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Abstract

In this thesis, we study the spectrum of Schrédinger operators with complex potentials and
Dirichlet Laplace operators on domains with rough boundaries. The focus is on spectral
approximation results and a-priori bounds for the location and distribution of eigenvalues.
Chapter 1 provides an overview of our main results and Chapters 2 - 5 are based on the papers
[130, 129, 79, 121] respectively.

In Chapter 2, spectral inclusion and pollution results are proved for sequences of linear
operators of the form 7+ iYs, on a Hilbert space, where s, is strongly convergent to the identity
operator and ¥y > 0. We work in both an abstract setting and a more concrete Sturm-Liouville
framework. The results provide rigorous justification for a method of computing eigenvalues
in spectral gaps.

In Chapter 3, we consider Schrodinger operators of the form Hg = —d?/dx? 4+ g + IYX[0.R]
for large R > 0, where ¢ € L!(0,%0) and y > 0. Bounds for the maximum magnitude of an
eigenvalue and for the number of eigenvalues are proved. These bounds complement existing
general bounds applied to this operator, for sufficiently large R.

In Chapter 4, we prove upper and lower bounds for sums of eigenvalues of Lieb— Thirring
type for non-self-adjoint Schrodinger operators on the half-line. The upper bounds are estab-
lished for general classes of integrable potentials and are shown to be optimal in various senses
by proving the lower bounds for specific potentials. We consider sums that correspond to both
the critical and non-critical cases.

In Chapter 5, we prove a Mosco convergence theorem for Hé spaces of bounded Euclidean
domains satisfying a set of mild geometric hypotheses. For bounded domains, this notion
implies norm-resolvent convergence for the Dirichlet Laplacian which in turn ensures spectral
convergence. A key element of the proof is the development of a novel, explicit Poincaré-type
inequality. These results allow us to construct a universal algorithm capable of computing the
eigenvalues of the Dirichlet Laplacian on a wide class of rough domains. Many domains with
fractal boundaries, such as the Koch snowflake and certain filled Julia sets, are included among
this class. Conversely, we construct a counter example showing that there does not exist a
universal algorithm of the same type capable of computing the eigenvalues of the Dirichlet

Laplacian on an arbitrary bounded domain.
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Chapter 1
Introduction

The spectral theory of differential operators plays a crucial role in the study of ordinary
and partial differential equations, which are ubiquitous in the mathematical study
of science and engineering. In this thesis, we approach this topic from two view-
points. On one hand, we prove spectral approximation results, which rigorously justify
algorithms for the numerical computation of spectra. On the other hand, we prove
various bounds which give us a-priori information on the location and distribution of
eigenvalues, without the need for any computation.

Spectral theory is a topic with a rich history, with the self-adjoint theory being
particularly developed. Throughout much of this thesis, we work with non-self-adjoint
operators, which present new challenges. We also address issues of a different nature,
caused by the presence of rough geometries, for instance fractal boundaries.

This chapter is devoted to giving an overview of the results in the remaining
chapters. The focus is on providing a clear exposition and we do not shy away from
stating our results with less than full generality in order to improve the clarity of
exposition. Note that the remaining chapters may be read independently of this chapter,
and of each other.

Theorem 1.0. In this chapter, the main results are underlined like this.

Structure of chapter

Section 1.1: We present a detailed analysis of certain non-self-adjoint perturbations
called dissipative barriers. Such perturbations have the curious property that they may
induce eigenvalues accumulating to an approximate copy of the spectrum shifted in
the complex plane, and have applications to numerical computation of spectra.

The main results are: Theorems 1.6, 1.8, 1.10, 1.11, 1.12.

Section 1.2: We present bounds describing the distribution of eigenvalues of Schrodinger

operators with complex potentials on the half-line. These bounds generalise the clas-
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sical Lieb-Thirring inequalities. In particular, our results illuminate the role of critical
parameters in the case of non-self-adjoint operators.

The main results are: Theorems 1.13, 1.14, 1.15, 1.18, Corollaries 1.16, 1.17.
Section 1.3: Motivated by problems on the computational complexity of the eigenvalue
problem, we present spectral approximation results for the Dirichlet Laplacian on
rough domains. In particular, this involves establishing a new Poincaré-type inequality.

The main results are: Theorems 1.20, 1.22.

Notation and conventions

Let .77 be a separable Hilbert space with corresponding inner product (-,-) and norm
||I]|- The domain and spectrum of a linear operator 7 on .7 is denoted by D(T') and
o (T) respectively

For bounded operators B,, n € N, and B on 7, recall that strong convergence,
denoted by B, — B as n — oo, is said to hold if B, f — Bf as n — oo for every f € €.
For f, € 77, n € N, and f € JZ, recall that weak convergence, denoted by f,, — f as
n — oo, is said to hold if (f,,g) — (f,g) as n — oo for every g € 7.

In this thesis, we define the essential spectrum of an operator 7 on 7 by

(1.1)

o.(T) = {1 c ¢ . ) CD(T) with [|un|| = 1’}

ty — 0, [|(T = A)itn]] — 0

which corresponds to 6, in [61]'. The sequence (u,) appearing in (1.1) is referred to
as a singular sequence. Furthermore, the set of isolated eigenvalues of finite algebraic
multiplicity? is referred to as the discrete spectrum and is denoted by oy(7'). Note the
geometric multiplicity of an eigenvalue (i.e. the dimension of the eigenspace) never
exceeds the algebraic multiplicity.

We adopt the convention that R| = R3¢ = {xeR:x>0}. Ryp, R, etc. are
defined similarly. The convention we take with regards to the square-root function
is to make the branch-cut along R, so that Im,/z > 0 for all z € C. Finally, Bx(0)
denotes an open ball of radius X about the origin in C or R.

'In fact, for non-self-adjoint operators there are at least five non-equivalent conventions for the
definition of essential spectrum, which all coincide for self-adjoint operators [61, Theorem 1.6].

>The algebraic multiplicity of an eigenvalue is defined as the dimension of the image of the
corresponding Riesz spectral projection [93, eqn. 2.47].



1.1 Dissipative barriers 3

1.1 Dissipative barriers

In this section, we study a class of non-self-adjoint perturbations which we call
dissipative barriers. In their most general form, the perturbed operators we consider
take the form

T, = To +iYsy, neN, (1.2)

where Tj is a unbounded operator on a Hilbert space 7, ¥ > 0 is regarded as a
fixed parameter and s, is a sequence of bounded, 7y-compact operators (see [61,
Chapter III, Definition 7.3]) such that s, — I strongly as n — oo In addition, we pay
particular attention to the model case of Schrodinger operators on L?(R ) perturbed

by a “discontinuous” dissipative barriers,
d2

Hr =Ho+iYXjor = — 43

+q+ivxor, R>0, (1.3)

where ¢g is a fixed multiplication operator referred to as a background potential, X
denotes the indicator function and y > 0 is a fixed parameter.

Our results shall require additional assumptions, which shall be stated as we go
along. For instance, the abstract result Theorem 1.8 holds for the case that Ty is self-
adjoint. For Schrodinger operators Hy, we also deal with non-self-adjoint operators Hy
(i.e. complex potentials g). In this case, we shall require other assumptions on g such
as integrability or reality and periodicity outside a compact interval, which allows for
the application of technical tools such that Levinson’s asymptotic theorem or Floquet
theory (resp.).

A key property of dissipative barrier perturbations is that they leave the essential
spectrum invariant. Assume that 7y and Hy are closed [61, pg. 95]. By the relative
compactness of the dissipative barrier perturbations iys, and iyx g, Weyl’s theorem

guarantees that

respectively (see [61, Chapter IX, Theorem 2.1]).

One of our key results on dissipative barriers states that, under suitable hypotheses
on g, for any point in the spectrum p € 6(Hy), i + iy is approximated by eigenvalues
Ar(U) € 04(HR), in the sense that

Ar(W) — u+iy as R — oo,
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In other words, for large R, the dissipative barrier iyy|o g generates an approximate
“copy” of the spectrum shifted by iy in the complex plane. The importance of such
results lies in the fact that, by numerically computing this “copy” of the spectrum, one
may avoid problems of spurious eigenvalues (that is, spectral pollution due to numerical
discretisation) that are often encountered when trying to numerically compute ¢ (H)
directly. This is explained further in Sections 1.1.1 and 1.1.2.

The rich behaviour of the eigenvalues of H for large R also makes it an interesting
example in the wider context of Schrodinger operators with complex potentials. The
operators Hp are studied from this perspective in Chapter 3 and Section 4.3; these
results are summarised below in Section 1.1.4. In particular, the special case ¢ =0
is an important counter-example in the theory of Lieb—Thirring-type inequalities for
non-self-adjoint Schrodinger operators and can be used as a building block in the

construction of more sophisticated counter-examples (see Section 4.4).

1.1.1 Motivation: spectral pollution

Consider a sequence of operators 7, n € N, intended to approximate a given limit
operator T. A point u € o(T) is approximated by the spectra of T,, if there exists
A (u) € o(Ty), n large enough, such that

An(p) = as n—» oo,

Even if every point in 6(7') is approximated by the spectra of 7,, we cannot conclude
that o(7,) is a good approximation for 6(7T') as n — oo; one must also ensure that
there is no spectral pollution. The formal definition of spectral pollution is as follows.

Definition 1.1. p € C belongs to the the set of spectral pollution of (T,),cn With
respect to 7 if it lies in the resolvent set p(7') = C\ o(T') and there exists a subsequence
(Th)ken C (Tn)nen along with spectral points A, (1) € 6(T5, ), k € N, such that

A () = 1 as k — oo.

Spectral pollution is known to cause serious issues for the numerical computations
of spectra, particularly when the operator in question has essential spectrum with band
gap structure (see [84, Figure 8] for instance). Let us look at a basic example of this

phenomenon, which motivates the results presented below.
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Consider a Schrodinger operator on the half-line endowed with a mixed boundary
condition at 0, with Robin parameter 1 € [0, 7),

Hou = —u" +qu,
ue D(Hy)={uc LX(Ry):uu € AC)0c[0,00), /" +qu € L*(Ry) (1.5)
cos(1)u(0) = sin(n)u’(0)}.

Assume that ¢ is real-valued, locally integrable in [0, ) and eventually periodic, that

is, there exists Ag, a > 0 such that
Vx>Ao: q(x+a)=qx). (1.6)

These assumptions allow for the application of the powerful tools of Floquet theory
and ensure that Hy is self-adjoint>.

Typically, o,(Hy) may have a band gap structure and Hy may have eigenvalues
in the spectral gaps. For this reason, this operator is an ideal model for investigating
spectral pollution in differential operators, and methods to overcome it.

In order to directly numerically discretise Hy with a finite-difference or Galerkin
method, the first step is to perform a domain truncation. The simplest truncated
Schrodinger operators Hy x, X > 0, take the form

Hoxu= —u"+qu, u € D(Hox) = {uljox] : u € D(Hyp), u(X) = 0}.

That is, we impose an artificial Dirichlet boundary condition at X. For each X > 0,
Hy x 1s self-adjoint and has a purely discrete spectrum which can generally be reliably
numerically computed [115].

The truncated operators Hy x approximate the limit operator H in the strong sense
and in fact in the strong resolvent sense* [7]. Invoking the self-adjointness of Hy
and Hy x, classical results tell us that therefore every point in the spectrum of Hy is
approximated by the eigenvalues of Hy x [118, Chapter VIIL.7]. This is formulated
precisely as follows.

Proposition 1.2. Let (X,),eny C Ry such that X;, — o0 as n — . Then, for every
U € o(Hy), there exists a sequence of eigenvalues A,(l) € 64(Hox,), n € N, such
that A,(1L) — W as n — oo.

If the essential spectrum of Hy is non-empty with a band structure, it is not hard to

show that the simple domain procedure described above produces spectral pollution.

3Note that self-adjointness also holds for a much wider class of real potentials.
“Thatis, (Hox —A)~' = (Hy— 1)~ " as X — oo for any A € C\R.
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This renders the spectral approximation of Hy with the operators Hy x unreliable in
general.

Proposition 1.3. > Assume that there exists —oo < a < b < oo such that [a,b] C c,(Hp).
Then for any | > b there exists an arbitrarily large X > 0 such that u € 64(Hp x).

Corollary 1.4. In addition to the hypotheses of Proposition 1.3, assume that at least
one point in (b,0) lies in the resolvent set p(Hy). Then there exist (X,),en C Ry with
lim,, 00 X, = o0 such that the set of spectral pollution of (Hy x, )neN With respect to H

is non-empty.

Now, consider a perturbation of Hy by a dissipative barrier and its truncation,
Hpg := Ho +iYXjor]; Hg x := Hox +iYXo R R, X > 0. (1.7)

In [104], Marletta and Scheichl have shown that, not only may the eigenvalues of Hg
be rapidly approximated using domain truncation methods, but in fact any spectral

pollution incurred must lie on the real line.

Theorem 1.5 ([104, Theorems 5 and 6]). For any eigenvalue g of Hg, there exists
Xo > 0, eigenvalues Ag x of Hg x, X > Xo, and Cy,Cy > 0 such that

lur — Arx| < Crexp(—C2X),  forall X > Xp.
Furthermore, for any compact set K C p(Hg)\R, there exists Xx > 0 such that
G(Hva)ﬂKZQ for all X > Xg.

Let A € C be an eigenvalue of Hg with corresponding L?-normalised eigenfunction
u. Multiplying both sides of the eigenvalue equation by % and integrating by parts, we

have

/ 2dx+/ )u(x 2dx+zy/ lu(x) 2dx = l/ 0)2dx = A.
0

Taking the imaginary part of both sides of the above equality, noting that ¢ is real-
valued, we obtain

R
ImA — iy/ lu(x)2dx > 0.
0

3Proof. For any X > 0, let A,(Hy) denote the n'" eigenvalue of Hyx. Let Xp > 0. Since the
eigenvalues of Hy x, accumulate at +oo there exists n € N such that the A,,(Ho x,) > u. By the hypothesis
and Proposition 1.2, there exists X; > X such that A, (Ho,xl) < b < u. The result follows from the
continuity of X — A, (Ho x) [89, Th. 3.1].
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We conclude that all eigenvalues of Hy lie strictly away from the real-line. Con-
sequently, Theorem 1.5 effectively demonstrates that the eigenvalues may be reliably

computed.

1.1.2 Dissipative Barrier Method

The dissipative barrier method is a strategy to avoid problems of spectral pollution
in the numerical computation for a self-adjoint operator Hy. The discussion in the
previous section brings us to the main idea of this method, which may be summarised

as follows.
1. Approximate ¢ (Hy) + iy by the eigenvalues of Hg.
2. Numerically approximate the eigenvalues of Hpg.

In this way, we could numerically approximate o (Hp) + iy (at least in a compact
subset of C), from which a numerical approximation of ¢(Hy) may be immediately
recovered. We focus entirely on Step 1, that is, the spectral approximation of the limit
operator Hy + iy by the perturbed operators Hg for large R. This is poorly understood
compared to Step 2, which has been justified by various results, such as Theorem 1.5.
Let us now present our first result. In the following theorem, and throughout
this subsection, Hg denotes perturbed Schrodinger operators on the half line with
eventually periodic background potential g, as defined by (1.5), (1.6) and (1.7).

Theorem 1.6 (Theorems 2.23 and 2.33). For any eigenvalue L, of 64(Hp), there
exists Ry > 0, eigenvalues Ag(ly) € 64(Hg), R > Ry, and C,C, > 0 such that

(ta +7) — Ar(ta)| < Crexp(—CoR)  forall  R>Ry.

Furthermore, for any U, € 0,(Hp), there exists Ry > 0 and eigenvalues Ag(lL,) €
04(Hg), R > Ry, such that

Ar(Me) = e +iy  as R — oo.

For U, € o,(Hy) lying outside of a certain set of isolated points corresponding to the
embedded resonances of Hy (see Definition 2.36), there exists C3 > 0 such that

C
|(.Ue+iy)—7LR(,ue)\<E3 forall ~R>Rs. (1.8)

Remark 1.7. In Chapter 2, this result is formulated in a more general way and we also
treat background potentials satisfying other hypotheses. For the special case g(x) = 0,
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x > Ap, an analogous result has been proven in [55]. The approximation of shifted
eigenvalues o, (Hy) + iy has been partially treated in [104] and [84], although their
results do not fully cover the first part of the above theorem (and certainly do not cover

the second).

Figure 1.1 illustrates the effect of adding a dissipative barrier to a real, eventually
periodic background potential. Note that the eigenvalues in this figure are in fact

numerically computed®.

M Without dissipative barrier

y _________________________________________________________
= O (Hp)
e 04(Ho)
Re
IMm  With dissipative barrier

m— Oc(HR)
o 0g(HR)

Figure 1.1 The effect of adding a dissipative barrier.

Embedded resonances. In Theorem 1.6, we do not have a rate of convergence
for points y, + iy, where U, € c,(Hp) is an embedded resonance. As explained in
Remark 2.37, the eigenvalues of Hy can be expressed as the zeros of a certain analytic
function. This function admits an analytic continuation past the essential spectrum
o.(Hy), revealing new zeros which we refer to as resonances. Embedded resonances
are those lying exactly on o,(Hp). Interestingly, numerical evidence indicates that the
eigenvalues of Hr behave in an exceptional way near shifted embedded resonances

(see Figure 2.3).

®For g(x) = —10%0,5)(x) + X0 20X[0.8,1) (x —n), ¥ = 30 and R = 40.
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Spectral pollution. Note that Theorem 1.6 does not say anything about spectral
pollution incurred by the dissipative barrier, that is, the set of spectral pollution of
(HRg, )nen With respect to Hy + i, for sequences (R,),eny C R4 Since o, (Hp) is a
subset of o(Hg) for all R, it belongs to this set of spectral pollution, for any (Ry),eN-
In Chapter 2, we construct an analytic function whose zero set encloses any point
of spectral pollution outside of c,(Hp) (for the case that R, — R,—| = a). Numerical
evidence suggests that, in general, there may be spectral pollution outside 6,(Hy) (see
Figure 2.4).

1.1.3 Abstract results

One appealing aspect of the dissipative barrier method is that the ideas apply to very
general classes of operators. Throughout this subsection, we consider a sequence of
operators

T, = Ty +iYsy, neN, (1.9)

on a separable Hilbert space, where y > 0 is fixed. We assume that

Ty is self-adjoint , Sp>1 as n—oo and sup ||sy]] <ee.  (1.10)
neN

The next result states that the shifted eigenvalues c,(7)) + iy are approximated by
the eigenvalues of 7, as n — oo for two classes of barrier operators s,. Furthermore,
enclosures are provided for the set of spectral pollution induced by such perturbations.
It is proven in Section 2.2 by utilising the notion of limiting essential spectrum for

unbounded operators [18].

Theorem 1.8 (Theorem 2.12). Assume that the operators defined by (1.9) and (1.10)
satisfy one of the following hypotheses.

(a) sy is a projection operator for all n, that is, s> = s,. In this case, let

T, = {/1 € C:Im(A) € 0,7, dist(Re(1), 6+(Tp)) < \/Im(l)(}/—lm(l))}.

(b) For any sequence (un)nen C D(To) with sup,,||u,|| < oo and sup, || Tou,|| < oo, we
have

(Snttn, Toun) — (Toun, Spity) — 0 as n — oo,

In this case, let
Iy = 0.(Ty) +i[0,7].
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Fa —OC(T()) UOC(T0+i”y)
a» :
0

Fb —OG(T()) UOC(T0+i’7)

Figure 1.2 An illustration of the sets I, and I',.

Then, for any 1 € 64(Tp), there exists ng € N and eigenvalues A, (1) € 64(T), n > ng
such that
An(u) — u+iy as n— oo,

Furthermore, the set of spectral pollution of (T,),en with respect to Ty + 1Y is contained

in Iy or 'y, respectively.

Both hypotheses (a) and (b) can be verified in a variety of interesting concrete
settings, for instance, partial differential operators and infinite matrices. For the case
of operators on L?>(R ), “barrier” operators s, satisfying these hypotheses can be
constructed as follows.

sn(T) [ =3 sp(x) [ =4
T - 4 -
(a)
- -7
2 4
sn(@) s;(w) n—4
1] 1
(b) \ \
\ ~ -T ] ——Z
1 2 2 4

Figure 1.3 An illustration of the multiplication operators s, constructed in Example
1.9.

Example 1.9. (a) Let s, be a multiplication operator on L?>(R ) defined for any
ucL*(R.) by
(5w0)(X) = Koy (u(x),  xER,.

Then s, satisfies hypothesis (a) of Theorem 1.8.
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(b) Let ¢ : Ry — [0, 1] be any smooth function such that supp ¢ C [0,1] and ¢ = 1
on [0, %] Let s, be a multiplication operator on L?>(R ) defined for any u €
L*(R+) by

(su) (¥) = 9(x/mu(x),  xER..

Then, s, satisfies hypothesis (b) of Theorem 1.8.

A consequence of Theorem 1.8 is that, any eigenvalue of 7, outside of I', or I,

must be near to an eigenvalue of Ty + iy for large n, or more precisely,
Ve>0:3npeN:Vn=ng: VA, € 04(T,)NI:  dist(A,, 04(T0) +iy) <€ (1.11)

where I' =T, or I';, respectively. Returning to the numerical analysis point of view,
suppose that we know the essential spectrum o, (7p). In this case, we could compute
[, or ', and restrict our attention to the eigenvalues of 7, in C\I". Then (1.11)
indicates that these eigenvalues can be taken as an approximation for the shifted
discrete spectrum o, (Hp) + iy.

1.1.4 Eigenvalue bounds

Spectral enclosures. Any eigenvalue A of a Dirichlet Schrodinger operator on the
half-line with a complex-valued potential g € L' (R, ) (i.e. the operator (1.20)) is
contained in a closed ball of radius HqH%l,

A1V < Il (1.12)

This inequality may be shown to be sharp’ by, essentially, considering a potential of
the form g(x) = ¢6(x—b), where c € C, b € R and ¢ is the Dirac delta distribution
[69, Theorem 1.1].

Now consider a Dirichlet Schrodinger operator of the form

2

He=—4a

+q+iyxor ~on  L*(Ry) (1.13)
where ¢ € L' (R, ) may be complex-valued, ¥ > 0. Informally speaking, a potential
that can be decomposed into the form g+ iyx|o z) for large R looks very different from
a Dirac delta distribution, in the sense that its mass is spread over a large region. This

raises the question:

7In fact (1.12) can be improved to |4|'/2 < g(8)]|¢||,1 where g(8) is a function depending on the
complex argument 0 of A, and taking values in [1/2,1].
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Q: Does (1.12) (with g replaced by g + iyx|o r)) give a good enclosure for the
eigenvalues of Hg for large R? Can it be improved for this case?

Asymptotically, (1.12) gives the estimate |Ag|'/? = O(R) as R — co. Our next
result not only gives a logarithmic improvement for this estimate, but also states that
eigenvalues of Hg are bounded independently of R along any ray other than R, .

Theorem 1.10 (Theorem 3.4). There exists X = X(y,q) > 0 such that
04(Hg) C Bx(0)UT,

where Hp refers to the operator (1.13) and
[y :=(0,00) +i(0,7).

Furthermore, there exists Ry = Ro(7,q) > 0 such that any eigenvalue A of Hg, R > Ry,
satisfies
SYR

A =iyl logR

(1.14)

Figure 1.4 An illustration of the spectral enclosure provided by Theorem 1.10.

Number of eigenvalues. Now consider the case that the background potential ¢
satisfies one of the following two assumptions:

(1) g is compactly supported,

(i1) (Naimark condition) There exists ¢ > 0 such that

/()ooe"x|q(x)|dx<oo. (1.15)
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Note that first condition is stronger, since compactly supported potentials satisfy the
Naimark condition, and we obtain stronger results for this case accordingly.

By a classical result of Naimark [108], if the background potential satisfies assump-
tion (i) or (ii) above, then the number of eigenvalues (counting algebraic multiplicities)
N(HR) of Hg is finite.

In Section 2.4, we prove that, under assumption (i) or (ii) above, every point in

ivy+ R is approximated by the eigenvalues of Hg. As a consequence, it must hold that
N(HR) — o as R — co.

A natural question to ask is:
Q: How fast does N(Hp) tend to o?

We first address upper bounds for N(Hg). A lower bound shall later be also provided
for the case ¢ = 0.

In [68], Frank, Laptev and Safronov provided a quantitative upper bound for the
number of eigenvalues of Schrodinger operators with potentials satisfying the Naimark
condition. It is shown in Section 3.1 that, applied to perturbed operators Hg such that
g satisfies the Naimark condition, their result gives the asymptotic estimate

N(Hg)=O(R*) as R— oo,

More recently, Korotyaev has proven a bound specific to compactly supported poten-
tials [90]. This bound gives a improved asymptotic bound for perturbed operators Hg
such that g is compactly supported,

N(Hg) = O(R*) as R— oo,

Note that this asymptotic improvement extends beyond operators of the specific form
Hpr to more general semiclassical Schrodinger operators with compactly supported
potentials (such operators are considered in Remark 4.10 for instance). The next result
shows that further improvements are possible for the operators Hg, even when the
background potential is not compactly supported (in which case Korotyaev’s result

does not apply).

Theorem 1.11 (Theorems 3.10 and 3.14). Consider the perturbed Dirichlet Schrodinger
operator (1.13) with a background potential g € L'(R.) and y > 0.
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(a) If q is compactly supported, then there exists Ry = Ry(q,y) > 0 such that

2
N(HR) < 1R

X7 A ) R >R0
log2 logR

(b) If q satisfies the Naimark condition, then there exists Ry = Ry(q,y) > 0 such that

VX +c 72R3
2 (logR)?’

N(Hg) < 10° R >Ry,
where X > 0 is the constant from Theorem 1.10 and ¢ > 0 is the constant

appearing in (1.15).

While the above bound (a) is based on an application of Jensen’s formula, the
proof of (b) involves proving a customised complex analysis estimate (see Proposition
3.12) adapted to the problem at hand. It is possible that elements of the proof could
be useful in the future to prove more general bounds for the number of eigenvalues
of Schrodinger operators. An interesting feature of both bounds (a) and (b) is the
logarithmic improvement, which happens to come directly from the logarithm in the
magnitude bound (1.14).

Free barrier. In the case of trivial background potential ¢ = 0, we denote the
perturbed Dirichlet Schrodinger operators Hg studied above as

d2

_@_FiYX[O,R]v Y,R > 0. (1.16)

Lygr:=

Despite its simplicity, this family of operators is at the centre of a variety of crucial
counter-examples in the theory of Lieb-Thirring-type inequalities. Such counter
examples are studied in Chapter 4 and discussed in Section 1.2.

Compared to upper bounds such as Theorems 1.10 and 1.11, lower bounds for
properties of the eigenvalues (e.g. the maximum magnitude) are often harder to prove.
This is due to the requirement of proving existence of complex eigenvalues with given
properties. This is especially true in the case of lower bounds for the number of
eigenvalues, or sums of eigenvalues, where we are required to prove the existence of
large families of eigenvalues.

The next result allows us to prove such lower bounds for Ly g. Let 1/~ denote the
branch of the square root function such that Im,/z > 0 for z € C\Ry.
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Theorem 1.12 (Proposition 4.16 and Lemma 4.17). Suppose that R > 600(}/3/ 4+

}/_3/ 4). Then there exist distinct eigenvalues

1 yR?
i € 04(Lyr), J {32nlogRJ
which satisfy
Re(A)>0, 2 <Im(A)<y
and

Aj— . (1.17)

i i
l’y:ﬁ

\/A,j—l"}/—\/lj .
1 2
Og< Aj—iv+ /4 e

An immediate consequence of this is that there exists C > 0 such that for all large

enough R,
R2

N(L >C——;
( Y’R) logR

(1.18)

This demonstrates that Theorem 1.11 (a) gives an order sharp large R estimate.

Although (1.17) is not explicitly resolved in terms of A;, it still gives detailed
information about the location of the individual eigenvalues A; since the logarithm
term can often be effectively estimated. A consequence of Theorem 1.12 is Proposition
4.19, which implies that there exists C > 0 such that for all large enough R,

R
sup [A|'Y2>=cC

, (1.19)
Aecy(Lyr) logR

proving that inequality (1.14) in Theorem 1.10 gives an order sharp large R estimate.

1.2 Ciritical case Lieb-Thirring inequalities

Schrédinger operators with real-valued potentials form the central object in non-
relativistic quantum mechanics. When the potentials are allowed to be complex, the
theory drastically changes since the operators become non-self-adjoint. As well as the
applications in numerical analysis described in the previous section, complex potentials
appear in the study of systems with energy loss or gain, such as open quantum systems
and the damped wave equation [63, 126].

In this section, we give an overview of the results of Chapter 4, which describe the
eigenvalues of Dirichlet Schrodinger operators on the half-line with complex potentials
geL'(Ry),

Hu=—u"+qu, ueD(H,)={ucHyRy): —u"+que*(Ry)}. (1.20)
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For such operators, we have o,(H,) = [0,%) and the spectrum may be decomposed as
o(Hy) = { A }N_ U0,00), where A, € 04(H,) satisfy A" < gl

and N € Ny U {e} [69]. Note that eigenvalues of higher algebraic multiplicity are
repeated accordingly in {1, }"_,. It is known that the number of eigenvalues N may
be infinite, in which case the eigenvalues A, must accumulate to a point in [0, ).

We focus on studying sums of the form,

N di )L}’HR+)
Z TRl >0 (1.21)

which describe the distribution of the eigenvalues with respect to the essential spectrum
R and the origin of the complex plane. Lieb-Thirring sums, and the corresponding
inequalities, originally arose out of the theory of self-adjoint Schrodinger operators
and quantum mechanics, where they play a crucial role in the proof of stability of
matter. Here, we are concerned with generalisations for non-self-adjoint operators.
Sums of this form also arise out of the complex analysis underlying the problem and
represent an interesting connection between complex function theory and spectral
theory. Note that our results also apply to a wider class of Lieb—Thirring sums (see
Proposition 4.23).

When g is real-valued, H, is self-adjoint and the isolated eigenvalues are strictly
negative, A, < 0. In this case, the distribution of the eigenvalues is described by the
classical Lieb-Thirring inequality,

N [o'e]
Y 4|12 < C(e)/ g—(x)'Edx, £>0 (1.22)
n=1 0

where C(€) > 0 and g_ (x) denotes the negative part of ¢(x). For negative eigenvalues
Ay, we have dist(A,, R ) = |A,| so the sum S¢(H,) coincides with the sums in (1.22).
In both (1.21) and (1.22), € = 0 corresponds to a critical case. As shall be further

explained, the isolated eigenvalues can be expressed in a very natural way as
A = z,%, zn € Cq,

where {z, }2\]:1 are the zeros of a certain analytic function in the upper half plane. Then

the sum Sy(H,) is equivalent to the sum

N
=) Img, (1.23)
n=1
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in the sense that J(H,) < So(H,) < 2J(H,) (see (4.8)). The sums J(H,), which we
refer to as Jensen sums, arise in Jensen’s formula from complex analysis as well as in

the Blaschke condition for the upper-half-plane (see Remark 4.13).

1.2.1 Main results

The novelty of the results in Chapter 4 lies in the fact that they provide a detailed
description of the critical case € = 0 alongside the non-critical case € > 0, for non-
self-adjoint operators. Namely, we provide upper bounds for S¢(H,) for all € > 0 and

corresponding lower bounds show the optimality of the results in various senses.

Upper bound for non-critical case. Our first result is a quantitative upper bound
for the sums S¢(H,) in the case € > 0. A key difference between our result and
the classical Lieb—Thirring inequality (1.22) is that our bound is valid for complex-
valued L' potentials, whereas the right hand side of (1.22) may be infinite for certain

real-valued L' potentials.

Theorem 1.13 (Theorem 4.5). For any € > 0, there exists C(€) > 0 such that
Se(Hq) < C(€)]lqll .

For € > 1, this result was previously proved by R. Frank and J. Sabin in [70]. R.
Frank later proved the case € =1 [66].

The Jensen sum cannot be bounded by the L! norm. The next result shows that
Theorem 1.13 provides the best possible result in terms of range of €. That is, it shows
that the inequality So(H,;) < C||g||;1 cannot hold.

Theorem 1.14 (Theorem 4.21). For all large enough R, we have

YR
So(L > ——1logR 1.24
o(LyR) 67 08 (1.24)

where Ly g denotes the operator (1.16). Consequently, we have

So(H.
sup olHy) _ (1.25)
geL'(Ry) gl

The proof of this theorem is based on an application of Theorem 1.12. A similar
result for Schrodinger operators on R has previously been obtained by S. Bogli and F.
§tampach in [22].
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Upper bound for critical case. While the previous result shows that So(H,) cannot
be bounded by the L' norm, it is nonetheless possible to prove a general upper
bound. Our idea is to introduce a pair of continuous, monotonically increasing weight

functions a,d : Ry — R such that
a(x)a(x) = x. (1.26)
We then define a weighted L! norm as

lala:= [ la)latodx. (127

The consideration of such weighted norms does not necessarily imply a loss of gener-
ality since, for any ¢ € L' (R, ), it is possible to construct a weight function a growing
slowly enough so that ||g||, < oe.

Most generally, our upper bound takes the following form.
Theorem 1.15 (Theorem 4.8). Assume that the following holds.

(i) a is strictly monotonically increasing, 4(0) = 0 and G(oo) = oo.

| ra <

1 xa(x)

Then there exists K(a, ||q||a) > O such that for all g € L'(R..) satisfying ||q||a < oo, we
have

(ii) a satisfies

So(Hg) < K(a,l[glla)- (1.28)

In particular, (1.28) ensures that So(H,) is finite. An explicit expression for
K(a,||qlls) is given in Theorem 4.8.

The purpose of Assumption (i) is to ensure that d is invertible. It imposes a
restriction on how fast a can grow, since d@(eo) = oo implies that a(x) = o(x) as x — oo.

Assumption (ii) necessitates that lim,_,. a(x) = oo and imposes a restriction on how
slowly a can grow. For example, if a(x) = log*(x — 2) for the some o > 0, then the
assumption is satisfied when o > 1 but not when o < 1. As a result of this assumption,
Theorem 1.15 is not valid for arbitrary L' potential, although the restriction it imposes
is of a logarithmic nature.

Applied to compactly supported potentials, Theorem 1.15 gives the following

bound.
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Corollary 1.16 (Corollary 4.12). Suppose the potential q € LI(R+) is compactly

supported. Then, for every R > 1 with supp(q) C [0,R], we have

1
Su(Hy) <7 |+ lall (14 1og(1-+ gl ) +1ogR) | (129
This bound gives the order sharp large R estimate for dissipative barrier potentials
So(Lyr) = O(RlogR) as R — oo, (1.30)

Applied to potentials which decay in a polynomial sense, Theorem 1.15 gives the
following bound.

Corollary 1.17 (Corollary 4.9). Let p € (0,1) and a(x) = 1 +xP. Then for each
potential g € L'(R.,) with ||q||4 < oo, we have

So(Hy) < 2llgllalog(1+ llgla) + 2llglla+2. (1.31)

Upper bounds for the sum So(Hy) for potentials satisfying ||(1 +x”)q||;1 < e, p €
(0,1), have also previously been obtained by Safronov in [123]. Comparatively, our

bound gives an improved asymptotic estimate for semi-classical Schrodinger operators.

An L! potential with divergent Jensen sum. The final result of Chapter 4 addresses
the question of whether it is possible to obtain any upper bound at all for So(H,) that is
valid for arbitrary ¢ € L' (R, ). The following theorem shows that this is not possible
and consequently Theorem 1.15 cannot be extended to arbitrary g € L' (Ry).

Theorem 1.18. There exists g € L' (R ) such that So(H,.,) = .

To the best of our knowledge, this result is the first which demonstrates the divergence

of a Lieb—Thirring type sum for non-self-adjoint Schrodinger operators.

1.2.2 Some ideas of proofs

Our approach is based on expressing the eigenvalues as zeros of an analytic function

on the upper half plane. Firstly, it is well known that there exists a unique solution

2y on R, known as the Jost solution, such that

er(,z)of —u’" +qu=z
ey (x,2) ~ e as  x—»oo.

We define the Jost function as e (z) := e (0,z). Then we have

A =7*€o4(Hy) — er(z) =0
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and the algebraic multiplicity of the eigenvalue coincides with the corresponding zero
multiplicity. References are provided in Section 4.1 of Chapter 4.

Non-critical upper bound. First, we recall the following well known estimate for

the Jost function,

let(z) — 1 <exp(%> -1, z€Cy. (1.32)
Z
Note that (1.32) not only gives an upper bound for e, (z)| but also a lower bound.
The next step is to move from the upper half plane C to the unit disk . We use
the following complex change of variables
d4+w

z=z(w) = zeCy, w e D. (1.33)

7—1
= =1
1—w’

Coz+i

w=w(z)
An analytic function f on the unit disk is defined as

flw):= e+ 0z(w)) y:i= HqHLl, K= log%. (1.34)

er(iy) K

The zeros of f have a bijective correspondence to the zeros of e,. Furthermore, the

estimate (1.32) for e, as well as the definition of f, ensure that

2
IfO)=1 and  log|f(w)|<

< . weD. 135
5wl (1.35)

We then apply a complex analysis result of Borichev, Golinskii and Kupin to the
function f. In a simplified form, this result reads as follows.

Theorem 1.19 ([24, Theorem 0.1]). Consider an analytic function f on the unit disk
D such that | f(0)| = 1 and

D
lo w)| < 1.36
£/ (0] < o (136
for some D > 0. Then for every € > 0, there exists C(€) > 0 such that
Y, (1—|w)[1+w[®<C(e)D (1.37)

weZ(f)

where Z( f) denotes the set of zeros of f and zeros of higher multiplicity are repeated
accordingly in the sum.

We obtain Theorem 1.13 from (1.37) by going back to the upper half plane us-
ing (1.34); the factor (1 — |w|) corresponds to the factor dist(A,RR.)/|A|'/? in the
summand of Sg(H,) and the factor |1 +w|¢ corresponds to the factor [1|/2.
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Critical upper bound. Observe that the singularity ﬁ in (1.32) (as well as the
corresponding singularity |1T1w| in (1.36)) is not integrable. This is the reason that
the result of [24] needed to be applied instead of more elementary complex analysis
results and the reason that the factor |1 +w|® in (1.37) is necessary.

A key idea in Chapter 4 is to use weight functions to obtain improved estimates for
Jost functions, of the form,

er (@) - 1] < exp( (H)nqna)—, eC,. (1.38)

The assumption that a satisfies condition (ii) of Theorem 1.15 ensures that the singu-

larity d(‘%‘) is integrable.

We define an analytic function f on D in a similar way to (1.34). Since a (%) is

integrable, we can apply Jensen’s formula,

L -bh< ¥ top( 1) =50 [ toalrie®)ido -toglr ) (139

weZ(f) weZ(f) 2

We obtain the upper bound for Sy(H,) by estimating the right hand side of (1.39) and

going back to the upper half-plane in a similar way as in the non-critical case.

Divergent Jensen sum. Finally, we discuss the ideas of the proof of Theorem
1.18. We utilise in an essential way some ideas of Bogli, which were used in [17]
to construct complex potentials with eigenvalues accumulating to every point in the
essential spectrum [0, o0).

The potential g.. € L' (R ) takes the form

Zyn _RuR (X —X) (1.40)

where ¥,,R;,X, > 0. Roughly (and non-rigorously) speaking, the idea in [17] is to
make each X, > 0 large enough (i.e. separating out the supports of the bumps) so that

oo
U l’la n

where £y g = —(gc—zz +iYX[-r g are Schrodinger operators on L?*(R). More concretely,
we are able to set each X,, > 0 large enough so that

1 oo
So(Hy.) > = Z (LR, (1.41)

\S]
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Furthermore, Theorem 1.14 gives a lower bound for the rhs of (1.41). The point is
then that we are able to set %, and R,, such that simultaneously ||ge||;1 < oo and the rhs
of (1.41) is infinite.

1.3 Rough boundaries

Given a domain ¢ C R?, (i.e. a non-empty, open, connected set) the corresponding

Dirichlet Laplacian is a self-adjoint operator on L*(¢&') defined by
Hpu=—Au, ucD(Hz)={ucH)(O):AucL*(0)}

where Au is understood as a distribution and H& (0) is defined as the closure of C°(©)
(i.e. smooth functions compactly supported in &) with respect to the H' norm (which
is defined by (5.5)). The Laplace operator is of fundamental importance since it
encodes the dynamics of the wave equation, the free particle Schrodinger equation and
the heat equation.

We are interested in the case that the domain & is bounded. In this case, the

spectrum is purely discrete and positive,

0(Hp) = 04(Ho) = {M(O) bren C R4

If 0 is sufficiently regular, if it is polygonal for instance, there exist very reliable
numerical methods for computing these eigenvalues to arbitrary precision [100]. On
the other hand, observe that the boundary of an arbitrary bounded planar domain may
be truly pathological; it may be a fractal, it may not be locally connected and it may
even have non-zero area. Intuitively, the eigenvalues for such domains, are much
harder, perhaps impossible, to numerically approximate.

The underlying motivation of Chapter 5 is to understand for which classes of
bounded domains the eigenvalues A;(&), k € N, repeated according to geometric
multiplicity, are computable. This question is addressed rigorously in the powerful
framework of Solvability Complexity Indices (SCI). Roughly speaking, our results
show that:

1. Itis not possible to construct a numerical method able to compute the eigenvalues
of an arbitrary bounded domain.

2. There exists such a numerical method for a large sub-class of bounded domains,
which we explicitly specify. Domains in this class may have fractal boundaries

and cusps, but must be topologically regular, i.e. & = int(0).
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In this section, we focus on presenting the spectral theoretic results at the heart of
the second statement. These provide an answer to the following question:

Q: Given a sequence of bounded domains &, C R2, n €N, and a limit domain
¢ C R2, under what conditions does it hold that

VkeN: N0, — &(0) as n — oo?

Rigorous statements of the computational results are postponed until Chapter 5, where

SCI theory is properly introduced.

