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 Abstract—With high penetration of flexible resources, 

operational flexibility of flexible distribution networks 

(FDNs) is important to ensure high-quality electricity ser-

vices. This paper proposes a value quantification and 

analysis method for operational flexibility in FDNs based 

on distribution locational marginal pricing (DLMP). First, 

flexibility constraints are formulated from the perspective 

of node integration, branch transfer, and network aggre-

gation of flexibility. Then, a unified analytical framework 

for quantifying the operational flexibility is established, in 

which spatial-temporal transfer of flexibility is modeled 

with the derivation of flexibility sensitivity factors. Further, 

a DLMP-based flexibility value quantification model is 

proposed with nodal net power as the unit for flexibility 

pricing. The obtained flexibility price can not only quantify 

flexibility value but also be used to guide the flexible re-

sources. Finally, the effectiveness of the proposed method is 

validated on a modified IEEE 33-node distribution system 

and a modified IEEE 123-node distribution system. Results 

verify that the proposed method can quantify the impact of 

nodal net power on operational flexibility and effectively 

improve the overall flexibility performance through the 

guide of flexibility price. 

Index Terms—flexible distribution network (FDN), dis-

tributed generator (DG), operational flexibility, quantifi-

cation, distribution locational marginal pricing (DLMP). 

NOMENCLATURE 

Abbreviation 

DER Distributed energy resource 

DG Distributed generator 

FDN Flexible distribution network 
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DSO Distribution system operator 

DLMP Distribution locational marginal pricing 

SOP Soft open point 

ESS Energy storage system 

DL Delay-tolerant load 

PV Photovoltaic 

WT Wind turbine 

TL Time-sensitive load 

Sets 

Ωn  Set of all nodes  

Ωb  Set of all branches 

Ωres  Set of flexible resources which can provide reserve 

Ω(𝑖)  Set of branches connected to node 𝑖 

𝜉(𝑖)  Set of branches between node 𝑖 and source node 

ΩT  Set of time slots 

ΩDG, ΩDL,  
ΩSOP , ΩESS  

Sets of DGs, DLs, SOPs, and ESSs 

ΩFR
P , ΩFR

Q
  Set of flexible resources which can provide active/ 

reactive power services 

Indices  

𝑖, 𝑘  Indices of nodes 

𝑡  Indices of time slots 

Variables 

𝑉𝑖,𝑡  Voltage magnitude at node 𝑖 in time 𝑡 

𝑃𝑡
sub, 𝑄𝑡

sub  Aggregated active/reactive power interacted with 

upper grid in time 𝑡 

𝑃𝑡
loss, 𝑄𝑡

loss  Active/reactive power losses of network at node 𝑖 in 

time 𝑡 

𝑃𝑖,𝑡
bus,𝑄𝑖,𝑡

bus  Nodal net active/reactive power at node 𝑖 in time 𝑡 

𝑃𝑙,𝑡,𝑄𝑙,𝑡  Active/reactive power flow of branch 𝑙 in time 𝑡 

𝑃𝑖,𝑡
SOP , 𝑄𝑖,𝑡

SOP  Active/reactive power output of SOP at node 𝑖  in 

time 𝑡 
𝑃𝑖,𝑡
ESS, 𝑄𝑖,𝑡

ESS  Active/reactive power output of ESS at node 𝑖  in 

time 𝑡 

𝑃𝑖.𝑡
SOP,L,  

𝑃𝑖,𝑡
ESS,L

  

Active power losses of SOP and ESS converters at 

node 𝑖, respectively 

𝑃𝑖.𝑡
DG,𝑄𝑖,𝑡

DG  Active/reactive power injection by DG at node 𝑖 at 

time 𝑡 (kW, kvar) 

𝑃𝑖,𝑡
TL,𝑄𝑖,𝑡

TL  Active/reactive power consumption of TL at node 𝑖 
in time 𝑡 
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𝑃𝑖,𝑡
DL, 𝑄𝑖,𝑡

DL  Active/reactive power consumption of DL at node 𝑖 
in time 𝑡 
 

𝑃𝑖,𝑡
FR, 𝑄𝑖,𝑡

FR  Active/reactive power of flexible resources at node 𝑖 
in time 𝑡 

𝑅𝑖,𝑡
up
, 𝑅𝑖,𝑡

down  Upward/downward reserve of flexible resource 

providing power reserve at node 𝑖 in time 𝑡 

𝐸𝑖,𝑡
ESS  SOC of ESS at node 𝑖 in time 𝑡 

𝐸𝑖,𝑡
DL  Energy stored of DL at node 𝑖 in time 𝑡 

𝜑𝑖,𝑡  Flexibility payment or revenue of nodal net power at 

node 𝑖 in time 𝑡 

𝜋𝑖,𝑡
P , 𝜋𝑖,𝑡

Q
  Flexibility price of unit active/reactive power at 

node 𝑖 in time 𝑡 

𝜋𝑖,𝑡
P,Bus, 

𝜋𝑖,𝑡
Q,Bus

,  

Node flexibility price of unit active/reactive power 

at node 𝑖 in time 𝑡 

𝜋𝑖,𝑡
P,Bran,  

𝜋𝑖,𝑡
Q,Bran

  

Branch flexibility price of unit active/reactive power 

at node 𝑖 in time 𝑡 

𝜋𝑖,𝑡
P,Net, 

𝜋𝑖,𝑡
Q,Net

  

Network flexibility price of unit active/reactive 

power at node 𝑖 in time 𝑡 

𝜆𝑖
Pbus, 𝜆𝑖

Qbus
  Lagrange multipliers of nodal net power constraints 

𝜇𝑖
v,−, 𝜇𝑖

v,+
  Lagrange multipliers of nodal voltage flexibility 

constraints 

𝜇𝑙,𝑐  Lagrange multiplier of branch transfer flexibility 

constraints 

𝜆P , 𝜆Q  Lagrange multipliers of network aggregation flexi-

bility constraints 

𝜇𝑖
R1, 𝜇𝑖

R2  Lagrange multipliers of network flexibility reserve 

constraints 

Parameters 

𝑁N, 𝑁b, 𝑁T  Total number of nodes, branches, and time slots 

𝑉min, 𝑉max  Upper/lower limits of nodal voltage 

𝑉flx, �̅�flx  Upper/lower limits of desired nodal voltage 

𝑟𝑙 , 𝑥𝑙  Resistance/reactance of branch 𝑙 

𝑆𝑙,max  Capacity limit of branch 𝑙 

𝐹𝑖,𝑡
P , 𝐹𝑖,𝑡

Q
  Active/reactive nodal loss terms at node 𝑖 in time 𝑡 

𝑃𝑖,𝑡
DG,ref

  Forecasted active power generated by DG at node 𝑖 
in time 𝑡 

𝑆𝑖
DG, 𝑆𝑖

SOP  Capacity limits of DG/SOP at node 𝑖 

�̅�𝑖
SOP, 𝑃𝑖

SOP  Upper/lower limits of active power output of SOP at 

node 𝑖 

�̅�𝑖
SOP, 𝑄𝑖

SOP
  Upper/lower limits of reactive power output of SOP 

at node 𝑖 

�̅�𝑖
ESS, 𝑃𝑖

ESS  Upper/lower limits of active power output of ESS at 

node 𝑖 

�̅�𝑖
ESS, 𝑄𝑖

ESS
  Upper/lower limits of reactive power output of ESS 

at node 𝑖 
�̅�𝑖
DL  Upper limits of active power consumption of DL at 

node 𝑖 
�̅�𝑖
ESS, 𝐸𝑖

ESS  Upper/lower limits of SOC of ESS at node 𝑖 

�̅�𝑖
DL, 𝐸𝑖

DL  Upper/lower limits of SOC of DL at node 𝑖 

𝐸𝑖
DL,req

  Required SOC of DL at node 𝑖 

𝐴𝑖
E,L, 𝐴𝑖

S,L
  Loss coefficients of ESS/SOP converter at node 𝑖 

Δ𝑡  dispatch horizon 

𝛽  Reserve ratio 

𝛼𝑐,0, 𝛼𝑐,1,  
𝛼𝑐,2  

Constant coefficients of approximate polygon ex-

pressions 

𝑃𝑖,𝑡
TL,ref,  

𝑄𝑖,𝑡
TL,ref

  

Scheduled active/reactive power consumption of TL 

at node 𝑖 in time 𝑡 

𝑇𝑖,st
DL  The start charging time of DL at node 𝑖 

𝑇𝑖,req
DL

  The desired time that SOC of DL meets the re-

quirements at node 𝑖 
𝑀𝑙−𝑖  Branch-node incidence element between branch 𝑙 

and node 𝑖 in time 𝑡 

𝐷𝑖
VP , 𝐷𝑖

VQ
  Nodal flexibility sensitivity factors of nodal net 

active/reactive power at node 𝑖 to nodal voltage in 

time 𝑡 

𝐵𝑙−𝑖
PP , 𝐵𝑙−𝑖

QQ
, 

𝐵𝑙−𝑖
PQ

, 𝐵𝑙−𝑖
QP

 

Branch flexibility sensitivity factors of nodal net 

active/reactive power at node 𝑖  to active/reactive 

power transfer on branch 𝑙 in time 𝑡 

𝐿𝑖
PP , 𝐿𝑖

PQ
, 

𝐿𝑖
QP

, 𝐿𝑖
QQ

 

Network flexibility sensitivity factors of nodal net 

active/reactive power at node 𝑖 to network loss in 

time 𝑡 

I. INTRODUCTION 

he integration of high-penetration of DERs such as DGs and 

flexible loads becomes a trend in distribution networks for 

the usage of renewable energy and customized electricity 

service [1]. However, resources with multiple operational 

characteristics and requirements will greatly increase the 

complexity of system operation management [2]. Distribution 

networks undergo drastically uneven spatial and temporal 

distribution of power generation and demand [3]. Without 

proper power dispatch, it may result in serious operational 

issues, such as heavy branch congestion, voltage violations, and 

unnecessary network losses [4]. 

