability analysis, so the design value of the overall cable cross-sectional area was
0.20085 m2, and its variation coefficient was 0.05. The variation coefficient of main beam
stiffness and cable cross-sectional area was determined in accordance with the relevant
literature on bridge reliability and relevant suggestions in Uniform Standard for Reliability
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Design of Engineering Structures [43]. The design value of the damping ratio was 0.3%,
and its variation coefficient is often assumed to be in the range of 0.15 to 0.88 because the
structural damping ratio is lower and the variation coefficient is higher, so the variation
coefficient of damping ratio in this study took the middle value 0.4. However, there is no
corresponding standard for the cable breakage location, so in order to make the sampling
result more consistent with the actual situation the design value was set as five and the
variation coefficient was 0.5. According to the above description, using MATLAB and the
Latin hypercube sampling method, the parameters were sampled 30 times, and the accuracy
could meet the requirements. These four uncertain parameters and their distribution types
are summarized in Table 6.

Table 6. Random parameter distribution types and values.

Random Parameter Distribution Type Mean Value Variation Coefficient

Stiffness of main girder Normal distribution 1.00 0.05
Wire breaking rate Normal distribution 1.00 0.05

Damping ratio Normal distribution 1.00 0.40
Cable breakage location Normal distribution 1.00 0.50

Note: (1) Mean value is the ratio of actual value to design value; (2) in actual calculation, the wire breaking rate
is realized by adjusting the cross-sectional area of the stay cable; (3) regarding the cable breakage location, the
distance between the mid-span and the bridge tower was divided into 10 parts, the cable breakage location was
determined by the design value five multiplied by the sampled value, if the value was negative or the value was
greater than 10, the cable breakage location was the closest to the bridge tower.

MATLAB software was used to realize the sampling of LHS, and 30 random sampling
times are listed in Table 7. In the process of flutter instability analysis, the actual value of
each parameter was equal to the design value multiplied by the sampling value in Table 7,
and then the actual values were input into the finite element model to calculate the critical
flutter wind speed. When calculating the critical flutter wind speed of the bridge, if a
certain parameter took the sampling value for calculation, other parameters took the design
value. Then, the flutter instability of the deterministic analysis of the cable-stayed bridge
was finished, and the critical wind speed of flutter instability was obtained on the basis of
Section 3.3. The 30 groups of deterministic analysis results are listed in Table 8, and the
statistic parameters of the flutter critical wind speed are listed in Table 9.

Table 7. Results of Latin hypercube sampling performed 30 times with different parameters.

Number Stiffness of Main Girder Wire Breaking Rate Damping Ratio Cable Breakage Location

1 0.923709 0.966521 0.397121 1.285030
2 0.978303 0.973576 1.125546 0.552123
3 0.943786 1.005954 0.977282 −0.024684
4 0.949115 0.993655 0.858008 1.106805
5 1.046271 1.012304 0.756266 1.241252
6 1.041689 0.987206 1.100707 1.716483
7 0.999166 0.923709 0.652328 1.001545
8 1.095844 0.978303 1.823723 0.635685
9 1.024584 1.053701 1.298578 1.578594
10 0.926544 1.000593 1.161744 0.715661
11 0.966521 1.024584 0.511513 1.168349
12 1.067997 1.084866 1.240521 1.631187
13 0.987206 1.021351 1.407390 0.256723
14 0.979184 0.926544 0.690548 0.850914
15 1.005954 0.959554 1.035235 1.382220
16 1.000593 1.041689 0.738072 2.011800
17 1.053701 1.095844 1.355190 0.861031
18 1.084866 1.035579 0.585582 1.808437
19 1.012304 1.016118 0.437287 1.027163
20 1.035579 0.943786 1.005405 1.090421
21 1.026391 0.903784 1.282456 2.022600
22 0.959554 1.067997 1.497616 0.796653
23 0.903784 1.061711 0.864946 0.224175
24 1.016118 0.991424 0.161737 1.345108
25 1.021351 1.026391 0.827167 0.454660
26 0.991424 0.979184 0.901138 1.402973
27 0.993655 0.949115 0.935695 0.953122
28 0.952276 1.046271 1.665293 1.508447
29 0.973576 0.999166 1.180937 1.880601
30 1.0617110 0.952276 1.541311 0.515844
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Table 8. Flutter critical wind speed, corresponding to 30 sampling results of different parame-
ters (m/s).