1.3.1 Main spectral approximation result

We now state our main spectral approximation result in a simplified form. We require

a number of basic geometric notions. Recall that:

* A Jordan curve is the image of a continuous, injective map 1 : S' — R?, where
S' ¢ R? denotes the unit circle.

* A closed set K C R? is locally connected if for all x € K, there exists an open
neighbourhood U of x such that KN U is connected.

* The Hausdorff distance between two non-empty sets A, B C R? is defined as

disty (A, B) = max { supdist(x, B),supdist(x,A) } .
X€A xXeB

We let e (K) denote the Lebesgue outer measure of a set K C R? and, as above,
(0 denotes the k™ eigenvalue of the Dirichlet Laplacian H,.

Theorem 1.20 (Theorem 5.3, Example 5.4 and Lemma 5.2). Let & C R? be a
bounded, open, connected set such that d0 is a Jordan curve with Wep(d0) = 0.
Let 0, C R?, n €N, be a sequence of open, bounded sets such that d 0, is locally

connected for each n € N, and
disty (0, 0,) +disty (00 ,00,) — 0 as n— oo.

Then it holds that
Mi(Op) — M(0) as n — oo,

The novelty of this result lies in the generality of the class of admissible domains &'.

Although the domains &' in Theorem 1.20 are simply connected, this is not essential. A
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more general version of this theorem is stated in Chapter 5, which allows for domains
¢ with holes. In fact, the only conditions on & we impose there are pc,(d0) =0
along with a collection of purely topological hypotheses.

Nevertheless, the hypotheses of Theorem 1.20 capture the essence of the type of
domains we allow. Jordan curves are certainly not required to be locally the graph
of a continuous map and admit a wide variety of fractals. However, domains with
cracks, such as B;(0)\[0, 1), are not allowed, since the interior of a Jordan curve must
be topologically regular & = int(0).

The recent papers [33, 85] obtain results which effectively cover Theorem 1.20 in
the particular case that &' is a thick domain in the sense of Triebel or an (€, 0)-domain.
Such classes of domains also allow for domains with fractal boundaries, however our
hypotheses are more topological in nature and allow for geometric features not allowed

in these classes, such as cusps (see the discussion in subsection 5.2.1).

Pixelated domains

O P30 (O)

Figure 1.5 An illustration of a pixelated domain approximation.

A connection between the above result and numerical analysis is provided by the

following geometric approximation scheme.

Definition 1.21. For an open set & C R, the corresponding pixelated domains p,(0)
are the open subsets of R? defined by

pn(ﬁ) ‘= int U (]‘_,_[_ﬁ,ﬁ]Z)
JELL(O)

where
L,(0):={je(n'z2)?*: je 0}.

In other words, the closure of a pixelated domain is the union of boxes around the
points in the grid (n~!Z)? which lie in &. Note that the notation p,, (&) is not used in

Chapter 5. Pixelated domains are an ideal basis for a general numerical scheme since:
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* pu(0) can be constructed solely from the knowledge of whether or not a finite
number of points lie in &, provided &' is bounded?®.

* pu(0) may be easily triangulated.

In Proposition 5.42, we prove that, provided ¢ is a bounded, topologically regular
domain with ey (d0) =0, it holds that

I(n) :=disty (O, p,(O)) +disty(dO,dpn(0)) — 0 as n—oo. (1.42)
Consequently, the eigenvalues for pixelated domains converge,

Vke N: A(pn(O)) — A (O) as n— co.

Poincaré-type inequality

As we explain in the next subsection, the following auxiliary result plays a fundamental
role in the proof of Theorem 1.20. We have not managed to find another Poincaré-type
inequality of this form in the literature, although certain Hardy-type inequalities bear
some resemblance (see the discussion in Subsection 5.2.2).

Intuitively, the following inequality gives a precise manner in which functions
u € H}(0) become small near the boundary d&. For r > 0, we define a family of
boundary neighbourhoods as follows

"0 :={xe€ 0 :dist(x,00) < r}.

The path components of a set are defined as the equivalence classes under the relation
X~y <= x connected by a path to y.

Theorem 1.22 (Theorem 5.6). Let rg := (4v/2)"'Q(0), where
Q(d0) ;= inf{diam(T") : I C d O is a path component} .
Then, for any r € (0,r0) and u € H} (0),
lullzor) < 571Vl g

1.3.2 Mosco convergence and structure of the proof

The main notion that we utilise in order to prove Theorem 1.20 is that of Mosco
convergence for HO1 Sobolev spaces.

8More accurately, & C Bx (0), where X > 0 is known.
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oy M. .
Definition 1.23. We have convergence ¢, — € in the Mosco sense as n — oo if:

(i) Forall u € H}(0), there exists u, € H}(0,), n € N, such that u, — u in H' as
n— oo,

(ii) For any subsequence H} (0, ;)» JEN, and any u; € H} (On;), J €N, such that
uj — uin H' as j — oo for some u € H'(R?), we have u € H} (0).

Mosco convergence can be thought of as a notion of convergence for the Hé spaces
themselves and is often denoted as H} (0),) M, H}(0) as n — o in the literature.

If & is bounded, then we have the following chain of implications [118, Chapter
VIIL.7]

O 0 = |Hy'—H;' 22— 0

= |Pp)(He,) — Py (Heo)ll 22 — 0
= M(On) = 4(0)

where all the limits are as n — e and P, (H),a,b € R, a<b,denote the spectral
projections for a self-adjoint operator H. In other words, Mosco convergence not only
implies convergence of the eigenvalues, but also of the associated eigenspaces and of
the solutions of Poisson equations.

In particular, this chain of implications shows that in order to prove Theorem 1.20,
it suffices to prove that 0, M, & as n — oo for the domains satisfying the hypotheses.
Indeed, the result is formulated in terms of Mosco convergence in Chapter 5. Our
first step to proving Mosco convergence is to reduce the problem to the verification of
certain uniform Poincaré-type inequalities for the sequence of domains ), n € N, as

well as for the limit domain &'

Proposition 1.24. Assume the hypotheses of Theorem 1.20. Suppose that there exists
a sequence €(n) = 2l(n), n € N, with €(n) — 0 as n — o and constants C,0ot > 0
independent of n such that

[ull 2(9¢0 0y < CE()[[Ve]| 2 (gaem ) (1.43)

VIl 2 (9em g,) < CEM) VY] 2 (5aeim g, (1.44)

foralln €N, u € H}(O) and v € H}(0,). Then, O, M 6 asn— o,

The proof of this proposition involves explicitly constructing appropriate cut-off
functions. For instance, to show Definition 1.23 (i), the cut-off functions y,, are
supported in &, so that u, := y,u € H}(0,). The Poincaré-type inequalities (1.43)

and (1.44) then allow the convergence criteria to be established.
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Inequality (1.43) for a single domain ¢, follows directly from Theorem 1.22.
Therefore, the final ingredient required for Mosco convergence is inequality (1.44) for
the sequence ), n € N.

Under the hypotheses of Theorem 1.20, in particular the convergence condition
I(n) — 0 for O, to O (see (1.42)), we can provide a geometric characterisation of
0, for large n. More precisely, it follows from Proposition 5.38 that there exists a
sequence €(n) as in Proposition 1.24 such that, for all large enough n, d &, has a
path-connected subset I';, whose diameter exceeds diam(d ') — €(n) and such that
any other point in d 0, lies within a distance €(n) to I',. As it turns out, by applying
Theorem 1.22 to the domain ¥;, =I'\;, we are able to verify inequality (1.44) with
C=10and o =4v/2.

1.3.3 Ideas in the proof of the Poincaré-type inequality

In this final subsection, we give an introduction to some of the main ideas in the proof
of the Poincaré-type inequality Theorem 1.22.

The first thing to notice is that, since C°(&) is dense in Hj (€), it suffices to show
that there exist numerical constants C, o > 0 and ro = ro(&') > 0 such that

lull29rey < Cr||Vull2gorgy, 1€ (0,r0),  u€CI(0). (1.45)

Therefore, we can restrict our attention to functions u € C2°(&), for which the point
values u(p), p € O, are well defined.

Fix u € C°(0). Since u vanishes on d @, we can express the point values u(p) as
path integrals to the boundary. Let ¥, : [0,1,] — R2, p € 9”0, be an arbitrary family
of piecewise smooth maps representing a bundle of paths, where, for each p € 9”0,
[, > 0 denotes the length of the path ,. The precise choice for ¥, shall be further

specified later. Assume that
* 1(0) €90, v,(lp) = p,

* ¥, has unit speed, that is, | $%,(¢)| = 1 for all € [0,1,] and

* SUpP,corplp < oo
Then we have

up)= [ utn()ar (1.46)

Inserting this path integral expression into an L? norm, we get

[ worars [ (["gumoris) a< [ ([ wunofs) o
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where the fact that ¥, is unit speed was used in the last line along with the chain rule.
Furthermore, by the Cauchy-Schwarz inequality,

I I 1/2
[ utno)ar<i>( [ vatnofa)
hence

l
| lutw)Pap < ( sup z,,) [ [ vutno)Parap. (147)
"0 peEIO "0 JO

Sufficient bundle of paths

Inequality (1.47) gives rise to sufficient conditions for y,, p € "¢, in order for the
Poincaré-type inequality (1.45) to hold true. These should be verified for all r € (0, r9).

The first condition is perhaps not surprising since every point in d” & is a distance
less than r away from 0 0.

(A) There exists a numerical constant C; > 0 such that

sup [, <Cyr. (1.48)
peI O

The second condition should be verified after the first and requires that the bundle

of paths does not “concentrate” too much at any given point.

(B) There exists a constant C; > 0 such that for any positive, continuous function
¢ € L'(0), we have

ll’
t))ded <Cr/ dp. 1.49
L[ emoadp<car [ otp)ap (149
The proof of Theorem 1.22 essentially consists in explicitly constructing ¥, p €
0”0, satisfying these two conditions for any domain & C R? with Q(d¢) > 0 and
any small enough r > 0. Note that we do not use the notation ¥, and [, in Chapter 5.
To help understand condition (B), and motivate the geometric constructions in

Section 5.3, let us now look at some examples.

Example 1: Half-plane

Suppose that & = R~ x R and fix any r > 0. Then we can define a family of paths

satisfying the above conditions by

YP(I) = (tay)a P = (X,y). (1.50)



1.3 Rough boundaries 29

(Y
— 00 {
. O
e 00
z —— x
Example 1 Example 2

Figure 1.6 (left) An illustration of the paths ¥, from Example 1 for a sample of points
p € d"0. (right) An illustration of one possible family of paths 7, for the domain in
Example 2 and a sample of points p € 9" 0.

Then ¥,(0) = (0,y) € 0, ¥, is unit speed and, setting [, := x, we have ¥,(l,) = p.
For p = (x,y) € "0, we have [, = x < r, so condition (A) is satisfied. Condition (B)

can be seen to be satisfied by again using x < 7,

[ [Pominuan= [~ [ [ o0 naaa
<r [ [otenaar=r [ o(pap

Example 2: Concentrating paths

Suppose that & = R?\{0} and fix any » > 0. We claim that there does not exist a
family of paths y,, p € 9”0 satisfying the above conditions.
Assume otherwise, for contradiction. Then, ¥,(0) = 0 for all p € d"¢ and ¥, has
unit speed, so
l7p(e)] <& forall €€ (0,7,

For any € > 0, let ¢ be any smooth, positive function on R? such that
supp@e C Be(0) and ¢e =1 on Bgp(0).

Then, for any € € (0,1,],

rie
2

[ [ otmonas= [ [ P e dedp >
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and, for any a > 0,

|, clp)dp < ze?,
from which it can be readily seen that condition (B) cannot hold for any fixed r > 0.
Y Y
— 00
@

. ar@ ,——»—»—»—» .
- 7p7 p € U
— Y0 €O\U

Satisfies (A) but not (B) Satisfies both (A) and (B)

Figure 1.7 (left) An illustration of an incompatible family of paths for the domain
in Example 3. (right) An illustration of the compatible family of paths described in
Example 3.

Example 3: Turning the corner

Consider the domain & = R?\ (R<( x R<) and fix any r > 0. Then & has a reentrant
corner at the point (0,0). Focus on the problem of constructing a family paths ¥, from
d 0 to points in the region U = (R-g x R~9)Nd" 0.

Suppose that we construct ¥, as illustrated in the left part of Figure 1.7, so that
¥»(0) = (0,0) for all p € U. Then the paths ¥,, p € U, concentrate in a similar way to
the previous example and condition (B) cannot hold by similar reasoning.

Nevertheless, it is possible to construct a family of paths y,, p € 9”0, satisfying
both conditions (A) and (B) above. For p = (x,y) € U, we let

—y,t if rel0,
Yolt) = e 1 0.7 (1.51)
(=2y+t,y) if 1€ (y,2y+x]

On the other hand, for p € "0, for p € d"0\U, define 7, analogously to (1.50), as
illustrated in the right part of Figure 1.7.
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Clearly, [, = 2y +x < 3r for p € U, and [, = r otherwise, so condition (A) is
satisfied. Since x,y < r for p = (x,y) € U, we have

/U/Olpfi)(Yp(t))dtdpé/Or/or(/qu)(—y,t)dt+/y3r¢>(—2y+t,y)d;>dxdy

— r/)r _rrq)(x,y)dxdy < r/a ¢(p)dp.

Varg

The reasoning of Example 1 shows that the analogous inequality for " &'\U also holds

=

so condition (B) is satisfied.

g-cell lg-cell
— 00
Y \
1) 70 B
\r—( — Vp, D € coNO O h \\
I \. O < , N_
(111 cell-path , -

Figure 1.8 (top) An illustration of a g-cell and an lg-cell. (left) An illustration of a
construction of a bundle of paths from a nearby g-cell. (right) An illustration of a
construction of a bundle of paths from a nearby Ig-cell.

Cell-paths, g-cells and lg-cells

In Section 5.3, we construct a similar bundle of paths for an arbitrary open set & C R?
with Q(d€) > 0 and r € (0,rg) where ry = (4v/2)"'Q(d ). Roughly speaking, the

construction can be summarised as follows.

1. Decompose R? into a union of closed boxed (which we call cells), of size r > 0.
2. Consider an arbitrary cell ¢y such that coN 3" & # 0.

3. A g-cell (or an lg-cell) is a cell (or a pair of cells resp.) such that the boundary
bisects the cell(s) as shown in the top part of Figure 1.8. Find a g-cell or an

lg-cell near to ¢ (see Lemma 5.27).
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4. Find an appropriate path of adjacent cells (a cell-path) from c( to the g-cell or
lg-cell (see Lemma 5.28).

5. Construct a bundle paths ¥, p € coNd”" ¢ from d & to each point in ¢y within
the cell path (see Proposition 5.26).



Chapter 2

The Dissipative Barrier Method

Declaration:
This chapter appears in a similar form in the published article [130].

2.1 Introduction

In this chapter, we study the eigenvalues of linear operators under a certain class of
perturbations with an emphasis on Schrodinger operators of the form,
d? _ )

Tr = —@ —l—q—l—l’}/){[oﬂ onL (0,00), (2.1)
endowed with a complex mixed boundary condition at 0, where ¥ is the characteristic
function and ¢ is a possibly complex-valued multiplication operator. Specifically,
we are concerned with how the eigenvalues of T approximate the spectrum of the
limit operator T = —d‘L—zz +q+1iy. As well as giving a precise account for the case of
Schrodinger operators T with the background potential q either in L' or eventually
real periodic, we give general results for abstract operators of this form, utilising the
notion of limiting essential spectrum recently introduced by Bogli (2018) [18].

It is well known that the numerical approximation of the spectra of linear operators
is often complicated by the possible presence of spectral pollution [16, 51, 91, 116].
The primary motivation for this chapter is the justification of the dissipative barrier
method, designed to circumvent such issues.

The perturbations we consider belong to a class of operators which are often
referred to as complex absorbing potentials in the context of Schrodinger operators.
These arise in the study of the damped wave equation [38, 39, 72], in the computation
of resonances in quantum chemistry [119, 128, 139] and in the study of resonances in
quantum chaos [109, 110].



34 The Dissipative Barrier Method

2.1.1 Spectral inclusion and pollution

Let us now introduce the abstract notions of spectral inclusion and pollution. Suppose
that we are interested in approximating the spectrum of a (linear) operator H on a
Hilbert space .»¢ with domain D(H). Let (H,) be a sequence of operators on ¢
whose spectra ¢ (H,) we hope will approximate the spectrum o (H) of H as n — co.
The limiting spectrum of (H,) is defined by

o((Hy)) = {A € C:3I C Ninfinite, 3A, € 6(H,),n € I with 4, = 1}.  (2.2)
(H,) is said to be spectrally inclusive for H in some Q C C if
o(H)NQ C o((Hy)). (2.3)
The set of spectral pollution for (H,) with respect to H is defined by

Opoll(Hn)) ={A € 0((H,)): A ¢ o(H)}. (2.4)

In order to reliably approximate the spectrum of H in Q C C using (H,), we require
that there is no spectral pollution in , Gpon((H,)) N = 0, and that (H,,) is spectrally
inclusive for H in Q. If this holds, we say that (H,) is spectrally exact for H in Q.

A typical scenario in which the set of spectral pollution may be non-empty is one
in which H and H,, are self-adjoint, the essential spectrum ¢, (H) of H has a band-gap
structure and the operators H, have compact resolvents (i.e. H, have purely discrete
spectra). For this reason, spectral pollution often causes issues for the numerical
computation of eigenvalues in spectral gaps. Various methods have been proposed to
deal with such issues, we mention for instance [26, 51, 82, 97, 98, 138]. We focus on
one such method, which involves perturbing the operator of interest such as to move
the spectrum, in a predictable way, away from the set of spectral pollution caused by

numerical discretisation [104].

2.1.2 Dissipative Barrier Method

Let us now describe this method. Let 7y be a self-adjoint operator on a Hilbert
space ¢’; suppose we are interested in numerically computing the spectrum of 7. A
dissipative barrier method constist in perturbing 7p by iys,, where (s,) is a bounded
sequence of self-adjoint, Tp-compact operators on 7 tending strongly to the identity

operator. If .77 = L*(0, o), for instance, a typical choice for s, would be X[0,,]- Define
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the perturbed operators by
T, = Ty +iysy (neN), (2.5)

where v > 0. The limit operator T is defined by T = Ty + i7y. The spectrum of Tj is
exactly encoded in the spectrum of 7 since 6(T) = 6(Tp) +iy.

Under appropriate additional conditions on 7y and sy, it can be proved that there
exist spectrally inclusive numerical methods for the computation of ¢ (7;,) for fixed n
[4, 102-104, 133]. Furthermore, any spectral pollution for these numerical methods
lies on R, away from o(7') uniformly in n. The recently introduced notion of essential
numerical range for unbounded operators can be used to prove general results of this
form (see Theorems 4.5, 6.1 and 7.1 in [21]). Thanks to such numerical methods for
o(T,), if (T,,) can be shown to be spectrally exact for T in an open neighbourhood in
C of a closed subset iy+1 C iy+ R, then in principle one can reliably numerically

compute the spectrum of 7 in /.

2.1.3 Analysis of expanding barriers

The aim of this chapter is to provide spectral inclusion and spectral pollution results
for sequences of operators of the form (2.5).

In Section 2.2, we work in an abstract setting, utilising the limiting essential
spectrum o,((7,,)) [18], which is a set enclosing the regions in C where spectral
exactness for (7,,) with respect to 7 may fail. With additional assumptions on the
operators s,, for instance that they are projection operators, we prove new types of
non-convex enclosures for 6,((7;,)) and conclude for these cases that (7;,) is spectrally
exact for 7' in an open neighbourhood of any eigenvalue of 7. The chapter [84] gives
a similar spectral exactness conclusion for the case that (s,) are projection operators.
However, as well as including different classes of perturbations (s, ), both the statement
and the proof of our results in Section 2.2 are far simpler than those of [84], owing to
the use of the limiting essential spectrum.

The remainder of the chapter is devoted to a more precise analysis for the case of
Sturm-Liouville operators on the half-line. Our results in Sections 2.3 and 2.4 apply
to operators for which the solutions of the corresponding Sturm-Liouville equation
satisfy a certain decomposition. In particular, this decomposition is easily shown to be
satisfied by Schrodinger operators T of the form (2.1) with the background potential
g either in L! or real eventually periodic. In Section 2.3, we show that any eigenvalue
of the limit operator T = Ty + iy = —d?/dx? 4 g + i7y for these cases is approximated
by the spectrum of T with exponentially small error as R — co. A similar result was
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proved in [104, Theorem 10], but only for y sufficiently small. In Section 2.4 we show
that the essential spectrum of T is approximated by the eigenvalues of Tz with an error
of order O(1/R)!. The latter result is the first of its type to be reported.

We also characterise the set of spectral pollution for the two cases of perturbed
Schrodinger operators Tg. Let (R,;) C R4 be any sequence such that R, — 0. Since the
dissipative barrier perturbations iyxo r,] are relatively compact, the essential spectrum
o.(Tp) is contained in the spectral pollution Gpon((7k,)) by Weyl’s Theorem?. Note
that this is in contrast to typical examples of spectral pollution, due to numerical
discretisation, which are caused by spurious eigenvalues. It is shown in Section 2.3
that o, (7p) is the only possible source of spectral pollution for the case ¢ € L'. We
encourage the reader to inspect Figures 2.2 and 2.3 in Section 2.5, which illustrate
the eigenvalues of Ty for this case. For g eventually real periodic, the set of spectral
pollution outside o,(7p) is enclosed in the set of zeros of a certain analytic function
constructed from solutions of (time-independent) Schrodinger equations. In fact, we
prove that these zeros are contained inside the limiting essential spectrum o, ((7g,)).

Figure 2.4 in Section 2.5 shows how spectral pollution may occur in this second case.

2.1.4 Summary of results
Limiting essential spectrum and spectral pollution

In Section 2.2, we consider a self-adjoint operator 7y on Hilbert space 7. It is
assumed that the operators s, (n € N) on J# are self-adjoint, tend strongly to the
identity operator as n — oo and are bounded independently of n. For y > 0, we define
the perturbed operators 7, (n € N) by (2.5) and the limit operator by T = Tp + i}.

The main tool in this section is the notion of limiting essential spectrum c,((T,))
(see Definition 2.1). The results of [18] show that (Corollary 2.7)

(T,) is spectrally exact for 7' in C\[0,((T,,)) Uc.((T,))" Uo.(T)].

The limiting essential numerical range W,((T,,)) of (T,,) (see Definition 2.5), introduced
by Bogli, Marletta and Tretter (2020), is a convex set which in our set-up satisfies
(Propositions 2.6 and 2.9)

0e((Tn)) U0 ((T;))" € We((Tn)) C [conv(6(To))\{Heo}] +i¥ls—, 541,

! Although band-ends and embedded resonances may have a different rate of convergence.
2With the possible exception of a few isolated points if 7y is non-self-adjoint.
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where 6,(7p) denotes the extended essential spectrum of 7j (see Definition 2.8) and
s+ € R (defined by (2.11)) satisfy s — & <5, < 54 + € for any € > 0 and large enough
n.

The main results of Section 2.2 are non-convex enclosures for o, ((7,)) comple-

menting the enclosure provided by W, ((7,)).

(A) (Theorem 2.12) If s, is a projection operator for all n, that is s,% = §,, then
o.((Tn))Uo.((T,)) C Ty =T4(0.(Tp),y), where

r,:= {A € C:Im(1) € [0,], dist(Re(1), 0.(Tp)) < \/Im(l)(y—lm(/l))}.

Alternatively, if for any sequence (u,) C D(Tp) bounded in 7 with (Tou,)

bounded in .7# we have
(Sputn, Toun) — (Totty, Sptty) — 0 as n — oo
(Assumption 2.11) then 6,((7,)) U o, ((T,)))* C Iy =Tp(0e(Tp),7,s+), where

Ty = 0,(To) +ivls—, 5. .

In particular, if s, are projection operators or if Assumption 2.11 is satisfied then
(T,) is spectrally exact for 7 in some open neighbourhood of any A € o,(T).

We clarify that by open neighbourhood we mean open neighbourhood in C. The
enclosures I', and I'}, are illustrated in Figure 2.1. Assumption 2.11 is verified for a
class of perturbations for Schrodinger operators on Euclidean domains in Example
2.14.

Second order operators on the half-line

In Section 2.3, we consider the case in which 7j is a Sturm-Liouville operator on
LZ(O, ) and provide a more precise analysis compared to Section 2.2. The Sturm-
Liouville operator 7j is allowed to have complex coefficients and is endowed with a
complex mixed boundary condition at 0.

We assume that for any A € C\o,(Tp), the solution space of the equation Tou = Au
(here, Ty is the differential expression corresponding to Ty) is spanned by solutions

v (+,A) admitting the decomposition

v (x,A) = e K Axg, (x 1),
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Here, k and . (x,-) are analytic functions on C\o,(7p) with Imk > 0 and with
W+ (-,A) bounded. A similar decomposition is required for Y/, - see Assumption 2.15
for the precise statement.

The perturbed operators in Section 2.3 are defined by

Tr=To+iyxpr  (RERy) (2.6)

where y € C\{0}. The limit operator is defined by T = Ty + iy. Under these assump-
tions, for any (R,) with R, — oo, we construct a set Sy ((R,)) (equation (2.42)) and
prove the following:

(B) (Theorems 2.23 and 2.24) For any eigenvalue A of T with A ¢ S,((R,)) and
A ¢ o0.(Ty), there exists eigenvalues A, of Tg, (n large enough) such that

A —An| = O(e PRy asn — oo

for some B > 0 independent of n. Furthermore, the set of spectral pollution for
(Tg,) with respect to T satisfies

Spott (TR, )) € 0(To) USp((Rn))-

The proofs utilise Rouché’s theorem applied to an analytic function (Lemma 2.19)

whose zeros are the eigenvalues of 7. (B) implies that
(Tg,) is spectrally exact for T in C\ (0, (Tp) U 6.(T) US,((R,)))-

Assumption 2.15 is verified in two cases:

« (Examples 2.17 and 2.25) Tj is a Schrodinger operator with an L' potential. In
this case, Sp((Rn)) = 0.

* (Examples 2.18 and 2.26) Ty is a Schrodinger operator with an eventually real
a-periodic potential, ¥ > 0 and R, — R,—1 = a for all n. In this case, Sp((R,)) is
expressed as the zeros of a certain analytic function (equation (2.51)). It is also
proved that S, ((R,)) C 0.((Ty)).

Inclusion for the essential spectrum

In Section 2.4, we let Ty be a Sturm-Liouville operator satisfying Assumption 2.15,
as described above. In addition, we require that 0,(7p) C R and that k and { (x,-),
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hence y (x,-), admit analytic continuations into an open neighbourhood of any point
in the interior of 6,(7p). See Assumption 2.27 for the precise statement.

The perturbed operators Tr and the limit operator in Section 2.4 are defined by
(2.6) and T = Ty + iy respectively, as in Section 2.3. We construct a set S, C iy + R
(equation (2.65)) and prove that:

(C) (Theorem 2.33) For any p in the interior of c,(7p) with pt + iy ¢ S, there exists
eigenvalues Ag of Tk (R large enough) such that

1
Ag — (u+iy)| = 0(1_3) as R — oo.
The proof utilises Rouché’s theorem applied to an analytic function (Lemma 2.30)

whose zeros are the eigenvalues of 7. In the case that

« (Examples 2.28 and 2.38) Ty is a Schrodinger operator with an L! potential

satisfying the Naimark condition or a dilation analyticity condition, or,

* (Examples 2.29 and 2.39) ¥ > 0 and T is a Schrodinger operator with a real,
eventually periodic potential, endowed with a real mixed boundary condition at
0,

it is proven that Assumption 2.27 is satisfied and that
WU —+iy € S, if and only if u is a resonance of Ty embedded in o, (7p).

See equation (2.79) for the precise definition of a resonance used here. For these cases,
since resonances in the interior of 0,(7)) are isolated, we can combine Theorem 2.33
with Theorem 2.24 and the characterisation of S,((R,)) to conclude that

(T,) is spectrally exact for 7' in some open neighbourhood of any u € int(o,(7T)).

Notation and conventions

Recall the notations and conventions given at the beginning of Chapter 1. In addition,
in Sections 2.3 and 2.4, ¥/(x,z) := %w(x,z). Also, for sets Q C C, we define

Q' ={z:2€Q).
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2.2 Limiting essential spectrum and spectral pollution

In this section, we study spectral exactness for sequences of abstract operators (7;,)
of the form (2.5). In Section 2.2.1, we briefly review the notions of limiting essential
spectrum and essential numerical range. We refer the reader to [18] and [21] for a
more detailed exposition. In Section 2.2.2, we discuss the application of limiting
essential spectrum and essential numerical range to (7},). In Section 4.4.4, we prove

enclosures for the limiting essential spectrum of (7).

2.2.1 Limiting essential spectrum and numerical range

Throughout this subsection, let H and H,, (n € N) be closed, densely-defined operators
acting on 7.

Definition 2.1. The limiting essential spectrum of (H,) is defined by

C N infin: .
6u((Hy)) = {l cC 31 C N infinite, Ju,, € D(H,),n € I with } 2.7)

tn|l =1,y — O, || (Hy — A)up|| — O

Note that the terminology “limiting essential spectrum’” is a slight misnomer since
in general we cannot be certain that the limiting essential spectrum is a subset of the
limiting spectrum (see Theorem 2.3, noting that the set of spectral pollution Gpon ((Hy))
is a subset of the limiting spectrum & ((H,))).

Definition 2.2. (H,) converges to H in the strong resolvent sense, denoted by H,, — H,
if
Ing eN: g€ () p(H)NP(H) : (Hy—2o) " = (H—20) "

n=ng

Theorem 2.3 ([18, Theorem 2.3]). If H, X H and H; s H* then

Spotl ((Hy)) C 0, ((Hn)) U 0. ((Hy))" (2.8)

and every isolated A € 6(H) outside c,((H,))Uoc.((H)))* is approximated by (H,),
that is,

{A €o(H): Aisolated, A ¢ o.((H,))U0o.((H;))*} C o((Hy)).
Definition 2.4. The essential numerical range of H is defined by

W,(H) = {A € C: I(up) C D(H) with ||ttn]| = 1, t — O, (Hutn, 1) — A}.
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Definition 2.5. The limiting essential numerical range of (H,) is defined by

C N infini .
Wo((H,)) = {QL cC: 3I C N infinite, Ju, € D(H,),n € I with } 2.9)

llunl| = 1, upy — O, (Hypttn,u) — A

Proposition 2.6 ([21, Proposition 5.6]). The limiting essential numerical range of

(H,) is closed and convex with
conv(0e((Hy))) C We((Hp)).-
Furthermore, if D(H,) ND(H;}) is a core of H,! for all n then

conv(0e((Hn)) U0e((Hy,))") C We((Hy))-

2.2.2 Enclosures for the limiting essential spectrum

Throughout the remainder of the section, let 7y and s, (n € N) be self-adjoint operators

on 7. Let ¥ > 0 and define the perturbed operators, as in the introduction, by
T, = Ty + iYsy. (n € N) (2.10)

Assume that s, — I and that ||s,|| < C for some C > 0 independent of n. Define the
limit operator by T = Ty + iy as in the introduction - 7;, converges strongly to 7.

Corollary 2.7. (T,,) is spectrally exact for T in C\[0,((T,)) U0c.((T,)))" Uc.(T)]

Proof. The fact that T, 2 T and T =Ty—iysy T — iy =T* follows from an
application of the resolvent identity, using s, — I, the self-adjointness of Ty and the
uniform boundedness of the sequence of operators (s,,). By Theorem 2.3, opon((7)) C
0e((Tn)) U 0e((T;))* and

(A € 6(T): Aisolated, A ¢ 6,((T,)) UG, ((T;"))*} € 6 ((Tp)).

The corollary follows from the fact that every element of 6,(T) = o,(Tp) + iy is
1solated since 7 is self-adjoint [61]. L]

Since D(T,) = D(T,}) = D(Ty), Proposition 2.6 implies that the set o,((7,)) U
o.((T;}))* is contained in the limiting essential numerical range W, ((7,,)) and so (7;,)
is spectrally exact for T in C\[W,((7,,)) Uc,(T)]. The limiting essential numerical
range is typically easier to study than the limiting essential spectrum. For sequences
of operators of the form (2.10), the limiting essential numerical range W, ((7},)) is
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contained in a strip. To state this fact, we shall require the notion of extended essential

spectrum.

Definition 2.8. The extended essential spectrum 6,(H) C 6,(H) U {=eo} of a self-
adjoint operator H on ¢ is defined as the union of 6,(H) with +oo and/or —eo if H is

unbounded from above and/or below respectively.

Throughout the remainder of the section, let

s_:=liminf inf (s,u,u) and s;:=limsup sup (spu,u). (2.11)
n—eo ye ' ||ul|=1 n—oo  ye A:||ul|=1

Then, for any € > 0 and sufficiently large n, s_ — € <5, < 54+ + €.
Proposition 2.9. W,((T;,)) C [conv(6,(Tp))\{Feo}] +iy[s—,s]

Proof. Let A € W,((T,,)). Then there exist I C N infinite and (u,),e; C D(Tp) such
that ||u,|| =1 forall n € I, u, — 0 and ((T,, — A )up,u,) — 0. Taking the real part of
the inner product, we have (7o —Re(A))u,,u,) — 0 which implies that

Re(A) € W,(Ty) = conv(6,(Tp))\{ £}

where we used [21, Theorem 3.8] in the equality. Finally, Im((7,, — A )u,,u,) — 0
implies that Im(A) = Y(syun,un) +0(1) € y[s—,s4]. O

2.2.3 Main abstract results

In the main result of this section, Theorem 2.12, we shall prove non-convex enclosures
for the limiting essential spectrum o, ((7},)) that complement the enclosure provided
by the limiting essential numerical range. We shall require additional assumptions
on the perturbing operators (s,). In part (a) of the theorem, we simply require that s,
are projection operators. An interesting feature of the enclosure of part (a) is that it is
independent of the perturbing operators (s,), depending only on ¢,(7p) and . The
hypothesis for part (b) of the theorem, Assumption 2.11, is given below. An example
of a class of perturbations for Schrédinger operators satisfying this assumption is

provided in Example 2.14. The enclosures are illustrated in Figure 2.1.

Lemma 2.10. Let H be a self-adjoint operator on €. If for some N € R and € > 0
there exists a sequence (u,) C D(H) with |lu,|| =1 for all n, u, — 0 and ||(H —
N)uy|| — € then

dist(n,oc.(H)) < €.
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— 0.(Tph) U o (T)

’)/,
W,
0
’y,
Lo | ) ( )
0
Y
Iy
0

Figure 2.1 Illustration of various enclosures for the limiting essential spectrum: the
limiting essential numerical range W, = W, ((7},)), the enclosure I'; = I';(0,(Tp), y) of
Theorem 2.12 (a) and the enclosure I'y, = I'y(0,(7p), ¥, s+) of Theorem 2.12 (b). The
illustration assumes that Ty is unbounded only from above, (s_,s;) = (0,1) and that
the plotted region shows the smallest two spectral bands.

Proof. For any 0 > 0 there exists Ng € N such that ||(H —1n)u,|| < (€ + 8)||u,|| for all
n > Ng. (un)n=N; is a non-compact, bounded sequence so by [76, Chapter I, Theorem
10] the interval (n — (¢ +68),n + (€ + 9)) contains an infinite number of points in
o (H). Taking the limit 6 — O shows that the interval [ — €, + €] contains an infinite
number of points in ¢(H). Finally, [ — €,1 + €] must contain a point of c,(H)
because any limit point of 6;(H) is in ¢,(H). O

Assumption 2.11. If (u,) C D(Ty) is bounded in 5 with (Tpu, ) bounded in .77 then
(Snttn, Touy) — (Toun, Spun) — 0 as n — co.

Theorem 2.12. (a) If s, is a projection operator, that is s> = s,, for all n, then
o.((Ty))Uo.((T;7))* C Ty =T4(0.(Tp),y) where

T, = {/1 € C:Im(A) € [0,7], dist(Re(1), 6+(Tp)) < \/Im(l)(y—lm(l))}.
(2.12)

(b) If Assumption 2.11 holds then c,((T,)) U c.((T,}))* C T = Tp(0.(Th),7,5+)
where
Iy, = O'e(T()) +i’}/[S_,S+]. (2.13)

Proof. We will only prove that ¢,((7,)) C I'; or I';, - the proof that o,((7,))* C
I', or I'y, is similar since 7, = Tp — iys,.

Let A € 0,((T,,)). Then there exist / C N infinite and (uy)ner C D(Tp) with [Ju,|| =
1 forall n € I, u, — 0 and ||(T, — A)uy,|| = o(1). By Cauchy-Schwarz, we have
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(T, — A)uy,up) = o(1), whose real and imaginary parts imply that
(Toun,un) =Re(A)+o(1) and  Y(syun,un) =Im(A)+o(1). (2.14)

Since both (7,u,) and (s,u,) are bounded in 57, (Tou, ) must be bounded in .77 .
Hence by Cauchy-Schwarz we have ((7,, — A )uy, Tou,) = o(1), whose real part implies
that

| Toun||> — Re(A) (Totty, 1) — Ym0, Tott,) = 0(1). (2.15)

The first equation in (2.14) gives
1(To —Re(A))un||* = || Toun||* — Re(A)(Totun, n) +o0(1),
which, combined with (2.15), yields,
1(To — Re(L))un||* = YIm(sptn, Tottn) +0(1). (2.16)

(a) In this case, 6(s,) ={0,1} so 0 <, < 1 for all n, and so by the second equation
in (2.14),
Vnel: (spuy,u,) €[0,1] = Im(A)€[0,7]. (2.17)

Focusing now on Re(A ), Cauchy-Schwarz gives us (7, — A )uy, s,u,) = o(1), whose

imaginary part combined with the hypothesis s> = s,, and the second equation in (2.14)

gives,

Im(s,uy, Toun) = }/||snun||2 —Im(A) (spun, uy) +0(1)

_ (y_lm(/l))@wm. (2.18)
Combining (2.16) and (2.18), we have
[(To = Re(A))un|| = /(v — Im(A))Im(A) + o(1), (2.19)

which by Lemma 2.10 implies that

dist(Re(1), 6.(Tp)) < /(7 — Im(A))Im(A).

(b) In this case, by the definitions of st in (2.11), a similar reasoning as in (2.17)
yields Im(A) € y[s_,s]. Assumption 2.11 implies that

Im(syun, Toun) =0(1) = |[(To —Re(A))un|| = o(1),
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so (uy,) is a singular sequence proving that Re(1) € o,(Tp).
[]

Remark 2.13. It is interesting to note that Lemma 2.10 is not required in case (b) of

Theorem 2.12. This is because Assumption 2.11 ensures that the following holds:

(un) C D(Tp) = D(To), |lunl| = 1, — O, [[(T = A)utnl| — O
= (un) C D(Tp), |un]| = 1, up, — 0, ||(To — Re(A )uy || — 0,

that is, if (u,) is a singular-type sequence for a point A in the limiting essential

spectrum then (u,) is also a singular sequence for Re(1) € o,(Tp).

Example 2.14. Suppose that 7o = —A+ g is a self-adjoint Schrodinger operator on
H = L*(Q), where Q C R is some open set and g is a real function on Q. Assume
that Ty is endowed with Dirichlet boundary conditions on dQ and that ¢ is bounded
below. Let ¢ € W!=(0, ) be real-valued and such that ¢(0) = 1. Let (R,) C R, be
any sequence such that R, — oo. For any n € N, define multiplication operator s, on
L*(Q) by

(x)

(spu)(x) =@ (R—n> u(x) (uel’(Q),xeQ) (2.20)

where (x) := (14 \x|2)%. Then s, is uniformly bounded, s, — I and Assumption 2.11
1s satisfied.
Proof. Define ¢, : Q — R by
x
o =o(H).  weo

Ry

Step I (Uniform boundedness). The uniform boundedness of the sequence of operators
(s,) follows from the fact that, for all u € L*>(Q) and all n € N,

essinf @ (r)]|ul|* < (s,u,u) < esssup @(t)|ul)*.
1€(0,00) 1€(0,00)

Step 2 (sq — I). Letu € L?(Q) and let (X,)) C R, be any sequence such that X,, — oo
and X, = o(R,,). For any n € N,

1(8n = Dull < 1 @(()/Rn) = Ul=(@nsy, (o)) llull + (llsall + Dllull 2@y, 0))- (2:21)

By Morrey’s inequality, ¢ is continuous, so, since ¢(0) = 1, the first term on the right
hand side of (2.21) tends to zero as n — . The second term tends to zero because
u € L*(Q) and (||s,||) is bounded.
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Step 3 (Assumption 2.11). Let (u,) C D(Tp) be any sequence which is bounded in %
such that (Tpuy,) is bounded in 7. Then,

<Snuna TOun> - <T0un7snun> = _/ q’nunA<ﬁn) +/ (PnﬁnA(un)
Q Q

:/Qu,,V(<pn)-V(un)—/QﬁnV(<pn)-V(un)-

The second equality above holds by integration by parts and the product rule since 7y
is endowed with Dirichlet boundary conditions. Hence we have,

| (Snttn, Tottn) — (Tottn, Snitn)| < 2HV‘PnHL°°(Q) [ Vttn]|[|un]]- (2.22)

By the chain rule and the fact that ¢ € W!*(0, ), IVull =) — 0 as n— oo. (uy)
is bounded in .## by hypothesis. (Vu,) can be seen to be bounded in 7 by applying
integration by parts to (Tou,,u,), using the hypotheses that (|| Tou,||) is bounded and
that ¢ is bounded below. The right hand side of (2.22) tends to zero as n — oo hence
Assumption 2.11 is satisfied. ]

2.3 Second order operators on the half-line

Consider the differential expression
Foo 1 I
Tou = ;(—(pu )’ +qu) on [0,c0)

where p, g and r are functions on [0, o) satisfying the minimal hypotheses: p and ¢

1
loc

are complex in general, r >0, p #0and ¢,1/p,r € L;_[0,0). These assumptions on
p, q and r ensure that for any A, u;,u; € C there exists a unique solution u to the initial

value problem
Tou=Au on [0,0),u(0)=u;, pu'(0) =u,

such that u, pu’ € ACc[0,0). The solution space of Tou = Au on [0, o) is therefore a
two-dimensional complex vector space.
Consider a Sturm-Liouville operator Ty on the weighted Lebesgue space L2(0, ),

endowed with a complex mixed boundary condition at 0,

BClu] := cos(n)u(0) —sin(n)pu’ (0) =0 (2.23)
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for some N € C. Tj is defined by

Tou = Tou
5 , N 5 (2.24)
D(Ty) = {u € L:(0,0) : u, pu' € ACioc[0,00), Tou € L;:(0,00),BClu] = 0}.
Fix y € C\{0}. Define the perturbed operators by
Tru = Tou + i’)/X[QR}l/l, D(TR) = D(T()) (R S R+) (2.25)

and define the limit operator by T = Ty +iy.