Accordingly, distribution networks are evolving towards 

FDN to adapt to complex environments [5]. As for physical 

foundations, the wide use of advanced power electronics on the 

source, network, and demand sides enables FDNs with en-

hanced controllability and flexibility [6]. As for theoretical 

methodologies, operational flexibility analysis is crucial for 

FDNs to properly dispatch flexible resources and thus flexibly 

accommodate the high penetration of DERs [7]. It is indis-

pensable to evaluate operational flexibility and exploit flexi-

bility potential to maximize operational profits of FDNs [8]. 

Operational flexibility of distribution networks has been 

widely investigated in existing works [9]. At present, the 

generally recognized definitions of operational flexibility were 

proposed by the North American Electric Reliability 

Corporation (NERC) and the International Energy Agency 

(IEA). According to NERC, operational flexibility is defined as 

the ability to satisfy the variation of loads by using available 

resources in a system [10]. According to IEA, operational 

flexibility is defined as the ability to rapidly respond to 

predictable and unpredictable power fluctuations and guarantee 

the balance of generation and demand [11]. Similar to the above 

definitions, Mark O’ Malley et al regarded flexibility as the 
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ability to respond to load variations [12]. Lu et al. defined it as 

the system’s ability to adapt to source-network-demand sides’ 

random variation by optimizing available resources within a 

certain cost under given timescales [13]. As stated in existing 

research, the focus of operational flexibility is to mitigate 

power fluctuations and guarantee a secure and 

high-performance system operating with high DER penetration. 

Research on operational flexibility of distribution networks can 

be classified into two main categories as follows: 

1) Quantification methods of operational flexibility. Some 

novel quantification approaches have been proposed, which 

effectively evaluated the flexibility performance or visualized 

the flexibility regions of distribution networks. Ref. [14] pro-

posed an interesting flexibility metric to evaluate the excessive 

availability of a system. It was further used to visualize the 

flexibility region of net loads. Ref. [15] designed a novel flex-

ibility assessment method to quantify the renewable output in 

various regions for tackling renewable power fluctuations. Ref. 

[16] invented an innovative quantification method and obtained 

an approximate feasible region of net power injection. 

These flexibility quantification methods have explored the 

allowable region of power considering various flexibility 

factors [17]. However, the large amounts of flexible resources 

at the source, network, and demand sides are with various 

operation characteristics. Flexibility quantification becomes a 

complex highly-dimensional projection problem [18]. In 

addition, the geographically dispersed flexible resources may 

impact the availability and requirements of operational 

flexibility at different locations. It may remain unrevealed that 

spatial-temporal transfer relationships of operational flexibility 

in distribution networks. Thus, a generalized comprehensive 

analytic framework is necessary to quantify operational 

flexibility of FDNs with multiple flexible resources. 

2) Improvement methods of operational flexibility. The 

optimal dispatch strategy can improve system operation 

performance with enhanced accommodation of DERs [19]. Ref. 

[20] proposed a novel flexibility improvement method for DSO, 

which was applicable regardless of the topology of network. In 

Ref. [21], a risk-averse strategy was determined considering the 

coordination of DGs, SOPs, and demand response for flexible 

improvement. Ref. [22] presented an extensive analysis of 

multiple flexibility options to cope with the intermittence of 

DG generation, in which demand response, ESSs, and network 

reconfiguration were considered. 

However, it is increasingly complex to determine a feasible 

solution that can satisfy diversified flexibility requirements 

without violating various operational constraints. Also in many 

approaches, DSO will send dispatch schedules to devices but 

may not be able to interpret the flexibility value of power 

demand or supply at different nodes to distribution networks. 

Thus, flexible resources in distribution networks may lack 

sufficient incentives to follow the dispatch. It is worth 

mentioning that the same amount of flexibility service at 

various locations in different time slots may have opposing 

flexibility values. Hence, it still needs a further investigation on 

how to formulate operational flexibility constraints and 

requires an explicit analytic solution to motivate resources to 

provide flexibility. 

In distribution networks, nodal net power reflects the 

integration of various resources at a node. Various adjustment 

capabilities of flexible resources and differentiated flexible 

services can be standardized, thereby significantly reducing the 

difficulty of flexibility analysis and dispatch. Net power of all 

nodes will be transmitted through branches and finally be 

aggregated to interact with the external grid. Nodal net active 

and reactive power can be regarded as the basic adjustment 

units of operational flexibility in FDNs. 

To fill the above research gaps on operational flexibility, a 

generalized analytic framework based on nodal net power is 

proposed for flexibility analysis and flexibility dispatch in 

FDNs. First, from the perspective of operational flexibility, 

operational states and related constraints of distribution 

networks can be reinterpreted and classified into node 

integration, branch transfer, and network aggregation flexibility. 

Based on the above comprehensive analysis foundation, the 

mathematical analytic model of spatial-temporal transfer of 

operational flexibility is proposed. Flexibility sensitivity 

factors are derived to analytically represent the spatial-temporal 

transfer relationship of operational flexibility. 

Further, to apply the above flexibility transfer analysis in 

flexibility dispatch, pricing the power flexibility at the 

distribution network level is regarded as a promising approach 

[23]. Currently, power controllability and flexibility of 

resources have promoted the emergence of prosumers in FDNs. 

Prosumers can both purchase electricity based on demands and 

sell services according to system operational status [24]. Proper 

flexibility pricing methodology can price the flexibility value 

and be used to guide the dispatch of flexible resources [25]. 

To quantify the flexibility value in a generalized pricing 

framework, DLMP [26] can be adopted. DLMPs are derived 

based on dual variables of the primal model at its optimum [27]. 

According to duality analysis, DLMP reflects the incremental 

marginal total cost for adding one more unit of nodal net power 

in a time slot under an operation strategy in distribution 

networks [28]. It has been widely studied in some meaningful 

works for congestion management [29], demand-side response 

[30], DG impact analysis [31], and calculation accuracy of 

DLMP [32]. Based on this analysis, DLMP has also been used 

to price electricity products in trading mechanism design [33]. 

The above works have verified the incentive application of 

DLMP on system operation management. 

Thus, it is promising to price power flexibility based on 

DLMP at the distribution network level. It can quantify the unit 

flexibility value of nodal net power in the form of price, which 

is similar to the concept of the currency exchange rate in the 

financial industry. It could be an effective price incentive [34] 

for DSO to guide and coordinate the system-wide flexible 

resources to achieve a feasible balance of diversified flexibility 

requirements in FDNs. However, research on DLMP derivation 

of distribution networks generally uses the DCOPF model or 

the linearized ACOPF model by ignoring the reactive power 

component or the power loss term. It can improve 
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computational efficiency but may cause the deviation of 

calculation results from the real values [35]. 

To reconcile computation efficiency with modeling accuracy 

of DLMP, the modified linearized Distflow model is adopted 

with the nodal loss model [36] to consider the power losses in 

branch transfer flexibility analysis. Further, a DLMP-based 

flexibility pricing methodology is proposed, which is 

compatible with the explicit analytic expressions of 

spatial-temporal transfer relationships of operational flexibility. 

The flexibility price is determined by deducing DLMP of the 

linearized flexibility constraints of FDNs [37]. It provides users 

insight into the flexibility value of their power adjustments. 