Number Stiffness of Main
Girder Wire Breaking Rate Damping Ratio Cable Breakage

Location

1 59 57 53 59
2 60 57 59 60
3 59 57 58 64
4 59 57 57 55
5 61 57 56 59
6 61 57 59 63
7 61 58 55 53
8 61 57 65 60
9 60 56 61 62
10 60 57 59 59
11 60 57 54 57
12 61 56 60 62
13 60 57 62 64
14 60 58 55 57
15 60 57 58 60
16 60 56 56 64
17 60 56 61 56
18 61 56 54 64
19 60 57 53 53
20 60 58 58 54
21 60 58 61 64
22 59 56 62 58
23 59 56 57 64
24 60 57 50 60
25 60 56 56 62
26 60 57 57 60
27 60 58 57 53
28 60 56 64 61
29 60 57 60 64
30 61 57 63 60

Table 9. Statistic parameters of the flutter critical wind speed.

Flutter critical Wind
Speed (m/s)

Stiffness of Main
Girder Wire Breaking Rate Damping Ratio Cable Breakage

Location

Mean value 60 57 58 59
Standard deviation 0.63 0.67 3.46 3.52

Subsequently, the flutter reliability of the Xiangshan Harbor cable-stayed bridge could
be analyzed according to the reliability analysis method in Section 2, the functional function
of bridge flutter reliability and their corresponding parametric probability distributions in
Section 3. The functional function is Z = CwUs − GvUb and the limit state is Z = CwUs −
GvUb = 0, where the corresponding statistical eigenvalues for each variable are also known.
Then, the checking point method was used to solve the reliability index. For the convenience
of programming, the functional function was also written as g(x) = X1X2 − X3X4 and
its gradient function was gX = (X2, X1,−X4,−X3). The reliability indexes and checking
points are shown in Table 10.
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Table 10. Calculation results of flutter reliability.

Item Stiffness of Main
Girder Wire Breaking Rate Damping Ratio Cable Breakage

Location

Reliability index 2.35 2.24 2.26 2.31
Cw 0.9493 0.9525 0.9524 0.9507
Us 60.0317 56.827 56.9689 58.5988
Gv 1.454 1.4503 1.4504 1.4523
Ub 39.1955 37.3223 37.4057 38.3604

4.2. Flutter Reliability under Different Conditions

During the service period of long-span cable-stayed bridges, it is inevitable that there
will be various unfavorable situations to affect the wind-resistance stability of bridges,
such as wire breakage or even a cable completely broken. When the mean values of these
four random variables are changed, the flutter reliability index of the bridge can be also
calculated using the same method. Therefore, the statistical eigenvalues of the instability
critical wind speed can be obtained by the flutter instability analysis and LHS sampling.

The flutter uncertainty analysis of the bridge was conducted for 0.5, 1, 1.25 and 1.5
times the initial stiffness of the main girder to obtain the reliability index, and the reliability
value was converted into the corresponding failure probability. The reliability value and
corresponding failure probability under different stiffnesses of the main girder are shown
in Table 11.

Table 11. Flutter failure probability corresponding to different stiffnesses of main girder.

Stiffness of main
girder 0.5 0.75 1.0 1.25 1.5

Reliability index 2.28 2.35 2.48 2.64 2.73

Failure probability 0.0144 0.0095 0.0066 0.0042 0.0032

When the wire breaking rate was equal to 0%, 5%, 10% and 15%, the flutter uncertain
analysis of the bridge was carried out to obtain the reliability index, and the reliability
value was converted into the corresponding failure probability. The reliability value and
failure probability under different wire breaking rates are shown in Table 12.

Table 12. Flutter failure probability corresponding to different wire breaking rates.