Next, we introduce the main hypotheses of this section, which we will later assume
holds throughout the section. The assumption ensures that for any A € C\c,(Tp), one
solution of Tou = Au is exponentially decaying and the other is exponentially growing.

Assumption 2.15. There exists k : C\o,(Ty) — C, ¥y : [0,00) x C\0,(Tp) — C and
4 : [0,00) x C\ o, (Ty) — C such that:

(1) k is analytic and satisfies Imk > 0.

(ii) W (x,-) and ¥ (x,-) are analytic for all x and satisfy

s (2l =000y < 000 WL 2) |l m(0.00) < 0 (2.26)
for all z.

(iii) The solution space of Tou = zu is spanned by w4 (-, z), where,

e (x,2) i= e (x, 2)

(2.27)
W (x,2) := e * Y (x 7).

Remark 2.16 (See [30]). The conditions of Assumption 2.15 do not exclude a situation
in which o(Tp) = 0,(Tp) = C. A sufficient condition to ensure that this does not occur
is that

o 45 4300 5y € 0. p £ C

where co denotes the closed convex hull, and that T is in Sims case I (as defined
in [30]).

Example 2.17 (Schrodinger operators with L! potentials). Consider the case p=r =1
with g € L'(0,0). Then,
0e(Tp) = [0, 0).
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By the Levinson asymptotic theorem [60, Theorem 1.3.1], for any z € C\{0}, the
solution space of Tou = zu is spanned by . (-,z), where

vi(x,z) = eFVF(1 + Ex(x,2)) (2.28)
W (x,2) = tiy/ZeEVE (1 +EL(x, z)> (2.29)
and
|E+(x,2),|E%(x,2)| — 0 as x — oo

(1) k(z) := /z is analytic and satisfies Imk > 0 on C\c,(Tp) = C\ [0, ).

(i) Pu(x,z) := 1 +E+(x,z) and ¥ (x,z) := +i/z(1 + E4 (x,z)) are bounded in x for
any fixed z € C\{0}. For any x, w.(x,-) and y<(x,-) are analytic on C\[0,c0) so
W (x,-) and §¢ (x,-) are analytic on C\ [0, ).

Consequently, Assumption 2.15 is satisfied in this case.

Example 2.18 (Eventually periodic Schrédinger operators). Consider the case p =
r = 1 with g eventually real periodic, that is, there exists a > 0 and X > 0 such that
q| [x ) 18 real-valued and a-periodic. Below, we briefly review some Floquet theory
and show that the conditions of Assumption 2.15 are met in this case. See, for example,
[59] for a detailed exposition of Floquet theory.

For any z € C, let ¢;(+,z) and ¢»(+,z) be the solutions of the Schrodinger equation
—0" 4+ q¢ = z¢ on [0,0), subject to the boundary conditions

01(X,z)=1,0{(X,z) =0and ¢(X,z) =0, p5(X,z) = 1. (2.30)

The discriminant is defined by
D(z) = ¢1(X +a,2) + 95(X +a,2). (2.31)

The essential spectrum of 7y is
0.(To) = {z€R: |D(z)| < 2}. (2.32)

The Floquet multipliers p+ are defined by

1

p+(z) = 5 ([)(z) +iy/D(z)? —4). (2.33)
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Note that p+ have branch cuts along c,(7p), |p+(z)| < 1 for all z € C\o,(Tp) and
p+(z)p—(z) = 1. Define k by

K(2) = — - log(p (2) (2.34)

In this setting, k is referred to as the Floquet exponent. k is analytic and satisfies
Imk > 0 on C\ 0,(7Tp) hence satisfies Assumption (i).
Define the Floquet solutions Y. by

Ve (x,2) = =02 (X +a,2)91 (x,2) + (91 (X +a,2) — p+(2)) §2(x,2) (2.35)

for any x € [0,0) and z € C. W (-,z) span the solution space of Tou = zu and satisfy

Vi (xo+na,z) = e @nay,, (x0,2)

. (2.36)
V', (x0 +na,z) = ey (x, 2)

for any xo € [X,X +a) and n € N. For any x, the Floquet solutions y.(x,-) and
V. (x,) are analytic on C\0,(Tp). Define the band-ends Bengs by

Benas = {z€ R |D(z)| = 2}. (2.37)

For any zo € 0,(7p)\Bends» P+ and k can be analytically continued into an open
neighbourhood of zy in C, hence for any x € [0,00), Wy (x,-) and ¥, (x,-) can be
analytically continued into an open neighbourhood of z.

Finally, Assumption 2.15 can be satisfied by setting

Fik(z)x ifxe|0,X
PRI L S if x € [0,X) (238)
Oy (xp(x),2) ifx € [X, o0
and
Fik(z)xy,’ if x € [0,X
¥ (x,2) = ¢ Vilx2) ifx e [0.%) (2.39)

e Tk )y (x0(x),z) ifx € [X,00)
where xo(x) := X + (x — X)mod a.

Throughout the remainder of the section, let

S:.= Ge(To) U (l"}/—{- Ge(To)) (2.40)
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and suppose that the conditions of Assumption 2.15 are satisfied. Also, let (R,) C R
be any sequence such that R, — o0 as n — o. Recall that BC denotes the boundary
condition functional defined by equation (2.23).

Lemma 2.19. 1 € C\S is an eigenvalue of Ty if and only if
fr(A) = o (R A)eXA—MR o (R A)eMA=TR —
where
o (RA) = BCI- (A — i) (0 (RA — i) P (R, A) = W (R, A = ) (R A)
and
o (R A) i= BCI (A = )] (Vs (R )P (R, A — i) = WL (R AW (R A — i7) )

Furthermore, fg is analytic on C\S.

Proof. Let A € C\S and R > 0. A is an eigenvalue of Tk if and only if there exists a
solution to the problem

(To+ ivXjo,r))u = Aut, BClu] = 0, u € L}(0,0), (2.41)

on [0,e0). Any solution to (2.41) on [0, R] must be of the form Cju;(-,A), where u; is
defined by

ui(x,A) = BCly_(-,A —iy)ly (x,A —iy) = BCly (-, A — iy)]y- (x, A — i)

and C) € C is independent of x. Any solution to (2.41) on [R, ) must be of the form
Gy (x,4), where C; € C is independent of x. Hence A is an eigenvalue if and only
if there exists C1,C, € C\{0} independent of x such that the function

Ciui(x,A) ifx€[0,R)
Gy (x,A) ifx € [R,0)

is absolutely continuous. This holds if and only if

ui (va)w:t(Ral) - ull (R,A)y4(R,A) =0
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which holds if and only if the following quantity is zero

(BCw_ (-, A = iy)lys (R, A — i) = BCyy (A — in)]w— (R, A — i) FL(R,
— (BClY— (& — V)W, (R A — i) — BClys (- A — D] (RA — i) e

which in turn is equivalent to fg(A) = 0. The analyticity claim follows from Assump-
tions 2.15 (i) and (ii). [l

In the regions of the complex plane for which o_ (R, -) becomes small for large R,
we are unable to prove the spectral pollution and spectral inclusion results of Theorems

2.23 and 2.24. We now define a subset of the complex plane capturing such regions.

Definition 2.20. Define subset S,((R,)) of C by
So((Ry)) = {z € C\S : liminf | A(Ry,2)| = 0} (2.42)
where the function A : [0,00) x C\S — C is defined by
ARA) =T (RA)FL(RA —iy) =W (RA)P-(R,A—iy).  (243)
Note that with the above definition of A, we have
o (R,A) = BCly (-,A — iy)|A(R, A)

and that the zeros of A — BC[y. (-,A —iYy)] are exactly the eigenvalues of the limit
operator T = Ty + Y.

The set SUS,((R,)) plays a similar role in this section as the limiting essential
spectrum did in Section 2.2. We shall show in Theorems 2.23 and 2.24 that there
is no spectral pollution for (7x,) with respect to T outside of SUS,((R,)) and that
eigenvalues of 7' lying outside of SUS,((R,)) are approximated (with exponentially
small error) by the eigenvalues of Tk, .

Proposition 2.21. SUS,((R,)) is a closed subset of C.

Proof. By Assumption 2.15 (ii), A(R,,-) is analytic for all n and A(+,z) is bounded
for all z. Let A be a limit point of SUS,((R,)). The desired lemma holds if and only if
A lies in either S or in Sp((R,)). If A is a limit point of S then A € S since S is closed.
In the only other case, A is a limit point of S,((R,)) so there exists (Ax) C Sp((Rx))
such that A; — A as k — . Since liminf,, e |A(R,,A)| = O for all k, there exists a
subsequence (Ry, ) such that [A(Ry,,Ax)| — 0 as k — co. Let £ > 0 be small enough so
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that B¢(A) C C\S. Since the magnitude of A(R,z) is bounded above uniformly for all

R > 0and all z € B¢(A), by Cauchy’s formula,

o PR}
ARy 2) = ARy 2) = 5 7{9 i EoG A A0 244

as k — oo. Finally,
[ AR ) < TARn; M)+ [A (R, &) = ARy, X)) — O as k — oo

so A € Sy((Ry)), completing the proof. O

Corollary 2.22. For any A € C\(SUS,((Ry))) there exists a bounded, open neigh-
bourhood U of A with U C C\S and |A(Ry,z)| = C for all z € U and n > Ny, where

C,No > 0 are some constants independent of n and z.

Proof. Let A € C\(SUSp((Ry))). C\(SUSp((R,))) is an open subset of C so there
exists a bounded open neighbourhood U of A such that U C C\(SUS,((Ry))). Suppose
that the desired result does not hold with this choice for U. Then there exists a
subsequence (R, ) and a sequence (zx) C U such that |A(R,,,zx)| — 0 as k — oo.
Since U is compact, there exists z € C\(SUS,((R,))) such that z; — z. By the

arguments in (a), liminf,_,e |A(Ry,z)| = 0, which is the desired contradiction. O

Next, we prove the main results of this section, regarding spectral inclusion and
pollution for the operators Tr defined by equation (2.25) such that 7y satisfies Assump-
tion 2.15. Recall that S is defined by equation (2.40), S, ((R,)) is defined by (2.42)
and (R,) C Ry is an arbitrary sequence such that R, — .

Theorem 2.23. Let i be an eigenvalue of Ty and assume that p+iy ¢ SUS,((Ry)).
Then there exists eigenvalues A, of Tg, (n large enough) and constants Co = Co(Tp, Y, 1u) >
0 and B = B(Ty,y, ) > 0 such that

Ay — (U +iy)| < Coe PR (2.45)

for all large enough n.

Proof. Let C > 0 denote an arbitrary constant independent of A and n. Let Cy,C,,C3, Ny >
0 denote constants independent of A and n.

Since u is an eigenvalue of 7y, i + iy is a zero of the analytic function

A F(A) = BClw, (.2 — iy)).
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Since it is assumed that u +iy ¢ SUS,((R,)), Corollary 2.22 guarantees the existence
of an open neighbourhood U of p + iy such that U C C\S and |A(R,,A)| > C (A €
U, n > Ny) for some sufficiently large Ny € N . For n > Ny, A € U is an eigenvalue of
Tk, if and only if

- i A)

1) i pika—ivR, SR(A)

Jald)i=e ARy 1)
Since U € C\S, Assumption 2.15 guarantees that |0ty (R,,A)| < C (A € U,n € N) and
Imk(A —iy) > C (A € U). Combined with the bound below for A, this implies that

o Foan| | 2ik(A—ip)R, O (Rns A) < ¢ o—CoR S
[fu(A) = f(A)] = e AR, <Cie (AeU,n>=Ny) (2.46)

for some Cy,C> > 0. Since f is analytic at {1 + i}, there exists € > 0 such that
A ZGIA—(u+in)]” (A €Be(u+iy)) (2.47)

for some C3 > 0. Here, Vv is the algebraic multiplicity of the eigenvalue pt of T,
that is, the multiplicity of the zero u of the analytic function z — BC[y.(+,z)]. Let
Co= (2C1/C3)1/" and B = C,/v. Make Ny € N large enough such that Coe PR < ¢
(n > Np). Combining (2.46) and (2.47), for all n > Ny and all A € C with

A = (+iy)| = Coe PR
we have |
[fa(A) = F(R)] < E\f(/l)! <|F(A)l.

By Rouché’s theorem, for all n > Ny there exists a zero A, € U of f, satisfying
inequality (2.45). O

The next result concerns spectral pollution - the set of spectral pollution is defined
by equation (2.4).

Theorem 2.24. The set of spectral pollution of the sequence of operators (Tg,) with
respect to the limit operator T = Ty + iy satisfies

Gpoll((TRn)> g Ge(TO) USP((RH))'

Proof. Let C > 0 denote an arbitrary constant independent of A and n.
Let u € C\(SUS,((R,))) and assume that u is not an eigenvalue of 7. Then u is an
arbitrary element of p(7')\(0.(7o) USy((Ry))). We aim to show that it & opon((Tx,)).
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for which it suffices to show that there exists a neighbourhood U of u such that fz,

has no zeros in U for large enough n.
Since p ¢ Sp((Ry)) and BC[y. (-, 1 —iy)] # 0,

|0 (R, )| = [BCTy (-, — iY) ARy, 11)| = € (2.48)

for large enough n. Let € > 0 be small enough so that B¢(it) C C\S. Then by

Assumption 2.15 we have
|0t (Ry, A)| < Cand Imk(A —iy) > C (A € Be(u),n eN) (2.49)

Using Cauchy’s integral formula as in (2.44), and making € > 0 small enough, we

have

|0t (R, A) — 0 (R, )| SCIA — | (A € Be(u),n€N). (2.50)
Define approximation f,g” ) to fr, by

) 1= e (Ry, )M AR g (R, pr)eMAZIR,

By (2.50) we have

fr () = £ ()] < CIA = | =0 (4 € Be(u),n € N).
Using (2.48) and (2.49) we have

ORI Q)] 2 {0 (R ) = [0 (R p) e 2 mE A0
o (R )]

> S8l o0 aeBw)

for large enough n. Finally, making € > 0 small enough if necessary, we have

W) =) < 1AM A (A eBe(w))

for large enough n. fg, therefore has no zeros in U := B¢ () for large enough n,
completing the proof.
]

In the case of Schrodinger operators on L2(0,0) with L! potentials, described in
Example 2.17, Sy((R,)) can be easily shown to be the empty set.
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Example 2.25 (Schrodinger operators with L' potentials, continued). Consider again
the case p = r = 1 with ¢ € L'(0,0). Then, using expression (2.43) for A and the
expressions for ¥, ¢ in Example 2.17 (ii), A satisfies

ARA) — —i(\/)t iyt \/I) as R — oo
for any A € C\S. Since \/A — iy # —v/A for all A € C we have
SP((Rn)) =0

for any (R,) C R} with R, — o0 as n — oo.

For Schrodinger operators with eventually real periodic potentials, described in
Example 2.18, the computation of Sy ((R,)) is more involved.

Example 2.26 (Eventually periodic Schrodinger operators, continued). Consider again
the case p = r = 1 with ¢| [X jo0) real-valued and a-periodic for some X > 0 and a > 0.
Assume that ¥ > 0 and let R, = xo + na (n € N) for any fixed xg € [X,X +a).

Using the expressions (2.38) and (2.39) for ¥ and lf/i as well as the definition of
Sp((Rx)) in equation (2.42), we infer that A € S,((R,)) if and only if

‘l/+(x0;7t)ll’/_(x0>)~ - IY> - wfl—(x()vﬂ’)ll/*(x()?)' - l’}/) =0. (2.51)

W+ (x0,+) and V¥, (xo,-) are analytic on C\0,(7p) and can be analytically continued
into an open neighbourhood in C of any point in 6, (7)) \Bengs (recall that Beygs denotes
the set of band-ends for the essential spectrum of 7j). Consequently, Sy ((R,)) consists
of isolated points in the complex plane that can only accumulate to the band-ends of
either Ty or T, that is, to the set Bengs U (17 + Bends)-

Recall that 0,((7g,)) denotes the limiting essential spectrum of the sequence of

operators (Tg, ). Sp((R,)) satisfies the inclusion

SP((Rn)) C Ge((TRn))' (2.52)

Proof of inclusion (2.52). Throughout the proof, C > 0 denotes an arbitrary constant
independent of n .

By [|||;2 and ||-|| =, we mean [|[| ;2(g o) and [|[|z=(0,) Tespectively.

Let A € Sp((R,)). Then, using the property (2.36) of the Floquet solutions, (2.51)

implies that,
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for all n. (2.53) ensures that there exists Cy ,,C> , € C\{0} independent of x such that

Ciay-(x,A —iy) ifxe[0,R,
un(x) = 4 Y (eA—iy) ifxe0.R) (2.54)
ConWe(6A)  ifx € [Ruyoo)

is absolutely continuous and solves the Schrédinger equation Tg u = Au, where Tg,

denotes the differential expression on [0,0) corresponding to 7g,. Define

XnlUn

Vpy=-——]""-"7".
" ||%n”n||L2

where ¥,(x) := % (x/Ry) and ¥ : [0,00) — [0, 1] is any smooth function such that § =0
on [0,1] and ¥ = 1 on [§,). Then v, € D(Ty) = D(Tx,), |[vall;2 = 1 and, since
(vn, )2 = 0 for any @ € C°[0,00) and any large enough 7, v, — 0 in L?(0, ).

By unique continuation,

(A =)l 2y < Clly-( A =iVl 2

for I =10,X], [X,X +d] or [X,x0] so, using the property (2.36) of the Floquet solutions

W (2 =720 -,y < ClY=C A = )20 1, (2.55)

for all n. Also, noting that ||y_(-,A4 —iy)|[;2( ) is exponentially growing in x, we
deduce that,
lunllz2 < Cllunll 215, o) < Cll Xnttnll2- (2.56)

for all large enough n.
By the product rule,

1

m |:||ZH(TRn — A )un| 12+ 2| Tt 12 + | 2 MnHLz}

[(Tk, = A)vall2 <

(k)

The first term in the square brackets above vanishes and ¥, ' are supported in [0, R,,]
with || 77|~ < C/R* so

" (A —i
ol LA Y)||L2<0,Rn)+i  Oas s e,

Tr, — A)val2 < ~ :
1T, = Al < e | R VA= D lom, | 2

Here, we used estimates (2.55) and (2.56). Consequently, by the definition of limiting
essential spectrum (see Definition 2.1), we have A € 0,((7g,)).
[
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2.4 Inclusion for the essential spectrum

Consider the Sturm-Liouville operator Ty introduced in Section 2.3. Suppose that the
conditions of Assumption 2.15 are met. As before, fix y € C\{0}, define the perturbed
operators by

Tru = Tou+iyxporu, D(Tr) = D(To)  (RER),

and define the limit operator by T = Ty 4 iy.

In this section, we prove that the essential spectrum of the limit operator 7 is
approximated by the eigenvalues of Tp as R — . To achieve this, we require an
additional assumption which ensures that the solution v, of Tou = Au introduced in
Assumption 2.15 can be analytically continued, with respect to the spectral parameter
A, into an open neighbourhood in C of any point in the interior of 6, (7). The interior
of the essential spectrum is denoted by int(c,(7p)) and defined with respect to the
subspace topology.

Assumption 2.27. Tj is such that c,(7y) C R. For any u € int(c,(7p)), there exists
an open neighbourhood V), of i such that:

(i) k admits analytic continuations x; (k;) from the half-planes C, (C_) respect-

ively into Vy;, with

>0 ifzeCinVy
Imk,(z), —Imk;(z) { =0 ifze RNV, - (2.57)
<0 ifzeC_nVy

(ii) For any R > 0, W1 (R,-) admits analytic continuations @, (R,-) (@(R,-)) from
C. (C_) respectively into V,, and ¥4 (R, -) admits analytic continuations @¢ (R, ) (¢ (R,-))
from C (C_) respectively into V. ¢; and (Z)J‘.i satisfy

19, 2)l22(0.00)s 105 (D) |00y <0 (j=wuorl) (2.58)
forall z € Vi

(iii) For each z € V), the functions ¢,(-,z) and ¢;(-,z), defined by

0j(x,2) = e™p;(x,2),  (j=wuorl), (2.59)
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solve the equation 7y = z¢ and satisfy
0l(x,2) = M@ (x,2).  (j=uorl) (2.60)

In the following two examples, by analytic continuations we mean analytic con-

tinuations from C and C_ into V.

Example 2.28 (Schrodinger operators with L' potentials, continued). Consider again
the case p = r = 1 with ¢ € L' (0, ), introduced in Example 2.17. Recall that k(1) =
VA so Assumption 2.27 (i) is satisfied in this case. Recall that

Ve (x,2) = 1+ E+(x,2) and ¥4 (x,2) = +iv/z(1+E%(x,2)).

In order to show that Assumption 2.27 (ii) and (iii) hold in this case it suffices to show
that for any u € int(0,(Ty)) and any x € [0,), E_(x,-) and E?(x,-) admit analytic
continuations E(x, -) and E%(x,-) (respectively) into an open neighbourhood V), of u
independent of x, such that the function @(-,z) defined by

0(x,2) := eVF(1+E(x,2)) (2.61)
satisfies
¢’ (x,2) = i\/Eei\/z’C(l —I—Ed(x,z)>, (2.62)

solves the Schrodinger equation —¢@” + g = z¢@ and satisfies
|Ex(x,2)], |EL(x,2)| — 0 as x — oo

for any fixed z € V,. Note that /- is understood to have been analytically continued
into V), in (2.61) and (2.62). Additional conditions on the potential ¢ are required to
ensure that this holds. Two such conditions are:

(a) (Naimark condition [131, Lemma 1]) There exists a > 0 such that
/ ¥ q(x)|dx < oo, (2.63)
0

(b) (Dilation analyticity [29]) g is real-valued and can be analytically continued into
some open, convex region U C C containing a sector {z € C : arg(z) € [0, 0]} for
some 6 € (0, 7]. Furthermore, there exists Co > 0 and 8 > 1 independent of z such
that

9(2)] < Colz| P (2.64)

forallze U.
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Example 2.29 (Eventually periodic Schrodinger operators, continued). Consider
again the case p = r = 1 with ¢ eventually real periodic, introduced in Example
2.18. As mentioned in Example 2.18, for any u € int(0,(7p)) = 0,(Tp) \Bendgs and any
x € [0,00), the functions &, y (x,-) and ¥/, (x,-) admit analytic continuations into an

open neighbourhood V), of u.

(i) By the expression (2.33) for p,, the analytic continuations p. for p, from C

into V,,, satisfies
<1l ifzeCinVy
P+l{=1 ifzeRNV,
>1 ifzeCznNVy

Hence, the analytic continuations of k satisfy equation (2.57).

(ii) The analytic continuations of { (x,-) and ¥ (x, -) satisfy the L™ estimates (2.58)
by their definitions (2.38) and (2.39).

(iii) The analytic continuations with respect to z of W, (+,z) solve the Schrodinger
equation — "' + gy = zy since by (2.35) they are linear combinations of the solutions
¢1(-,z) and ¢»(+,z). Expressions (2.59) and (2.60) for the analytic continuations of
v, and v/ hold by the definition of (the analytic continuations of) {, and lffi

respectively.

Throughout the remainder of the section, let u € int(o,(7p)) and suppose that the
conditions of Assumption 2.27 are satisfied. Also, assume without loss of generality
that (iy+Vy)NR =0.

Lemma 2.30. A € iy+V,, is an eigenvalue of Tg if and only if
gr(A) = Bu(R, A)eS AR 4 By(R 2 )M AR = 0
where
Bu(R.2) := BCl@i(+, 2 — 7)) (@ulR. A — i) W (R, 1) = @ (R, A — i) ¥ (R, 1))
and
Bi(R,2) = BClgu (2 = )] (¥4 (R ) (R.A = i7) = W (R A)Pi(R A — i) ).

Furthermore, gg is analytic on iy +V),.

Proof. The proof is similar to the proof of Lemma 2.19.
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Let A € iy+V,. Any solution of the boundary value problem
(To+ iyxpo.z))u = Au on [0, R], BClu] =0,
must lie in spanc{u;(-,A)}, where u; is defined by

uy(x,A) = BC[@(-, A —i7)]@u(x, A — iy) — BC[@u (-, A —iy)] @ (x, A —iy).

Since (iy+Vy,) NR = 0, any L? solution of (Ty + iYX[0,r))4 = Au on [R,e0) must lie in
spanc{y4(-,4)}. A is an eigenvalue if and only if

ui (va)W;(Ra)L) - ull (R,A)y4(R,A) =0

which holds if and only if gg(1) = 0. O

We proceed on to the proof of inclusion for the essential spectrum of 7', which
consists in proving that there exists eigenvalues of 7 accumulating to it + iy as R — oo.
We can only achieve this with the additional assumption that i 4 iy does not lie in
a region of the complex plane in which either B,(R,-) or f;(R,-) become small as

R — co. We now define a subset of the complex plane capturing such regions.

Definition 2.31. Define a subset S C C by
Se = {?L ciy+VynR: lilgninf|Bj(R,?L)| =0,j=uor l}‘ (2.65)
—»00

The strategy of the proof is to first introduce an approximation gz (4) to gr(1)
which is valid for A near u +iy. It is then shown that there exists zeros Az of gy
converging to {1 + iy as R — co. A family of simple closed contours ¢/ surrounding Ag’
are constructed such that dist(/g, it +iy) — 0 as R — co. We estimate |g% | from below
and |gr — g% | from above on /g to conclude, using Rouché’s Theorem, that there exists
a zero Ag of gg inside /g for all large enough R. Such (Ag) would be eigenvalues of
Tk and would converge to i + i’y as R — oo, giving the result.

Lemma 2.32. The function K, — k; has an analytic inverse (1, — ;) ~" : Bg(wg) — C
for some small enough & > 0, where wy := (&, — K1) (1),
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Proof. Let h = K, — k; — wyp. Let € > 0 be small enough so that || > 0 on dBg(1).
Assumption 2.27 (i) implies that any z € dB¢ (1) satisfies

(O,TC) ifZ€C+ﬂVu
h
arg(|h|( )) =arg(h(z)) € ¢ {0,7} ifze RNV, . (2.66)
(m,2m) ifzeC_NVy,

Note that arg is set so that arg(z) = 0 if z € R;. The topological degree (i.e. the
winding number) of the map A/|h| : dB¢(0) — dB;(0) is equal to the number of
zeros for h in B¢(0), counted with multiplicity [81, pg. 110]. (2.66) implies that the
topological degree of h/|h| can only be 1, hence p is a simple zero of k;, — ;. The
lemma now follows from the inverse function theorem.

[

Theorem 2.33. Assume that 1 € int(c,(Tp)) is such that W+ iy ¢ S;. There exists
eigenvalues Ag of Tg (R large enough) and a constant Cy = Cy(Ty, ¥, 1) > 0 such that

Co

A= (i) < 2

for all large enough R.

Proof. Let C > 0 be an arbitrary constant independent of R and 6.
Define approximation gy to gg by

g;( ) B RelKu(l iy)R B ellq/l iy)R

where B, g := Bu(R, 1 +iY) and B g := —B;(R, 1 +iy). By the definition of S, the L*
estimates (2.26) of Assumption 2.15 (ii) and the L™ estimates (2.58) of Assumption
2.27 (ii), there exists C1,C, > 0 independent of R such that 8, g and fB; g satisfy

C; < ’ﬁj,R’ <G (j:uor l) (2.67)

for all large enough R. g% (A) = 0 holds if and only if

(K — Kk)(A —iy) = <log ( gi ’; > + 27rin) —: &(n) (2.68)

for some n € Z.
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Let wy := (k, — k7)(1) and n(R) := |Rwy/(27) |. Note that n(R) is well-defined
since 4 € R and Imwy = 0 by Assumption 2.27. Using (2.67),

27n(R)
R

_ c
[&(n(R)) —wol < % —wo| < % (2.69)

s (54| +

for large enough R. By Lemma 2.32, there exists an analytic inverse (&, — k)~ ! :

B,s5(wg) — C for some small enough 6 > 0. Let Ry > 0 be large enough such that
K(n(R)) lies in Bg(wp) for all R > Ry. Define

AR = (. — &) (R(n(R)))+iy  (R=>Ro). (2.70)

Then g% (A7) = 0 and, by the analyticity of (k, — k;) ! as well as (2.69),

- C
g = (u+iy)| < ClR(n(R)) —wol < & 2.71)

for large enough R. For R > Ry, define family /g = {/g(0) : 6 € [0,27)} of simple

closed contours around A; by
. S 6y
lR(0) = (x,— K1) (K(n(R)) + 7° ) +1y. (2.72)

By the analyticity of (k, — k;)~! and estimate (2.71), we have that

: o w0 : C
[6r(6) = (n+i7)| < [€r(0) = AR+ A — (L +iY)| < (2.73)
for large enough R.
By a direct computation, we have
oiKu(lr(6)—=iy)R _ %ei&ieeikz(h(e)—iﬂ@ (2.74)

B Bu,R

By Assumption 2.27 (ii), B,(R,-) and B;(R, -) are analytic and bounded in R uniformly
in a small enough neighbourhood of 1 4+ i7, so, using the Cauchy integral formula as
in (2.44) and using (2.73),

N

Bj(R,(r(6)) — Bj(R,u+iy)| < C|lr(0) — (1 +iy)| < (J=wuorl) (275)
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for large enough R. Using (2.67), (2.74) and (2.75),

|8r((r(0)) — g& ((r(0))]

< (|ﬁu(R,eR<e))—Bu, E’R 8¢ | |By(R,r(8)) + B |) I (e(6) - i7)R
< & o-tmui(te(60)-in)R
R

for large enough R. Similarly,

|8k (€r(8))] =

Sel® 1‘ o ImKI((R(6) V)R 5, (p~1mKi((r(8)~iV)R.

For each large enough R, Rouché’s condition

1gr(Cr(0)) — g% ((r(0))| < |g& (£r(6))]
is satisfied so there exists a zero Ag of gg in the interior of / such that

i - o ) C
Ak — (L +i7)] < [Ar = AF |+ A5 — (R +iY)| < —

for some Cy > 0 independent of R. [

We finish this section with a characterisation of the set S; in the case that 7 is a

Schrodinger operator with an L! or an eventually real periodic potential.

Definition 2.34. Define function A, : [0,%0) x (iy+V,) — C by
Au(RA) = u(RA — i) UL (R, A) — @ (R, A — iy) Wy (R, A) (2.76)
and define function A; : [0,%0) x (iy+V,) — C by
A (RA) = W (RA)G (R A —iy) — WL (R, ) @ (R, A —iy). (2.77)
By the definition of 8, and f; in Theorem 2.30,
Bu(R,A) = BClgy(-,A — i)l Au(R A) and Bi(R,A) = BC[@u(-, 1 — i) Au(R, 1)

hence we have the following characterisation of S,:

Corollary 2.35. S, can be decomposed as

Se = (iy+ St,O) USeuUSey (2.78)
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where
Se0:={z€VuNR:BC[@,(-,z)] =0 or BC[g;(-,2)] =0} (2.79)

and
Se,ji= {l Ei}/—i—VuﬂR:liIgninﬂAj(R,?Lﬂ =O} (j=uorl). (2.80)
—>00

Definition 2.36. We refer to the zeros z of BC[@,(+,z)] and BC[¢,(-,z)] as the res-
onances of Ty. Therefore, the elements of S. ( are precisely the resonances of Tj in
VuNR. We refer to resonances that are located in the essential spectrum of 7j as

embedded resonances.

Remark 2.37. Since ¢, and ¢; are analytic continuations of the solution y from
Assumption 2.15, the functions z — BC[@,(-,z)] and z — BC[¢;(-,z)] are analytic con-
tinuations of the function z — BC[y (-, z)]. The zeros z of BC[y. (-,z)] are eigenvalues

of Ty, therefore, by our convention, eigenvalues are also resonances.

Example 2.38 (Schrodinger operators with L' potentials, continued). Consider again
the case p = r = 1 with g € L' (0, o) satisfying the necessary conditions ensuring that
Assumption 2.27 holds, as discussed in Example 2.28. In this case, since the functions
E+(R,2) and E{(R,A) tend to zero as R — oo for any A, A, and A; satisfy

A (RA)] — ‘\/l—i}/—\/ﬂ asR o (j=uorl)

forall A € iy+ V), where the square-root is understood to have been analytically contin-
ued from C (C_) into V), in the case j = u (j = I) respectively. Since \/m% VA
for all A € iy+V, regardless of which branch-cut for the square-root is chosen, we
have

Seu =58 =0.

Consequently,
Se = i7+ St,07

that is, 4 +iy € S if and only if u is a resonance of Ty

Example 2.39 (Eventually periodic Schrodinger operators, continued). Consider the
case p = r = | with g real-valued and ¢| X ) a-periodic for some X > 0 and a > 0.
Assume that 1 € [0, 7), so that Tp is equipped with a real mixed boundary condition at
0. Note that Tj is self-adjoint in this case. g is eventually real periodic so by Example
2.29, Assumption 2.27 is satisfied. The sets S, , and S, ; satisfy

Sew=Se;=0. 2.81)
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Consequently,
Se = i7+ S‘C,O?

that is, 4 + iy € S, if and only if u is a resonance of 7y

Proof of (2.81). We will only prove (2.81) for j = u, the proof for j =/ is similar.

Assume for contradiction that S, is non-empty and let A € S;,. By unique
continuation, expressions analogous to (2.38) and (2.39) hold for @, and @¢. By these
expressions, there exists a sequence (xp,) C [X,X +a) such that A, (xp,,A) — 0 as
n — oo. Let xo be any accumulation point of (xo ). Then, since A,(-,A) is absolutely
continuous, it holds that A, (xp,4) =0, so,

Pu(x0, A — V)W, (x0,4) — @, (x0, & — 1Y) Wy (x0,4) = 0. (2.82)

Noting that the solutions ¢ (-,A —iy) and @ (-,A — iy) defined by (2.30) are real since
A —iy € R and that the analytic continuations p,(p;) for p; from C (C_) respectively
satisfy p,(A —iy) = pi(A —iy), the expression analogous to (2.35) for the Floquet

solution ¢, implies that

Ou(x,2) = =02 (X +a,2)01(x,2) + (¢1 (X +a,2) — pu(z)) 92 (x,2) = @1(x,2)

where z := A —iy. Consequently we have,

@1(x0, A — iY) W (x0,2) — @] (x0,A — iY) W (x0, 1) = 0. (2.83)

By (2.82) and (2.83), there exists Cj ,,C> ,,Cy 1,C2; € C\{0} independent of x such
that the functions

Cru®u(x,A —iy) ifxe[0,x)
uy(x,A) = ’
Couy4(x, 1) if x € [xp, )

and
C1,1(P1(X,7L — l'}/) ifx e [O,X())
uj (X, A ) = o .
Co W1 (x, 1) if x € [xg,0)
are absolutely continuous and solve the Schrodinger equation 7y,u = Au. Note that
V- solves the Schrodinger equation 7 u = Au on [xg,0) because ¢ is real-valued. By
orthogonality, there exists (a,,a;) € C*\{(0,0)} such that

BC[auuu(-,l) —|—a1u1(-,l)] = auCLuBC[(Pu(';A — l’}’)] —|—611C1JBC[(p1(-,A — l’}’)] =0
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Figure 2.2 Plot of the eigenvalues and resonances of the operator T defined by (2.84).

This implies that A is an eigenvalue of 7, with corresponding eigenfunction u :=

ayu, + aju;. By a standard integration by parts,

20 uf?
Im(A) = Voo <Y
M) =YT=p

which is the desired contradiction. O]

2.5 Numerical examples

In this section, we illustrate the results from Sections 2.3 and 2.4 with numerical

examples.

Example 2.40. Consider perturbed operators of the form

e .
Tg = T2 + LX[0.R) (x) (R S R+) (2.84)
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endowed with Dirichlet boundary conditions at 0. This corresponds to the case
p=r=1,4g=0,1=0and y=1in Sections 2.3 and 2.4.
By an explicit computation, A € C\[0, ) is an eigenvalue of T if and only if

fr(A) = iVAsin(RVA —i) — /A —icos(R\/A —i) =0. (2.85)

Note that our convention is that the branch cut of the square-root is along [0,0). By
suitably analytically continuing the square root function in (2.85), any A in the lower
right quadrant of the complex plane is a resonance of Ty if and only if fg(A) = 0.

To numerically compute the zeros of fr, hence the eigenvalues and resonances
of Tg, in a fixed bounded region, we use a Python implementation of an algorithm
utilising the argument principle [52]. The results are illustrated in Figure 2.2.

For small enough R > 0, T has no eigenvalues [68]. As R increased, we ob-
serve resonances in the lower half plane emerging out of ,(7z) = [0,0), to become

eigenvalues in the numerical range
F)/ = Ge(T0> + l[07 ’}/] = [07 oo) + 1[07 }/]

of Ty accumulating to 6,(T) = iy+ [0, ), as expected by Theorem 2.33.

Example 2.41. Consider perturbed operator of the form
d2

Tr =To+ixr (x) = T2

+iX[0,ro) (X) + iX[0,R) (%) (RERy) (2.86)

endowed with Dirichlet boundary conditions at 0. This corresponds to the case
p=r=1,1n1=0,q=ixRr, for some Rp >0 and y = I in Sections 2.3 and 2.4.
By an explicit computation, A € C\[0,) is an eigenvalue of T if and only if

fR(l)zi\/l—i[e_Zim(R_RO) VA i n(v/A — 2iRo)

\/——H—\/_

_/_l.e—zz\/TRRo VA —i—
12[ \/——l—l-\/_

As before, by suitably analytically continuing the square root function in (2.87), any

cos(V A —2iRy) =0 (2.87)

A in the lower right quadrant of the complex plane is a resonance of 7k if and only if
fr(A) =
A numerical computation of the zeros of fg, hence the eigenvalues and resonances

of Tx is shown in Figure 2.3. We observe that there are eigenvalues of Tk converging



68 The Dissipative Barrier Method

rapidly to the eigenvalues of 7 and that eigenvalues of Tz accumulate to c,(T) =
iY+ [0,00), as expected by Theorems 2.23 and 2.33.

Recall that Example 2.39 guarantees that the rate of convergence of eigenvalues
of Tg to u € int(0,(T)) = iy+ (0,%0) is O(1/R), unless u is a resonance of 7. The
limit operator T for our choice of parameters has a resonance embedded in 0,(7). We
seem to observe a distinction between the way the eigenvalues of Tk accumulate to the
resonance compared to other points in the interior of (7). It seems reasonable to
conjecture that the rate of convergence to embedded resonances is indeed slower that
O(1/R).

Example 2.42. Consider perturbed operators of the form

. d2 ‘ .
Te = To+ 411 Ko (¥) = =5 +sin(x) + i Yo  (RERy) (2.88)

endowed with a Dirichlet boundary condition at 0. This corresponds to the case
p=r=1,1=0, g(x) =sin(x) and y = % in Section 2.3 and 2.4. The essential
spectrum of 7 has a band gap structure - the first spectral band, which we denote by
B, is approximately [—0.3785,—0.3477] [104, Example 15].

To numerically compute the eigenvalues of Tk, we first perform a domain truncation
onto an interval [0,X], imposing a Dirichlet boundary condition at X. Applying a
finite difference method with step-size &, we obtain a finite matrix Ty x j,. For fixed
R, the eigenvalues of Tk x », accumulate to every point in o(7g) as X — co and 1 — 0.
Moreover, any point of accumulation that does not lie in 6(7%) must lie on the real-line
(see [37] and [104]).

For a fixed small value of &, a fixed large value of X — R, the eigenvalues of
Tr x » for increasing R are plotted in Figure 2.4. We first observe an accumulation of
eigenvalues of Ty x j, to the interval B in R. These eigenvalues of Ty x j are due to the
domain truncation method approximating o, (7g) and should not be interpreted as ap-
proximations of the eigenvalues of 7g. All other points in the plots are approximations
of the eigenvalues of Tg.

In Figure 2.4, we observe that as R increases, eigenvalues of Tg emerge out of the
spectral band B and tend to the shifted spectral band iy + B, which is a subset of ¢,(T).
For large R, we observe an accumulation of eigenvalues to iy + B. The eigenvalues of
Tk accumulating to iy + B seem to be contained in B+ (0, 7). If this is indeed the case
then by Bolzano-Weiestrass we expect that there is spectral pollution in B+ (0, 7).
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Figure 2.3 Plot of eigenvalues and resonances of the operators Tz and T = Ty + iy
defined by (2.86), with Ry = 4.7. Note that the definition of resonances for Ty falls
under Definition 2.36 since the dissipative barrier iyyjo g] 18 compactly supported.
Furthermore, a complex number A is a resonances of Ty + iy if A — iy is a resonance

of TO.
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Figure 2.4 Plot of eigenvalues of the domain truncation and finite difference approxim-
ation Ty x j, of the operator Tx defined by (2.88). 1 = 0.05 and X — R = 300 are fixed.
The region B + iR is shaded in light blue.