Thus, the operational problems of distribution networks are 

interpreted from the perspective of operational flexibility, 

including node integration, branch transfer, and network 

aggregation flexibility. Based on the analytic framework, a 

DLMP-based flexibility pricing method is proposed to quantify 

the flexibility value and determine the amount of nodal net 

power. Then, the DLMP-based flexibility price is utilized as an 

incentive signal for flexible resource dispatch to improve the 

operational benefits of FDNs. The main contributions are 

summarized as follows: 

1) First, flexibility constraints are formulated for a 

comprehensive analysis of operational flexibility, including 

node integration, branch transfer, and network aggregation 

flexibility of FDNs. Flexibility sensitivity factors are derived to 

analytically represent the spatial-temporal transfer relationship 

of operational flexibility. An analytic framework of operational 

flexibility is proposed based on nodal net power to achieve a 

feasible balance of diversified flexibility requirements. 

2) Then, a DLMP-based flexibility quantification model is 

proposed for FDNs with multiple flexible resources. The 

DLMP-based flexibility pricing not only quantifies the 

flexibility value of nodal net power on operational flexibility in 

the form of price but also is used for the spatial-temporal 

balance of operational flexibility. As the price reflects power 

dispatch at each node for the same worth of flexibility service, 

it can be used to guide flexible resources to improve diversified 

flexibility performance. 

The remainder of this paper is organized as follows. Section 

II describes the developed flexibility constraints and proposes 

the mathematical analytic model of operational flexibility, in 

which flexibility sensitivity factors are derived. Section III 

further proposes the DLMP-based flexibility pricing model 

based on the linearized transfer relationship of operational 

flexibility. In Section IV, the DLMP-based flexibility price is 

obtained for quantification of spatial-temporal flexibility, 

which can be used to motivate flexible resources. The case 

studies on a modified IEEE 33-node test case and a modified 

IEEE 123-node test case are given in Section V. The 

conclusions and prospects are stated in Section VI. 

II. ANALYTIC MODEL OF OPERATIONAL FLEXIBILITY 

In this section, operational flexibility of FDNs is described 

from the perspective of node integration, branch transfer, and 

network aggregation. Related flexibility constraints are 

developed and a linearized transfer model of operational 

flexibility in distribution networks is proposed. Flexibility 

sensitivity factors are calculated, which lay the foundation for 

flexibility quantification and strategy determination. 

A. Formulation of Operational Flexibility Constraints 

1) Node flexibility constraints 

Node integration flexibility reflects the local flexibility de-

mand and supply states based on the impact analysis of nodal 

net power on nodal voltage. 

Generally, system operation is influenced by nodal power 

injection and export. Flexible resources can be coordinated at 

the node level. Thus, node integration flexibility acts as the 

basic property of operational flexibility. It is described using 

nodal net power and nodal voltage range. 

(1) Nodal net power 

Nodal net power lays the foundation of the generalized an-

alytical framework of operational flexibility. 

Assuming that the positive direction is to export power from 

distribution networks, nodal net power can be expressed in (1). 

𝑃𝑖,𝑡
bus = 𝑃𝑖,𝑡

TL + 𝑃𝑖,𝑡
DL − 𝑃𝑖,𝑡

DG − 𝑃𝑖,𝑡
ESS − 𝑃𝑖,𝑡

SOP (𝜆𝑖
Pbus)  

(1) 
𝑄𝑖,𝑡
bus = 𝑄𝑖,𝑡

TL + 𝑄𝑖,𝑡
DL − 𝑄𝑖,𝑡

DG − 𝑄𝑖,𝑡
ESS − 𝑄𝑖,𝑡

SOP (𝜆𝑖
Qbus

)  

(2) Nodal voltage range 

Nodal voltage is a critical index to quantify nodal flexibility. 

The nodal voltage beyond allowable range (2.a) means that the 

node is extremely lacking voltage flexibility. Electrical devices 

at such a node will be forced to be out of the grid, resulting in 

economic loss. The node with enough nodal flexibility can 

provide support to improve nodal voltage to desired range (2.b). 

𝑉min ≤ 𝑉𝑖,𝑡 ≤ 𝑉max  (2.a) 

𝑉flx ≤ 𝑉𝑖,𝑡 ≤ 𝑉flx  (2.b) 

2) Branch flexibility constraints 

Affected by the spatial distribution of flexile resources in the 

FDN, node flexibility may vary at different locations. The 

branch is essential to provide feasible transfer flexibility to 

balance the power demand and supply at different nodes. 

Meanwhile, the spatial balance of node flexibility is at the 

expense of certain transfer flexibility. 

Branch transfer flexibility reflects the ability to transfer local 

flexibility for the spatial-temporal balance of flexibility based 

on the impact analysis of power transfer in distribution net-

works In (3.a), branch capacity is used to describe transfer 

flexibility. Network loss is used to describe the transfer expense 

of dispersed node flexibility in the form of energy in (3.b). 

𝑃𝑙,𝑡
2 + 𝑄𝑙,𝑡

2 ≤ 𝑆𝑙
2  (3.a) 

𝑃𝑡
loss = ∑ 𝑟𝑙(𝑃𝑙,𝑡

2 + 𝑄𝑙,𝑡
2 )𝑙∈Ωb
/𝑉𝑖,𝑡

2   
(3.b) 

𝑄𝑡
loss = ∑ 𝑥𝑙(𝑃𝑙,𝑡

2 + 𝑄𝑙,𝑡
2 )𝑙∈Ωb
/𝑉𝑖,𝑡

2   

where 𝑉𝑖,𝑡  is assumed to denote voltage amplitude of node 𝑖 

which is the downstream node of branch 𝑙 in time 𝑡. 

3) Network flexibility constraints 

The system-wide flexible resources can be coordinated to 

satisfy spatial-temporal requirements of node flexibility within 

the FDN. It can reduce the dependence on flexibility support 
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from the external grid. Network aggregation flexibility reflects 

the power self-sufficiency degree of distribution networks as 

well as operating reserves to satisfy the variation of aggregated 

power within a certain range. 

(1) Network aggregation flexibility 

A system with enough network flexibility can conduct bidi-

rectional interaction of aggregated flexibility with the external 

grid, as formulated in (4). 

𝑃𝑡
sub = ∑ 𝑃𝑖,𝑡

bus
𝑖∈Ωn

+ 𝑃𝑡
loss, 𝑄𝑡

sub = ∑ 𝑄𝑖,𝑡
bus

𝑖∈Ωn
+ 𝑄𝑡

loss  (4) 

(2) Network flexibility reserve 

The aggregated power interaction with the external grid is 

generally determined in the day-ahead timeframe. However, 

real-time fluctuations of DGs and flexible loads may lead to the 

deviation of aggregated power from the estimated value. 

The advance in power electronics allows flexible resources 

to adjust active and reactive power outputs rapidly and con-

tinuously. Thus, to enhance the operational flexibility of FDNs, 

flexible resources can provide operating reserves to satisfy the 

variation of aggregated power within a certain range. 

The available reserve of a flexible resource is related to its 

allowable operation range and pre-determined schedule. The 

general form of range constraints is as follows: 

0 ≤ 𝑅𝑖,𝑡
up
≤ 𝑃𝑖,𝑡,max

FR − 𝑃𝑖,𝑡
FR, 

 𝑖 ∈ Ωres 
(5.a) 

0 ≤ 𝑅𝑖,𝑡
down ≤ 𝑃𝑖,𝑡

FR − 𝑃𝑖,𝑡,min
FR , (5.b) 

∑ (𝑅𝑖,𝑡
up
+ 𝑅𝑖,𝑡

down)𝑖∈Ωres ≥ 𝛽|∑ 𝑃𝑖,𝑡
bus

𝑖∈Ωn |  (5.c) 

where 𝑃𝑖,𝑡,max
FR  and 𝑃𝑖,𝑡,min

FR  are maximum and minimum availa-

ble power of flexible resources at node 𝑖 in time 𝑡, respectively. 

The network flexibility reserve includes upward and 

downward reserves in (5.a)-(5.b). Assume that the positive 

direction of flexible resources is to inject power into a distri-

bution system. The upward reserve is the margin to inject 

power. Assume that network flexibility reserve should be able 

to cope with the power change within at least 𝛽 (0≤ 𝛽 ≤100%) 

of the absolute value of summed nodal net active power in (5.c). 

Note that the formulation of flexibility constraints originates 

from the power flow constraints of distribution networks. This 

comprehensive analysis foundation aims to guarantee that the 

generalized analytic framework of operational flexibility is 

proposed without violating operational constraints of FDNs. 

B. Linearized Transfer Model of Operational Flexibility 

The aggregation of dispersed local flexibility is realized 

through the spatial-temporal transfer of nodal net power. The 

spatial-temporal transfer relationship of operational flexibility 

is formulated as an explicit analytic expression in the form of 

flexibility sensitivity factors. 

The modified linearized Distflow model is adopted in 

(6.a)-(6.b). To improve computational accuracy, a nodal loss 

model [36] is added to present power losses as flexibility ex-

pense during branch transfer. Assume that the positive direction 

is from parent node 𝑖 −1 to 𝑖. 