Wire breaking rate Initial state of
bridge (0%) 5% 10% 15% 20%

Reliability index 2.48 2.47 2.45 2.38 2.24

Failure probability 0.006 0.0066 0.0072 0.0087 0.0125

At the same time, the flutter uncertainty analysis of the bridge was conducted for
different damping ratios as 0, 0.5% and 1% to obtain the reliability index, and the reliability
value was converted into the corresponding failure probability. The reliability value and
failure probability under different damping ratios are shown in Table 13.

Table 13. Flutter failure probability corresponding to different damping ratios.

Damping ratio 0% 0.3% 0.5% 1%

Reliability index 1.96 2.26 2.46 2.73

Failure probability 0.0249 0.0120 0.0070 0.0032

Finally, the flutter uncertainty analysis of the bridge was carried out when the cable
breakage position is located at the bridge tower, midpoint of the main span and 1/4 of
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the main span to obtain the reliability index, and the reliability value was converted into
the corresponding failure probability. The reliability value and failure probability under
different cable breakage location are shown in Table 14.

Table 14. Flutter failure probability corresponding to different cable breakage location.

Broken cable position Random location Bridge tower Main span 1/4 Bridge span midpoint

Reliability index 2.31 2.42 2.32 2.08

Failure probability 0.0103 0.0077 0.0101 0.0189

5. Conclusions

In this research, the Xiangshan Harbor cable-stayed bridge in Ningbo, China was taken
as the background, and the flutter instability wind speed was solved by using the finite
element model established by ANSYS and the computational fluent dynamic model by
FLUENT. Meanwhile, the influence of parameters was analyzed, and the flutter reliability
calculation was carried out to obtain the reliability index and failure probability of the
flutter of Xiangshan Harbor Bridge. The following conclusions can be drawn:

(1) The flutter derivative of the bridge can be obtained based on CFD calculation,
and the flutter derivative can be effectively time-domainized by combining the rational
functions and impulse-response function. The flutter calculation of the cable-stayed bridge
in time-domain is realized in Ansys Parametric Design Language (APDL), and the critical
flutter wind speed of Xiangshan Harbor bridge at 0◦ wind attack angle is calculated, which
is 64 m/s.

(2) The influence of these four key parameters on the bridge flutter is researched,
including the stiffness of main girder, the wire breaking rate, the damping ratio and
the cable breakage location. The critical flutter wind speed of Xiangshan Harbor Bridge
increases in an S-shape with the increase of main girder stiffness, and the increasing
amplitude is slow in the early stage, fast in the middle stage and slow in the late stage.
When the wire breaking rate of the cable is less than 10%, the change of the critical flutter
wind speed of Xiangshan Harbor Bridge is small. Once the wire breaking rate exceeds 10%
the critical flutter wind speed will decrease rapidly, so the cable should be replaced in time,
according to the maintenance requirements. When the damping ratio changes from 0 to 1%
the critical flutter wind speed increases from 50 m/s to 73 m/s, and the critical flutter wind
speed increases faster than that of 0.5–1% during 0–0.5%. Three kinds of cable breakage
positions are studied, and the cable breakage in mid-span position has a great influence
on the bridge flutter, so special attention should be paid to the wind environment when
replacing the stay cables of the bridge.

(3) The Latin hypercube sampling method is used to carry out a flutter uncertainty
analysis of the bridge considering the influence of parameter uncertainty, and on this basis,
the design checking point method is used to calculate the flutter reliability analysis. The
flutter reliability indexes of Xiangshan Harbor Bridge for these four parameters, under the
most unfavorable conditions such the stiffness of main girder, wire breaking rate, damping
ratio and cable breakage location are 2.28, 2.24, 1.96 and 2.08, respectively.

(4) The flutter reliability analysis of the bridge for these four parameters in different
cases shows that the reliability index is less than 2.2 and the failure probability is greater
than 0.01 when the stiffness of main girder is less than 0.5 times initial stiffness of the
bridge, the wire breaking rate of the bridge is greater than 20%, the damping ratio is less
than 0.3% and the cable breakage location is in the mid-span of the bridge. Once these
situations occur during the bridge operation, the corresponding methods should be taken
to reduce the risk probability and improve the reliability of the bridge structure.
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