Chapter 3

Bounds for Schrodinger operators
perturbed by dissipative barriers

Declaration:

This chapter appears in a similar form in the published article [129].

3.1 Introduction

There has recently been a surge of interest concerning bounds for the magnitude of
eigenvalues and the number of eigenvalues of Schrodinger operators with complex

potentials. In this chapter, we consider Schrodinger operators of the form
d2

He=—4e

+q+iyxor on L*0,0)  (R>0), (3.1)
endowed with a Dirichlet boundary condition at 0, where y > 0 and the background
potential g € L' (0,0) (which may be complex-valued) are regarded as fixed paramet-
ers. Perturbations of the form iy ) are referred to as dissipative barriers and arise
in spectral approximation, where they can be utilised as part of numerical schemes
for the computation of eigenvalues [104, 130, 4, 102, 103, 133]. Our aim is to prove
estimates for the magnitude and number of eigenvalues of Hg for large R.

3.1.1 Existing bounds for the magnitude and number of eigenval-

ues

Let us first discuss some relevant existing results concerning the eigenvalues of (non-
self-adjoint) Schrodinger operators and apply them to operators of the form Hg.
In [1], Abramov, Aslanyan and Davies investigated bounds for complex eigen-

values of Schrédinger operators, in particular obtaining a bound [1, Theorem 4] for
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’ H Literature \ Our Results ‘

Magnitude V& = O(R) V |Ar| = O(R/logR)

Bound Frank, Laptev, Seiringer Theorem 3.4

(2011)
Number of
Eigenvalues || N(Hg) = O(R?) N(Hg) = O(R?/10gR)
(Compact Korotyaev (2020) Theorem 3.10
Support)
Number of

) _ 4

Eigenvalues N(Hg) = O(R") ; N(Hg) = O(R*/(logR)?)
(Naimark Frank, Laptev, Safronov Theorem 3.14
Condition) | (2016)

Table 3.1 A summary of the large R asymptotic estimates for the eigenvalues of Hg
implied by our results compared to estimates obtained by applying various results in
the literature.

Schrodinger operator on L?(IR) with a potential V € L!(R) N L?(R). Such magnitude
bounds were later generalised to include more general potentials, higher dimensions
and more general geometries [43, 50, 62, 65, 66, 71, 80, 92, 94, 122]. The work most
relevant to this chapter was undertook by Frank, Laptev and Seiringer [69], where
they show that any eigenvalue A of a Schrodinger operator —d?/dx? 4V on L*>(R ),

endowed with a Dirichlet boundary condition at 0, satisfies

VIAL V]| (3.2)

Note that the right hand side of the bound presented in [69] depends on arg A and is
sharper than (3.2). An application of this result to operators of the form Hg gives an
estimate /|Ag| = O(R) as R — oo for any eigenvalue A of Hg.

Proving bounds for the number of eigenvalues of a Schrodinger operator is often
regarded a more difficult problem. A sufficient condition for the potential V' to ensure
that the number of eigenvalues of a Schrodinger operator on L?(IR. ) is finite is the
Naimark condition [108]:

E|a>01/ e |V (1)]|dt < 0. (3.3)
0

There exist other such sufficient conditions and it is known that the number of ei-
genvalues may not be finite for certain potentials decaying only sub-exponentially
[112, 113].
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Quantitative bounds for the number of eigenvalues of a Schrodinger operator on
L?>(RY) were proved by Stepin in [131, 132] for dimensions d = 1,3. Bounds for
arbitrary odd dimensions were later proved by Frank, Laptev and Safronov in [68],
which give better large R estimates when applied to operators Hg of the form (3.1). [68,
Theorem 1.1] states that the number of eigenvalues N (counting algebraic multiplicity)
of a Schrodinger operator —d? /dx? +V on L?(R ;) endowed with a Dirichlet boundary

condition at O satisfies )
1 los)
N< = (/ e8f|V(z>|dz) . (3.4)
&€ 0

for any € > 0. With the assumption that the background potential g satisfies the
Naimark condition, applying this inequality to Hg with € = 1/R gives an estimate
N(Hg) = O(R*) as R — oo for the number of eigenvalues (counting algebraic multipli-
cities) N(Hg) of Hg.

Additionally, Korotyaev has proved in [90, Theorem 1.6] a bound specific to
Schrodinger operators with compactly supported potentials: the number of eigenval-
ues N of a Schrodinger operator —d?/dx?> +V on L?(R) endowed with a Dirichlet
boundary condition at 0, with V € L!(R ) and suppV C [0, Q], satisfies

N <Ci+CO|V|L (3.5)

where Cy,C, > 0 are some numerical constants. With the assumption that the back-
ground potential g is compactly supported, applying this inequality to Hg gives an
estimate N(Hg) = O(R?) as R — . We mention also other estimates for numbers of
eigenvalues in [23, 86, 127].

3.1.2 Summary of results

Table 3.1 summarises our results for the large R behaviour of the eigenvalues of Hg
and compares them to the application of the existing results to operators of the form
Hg.

Let H Igo) denote the operator H for the case ¢ = 0. The semi-infinite strip

Ty :=(0,00) +i(0,7) C C (3.6)

plays an important role throughout the chapter and has the property that its closure l:y
is equal to the numerical range of the operator H I(QO) for any R > 0. An open ball in C
of radius r > 0 about a point zg € C is denoted by B,(zo). Note that in this chapter we
make no attempt to optimise numerical constants.

Our first result gives a uniform in R enclosure for the eigenvalues of H:
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(A) (Theorem 3.4 (a)) There exists X = X(q,y) > 0 such that, for any R > 0, the
eigenvalues of Hp, lie in By (0) UT,.

In particular, the imaginary and negative real parts of the eigenvalues are bounded
independently of R.

Our next result is a bound for the magnitude of eigenvalues of Hy for sufficiently
large R. The bound gives the estimate \/m = O(R/1ogR) as R — oo for any eigen-
value Ag of Hg providing a logarithmic improvement to the application of the result
[69] of Frank, Laptev and Seiringer to this system.

(B) (Theorem 3.4 (b)) There exists Ry = Ro(q,Y) > 0 such that for every R > Ry,
any eigenvalue A of Hg in I'y satisfies

VA < R (3.7)

~logR’

(B) is obtained by considering an analytic function whose zeros are the eigenvalues of
Hp and applying large-|A| Levinson asymptotics.

The fact that large eigenvalues of Hg for large R must be contained in the numerical
range of H IgO) and the right hand side of inequality (3.7) is independent of g indicates
that the effect of the background potential g on the large eigenvalues is dominated by
effect of the dissipative barrier iyx|o z) for large R.

Our first estimate for the number of eigenvalues N(Hg) for Hy is for the case that
the background potential ¢ is compactly supported. It gives the estimate N(Hg) =
O(R?/10gR) as R — oo, which offers a logarithmic improvement to the application of
the result [90, Theorem 1.6] of Korotyaev to this system.

(C) (Theorem 3.10) If ¢ is compactly supported then there exists Ry = Ry(q,y) > 0
such that for every R > Ry,

11 yR?
N(HR) < ——= .
(Hk) log2logR

The proof consists in an application of Jensen’s formula.

The case in which the background potential g merely satisfies the Naimark condi-
tion requires more sophisticated techniques compared to the compactly supported case.
Our result gives the estimate N(Hg) = O(R?/(logR)?) as R — o, providing a more
significant improvement to the application of the result [68, Theorem 1.1] of Frank,
Laptev and Safronov to this system, which gives N(Hg) = O(R*). The reasons for the

more significant improvement are discussed below.
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(D) (Theorem 3.14) If there exists a > 0 such that

/ 4| g(1)|dr < oo.
0
then there exists Ry = Ro(g,y) > 0 such that for every R > Ry,

VX+a PR

N(Hgr) <C
(H) a’>  (logR)?

(3.8)

where X = X (g, ) > 0 is the constant appearing in (A) and C = 88788.

The proof of (D) involves first obtaining a bound which counts the number of
zeros in a strip for an arbitrary analytic function in the upper half plane (Proposition
3.12). This bound can be applied to the estimation of N(Hg) thanks to the uniform
in R enclosure (A), which implies that the square-roots of the eigenvalues of Hg are
contained in a strip, uniformly in R. Without the uniform enclosure, we would have
to use the magnitude bound (B) in place of the uniform enclosure with which the
best we could obtain is inequality (3.8) with v/X replaced by O(R/logR), giving the
large R estimate N(Hg) = O(R*/(logR)?). This indicates that the more significant
improvement in (D) is due to the combination of a bound for the quantity ImvV/A of
the eigenvalues A with the bound Proposition 3.12 for analytic functions.

Operators of the form ngo), corresponding to the special case g = 0, have been
studied by Bogli and Stampach in [22], by Golinskii in [77] and by Cuenin in [44]. As
discussed in Chapter 1, lower bounds for H 1(30) show that Theorem 3.4 (b) and Theorem
3.10 provide optimal large R estimates.

3.1.3 Notations and conventions

Throughout the chapter, C > 0 denotes a constant, whose dependencies are generally
indicated, that may change from line to line. ¥’(x, 1) will denote % y(x, A ) throughout.
The branch cut of /- is made along 6,(Hg) = [0,), so that Im,/z > 0 for all z € C.
N(Hg) shall denote the number of eigenvalues of Hg, counting algebraic multiplicities
(as above). Finally, note that fg will always denote an analytic function but will be

redefined in each section.

3.2 Magnitude bound

Since g € L! (0,00), we can employ Levinson’s asymptotic theorem which states that

the solution space of the Schridinger equation —u” + qu = Au on [0, ) is spanned by
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solutions Yy and y_, which admit the decomposition [107, Appendix II, Theorems 1
and 3] [60, Theorem 1.3.1]:

Yl A) = VA (14 Ex(x,2))

x €[0,0),4 € C\{0}). 3.9
ll’gz(xal)::i:i\/%eii\/zx(l_FEi(x’l)) (x € [0,%0),4 € C\{0}) (3.9)

Here, E1 and Ei are some functions such that,
|E+(x,A)|+|EL(x,A)] =0 as x— oo (3.10)
forall A € C\{0}, and

(e, 2)] + B (x,2)] < S G.11)

VIA]

for all x € [0,00) and A € C with |A| > 1.

While the error E (x,A) tends to 0 as x — oo uniformly for A € C\Bgs(0), é > 0,
the error E_ does not have this property. For this reason, we will need to utilise
large-|A | asymptotics of y in this section.

Lemma 3.1. A € C\[0,0) with A # i is an eigenvalue of Hg if an only if fr(A1) =0,

where

Jr(A) = y-(0,A —iy) (\/I— VA—iy+é& (R,/l))ef A—irR
Y 0 A =) (VA+ VA= ir+&(R,2) ) e VTR

Here, 8,6, are defined, for any R > 0 and A € C\{0,iy}, by

E(RA) = \/I(E+<R,A — i) +EC(RA)+EL(RA — iy)Ei(R,?L))

- iy(Ei(R,l —iy)+E (R A)+EL(R A — iy)E+(R,7L)>, (3.12)

&(RA) = \/X(Eium) +E_(RA —iy)+E%(RA)E_(R, A — iy))
+/A— iy<E+(R,/l) FEC(RA —iy) + E+(R,AEL(R A — iy)) (3.13)
and, for some €1 = €1(q,7v) > 0, satisfy

|61(R,A)|+|&(R,A)| < €1 (3.14)
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forall R >0 and all A € C with |A| > 1+ Y. Furthermore, fg, &1(R,-) and & (R, ")
are analytic on C\([0,00) U (iy+[0,00))).

Proof. Let A € C\[0,00) with A # iy. A is an eigenvalue of Hp if and only if there a
solution to the boundary value problem

—v"+(q+ivX0.r) W =AW on [0,00), y(0) =0,y € L*(0,0). (3.15)

Any solution to (3.15) on [0, R] must be of the form C;y;(-,A), where

vi(xA) = =y_ (0,4 —in)yy(x, A —iy) =y (0,4 —in)y—(x,A —iy)  (3.16)

and C; € C is independent of x. Any solution to the boundary value problem (3.15) on
[R, o) must be of the form Cry (x,A), where C;, € C is independent of x. Hence A is
an eigenvalue if and only if there exists C;,C, € C\{0} independent of x such that the
function

Ciyi(x,A) ifx€[0,R)

Gy (x,A) ifx e [R,oo)

is continuously differentiable which holds if and only if
i fr(A)e™VAR =y (R )W, (R,A) — W] (RA)WL(R,A) =0 3.17
lfR( )e —Wl( ’ )W+< ) ) lI/l( ) )W—l—( ’ ) . ( . )

The required expression for fg holds by a direct computation, using expressions (3.9)
for ..

For A € C with |A| > 1 +7ywe have |A| > 1 and |A —iy| > 1. Therefore, estimates
(3.11) apply to all the terms in (3.12) and (3.13) involving E or E. The 0(1/\/W)
decay of the terms involving E. or Ei as |A| — oo cancels the growth of the square
roots, hence estimate (3.14) holds. Finally, fg, &1(R,-) and &(R,-) are analytic on
C\(]0,%) U (iy+[0,%0))) because /-, E+(R,-) and E4(R,-) are analytic on C\[0, o).

[

In the special case g =0, fr is denoted by f,go) and we have that:

A € C\[0,) is an eigenvalue of ngo) if and only if flgo) (A)=0.

The terms E+ and E< in Levinson’s asymptotic theorem are simply zero for this case,
SO

7'3) = (VA= A=) VIt (Vi Ay VI )
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Lemma 3.2. There exists a constant ¢, = 6»(q,y) > 0 such that
o) = f ()] < GpemV AR

forallR > 0andall A € Cwith [A]| > 1+7.

Proof. By a direct computation, using Lemma 3.1 and the fact that
v (0,4 —iy) =1+ EL(0,A —iy),
we have
(r(A) = i ()eVAIR = E_(0,2 — i) [VA = /=y VAR
B0 i) [V V]

+(1+E_(0,A —iy))& (R, A)HVATIR
—(1+E+(0,A —i7))62(R,A).

(3.19)

Each term on the right hand side of (3.19) is bounded uniformly for all R > 0 and all
A € C with |A] > 1+ 7; this follows using the boundedness for &7 and &, proved in
Lemma 3.1 as well as the large-|A | asymptotics of E4(0,A —iy) in (3.11). In particular,
inequality (3.11) implies that E+ (0,4 —iy) = O(1/1/|A]) as |A| — oo, balancing the
growth of the factors VA £ \/sz in the first two terms of (3.19). ]

Recall that I'y is an open strip defined by equation (3.6). We shall need the
following elementary inequalities:

Lemma 3.3. (a) If A €T, U[0,00) then

|\/_+ VA =1y <

— and |VA—\/A—i A —1yl.

(b) If A € C\(I'yU[0,00)) then

Im\/A —iy< —

Proof. (a) If A € I'yU|0,0) then

sgnRe/A — iy = —sgnReV'A, [Rey/A —iy| > Imy/A —iyand [ReVA| > ImV/4,

\/_\/|7L—l
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SO
VA = /A —i7]> =(ReVA)? + (Re\/A —i7)? + (ImVA)? + (Imy/A — iy)?
—2ReVARe/A —iy—2ImVAImy/A — iy (3.20)
>[4 —1iy|.

The inequality for v/A 4 /A — iy follows from the identity

VI Al

(3.21)

=T

(b) If A € iy+C, U[0,00) or A € C_ then, similarly to (3.20),
sgnReVA =sgnRe\/A —iy = |[VA+/A—iy]> > |Al.
If A € (—o0,0] 4 [0, 7] then |Rev/A| < Imv/A and [Re+/A — iy| < Imy/A — iy so
VA+VA—iy? = A =iy + 2] = (Al

hence the inequality for v/A + y/A — iy holds. The inequality for VA — /A — iy
follows from (3.21).

(c) Let A € I'yand let z = A —iy. Then |Imz|,< ¥ so

(Imz)? 7
2(1 — R — .
(Imy/z)* = |z] — Rez ~iRe N a

]

Using the function fg for the eigenvalues of Hg, combined with the large-|A|
asymptotics of Y, we can estimate the location of the eigenvalues of Hg:

Theorem 3.4. (a) There exists X = X(q,7y) > 0 such that, for any R > 0, the eigenval-
ues of Hg lie in Bx (0) UT.

(b) There exists Ry = Ro(q,7y) > 0 such that for every R > Ry, any eigenvalue A of Hg
in Iy satisfies

— S5yR
VA —ir < 1021%' (3.22)

Proof. (a) Let R > 0. Hg has no eigenvalues in [0,%) (indeed, this follows from
the Levinson asymptotic formulas (3.9)) so it suffices to show that any zero of fz
in C\(T’yU[0,e0)) must lie in an open ball in the complex plane, whose radius is
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independent of R. Let A € C\ (I'yU[0,0)) be such that |A| > X, where X =X (g,y) >
0 is a large enough constant to be further specified. Let X > 0 be large enough so that
|A| > 1+ 7. By the expression for fg in Lemma 3.1,

fr()eVER > |y (0,4 =) (VA + VA =i+ & (R, 1))

— W (0,4 —iy) (VA — /A —iy+ & (R, L)) e AmVA-ITR],
(3.23)

By the boundedness of & and E_ (Lemma 3.1 and estimates (3.11)), as well an
inequality in Lemma 3.3 (b), there exists C; = Ci(g,y) > 0 such that

v (0,4 —iy) (x/I— VA —iy+ & (R,/l)) (e*ﬂm =ik < ). (3.24)

Let 8 > 0. Recall that |&(R,A)| < %), where %) > 0 is the constant appearing in
Lemma 3.1. Let X > 0 be large enough such that |y, (0,A —iy)| >  and

VAL Z2(C1+6) + 1.

Then, using Lemma 3.3 (b),

1
v (0,1 —iy)(\/%+ NG —i}/+£’2(R,7L)>‘ > 5“/’7” —%‘ >C 48, (325)
Combining (3.23), (3.24) and (3.25), we have
[fr(A)| = 6> 0.

Consequently, A is not an eigenvalue of Hy proving that there are no eigenvalues of
Hg in C\I'y with magnitude greater than X.

(b) Let R > Ry, where Ry = Ro(q,7y) > 0 is a large enough constant to be further
specified. Let A € I'y be such that

V|A —iy|log|A —iy| > 8YR. (3.26)

We aim to prove that A is not an eigenvalue of Hp.

Using the expression (3.18) for flgo),

e W myaiw - | V2= VA= omyam VA VA=Y

A —iy|1/+¢ e A —iy|1/4
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Using the inequality (3.26) and Lemma 3.3 (¢), A satisfies

e AmMVA—iTR 5 ~V2R/\/IA=it] 5 o loglA—iyl _ ;. (3.27)
A — iy v/

Ensure Ry > 0 is large enough so that |4 — iy|'/* > 2|1 — iy V2/8_ Then, using Lemma
3.3 (a),

VA —/A—i . .
| R Yo i = 22— iy (3.28)

Ensure also that Ry > 0 is large enough so that [A —iy| > 7* /3, Combining (3.28) with
(3.27) and using Lemma 3.3 (a) again,

VA=VA—iN omy/TiR S 55 4 “/mvl"'y)
A —iy|1/4 T A —iyt4

and hence
F A = (A —iy|! A emVA—ITR, (3.29)
R

In particular, flgo) (L) #0.

Recall that 6, = %>(q,7) > 0 denotes the constant appearing in Lemma 3.2. Ensure
that Ry > 0 is large enough so that [A| > 1+ yand |1 —iy|'/* > 2. By (3.29) and
Lemma 3.2,

—i 1 : m —i 1
|fR(A)—f1gO)(;L)|<(52€Im A YRgzm_lﬂlMeI A YRgi‘fIgO)(l)‘

therefore fgr(A) # 0 and, consequently, A is not an eigenvalue of Hg. This proves that

any eigenvalue of Hg must satisfy
VA —iyllog\/|A —iy| < 49R. (3.30)

Let W denote the Lambert-W -function (also known as the product log function).
W satisfies

X

W (x)

(x> 0,y >0).

W (x) zlog<%) and ylogy=x < y=

Hence (3.30) can be written as

r — iy| < W4yR B 4YR

(47R)  log(47R) —log(W (47R))
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from which (3.22) follows (note that it is well known that W (x) = o(x) as x — ).
[

Remark 3.5. The constant X = X(g,y) > 0 in Theorem 3.4 (a) satisfies
X = 0(“4”21) as ||gl|r — oo
This can be seen by noting that E1+(R,A),E{(R,A) = O(||q||;1) (see [60, Chapter

1.4]), 61=O(|lgll7,) and C1 = O(l|q]l3,).

3.3 Number of eigenvalues

In this section, we estimate the number of eigenvalues for Hg, for which we necessarily

need to add additional assumptions on the background potential g.

3.3.1 Preliminaries

Let w4 denote the solutions (3.9) for the Schrédinger equation and

(P(X,Z) = II/+(X7Z2) (x S [0700)7Z S C+)

¢ 1s commonly referred to as the Jost solution. For each R > 0, define function
fR . (C+ —C by

ifr(z)e™ = O(R,2)9'(R,2) —0'(R2)p(Rz)  (z€Cy).
where, for any z € C, 6(-,z) is defined as the solution to the initial value problem
—0"+q6 = (z*—iy)6,6(0) =0,6"(0) = 1. (3.31)
By the same arguments as in Lemma 3.1, we have the following.
Lemma 3.6. fy is analytic on C; and any z € C satisfies
fr(z) =0 <= 2% isan eigenvalue of Hg. (3.32)
¢ can be decomposed in a similar way to Yy,

(x,2) = ¢ (1+ E(x,2))

. €10,00),z€ C (3.33)
@' (x,2) = ize™ (1 + E%(x,2)) (x€[0,0),2€Cy)
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for some functions E and E4 whose properties will be later specified, for the different
assumptions on the background potential g that we consider. We shall need the
following facts concerning fr and 6. Note that in Lemma 3.7, & and &, are defined

in a different way than in Lemma 3.1.

Lemma 3.7. Suppose that, for each R > 0, @(R,-) and ¢'(R,-) admits an analytic

continuation from C_ into some open U C C. Then, fr admits analytic continuation
into U. Furthermore, for each R > 0 and z € U\{£./iy},

fr(2)u(z) = y—(0,2 —iy) (z —\/2—iv+ & (R,Z)) ViR
— . (0,2 — iy) (z+ 2 —iy+ &(R,Z)) e IVZIR (3 34)
where

u(z) =y (0,22 —iNy, (0,2 —iy) =y (0,2 —iy)y (0,22 —iy),  (3.35)

E1(R,2) i=z(E1 (R 22— i) + E*(R,2) + B4 (R, 22— iDE*(R,2))
Y iy(Ei (R, — i)+ E(R,2)+ EL(R,* — iy)E(R,z)) (3.36)

and

£(R,2) i=2(E'(R,2) + E_(R, 2 —iy) + E'(RE_ (R, ~ 7))
/22— iy(E(R,z) +EY(R,2—iy)+ER,2)EL(R,2 - iy)). (3.37)

Proof. Analytic continuation holds by the fact that (R, -) is entire [135, Lemma 5.7]
for each R > 0. If z # +./iy then the functions y (-, 2 — iy) span the solution space
of the Schrodinger equation —y” + gy = (22 — iy)w so

v_ (0,22 —iy) vy (R, 22 — iy) — wi (0,22 — iY) y_(R,z* — iy)
V- (0,22 —iy)y (0,22 —iy) — w4 (0,22 — iy) Y. (0,22 — iy)
|4 (R7Z2)

u(z)

where Yy denotes the function defined by (3.16) in Lemma 3.1. The lemma follows by

O(R,z) =

a direct computation, similar to one in Lemma 3.1. O
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Lemma 3.8. For any x € [0,) and z € C\{=iY}, the solution 0 to the initial value
problem (3.31) satisfies the inequality

16(x,2)] + 16/ (x,2)] < (1 +x)el™V="Mrexp (/OXU +r)|q<r>|df)'

Proof. Let = u(z) := /7% —iy. 0 and 0’ satisfy the integral equations

0(r.2) - —Si“g‘x) s —Sin(ug_t))CI(t)G(t,z)dt

and
0/ (x,2) = cos(ux) + /0 cos(i(x—1))q(t)8(t,2)dr,

hence satisfy the integral inequality
X
10(x,2)| + 6" (x,2)] <(1+X)el"‘“'x[1+/o e Il |g()] (16(2,2)] +16' (1, 2))dt |,

where we used the fact that | sin(ux)| ||~ < xel™*¥ and |cos(ux)| < e™“*, The
result follows from an application of Gronwall’s Lemma. [

3.3.2 Compactly supported potentials

Assumption 3.9. ¢ is compactly supported, that is, there exists Q > 0 such that
suppg C [0,Q].
If Assumption 3.9 holds and then the Jost solution @ satisfies
o(R,z)=€e® (R>Q,7€C,) (3.38)

hence, for each x € [0,00), @(x,-) can be analytically continued to C. Consequently,

for R > Q, fg can be analytically continued to C and can be written as
fr(z) =z0(R,2) +i0'(R,z)  (z€C). (3.39)

Theorem 3.10. Suppose that Assumption 3.9 holds. Then there exists Ry = Ro(q,y) >0
such that for every R > Ry,

11 yR?
N(Hg) < — L& .
log2 logR

(3.40)
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Proof. Let zo € C, be such that

vi(0,25—iy) #0, Imy/zZZ—iy>1 and /|23 —iy] <2. (3.41)

In fact, by choosing zo to be the minimiser of some suitable total order on C in the set
of points that maximise z — W, (0,z> — iy) while satisfying the latter two inequalities
of (3.41), zp can be determined uniquely by g and 7, zo = zo(g, 7). Define r =r(R) >0
by

r 1/2 SYR

== —. 3.42

=Y +|Zo\+10gR (3.42)

By the triangle inequality,

le— 20| < |2 + 20| < /122 =i + 7+ 20l < \/I2 =i+ 7P+ 10| (343)
] S5YR —
. . 2
Sg = {z eCi:y/|Z2—iy < logR} C B,/2(20)- (3.44)

Let R > Q > 0 be large enough so that estimate (3.22) of Theorem 3.4 (b) holds. Since

the zeros of fz in C,. have a bijective correspondence with the eigenvalues of Hg, the

SO,

set Sk contains all the zeros of fg in C, and hence the number of eigenvalues of Hpg is

bounded by the number of zeros for f in the ball B, /2(20),

N(Hg) < |fz '{0}NB,/2(20))l- (3.45)

Since fg is entire, Jensen’s formula gives us

sup |fr(2)l|- (3.46)

1 -
fx 10} NB;p2(20)] < fr(20) |lz—z0|=r

log

1
log?2

Since R > Q, the terms & (R, z) and &} (R, z), defined by (3.36) and (3.37) respect-
ively, vanish. Hence, by Lemma 3.7 and the fact that Im /z(z) —iy =1,

| fr(z0)u(z0)| > [W+-(0,25 — V) (20 + /25 — )"

—|w_(0,25—iy)(z0 — /23— iv))|e %
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Note that Imy /z3 — iy > 1 implies that zy # £+/i¥ so Lemma 3.7 is indeed applicable
here. Then, since Yy (0,23 —iy) # 0, /|23 —iy| < 2 and z0 = 20(g, ),

|fr(z0)| = C(q,7) (3.47)

for large enough R.
By expression (3.39) for f and the estimates in Lemma 3.8 for 6 and 6’, for all
z € dB,(20),
[fr(2)] < Cla)(1+R)(1+[el)e!VE TR, (3.48)

Furthermore, by the triangle inequality and expression (3.42) for r, for all z € dB,(zo),

_ 10yR
V122 =7 < [z — 20| + |20l + ¥/* = 37"+ 3|20 +$- (3.49)

Noting that for z € dB,(zp), the factor (1 + |z|) in (3.48) is o(R), combining (3.45) -
(3.49) gives us

lOyR2>

1
N(Hg) < —— (1ogo(R2) + <3y1/2 + 3yzoy>R+ e

log?2

as R — oo, Estimate (3.40) follows. ]

3.3.3 Exponentially decaying potentials

Assumption 3.11 (Naimark Condition). There exists a > 0 such that

/ (1) |dr < oo,
0

If Assumption 3.11 is satisfied then for each x > 0 the functions ¢(x,-) and ¢’(x, )
admit analytic continuations from C into {Imz > —2a}. For each x > 0, the functions

E and E¢ appearing in the decomposition (3.33) of the Jost solution ¢ satisfy
|E(x,2)|+|E9(x,2)| <C(q) if Imz> —a (3.50)

and M

B2+ B (2)] < 7

if Imz>—aand |z > 1. (3.51)

See [108, Theorem 2.6.1] and [131, Lemma 1] for proofs of the above claims.
The next proposition allows us to utilise the uniform enclosure of Theorem 3.4 (a)

in the estimation of the number of eigenvalues of Hg.
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Proposition 3.12. Suppose that f is an analytic function defined on an open neigh-
bourhood of the closed semi-disc D, := B,(0)NC . for some r > 0. Let o and 3 be

any numbers in the interval (0, 1) satisfying

11—« 2y
ﬁ(oc-i—ﬁ) >H (3.52)

and let N(or) denote the number of zeros of f in the region
Darpy :={z€C:n <Imz <Y, [z < or} (3.53)

where Y, > 0 are given parameters satisfying 1 <Y < r. Then,

2 1 sup.cop, |/ (2)]
N(WKlogA(r)lOg(min{BJ—B} 7GBr) ) (359
where apn 1
1+ 1
A(r) = TILTQT' (3.55)
(—ayr

Remark 3.13. One can always guarantee that condition (3.52) for o and  is satisfied

by choosing, for instance,
1
a=f=-—1_, (3.56)

42Y+n

Doer,n,Y

Figure 3.1 Illustration for the setup of Proposition 3.12.
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Proof of Proposition 3.12. Let{z j}];]:(‘fr) denote the set of zeros of f in the set Dg.ny
and consider the Blaschke product

b(z) ::H =[12i.

J

Note that higher multiplicity zeros of f are repeated in the set {z j} accordingly. Let
zo := ifr. The function f(z)b(z) is analytic on an open neighbourhood of D, so by

Cauchy’s formula,
1 f(2)b(z)

2_7'Ci oD, 7—20
Observing that |z —zo| = min{f,1— B }r for all z € dD,, it holds that

dz = f(20)b(z0)- (3.57)

1 7{ |dz] 1
27 Jop, |z—z0| ~ min{B,1 -}’

which can be used to estimate the integral in (3.57) to get

bj su 2 1
| j(ZO)| < PzcoD, 1f(2)] ' . (3.58)
j SUP.eop, [b(2)] [f(zo)|  min{B,1—-B}
By a direct computation, we have
4Imzlmz;
bja)| = [1+ L
|2 —zjl
Since
Imz():ﬁr, Il’an>T[, |Z0_Zj|<(a+ﬁ)r7
giving us a lower bound for |b;(z9)|, and since for any z € C with |z| =7
Imz<r, Imz; <Y, |z—z|=>—-a)rn
giving us an upper bound for |b;(z)|, we have
b

10j(2)|

for any z € dD, with |z| = r. Furthermore, if z € R then |b;(z)| = 1 so (3.59) in fact
holds for every z € dD,. Combining (3.59) with (3.58) gives us

A(r)V(ar)/2 < 1 SUP.coD, |f(Z)‘ 3.60
DS SR I=B) /(o) (3:60)
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If hypothesis (3.52) for o and B holds then A(r) > 1 so we can take the logarithm of
both sides of (3.60) and rearrange to obtain inequality (3.54). [l

Theorem 3.14. Suppose that Assumption 3.11 holds. Then there exists Ry = Ro(q,Y) >
0 such that for every R > Ry,

VX ta PR

N(Hg) <
(H) a’>  (logR)?

(3.61)

where C = 88788 and X = X(q,y) > 0 is the constant appearing in Theorem 3.4 (a).

Proof. Let fg(z) := fr(z—ia) and let o, B > O satisfy equation (3.56) of Remark 3.13
with ) = a and Y = v/X +a where X = X(qg,7) is the constant appearing in Theorem
3.4. Then hypothesis (3.52) of Proposition 3.12 is satisfied. Note that with this choice
of B we have 8 < 1/2, so,

min{B,1 -} =B. (3.62)

The zeros of fg in {Imz > a} have a bijective correspondence to eigenvalues of
Hpg given by

(z—ia)* € 6,4(Hg) — Imz > a and fz(z) = 0. (3.63)

Assuming without loss of generality that X > 7, the square root of any element of
Bx(0) UTI'y is contained in the strip {0 < Imw < VX } € C. Then by the uniform
enclosure of Theorem 3.4 (a), the zeros of fg in {Imz > a} are contained in the strip
{a <Imz < VX + a}. By the triangle inequality and the magnitude bound of Theorem
3.4 (b), any zero z of fR with Imz > a satisfies

ol <Y a+/|(z—ia)?—iv| < ar (3.64)
where r = r(R) is defined by
5YR
ar=y"? a4 27 (3.65)
logR

Hence the zeros of f in {Imz > a} are contained in Darn.y-
Applying Proposition 3.12, we get an estimate for the number of eigenvalues of
Hp,

N(Hg) = | fg {0} NDgrny

2 1 sup,cop, | /r(2)]
< ——1 — ——— , 3.66
log A7) Og(ﬁ (i) ) (360
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where
. 1 +C1/r

Alr) = [ Co/r

for some constants C; > C, > 0 depending only on X and a. The remainder of the

(3.67)

proof consists in estimating the right hand side of (3.66).
Let zg := ifr(R) —ia. By Lemma 3.7,
[ fr(zr)u(zr)| = Wi (0.2% — i7) (zr +\/ 2k — v+ E3(R.28))|

— W= (0,22 = iV)(zr — \/ R — iY + &1 (R,28))|  (3.68)

for large enough R. By estimates (3.11) for E+ and E4, and the corresponding
estimates (3.51) for E and E,

u(zg)| + |W- (0,25 — V)| +| &1 (R, zr)| + |4 (R,zr)| < Cg,7)  (3.69)

and
1w (0,23 —iy)| = C(q,7) (3.70)

for large enough R. By Lemma 3.3,
Jlim |z + 5 —iy| = and Jim |25 — % —iy| =0. (3.71)
Combining (3.68) with (3.69), (3.70) and (3.71) gives us

|fr(iBr)| = |fr(zr)| > 1 (3.72)

for large enough R.
The factor involving A(r) on the right hand side of (3.66) can be estimated using
the expression (3.67) for A and the inequality logx > (x—1)/(x+1) (x > 1),

A(r)—1 _ (C1—G)/r(R) >C1—C2

logA(r) = A(r)+1 2+(C;+GC)/r(R) ~ 3r(R)

(3.73)

for large enough R.
The function f is estimated from above using the bound in Lemma 3.8 for 6 and
6’ and the uniform bounds (3.50) for E(R,-) and E4(R,-),

r(2)] < Cl@)(1+R)(1+ [z e RelVETa =R (€ T,). (3.74)
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Using the expression (3.65) for r, for any z € dD, we have

SYR

)2 — vl < y1/2 <
(cmiaR i <7 +at <O+

(3.75)

as R — oo. Combining (3.66) with (3.72), (3.73), (3.74) and (3.75), noting that |z| =
o(R) for z € dDg and B~ = O(1), gives

6 5YR 5YR?
Hg) < 1 R
NHR) < =6, (O( )+oclogR> (O( )+a10gR)

as R — o and so

1519’R?

NHR) < (6 =6 (logR )

(3.76)

for large enough R.
Finally, we put the constant into a more illuminating form. By the definition (3.55)

of A in Proposition 3.12,

Ci=— and G = = 06)2 (3.77)
Since 13y < @ < gk, we have
4Y a? n? 4Y o?
(C1—C)o? =na— > — (3.78)
(I—a)2 7 12y (1—gL)?
and since 0 < /Y < 1, we have
azn 2 = 7722 ] 21 TRVIR n22 (3.79)
(1-3p) 64Y= (14 55)%(1 —gp) 49y
Combining (3.78) and (3.79), we have
1 2
(C1—Cy)o? > @177 (3.80)

which gives estimate (3.61) when substituted into (3.76), with Y = VX +a and n=a.
O






Chapter 4
Lieb-Thirring and Jensen sums
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4.1 Introduction

There is a vast literature on the spectral theory of self-adjoint Schrodinger operators,
motivated by their numerous applications in various areas of mathematical physics.
One of the highlights of this theory is the seminal Lieb—Thirring inequality for operat-
ors on L?(R¥), d € N, which describes the discrete spectrum of such operators. For
the case of real line d = 1 it reads [99]

, 4.1)

| =

Y <o [ fa-(pt e opz
A«EG‘](H) -

where C(u) > 0 depends only on p, H denotes a Schrodinger operator on R with
real-valued potential ¢ and g_ (x) = max(0, —g(x)).

By comparison, the non-self-adjoint theory is in its youth. The results obtained
in the last two decades have revealed new phenomena and demonstrated crucial
differences between SA and NSA theories. Among the problems which have attracted
attention, let us mention spectral enclosure results and bounds on the number of
complex eigenvalues [1, 50, 92, 65, 71, 68, 20]. Another active area of interest is non-
self-adjoint generalisations of Lieb—Thirring inequalities for Schrodinger operators
[67,53,70, 123,78, 66, 19], as well as for other types of operators [54, 124, 57, 58, 28].

Still, many questions remain unanswered.
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The main object under consideration in the present chapter is a Schrédinger oper-

ator
2

dx?

endowed with a Dirichlet boundary condition at 0, where the potential ¢ € L' (R ;)

H=H,:= +g on  L*R,) (4.2)

may be complex-valued. As is well known, the set of discrete eigenvalues o,(H) (i.e.,
eigenvalues of finite algebraic multiplicity in C\IR) may be countably infinite and
may accumulate only to R. Lieb—Thirring-type inequalities give information on the
distribution of the eigenvalues and, in particular, on the rate of accumulation to points
inRy.

In this chapter, we study sums of eigenvalues of the form

diSt(l,R_‘_)

Se(H) = i e I
€ ‘) |)L|(1—£)/2

/160',1

e=>0. 4.3)

Here, eigenvalues of higher algebraic multiplicity are repeated in the sums accordingly.
We refer to S¢ (H) as the Lieb—Thirring sums. Note that, in the case when ¢ is real, the
eigenvalues of H, are all negative, so S¢(H,) coincides with the classical Lieb-Thirring
sum in (4.1), with u = (14 €)/2. In this chapter, we use the following shorthand
notation for the L! norm,

lali= [ laldx,  ge L' (@), @4

By [69], the spectral enclosure |A| < ||g|| holds for every A € o,(H). So, there is a
simple relation between the Lieb—Thirring sums with different &

Se,(Hy) < lgll7? ™ Se,(Hy),  0<& <e. 4.5)
We also study the sums

JH):= Y ImVA, (4.6)
Aeoy(H)

/- denotes the branch of the square root such that Im y/z > 0 for all z € C\R, and
we refer to J(H) as the Jensen sums. Notably, J(H) arises naturally from Jensen’s
formula in complex analysis. It follows immediately from the inequality [53, Lemma
1]

A2 [Im VA | < dist(A,Ry) < 2|42 [Im V|, (4.7)
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that J(H) is equivalent to So(H )
J(H) < So(H) < 2J(H). (45)

The aim of the chapter is two-fold. On one hand, we shall establish upper bounds
for the sums Sg(H), € > 0, and J(H). While the upper bounds for the sums S¢(H),
€ > 0, (i.e., the non-critical case) hold for arbitrary integrable potentials, the upper
bounds for the sums J(H) (i.e., the critical case) are only valid for sub-classes of
integrable potentials. On the other hand, corresponding lower bounds shall be proven
for specific potentials, demonstrating optimality of our upper bounds in various senses.
Moreover, in Section 3 we shall construct an integrable potential such that the sum
J(H) = oo.

Summary of main results

Our analysis is based on identifying the square roots of eigenvalues of the Schrodinger
operator H (4.2) with the zeros of an analytic function in the upper-half of the complex
plane C_.. The idea of using methods of complex analysis in the theory of non-self-
adjoint Schrodinger operator on the half-line goes back to the pioneering papers of
Naimark [108] and Levin [96], and reaches its culmination in the famous series of
papers by Pavlov [112-114], who found the threshold between finitely and infinitely
many eigenvalues in the case of a complex potential.

Let us first recall the notion of a Jost function, which will be useful for describing

the basic ideas of the proofs, and then proceed to give an account of our main results.

Jost functions

Recall that it is well known [108, Theorems 2.2.1 and 2.3.1] that for any z € C, the
Schrodinger equation on R

' +qx)y=72y,  geL'(Ry) (4.9)

has a unique solution e (-, z) with the property that e_ (x, ) is analytic on C for all
x>0and
g+(x,z):eixz(1+0(1)), as X — oo (410)

uniformly on compact subsets of C.. e (-,z) is referred to as the Jost solution. The
Jost function is defined as e (z) := e, (0,z), z € C, and has the property that

A =27>coy(H) — e,(2)=0. (4.11)
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Moreover, the algebraic multiplicity (i.e., the rank of the Riesz projection) of z> as an
eigenvalue of H coincides with the multiplicity of z as a zero of e (see, for instance,
[74, Theorem 5.4 and Lemma 6.2]).

Upper bound for the non-critical case

Our first result concerns a bound from above for the Lieb-Thirring sums Sg(H) in the
non-critical case € > 0. It is valid for Schrodinger operators with arbitrary integrable
potentials.

Theorem 4.1 (= Theorem 4.5). For every € > 0, there exists a constant K(€) > 0
depending only on €, such that for any potential g € L' (R ), we have
dlSt()L,R+)

Se(Hg) = ). W—_8W<K(8)IICIIH+8~ (4.12)
Aeog(H,)

Given a pair (¢, ) of positive parameters, we define a generalised Lieb—Thirring
sum Sy g (H,) by

dist(A, R, )P distP (A, R )
Sap(Hy) = Y, |2 {T] = L —ppa - @D
Acoy(Hy)

/lEGd(Hq)

In terms of such sums, Theorem 4.1 takes the form

1
Sa,1(Hy) < Co l|q][1, VOC>§« (4.14)

We study such generalised Lieb—Thirring sums in more detail in Proposition 4.23.
The proof of Theorem 4.1 is based on the application of a result of Borichev,
Golinskii and Kupin [24] concerning the Blaschke-type conditions on zeros of analytic
functions on the unit disk D satisfying appropriate growth conditions at the boundary.
An analytic function on I is constructed from the Jost function e using a certain
conformal mapping, and the growth conditions are verified by applying classical

estimates for e .