𝑃𝑙,𝑡 = 𝑃𝑙−1,𝑡 − (𝑃𝑖,𝑡
bus + 𝐹𝑖,𝑡

P ), 𝑄𝑙,𝑡 = 𝑄𝑙−1,𝑡 − (𝑄𝑖,𝑡
bus + 𝐹𝑖,𝑡

Q
) 

(6.a) 
𝑉𝑖,𝑡 = 𝑉𝑖−1,𝑡 − [𝑟𝑙(𝑃𝑖,𝑡

bus + 𝐹𝑖,𝑡
P ) + 𝑥𝑙(𝑄𝑖,𝑡

bus + 𝐹𝑖,𝑡
Q
)]/𝑉0,𝑡  

𝐹𝑖,𝑡
P =

∑ 𝑟𝑙(𝑃𝑙,𝑡
∗2+𝑄𝑙,𝑡

∗2)𝑙∈𝜉(𝑖)

2
, 𝐹𝑖,𝑡

Q
=

∑ 𝑥𝑙(𝑃𝑙,𝑡
∗2+𝑄𝑙,𝑡

∗2)𝑙∈𝜉(𝑖)

2
   (6.b) 

where 𝑉0,𝑡 is voltage of the source node in time 𝑡, 𝑉0,𝑡 ≡ 1 p.u.. 

(6.b) lists the nodal loss equation. The loss on a branch is 

evenly divided and then added to its two end nodes. To remain 

linear, the nodal loss is calculated using the historical or 

day-ahead dispatch information of power flows. 

r +Lk
xLkj

P +Lk
QLkjP +Lk-1

QLk-1j Node
k+1

Node
k

V    k+1Vk

(L  )kBranch l

Pk Pk+1  
Fig. 1  Illustration of power flow of branch 𝐿𝑘. 

For the sake of analysis, nodes and branches in the distribu-

tion network are numbered in Appendix A. Fig. 1 illustrates the 

transfer relationship between nodes and branches. The linear-

ized model of flexibility transfer is formulated in (6.c)-(6.e). 

𝑃𝑙,𝑡 = 𝑃𝐿𝑘,𝑡 = ∑ 𝑀𝑙−𝑖(𝑃𝑖,𝑡
bus + 𝐹𝑖,𝑡

P )
𝑁n
𝑖=𝑘+1   

(6.c) 

𝑄𝑙,𝑡 = 𝑄𝐿𝑘,𝑡 = ∑ 𝑀𝑙−𝑖(𝑄𝑖,𝑡
bus𝑁n

𝑖=𝑘+1 + 𝐹𝑖,𝑡
Q
)  

∆𝑉𝑖,𝑡 = 𝑉0,𝑡 − 𝑉𝑖,𝑡 ≈ ∑ (𝑟𝑙𝑃𝑙,𝑡 + 𝑥𝑙𝑄𝑙,𝑡)𝑙∈𝜉(𝑖)   

= ∑ ∑ 𝑀𝑙−𝑖[𝑟𝑙(𝑃𝑖,𝑡
bus + 𝐹𝑖,𝑡

P )
𝑁n
𝑖=𝑘+1 + 𝑥𝑙(𝑄𝑖,𝑡

bus + 𝐹𝑖,𝑡
Q
)𝑙∈𝜉(𝑖) ]  

(6.d) 

𝑃𝑡
loss = ∑ 𝑟𝑙(𝑃𝑙,𝑡

∗ 2 + 𝑄𝑙,𝑡
∗ 2)𝑙∈Ωb

  
(6.e) 

𝑄𝑡
loss = ∑ 𝑥𝑙(𝑃𝑙,𝑡

∗ 2 + 𝑄𝑙,𝑡
∗ 2)𝑙∈Ωb

  

For simplicity, sensitivity factors, branch-node incidence 

elements, and dual variables following omit the subscript 𝑡. 

C. Calculation of Flexibility Sensitivity Factors 

Flexibility sensitivity factors of nodal voltage, branch 

transfer, and network loss are calculated as follows. 

1) Nodal voltage sensitivity 

Nodal voltage sensitivity is obtained by calculating the de-

rivative of the nodal net power for nodal voltage deviation (6.d). 

𝐷𝑖
VP and 𝐷𝑖

VQ
 are used to quantify the contribution of unit in-

crement of net power at node 𝑖 to nodal voltage. As shown in 

(7.a), it is linearly related to the electrical distance between a 

node and the source node. 

𝐷𝑖
VP = 𝜕∆𝑉𝑖,𝑡 𝜕𝑃𝑖,𝑡

bus⁄ = ∑ ∑ 𝑟𝑙𝑀𝑙−𝑖
𝑁n
𝑖=𝑘+1𝑙∈𝜉(𝑖)   

(7.a) 
𝐷𝑖
VQ
= 𝜕∆𝑉𝑖,𝑡 𝜕𝑄𝑖,𝑡

bus⁄ = ∑ ∑ 𝑥𝑙𝑀𝑙−𝑖
𝑁n
𝑖=𝑘+1𝑙∈𝜉(𝑖)   

2) Branch transfer sensitivity 

Branch transfer sensitivity is the derivative of the nodal net 

power to power flow of branches (6.c). It reflects the impact of 

unit increment of nodal net power on branch flexibility. 𝐵𝑙−𝑖
PP , 

𝐵𝑙−𝑖
QQ

, 𝐵𝑙−𝑖
PQ

 and 𝐵𝑙−𝑖
QP

 quantify the occupancy of a branch’s power 

flow by the unit increment of node flexibility during spatial 

transfer. As shown in (7.b), it is linearly related to the topo-

logical connection between branches and nodes. 

𝐵𝑙−𝑖
PP = 𝜕𝑃𝑙,𝑡 𝜕𝑃𝑖,𝑡

bus⁄ = 𝑀𝑙−𝑖 ,    𝐵𝑙−𝑖
PQ
= 𝜕𝑃𝑙,𝑡 𝜕𝑄𝑖,𝑡

bus⁄ = 0  
(7.b) 

𝐵𝑙−𝑖
QQ
= 𝜕𝑄𝑙,𝑡 𝜕𝑄𝑖,𝑡

bus⁄ = 𝑀𝑙−𝑖 ,   𝐵𝑙−𝑖
QP
= 𝜕𝑄𝑙,𝑡 𝜕𝑃𝑖,𝑡

bus⁄ = 0  
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3) Network loss sensitivity 

Network loss sensitivity is the derivative of the nodal net 

power to network loss equation (6.e). 𝐿𝑖
PP , 𝐿𝑖

PQ
, 𝐿𝑖

QP
 and 𝐿𝑖

QQ
 

represent the contribution ratios of transfer expense during the 

spatial transfer of net power at a node. As shown in (7.c), it is 

linearly related to the branch transfer sensitivity factor. 

𝐿𝑖
PP = 𝜕𝑃𝑡

loss 𝜕𝑃𝑖,𝑡
bus⁄ = ∑ 2𝑟𝑙 ∙ 𝑃𝑙,𝑡

∗ ∙ 𝐵𝑙−𝑖
PP

𝑙∈Ωb
  

(7.c) 
𝐿𝑖
PQ
= 𝜕𝑃𝑡

loss 𝜕𝑄𝑖,𝑡
bus⁄ = ∑ 2𝑟𝑙𝑙∈Ωb

∙ 𝑄𝑙,𝑡
∗ ∙ 𝐵𝑙−𝑖

QQ  

𝐿𝑖
QP
= 𝜕𝑄𝑡

loss 𝜕𝑃𝑖,𝑡
bus⁄ = ∑ 2𝑥𝑙 ∙ 𝑃𝑙,𝑡

∗ ∙ 𝐵𝑙−𝑖
PP

𝑙∈Ωb
  

𝐿𝑖
QQ
= 𝜕𝑄𝑡

loss 𝜕𝑄𝑖,𝑡
bus⁄ = ∑ 2𝑥𝑙𝑙∈Ωb

∙ 𝑄𝑙,𝑡
∗ ∙ 𝐵𝑙−𝑖

QQ  

where 𝑉𝑖,𝑡 is assumed to be approximate to 1 for linearization. 

Flexibility sensitivity factors correlate nodal net power with 

the three flexibility aspects. Based on the analytic framework 

with flexibility sensitivity factors, the flexibility value of nodal 

net power is quantified in the form of price in the next section. 

Remark: Power is a basic physical quantify in distribution 

networks and its distribution in space and time affects system 

operation. By contrast, operational flexibility is an inherent 

multi-dimensional property of distribution networks. 

Operational flexibility reflects the ability of distribution 

networks to maintain the stable, economic, and reliable 

operation of the entire system. 