Upper bounds for the critical case

Let us address upper bounds for the Jensen sums J(H). We proceed by embarking on
a study of sub-classes of L' (R ).

To begin with, we introduce a pair of positive, continuous functions ¢ and d on R,
such that

ax) = — a(x) = , xeRy. (4.15)
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We will refer to a and a as weight functions. We require that:
* a 1s monotonically increasing.
* 4 is strictly monotonically increasing, d(0) = 0 and d(eo) = oo.

Introduce the norm

lalla= [ a(x)la)dx. @.16)
which agrees with (4.4) for a = 1. We consider sub-classes of L' (R ) of the form
Ou:={g€L'(Ry) : [|glla < o} (4.17)
In its most general form, our upper bound for the Jensen sum reads as follows.

Theorem 4.2 (= Theorem 4.8). Let a and a be a pair of weight functions as described

= d
/ Y e 4.18)
1

xa(x)

above. Assume also that

Then, for each potential q € Q, and each 6 € (0,1), we have

1+6 4 = dx
J(Hy) <ylog-——=+— — 4.19
() < vlog 7 g+ 2 halla s (4.19)
where’y =y(8,a,||ql|s) > 0 is uniquely determined by
/1
a (;) llglla =1og(1+ ). (4.20)

We emphasise that this upper bound is not applicable for arbitrary potentials
g € L'(R,). Loosely speaking, the conditions ||¢||, < e and (4.18) may contradict
each other, as far as the growth of a goes. An instructive family of integrable potentials
is considered in Remark 4.11, namely,

i

Q<x) )X[E,OO) (X), o> 17 X € ]RJr? (421)

~ xlog® (x
where y denotes the indicator function. For o > 2, there exists an appropriate weight
function a, and Theorem 4.2 is applicable to g. For 1 < a < 2, such a weight function
a does not exist.

We do not claim that J(H,) = oo for the potentials ¢ in (4.21) with 1 < a < 2.
In Theorem 4.30, we construct an example of a potential for which the Jensen sum

diverges, showing that Theorem 4.2 cannot be extended to all integrable potentials.
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Theorem 4.2 is applied to obtain upper bounds for J(H) valid for two important
specific classes of potentials.

(A) (See Corollary 4.9) Let p € (0,1) and a(x) = 1 +xP. Then for each potential
q € Qq, we have

J(Hy) < 3 llallalog (1 + llglla) + Hllglla+2- (4.22)

In [123], Safronov has also obtained a bound for the Jensen sum J(H), valid for
potentials g € L' (R ) satisfying ||xg||; < e for some p € (0,1). Comparatively, the
above result (A) offers an improved asymptotic estimate for semiclassical Schrodinger
operators (see Remark 4.10).

(B) (See Corollary 4.12) Suppose the potential g € L' (Ry) is compactly supported.
Then, for every R > 1 with supp(gq) C [0,R], we have

1
() <7 |+ lala (1ot gl +1ogR) | @2y

As we will see below, this bound is optimal in a certain asymptotic sense.

The proof of Theorem 4.2 centers around establishing improved estimates for the
Jost function e, corresponding to potentials in a given sub-class Q,. These improved
estimates are obtained by combining the arguments for the classical case with the

following simple principle:
0<A<min(Xy,Xo) = A=a(A)da(A) <a(X;)a(Xy). (4.24)

The bound (4.19) of Theorem 4.2 is proven by using these improved estimates for e
in conjunction with Jensen’s formula. The proofs of Corollaries 4.9 and 4.12 amount
to appropriate choices for a and 8.

Lower bounds for dissipative barrier potentials

The optimality of the above upper bounds can be addressed by studying corresponding
lower bounds for Schrodinger operators with so-called dissipative barrier potentials.
Precisely, for y,R > 0, we consider the Schrodinger operator

2

— 3 Hixex  on L*(Ry) (4.25)

L')/7R =

endowed with a Dirichlet boundary condition at 0. The dissipative barrier potentials

find applications in the numerical computation of eigenvalues, where they are con-
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sidered as a perturbation of a fixed background potential [104, 130]. We focus on
establishing our estimates for large enough R. Observe that ||iyx[o g [[1 = YR.

Theorem 4.3 (= Theorem 4.21). Suppose that R > 600(y>/* +y-3/4).
(i) We have the following lower bound

R
20(Lyx) > So(Lyg) > é—nlogR. (4.26)

(if) Let 0 < € < 1. Under the stronger assumption on R:
R> —(64m)%/% +1, (4.27)
we have the lower bound

1 (,},R)H—s
Se(Lygr) > .
e(LyR) Z 356 log R

(4.28)

The estimate (4.26) shows that

sup SO(Hq> _
0zgel () llgll1

oo,

An analogous, but slightly less explicit, result for Schrodinger operators on the whole
real line has appeared in [22] (cf. Remark 4.22). Notably, our proofs seem to use
rather different methods.

The main ideas in the proof of Theorem 4.3 are as follows. Starting from the Jost
function of Ly g, we construct a countable family of equations, each of which is in the
form of a fixed point equation. We are able to use the contraction mapping principle to
prove that each equation has a unique solution corresponding to exactly one zero of
the Jost function e (or, more precisely, one zero of the analytic continuation of e to
C).

As it turns out, each equation has a convenient form that allows us to gain quantit-
ative information about its solution, hence about an individual zero of e . Estimates
for the different equations can be combined to obtain lower bounds for the sums
J(Lyg) and S¢(Lyr) as well as other quantities, such as the number of eigenvalues
(see Corollary 4.18).

Finally, note that, when applied to the Schrodinger operators Ly g (4.25), the upper
bound (4.23) gives the optimal asymptotic estimate (see Proposition 4.24)

J(Lyr) = O(RlogR), as R —oo. (4.29)
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Divergent Jensen sum

As mentioned, while Theorem 4.2 provides an upper bound for J(H) for a wide range
of potentials, there exist integrable potentials to which it does not apply. It is therefore
natural to ask whether or not it is possible to extend this upper bound to arbitrary

integrable potentials. Our final result show that this is impossible.

Theorem 4.4 (=Theorem 4.30). There exists a potential g € L' (R.) such that J(H,) =

oo,

The proof of this result uses two crucial ingredients. The first is an idea of
Bogli [17], which allows one to construct a Schrodinger operator whose eigenvalues
approximate the union of the eigenvalues of a given sequence of Schrodinger operators
%,, n € N. The second is the lower bound of Theorem 4.3 for the Jensen sum
J(Lyr). Indeed, the given sequence of Schrodinger operators .7, in our case shall have
dissipative barrier potentials. Note that the explicit condition R > 600(}/3/ 44 }/*3/ )
in Theorem 4.3 plays an important role in Theorem 4.4.

Remark. (R, vs R). Given a potential ¢ € L' (R ), denote by Q its even extension
on the whole line. By Proposition 4.26 below, there is inclusion o,4(H,) C 04(Hp),
counting multiplicities, for the discrete spectra of Dirchlet Schrodinger operator H, on

L*(R;) and Schrodinger operator Hp on L?(R). Hence, the inequality

Yy o)< Y o), gelL'(Ry), (4.30)
A€o, (Hy) Aeoy(Hp)

holds with an arbitrary nonnegative function ® on the complex plane. Thereby, upper
bounds, such as (4.12), for H; can be derived from the corresponding results for the
operator Hp. As an example, the spectral enclosure [69] mentioned above is a direct
consequence of the result for the whole line [1, Theorem 4].

Several inequalities of Lieb—Thirring-type for Schrodinger operators with complex
potentials on L*(R) are known nowadays, but neither covers completely the main
results of the chapter. The result of Frank and Sabin [70, Theorem 16] in dimension
one is (4.12) with € > 1. The case € = 1 is a consequence of [66, Theorem 1.3]. The
result of Demuth, Hansmann and Katriel [53, Corollary 3] in dimension one reads

diSt‘DJ’_e (2« y RJ,_)

1
reogtp)  AETE

3
<C(p78)||QH€p(]R)7 p257 e€(0,1).

Recently, Bogli [19] has extended this result considerably by including a much wider
class of sums. The results of both DHK and Bégli are not applicable for arbitrary L

potentials, hence do not imply Theorem 4.1.
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We believe that the results for Schrodinger operators with complex potentials
on L?(R), analogous to our upper bounds, can be obtained along the same line of
reasoning by using similar methods. The study of this problem should be carried out

elsewhere.

Outline of the chapter

In Section 1, we focus on upper bounds for the Lieb—Thirring sums with an arbitrary
potential ¢ € L' (R, ), and for the Jensen sums with potentials ¢ € Q,. Section 2
is devoted to the spectral analysis of Schrodinger operators with dissipative barrier
potentials and to the lower bounds for the Lieb-Thirring and Jensen sums with such

potentials. In Section 3 we prove Theorem 4.4.

4.2 Classes of potentials and inequalities for sums of

eigenvalues

As we mentioned earlier in the introduction, a complex number § € C.. belongs to
the zero set Z(e) of the Jost function if and only if A = {? € o,(H), and the zero
multiplicity coincides with the algebraic multiplicity of the corresponding eigenvalue.
Therefore, the divisor Z(e) (zeros counting multiplicities) has a precise spectral
interpretation. In this section, we study this divisor using various results from com-
plex analysis and hence obtain bounds for sums of Lieb-Thirring and Jensen types.

Throughout the section, we shall let

Cg::{zeC:ImzzO,z#O}.

4.2.1 Bounds for Lieb-Thirring sums

Recall that the Lieb—Thirring sum for a Dirchlet Schrédinger operator H is given by

Se(H)= ), w, 0<e<l.

—&

reog(H) AT

Our first result gives an upper bound for Sg(H) in the non-critical case of € > 0 and
arbitrary g € L'(R ).

Theorem 4.5 (= Theorem 4.1). For every € > 0, there exists a constant K(g) > 0,
depending only on €, such that

Se(Hy) < K(€)llqll} . 4.31)
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Proof. A key ingredient of the proof is the following well-known inequality for the
Jost function (see, e.g., [131, Lemma 1])

\e+(Z)—1!§exp{%}—l, zeCY. (4.32)
- lal ;
qi1
=—>0 = log —.
” >0, K og2
By (4.32),
i 1 1
e -1<5 el >3,
Consider the function
e (yz

By the definition of y, we have

()] < e 02 < 20 { L1 —2ep {21

K 1
log|g(z)| < log2+ﬂ <log2 —HZ'
z z

To go over to the unit disk, we introduce a new variable,

=i d+w

— : C D, = = 4.33
w=w(z) = i G z=2z(w) L~ (4.33)
Write f(w) := g(z(w)). An elementary inequality
2 2V2
—— < zeCy,
i < (>|—1+|| !
gives the following bound for f
2v/2log2
1 < —F 0)=1. 4.34
og () < S F(0) @34

The Blaschke-type conditions for zeros of such analytic functions in ID are obtained
in [24] (see [25] for some advances)

Y, (—mnhli+nl®<Ki(e), Ve>0,
neZ(f)
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where Kj(€) > 0 depends only on €. Going back to the upper half-plane and using
another elementary inequality

Imz 8Imz

, 435
e =M S T 4

we come to the following relation for the divisor Z(g)

me |k
o THER R )

But & € Z(g) is equivalent to §{ = y§ € Z(e4.), so

Im §[¢[°

(ﬁ)w CGZZ(M {1+ () }

_Kz(S).

C—H

llgll:

The aforementioned spectral enclosure result ensures that |{| < ||¢||; for § € Z(e). Tt
follows that both factors in the denominator are bounded from above by some constants

depending only on €. We come to

Y (ImQ)|S[F <K(e)|lqll] ™, (4.36)

C€Z(ey)

where a positive constant K depends only on €.
To complete the proof, we employ the inequality (4.7), mentioned in the introduc-
tion. So, (4.31) follows. [l

4.2.2 Classes of potentials and Jensen sums

In the rest of the section, we study the behavior of the discrete spectrum for Schrédinger
operators within special classes of potentials.
Let a be a monotonically increasing and locally integrable, nonnegative function

on R . Consider the classes of complex-valued potentials

Ou:={qeL'(R,): /0 " a() g (x)|dx < o). (4.37)

The weight function a is fixed in the sequel, and dependence of constants on a is

sometimes omitted.
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Define a function d on R} by

and put

1 oo
0,(x,2) :==4d (H) / a(t)|q(t)|dt, x€Ry, zeCY.

Proposition 4.6. Assume that both a and a are monotonically increasing functions on
R . Then the Jost solution admits the bound

e ey (x,2) — 1| <exp(wa(x,2))—1, xeRy, zeCl. (4.38)

Proof. We follow the arguments of M.A. Naimark for the classical case a = 1.

The Jost solution is known to satisfy the Schrodinger integral equation

et (x,2) =™+ /xoo Mq(t)eﬁt,z)dt.

The latter can be resolved by the successive approximations method.

Introduce a new unknown function
f(x,z):= e_ixzeur (x,2) — 1,
which satisfies

fx2) = gle2)+ [ Ke—x2)q(0f(2)ar

sinuz

k(u,z) := Te”‘z, g(x,z) = /xwk(t —x,z)q(t)dt.

(4.39)

Let
fi(xz) :=g(x,2),  far1(x,2) = /wk(t—x,Z)q(t)fn(t,z)dt, neN.

In view of an elementary bound for the kernel &

1
|k(u,z)| < min (u,—| |> ,
Z
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and monotonicity of a and d, we see that

1
k(u,2)| = a(k(w,2)) alk(w, 2)]) < 4 (H) a(w), (4.40)
cf. (4.24),
We first estimate f;. By (4.40),
Al < [ ke—xallgolar <a () [ ale-laolar < o)
Assume for induction that
J
a2 iz @41

We compute

% [wg“(x,z)] = (n+1) ay(x,z2) % [coa(x,z)]
(1
Do) (H) a(x)lq()],
and so
ol < [kt — g %0y

<Lla (é) / ” 0l

_ 1 =dr ., o (x,z)
__(n—f—l)!/x E[a’“ﬂ(t’z)]dt_ CENE

Hence, (4.41) indeed holds for all n € N.

It follows that the solution f to (4.39), which is known to be unique, satisfies
D] < X 1fulx,2)] < exp(efr2)) 1
n=1

(the latter series converges absolutely and uniformly on the compact subsets of (x €
R,z € CY%)). The bound (4.38) follows. O
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The above result for a(x) = x%, a € [0, 1], is due to Stepin [131, Lemma 1]. The
bound for the Jost function e, (z) = e (0,z) is (4.38) with x = 0:

es(2)— 1] gexp{a (i) ||q||a} 1 o= [ ala@lar @4

2]

The following spectral enclosure result is a simple consequence of (4.42) and the
basic property of zeros of e.

Corollary 4.7. Under the hypothesis of Proposition 4.6, define the value

. log?2
=p(a,q) :=inf t>0: a(Vt)>—==0.
p = pla,qg) =inf{ Viz

Then the discrete spectrum 04(Hy) is contained in the closed disk
Gd(Hq) C Bp71 (0)

The case d(=) < log2|ql||; " implies that p = oo, and so the discrete spectrum is empty.

As a matter of fact, in view of [69], we have a more precise inclusion
oa(Hy) CB,(0),  r:=min(p~", [I4]?). (4.43)

To study the distribution of eigenvalues of H for potentials from the class Q,, we
apply standard tools from complex analysis (the Jensen formula). Recall that the

Jensen sum is given by

JH)= Y ImVA. (4.44)

Aeag(H)
Here /- =sq_ (+) is the branch of the square root, which maps C\R onto the upper
half-plane C...

Theorem 4.8 (= Theorem 4.2). In addition to the hypothesis of Proposition 4.6, assume
that

1. 4 is a continuous, strictly monotonically increasing function, and 4(0) = 0,

() =

IS

/°° dx <
1 xa(x) )



4.2 Classes of potentials and inequalities for sums of eigenvalues 107

Then, for each potential q € Q,, and each & € (0,1), the following bound for the
Jensen sum holds

1+6 4 > dx
J(Hq)SyIOgm+;HCIHa[ a(x)’ (4.45)
!

where'y =y(8,a,]|ql|s) > 0 is uniquely determined by

1
é (;) llla = log(1+3). (4.46)

Proof. The argument is similar to that in Theorem 4.5. It follows from (4.42) and
(4.46) that
e (iy) =1 <14+6-1=39, e+ (iy)| = 1=,

so the normalized function

satisfies

1 1
lo 7)| <lo +al|l — as ze€Cy.
ele(o) < tog ;5 +a (<L) .

Introduce a new variable w € D, related to z € C by (4.33). For f(w) := g(z(w))
one has, as above, f(0) =1 and

1 I{1—w
il —|—— as D.
1—5+a(y‘l+w)“q’| we

0| < m, it is easy to calculate

log|f(w)| < log

For w = re'?,

max 1 —re'® B L, |9|§%’
0<r<1 |1+ ret® tang|, Z<|0|<m,
SO
log 1£8 0| <Z
log|f(w)[ <{ ST o=

log 15 +a (L|an$|) gl 5 <101 <.
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In view of assumption (2), the Jensen formula provides

Y (i-p< ¥ 1og1

nez(f) nez(f ul

1 1—|—5 lglla [ . (1 0
< -=lo — —
21g(1—5)2+ o /ﬂ/za y(tan2> do

1148 +2!IQ||a/°° aly'r) |
1

— 1
2% 0_82 " T x 1412

and hence

log 148 2lalla [=a0"n)
Y (=) < glog g+ [- D

nez(f) 4
1 1+6  2|qlla [~ dx
<=1 =:B.
=708 (1—98)2 + Ty /1 xa(x)

Going back to the function g and the upper half-plane and using (4.35), we come

to
Y Im & <B.
T+[E2

EeZ(g)

The relation between Z(g) and Z(e..) is straightforward

Ee€Z(g) & {=yE€Z(ey),

and, hence,
I
y m& _p, (4.47)
(eZle) 1+ ]%‘
As it follows from (4.42),
() lal <1og2 = e 20
Therefore,

(|Cl)||qua>log2 ¢ e Zley),

and so (see the choice of y (4.46)), by monotonicity of 4,

o ) lala>a(3) lala = [3] <1
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We conclude from (4.47), that

Y, Im{ <28y
feZ(ey)

and (4.45) follows. The proof is complete. ]

As a first application of the above result, we study Schrodinger operators H, with
potentials ¢ satisfying ||(1 4+ x”)q||; < oo for some p € (0,1). Taking a(x) := x? and
any fixed 8 € (0,1) (e.g., 8 = 1/2) in Theorem 4.8 easily yields the inequality

1

st <) [ wlawiar) L pe),

The following corollary of Theorem 4.8 offers a refinement of this bound.

Corollary 4.9. Let p € (0,1) and a(x) = 1 +xP. Then for each potential q € Q,,, the
following inequality holds

J(Hy) < 7 llqllalog (1 + llglla) + 5 llglla+2- (4.48)
Proof. Put
0:= exp(min (31gllas K)) —1€(0,1], k =log3.

Then, by (4.46),

log(1+6 1 1
Ao ::M:d<—) <= and log
4lla y) 2

= 3)2 < logb6.

Since @ is monotonically increasing, with d(1) = %, we must have y > 1. In
particular, this implies that

1 -1

- 1 A
Y 1 = 4 — :d(y_l):A07 -z 0 5
I+y I+y-P y  1-A4p
and so 1—A {
—Ap
1<y< < —. 4.49
<y< A S Ay (4.49)

If ||g|la > 2k, then § = 1, so y < 3|¢||s. On the other hand, if ||g||, < 2k, then
A= %, so y =1 (a is strictly monotonically increasing). We conclude that

y<3liglla+1. (4.50)
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The right hand side of (4.45) is the sum of two terms. We bound the first one as

)
Ay :=ylog <log6(3glla+1) < 6]qlla+2.
2

1+
(1-9)
The second (integral) term reads

4 © o dx
Ay 1= — —_.
2= plale |

The integral may be computed, and bounded above, as

Using the upper bound (4.50) and the lower bound (4.49) for y, we obtain

1
A2 < 2 all [1og<1+|rqua>+1og3+l—)]

QA+ al+

3
< 7 ldllalog(+llglla) + lgla

The bound (4.48) follows by combining the bounds for A and A». [

Remark 4.10. In [123], Safronov also studies Schrodinger operators H, on R with
potentials ¢ satisfying [|(1 4 xP)g||; < oo for some p € (0, 1), and obtains the estimate

sttty <o) ([ latota ([ rq<x>|dx)p+ [laiar). sy

Consider the following Dirchlet Schrodinger operators on R,
d2

=00

+q(xh), h>0,

where g € L' (R, ) is fixed. A rescaling shows that # — 0 is equivalent to a semiclassical
limit. It can be seen that Corollary 4.9 gives

J(Hy) = 0(h~ P og(L)) as h—0,
while the estimate (4.51) gives

J(Hy) = 0(h~F2)) as h—0,
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hence our result offers an improved asymptotic estimate for H,.

The next example is more delicate. It presents an integrable potential g that is not
covered by Theorem 4.8. More precisely, g ¢ Q, for any weight function a satisfying
the assumptions of Theorem 4.8.

Example 4.11. Take o > 1 and put

R xlolgax’ x=>e, 4.52
q(x) == (4.52)
0, O0<x<e,

Then, g € L' (R, ). We distinguish two cases.
1. Assume that @ > 2. Choose 8 from 1 < B < a — 1 and denote

logB X, x> eﬁ7

a(x) :=
B, 0<x<eP,

S0 a is a positive, monotonically increasing and continuous function on R. Then,

A x> B
d(x) — J loghx

BBx, 0<x<eP.

b

Since B > 1, both assumptions of Theorem 4.8 are met. Clearly, ||g||, < oo, so the
Jensen sum J(H,) is finite for this potential.

2. Letnow 1 < a < 2. We claim that there is no such weight function a.

Assume on the contrary, that there are a and @, which satisfy the assumptions of
Theorem 4.8, and ||¢g||, < o. Then, fort > e,

> a(x) /°° dx 1 al(t)
oo dx>af(t =
- /t xlog®x xZalf) ¢ xlog®x o —1 (logt)*—1’

or
a(t) <C(log)*™ 1, 1>e.

/10o tj(tt) -

A contradiction completes the proof.

But o —1 <1, and so

Part 2 of the above example by no means claims that J(H,) = o for those potentials.
As a final consequence of Theorem 4.8, we study the Jensen sums for Schrodinger

operators with compactly supported potentials.
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Corollary 4.12. For any potential ¢ € L'(R.) with supp(q) C [0,R], R > 1, the
following inequality holds

1
() <7 |+ lala (1 +1oe(1 + Ll +1ogR) | sy

Proof. We choose the weight functions

1, 0<x<R, X, 0<x<R,

= 2
logR
X <1ng> , X>R.

Since supp(g) C [0,R], we have ||q|l. = ||¢]l1-
Put

0:= exp(min(||q||1R, K‘)) —1le <O,%}, Kzlog%.

Clearly,
log(1+6)

lgll

log(1+ &) = min(||¢g[iR, ) < |lq|liR, <R,

and so the quantity y defined in (4.46) is given by

gl

YT log(1+8)

The right hand side of (4.45) is the sum of two terms, A = A| + A,. The first one is

1+6 1 log4
Al :=ylog— = log— < 14+ —————
=g s = lalh e g < lalh {1+ }

log(1+6)
log4
=llglh {1+ — :
mm(“quR, K)

1 4
lglly (1+%) < 5lglls. lalliR > .

log4 R+1416
g, + 'og? = laluRiloed logb =y oy o .

Hence,

A <

To estimate the second (integral) term A,, note that y_l < R, and so
Ay = Ar + Ay with

4 gl R
Asp 1= — — —,
. ﬂmmy ~Jlallto val 3
4 < dt
Aryy 1= — lo 2R/ = — logR.
2= lq|[11og ¢ okt T HQHI g
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Hence,
lgll1R
min(HquR, K)

4 4
Az < —lgllilogR+—|lql|i log

or
A < %qu (logR +log(|lglliR) +log ), llalhR > x,
2 1qll1 1ogR, qll1R < x.

A combination of the above bounds (with appropriate calculation of the constants)
leads to (4.53), as claimed. [l

Remark 4.13. The celebrated Blaschke condition for zeros of analytic functions on
the upper half-plane reads (see [73, Section I1.2, (2.3)])

I
y s mz S < oo, (4.54)
<zip 1 i

It holds, for instance, for functions of bounded type (ratios of bounded analytic
functions). In view of the spectral enclosure |z| < ||g||1, the bound J(H) < oo is
equivalent to the Blaschke condition for zeros of the Jost function.

4.3 Dissipative barrier potentials

As in the introduction (see (4.25)), let Ly g denote a Dirchlet Schrodinger operator on
R with the potential
Gab = IYX[0.R]» Y.R>0. (4.55)

We fix 7y throughout this section and shall be interested in large R. The aim of the
section is to prove the bounds for the Lieb-Thirring and Jensen sums of the eigenvalues

of Ly g for large enough R.

4.3.1 Eigenvalues of Schrodinger operators with dissipative bar-

rier potentials

The value 7> € 64(Lyr) if the equation

—y" +iyxo R (x)y = 2%y (4.56)
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has a solution y € L?>(R ) with y(0) = 0. An integration by parts with the normalized
eigenfunction gives

{oe] R
2= /0 W (0)2dr + iy /0 y(1)[2dr €T,

I'y:={feC:Re{>0,0<Im{ < v}.

(4.57)

It shall be convenient for us to work with two different branches sq, of the square-
root function. sq have branch-cuts along R, respectively, and the corresponding

argument functions arg, satisfy

arg, (§) €[0,2m), arg_(8)e[—m,m), (€C; sq.(8)= \/me%argi(é).

Since the solutions of the equation (4.56) are obviously computable, we may
characterise the eigenvalues of Ly g as the zeros of an explicit analytic function. Let

or(z) == (z—sq, (2 — iy))eiqu+(zzfi7) — (z4sq, (22— l-y))efiqumLiy).
Lemma 4.14. For any R > 0 and any z € C,. with 2 # 17,
Zeoylyr) < @r(z)=0.

Proof. Let R > 0 and z € C such that z> # iy. Recall that e, (-,z) denotes the Jost
solution. Since e (-,z) spans the space of solutions of (4.56) in L?>(R ), we have

Z?€oylyr) = e:(0,2)=0.

It suffices to show that e (0,z) = 0 if and only if @r(z) = 0. Since z # 0 and
2% # iy, e, must satisfy

Cl(z)eixsq+(z2—iy)+62(Z)e—ixsq+(zz—i )7 0<x<R

e, x>R,

er(x,2) =

for some ¢j(z) € C, j =1,2. ¢ and ¢, are determined by imposing the continuity of

et (-z) and Le, (-,z) at the point R,

L (Z2 —iY)+z _ig (qur (zz—iy)—z)
a1e) = 25q, (2 —i7) ©

I (ZZ - ZY) —Z iR (sq+ (22—i7/)+z)
&=, @ ¢

Y

Y
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and so the expression for the Jost function e (0,z) is

e e, (0,2)
(z4sq, (22 —iy))e =N — (z—sq, (2 —iy)) ko (&)
) 2sq, (22— 1)
sin(Rsq.. (22 —iy))
Rsq (22 —iy) =

= cos(qu+(z2 —iy)) —izR

Note that it is clear from this expression that e is an entire function.
Finally, 72 # iy, so e, (0,z) = 0 if and only if

Pr(2) = —25q,, (& —iy)e R, (0,2) = 0.
The proof is complete. ]

Note that, @g(z0) = 0 for 3 = iy, but 2 & 04(Ly ).

Our strategy is to derive a countable family of equations, each of which has a
unique solution corresponding to exactly one zero of @g. Introduce a new variable w
by

wi=sq, (22 —iy).

For Re z > 0, we have z = sq_(z?) and so
z=sq_(w* +iy). (4.58)

Consider the family of equations

—B; A
w=Gjr(w) = ’(Wg Al e, (4.59)
where .
A(w) :=log sq,(wz—l—z‘}/) —w'
sq_(w?+iy) +w
and ( 5 )
sq_(w*+iy)—w . .
B; = 2 N.
= () vom e
Clearly,
1 1
N5 1 _— .
27:(J 2)_BJ(W)<277:(]+2>, jeN (4.60)
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A z plane w plane

,, | 5q+(r+)

Figure 4.1 An illustration of the new complex variable w. Regions of identical colours
are mapped to each other.

Lemma 4.15. Let R > 0. If w € C solves equation (4.59), and w? + iy € C, then
w? 4 iye O'd(L%R).

Proof. The equation (4.59) can be written as

ey — sq_ (W +iy) —w y
w=Gjr(w) = 3R <log_ (Sq_ W +iy) +W) +27rz]) (4.61)

where log_ denote the branch of the logarithm corresponding to arg_. Rearranging

this equation, it holds that
(sq_ (w? +iy) —w)e® — (sq_ (W +iy) +w)e ® =0, (4.62)

which is equivalent to @g(z) = 0, where z is defined by (4.58). Finally, w # 0 implies
2% # iy, and the hypothesis w? + iy € C.. ensures that z € C. so, by Lemma 4.14, we
have z2 = w? + iye Gd(Ly’R). U

From this point on, we shall restrict our attention to solutions of (4.59) in the angle

Fo={weC:Rew<0<Imw, Rew| >2Imw}
. | (4.63)
= {re' : ﬂ—arctanz <6<m r=0}

and its subsets

Fji={weF.:Bj(w)>2|Aw)|}, jeN
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Since Bj,1(w) = Bj(w) 4 2, the family {F;} ;> is nested
F; CFjyq, UF]'IFOO.

As Bj(w) > m for all w € F.,, and A(0) = 0, the set F; is nonempty for all j € N.
The next result establishes existence and uniqueness of solutions in the regions F;
for each equation (4.59) and large enough R. Precisely, we assume that

R>C <y3/4 4y 4), Co = 600. (4.64)

Proposition 4.16. For all R satisfying (4.64) and all j € N, the equation (4.59) has
a unique solution in F. which lies in F;. For different equations the solutions are
different.

Proof. A key ingredient of the proof is the contraction mapping principle (see, e.g.,
[118, Theorem V.18]) on the complete metric space (Fj, |- |) with the usual absolute
value on C as a distance.

Fix j € N. Suppose we can show that for R satisfying (4.64),
(@ Gjr:F;— Fj,
(b) Gj g is a strict contraction mapping.

Then, the map G| g : F; — F) has a unique fixed point, and so the equation w =
G r(w) has a unique solution in F;. Moreover, there are no solutions for the latter

equation outside F;. Indeed, any solution w € F. satisfies

—Bj(w)+iA(w)

w=Gjr(w)= R

= Bj(w) = 2|A(w)]

sow € Fj. So, it suffices to prove the statements (a) and (b) above.
Put

w=u+iv, z=sq_ (W +iy)=x+iy.

Let us show first that for each w € F..,
x=Resq (W?+iy) >0, |y = [Tmsq_ (w? + iy)] <x=Resq_ (W2 41iy). (4.65)

Indeed, the first inequality follows from the definition of sq_. As for the second one,
since Re (z?) = Re (w?) and |u| > 2v, we have

W= =x =y, =y +ir v >y 3% = Py <x
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as claimed.
Step 1. To prove the statement (a), we show first that the following inequalities
hold

1. ReijR(W) <0§ImGj7R(w), w€E I,
2. |RCGJ'7R(W)|ZZID’1GJ"R(W), WGFj.

In view of the definition of Bj(w) = —2RRe G gr(w), and the bounds (4.60) for B;,
the left inequality in (1) is obvious. To prove the right one, it suffices to show that
A(w) =0 for all w € F.. We write

2wl = [2* + [w]® £2Re (92) = [z + [w]® £2(ux +vy),

and so
[z =Wl =2+ w]* = —4(ux+vy).
As we know, |u| > 2v for w € F., and also x > |y|, by (4.65). Hence,

lvy| < |u¥ <Jux|, wux+vy<ux+|vy| <ux+|ux| =0,

which implies

|Z—w|2 — |z-|—w|2 = —4(ux+vy) >0, A(w)= log‘

and (1) follows. (2) is just the definition of Fj. So, G : Fj — Few.
Next, we want to check that for R satisfying (4.64),

Bj(Gjr(w)) >2|A(Gjr(w))|, wEF; (4.66)
or, in other words, G g(w) € Fj. It is shown above that, for w € Fj, we have G g(w) €
F.and |A(Gjr(w))| =A(Gjgr(w)) > 0. Then,

2 : 2
54 (G2 p(w) +17) — G a(w)|

Y
2w@mm%wpﬂgcmmww+%.
Y

A(Gjr(w)) =log

< log
Y

For w € F; one has 2|A(w)| < B;(w), and so, by (4.60),

A*(w)+B}(w) _5Bj(w) 52

1\2
G; 2= < < ( —).
| ]7R(W)| 4R2 — 16R2 —4R2 J+2
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Hence, 1
1072 (j + 5)°
A(Gjr(w)) <log(2+ o ). (4.67)
Clearly, 107> < yR? for R satisfying (4.64), so we come to
1\2 1\ 2
AGia(w) <tog(2+ (j+3) ) <tog(2(j+5) ), jeN. @69

Elementary calculus shows that

1 1
log2+210g(j+§) < n(j—§>, jeN,
and s0 2A(Gjr(w)) < B;(Gjr(w)), which completes the proof of (4.66). The state-
ment (a) is verified.
Step 2. We shall proceed with the statement (b). Let 4 denote the function
sq_ (w2 +iy)—w 1

_ 2 IR
sq_ (W2 +iy)+w iy(sq—(w +iy)—w)". (4.69)

h(w) :=
In view of (4.65) and u = Rew < 0, it is easy to see that for each w € F.,
sq (W +iy)—weG:={{eC:Rel >0, Im{| <Rel},

andsoh:F.,— C_.
We conclude that the branch log_ of the logarithm (corresponding to arg_) is
continuously differentiable on i(F..). By the expression for G, g in (4.61), G, is

continuously differentiable on F... A direct computation yields

d —i
26, -
dw iR(W) Rsq_(w?+iy)

It is easy to show (see the definition of F.. (4.63)) that

1 1
min |w? +iy| = C, C =cos <2arctan E) >

weEF,

and so

d
‘EVGLR(W) <1, w € Fo,

as long as R satisfies (4.64). Hence, G g : F; — Fj is a strict contraction mapping for
such R, completing the proof. ]
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4.3.2 The number of eigenvalues and Lieb-Thirring sums for L, g

Now that existence of solutions for the family of equations (4.59) has been established,
we may prove lower bounds for Lieb—Thirring sums. Throughout the remainder of the
section, we assume that j € N and R satisfies (4.64), and we let w; = wj(}/,R) Sy
denote the unique solution to the equation w = G; g(w) in F;.

As it turns out, one has to impose some restriction on the values j to guarantee that

w; corresponds to an eigenvalue. Precisely, assume that

1 yR?
1<j<Mg:=|— . 4.70
=J="R {3271’10gRJ (470)
Lemma 4.17. For R satisfying (4.64) and j satisfying (4.70), the inequalities
4 2
2 J
hold, so z? = w? +iye C, and z? € 04(LyR).
Proof. Firstly, we claim that for all ¥ > 0 and R satisfying (4.64), we have
R? o
,(R) = - 0 (4.72)

- logR ” 2logCy

Since R > 2Cy > +/e, the function ®,(R) is monotonically increasing and for each
Y>0

7,(},3/4+},—3/4>2
Dy(R) > f(7) = C}

_e r 4272 +1
=G5 .
V/Y1logCp + /7log (73/2 + 1) - ?T\/T/logy

Since f(y) < f(y™'),0< y<1,and Cy > €%, we see that

2 c G
min = min > > > ’
7>0 f) 0<y§1f<y> ~ logCy+log2+ 23—6 logCo+2  2logCo

proving (4.72).

Next, we have

®,(R 1 3
v(R) 1 0 > 1, (4.73)

Mg > —1>— —1
R~ "30n 271 2logCy



4.3 Dissipative barrier potentials 121

as long as

which certainly true for the value Cy in (4.64). By (4.73),

Dy (R) - Dy (R)
327 ’ 9671

>2>1
3727

We assume that 1 < j < Mg, so

.1 _@yR) 1  DyR) 1 yR?
-« - _ . 474
JT3S 308 T2 2ar T 2amiogR @474

Since A(w;) >0, Bj(w;) > 0, we have

B3(w;) —A%(w;) —2iB;(w;)A(w))

W2 = G () =

S AR ’ (4.75)
Bi(wj)A(w))
2 J\""J J

To prove the lower bound in (4.71), we apply (4.68) and (4.74)
o1
A(wj) <log2+2log <] + 5) < 2logy+4logR,

and hence

1
Bj(Wj)A(Wj) < 47'L'<j+ E) (logy+2logR).

ButR > y3/4, logR > %log Y, and so, by (4.74),

R> 10
7 -—10gR<’yR2.

10 !

The lower bound in (4.71) follows. The remaining claims follow from an application
of Lemma 4.15. The proof is complete. O]

The result of Lemma 4.17 immediately implies a lower bound for the number

N(Ly ) of eigenvalues of Ly g, counting algebraic multiplicities.

Corollary 4.18. For R satisfying (4.64), we have the lower bound

1 yR?
N(Lyg) > | — .
(Ly) {327rlogRJ

The next result amplifies the above corollary and will be used in our study of the

sums Sq g (H,) below. An analogous result for Schrodinger operators on the real line
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has previously been obtained by Cuenin in [44, Theorem 4], by a different method.
Let N(Ly ;) denote the number of eigenvalues of Ly g in a given region Q C C,

counting algebraic multiplicities.

Proposition 4.19. There exists constants Ry,Cy > 0, depending only on v, such that

for the regions

C7'R? CiR?
Ypi=4AecC:I<Im(A) <y, 1 — <A< 4.76
R { 2 ( ) Y lngR | | IOgZR ( )
and all R > Ry, we have
N(Ly g 2R) > — LS 4.77)
TRER)Z 1087 log R’ '

Proof. In this proof, we shall say that a statement holds for large enough R if there
exists Ry = Ro(7y) > 0 such that the statement holds for all R > Ry. Furthermore,
C = C(7y) > 0 will denote a constant that may change from line to line.

Consider the unique solution w; = w;(7,R) of the equation w = G g(w) in Fj,

which exists for large enough R, with

1 yR? , 1 yR?
_ << | . 478
[647: 1<>ng / {327: logR (4.78)

By Lemma 4.17, 4; := w% + iy is an eigenvalue of Ly g with %’ <Im(4;) <7v.
By (4.67), we have
1072 (j+ 3)?
[A(w;j)| = 1A(Gr(wj))| < log <2+ % < CR

for large enough R. Using the inequality B;(w;) > 27(j — 3) and the lower bound in
(4.78), we have

B;wi)l* + AP CR

Aj Z PP —y= =
| ]| |W]| Y 4R2 1Og2R

for large enough R. On the other hand, using the inequality B;(w;) < 27(j + %) and
the upper bound in (4.78), we have

Bi(wj)|*+]A(w))? CR?
| J(WJ)| | (WJ)‘ ry<

4 4R? long
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for large enough R. It follows that A; € X for some constant C; = C; () > 0 and all
large enough R. Finally, we have

1 yR? 1 yR? _ 1 YR?
32w logR 64mlogR | ~ 1287mlogR

N(Lygr;Zg) > {

for large enough R, completing the proof. O]

Remark 4.20. An upper bound for the number of eigenvalues for Schrodinger operat-
ors with potentials of the form gr = g+ iYX|o g, Where g is compactly supported, is
obtained in [129, Theorem 8]

11 yR?
N(Hg) <

i 4.79
~ log2 logR ( )

for large enough R. Our particular case corresponds to ¢ = 0 and demonstrates that
(4.79) is optimal.

The result of Theorem 4.5 states that for each € > 0 there exists a constant K (&) > 0,
independent from ¢, so that

Se(Hy) < K(€) llqll; ™

for any integrable potential g. Our goal here is to obtain corresponding lower bounds
for the operators Ly g with potentials g4, (4.55) and, thereby, to demonstrate the
optimal character of this upper bound with respect to €. Precisely, we will show that

the value So(Ly,z) tends to infinity fast enough as R — co.

Theorem 4.21 (= Theorem 4.3). Suppose that R satisfies (4.64).
(i) We have the lower bound

| gan]|1 YR
So(L > loeR = — logR. 4.80
o(Lyr) > lox 08 167 °8 (4.80)

ii) Let 0 < € < 1. Under the stronger assumption on R

(i)

(641)%/% +1, (4.81)
we have the lower bound

1 (,},R)H—s
Se(Lyg) > .
e(lrR) 2 356 log® R

(4.82)
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Proof. (i). The bound from below for So(Lyr) arises when we take a subset of the
eigenvalues, precisely, A; = z? = w% + iy, with j from (4.70). So, for € = 0 we have,
in view of Lemma 4.17,

Yo Im(witiy)  y¥& 1
Gy s WMoy oy 1 4.83
of ”R)_,; W2+ iy]1/2 = 22 VIF Wil o

But, owing to (4.60),

wil> =|Gr(wj)|* =

o AW P+ [Bj(w)) < 5[B;(w))|? < Sm? <j+ 1>27

4R2 = 16R2  —4r2\V "2
and so
fy R
L L
e 2; %JH)
An elementary inequality
i /NH dx L a+b(N+1)
= —-]10f—
“ ]+1) atbx b % at2b

witha = /7, b= 2R, N = Mg, gives

VIR

2AR (Mg + 1 R 1+
So(Lyg) > Z—log VIt ; (R_Rl+ )5 I—logﬂ. (4.84)
VY tén L
Let us check that for R satisfying (4.64), one has
14 YR
—+ OReR  pia VIR g gy 9T
14 42 \fy 16logR VYRA
Indeed,
\/7R3/4 B yl/2R2/3 R1/12 y Cg/3 ¢ .
16logR 16 logR =~ 16 12
as long as

192\ %2
Co > (—) ,
e
which is true for Cy in (4.64) (at this point the value Cyp = 600 comes about). Next,

4r 4r 4r

= < <1
3/4 1/2p2/3p1/12 2/3
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as long as C > (47r)3/ 2. The bound (4.80) follows directly from (4.84).
(i1). We have, as above in (i),

and so

IR

An elementary inequality 1+ y'~€ < 28(1 +y)!~¢ leads to the bound

YlJr%R B+l ¢ _,},1+§R . .
47128/!3 = {(1+I32) —(1+p1) }

Se(lyr) 2 41 t1=€ T 4gede
s

We apply once again (14 f32)¢ > 2671 (14 %) to estimate the first term

l+jR
h>r 21488 >

yITiR 2n(Mg+1) 8>(yR)1+*3 1
8re

8me VTR 1287e logt R~

Concerning the second term, note that (4.81) implies /YR > 8, and so

(1+p1)f = <1+%> <1+§<7r.