Operational flexibility analysis is aimed at adapting the dis-

tribution network to complex operating environments through 

analyzing the comprehensive impacts of power balance, power 

transfer, and power reserve on system operation. Also, opera-

tional flexibility analysis should satisfy diversified require-

ments of distribution networks, such as optimal operation and 

market clearing, etc., without violating various operational 

constraints in distribution networks. Based on power flow 

analysis, operational flexibility contains more evaluation and 

guidance information for system operation rather than mere 

power dispatch instructions of flexible resources. As for its 

application, operational flexibility is generally presented in a 

concrete description of power so that can be finally used to 

adjust power and improve system operation. 

III. DLMP-BASED FLEXIBILITY PRICING MODEL 

The DLMP-based flexibility pricing model is proposed for 

FDNs in this section. Multiple flexible resources are considered 

and flexibility constraints are constructed linearly using 

flexibility sensitivity factors. 

A. Objective Function 

The objective is to maximize social welfare, which is 

equivalent to minimizing the total operational flexibility cost in 

this paper. As shown in (8.a), the total cost is the sum of the 

costs for dispatching flexible resources 𝐶FR, penalizing voltage 

flexibility shortage 𝐶V, interacting aggregated flexibility with 

the external grid 𝐶sub, and flexibility reserve 𝐶res. 

min 𝐶 = 𝐶FR + 𝐶V + 𝐶sub + 𝐶res  (8.a) 

The cost 𝐶FR is shown in (8.b). The flexible resources are 

with flexible power adjustment ability, represented by invert-

er-based DG, SOP, ESS, and DL. Detailed explanations are 

provided in Section IV.B. Flexible resources will respond to the 

fluctuating prices to satisfy flexible operation requirements. 

Moreover, flexible resources can provide flexibility services to 

improve system operational flexibility. 

𝐶FR = ∑ ∑ (𝜎𝑖,𝑡
P 𝑃𝑖,𝑡

FR
𝑖∈ΩFR

P + ∑ 𝜎𝑖,𝑡
Q
|𝑄𝑖,𝑡

FR|
𝑖∈ΩFR

Q )𝑡∈ΩT
   (8.b) 

where ΩFR
P = ΩDL ∪ ΩSOP ∪ ΩESS and ΩFR

Q
= ΩDG ∪ ΩDL ∪

ΩSOP ∪ ΩESS in this paper. 

The desired nodal voltage flexibility (2.b) is converted to the 

penalty cost of voltage deviation based on the value of loss load 

(VoLL), as shown in (8.c). The penalty will reach the maximum 

𝜎V𝑃𝑖,𝑡 if the nodal voltage exceeds the secure range (2.a). The 

punishment cost is linearly approximate to the nodal net power 

if the nodal voltage is beyond the desired range (2.b) but within 

the secure range (2.a). 

𝐶V = ∑ ∑ 𝜎V𝑔(𝑉𝑖,𝑡)𝑃𝑖,𝑡
TL

𝑖∈Ωn𝑡∈ΩT   

(8.c) 
𝑔(𝑉𝑖,𝑡) =

{
 
 

 
 
1     , 𝑉𝑖,𝑡 ≥ 𝑉max, 𝑉𝑖,𝑡 ≤ 𝑉min
𝑉𝑖,𝑡−𝑉flx

𝑉max−𝑉flx
, �̅�flx < 𝑉𝑖,𝑡 < 𝑉max

𝑉flx−𝑉𝑖,𝑡

𝑉flx−𝑉min
, 𝑉min < 𝑉𝑖,𝑡 < 𝑉flx

0               , 𝑉flx ≤ 𝑉𝑖,𝑡 ≤ �̅�flx

  

where the penalty price factor 𝜎V is set based on the develop-

ment status of users [38]. 

In addition, network aggregation flexibility is evaluated us-

ing the interaction cost of power purchased from the upper grid 

in (8.d) and the reserve cost of power flexibility in (8.e). 

𝐶sub = 𝐶sub,P + 𝐶sub,Q = ∑ (𝜎s,𝑡
P ∙ 𝑃𝑡

sub + 𝜎s,𝑡
Q
∙ 𝑄𝑡

sub)𝑡∈ΩT   (8.d) 

𝐶res = ∑ ∑ 𝜎𝑖,𝑡
R (𝑅𝑖,𝑡

up
+ 𝑅𝑖,𝑡

down)𝑖∈Ωres𝑡∈ΩT
  (8.e) 

where Ωres = ΩESS ∪ ΩDL and the upward and downward 

flexibility reserves are assumed to be at the same price 𝜎𝑖,𝑡
R . 

B. Sensitivity-based Node Flexibility Constraints 

Using flexibility sensitivity factors, flexibility constraints 

can be represented by a set of linear equations w.r.t nodal net 

power as follows. 

1) Nodal net power constraints 

The nodal net power is the power summation of devices in-

tegrated into a node, as shown in (1). With advanced power 

electronics, flexible resources with two-quadrant or 

four-quadrant power controllable characteristics [39] are inte-

grated into the source, network, and demand sides of FDNs. 

On the source side, PVs and WTs as the inverter-based DGs 

are considered to be integrated into the system. To guarantee 

DG penetration, the active power curtailment is not considered 

and the reactive power of DGs can be adjusted. On the network 

side, the flexible resources can be classified into the spa-

tial-transfer devices represented by SOP, and temporal-transfer 

devices represented by ESS [8]. SOP and ESS as typical net-

work-side resources are considered to be integrated. On the 

demand side, DL which is delay-tolerant, and TL which is the 

fixed load as two typical load types are considered. Detailed 

operation constraints are listed in Appendix B. 
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2) Nodal voltage flexibility constraint 

Secure voltage range (2.a) can be converted to following 

functions. Similarly, voltage deviation punishment (8.c) can be 

converted to linear functions of nodal net power. 

  𝑉min ≤ 1 − [𝐷𝑖
VP(𝑃𝑖,𝑡

bus + 𝐹𝑖,𝑡
P ) + 𝐷𝑖

VQ
(𝑄𝑖,𝑡

bus + 𝐹𝑖,𝑡
Q
)] (𝜇𝑖

v,−
) 

(9) 
   1 − [𝐷𝑖

VP(𝑃𝑖,𝑡
bus + 𝐹𝑖,𝑡

P ) + 𝐷𝑖
VQ
(𝑄𝑖,𝑡

bus + 𝐹𝑖,𝑡
Q
)] ≤ 𝑉max (𝜇𝑖

v,+)  

3) Flexibility reserve constraints of flexible resources 

The flexible resources with the charging/discharging capac-

ity, represented by ESS and DL, can provide active power 

reserve as flexibility reserve [40]. The margin of flexibility 

reserve is constrained by power and SOC, as shown in Fig. 2. 

t

P
max

-P
max

P

0

t
e xp

Pt

t
s tar t

tP 

Upward margin

Downward margin

 
t

E
max

E

t
e xp

Pt

t
s tar t

tP 

Upward margin

Downward margin

E
exp

E
s tar t

E
min

 
a) Power range constraint     b) SOC range constraint  

Fig. 2  Illustration of flexibility reserve margin limited by power and SOC. 

(1) Reserve constraints of ESS 

The margin of ESS flexibility reserve is shown in (10). 

𝑅𝑖,𝑡
ESS,up

≤ min {�̅�𝑖
ESS, �̅�𝑖,𝑡

ESS,d} − 𝑃𝑖,𝑡
ESS,  (10.a) 

𝑅𝑖,𝑡
ESS,down ≤ 𝑃𝑖,𝑡

ESS −max {−�̅�𝑖
ESS, �̅�𝑖,𝑡

ESS,c}  (10.b) 

�̅�𝑖,𝑡
ESS,c + 𝐴𝑖

E,L|�̅�𝑖,𝑡
ESS,c| = (𝐸𝑖,𝑡−1

ESS − �̅�𝑖
ESS)/Δ𝑡 (10.c) 

�̅�𝑖,𝑡
ESS,d + 𝐴𝑖

E,L |�̅�𝑖,𝑡
ESS,d| = (𝐸𝑖,𝑡−1

ESS − 𝐸𝑖
ESS)/Δ𝑡  (10.d) 

The maximum discharging power is non-negative (�̅�𝑖,𝑡
ESS,d ≥

0) and the maximum charging power is non-positive (�̅�𝑖,𝑡
ESS,c ≤

0). Constraints (10.c)-(10.d) can be further converted to: 

�̅�𝑖,𝑡
ESS,c =

𝐸𝑖,𝑡−1
ESS −�̅�𝑖

ESS

(1−𝐴𝑖
E,L)Δ𝑡

, �̅�𝑖,𝑡
ESS,d =

𝐸𝑖,𝑡−1
ESS −𝐸𝑖

ESS

(1+𝐴𝑖
E,L)Δ𝑡

  (10.e) 

Note that reactive power of ESS is not considered in reserve 

constraints for simplicity, and will be investigated in the future. 

(2) Reserve constraints of DL 

Similarly to (10), the reserve constraints of DL are formu-

lated in (11). Note that DL can only be charged. 

𝑅𝑖,𝑡
DL,down ≤ min {�̅�𝑖

DL, �̅�𝑖,𝑡
DL,c} − 𝑃𝑖,𝑡

DL,  

𝑅𝑖,𝑡
DL,up

≤ 𝑃𝑖,𝑡
DL −max{0, 𝑃𝑖,𝑡

DL,c}            𝑡 ≥ 𝑇𝑖,st
DL (11.a) 

�̅�𝑖,𝑡
DL,c =

�̅�𝑖
DL−𝐸𝑖,𝑡−1

DL

Δ𝑡
, 𝑃𝑖,𝑡

DL,c =
𝐸𝑖
DL−𝐸𝑖,𝑡−1

DL

Δ𝑡
  

𝑅𝑖,𝑡
DL,up

= 0,      𝑅𝑖,𝑡
DL,down = 0,              0 ≤ 𝑡 ≤ 𝑇𝑖,st

DL   (11.b) 

C. Sensitivity-based Branch Flexibility Constraints 

𝛼𝑐,0∑ 𝐵𝑙−𝑖
PP (𝑃𝑖,𝑡

bus + 𝐹𝑖,𝑡
P )

𝑁n
𝑖=𝑘+1 + 𝛼𝑐,1∑ (𝐵𝑙−𝑖

QQ
𝑄𝑖,𝑡
bus +

𝑁n
𝑖=𝑘+1      

(12) 
+𝐹𝑖,𝑡

Q
) + 𝛼𝑐,2𝑆𝑙 ≤ 0, ∀𝑐 ∈ {1,2, … ,12}, ∀𝑙: 𝐿𝑘 ∈ Ωb  (𝜇𝑙,𝑐) 

To express the linear correlation, the branch transfer factor is 

used. To linearize the quadratic term in (3.a), the approximate 

polygon method [37] is adopted. The sensitivity factor-based 

branch flexibility constraint is shown in (12). 

D. Sensitivity-based Network Flexibility Constraints 

1) Network aggregated flexibility constraints 

The original expression (4) can be converted to the linear 

constraint (13) using network loss sensitivity factors. 

 𝑃𝑡
sub − ∑ (1 + 𝐿𝑖

PP)𝑃𝑖,𝑡
bus

𝑖∈Ωn − ∑ 𝐿𝑖
PQ
𝑄𝑖,𝑡
bus

𝑖∈Ωn + 𝑃𝑡
loss = 0  

(𝜆P)  
(13) 

  𝑄𝑡
sub − ∑ (1 + 𝐿𝑖

QQ
)𝑄𝑖,𝑡

bus
𝑖∈Ωn −∑ 𝐿𝑖

QP
𝑃𝑖,𝑡
bus

𝑖∈Ωn + 𝑄𝑡
loss = 0  

(𝜆Q) 

2) Network flexibility reserve constraints 

As formulated in (5.c). To linearize the absolute term, 

auxiliary variable �̂�𝑡
res is introduced to convert (5.c) as follows: 

�̂�𝑡
res ≥ 𝛽∑ 𝑃𝑖,𝑡

bus
𝑖∈Ωn  (𝜇𝑖

R1)  

(14) �̂�𝑡
res ≥ −𝛽∑ 𝑃𝑖,𝑡

bus
𝑖∈Ωn

 (𝜇𝑖
R2) 

∑ (𝑅𝑖,𝑡
up
+ 𝑅𝑖,𝑡

down)𝑖∈Ωres ≥ �̂�𝑡
res  

IV. SOLUTION AND DECOMPOSITION OF FLEXIBILITY PRICE 

This section provides the solution methodology of flexibility 

pricing model and analyzes flexibility price. 

A. Solution of Flexibility Pricing Model 

The flexibility pricing model is an LP problem, which 

guarantees that the local optimum is the global optimum. To 

express its dual problem, the proposed LP model is transformed 

into a Lagrange duality problem. The compact form is in (15) 

and the expression of Lagrangian function 𝐿(𝒙, 𝝀, 𝝁) is pro-

vided in (16). 

  max 𝜓(𝝀, 𝝁) = max 
𝝀,𝝁

inf
𝒙
 [𝐿(𝒙, 𝝀, 𝝁)] = max 

𝝀,𝝁
min 
𝒙
𝐿(𝒙, 𝝀, 𝝁)  

(15) 
s. t.  𝝁 ≥ 0  

where 𝒙 is the vector of control variables, including the active 

power and reactive power of flexible resources. 𝝀 and 𝝁 are the 

vectors of Lagrange multipliers of flexibility constraints. 

DLMP at node 𝑖 is the first-order partial derivative of (16) to 

the nodal net active and reactive power. According to duality 

analysis, the DLMP-based flexibility price comprises products 

of different flexibility sensitivity factors and shadow price 

which is the Lagrange multiplier of related flexibility con-

straints when primal model reaches its optimum. 

The proposed model can be solved by a commercial solver, 

such as CPLEX or MOSEK [41]. The optimal dispatch strategy 

𝒙∗ can be obtained and the DLMP-based flexibility price of 

nodal net power related to strategy 𝒙∗ is revealed in (17). 

B. Decomposition of Flexibility Price 

Based on the analytic framework for flexibility quantifica-

tion, the DLMP-based flexibility price can be viewed as the 

summation of the node integration, branch transfer, and net-

work aggregation price components, as shown in (17.a). The 

flexibility price consists of flexibility sensitivity factors and 

Lagrange multipliers of flexibility constraints as well as the 

constant terms obtained by the first-order partial derivative of 

objective function 𝐶 to nodal net power. 
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1) Node integration price 𝜋𝑖,𝑡
𝑃,𝐵𝑢𝑠 + 𝜋𝑖,𝑡

𝑄,𝐵𝑢𝑠
 

As expressed in (17.b) and (17.c), it quantifies the value of 

net power at node 𝑖 to nodal voltage flexibility. Linear combi-

nation of Lagrange multipliers w.r.t nodal voltage flexibility 

constraints, (𝜇𝑖
v,− − 𝜇𝑖

v,+), is the unit change of marginal node 

voltage flexibility cost caused by the unit change of nodal net 

power. 𝜆𝑖
Pbus − 𝜎𝑖,𝑡

P 𝐼𝑖,𝑡
FR,P − 𝜎V𝑔(𝑉𝑖,𝑡) and 𝜆𝑖

Qbus
− 𝜎𝑖,𝑡

P 𝐼𝑖,𝑡
FR,Q

 are 

the linear combinations of Lagrange multipliers of nodal net 

power constraints and nodal-level requirements in objective 

function. It reflects the impact of diversified flexible require-

ments on the nodal net power in the form of price, as nodal net 

power is the basic unit to realize the balance of differentiated 

flexible services. Various flexible resources are standardized 

and coordinated on the nodal net power. 

2) Branch transfer price 𝜋𝑖,𝑡
𝑃,𝐵𝑟𝑎𝑛 + 𝜋𝑖,𝑡

𝑄,𝐵𝑟𝑎𝑛
 

It quantifies the efficient and secure transfer through 

branches for dispatch of node integration flexibility. In (17.d) 

and (17.e), the linear combination of Lagrange multipliers w.r.t 

branch transfer flexibility constraints, ∑ 𝜇𝑙,𝑐
12
𝑐=1 , quantifies the 

value of nodal net power to branch flexibility. The linear 

combinations of sensitivity factors ∑ 𝛼𝑐,0𝐵𝑖−𝑖
PP12

𝑐=1  and 

∑ 𝛼𝑐,1𝐵𝑖−𝑖
QQ12

𝑐=1  quantify the impact ratios of nodal net power to 

the spatial-transfer ability of branch flexibility. The flexibility 

transfer expenses during branch transfer to aggregate power 

interacted with external grids are quantified in the last two 

items in (17.d) and (17.e), respectively. 

3) Network aggregation price 𝜋𝑖,𝑡
𝑃,𝑁𝑒𝑡 + 𝜋𝑖,𝑡

𝑄,𝑁𝑒𝑡
 

In (17.f)-(17.g), it reflects the impact of nodal net power on 

the interaction of aggregated flexibility with external grids and 

on the flexibility reserve. Linear combination of Lagrange 

multipliers w.r.t network flexibility reserve constraints, (𝜇𝑖
R1 −

𝜇𝑖
R2) , quantifies the flexibility value of network flexibility 

reserve. Lagrange multipliers w.r.t network aggregation 

flexibility constraints, 𝜆P and 𝜆Q, indicate the flexibility price 

of aggregated power interacting with external grids. 𝛽 denotes 

the impact ratio of nodal net power to network flexibility 

reserve. The constant terms −𝜎s,𝑡
P , −𝜎𝑖,𝑡

R  and −𝜎s,𝑡
Q

 reflect the 

price impact of network-level flexible requirements in 

objective function on the nodal net power. 