Then .
,},lJrjR B (’}’R)lJrg 1 (YR)1+£ 1

< .
b= g T ae (RE S 46 (VIR

But, under assumption (4.81),

VIR \/T’R/Ruz \/7R1/2 > (64m)!/*
logR logR

SO

logR < 1 1 < 1
VIR) ~64m’ (VYR)E ~ 64mlogt R’
Hence,
(,},R)H—s
~ 256melogt R

Comparing the latter with (4.86), we come to (4.82). The proof is complete.

>y1+§R/ﬁ2 dy _ 4m 2n(Mg+1)

(4.85)

(4.86)
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Remark 4.22. The same methods lead to lower bounds for more general sums, which
were considered in [22]. Let p > 1. A slight modification of the proof of Theorem

4.21 (1) yields
dist’ (A, R4) < Y’RlogR
A2 7 8me2r

>

/ﬁLGGd(L%R)

(4.87)

provided R satisfies (4.64). Indeed, the only place in the proof of Theorem 4.21 (i)
that needs to be modified is (4.83), and there we use the inequality

Im (w2 +i7)? > (v/2)".

Furthermore, by the spectral enclosure [69] mentioned in the introduction, we have

Y

| =

AT lgapl T = (™Y, A€ oulLyr), s>

so it follows from (4.87) that

)3

Acoy(Lyr)

dist? (A, R) - 1 y”RlogR
AR ~8m-20 (YR)B1

(4.88)

Now take R=n and y = n~! for n € N. Then, R satisfies (4.64), and so (4.88)
holds, for large enough n. Noting that H‘IdeiP(Rg = Y”R and YR = 1, and taking the
limit n — oo, we conclude that

‘(P
sup o y dist”(A,Ry) _ (4.89)

0#£gell (RL)NLH(R ) qu|€p(R+) A€oy (Hy) ’MS

In view of Proposition 4.26 below, the statement (4.88) holds analogously for Schrédinger
operators on L?(R) with symmetric potentials I'YX[-r,R)> hence (4.89) holds for Schrodinger
operators on L? (R), which implies [22, Theorem 9].

Recall that the generalised Lieb—Thirring sum S, g(H,) is defined by (4.13). The

problem we are interested in now is the range of positive parameters (o, 3) for which

Se.p(H,

< oo
ozqeri®,)  lalh

The results are illustrated in Figure 4.2.

Proposition 4.23. We have

1
S p < for a > 5 B>1, (4.90)
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1/2

Figure 4.2 An illustration of Proposition 4.23.

and

1
Tap = for a >0,0<pB <1, and 0<a§§,B=1. (4.91)

Proof. Theorem 4.5 implies that we have . 1 < o for a > % Furthermore, by
dist(A4,R ) < |A[, the function f(f) = S¢ g(H,) is monotone decreasing for fixed o,
from which (4.90) follows.

By Proposition 4.19, for o« > 0 and 0 < 8 < 1, we have

o (dist(A,Ry)\P
200 > . )+ o
Sa,ﬁ (HQ) = N(L%R’ZR) llg):fR ( M,| ) |l|

1 yR? (Z)B <min{C1,Cll}R2>aﬁ

~ 1287 logR \2 log’R

R2(1-B)

_ 2
=C (logR)H—Za—Zﬁ (YR) ’

for some constant C = C(7) > 0 and all large enough R. The first statement in (4.91)
follows by considering the limit R — oo.

By 4.88) withp=B=1lands=1—o > 1

5, We have

dist(A,R;) _ 1
N

SaLyr) = Y (YR)**logR

A€0y(LyR)
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for large enough R. The second statement in (4.91) follows by again considering the
limit R — oo, [

We are in a position now to obtain a two-sided bound for the Jensen sums J(Lyr).
Recall that ||ggp||1 = YR.

Proposition 4.24. For all R satisfying (4.64), the following two-sided inequality holds

U J(Lyr) _
32w — yRlogR —

(4.92)

Proof. The lower bound is a direct consequence of (4.80) and (4.8). To prove the
upper bound, we apply Corollary 4.12, so

1
J(Lyg) <7|%+YR+YRIogR+YRlog(1+YR)|.
Note that (4.64) implies R > e and R*> > y+ v~ ! + 1. Hence,
1
B < YRlogR, YR < YRlogR, log(1+ YR) < 3logR,

and inequality (4.92) follows. [

4.4 An integrable potential with divergent Jensen sum

The aim of this section is to construct a potential g € L' (R..) such that J(H,,,) = .
We shall begin, in Sections 4.4.1 and 4.4.2, by collecting some well-known facts
about Schrodinger operators on both the half-line and the full real line. We shall
then proceed to prove two spectral approximation lemmas in Section 4.4.3. These
will give us information on the eigenvalues of Schrodinger operators on the half-line,
for potentials consisting of a sum of compactly supported functions whose supports
are separated from one another by large enough distances. The consideration of
Schrodinger operators on the full real line is required in order to formulate one of these

lemmas. With these tools at hand, the potential g., is constructed in Section 4.4.4.

4.4.1 Case of the half-line

Consider the following differential equation on the positive half-line R

hly] := —y" +q(x)y = zzy, qe LI(R+), zeCy, (4.93)
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where the potential ¢ may be complex-valued. There exists a unique pair of solutions
e+ (+,2;q) of (4.93), such that e (x,-;g) are analytic on the upper half-plane C,, and

ey (x,2:q) = €™ (14+0(1)), ¢, (x,z39) = ize™(1+0(1)),

_ , (4.94)
e-(x,z:q) =e (1+o(1), € (x,z19) = —ize”"(1+0(1)),

as x — oo, uniformly on compact subsets of C,. (see, e.g., [108, Sections 2.2 and
2.3]). The Wronskian satisfies

W(z,q) =W(et,e_) = —2iz. (4.95)

Recall that H = H,; denotes the Dirchlet Schrédinger operator on L*(R,).

4.4.2 Case of the real line
Consider the following differential equation on the real line R
b =" +q)y=2",  geL'(R), z€Cy, (4.96)

where the potential 4 may be complex-valued.
The result below is likely to be well known. We provide the proof for the sake of
completeness.

Proposition 4.25. There exists a unique pair of solutions e+ (-,z; q) of (4.96), known
as the Jost solutions, such that e+ (x,-; q) are analytic on the upper half-plane C,

e (x,2:9) = ¥ (1 +0(1)), € (x,2:9) =ize™(1+0(1)) (4.97)
as x — +oo, and
e (x,z:9) =e “(1+0(1)), € (x,2:9) = —ize “(1+0(1)) (4.98)

as x — —oo, uniformly on compact subsets of C..
A = 2% is the eigenvalue of the corresponding Schridinger operator Ay on L*(R)

if and only if ey and e_ are proportional, that is, the Wronskian

W(z,q) == :(0,2:9)¢" (0,2;9) — e-(0,2:9) ¢} (0,25 4) = 0.

The algebraic multiplicity v(A, ;) of the eigenvalue A = 2> equals the multiplicity
of the corresponding zero of W (-, q).
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Proof. The first statement, regarding the existence and analytic properties of the Jost
solutions, may be seen by extending appropriate Jost solutions on the half-line. Indeed,
let s(x,z) and c(x,z) denote the solutions of (4.96) such that

5(0,z) = c'(0,z) =0, 5'(0,2) = c(0,z) = 1.
We define

e (x,2:9) = c(x,2)e4(0,2:q4) +5(x,2)€’ (0, 23+
e (X,Z; q) = C(X,Z)€+(0,Z; Q*) - S(X,Z)e;((),z;q,),

where ¢+ are potentials on the half-line such that
q+(x) = q(+x), xeRy.

Notice that the functions ey (+x,z; ¢), x € R4, solve the Schrodinger equations (4.93)
with ¢ = g1. By computing the boundary conditions of er(=£x,z;g) at x = 0, we see
that

er(x,239) = ey (x,239+), x € Ry,

e_(x,z,9) = e (—x,259-), xeR_.

The asymptotic relations (4.97) and (4.98) follow. The analyticity statement follows
from the fact that s(x,-) and c(x, -) are entire functions (see, for instance, [135, Lemma
5.7]) as well as the analyticity of e (0,-;¢+) and €/ (0,;g+) on C.

Next, we prove the second statement, characterising the eigenvalues of J7;. If the
Jost solutions e are proportional, the eigenfunction exists, and so z2 is the eigenvalue.
Conversely, assume that e; and e_ are linearly independent. The limit case on each
half-line (cf. (4.94)) means that e; ¢ L?(R=). Hence, all solutions of (4.96) from
L*(R.) are of the form ¢4 er.. If 2 € 6,4(#7), there is a solution e € L*(R) of (4.96)
with

oz g) = crer(x,z39), xeRy,
c_e_(x,z5q9), xeR_,
and so e, and e_ are proportional. A contradiction completes the proof.
The final statement follows from [93, Theorem 28]. ]

In what follows, we shall suppress indication of z dependence where appropriate.
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Compactly supported potentials

Assume that ¢ is compactly supported,
supp g C [—a,al, a > 0. Then

e (x,q) =e ™™, ¢ (x,q) = —ize ™, x < —a. (4.99)
Also, there exist A (z) such that

4 (x,9) = A4 () +A_(2)e ™,

. . (4.100)
e, (x,q) =iz <A+(z)elzx —A_(z)e_’zx>, x< —a.
We can easily calculate the Wronskian. For x < —a,
Wier o) = (A(2)e™ +A- ()™ ) (—ize™)
—iz <A+(z)eizx —A_(z)e_izx> e = _2izA, (2)
and so
Wiz, q) =W(ey,e-) = —2izA,(2). (4.101)

Note that equations analogous to (4.99), (4.100) and (4.101) also hold for the opposite
half-line x > a.

Shifted potentials

Next, consider a shifted equation
ixly] == -y +q(x—X)y=2%, X >0. (4.102)

All its solutions are shifts of the corresponding solutions of (4.96). In particular, the

Jost solutions satisfy
er(x,q(-—X)) =" F e (x =X, q). (4.103)

Symmetrisation of potentials

The following result will allow us to apply the lower bounds of Section 4.3 to even

extensions of dissipative barrier potentials. We mentioned it in the introduction, see
(4.30).
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Proposition 4.26. Given a potential g € L'(R.), let g, be its even extension on the
line
qe(_x):qe(x)a xeR; %|R+:q-

Then 6,(Hy) C 64(.y,), and moreover, for each A € 6,(Hy),
V(A H,) < V(A, ). (4.104)
Proof. 1t is clear from the definition, that
e (x,2q) = er (—x,24.), € (v,z:q) =—€ (—x,z3¢), x€R.
Hence, W(z,4.) = —2¢,(0,z;¢.) ¢/ (0,2; ¢.). But ge|r, =g, s0
er(x,2q) = et (x,z3q), x€Ry; W(z,q) = —2e4(0,z:9) €, (0,z:9).

The result now follows from Proposition 4.25. [

4.4.3 Auxillary spectral approximation results
Large shifts

The following lemma and its corollary are crucial for the proof of Theorem 4.30. A
more general, but slightly less precise, version of this result has been proven in [17,
Lemma 4] by invoking the abstract notion of limiting essential spectrum (cf. [18]). In
contrast to that result, it is important for us to account for algebraic multiplicities, and

our proof only relies on basic ODE theory and complex analysis.

Lemma 4.27. Let g € L'(R.) and g € L'(R) be potentials with compact supports.
For any X > 0, denote

Q<X7X) = Q<x)+‘I(X—X)a X€R+.
Then q(-,X) € L'(R.) for all X > 0, and

07; W 9 W ,
lim e (0.22q(. X)) = - OFINED (g ) VT

4.105
2iz ( )

uniformly on compact subsets of C..

Proof. Assume that

suppq C [0,D], suppg C [—a,d], a,b>0,
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so that suppg(- —X) C [X —a,X +a]. Assume also that X is so large that

X
b<§I:Y<X—Cl.

Then supp g(- —X) C Ry, and the supports of g and ¢(- — X) are disjoint. For the Jost

solution, we have

creq(x,q)+c_e_(x,q), 0<x<Y
e+(x7Q('7X)) =

er(x,q(-—X)) =e¥Xe (x—X,q), x>7,

for some ¢+ = c+(X,z) € C. The adjustment conditions at Y yield

C+€+(Y, Q) +c_e_ (Y7 q) - eizX e+(_Y7 Q)
C+el+(Y7 Q) + C—eL (Ya CI) = eiZX / (_Ya q)a

or, in matrix form,

A matrix inversion yields

H e [e'_(m —e_(Y,q)] [e+(—Y,Q)]
C_ W(Z,Q) _eg—(Yaq) €+(Y,q) efi—(_Y7q) ‘

(4.106)

We can now calculate the Jost function from the upper relation in (4.106), taking

into account (4.94) and (4.95)

e+<O=CI('7X)) = c+e+(07Q) tce (OacI)

e [ —izto(1) —1+o(1)

Ry [€+(0,Q) e_(O,q)] e (—iz+0(1)) € (1+0(1))
eiZY [

T [“ (0.4) e‘(O’Q)] Qgg ’

where

frX,q) = (=iz+o0(1))er (=Y, q) + (=1 +0(1))e\ (=Y, q),

F-(X,q) = ¢ {(—iz+0(1))es (<Y, g) + (1 +o(1))é, (<Y, )}, ¥ =
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Since Y > a, then, by (4.100),
eV (X, q) = (—iz+0(1)) (A +A_™) + (—iz+0(1)) (AL —A_™)
:—ZZZA+—|—O(1), X—>°°,

uniformly on compact subsets of C.. It is clear from (4.100), that
eiZYf_(X,q):o(l), X — oo,

also uniformly on compact subsets of C_.. The relation (4.101) completes the proof.
]

Before we move on, let us clarify what we shall mean by a collection of eigenvalues.
When we say that there exists a collection of N € N eigenvalues Ay, ..., Ay of an operator
T, we mean that:

1. A;is an eigenvalue of T for each j € {1,...,N}, and

2. if A is repeated v times in the collection Ay, ..., Ay, then A4 is an eigenvalue of T

with algebraic multiplicity at least v.

An integer-valued function v(-,T) is said to be an algebraic multiplicity with
respect to a linear operator T, if v(A,T) equals the algebraic multiplicity of A in case
when A € 64(T), and v(A,T) = 0 otherwise.

Corollary 4.28. Let the potentials q and q be defined as above. Given A € C\R, put
v=V(A):=V(AHy)+V(A, 7). (4.107)

Then A € o4(Hy) U 0y4(77), if and only if there exists a collection of v eigenvalues
l)((l), e l)((v) oqu(.jx), X > 0 large enough, such that

im AY =4, j=1.2,..,v.

X —oo
Proof. By Proposition 4.25 (and similar property of the Jost function e, (0,-;¢q)),
A =z* € 04(Hy) U oy(;) if and only if z € C is a root of the right-hand side
(4.105) with multiplicity equal to v(A) (4.107). The rest is a direct consequence of

Lemma 4.27 and Hurwitz’s theorem. ]

In particular, note that if v(u,H,) = v(u, 7;) = 0, then u is separated from the
discrete spectra oy (Hq(uX)) for all large enough X.
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Truncation

Given a potential ¢ € L' (R ), we define its truncation at the level X > 0 as
qx (x) == - (4.108)
X.

Let (X, ),en be a sequence of positive numbers such that lim,,_,. X;, = 0. Put
qn ‘= qx,, H,:=H,,.
Lemma 4.29. In the above notation, the limit relation
Jim e (0,z:9x) = +(0,2:9) (4.109)

holds uniformly on compact subsets of C.. In particular, L € C\R  is an eigenvalue of
H = H, of algebraic multiplicity v if and only if there exists a collection of eigenvalues
1,51), ...,QL,EV) of H, such that

imAY =4, j=12,...,v.

n—yoo

Proof. The argument is similar to one above. We have

crep(x,q)+c_e_(x,q), 0<x<X;

e+(x7CIX): .
e, x>X,

c+ = c+(X,z). The adjustment conditions at X yield

C+€+(X,(]) +c_e_ (X,(]) = eiZX7

cie (X,q)+c e (X,q) =ize™,
or in matrix form

€+<X7Q) e—(qu)
¢ (X,q) € (X,q9)

The matrix inversion gives

)] e
c | 2z

EL(X,C[) _e*(XWI)
_e;(qu) e+(X7Q)

1
iz|’
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and so
eizX , .
e (X,2) = = [ (X.q) —ize- (X.q)|.
eizX , ‘
Cc— (X>Z> = 212 |:_e+(X7Q) + lZ€+(X,q)] .
Finally,
e+(0,9x) =
[ (aq) e (%) ] (0.0) + [, (o) izes (Xeq)] e (0.0) )
2iZ — ) ) ) =+ ) ) ) )

and (4.109) follows from the asymptotic relations (4.94).
The second statement is clear thanks to Hurwitz’s theorem. O]

4.4.4 Main result

We are in a position now to prove the main result of the section.
Theorem 4.30. There exists a potential q.. € L' (R ) with infinite Jensen sum.

Proof. Let (%) nens (Rn)nen, (Xn)nen C R4, to be further specified. Define a sequence
of Schrodinger operators on the line

Ly ==Y+ by, h(x) == %X, &, (x) €EL'(R), neN. (4.110)

Let (N,)nen, be defined such that Ny = 0 and, for n > 1, N,, — N, equals the
number of eigenvalues of .Z;,, counting algebraic multiplicity. We place all the

eigenvalues (A;) jey of all operators ., in a single sequence in such a way that
{AN,_+15-- -, AN, = 0a(L0), n e N.
Define consecutively a sequence of potentials
qn(x) := Gn1(x) + 1% X[, x,+2R,](X) = Gn-1(X) + LL(x = Xp —Ry), neN,

qo =0, or, in other words,

an(x) = Y i%xx, x 2R () @.111)
k=1

We assume that X | > Xj + 2Ry, so the intervals [Xj, X +2Ry|, k € N, are disjoint.
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Let M, denote the cardinality of the discrete spectrum o,(H,,), counting algebraic
multiplicity

Oa(Hy,) = {Ajn} "

In view of Corollary 4.28, we see that for large enough X,
My, 1 +Np—Ny1 <My, Ny—Np1 <My —M, 1,

and, as My = Ny =0, it follows N,, < M,, for all n € N.
By Corollary 4.28, for each n € N, we can set X,, large enough such that the
collection of eigenvalues 4, ,, j = 1,...,N,, of H,, (note that N, < M,,) satisfy

|Ajn—Aj|+[Im /A, —Im /A |< Aj,

4.112)
J=Nu_1+1,....N,, nGN
and
Ajn— 1|+ Imy/A;, —Im 1< — A,
= Ajn= g Ain- (mn)? ) / (4.113)

j=1,....Ny_1, =2,3,.

For each fixed j € N, 4;, exists for all n > m, where m € N is such that A; €
04(Zn). The sequence (A} ,),>m is Cauchy, so there exists

pj:= lim A;,.

n—yoo
Next, putting A; ,,—1 := A;, we have for any k > m+1

i(lm\/a—lm ),j’n,1>=Im Ajx—Im /A,

n=m

)
|Im\/E—Im\/Ij‘ < i ‘Im\/a—lm,//lm,ﬂ

= [tm /A~ Im[}+_§+l‘lm\/7 Im y/Aj1]
3Im\/—2 1

——Im Aj,
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whence it follows, as k — oo, that
1 .
Im /it > Elm Aj, jeN, 4.114)

and in particular, u; € C\R,..
Set

1
= < ,

(nlog?(n+2))* (4.115)
R, = 12007 /* = 1200 (nlog?(n+2))}, neN.

Define a potential on R

Goo i =Y IV X[X, Xot2R,]- (4.116)
n=1

Then,

[

- 1
gl =2 Y R, =2400 Y — < oo,
ool =2 L =200, o)

S0 oo € L' (R ).

The partial sums (4.111) can be viewed as truncations of g.. at the level X, +2R,,.
Lemma 4.29 implies that for each j € N, u; is an eigenvalue of H,_ with algebraic
multiplicity greater than or equal to the number of times it appears in the sequence
(W )ken- It follows that

> 1 18
J(qu)>j_lem u;>§j_zllm\/;j:§’§lj(z1).

Recall that L, := Ly, g, is defined in (4.25) as the Schrodinger operator on L?(R.)
with potential i%, X[o r,|- By Proposition 4.26, any eigenvalue of L, is also an eigenvalue
of %, and (4.104) holds. Hence, employing the left inequality in Proposition 4.24,
we have

| B
(L) 2 (L) > 55— ViRulogRy, Ry > 600(72"* + 9. @.117)

The latter inequality is true for all n € N due to the choice of R, (4.115) and 7, < 1.
Consequently,

600 logR,

1 [}
J(Hy,) =2 —— R,logR, = .

(4.118)
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Since logR,, ~ 3logn as n — oo, the sum on the right hand side of (4.118) diverges.
We conclude that the Jensen sum J(H,,) = oo, completing the proof. O






Chapter 5

Spectral approximation for the
Laplacian on rough domains
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5.1 Introduction

The purpose of this chapter is to investigate numerical methods for computing Dirichlet
eigenvalues of bounded domains with extremely rough, possibly fractal, boundaries
and to develop analytical tools for dealing with such problems. Following [14],
we utilise the framework of Solvability Complexity Indices (SCI) [83] and consider
sequences of arithmetic algorithms (I'y),cn intended to approximate the spectrum
o(—Ag) of the Dirichlet Laplacian as n — o on any domain ¢ C R? in a specified
primary set £ C 2R (recall 24 = power set of set A). The sole input to each arithmetic
algorithm I, is the information of whether or not a chosen finite number of points
lie in the domain & and the output is a closed subset of C which should approximate
0 (—Ay) in an appropriate metric. Each I, obtains its output from the input via a finite
number of arithmetic operations, in a consistent way - the rigorous formulation will be
given in Sections 5.2.3 and 5.2.4.

The question we ask is: what is the “largest” primary set 2 of bounded domains we
can identify such that there exists a single sequence of arithmetic algorithms computing
the Dirichlet eigenvalues of any domain in Q7

Our first finding shows that there is no hope of constructing a single sequence of
arithmetic algorithms capable of computing the Dirichlet eigenvalues of every bounded

domain (cf. Proposition 5.14). The problem of proving the existence of sequences of
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arithmetic algorithms that do converge is approached via explicit construction. We
shall introduce an approximation &, for a domain ¢ which we refer to as a pixelated
domain for O (cf. Definition 5.16). Each pixelated domain &), is constructed solely
from the information of which points in the grid (%Z)2 lie in &'. Utilising computable
error bounds for the finite element method and matrix computations, we construct a
sequence of arithmetic algorithms intended to compute the spectrum of the Dirichlet
Laplacian. These arithmetic algorithms are then shown to converge on any domain for
which the corresponding pixelated domains converge in the Mosco sense (cf. Definition
5.1).

The problem is thus reduced to the study of Mosco convergence, which we ap-
proach in a general way. This notion ensures convergence of Dirichlet eigenvalues and
of solutions to the Poisson equation. In Section 5.4.3, we prove that if the Hausdorff

convergence condition
dH(ﬁ,ﬁn)—l—dH(&ﬁ,&ﬁn)—m as n—» oo, 5.1

holds and a collection of mild geometric conditions (such as topological regularity
of 0) are satisfied, then &, converges to ¢ in the Mosco sense (cf. Theorem 5.3).
This result, which is valid for arbitrary sequences of domains, is applied to pixelated
domains thus concluding the identification of a large primary set £; of bounded
domains for which there exists a corresponding sequence of arithmetic algorithms (cf.
Theorem 5.15). These arithmetic algorithms describe a simple numerical method that
is guaranteed to converge on a very wide class of rough domains.

An intermediate step in the proof of our Mosco convergence result is the reduction
of Mosco convergence 0, M, & to the establishment of a uniform Poincaré-type
inequality of the form

3C,a,r0>0:Vr <ry:YuecHL(O): ull2(5r0) < Crl|Vul| 2(g0r gy (5.2)

where
00 :={xe 0 :dist(x,d0) < r},

as well as an analogous sequence of inequalities verified uniformly over the sequence
0, (cf. Proposition 5.30). A Poincaré-type inequality of the form (5.2), for a single
domain &, is proved in Section 5.3 via a geometric method involving the construction
of a bundle of paths from every point in " & to d & (cf. Theorem 5.6). The correspond-
ing inequalities for the sequence of domains &), are established by combining Theorem
5.6 with a characterisation of the geometry of d &), for large n (cf. Proposition 5.38).
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Organisation of the chapter

In Section 5.2, we state our main results and provide preliminaries. In Section 5.3, we
prove an explicit Poincaré-type inequality. Section 5.4 is dedicated to proving Mosco
convergence results as well as a geometric convergence result for pixelated domains.
In Section 5.5, we apply our analytical results to the theory of Solvability Complexity
Indices. In Section 5.6, we illustrate our results with a numerical investigation for the

Dirichlet Laplacian on a filled Julia set.

Notation and conventions

We shall adopt the following notation, which is not necessarily standard and which
will be used frequently throughout the chapter.

* For any r > 0 and any set A C R4, the r-collar neighbourhood d"A is defined
(as above) by
d"A = {x € A : dist(x,0A) < r}. (5.3)

« For any set A C RY, we let #.(A) € NoU {oo} denote the number of connected

components of A.

« For any r > 0 and any set A C R, we define the set dil,(A) by

dil(A) := {x e R? : dist(x,A) < r}. (5.4)

« o(0) shall denote the spectrum of the Dirichlet Laplacian —A, on L*(&).
We shall also use the following notation.
* Forevery A C R?, ujep(A) denotes the d-dimensional Lebesgue outer measure.

* As usual, for any open set U C R4,
H'(U) :={ue L*(U) : |Vull 2y <o},

@) = (2 + IV (5.5)
and H] (U) is defined as the closure of C*(U) in H!(U).

« For any non-empty, bounded sets A, B C R?, the Hausdorff distance between A
and B is defined by

dy(A,B) := max{sup dist(x, B),supdist(x,A) } . (5.6)

XEA xeB
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We define dy(0,A) = oo for any non-empty bounded open set A C R? and
dy (0,0) = 0.

» We let B,(x) C R? denote an open ball of radius » > 0 about x € R?.

* The diameter of a set A C R is denoted by

diam(A) := supsup|x —y| € [0,00) U {eo}. (5.7)
XEA yeA

5.2 Preliminaries and overview of results

This section is devoted to providing preliminaries, stating our main results and re-
viewing some closely related literature. In Sections 5.2.1 and 5.2.2 we present our
analytical results on Mosco convergence and Poincaré-type inequalities respectively.
An introduction to the theory of Solvability Complexity Indices is given in Section
5.2.3 and we state our results on the computational complexity of the eigenvalue

problem in Section 5.2.4.

5.2.1 Mosco Convergence

The question of whether a given approximation for a domain gives a reliable spectral
approximation for the Dirichlet Laplacian leads us to study Mosco convergence. We
shall give the definition for Hé Sobolev spaces on Euclidean domains (as in [47, Defn.
1.1]) but the notion can be more generally formulated for convex subsets of Banach
spaces [106].

Definition 5.1. The sequence of open sets &, C ]Rd, n € N, converges to an open set
. M .
0 C R? in the Mosco sense, denoted by 0, — O as n — oo, if:

1. Any weak limit point u of a sequence u, € H} (0,), n € N, satisfies u € Hj (0).

2. For every u € Hj(0) there exists u, € H}(0,) such that u, — u as n — o in
H'(RY).

Note that a function u € H}(€) may be realised as a function in H!(R?) via
extension by zero.

For an arbitrary open set & C R?, one may realise the Dirichlet Laplacian —A
as a positive, self-adjoint operator on L?>(¢&) [61, Th. VIL.1.4]. In the case that &
is bounded, the Dirichlet Laplacian has compact resolvent, hence, purely discrete

spectrum.
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Provided the open sets &' C R< and &, C R?, n € N, are bounded, Mosco conver-
gence O, M G asn— o implies that —A, converges to —A in the norm-resolvent
sense as n — oo [47, Th. 3.3 and 3.5]. In turn, norm-resolvent convergence implies
spectral convergence [118, Th. VIII.23].

Lemma 5.2. If 0 C R and 0, c R n e N, are open and bounded, and O, ﬂ) O as
n — oo, then for every bounded S C C,

dg(o(0,)NS,6(0)NS) =0 as n— oo.
An open set & C R? is said to be regular if
O =int(0). (5.8)
For a bounded open set & C R?, the quantity Q(d¢) > 0 is defined by
Q(9d0) :=inf{diam(I") : T" C d & path-connected component of d'}. (5.9)

Recall that #, denotes the number of connected components. Recall that a set A ¢ R?
is locally connected if for every x € A, there exists an open neighbourhood U C R¢ of
x such that U N A is connected. In Section 5.4.3, we shall prove the following result,

which provides geometric hypotheses ensuring Mosco convergence for domains in R.

Theorem 5.3. Suppose that 0 C R? is a bounded, connected, regular open set such
that ep(d0) =0, Q(00) > 0 and #.int(0°) = #.(0°) < . Suppose that 0, C R?,
n €N, is a collection of bounded, open sets such that d O, is locally connected for all
n € N and such that

dy(0,0,)+dy(d0,00,) -0 as n— oo. (5.10)

Then, O, converges to O in the Mosco sense as n — oo,

The condition Q(d &) > 0 in the above theorem can be replaced by the condition
that each connected component of d& is path-connected (cf. Remark 5.40). In
turn, the latter condition satisfied if d & is locally connected [105, §16]. A sufficient
condition for the hypothesis tep(d ) = 0 is dimy (d ') < 2 where dimy denotes the
Hausdorff dimension [64]. The condition #.int(0¢) = #.(0°) < o intuitively states
that ¢ has a finite number of holes, which neither touch each other nor the outer

boundary component of the domain.
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Examples

The following classes of domains satisfy the hypotheses of Theorem 5.3. The first
example includes the classical Koch snowflake domain. One could also modify this

example to allow for domains with holes.

Example 5.4 (Interior of a Jordan curve). Let C C R? be any Jordan curve with
ieb(C) = 0. By the Jordan curve theorem, R?\C is a disjoint union of two open,
connected sets - a bounded interior ¢ and an unbounded exterior Sex;. Then, &

satisfies the hypotheses of Theorem 5.3.

Proof. Tt is known that d & = C, hence it holds that e (d &) =0 and Q(d0) > 0. It
is also known that d(Sex.) = C, hence any open set U C R? satisfies either U C & or

U N Sext # 0. From this it follows that int(&') = &, that is, O is regular. Similarly, we
have that int(0¢) = Sex; s0 #cint(0°) = #.(0°) = 1. O

The second example is a concrete special case of the above class of domains and
is the object study in a numerical investigation in Section 5.6. We naturally identify
C=R2

Example 5.5 (Filled Julia sets with connected interior). Let f.(z) := 7>+ ¢, where
¢ € C satisfies |c| < ;. Consider the filled Julia set

K(fe) :={z€ C: (f"(z))nen bounded} (5.11)

where f(z) := fo---0 f(z). The domain & = int(K(f.)) satisfies the hypotheses of
——

n times

Theorem 5.3.

Proof. Firstly, K(f;) is compact and d& = dK(f.) = J(f.), where J(f.) is the so-
called Julia set for f. [105, Lem. 17.1]. The Julia set can be thought of as the set of
z € C for which the dynamics of £°"(z) is chaotic. Since |c| < 1, it is known that J(£)
is a Jordan curve [64, Th. 14.16]. By Example 5.4, it suffices that ey (J(f;)) = 0.
One may show that By 4(0) C K(fe) [64, Ex. 14.3], hence, |f;(z)| > O for every
z € J(f;), that is, there are no critical points on the Julia set. It turns out that this is
enough to ensure that the Lebesgue measure of the Julia set vanishes (cf. [31, pg. 2]

and references therein). ]

On the other hand, consider the Mandelbrot set

M :={ceC:(f"(0))nen bounded}. (5.12)
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Then, the domains & = int(M) and & = Bx(0)\M (where X > diam(M)) do not
satisfy the hypotheses of Theorem 5.3, since #.int(M) = c. The questions of whether
Wieb(dM) = 0 and dM is path connected are major open problems, the latter being
implied by the famous MLC conjecture (MLC = Mandelbrot set locally connected)
[56].

Comparison to known results

Let us now discuss some related results in the literature. Firstly, it is known that nested
approximations converge in the Mosco sense, that is, for &' C R4 and 0, CRY, neN,
open we have [48, Prop. 5.4.1]

¥neN: 0,C 01 CO and O=J0, = 06,50 as n—oo.

n=1

For non-nested approximations, such as those we consider in our study of the compu-
tational eigenvalue problem, Mosco convergence is more difficult to prove.
An open set 0 C R is said to be stable if [48, Defn. 5.4.1]

HY(0)=H}(O) = {u|p:uc H'(RY),u=0 ae. on 0°}.

This notion allows for the application of powerful spectral and Mosco convergence
results [117, 47, 46]. In particular, if a sequence of bounded domains &, C R¢
converges to a bounded, stable domain &' C R4 in the sense that there exists “inner”
and “outer” domains &), C R?, neN, and ﬁ,j C R?, neN, such that for all n € N,

o' co,C ol

o,C0,,C0, |JOo=0
k=1

and

ocCol

T t— 5
n—ﬁ—lgﬁn’ ﬂﬁkgﬁ’

k=1
then 0, M> O asn— oo
Stability may be characterised in terms of stability of the Dirichlet problems [5]
and in terms of capacities [47][2, Ch. 11]. A sufficient geometric condition that

ensures that a domain is stable is that it is bounded and the boundary is locally the

'Indeed, we have &, Mo by [48, Prop. 5.4.1] and O Mo by [48, Prop 5.4.4]. Then, by the
“sandwich” lemma [36, Lemma 2.3], it follows that &, Mo
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image of a continuous map [5, Prop. 2.2]. Another sufficient condition, which allows
for certain domains with fractal boundaries has been proven in [33] and is discussed
below.

Spectral convergence results, with convergence rates, have also been obtained for
the Laplacian on Reifenberg-flat domains [95] and for more general non-negative,
elliptic, self-adjoint operators [49, 32] . As far as we are aware these results are not
applicable to non-nested approximations of domains with fractal boundary.

Recently, domains with fractal boundaries have also been studied. In [33, Corollary
4.13], the authors proved that E-thick domains & with e, (d &) = 0 are stable. Fur-
thermore, in [85, Theorem 8], the authors proved a related type of Mosco convergence
result for quadratic functionals on (&,0)-domains. Note that there exist domains satis-
fying the hypotheses of Theorem 5.3 that are neither E-thick, nor (&,0)-domains, for
instance, domains with reentrant cusps like the interior of a standard cardioid (see [136,
Figure 3.3 and Remark 3.7] for an illustration and discussion of such cusps). Also, for
O to be an (g,0)-domain, it is necessary and sufficient that d & is a quasi-circle, that
is, the corresponding map 1 : ' — R? (such that 1(S') = d0) is the restriction of a

quasi-conformal map [87, Theorem C].

5.2.2 An explicit Poincaré-type Inequality

A key ingredient for the proof of Theorem 5.3 is a Poincaré-type inequality for collar
neighbourhoods of the boundary of a domain. Theorem 5.6 provides a bound with
an explicit constant which is independent of the particular domain &'. As far as the
authors are aware, this is the first Poincaré-type inequality of its form to be reported.
The proof is given in Section 5.3.4. Recall that Q(d ©) is defined by (5.9).

Theorem 5.6. Let & C R? be any open set. If Q(d0) > 0 and r > 0 satisfies 4v/2r <
Q(d0), then
a0y < 5PVl 3 g (513

forallu € H}(O).

Comparison to known results

Precise bounds have recently been obtained in terms of Hardy inequalities (see [8, 9,
88, 27, 137] and the references therein). These are bounds on the L” norm of u/1 in
terms of Vu, where u € WO1 P(0) and 1 (x) = dist(x,d ). Classically, the domain &
is assumed to be of class C', but relaxations are possible (see [8, 137] for an overview).
Hardy-type inequalities have also been studied in connection with questions of spectral

convergence [49].
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We mention the following result from [88][137, Th. 3.4.8].

Ifd>2and O C RY is open, connected, such that R4 \ O is connected and unbounded,
then there exists C > 0 such that for all u € WO1 ’d(ﬁ )

u

; < ClVullpaig) - (5.14)

LY(0)

The connectedness assumption on R? \ & can be replaced by the weaker, technical
condition of so-called uniform m-fatness (cf. [88, Th. 4.1]) Applying inequality
(5.14) to the case d = 2 immediately yields the bound [|u(|;2(5-¢) < Cr||Vul| ;24 for
a r-collar neighbourhood of d &. Note that this statement is weaker than Theorem 5.6
in two ways: first, the constant C is neither explicit, nor independent of &’ and second,
the L2-norm of Vu is over the entire domain &, rather than a neighbourhood of d 0.
These differences are key for application to our proof of Theorem 5.3.

5.2.3 Computational problems and arithmetic algorithms

The theory of the Solvability Complexity Index (SCI) hierarchy was developed in
[11, 83, 12]. Broadly speaking, it studies the question Given a class € of computational
problems, can the solutions always be computed by an algorithm? In order to give a
rigorous formulation of this question, it is necessary to introduce precise definitions of
the terms “computational problem” and “algorithm” (the reader may think of a Turing
machine for the time being). We will give a brief review of the central elements of the

theory here and refer to [11] for further details.

Definition 5.7 (Computational problem). A computational problem is a quadruple
(Q,A, #,Z), where

(A) Qis a set, called the primary set,

(B) A s a set of complex-valued functions on Q, called the evaluation set,
(C) A is a metric space,

(D) E:Q — . is a map, called the problem function.

Intuitively, elements of the primary set Q are the objects giving rise to the com-
putational problems, the evaluation set A represents the information available to an
algorithm, the metric space .7 is the output of an algorithm and the problem function

& represents the true solutions of the computational problems.
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Example 5.8. An instructive example of a computational problem in the sense of
Definition 5.7 is given by the following data. Let Q = 8(¢*(N)), the bounded oper-
ators on the space of square summable sequences, A = {A — (Ae;,e;)p @ i,j € N}
the set of matrix elements in the canonical basis, .#Z = (comp(C),dy) the compact
subsets of C, together with the Hausdorff distance dy, and finally £(A) = 6(A), the
spectrum of an operator. In words, this computational problem reads “Compute the

spectrum of a bounded operator on €Z(N ) using its matrix entries as an input.”

Now we are in position to define the notion of an arithmetic algorithm. The
definition here differs slightly from the one in [11, Definition 6.3] as it is convenient

for us to explicitly indicate the evaluation set A.

Definition 5.9 (Arithmetic algorithm). Let (Q,A,.#,E) be a computational problem.
An arithmetic algorithm with input A is amap I': Q — .# such that for each T € Q
there exists a finite subset Ap(7') C A such that

(i) the action of I"on T depends only on {f(T')} e (1)

(i) (consistency) for every S € Q with f(T) = f(S) for all f € Ar(T) one has
Ar(S) = Ap(T),

(iii) the action of I" on T consists of performing only finitely many arithmetic
operations® on {£(T)} pearn)-

Arithmetic algorithms give a notion of computability. We shall deem a computa-
tional problem (Q,A,.# ,E) to be computable if

st. limd 4 (T,(T),E(T)) =0VT € Q,

n—yoo

I,:Q— . #,neN,
7 arithmetic algorithms

with input A
(5.15)
where d_, denote the metric for the metric space .Z .

Example 5.10 (Example 5.8 continued). The solvability of the computational problem
defined in Example 5.8 is thus equivalent to the existence of a sequence of arithmetic
algorithms (I,) e, where I, : (¢£%(N)) — comp(C) such that (i)-(iii) of Definition
5.9 are satisfied and dy (I',(A), 6(A)) — O as n — oo for all A € 2 (¢%(N)). In particular,
for each fixed n € N, the image I',,(A) must be computable from finitely many matrix

elements of A in finitely many arithmetic operations.

ZRecall that the arithmetic operations are -+, —, X, +, as well as exponentiation and complex con-
jugation. Arithmetic comparisons are also allowed, that is, given a,b € R we may test whether a < b,
b > aora=>b. A more precise (but less transparent) definition may also be given in terms of BSS
machines [15] [12, Definition 6.6].
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In [83], Hansen showed that it is possible to compute c(A) for A € Z(¢*(N)) as
above. However, rather than having algorithms I';, with a single index n € N, three
indices were required, satisfying 6 (A) = limy; 0 liMy, 00 liMy, 300 Iy 5y 15 (A). The
algorithms I';, ,, », are given explicitly, and can be implemented numerically. In [11]
it was proved that this is optimal: this computation cannot be performed with fewer
than 3 limits, and hence we say that this problem has an SCI value of 3.