The nodal net active and reactive power are priced according 

to their spatial-temporal impact on operational flexibility. Each 

price component quantifies the impact of nodal net power at a 

node in different time slots on the related flexibility aspect of 

the entire FDN. As a result, the DLMP-based flexibility price 

can be utilized as an incentive signal for flexible resource 

dispatch. The proposed method of operational flexibility can 

further provide an explicit analytic solution to balance 

operational flexibility in FDNs. 

𝜋𝑖,𝑡
P = 𝜕𝐿 𝜕𝑃𝑖,𝑡

bus⁄ = 𝜋𝑖,𝑡
P,Bus + 𝜋𝑖,𝑡

P,Bran + 𝜋𝑖,𝑡
P,Net  

(17.a) 
𝜋𝑖,𝑡
Q
= 𝜕𝐿 𝜕𝑄𝑖,𝑡

bus⁄ = 𝜋𝑖,𝑡
Q,Bus

+ 𝜋𝑖,𝑡
Q,Bran

+ 𝜋𝑖,𝑡
Q,Net  

𝜋𝑖,𝑡
P,Bus = 𝐷𝑖

VP(𝜇𝑖
v,− − 𝜇𝑖

v,+) + 𝜆𝑖
Pbus − 𝜎𝑖,𝑡

P 𝐼𝑖,𝑡
FR,P − 𝜎V𝑔(𝑉𝑖,𝑡)  (17.b) 

𝜋𝑖,𝑡
Q,Bus

= 𝐷𝑖
VQ
(𝜇𝑖

v,− − 𝜇𝑖
v,+)+𝜆𝑖

Qbus
− 𝜎𝑖,𝑡

P 𝐼𝑖,𝑡
FR,Q  (17.c) 

𝜋𝑖,𝑡
P,Bran = ∑ ∑ 𝜇𝑙,𝑐𝛼𝑐,0

12
𝑐=1 𝐵𝑙−𝑖

PP
𝑙∈Ωb

+ 𝐿𝑖
PP𝜆P + 𝐿𝑖

QP
𝜆Q  (17.d) 

𝜋𝑖,𝑡
Q,Bran

= ∑ ∑ 𝜇𝑙,𝑐𝛼𝑐,1
12
𝑐=1 𝐵𝑙−𝑖

QQ
𝑙∈Ωb

+ 𝐿𝑖
QQ
𝜆Q + 𝐿𝑖

PQ
𝜆P  (17.e) 

𝜋𝑖,𝑡
P,Net = 𝜆P − 𝜎s,𝑡

P + 𝛽(𝜇𝑖
R1 − 𝜇𝑖

R2 − 𝜎𝑖,𝑡
R )  (17.f) 

𝜋𝑖,𝑡
Q,Net

= 𝜆Q − 𝜎s,𝑡
Q
  (17.g) 

where 𝐼𝑖,𝑡
FR,P = 𝐼𝑖,𝑡

FR,Q
= 0, if the node is without flexible re-

sources. At nodes with flexible resources, if controllable re-

sources are load-type, then 𝐼𝑖,𝑡
FR,P = 1, else 𝐼𝑖,𝑡

FR,P = −1; if the 

optimal dispatch is to inject reactive power, then 𝐼𝑖,𝑡
FR,Q

= −1, 

else 𝐼𝑖,𝑡
FR,Q

= 1. 

Remark: In addition to flexibility dispatch, there are several 

promising applications of the DLMP-based flexibility price. 

First, various flexibility services can be classified and priced 

under the proposed analytic framework. DLMP-based 

flexibility pricing can be applied in the peer-to-peer trading of 

operational flexibility in distribution networks. Second, the 

DLMP-based flexibility analysis can be applied in the 

allocation of flexible resources to enhance operational 

flexibility of FDNs. 

V. CASE STUDIES AND ANALYSIS 

The effectiveness of the proposed quantification and analysis 

method of operational flexibility is verified on a modified IEEE 

33-node test case and a modified IEEE 123-node test case. The 

proposed model is implemented in the YALMIP optimization 

toolbox [42] with MATLAB R2019b and solved by IBM ILOG 

CPLEX 12.10. The numerical experiments were carried out on 

a computer with an Intel Xeon CPU E5-1620 processor running 

at 3.70 GHz and 32 GB of RAM. 

A. Modified IEEE 33-node Test Case 

The test case is based on a modified IEEE 33-node distribu-

tion system, as shown in Fig. 3. It includes a substation and 32 

branches, of which the rated voltage level is 12.66 kV. Total 

active power and reactive power demands are 3.715 MW and 

2.300 Mvar. The detailed parameters are shown in [8]. 

𝐿(𝒙, 𝝀, 𝝁) =  

 ∑ {𝐶𝑡∈ΩT − 𝜇𝑖
v,−[𝑉min − 1 + 𝐷𝑖

VP(𝑃𝑖,𝑡
bus + 𝐹𝑖,𝑡

P ) + 𝐷𝑖
VQ
(𝑄𝑖,𝑡

bus + 𝐹𝑖,𝑡
Q
)] − 𝜇𝑖

v,+[1 − 𝐷𝑖
VP(𝑃𝑖,𝑡

bus + 𝐹𝑖,𝑡
P ) − 𝐷𝑖

VQ
(𝑄𝑖,𝑡

bus + 𝐹𝑖,𝑡
Q
) − 𝑉max]  

−∑ ∑ 𝜇𝑙,𝑐[𝛼𝑐,0∑ 𝐵𝑙−𝑖
PP (𝑃𝑖,𝑡

bus + 𝐹𝑖,𝑡
P )

𝑁n
𝑖=𝑘+1 + 𝛼𝑐,1∑ 𝐵𝑙−𝑖

QQ
(𝑄𝑖,𝑡

bus + 𝐹𝑗,𝑡
Q
)

𝑁n
𝑖=𝑘+1 + 𝛼𝑐,2𝑆𝑙]

12
𝑐=1𝑙∈Ωb

  

−𝜆P[∑ (1 + 𝐿𝑖
PP)𝑃𝑖,𝑡

bus
𝑖∈Ωn

+ ∑ 𝐿𝑖
PQ
𝑄𝑖,𝑡
bus

𝑖∈Ωn
− 𝑃𝑡

loss − 𝑃𝑡
sub] − 𝜆Q[∑ (1 + 𝐿𝑖

QQ
)𝑄𝑖,𝑡

bus
𝑖∈Ωn

+ ∑ 𝐿𝑖
QP
𝑃𝑖,𝑡
bus

𝑖∈Ωn
− 𝑄𝑡

loss − 𝑄𝑡
sub]  

−𝜇𝑖
R1(𝛽 ∑ 𝑃𝑖,𝑡

bus
𝑖∈Ωn − �̂�𝑡

res) − 𝜇𝑖
R2(−𝛽 ∑ 𝑃𝑖,𝑡

bus
𝑖∈Ωn − �̂�𝑡

res)  

−𝜆𝑖
Pbus[𝑃𝑖,𝑡

bus − 𝑃𝑖,𝑡
TL − 𝑃𝑖,𝑡

DL + 𝑃𝑖,𝑡
DG + 𝑃𝑖,𝑡

ESS + 𝑃𝑖,𝑡
SOP] − 𝜆𝑖

Qbus
[𝑄𝑖,𝑡

bus − 𝑄𝑖,𝑡
TL − 𝑄𝑖,𝑡

DL + 𝑄𝑖,𝑡
DG + 𝑄𝑖,𝑡

ESS + 𝑄𝑖,𝑡
SOP]}  

(16) 
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Fig. 3.  Structure of the modified IEEE 33-node test case. 

To incorporate the impact of DG fluctuation, two PV units 

and two WT units are integrated into the network, as shown in 

Table I. The daily DG and load operation curves are given in 

Fig. 4, taking 1 hour as the time resolution. An SOP is installed 

between Node 18 and Node 33. Considering the high efficiency 

of power electronic-based inverters, the power loss coefficient 

of each inverter is set to 0.02. The detailed parameters of ESSs 

and DLs are listed in Tables II and III, respectively. 

The secure voltage range is set as 0.90-1.10 p.u.. The desired 

voltage range is set as 0.97-1.03 p.u., which can be adjusted 

based on the requirements of DSOs. The time of use (TOU) 

tariff is depicted in Fig. 5 and the price parameters are listed in 

Table IV. Set the reserve ratio 𝛽 =10%. 

 
Fig. 4.  Operation curves of DG and load.    Fig. 5.  Price curves. 