We formalise the foregoing example with the following definitions:

Definition 5.11 (Tower of arithmetic algorithms). Let (Q,A,.#,Z) be a computational
problem. A tower of algorithms of height k for E is a family

{Fnl,nz,...,nk Q- %\nj eN,j=1, ,k}
of arithmetic algorithms such that for all 7 € Q

E(7) = Jim -+ lim Loy, (T).
Definition 5.12 (SCI). A computational problem (Q,A,.Z,Z) is said to have a Solv-
ability Complexity Index (SCI) of k if k is the smallest integer for which there exists
a tower of algorithms of height k for =. If a computational problem has solvability

complexity index k, we write
SCI(Q,A, A ,E) =k.

With this new terminology, condition (5.15) is equivalent to SCI(Q, A, .# ,Z) = 1.
Definition 5.12 naturally places computational problems into a hierarchy: the higher
the SCI of a problem, the more limits are needed to solve it, thus the higher its
computational complexity.

A refinement of the SCI hierarchy (as described above) has been proposed in [11]
based on whether I',, approximates = from above or from below (in an appropriate
sense) and whether explicit error control is possible. We shall not dive any deeper into
these refinements here and refer the interested reader to [11, Def. 6.11].

Several kinds of computational (spectral and other) problems have been classified
in the SCI hierarchy in recent years, not just in the abstract bounded setting of Example
5.8, but also in more applied PDE problems. Recent results include classification of
abstract spectral problems [11, 40], spectral problems for PDE on R [11,41,42, 120],
resonance problems for potential scattering [13] and obstacle scattering [14]. The
computability of spectral problems on domains in R? and its relation to boundary

regularity has not yet been studied as far as the authors are aware.



152 Spectral approximation for the Laplacian on rough domains

5.2.4 Computational eigenvalue problem for the Laplacian

Now we describe our contribution to the SCI hierarchy.

Statement of SCI results

We shall consider the following computational problem.

(A) The primary set € is a subset of the set of domains

Qp = {ﬁ’ CR?>:0 open, bounded and connected}.

(B) The evaluation set is
Ao:={0— xo(x):x€ Rz}

where ¥ is the characteristic function.

(C) The metric space is .# := (cl(C),daw), where cl(C) denotes the set of closed,
nonempty subsets of C and daw denotes the Attouch-Wets metric. Note that the
spectrum of the Dirichlet Laplacian on a bounded domain is always closed and
nonempty by classical results. Recall that the Attouch-Wets metric is defined by

daw (A,B):== ) 27/ min{ 1, sup |dist(x,A) — dist(x, B) y}
j=1 <

for any subsets @ # A,B C C (cf. [10, Ch. 3]). Note that for bounded sets

A,B C C, daw is equivalent to the Haussdorff distance dyg [10, Th. 3.2.3].

(D) The problem function E5 : Q — . is defined by E4(0) := o(0'), where recall
that (&) denotes the spectrum of the Dirichlet Laplacian —A on L2(0).

Remark 5.13. In addition to Ag we shall always assume that the n" arithmetic
algorithm I',,(&) has access to the information that it is the ' in the sequence, i.e.,
the map & +— n is also in the evaluation set. For notational brevity, we do not explicitly
indicate this.

The following result follows immediately from Proposition 5.48. The proof is
based on the construction of a certain counter-example which “fools" a sequence of

arithmetic algorithms aiming to compute the spectrum on an arbitrary domain in €.
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O: Osp :

Figure 5.1 Sketch of a domain & and its pixelated analogue &,

Proposition 5.14. There does not exist a sequence of arithmetic algorithms Iy, : Qo —
cl(C) with input Ay which satisfy

daw T'n(0),0(0)) -0 as n—o  forall 0 € Qy.

That is,
SCI(Q()vAOV%aEG) = 2.

Our final result is an explicit construction of a sequence of arithmetic algorithms,
describing a simple numerical method for the computation of eigenvalues of the
Dirichlet Laplacian on a large class of bounded domains. Recall that Q(d ©) is defined
by (5.9) and #, is the number of connected components.

Theorem 5.15. Let

O =int(0), Wep(d0) =0, 0(d0) > 0, and
lez{ﬁeﬂo: int(&), theb(d0) =0, Q(d0) > 0, an } 5.16)

#nt(0°) = #.(0°) < oo

There exists a sequence of arithmetic algorithms T, : Q1 — cl(C) with input Ay such
that
daw Tn(0),0(0)) -0 as n—o  forall 0 € Qy,

that is,
SCI(Qy,Ag, A ,E5) = 1.

Note that any domain described in Example 5.4 or 5.5 lies in Q.
The arithmetic algorithms in the above theorem are based on the following approx-
imation for a Euclidean domain.

Definition 5.16. For any open set & C R?, the pixelated domains for € are the open
sets 0, CR? pn e N, defined by

o, ::int( U (j+[—ﬁ,ﬁ]d)),

JELy
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where
L,:= {j eZl:je ﬁ} and Z4:=(n"'z)%

The basic idea behind the construction of the algorithm is to combine pixelation
approximations of the domain with computable error bounds for the finite-element
method and matrix eigenvalue problem. The algorithm of Theorem 5.15 can be

summarised as:
Step 1 Approximate & by a corresponding pixelated domain &,.

Step 2 Approximate the eigenvalues of &, to an error 1/n (in the Attouch-Wets metric)
by the eigenvalues of a matrix pencil, using computable error bounds for the

finite element method on a uniform triangulation of &,.

Step 3 Compute the eigenvalues of the matrix pencil to an error 1/n (in the Attouch-
Wets metric) using the Jacobi method combined with a-posteriori error bounds

for the associated matrix pencils.

The computable error bounds for the finite element method that we employ are
those of Liu and Qishi [100], but similar bounds have also been obtained in [34, 35].
The matrix pencil a-posteriori estimates we utilise are due to Oishi [111].

In Proposition 5.46, this algorithm is shown to converge on any bounded domains
for which the pixelation approximations converge in the Mosco sense, that is, for any
domain in

Qy = {ﬁ C R?: ¢ open, bounded and 0, M, 6 where 0, pixelated domains for & }

In Proposition 5.42, we show that if &), are the pixelated domains for a bounded, open
set 0 C R satisfying € = int(€0) and e, (9 0) = 0, then

dﬂ(ﬁn,ﬁ)—i—d[{(aﬁn,&ﬁ) —0 as n-—»oo.

Theorem 5.15 therefore follows by an application of our Mosco convergence result
Theorem 5.3.

Remark 5.17. We believe that use of computable error bounds in Step 2 may not
be strictly necessary. As mentioned, Mosco convergence can also be defined for
more general Hilbert spaces. In particular, we can makes sense of statements like
Vi (On) M oH (0) as n — oo, where V() is a P1 finite element space corresponding
to a triangulation of &),. Such techniques have application to finding conditions under
which finite element error may be linked with geometric approximation error [36].
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5.3 An explicit Poincaré-type inequality

This section is devoted to the proof of the Poincaré-type inequality Theorem 5.6 on
the collar neighbourhood 9”@ of a domain ¢ C R2. Our approach is inspired by the
simple proof of the Poincaré inequality in the textbook of Adams and the Fournier [3,
Theorem 6.30]. The method consists in expressing the value of a function in Hé (O) at
a given point x € d" € as an integral over a path from x to the boundary d &'. We shall
explicitly construct these paths. This must be done in a way such that the bundle of
paths corresponding to the different points in "¢ do not “concentrate” too much at
any given point on the boundary. This is made possible by the assumption Q(d &) > 0
(cf. (5.9)). In fact, this assumption is necessary, as the following example shows.

Example 5.18. Let 1 > &£ > 0 and consider the domain ¢ := B(0) \ B¢(0) C R?

(hence Q(d &) = 2¢). In polar coordinates, define the function f¢(r) = %.

An explicit calculation shows

O R
el @) ==\ 2 7" 2log(e) " 4log’(e)

2r
2 _
||Vf8||L2(ﬁ) - _lOg(E)

And thus

1Fell2air

o = Cllog(e)]
”Vf&‘Hiz(ﬁ)

as € — 0. Since fe(x) — 1 as x — dB;(0), f can be extended to a H; function on any
domain that contains B (0) \ B¢(0). This example shows that no uniform Poincaré
inequality can hold on domains with arbitrarily small holes. Similar statements can be

proved in higher dimensions (cf. [117, Lemma 4.5]).

Throughout the section, let ¢ C R? be an arbitrary open set and fix the value r > 0,

corresponding to the size of the collar neighbourhood 0" 7.

5.3.1 Some geometric notions

The construction of the bundle of paths shall be assisted by the introduction of a grid
of boxes covering R?. We choose the boxes to have edge of length r > 0 - exactly the
size of the collar neighbourhood 9" &'. We shall introduce, for the purpose of the proof,
various notions such as cell-paths, g-cells and lg-cells. Cell-paths can be thought of a
higher level structure within which the bundles of paths shall be constructed. Then,
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g-cells and 1g-cells (good cells and long good cells) are cells which d & intersects in a
way such that a bundle of paths can be terminated at that cell.

Definition 5.19. (a) A cell is a closed box j + [0,r]? for some j € (rZ)>.

(b) An edge of a cell is one of the 4 connected, closed straight line segments whose

union comprises the boundary of the cell.

Definition 5.20. A g-cell is a cell ¢( such that two distinct, parallel edges e and e of
co are connected by a path-connected segment of d &' in ¢, that is,

' C d0'Nc¢y : T path-connected,I'Ne; # 0 and I'Ney # 0.

The two edges of ¢ other than e; and e; are called the normal edges.

Definition 5.21. (a) A long-cell is a set of two cells {cy,c2} such that ¢; and ¢; share
a common edge.

(b) An edge of a long-cell {c1,cp} is one of the 4 connected, closed straight line
segments whose union comprises the boundary of the set ¢ U c;.

(c) A short-edge of the long-cell is an edge of the long cell which is also the edge of a
cell.

(d) A long-edge of along-cell is an edge of the long-cell which is not a short-edge.

Definition 5.22. An Ig-cell is a long cell {c1,c;} for which there exist distinct long-

edges e and e, connected by a path-connected segment of d & in ¢, that is,
A C 90N (cyUcy) : T path-connected,'Ne; # 0 and T'Ney # 0.

The normal edges of a lg-cell refers to its short edges. We shall often say that an 1g-cell

{c1,c2} is contained in a set A to mean that ¢; Ucy C A.
Definition 5.23. A cell path from a cell ¢ to a g-cell ¢, (or to an Ig-cell {c,,c,4+1}) is
a sequence of cells (cy,...,c,—1) such that

1. if n > 2, then ¢; shares a common edge with ¢;_; foreach j € {1,...,n—1},

2. if n > 1, then there exists an edge of ¢,_; which is also a normal edge of the

g-cell ¢, (or of the Ig-cell {cy, cp41} resp.) and

3. (co,...,cn) (or (co,...,cnt1) resp.) consists of distinct elements.
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Figure 5.2 Illustration for Definitions 5.20 and 5.22.

Here, we allow the possibility that n = 1, corresponding to the case that there exists
an edge of ¢y which is also a normal edge of the g-cell ¢, (or of the Ig-cell {cy,cn+1}
resp.) and we allow the possibility that n = 0, corresponding to the case that cy is itself

a g-cell (or in an Ig-cell resp.). In both of these cases, the cell-path is empty.

Definition 5.24. (a) The I-cell neighbourhood D¢y of a cell ¢ is the union of all
cells sharing an edge or a corner with ¢y, that is,

Di[co) = U{c :cisacell and cNcy # 0}.

(b) The 2-cell neighbourhood D5 [c) of a cell ¢ is the union of all cells sharing an
edge or a corner with Dj[co], that is,

Ds[co] = U{c :cisacell and cNDj|co] # 0}.

Definition 5.25. (a) A filled cell is a cell ¢ such that cNd & # 0.

(b) A covering cell is a cell ¢ which shares an edge or a corner with a filled cell cy, i.e.
cNcy #0.

5.3.2 Poincaré-type inequality for cell-paths

Given a cell cg and a cell-path from ¢ to either a g-cell or an 1g-cell, one may express
the value of a function u € Ci(co) any point in ¢ as a line integral over a path
within the cell path from that point to the boundary (cf. equation (5.19)). With this
representation for u, one may proceed in a way similar to the proof of [3, Theorem
6.30] to obtain a Poincaré-type inequality for c¢y. Note that, throughout the chapter,
we shall always regard functions in H& (0)) as being defined on the whole of R? via

extension by zero.
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Lemma 5.26. Let ¢y be a cell and let (cy,...,c,—1) be a cell path from ¢ to a g-cell
cn or an lg-cell {c,,cpi1}. Then, for any u € H}(0),

n+1
2 2 2
lull72(eg) <7 j;)HVuIILz(Cj)- (5.17)

In (5.17), ¢4 is considered to be the empty set in the case of a cell path to a g-cell.

Proof. Assume without loss of generality that ¢y = [0, 7]. In the case of a cell path
to an Ig-cell, assume without loss of generality that ¢, shares an edge with ¢,_1. We
first deal with the case that n > 1, so that ¢o # ¢, (or ¢o ¢ {cp,cn1} in the case of a
cell-path to an lg-cell). The easier case n = 0 will be treated separately.

For each j € {0,...,n — 1}, let ¢; denote the unique edge shared by c¢; and ¢
(note that ¢ # c¢;41 by the definition of a cell path). Assume without loss of generality
that eg = [0,7] x {0}. Let us parameterise each of the edges ¢; by (e;(s)),c[0, Such
that the path s — ¢;(s) has unit speed. It suffices to specify the point e;(0) or the point
e;j(r) in order to define the entire parameterisation (e;(s))se0,-

1. Define (eo(s))sefo,] by €0(0) = (0,0), so that eg(s) = (s,0).

If n =1, then we are done. If n > 2, then the parameterisations are defined recursively
as follows. Note that for each j € {1,...,n— 1}, we have c;_1 # ¢4 by the definition
of acell-pathand soe; # e;_;.

(2) For je{l,....n—1},if e;_; is parallel to e}, then we call c; a straight tile. In
this case, define (e;(s))e[o, by the condition that e;(0) is connected by an edge
of cjto ej_1(0), so that e;(r) is connected by an edge of c; to e;_1 (7).

(3) For je {1,...,n—1},if e;_; is perpendicular to e, then we call ¢ an corner tile.
If ej and e;_; share the point e;_1(0), then c; is said to be positively oriented.
In this case, define (e;(s))e[o,1 by the condition that e;(0) = e;—1(0). On the
other hand, if e; and e;_; share the point e;_;(r), then c; is said to be negatively

oriented. In this case, define (e;(s))se[0, by the condition that e;(r) = e;1(r).

Next, we construct a family of isometries (1, : R? — R?) jell,...n) each of which
maps [0, ]2 to the cell ¢ ;. The purpose of this is to simplify the later construction
of paths within each cell. Recall that any composition of translations, rotations and
reflections in the plane is an isometry. This, along with the fact that e # ¢;_; for all
Jj€{l,...,n—1}, is what guarantees the existence of isometries satisfying the below

conditions.

1. For j e {1,...,n—1},if ¢; is a straight tile, then choose 1; such that 1;(s,0) =

ej(s)and 1j(s,r) = ej_i(s).
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Figure 5.3 Sketch of the different types of tiles and orientation.

€j-1

€i—1

€j € -
Straight tile Corner tile

Figure 5.4 Sketch of the integration paths for straight and corner tiles.

2. For j e {1,...,n—1}, if ¢ is a positively oriented corner tile, then choose 1; so
that 1;(r —5,0) = ¢;(s) and 1;(r,s) = €j_1(s).

3. For j € {1,...,n— 1}, if ¢; is a negatively oriented corner tile, then choose 1; so
that 1;(s,0) = e;(s) and 1;(r,r —s) = €j_1(s).

4. Choose 1, so that 1,(s, ) = e,_1(s) and 1,,([0, 7]?) = c,.. In the case of a cell-path
to an lg-cell, this implies that 1, ([0,r] X [—r,0]) = ¢p41-

By the density of CZ°(&) in H}(0), it suffices to show that (5.17) holds for all
u€eCr(0). Hence, letu € C2(0).

By Definitions 5.20 and 5.22 for a g-cell and an Ig-cell respectively, there exists a
function w : [0,7] — [—r,r] such that uot,(s,w(s)) = 0 for all s € [0,r]. Note that in
the case of a cell-path to a g-cell, w only takes values in [0, r].

Firstly, for any s € [0, 7],

r

u(en—1(s)) =uoty(s,r) = /W(s) %uo L (s,0)dt =: Iy (s).
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Let j € {1,...,n—1}. If ¢; is a straight tile, then for any s € [0, r],

rd
u(ej—1(s)) —u(ej(s)) =uotj(s,r) —uot;(s,0) = / EMOlj(s,t)dt =:1;(s).
0
If cj, is an corner tile, then let
s 9 r 4
:/0 Euolj(r—s,t)dl—‘r r —uot;(t,s)dr.
If c; is a positively oriented corner tile, then for any s € [0, 7],

u(ej-1(s)) —ulej(s)) = uotj(r,s) —uot;(r—s,0) =1Ij(s) = I;(s).

If c; is a negatively oriented corner tile, then for any s € [0, ],

u(ej—1(s)) —ulej(s)) =uotrj(r,r—s) —uotj(s,0) = fj(r—s) =:1;(s).

We can now express the value of u at any point in ¢y = [0,7]? as sum of line
integrals. For any x,y € [0, ],

u(x,y) = u(ep(x ~|—/ u(x,t)dr = I, (x) le(x)+/ Eu(x,t)dt (5.18)
j=1 0

hence

ey = | [ ) Paxay
[/ |y (x 2dx—|—2/|l 2dx+/( ‘—uxt

2
dt) dx] .
(5.19)

Focusing on the final term in the square brackets of (5.19) and applying Cauchy-
Schwarz,

I

To estimate the remaining terms, we need to use the fact that

u(x,1) <Vl (5200

dt) dx<r

ot

 (x,1)

ot

uolj(X,t) < ‘Vu(lj(xJ))}?

9
ot

< ’Vu(lj(x,t))“a—l
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where the final inequality holds since ; is an isometry, and similarly,

d
‘Euo lj(l,y)’ < |Vu(1(t,y))]-

Focusing on the middle terms in the square brackets of (5.19), let j € {1,...,n—1}. If
cj is a straight tile, then

r r r 2 rorr
(A2 . : ?
[ erac< [ (/O |Vu(lj(x,t))\dt) ar<r [ [ |Vt en) Paxas 521)
:r"Vu|’I%2(cj).

If c; is an corner tile, then

/Or|ij(x)|2dx < /0 (/()X|Vu(lj(r—x,t))‘dt)2dx+/Or</r;|Vu(lj(t,x))‘dt)2dx

<r(/or/ox‘Vu(lj(r—x,t))‘2dtdx+/Or/rix‘Vu(lj(t,x))‘zdtdx)

_ 2
= r||VuHL2(Cj).
Hence, if ¢; is a positively oriented corner tile, then
: 2 T2 2
| @Par= [ 1500 < r|Vul, (522
and, similarly, if ¢; is a negatively oriented corner tile, then
" 2 "y 2 HTENY) 2
[ m@Par= [15e—oPac= [P <Valdy, . (529

Finally, letting & = 0 in the case of cell-path to a g-cell and # = —r in the case of a

cell-path to an Ig-cell, we have

/Or 1, (0P < /O (/Wr(x)|Vu(ln(x,t))|dt)2dx
< /0 (/Or|Vu(ln(x,t))|dt)2dx+/0r (/hO\Vu(ln(x,t))]dt>2dx

< (Il ) + Va2, ) (5.24)

where ¢, 1s considered to the empty set in the case of a cell-path to a g-cell. The
proof for the case n > 1 is completed by substituting estimates (5.20)-(5.24) into
(5.19).
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The case n = 0 is similar. Assume that co = [0,7]? and in the Ig-cell case, that
c1 = [0,r] x [=r,0]. Then there exists a function w : [0, 7] — [—r,r] such that

u(x,y) = /Wy(x) %u(xﬂf)dt ((x,y) € co)

and the proof proceeds as before. 0

5.3.3 Construction of the cell-paths

Next, we need to construct cell paths from any covering cell to a g-cell or an Ig-cell.
The first step is to show that there is a g-cell or an 1g-cell in the 1-cell neighbourhood
of a filled cell, provided the path-connected components of d & all have large enough
diameter. We shall need the fact that

diam(A) < 2 inf sup|x —y|. (5.25)
for any bounded set A C R,
(A1) (A2) (A3)
(&) Co Cg} Co N C2 / Co N do[\ Co

T A I

(B1) (B2)
00

00

00,

(C1) (C2) (C3)
€2 Co Co Co
00, 00

c1 00

Figure 5.5 Example sketches for some of the cases (A), (B), (C) in the proof of Lemma
5.27

Lemma 5.27. If Q(d0) > 4\/2r, then for any filled cell c there exists a g-cell or an
lg-cell contained in D |cy).

Proof. Let c( be a filled cell. There exists a path-connected component I' C d & such
that 'N ¢y # 0. Let x € I'N¢p. Using (5.25) and the hypothesis on Q(d0),

1 1
2V2r < =Q(20) < = diam(I'") < sup|x — y)|
2 2 yel
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so there exists y € I' with [x —y| > 2v/2r. In particular, y € T lies outside of D;[co).
Since I' is path-connected, there exists a continuous path in I" from y to x. Restricting
this path, we deduce there exist a continuous path 7y : [0, 1] — D1 [co] such that

8D1[C0] ifr=0
Y(t) € € intD[co)\co ifr€(0,1) and Vre[0,1]:y(t) €.
aC() ifr=1

Let us fix some notions that will allow us to prove the lemma. Firstly, an edge e
is a zeroth edge if y(0) € e and e C dDj]cp]. Since we defined an edge to be closed,
there may be up to two zeroth edges.

Let

t1 ;= inf{r > 0: 3 edge e such that y(r) € e} € [0, 1].

A first edge is defined as any edge e such that y(¢1) € e and e is not a zeroth edge. If
t1 € (0,1), then the first edge is unique since y(¢) can belong to at most one edge for
t € (0,1). If t; = 1, then there may be up to four first edges (indeed, this is the case
if (1) lies in a corner of cp). If t; = 0, then the first edge is again unique. This is
because y(0) must lie in dDj[co] and hence can only lie in at most one edge which
isn’t entirely contained in dD [co| (indeed, an edge containing ¥(0) which is contained
in dD[co] must be a zeroth edge).

If 11 < 1, then there exists a unique first edge e; so we can make the following

definitions. Let
tp :=inf{t > 0:Jedge e such that y(r) €eand e # e1} € (11, 1].

Here, 1, exists and satisfies 7, < 1 since y(1) lies in at least one edge which is contained
in dcg, hence, which is not the first edge e;. Also, r, satisfies t, > f; since the only
edge that y(r) can intersect for 7 € (0,#] is the first edge e;. A second edge is defined
as any edge e such that y(r;) € e and e # e;. Note that a second edge cannot be a
zeroth edge since #; > 0. Finally, let

fi :=sup{t <1 : y(t) € e1}.

If 11 = 1, then 1,, the second edges and 7; are not defined.
Let us now proceed onto the main part of the proof, in which we repeatedly use
the continuity of the path 7.
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(A) Suppose that #; € (0,1). Then, there exists a unique first edge e; and a unique cell
c1 containing ¥([0,#]) (indeed, note that ¥((0,#;)) must be contained in the interior of

a cell). ¢ must contain e - let ¢; be the other cell containing e;.

(A1) If there exists a zeroth edge contained in ¢; which is parallel to ey, then ¢y is
a g-cell.

(A2) Suppose there exists a second edge e which is contained in a cell ¢ € {c1,c2}
and which is parallel to e;. By the definition of a second edge, e # e1. Y([f1,%])
is contained in ¢ and connects the distinct parallel edges e and e of c, therefore,
cis a g-cell.

(A3) In the only other case, there exists a zeroth edge e contained in the cell ¢
and a second edge e, contained in a cell ¢ € {c1,c;} such that both ey and e;
are perpendicular to the edge e. It follows that ey and e; are distinct, parallel
edges. Furthermore, the edges ep and e; are contained in distinct long edges of
the long-cell {cy, ¢, }, hence the long edges of {c1,c,} are connected by y([0,%,]).
Since y([0,#,]) is contained in ¢; Ucy, {c1,c2} is an Ig-cell.

We conclude that if 7; € (0, 1), then there is a g-cell or an Ig-cell contained in Dy [co).

(B) Suppose that #; = 1. Then, y([0, 1]) is contained entirely in one cell since ¥(¢)
does not lie in any edge for every t € (0,1).

(B1) Suppose y(1) is in the interior of an edge e belonging to co. Then the unique
cell ¢ # ¢o containing e also contains a zeroth edge parallel to e, as well as
¥([0,1]) in its entirety. In this case, c is a g-cell.

(B2) In the only other case, y(1) is not in the interior an edge so y(1) is a corner
of co. Then, there are four first edges, each of which is parallel and sharing a cell
with exactly one of the four possible zeroth edges. Consequently, in this case the

cell containing ([0, 1]) in its entirety is a g-cell.
We conclude that if 7; = 1, then there is a g-cell contained in D [co).
(C) Suppose that t{ = 0. In this case, there exists a unique first edge e;.

(C1) Suppose that 7} = t,. Let ¢; and ¢, be the cells sharing the edge e;. In this
case ¥(0) € dDj[co| and y(t2) € dcp belong to opposite extremal points of the
edge e hence belong to distinct long-edges of the long cell {cy, ¢, }. Furthermore,
since the only edge that ¥((0,,)) can intersect is ey, ¥([0,2]) C ¢; U, hence
{c1,¢2} forms an lg-cell.
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Suppose, on the other hand, that 7; < t,. Then, since y(¢) does not lie in any edge for
t € (f1,1), there exists a unique cell ¢; containing y([7],,]). ¢; must contain the edge
e - let ¢, denote the other cell containing the edge e;. ¢; must contain at least one

second edge so we have the following possibilities.

(C2) If there exists a second edge e contained in ¢ which is parallel to ey, then ¢
is a g-cell since y(|[f],;]) connects e; and e.

(C3) In the only other possibility, there exists a second edge contained in ¢y which
is perpendicular to e;. In this case, y(0) and y(t;) are contained in distinct

long-edges of the long-cell {c,c;}, hence {cy, ¢} forms an 1g-cell.

We conclude that if #; = 0, then there exists a g-cell or an Ig-cell contained in D1 [cg].

We have covered every possible case, proving the lemma. ]
(A) (B)
Cof Co c— Cf- Co
Co—
Co— Co or Co
Cc_
..,"5'('9“—‘--\ Cy ~ Cf Cof
. l\\ao —0 | 00/
‘\ c_ [ /
P = P
= (co—,c_) P = (co-) or (c-) PP
= (cof, cpycp—rc-) P =(csrc)

Figure 5.6 Examples of cell-paths for different cases in the proof of Lemma 5.28.

Next we construct a cell-path for each covering cell, using the above lemma as
well as the fact that there is a filled cell in the 1-cell neighbourhood of any covering
cell.

Lemma 5.28. For any covering cell cy, there exists a g-cell ¢, (or an lg-cell {cp,cni1})
contained in D;[co] and a cell-path (cy,...,cy—1) from ¢ to ¢, (or to {cp,cpy1} resp.)
such that cj is a covering cell contained in D;|co) for all j € {1,...,n—1},

Proof. Let ¢y be a covering cell. We aim to construct a g-cell ¢, (or an Ig-cell
{cg),cl(?}) and a cell path P from ¢ to ¢, (or to {cg),cl(?} resp). If ¢q is a g-cell (or
in an Ig-cell), then we define P to be empty. We consider the two remaining possible

cases.

(A) Suppose first that there exists a g-cell ¢g C Dj|co] (or an Ig-cell {cl(;),cl(?} with

%) C Dilco] for some j € {1,2}). Let & :=int(cg) (or & := int(cg) Ucl(?)

resp.). There exists a cell c_ C Dj[co]\¢, which shares a normal edge with ¢,

c
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(B)

(or with {Cl( gl) ,cl(gZ)} resp.). There exists a cell co— C Dj[co]\é which shares an
edge with both c¢g and c_.

Define P as any length-minimising subsequence of
Prax = (co—,c)

such that hypotheses (1) and (2) of Definition 5.23 are satisfied. Note that
P always exists since Ppax satisfies these hypotheses. P cannot contain ¢ or
repeated elements since this would yield a shorter such subsequence. P does
not contain c, (or an element of {Cl(;) , C;gz)} resp.) by definition. Consequently,
P satisfies hypothesis (3) of Definition 5.23 and is a cell path. co_ and cg are
contained in Dj[co] and share an edge or corner with a g-cell (or an Ig-cell
respectively) so the elements of P are covering cells contained in D[cg] C
Ds|co.

In the other case, there does not exist a g-cell, or an element of an lg-cell,
contained in Dj[co|. Since ¢ is a covering cell, there exists a filled cell ¢ r C
D [co]. There exists a cell coy C Di[co] sharing an edge with both ¢ and cy. By
)

Lemma 5.27, there exists a g-cell ¢, C Di[cy| (or an Ig-cell {cg ,cg)} contained
in D[cs]). Note that, by assumption, ¢y and c( are distinct from ¢, (or from
both elements of {cl(;),cg)} resp.). Let ¢, :=int(cg) (or &g := int(cl(;) Ucl(?)
resp.). There exists a cell c_ C Dj[cy]\¢, which shares a normal edge with ¢,
(or with {cl(;) , cg)} resp.). There exists a cell cy— C D1[cy]\&; which shares an

edge with both ¢y and c_.

Define P as any length-minimising subsequence of

Prax 1= (C()f,Cf,Cf_,Cf)

such that hypotheses (1) and (2) of Definition 5.23 are satisfied. By a similar
reasoning as in (A), P is a cell-path and its elements are covering cells contained

in D2 [C()].

]

Finally, we utilise the cell-paths that we have constructed, combined with the

Poincaré-type inequality for the cell-paths, to prove the Poincaré-type inequality on

2"0.
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5.3.4 Proof of Theorem 5.6

Let {c;} be the set of covering cells. Then, "0 C |J;c;.

For each ¢; which is not a g-cell or in an Ig-cell, fix an integer n; > 1, an associated
g-cell asc;],; (or an associated Ig-cell {as[c;],;,as[c;j]u;+1}) and (if n; > 2) an asso-
ciated cell-path (as[c;]1,...,as[cj],;—1) from c; to as[c;]n; (or to {as[c;]n;,as[cj]n;+1}
resp.). If c¢; is a g-cell itself then there are no associated cells and if ¢; is in an 1g-cell,
let as[c;]; be the other cell in the Ig-cell.

For each j, in the case of an associated g-cell, let N; := n; and in the case of an
associated Ig-cell let N; := n; + 1. Additionally, in the case that c; is a g-cell, let
N; =0 and in the case that c; is in an lg-cell, let N; = 1. By Lemma 5.28, we can
choose as[c ;] such that for each j and each k € {1,...,N;}, as[c;]x is a covering cell
contained in D;[c;] and (c;,as[c;]1, ..., as[c;]n;) consists of distinct elements.

Applying Lemma 5.26, we have,

lull 7250 ) ZHuHLz ZZ<|VMHL2 +ZHWHL2 (asle >> (5.26)

where the sum over k is empty in the case N; = 0. Since the associates to a given
covering cell are in its 2-cell neighbourhood, each covering cell can be an associate to
at most 24 other covering cells (indeed, there are 25 cells in a 2-cell neighbourhood).
Furthermore, the associates to a given covering cell are distinct and each associate
as|c;|x is a covering cell so it follows from (5.26) that

2 2 2 2
[l < 257 Y1Vl ) < 257 Vel

, L2(92V2r 0)
J

where the last inequality holds since int(Uc;) C oV,

5.4 Mosco convergence

In this section, we establish a general Mosco convergence theorem and apply it to
pixelated domain approximations. We will make use of the notion of an &-dilation
dil¢(A) of a set A C R? - recall that this is defined by equation (5.4).
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5.4.1 From uniform Poincaré-type inequalities to Mosco conver-

gence

The first step is to prove Mosco convergence for sequences of domains (&) which
satisfy a Hausdorff convergence condition to a limit domain ¢ and which verify a
certain Poincaré-type inequality uniformly for the whole sequence. Such a uniform
Poincaré inequality does not follow immediately from the results of the previous
section, but will be established in Section 5.4.2 under suitable hypotheses.

The following fact shall be useful.
Lemma 5.29. For any non-empty, bounded sets A,B C R?, we have

sup dist(x,dB) < dy(A,B)+dy(JdA,dB).
XEANB

Proof. This holds because

sup dist(x,dB) < sup dist(x,dA)+dy(dA,dB)
XEANB XEANB

= sup dist(x,A)+dy(JdA,dB)
XEANB

< dy(A,B) +dy (A, IB).

]

The proof of the next proposition uses a construction of certain cut-off functions to
directly prove that the two conditions in Definition 5.1 for Mosco convergence hold.
Note that the regularity of the limit domain & is not yet required. We do require,
however, that the Lebesgue measure of the boundary d & vanishes, which ensures that
the Lebesgue measure of the collar neighbourhood 9% & tends to 0 as € — 0.

Proposition 5.30. Let 0 C RY and 0, C RY, n € N, be bounded, open sets such that
the following holds:

(@) I(n):=dy(0,0,)+dy(d0,00,) — 0asn — oo.
(b) There exist

(1) (f(n))nen such that 21(n) < f(n) foralln € Nand f(n) — 0 as n — oo,

(i1) constants C, o > 0 independent of n and u

such that, if either V.= O or V = 0, for some large enough n € N, then for all
u € H} (V) we have

el 2gr00vy < CF VUl 2 garmy)- (5.27)
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(©) hen(dO) =0.
Then, O, converges to O in the Mosco sense as n — oo,

Proof. Throughout the proof, let L” denote LP(RY) for p = 2,0 and let H' denote
H'(R?). All limits will be as n — co.
Define function ¥ : Ry — [0, 1] by

x(t):= t ?fte[o’l) (5.28)
1 ift € [l,0).

% is weakly differentiable with ||¥'||z~ = 1. % will be used in the construction of
a cut-off function ), in both Step 1 and Step 2 below. We shall also require the
following two facts. Firstly, for any A C R? with piecewise smooth boundary, the func-
tion x — dist(x,A) is continuous and piecewise smooth hence weakly differentiable.

Furthermore, since
dist(x,4) —dist(r.A)| < x—y|  (xyERY,

the L norm of x — V,dist(x,A) is bounded by 1.
Step 1 (Mosco convergence condition (1)). Let u, € H(; (Oy), n € N, and suppose that
u, — win H' for some u € H'. We aim to show that u € H&(ﬁ).

Let P: H! — H}(0) be the orthogonal projection. If (w,,) C H} (&) and w,, — u
in H' then

(u, (1 =P)@) :}LH;<WVH<1 —P)P)n =0 (¢ EHl)

sou € H}(0). Hence it suffices to show that there exists w, € HJ (&) such that w,, — u
in H'.

Assume without loss of generality that f(n) > 0 for all n € N. For each n € N, let
A, C R? be an open neighbourhood of & with piecewise smooth boundary such that
A,N O C 3/ W/*¢ (A, can be constructed by an open cover of balls of radius f(n)/4
for instance).

Define a cut-off function y, : R¢ — [0,1] by

(%) = 7(4f(n) " dist(x,A,)) (x e RY). (5.29)

Then, X, = 0 on an open neighbourhood of & and ), (x) = 1 for any x € 0, outside
the set
Uy = {x € O, : dist(x,0°) < f(n)/2}.



170 Spectral approximation for the Laplacian on rough domains

By the piecewise smoothness of dA,, X, is weakly differentiable and, by an application
of the chain rule,

IVaull= < 4f(m)~ . (5.30)
By Lemma 5.29, we have
sup dist(x,d0,) <I(n) < M (5.31)
X€ON0, 2

We claim that %, C /(" ¢,,. To see this, let x € %,. Then there exists y € 0° with
lx—y| < f(n)/2. If y € 0, then inequality (5.31) implies that dist(y,d0,) < f(n)/2
so dist(x,d0),) < f(n). If y ¢ 0, on the other hand, then, since x € 0,, dist(x,d 0),) <
|x —y| < f(n)/2 proving the claim.

Furthermore, for any x € %, we have

dist(x,00) < I(n) +dist(x,d0,) < I(n)+ f(n)
so by hypothesis (c) and continuity of measures from above,
tieb(%n) < theb(dilyn) 1 () (9 O)) = ien(d ) = 0.
Let wy, := xnu,. Then, since ), = 0 on an open neighbourhood of ¢, we have

wy € Hé(ﬁ) and it suffices to show that w, = y,u, — uin H'. Let ¢ € H' be an
arbitrary test function. Firstly, we have,

N

’<Xn”n —u, ¢>H1 ’ < <7Cn”n —u, ¢>L2L+l<v<xn”n) —Vu, V¢>L2l'

-

(A1) (A2)

Focusing on the term (A1),

<Xnun — Up, ¢>L2| + |<un —u, ¢>L2|

‘<Xnun_”a¢>L2’ < ‘
< Nunll 2@z 19Nl 22 + [ (n — u, 9) 2| — 0.

Here, the second inequality holds since u, = 0 almost everywhere outside &, and so
Xnltn = Uy, almost everywhere outside %,. The limit holds by the weak convergence of
(up) (so also (uy,) is bounded in H') as well as the fact that e, (%,) — O.

Focusing on the term (A2),

[V (Xnttn) — Vu, Vo) 2| < [(V(Xnttn) — Vi, V¢>L2J+ |(Vun — Vu, V¢>L21|-

N

(B1) (B2)
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The term (B2) tends to zero by the weak convergence of (u,). Focusing on the term
(BD),

[V (Xnttn) — Vi, V) 2| < [(xnVitn — Vi, V) 12| + [(V () tn, V) 12
< Vunll 2@ IV Ol 22y + IV X = Nt 22 IV O Nl 1224,

1) (€2)

where in the second inequality we used the fact that x,Vu, = Vu, almost everywhere
outside %, and the fact that supp(V(x,)) N O, C %,. The term (C1) tends to zero
since (uy,) is bounded in H' and ter,(%4,) — 0. Focusing on the term (C2), notice first
that, by the assumed Poincaré-type inequality (5.27),

letnll 2 () < Nunll 2500 6,) < CFO)Vutnll 5 aren

and so, using (5.30),
IV 2l =l1unl| 22, IV O || 22(2) < 4CN I Vunll 1290700 6,) IV Ol 2 (2, — O

It follows that the term (A2) tends to zero, that w,, — u in H' and hence that u € H& (0).
Step 2 (Mosco convergence condition (2)). Letu € H(} (0) - we aim to show that there
exists u, € H(% (0,) such that u, — uin H'. Note that in this part of the proof, we shall
redefine A,,, X, and %,.

For each n € N, let A, C R be an open neighbourhood of ¢¢ with piecewise
smooth boundary such that A, N &, C o/ (n)/4 0,. Define a cut-off function y,, : RY —
[0,1] by

(%) = 2(4f(n) Udist(x,A,))  (xeRY). (5.32)

Then, ), = 0 on an open neighbourhood of &¢ and y,,(x) = 1 for any x € & outside
the set
Uy :={xe 0 :dist(x,0;) < f(n)/2}.

Xn 1s weakly differentiable and, by an application of the chain rule,
IVl <4f(n) " (5.33)

By Lemma 5.29,

sup dist(x,00) < i(n) < 2V
xeosNo 2

50, by a similar reasoning as in Step 1, we have %, C 9/ OF72 By hypothesis (c) and
continuity of measures from above, ey (%) — 0.
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Let u,, := x,u. Then u, € H& (Oy) since x, vanishes on an open neighbourhood of
Of. Firstly,
ot — el < 2t — ]2+ |V () — Va2

-~ -~

(D1) (D2)

Focusing on the term (D1) and using the fact that },,u = u almost everywhere outside
Un,

[ 201t =l 2 = || dntt — u| 22,y < [utllz22,) — O

Focusing on the term (D2), we have

IV Gtote) =Vl < 17Vt a2+ |V Gt
(E1) (E2)

The term (E1) tends to zero by the same reasoning that was applied to (D1). Focusing
on the term (E2), notice first that, by the assumed Poincaré-type inequality (5.27),

||”||L2(%,,) < ||””L2(af(n)@>) < Cf(n)HVMHLZ(()af(n)ﬁ)u

and so, by (5.33),

IV (null 2 = 11V Gl 2 ) < AF ()~ Nl 22,y < A€ Vitll 2 garn gy — O-

It follows that the term (D2) tends to zero hence u,, — u strongly in H' as required. [

5.4.2 Characterisation of d 0, for large n

In order to verify the uniform Poincaré-type inequality needed to apply Proposition
5.30, we shall require additional hypotheses, such as regularity of the limit domain
O and #.int(0°¢) = #.(0°) < oo. With these hypotheses at hand, we shall provide in
Proposition 5.38 a characterisation of some geometric properties of the boundaries of
sequences of domains &, for large n. Roughly speaking, we shall prove that for each
connected component dD; of d U, there exists a “large” path-connected subset y,gj )
of d 0, such that }/,gj ) has comparabl? ()ﬁameter to dD;, and every other point in d 0,

is close to one of the large subsets }/nj . Then, in Section 5.4.3, this characterisation
is used in conjunction with the explicit Poincaré-type inequality of Theorem 5.6 to
obtain the general Mosco result Theorem 5.3 .

Let us collect some geometric and topological lemmas in preparation for the proof

of Proposition 5.38. Firstly, we shall require the following basic fact:

An open set A C RY is regular if and only if A° C R is the closure of an open set.
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Next, let us solidify a notion of an outer boundary for a domain. In particular, this

(J)

notion shall be crucial in defining boundary subsets ynj .

Definition 5.31. The outer boundary d°™A of a bounded, connected set A C RY is
defined as the boundary JT" of the unique unbounded connected component I" of A€.
The next lemma is required to ensure that the large boundary subsets }/,(,j ) are

path-connected.

Lemma 5.32. Suppose that A C R? is bounded, connected and either open or closed.
If 0A locally connected, then d°™A is path-connected.

Proof. 1t is a consequence of the Carathéodory theorem [56, Theorem 2.1] that if
K C R? is a connected, compact set with R?\K connected and there exists a locally
connected, compact set L such that dK C L C K, then there exists a continuous,
surjective map ¥ : R?\ By (0) — R?\int(K). Restricting the map ¥ yields a continuous,
surjective map y: dB(0) — dK (the so-called Carathéodory loop), showing that 0K
is path-connected.

Let A C R? be bounded and connected with dA locally connected. Let I" denote
the unique unbounded connected component of A€ and let E := A\’

Consider first the case that A is closed. Let K := AUE. Then K is compact,
connected and K¢ =T is connected. Let L := dA. Then, L is compact, locally
connected and satisfied d°"A = dK C L C K so d°"A is path-connected.

Now suppose that A is open. d°"A = 9T is connected since I' and I* = AUE
are connected [45]. Furthermore, in this case, d°"A is a connected component of
dA since dT" C I" and T is separated from any other connected component of A€. Tt
follows that d°™A is a connected, locally connected and compact metric space hence
path-connected [105, Lemma 16.4]. O]

The next lemma gives a property of the outer boundary of a dilation of set. It shall
be utilised in Proposition 5.38 to help show that every point in the boundary d &), of
the approximating domains is close to a large subset 'y,(,j ) for large n.

Lemma 5.33. IfA C R is a bounded, connected, regular open set such that int(A°) is
connected, then

sup dist(x,0°"'dil¢(A)) -0 as & —0.

XEJA
Proof. Let x € dA. By regularity, A€ is the closure of int(A¢) so there exists a sequence
(xn) C int(A€) with x,, — x. We claim that for each n, there exists €, > 0 such that x,
lies in the unbounded connected component of dil¢(A)¢ for all € € (0, &,]. To see this

first note that, since int(A¢) is connected and A is bounded, there exists an unbounded,
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connected open set V,, such that V,, C int(A¢) and x,, € V,,. The claim follows from the
fact that V,, is a subset of dil¢(A)¢ for small enough &.
Without loss of generality, assume that €, < &, for all n. For each € € (g,_1, &,
x lies in dil¢ (A) and x, lies in the unbounded connected component of int(dilg (A)¢),
SO,
8. (€) = dist(x,0°"dilg (A)) < |x —x,].

Since €, — 0 monotonically as n — o and |x — x,,| — 0 as n — oo, we have o,(€) — 0
as € — 0. O(€) is equal to the distance from x to the unbounded component of
dilg(A)¢. Since the latter set is nested for decreasing € > 0, &,(¢€) in fact tends to zero
monotonically as € — 0. Finally, dA is compact and (&) is continuous in x so an

application of Dini’s theorem yields

O(€):=sup 6,(e) >0 as &—0.
XEJA

Next, we prove a couple of useful elementary topological facts.

Lemma 5.34. If A,B C RY are such that B is open and connected, ANB # 0 and
JdA C B¢, then B C A.

Proof. Suppose for contradiction that AN B # 0. B is path-connected so there exists
a path in B from any point in A N B to any point in A° N B. Such a path must intersect
dA which is the desired contradiction. [

Lemma 5.35. IfA C RY is a connected open set such that #.(A°) < oo, then the union

of A with any connected component of A€ is open and connected.

Proof. Let D be any connected component of A°. Since #,(A¢) < oo, there exists
an open neighbourhood U of D such that U does not intersect any other connected
component of A¢. Consequently, U\D C A and so AUD = AUU. The lemma follows
from the fact that the union of two open, connected sets with nonempty intersection is

open and connected. [

In Proposition 5.38, we shall assume that the limit domain & is bounded, regular
and satisfies #.int(0°) = #,(0°) < oo. The next lemma collects some properties of
domains satisfying these hypotheses. Intuitively, such a domain has a finite number of
holes Dy, ..., Dy which do not touch each other and which do not touch the unbounded
exterior of the domain. The set Dy below is essentially the domain & with all the
holes filled in.
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Lemma 5.36. Suppose that © C R¢ is a bounded, connected, regular open set such
that #.int(0°) = #.(0°) < 0. Let Dy,...,Dy C RY denote the bounded connected
components of int(0°). Let Dy41 C R? denote the complement of the unbounded

connected component of O°. Then,
(a) the collection of closed sets Dy, ...,BN,DR, 11 Is pairwise disjoint,
(b) int(D5) is connected for each j € {1,...,N+ 1},
(c) Dj is regular for each j € {1,...,N+1} and
(d) dD,...,dDy are the connected components of d 0.

Proof. Let Ey,1 C R denote the unbounded connected component of int(&°), so
that
int(0°) =DyU---UDyUEN,. (5.34)

By the regularity of &’ and the fact the closure of the union of two sets is the union of
the closure,

ﬁ’":int(ﬁc)zﬁlu---UENUFNH. (5.35)

By construction, we have that #.int(0°) = N + 1. By the hypothesis #.int(0°) =
#.(0°), we must in fact have #.(€“) = N + 1 and this can only hold if the collection of
closed sets Dy, ...,Dy,Eyy is exactly the collection of connected components of &°
and hence must be pairwise disjoint. In particular, since Ey_ | is the unique unbounded
connected component of ¢, we must have Dy = (Ey. )¢, proving (a).

Moving on to the proof of (b), first note that we have the disjoint union

R? = 0UD,U---UDyUD

and so, for any j € {1,...,N},
— N —
int(DS) = (D;)°=0U | | Dy | UD§.. (5.36)

By N successive applications of Lemma 5.35, we see that the right hand side of (5.36)
is connected, proving (b) for j € {1,...,N}. The proof of (b) for j = N+ 1 is immediate
since int(Dfy, ;) = En1.

Next, focus on the regularity of D;. Since the interior of the union of two disjoint

closed sets is the union of the interior of those sets, we have

int(0°) = int(Dy)U--- Uint(Dy) Uint(Ey1). (5.37)
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Combined with (5.34) and disjointedness, (5.37) implies that, for any j € {1,...,N},

int(ﬁj) = Bj N (int(51> U--- Uint(BN) U int(EN+1))
Ejﬂ(Dlu---UDNUEN+1) =Dy,

that is, D; is regular. Dy is also regular because Djy, | = En.1 and Ey, 1 is open.
The fact that D; is an open, connected subset of R4 and Djﬁ 1s connected ensures

that dD; is connected for each j € {1,..., N+ 1} [45]. Then (d) follows from (5.35)

and the fact that the collection of closed connected sets dDy,...,d Dy is pairwise

disjoint. O

The following lemma, concerning Hausdorff convergence for the boundaries of
approximations of an open set from below, follows immediately from Lemma 5.41

below.
Lemma 5.37. IfA C R¢ and A, C R?, n € N, are bounded open sets such that A,, C
Apt1 CAforallne Nand A=VU_ Ay, then dy(dA,,0A) =0 as n— oo,

0Ds i )
(@ \ o o P

8D2 B

o

Figure 5.7 Illustration for the proof of Proposition 5.38

Proposition 5.38. Suppose that © C R? is a bounded, connected, regular open set
such that e, (0 0) = 0 and #.int(0°) = #.(0°) < . Suppose that 0, C R?, n € N,
is a collection of bounded open sets such that d 0, is locally connected for all n € N

and

I(n)=du(0,,0)+du(00,,00) -0 as n— oo.
LetD; C R? je {1,...,N + 1}, denote the sets in Lemma 5.36. Then, there exists:
e npeN,

* a sequence €(n) >0, n = ng, with €(n) — 0 as n — o and €(n) > 2I(n)
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* path-connected subsets y,gj) Cao,, je{l,...N+1}, n>ny,

such that for all n > ng we have

diam(7i) > diam(9D;) —e(n) (€ {1,...N+1}) (538)
and
sup dist(x, yr(,l) U--- U}',ENH)) < g(n). (5.39)
X€00,

Proof. Step 1 (Construction of }/,gj ) ).
Let
7 =in(D)\O'™D;)  (je{l,..N+1},neN).

Choose any point xog € D;. Then there exists ny € N large enough such that xo € F’n(j )
for all n > ng. For every j € {1,..N+ 1} and n > ny, define Fn(j) as the unique
path-connected component of the open set Fn(j ) containing the point xg.

Fn(j ) is open, bounded, connected and satisfies

ED  pl)

n+1CDj

for all n. Furthermore, since any path in D; from xj to any point x € D; lies in Fn(j ) for

all large enough n, we have x € Fn(] ) for all large enough n and so
JEY =Dp;.
n=1

By Lemma 5.37, we have

eV (n):=dy(dF 0D;) 50 as n—e  (jE{l,..,N+1},n>ng). (5.40)

Let us now focus on the case j € {1,...,N}. The definitions of FY and1 (n) ensure
that d 0, does not intersect Fn(j ) and Fn(j ) N O¢ # 0 hence Fn(j ) C 05 by Lemma 5.34.
Define (£5;); as the unique connected component of ¢ such that the connected set
FY is contained in (05);.

By Lemma 5.36 (a), we can ensure that ng is large enough so that the collection of

open sets
dilyy(n) (D1), ..., dilyy () (D), dilyy ) (Diy 1)
is pairwise disjoint for n > ng. Then, for n > ng, every point in d dilzl(n) (Dj) liesin 0

at a distance > 2[(n) from d 0 so

8dilzl(,,) (DJ) Cc0,C (ﬁ;);
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Since also () ;N dily,) (D) # 0, an application of Lemma 5.34 yields
() C dily ) (D). (5.41)

for all n > ny.
Consequently, (), is bounded for n > ng and we can use the notion of outer
boundary (cf. Definition 5.31) to make the definition

W=, (jE{l,.sN} n>np). (5.42)
By Lemma 5.32, y,gj ) is path-connected. Since Fn(j ) C (0F) j for all n > ng, we have
diam (")) > diam(9F\") > diam (D) — 26\ (n) (5.43)

where the final inequality holds by (5.40).

(N+1) .

The construction of ¥, N+1)

is very similar. In this case, for every n > ng, F; ( is
contained inside &), and we define 0, o C R? as the unique connected component of
(N+1)

0, containing F,
the definition

. Oy is bounded because &), is bounded hence we can make

PN — 9% g o (n > ng). (5.44)

By Lemma 5.32, %" " is path-connected. We have "™V ¢ 6, ¢ so (5.43) holds for
j=N+1and n > ny.
Step 2 (Properties of }/,Ej ) )

Let

e/ (n) == sup dist(x,0™"dily) (D)) (jE{l,, N+1}neN). (545
xeaDj

For each j € {1,...,N+ 1}, D; satisfies the hypotheses of Lemma 5.33 by Lemma
5.36, hence 82(']) (n) = 0asn— oo,
We claim that

sup dist(x, }/,(, )) max{e1 ( ),sz(j)(n)} (5.46)
x€dD;

for each j € {1,...,N+ 1} and large enough n. Fix x E dD;. By the definition of
81( )( ), there exists y; € dFY) such that Iyi — x| < )(n) By the definition of
82( )( ), there exists y, € 9" dily;(,)(D;) such that |y, —X| el )(n)

Focus first on the case j € {1,...,N}. By (5.41) and the fact that y, lies in the

unbounded connected component of dily;,)(D;)°, y2 lies in the unbounded connected
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component of the complement of (£f); for all n > ny. In addition, we have that
y1 € (0F);. Consequently, the path y consisting the union of a straight line from
y1 to x and a straight line from x to y, must intersect }/,(,j ) = gout
(5.46) for j € {1,...,N} follows from the fact that every point y in the path ¥ satisfies
[y — x| < max{e}” (n), )" (n)}.

The proof of (5.46) for j = N + 1 is very similar. y; lies in &, ¢ and y; lies in the

(0F);. Inequality

unbounded connected component of (&, o) so the path consisting of the union of a
straight from y; to x and a straight line from x to y, intersects ]/,ENH) = gout On-
Let

e(n) :=2max{e") (n),...e" V), e (n),..e" V), 1n)}  (n=ny).
(5.47)
Then (5.38) is satisfied since (5.43) holds for all j € {1,...,N + 1} so it remains to
prove (5.39). But (5.39) follows from (5.46) by the observation that, for large enough

n,

sup dist(x, 7" U+ UB™ ™) <i(n) + sup dist(x, 4" 0 0™

xX€d0, xX€00

and, using Lemma 5.36 (d),

sup dist(x,}/,gl) UmU}/,gNH)) < max{ sup dist(x,}/,gl)),..., sup dist(x, }/,ENH))}
x€d0 x€dD;y xe&DNH
<max{eV(n),....e" V), e (), ... eN TV ()}
< g(n).
Il

5.4.3 Proof of Theorem 5.3

Firstly, & and 0, n € N, satisfy the hypotheses of Proposition 5.38. Let £(n), Dj, N
and y,gj) be as in that proposition. &(n) satisfies €(n) > 2[(n) and €(n) — 0 as n — oo
so by Proposition 5.30 it suffices to show that there exist numerical constants C, ¢ > 0

such that for large enough n,
Vue Hé(ﬁ) : HMHLZ((?S(")ﬁ) < CS(”)HV“HLZ(amn)ﬁ) (5.48)

and
Vi€ HY(0n) Il gpen gy < CEO)| Vil pigein gy (5.49)
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(5.48) follows immediately from Theorem 5.6 (with C =5 and o = 24/2) so it remains
to show (5.49).
Let

N+l \ €
¥y = ( g y,@) (neN). (5.50)
j=1

By inequality (5.39) in Proposition 5.38, every point in d 0, is at most a distance €(n)
from 07, = U]]yjll 7 so

0¢" G, C dilye() (975) = 0% ¥, (5.51)
Inequality (5.38) yields
0(9%,) > min{diam(dD;) —€(n) : j € {1,...,N+1}}. (5.52)

Since D; are bounded open sets, we have diam(dD;) > 0 and so 4/2¢(n) < Q(9%,)
for large enough n. Consequently, an application of Theorem 5.6 shows that

[l ey < Nz et vy < 106 Vallp iy, (5-53)

for all large enough n and all u € H}(&,). Noting that any u € H}(&,) must vanish
almost everywhere on 0¢, we see that we have established (5.49) (with C = 10 and
a = 4+/2), completing the proof.

Remark 5.39. Recall that the explicit Poincaré-type inequality of Theorem 5.6 does
not require regularity of the domain. Interestingly, this is exploited in the proof of
Theorem 5.3. There, Theorem 5.6 is applied to u € H}(&,) as a function in Hi (%),
and 7}, is certainly not regular in general.

Remark 5.40. We can replace the hypothesis Q(d &) > 0 with the hypothesis that the
connected components of d & are path-connected. Indeed, with this replacement, the
path-connected components of d& are dDy,...,0Dy. 1, where Dy, ...,Dy; are the

bounded, open sets of Lemma 5.36, hence

Q(36) = min{diam(dD;) : j € {1,...N+1}} > 0. (5.54)

5.4.4 Hausdorff convergence for pixelated domains

We finish the section by showing that pixelation approximations (cf. Definition
5.16) satisfy the Hausdorff convergence condition of Theorem 5.3 (under suitable

hypotheses). From this, we will be able to conclude that the pixelation approximations
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converge in the Mosco sense, which will be utilised in the study of computational
spectral problems in Section 5.5.

Lemma 5.41. IfA C R? and A, C R%, n € N, are bounded open sets such that A, C A
for all n € N and any compact set F C A is a subset of A, for all large enough n, then

dy(A,A,) +dy(dA,0A,) -0 as n— oo
Proof. We have that dy(dA,,dA) = max{D;,D,}, where

D := sup dist(x,dA,) and D;:= sup dist(x,dA).
X€JA x€0A,
Focusing on Dy, let € > 0 and x € JA. By hypothesis, we can let N(g,x) € N be
large enough so that Be(x) NA, # 0 for all n > N(g,x). The ball B¢ (x) also intersects
A€ C A¢ for all n so in fact Bg(x) intersects dA, for all n > N(&,x). This shows
that dist(x,dA,) < € for all n > N(€,x). By compactness of dA, we can let N(g) :=
sup,cga N(€,x) < eo. Then,

Vn > N(€): sup dist(x,dA,) < €
xEJA

hence D; — 0 as n — .

Focusing on D», suppose for contradiction that there exists a subsequence (dAy, )keN
such that

sup dist(x,dA) > C
xeaA,,k

for some C > 0 independent of k. Then there exists x,, € aAnk, k € N, such that
dist(xy,,dA) > C. Bcjs(xy, ) is contained in A and intersects Aj; for all & so there exists
Y € Beja(xm,), k €N, such that y,, € Af NA for all k. (yp,) satisfies dist(y,,,dA) >
C/2 > 0 for all k. Let y € A be an accumulation point of (y, ). y must satisfy
dist(y,dA) > C/2 so there exists 6 > 0 such that Bs(y) C int(A) = A. By hypothesis,
Bs(y) C A, for all large enough n. But this is a contradiction to fact that y is an
accumulation point of y, € Aflk, k € N. It follows that D, — 0 as n — « hence
dy(dA,,0A) — 0 as n — eo.

Since A, C A, it remains to show that sup,, dist(x,A,) — 0. Let € > 0. By
hypothesis, there exists N € N such that A\d®A C A,, hence sup,, dist(x,A,) < €,
for all n > N, completing the proof. O]

In the next proposition, the hypothesis that the limit domain &' is regular is crucial.

Indeed, Proposition 5.48 features an example of a non-regular domain for which the
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pixelation approximations do not converge in the Hausdorff sense. The basic idea of
the proof is to introduce approximations from below A, and E, for the sets ¢ and
int(0°) respectively which “sandwich” the boundary d &), of the pixelated domain.

Proposition 5.42. If 0 C R? is a bounded, regular open set such that e, (0 0) =0,
and Oy, n € N, are the pixelated domains for O, then

l(n)=dy(0,0,)+dy(d0,00,) -0 as n— oo.

Proof. All limits in the proof are as n — oo.

Define the following collection of open sets

B:= ) B, where B,:= {j+(—l l)d:jeZZ}. (5.55)

n’n
neN

The elements of %, are open boxes of side-length 2/n and hence overlap. Let A,
denote the union of all elements of %, which are subsets & and let E,, denote the
union of all elements of %, which are subsets of int(0°).

We claim that for any compact set F' C &, we have F' C A, for all large enough
n. Let € > 0 be small enough so that dil¢(F) C ¢ and let n be any positive integer
which is large enough such that 2\/Tg < €. Letx € F. There exists j € Zfl such that
lx—j| < \/7‘7% Then,

JH (=) Cdily g, (F) Cdile(F) C € (5.56)

so the box j+ (_rlw %)d is a subset of A, and consequently x € A,. It follows that
F C A,, proving the claim.

We also have A, C & so A, and O satisfy the hypotheses of Lemma 5.41. We
similarly have E,, C int(£“) and, for any compact set F C int(0°), F C E, for all large
enough n. Applying Lemma 5.41 to A, and Bx(0) N E, for large enough X > 0, we
obtain

dy(0,A,) +du(00,0A,) — 0 (5.57)

and
dy(Bx(0)Nint(€°),Bx(0)NE,)+dy(d0,dE,) — 0, (5.58)

where regularity was used in the second limit to ensure that dint(¢) = 0.
Define also the following subset of A,

Av=int[ |J G+, 2% (neN). (5.59)
jeA,Nzd
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1

Any pointin A, is in a box j+(—, }Z)d for some j € A, NZZ hence at most a distance

\/d /n from a point in A,,. Consequently

~ d
dulAndy) < Y2 (5.60)
n
Firstly, we claim that
A,C 0, CE:. (5.61)

To see the first inclusion in (5.61), note that any grid point j € A, NZZ is in & so the
the corresponding cell j+ [—1/(2n),1/(2n)]? is a subset of &,,. Focus now on the
second inclusion. Any point in x in E,, lies in j + (%, %)d for some j € Z¢NE,. Since
the corners of the closed box j + [—%, rll]d lie in ZNE,, x lies in j/ + [— -, L ]¢

o 2n’ 2n for
some j' € Z¢NE,. This shows that

E.C U (+l-2.2419.
jeEE.NZ4

The fact that any point in ZZ NE,, lies in & implies that E, C ¢, proving the claim.
Secondly, we claim that
Uieb (EZ\A,,) — 0. (5.62)

Let X > 0 be large enough so that ES\A,, C Bx(0). Then,

tieb (Ep \An) = tieb(Bx (0)) — then(Bx (0) NAy) — tien (Bx (0) N E,). (5.63)

Using continuity of measures from below, the hypothesis that L, (d¢) = 0 and

regularity, we have

Hieb (BX (0) mAn) — Hieb (BX (O> N ﬁ)

Figure 5.8 Sketch of the domains A, (left), &), (centre) and E,, (right).
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and
tieb(Bx (0) NEy) — theb(Bx (0) Nint(0°)) = uep(Bx (0) N O°).

It follows that the right hand side of (5.63) tends to zero, proving the claim.
Next we claim that

sup dist(x,dA, UJE,) — 0. (5.64)
X€A0,

This can be seen by considering an expanding ball around any point in ES\A,. More
precisely, for any x € ES\A,, define the quantity

r(x) :=inf{r > 0: B.(x) N (dA,UJE,) # 0} € [0,0).
For all x € ES\A,,, we have
dist(x,dA,UJE,) =r(x) and B, (x) CE,\A;.
Note that we consider that By(x) = x. The set ES\A,, is compact so we can define

rpi= sup r(x) <eo
x€ES\A,

and there exists x,, € ES\A, such that r, = r(x,). The limit (5.62), combined with the
fact that B,, (x,) C ES\Ay, yields

which implies that , — 0. (5.64) is obtained by applying the inclusions (5.61) to get

sup dist(x,dA,UJE,) < sup dist(x,dA,UJE,)
x€d 0y x€E,‘i\A~,1

d
< max i, sup dist(x,dA, UJE,)
N xeES\A,

= max 7,1’" — 0,

where the second inequality holds because any point in A,\A,, is at most a distance

\Vd /n from dA,.
Combining the limits (5.57) and (5.58) gives

(90,4, UIE,) — 0 (5.65)
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and
dy(dA,,dE,) — 0. (5.66)
Furthermore, we claim that
sup  dist(x,d0,) — 0. (5.67)
xX€0A,UJE,

This can be seen by considering length minimising lines between dA,, and JE,. More
precisely, let x € dE, and let y = y(x) € dA, be such that |x — y| = dist(x,dA,). The
straight line connecting x and y must intersect d &, since one end is in &), and the other

is in 0. This fact implies that

sup dist(x,00,) < sup dist(x,dA,)
x€dE, x€dE,

< sup dist(x,dA,) +dg(dA,,dA,) — 0
x€dE,

where the limit holds by (5.66) and (5.60). It can be similarly seen that

sup dist(x,d0,) — 0.
XEA,

giving us (5.67). The limits (5.64) and (5.67) prove that dy(d0,,dA, UJE,) — 0
which, combined with (5.65), gives dy (0,9 0,,) — 0.
By (5.57), (5.58) and regularity of &,

d(An, 0) =0 and dy(ES,0)—0 (5.68)

so, in particular, dy (A, ES) — 0. Using this combined with the inclusions (5.61) and
inequality (5.60) for dg(A,,A,), we have

dy(E;, 0,) = sup dist(x, 0,) < sup dist(x,An) — 0.
xeEf x€Ef

Combining this with the second limit in (5.68), shows that dy (&, 0,,) — 0, completing
the proof. [
5.5 Arithmetic algorithms for the spectral problem

In this section we study the computability of the Dirichlet spectrum. Subsections 5.5.1

and 5.5.2 are devoted to the proof of Theorem 5.15, whereas Section 5.5.3 provides a
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counterexample that proves Proposition 5.14. We begin with the study of generalised

matrix eigenvalue problems which arise naturally from finite element approximations.

5.5.1 Matrix pencil eigenvalue problem

Recall that a matrix pencil eigenvalue problem takes the form:
Find ucCV¥ and A€C suchthat Au= ABu.

First, we show that there exists a family of arithmetic algorithms capable of solving
such problems to arbitrary specified precision, restricting ourselves to the case where
A and B are real, symmetric and B is positive definite. Let

Qumay = {(A,B) € (R™M)2: A, B symmetric, B positive definite},

Amay = {(A,B) — A} : A; matrix element of A }
U{(A,B) — Bj : Bj; matrix element of B}.

and
AlsnaLM = Amat,M ) {(A,B) > 8}.

Applying a-posteriori bounds of Oishi [111] for the matrix eigenvalue problem gives
the following family of arithmetic algorithms:

Lemma 5.43. For each € >0 and m € N, there exists an arithmetic algorithm I':
Qumat.m — RM with input AL,y such that

Thacm(AB)k — M| <& forall (A,B) € Quay and ke{l,...M},

where Ay denotes the k™ eigenvalues of the matrix pencil (A,B) and T

mat,M (A7 B )k
denotes the k™ component of TS, 1,(A, B).

Proof. Since Afnat‘ » 18 a finite set, we can define the information available to the
) ) . e e
(arithmetic) algorithm I', s as Ape (A, B) = A

mat mat,M*
matrix elements of B~! can be computed with a finite number of arithmetic operations.

By Gaussian elimination, the

Then the eigenvalues of the matrix pencil (4, B) are exactly the eigenvalues (A;)., of
E := B~ 'A and the matrix elements of E are accessible to the algorithm.

By the Jacobi eigenvalue algorithm (cf. [125]) there exists a family of approxima-
tions (1]:”,1221) ERxRM ke {l,..,M},meN, such that (;lﬁ,ikm) can be computed



5.5 Arithmetic algorithms for the spectral problem 187

with finitely many arithmetic operations and
|BLDyuPy —E||F+||PEPy—1I||F =0 as m—s oo (5.69)

where
Dy, = diag(A", .., A3f) and Py = (&', ).

Here, ||-||r denotes the Frobenius matrix norm. By [111, Theorem 2],
A= 4| < AL P — 1|5 + | PLDPo — || =: (m)

forallk € {1,...,M}. Letm(¢) denote the smallest positive integer such that & (m(€)) <
g forall k € {1,...,M}. m(g) can be determined by the algorithm since, for each m,
&y (m) can be computed in finitely many arithmetic operations. The proof is completed
by letting

TEan(A,B) = (AL,

5.5.2 Algorithm for computing Laplacian eigenvalues

Next, we show that there exists a family of arithmetic algorithms capable of computing,
to arbitrary specified precision, the spectrum of the Dirichlet Laplacian on domains of
the form
N
%:im(U <xj+[—ﬁ,%]z>> (5.70)
j=1

with n,N € Nand (x1,...,xy) € (Z2)V. Let
Qpixn = {% CR*:3N € Nand (xi,...,xy) € (Z2)" such that (5.70) holds},

Apixn = {U — Yo (x) :x € Zi}

and
Abin = Npix n U{% = N(U )} U{U — &}, (5.71)

pix,n
where N(% ) := |% NZ2| denotes the number of “pixels” that make up % . The results
of Liu and Oishi [100] combined with Lemma 5.43 yield the following:

Lemma 5.44. Let n € N be fixed. For each € > 0, there exists an arithmetic algorithm
I Qpixn — cl(C) with input A%, such that

pix,n pix,n’

daw (Teia(%),0(%)) <& forall U € Qi



188 Spectral approximation for the Laplacian on rough domains

To : Ti:

Figure 5.9 Sketch of the triangulation .7, and refinement for m € {0,1} and fixed
neN.

Proof. First, we fix a finite subset Are (%) C Ag

pix,n pix,n

available to the (arithmetic) algorithm ngx ,»» Which we aim to construct. Choose

which defines the information

Argm(%) = {U v qy (x) :x € 72 NBya)(0)}U{% = N(%)} U{U + €},
where k(%) is defined as the smallest positive integer such that [By(4)(0) N % N
72| = N(%). The consistency hypothesis (cf. Definition 5.9) holds because k(%)
can be computed with a finite number of arithmetic computations from subsets of
{flw): fe Arf)ix‘n(% )}. With this choice, the algorithm has access to the list
(x1,....,xx) € (R?)N for which (5.70) holds.

Using this list, we can construct, for each m € N, a uniform triangulation .7
of % such that the elements of .7” have diameter v/2/(n2™) =: v/2h (cf. Figure
5.9). Let V" C H(} (% ) denote the piecewise-linear continuous finite element space
for the triangulation .7". Let {¢,§”}’,‘n40:1 denote the basis of ‘hat’ functions for V",
where My := dim(V"™"). Let {A;};"_, denote the Dirichlet eigenvalues of the domain
% , ordered such that A; < A;, for all k € N.

The Ritz-Galerkin finite element approximations for {A;};> | are the eigenvalues
{11?1}24:01, m € N, of the matrix pencil (A™,B™), where the matrix elements of the
matrices A™ and B" read

;_r:k = <V¢71,V¢£H>L2(%) and B;ﬂ’k = <¢jm, ¢I:n>L2(?/) (],k S {1,...,M0})

respectively. These matrix elements can be computed from the information (xi, ..., xy),
n and m with a finite number of arithmetic computations. Note that A and B are
symmetric and B is positive definite.

In [100], the authors introduce a quantity
g" = 1"+ (Co/n2™)?,

where,
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* Cp > 0 can be bounded above by an explicit expression [100, Section 2] and,

/"™ is the maximum eigenvalue of a matrix pencil (D™ E™) [100, eq. (3.22)].
Here, the matrix elements of D" and E™ are explicitly constructed from inner
products between overlapping basis functions of piecewise-linear finite element
spaces on .7 and hence can be computed with a finite number of arithmetic

computations on (xi,...,xy), n and m. Also, E"™ is diagonal and positive definite.

By [100, Remark 3.3], it holds that g™ — 0 as m — oo. [100, Theorem 4.3] states
that, for each m € Nand each k € {1,...,Mp}, if ¢" A" < 1, then

A (LA™ < A < AP (5.72)

Since the matrix elements of A B™, D™ and E™ are available to the algorithm
1"8

pix .’ by Lemma 5.43, the approximations

)
Al ::anat’MO(Am,Bm)k and  ¢™d ;:rfnawo(D’",E’")M0

are also available to I'Z.  for any & > 0. These approximations provide upper and

pix,n’
lower bounds for " and g™

A e —5 A 48], ¢ e g™ — 8,40 + 8. (5.73)

We claim that if (M,m,8) € N x N xR, is such that (lﬁ’s +8) (g™ +8) < 1,
then
daw (14" WLy 0(%)) < 8+ 6(M,m,8) + H(M,m.8)  (5.74)

where
& (M,m,8) = max{(qm’5 YA+ 8)2/(1+ (¢ — 8). (A" = 8),) ke {1, ...,M}}

and
& (M,m, 8) = 2~ =8)/2+1,

To see this,first note that, using the formula

daw (A,B) < dy(A,B) (A,B C C bounded),
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we have
daw (AL L o(2)) < du (A L AL +daw (I 0(2))

2] o .
<6+ ) 27/ min{l, sup | dist(x, (AL — dist(x, {Ak}}f_l)}} + ) 27
=1 =[]

Jj= Ix|<Jj

(5.75)

Since dist(x, {4 }7_;) = dist(x, {4 }}L,) for |x| < [Au], the second term on the right
hand side of (5.75) is bounded by

daw ({4 ) < da (A HL AL
<max{|A —A"| ke {l,...M}} <& (6,M,m)

where the final inequality follows from (5.72) and (5.73). Applying (5.72) and (5.73)
again and noting that the condition (M,,”"S +8)(¢™% + 8) < 1 ensures that A"¢" < 1,
we have N
Y 27 oMl oM < 5 (ML S, m),
J=12m
bounding the third term on the right hand side of (5.75) and proving (5.74).
Let (M) := 1/M. Define m(M) as the smallest m € N such that

(™00 4+ 5(m)) (447° ™ + 5(M))? < 1/M.

Then, & (M,m(M),6(M)) < 1/M. For each M € N, m(M) can be determined by the
algorithm since it can compute the quantities ¢”%) and lﬁ’S(M). Define M(€) as the
smallest positive integer such that

§oM(e)+ & (M(e),moM(e), 50 M(€)) + E(M(e),mo M(e),5 0 M(e)) < e,

where moM(€) =m(M(€)) and 6 oM(g) = §(M(¢g)). For each € > 0, M(¢€) can be
determined by the algorithm since & and & can be computed. The proof of the lemma
is completed by letting

e ()= {;LITOM(e),soM(e) }M(g)_ (5.76)

pix,n

]

Remark 5.45. The results of [100] are formulated for connected domains only. While
this assumption is not necessarily satisfied for domains in i« ,, the results from [100]

can be applied to every connected component of a set % € iy , separately. This is
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justified, because the Dirichlet spectrum of %/ is simply the union of the Dirichlet
spectra of all connected components of %/. Moreover, any % € pix , consists of only
finitely many connected components, which can be determined in a finite number of

steps from the information given in Apix .

We have shown that the Dirichlet spectrum of an arbitrary (but fixed) pixelated
domain from 2ix , is computable via an arithmetic algorithm. It remains to pass from
pixelated domains to arbitrary domains in € (recall (5.16)). To this end, we combine
the Mosco convergence results from Section 5.4.2 with the following proposition.

Proposition 5.46. Let

Q= {6’ CR>: 0 open, bounded and &, M> O where 0, pixelated domains for & }

Then there exists a sequence of arithmetic algorithms Iy, : Quy — cl(C), n € N, with
input A such that

daw (Tn(0),0(0)) -0 as n—o  forall O € Q.

Proof. Let 0 € Qu. Let 0, C R?, n € N, denote the corresponding pixelated domains
(cf. Definition 5.16).

We shall construct a family of (arithmetic) algorithms I, : Q; — cl(C) with input
Ag. First, we define the information available to each algorithm I',,, by fixing a finite
subset Ar, C Ay. Let

Ar, = {0 xg(x): x € Z} with x| < n},
so that the algorithm I, has access to the set {x1,...,xy} := € NB,(0) NZ2.

Let
iU s+ -441°) )

j=1
It holds that &, € Qpix, for each n and, since & is bounded, 0,, = O, for all sufficiently

large n. Hence using the hypothesis that &, M, 0, 0, converges to ¢ in the Mosco

sense as n — oo, By Lemma 5.2,
daw (0(0,),0(0)) =0 as n— oo,
Since O, is defined entirely by Ar,, we can define

T,(0)=T"" (5,)

T pix,n
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for each n € N. Note that the consistency property Definition 5.9 (ii) holds trivially
since Ar, does not depend on &'. The proposition is proved by the fact that

daw (rg{gn@), 6(@’)) <daw (r;{gn(ﬁn), o(@)) +daw (6(6),0(0))

1
<-+40(1)>0 as n— oo, (5.77)
n

]

Theorem 5.15 now follows by combining Proposition 5.46 with Theorem 5.3 and
Proposition 5.42.

Remark 5.47. From the perspective of the SCI hierarchy it is natural to ask whether
any finer classification might be possible, specifically in terms of explicit error bounds.
This remains an open question and it is clear that our method cannot yield any explicit
error bounds for general domains in Q. This is perhaps most clearly demonstrated
in the final error bound (5.77). The behaviour daw (6(&,),6(&)) = o(1) on the right
hand side of (5.77) was deduced from the Mosco convergence &, M> O, for which no
uniform convergence rate can be expected in general.

While the question remains open, the fact that no uniform regularity assumption
(such as Holder continuity with fixed exponent) was made on d & suggests that no

explicit error bound is possible.

5.5.3 Counter-example

In this section we give a counterexample showing that if the regularity assumptions
on the domain are relaxed too much, computability fails to be true, i.e. the Dirichlet
spectrum cannot be computed by a single sequence of algorithms anymore and at least
two limits are necessary. Proposition 5.14 follows immediately from the following

result.

Proposition 5.48. Let '), : Qo — .#, n € N, be any family of arithmetic algorithms
with input Ag. Then, for any O € Qo with W, (d0) = 0 and any € > 0, there exists
O¢ € Q with O C O and ey (O ) < € such that T, (0) =T, (O%) for all n and, for
sufficiently small € >0, 6(0) # o ().

Proof. Let I',, be as hypothesised, let € > 0 and let & € Q. Define the geometric
quantity

rint(0) :=sup{r > 0 : Isquare [s,s+r] x [t,t +7] C O}.
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Openness of ¢ implies that ri, (&) > 0. For any fixed n, I',(&’) depends only on
finitely many values of x4 (x), say x7,...,x{ . We assume without loss of generality
that the set {x/, ... ,xzn} is growing with n, i.e. that, for all n,

{xf,... ) C {x’f+1,...,x2;11} and X =x"1 =1,k (5.78)
Thus, we may drop the superscript n and merely write {xj,...,x; }. Let us denote by

{y1,...,y1,} the subset of points for which Y (y;) = 1. Now, define a new domain O
as follows. For ¢ > 0 define the strips Sf := (((x)1 — 5, (%)1 +5) X R) N O. Next,
let

In ©
of = U Sg,ke and O := ( U ﬁg’) Uoto (5.79)
k=1 n=1

where, recall that 00 = {x € ¢ : dist(x,d0) < €}. Note that, by (5.78), we have
onc ol (5.80)

for all n. Note also that 0 is bounded, open and connected for any € > 0. One has
Xo(xx) = Xo, (x) forall k € {1,...,k,} and all n € N, and therefore, by consistency
of algorithms (cf. Definition 5.9 (ii)), I',(0¢) =T',(0) for all n € N.

However, it is easily seen from the min-max principle that for the lowest eigenvalue
M (O), of —Agp, one has

2

<=
)Ll(ﬁ) = rint(ﬁ)b

Next, we use Poincaré’s inequality [75, eq. (7.44)] to get

1
||M||L2(ﬁ£) < Cﬂleb(ﬁS)ZHV”HU(ﬁg)

o 2
<¢(en(@°0)+ L 2 Hediom(0) ) [Vl
k=1

for some constant C > 0 independent of € and all u € H(% (O%¢), where in the second
inequality, we used the expression (5.79) for 0. Since e (d€0) — 0 as € — 0 by
continuity of measures, we conclude using the min-max principle that A; () — o as
€ — 0 and hence 6(0) # o(0) for small enough € > 0. O

Remark 5.49. The counterexample in the proof of Proposition 5.48 is pathological in
the sense that the complement of the domain &, may have infinitely many connected

components. This is not crucial. Indeed, one can easily construct a counterexample
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Figure 5.10 The set & (left) and pixelated domain &, for n = 20 and h = 1/n (right).
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Figure 5.11 Approximations of lowest eigenvalue for different values of /1

) U((0,1) % (0,€)),
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n

whose complement has only one connected component: Let & = (0, 1)2 be the unit
square and

with the notation from the previous proof. Then I',(0¢) = I',(O) for all n and
In this section we illustrate the abstract ideas from the previous sections with a concrete
numerical example. The closure of the domain we study belongs to the class of filled

0((0,1)?) # o(0) for sufficiently small £ > 0 while ¢ is connected.

5.6 Numerical Results

Julia sets described in Example 5.5 hence the pixelation approximations converge in

the Mosco sense and the sequence of arithmetic algorithms constructed in Section
5.5.2 converge in the Attouch-Wets metric. Numerical experiments for the Laplacian

on filled Julia sets were also recently performed in [134].
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Figure 5.12 Double logarithmic plot of relative differences |7L(§”+1 — Ay for n €
{20,40,80,160}, m € {0,...,160/n}.

1st Eigenfunction 2nd Eigenfunction 8th Eigenfunction
1 1.5
. 0.5
1
0
. —0.5
0.5
1 | | 1 | |
-1 0 1 -1 0 1
16th Eigenfunction 95th Eigenfunction 99th Eigenfunction 0
—-0.5
-1
—-1.5

Figure 5.13 Selected approximated eigenfunctions of & for n = 100, 4 = 1/n (normal-
ised such that v B™v; = 1).

We consider the filled Julia set K defined by

5—-1
K={zeC:[f"(z)| <2VneN}, where f(z):z2+\/_2 :

It can be shown that K has a fractal boundary (cf. [101]). Mandelbrot suggested the
name “San Marco Set” for K, because it resembles the Basilica of Venice together
with its reflection in a flooded piazza (see Figure 5.10).
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We implemented a finite element method on subsequent pixelated domains for
¢ = int(K) and computed approximations to the lowest eigenvalue with increasingly
fine meshes. To be more precise, for n € {20,40,80, 160} we approximated lowest
eigenvalue A" of —Ag, for meshes .7 with m € {0, 1,...,%} (or equivalently
he {27! :me{0,...,20}} recall Section 5.5.2).

Because our the emphasis is theoretical, implementing the full a-posteriori error
computation of [100] would be beyond the scope of the current work. Instead, the
approximation to the lowest eigenvalue in each case was computed using the Rayleigh-
Ritz method for the pair (A", B™) of stiffness and mass matrix: the Rayleigh quotient
(vTA™v) /(v B™v) was minimised via a straightforward gradient descent method. The
gradient descent was iterated until the derivative of the Rayleigh quotient was less than
10710, The results are shown in Figures 5.11 and 5.12. The data points in Figure 5.11
suggest that for each fixed n the refinement of the mesh leads to a convergent sequence
of approximations.

The decay of the successive differences between the A" in Figure 5.12 suggests
a convergence rate of approximately 1.33 =~ 2- % which is in accordance with the
regularity of the pixelated domain, which has reentrant corners of angle %n (cf. [6]).
Figure 5.12 also suggests a worsening of the convergence rate if both n and h are
increased simultaneously. This is reflected in the fact that the lines in Figure 5.12 move
to the left as n increases. This degradation of the convergence rate is to be expected as
to the rough boundary of & is better and better approximated by &), as n increases.

For triangulations which are not prohibitively fine, also the approximations of
higher eigenvalues and eigenfunctions can be computed. Figure 5.13 shows 6 selected
approximated eigenfunctions vy, v,,vg, V¢, V95 and vgg for n = 100, h = n! e m=
0). The approximations are normalised such that vl-TBmv,- =1, where B™ is the mass

matrix associated with 7™,
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