TABLE I 

INSTALLATION PARAMETERS OF DGS 

Type Node Maximum active power/MW Capacity/MWp(MVA) 

PV 
8 0.5 0.6 

32 0.5 0.6 

WT 
15 0.8 1.0 

17 1.0 1.2 

TABLE II 

INSTALLATION PARAMETERS OF ESSS 

Node Active power/kW Reactive power/kvar SOC0/kWh SOC/kWh 

16, 30 [-600, 600] [-600, 600] 300 [100, 900] 

TABLE III 

INSTALLATION PARAMETERS OF DLS 

Node Active power/kW 𝑇start/h 𝑇req/h SOC0/kWh SOCreq/kWh 𝜗DL 

12 [0, 100] 1 8 30 200 

0.9 23 [0, 400] 1 8 100 400 

28 [0, 400] 16 24 100 400 

TABLE IV 

PRICE PARAMETERS 

Type Amount/(USD/MWh) 

Active power from upper grid 𝜎s,𝑡
P  TOU 1 

Reactive power from upper grid 𝜎s,𝑡
Q

 0.1* TOU 1 

Voltage deviation punishment 𝜎V 5.25 

Reactive power from flexible devices 𝜎𝑖,𝑡
Q

 0.1* TOU 1 

Active power schedule of flexible devices 𝜎𝑖,𝑡
P  TOU 1 

Active power reserve of flexible devices 𝜎𝑖,𝑡
R  TOU 2 

B. Analysis of Flexibility Price 

The results of flexibility price are analyzed to quantify the 

flexibility value of nodal net power in this section. The flexi-

bility price of nodal active and reactive power in the FDN are 

respectively depicted in Fig. 6(a) and Fig. 6(b). Note that to 

export power to a node is assumed the positive direction. 

 
(a) Active power price                          (b) Reactive power price 

Fig. 6  Price signals of nodes in a day. 

1) Comprehensive flexibility price 

The flexibility price quantifies the comprehensive impact of 

nodal net power on node integration, branch transfer, and 

network aggregation flexibility properties. As illustrated in Fig. 

6, there is an obvious price variation with nodes and time slots. 

 
(a) Flexibility price for 𝑃𝑖,𝑡

bus at 12:00 (b) Flexibility price for 𝑄𝑖,𝑡
bus at 12:00 

  
(c) Flexibility price for 𝑃𝑖,𝑡

bus at 19:00  (d) Flexibility price for 𝑄𝑖,𝑡
bus at 19:00 

Fig. 7  Flexibility price at 12:00 and 19:00. 

  
(a) Active power price of Node 12  (b) Reactive power price of Node 17 

 
(c) Active power price of Node 18  (d) Reactive power price of Node 18 

Fig. 8  Flexibility price of some nodes. 
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The flexibility price in some time slots is further displayed in 

Fig. 7. The flexibility price results of Nodes 17 and 33 in a day 

are depicted in Fig. 8. As displayed, the flexibility price at the 

same time varies with nodes. The price proportions at a node 

vary with time slots due to various occupancy of the three 

flexibility aspects. The price variation illustrates that there exist 

obvious spatial-temporal differences in the impacts of nodal net 

power on operational flexibility in FDNs. 

Note that a positive flexibility price means that net power 

consumption will be charged and net power injection will be 

paid, while a negative price implies payment for power 

consumption or an income for power injection. The flexibility 

price also reflects different power dispatch schemes at each 

location to realize the same worth of flexibility service. That is, 

at nodes with a very small price, a large power dispatch may 

have only a little influence on operational flexibility cost. 

While the same influence can be achieved by a small net power 

at nodes with a large absolute price value. 

Then, flexibility price components are further analyzed from 

the perspective of operational flexibility. 

2) Node flexibility price 

Figs. 9(a)-(b) illustrate the node flexibility price. It can be 

seen node flexibility price at most nodes is positive, thereby 

power exports will be charged. Also, the price component 

exists a negative value which indicates that to increase nodal 

power export or to decrease nodal power injection is motivated 

to prevent the lack of nodal integration flexibility. 

The nodal integration flexibility of the FDN is more sensitive 

to the net power at nodes with a large absolute value of node 

flexibility price. For example, if the node with a positive node 

flexibility price has a relatively large net active power export, 

insufficient node integration flexibility may occur represented 

by over-low nodal voltage. Generally, nodes with flexible re-

sources have a higher absolute value of price than other nodes. 

Flexible resources will be motivated to adjust active and reac-

tive power to improve comprehensive operational performance. 

However, an over-large net active power injection may lead 

to another extreme of flexibility lack such as over-high nodal 

voltage. That is, a node with proper net power dispatch facili-

tates the improvement of node integration flexibility. Also, it 

requires branch transfer to further balance the local flexibility. 

3) Branch flexibility price 

Figs. 9(c)-(d) depict the branch flexibility price. Similarly, 

the branch transfer flexibility of FDNs is more sensitive to the 

nodes with a large absolute value of branch flexibility price. 

Similarly, the negative price at some nodes indicates that net 

power export is motivated in case of the lack of branch transfer 

flexibility such as branch congestion. As for the positive price, 

a larger value means that the node is more motivated to inject 

power for branch transfer flexibility improvement. 

The branch flexibility price at 12:00 is marked with a red box 

in Figs. 9(c)-(d). The absolute value of branch flexibility price 

increases with the nodes extending to the end of the feeder. At 

Nodes 8-18 and 25-33, the price of nodal net active power is 

negative and the price of nodal net reactive power is positive. 

Such a trend indicates that exporting active power and injecting 

reactive power are motivated at these nodes to improve branch 

transfer flexibility of the entire system. The branch flexibility 

price of nodal active power at Node 17 motivates an opposing 

power orientation with the node flexibility price, as shown in 

Fig. 8(b). It indicates that active power injection should not be 

too large especially when the reactive power injection is mo-

tivated because it is likely to cause branch congestion. 

 
(a) Node flexibility price for 𝑃𝑖,𝑡

bus   (b) Node flexibility price for 𝑄𝑖,𝑡
bus 

 
(c) Branch flexibility price for 𝑃𝑖,𝑡

bus (d) Branch flexibility price for 𝑄𝑖,𝑡
bus 

  
(e) Network flexibility price for 𝑃𝑖,𝑡

bus (f) Network flexibility price for 𝑄𝑖,𝑡
bus 

Fig. 9  Heap maps of flexibility price components. 

4) Network flexibility price 

The network flexibility price is illustrated in Figs. 9(e)-(f). 

The network flexibility price is the sum of the interaction im-

pact with the external grid and the reserve impact inside the 

system. This price component mainly varies with time. Nodes 

12, 16, 23, 28, and 30 with devices to provide flexibility reserve 

are motivated to provide reserve by the price. 

The power purchase price 𝜎s,𝑡
P , 𝜎s,𝑡

Q
 and reserve price 𝜎𝑖,𝑡

P  are 

respectively determined by the wholesale market and DSOs 

and only vary with time. As the pricing interaction with ex-

ternal grids is not considered in this paper, DLMPs of network 

aggregated flexibility at all nodes are equal to and offset the 

locational marginal price of power purchased from the external 

grids, as expressed in (19). Note that the impact of power 

purchase price from upper grid is also reflected in the node 

flexibility price at the source node through the impact quanti-

fication of nodal net power constraints. The node flexibility 

price of the source node can be expressed in the form of (20). 

The impact of pricing interaction among FDNs will be inves-

tigated in the future. 

𝜆𝑖,𝑡
P = 𝜎s,𝑡

P ,   𝜆𝑖,𝑡
Q
= 𝜎s,𝑡

Q
   (19) 

𝜋0,𝑡
P,Bus = 𝜎s,𝑡

P , 𝜋0,𝑡
Q,Bus

= 𝜎s,𝑡
Q

 (20) 

Based on the above analysis, controllable devices can be 

motivated by the flexibility price to contribute to improving the 

system’s operational benefits. Thus, the DLMP-based flexibil-

ity price could be an effective incentive for flexible resource 

dispatch to achieve a feasible balance of diversified flexibility 

requirements in FDNs. 
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C. Guide of Flexibility Price 

Two scenarios are used to verify the effectiveness of the 

DLMP-based flexibility quantification and analysis method. 
The incentive effect of flexibility price on flexibility en-

hancement services is further elaborated with the illustration of 

system operation performance comparison. 

Scenario I: There is no coordinated strategy for flexible re-

sources in FDNs. The initial state is obtained under the TOU 

and without network-side resources SOP and ESS. 

Scenario II: DLMP-based flexibility price is obtained to 

quantify the flexibility value, and is used to coordinate multiple 

resources for operational flexibility improvement of FDNs 

based on the proposed method. 

Based on the proposed approach, Scenario II uses the 

DLMP-based flexibility price to dispatch flexible resources to 

provide operational flexibility services. The computational 

time is 137.21s for solving the daily DLMP-based flexibility 

price of the modified IEEE 33-node test case. Tables V and VI 

list the operation performance of the two scenarios. 

TABLE V 

OPERATION OBJECTIVES OF SCENARIOS I AND II 

Scenario 
𝐶sub,P 

(USD) 

𝐶sub,Q 
(USD) 

𝐶FR,P 

(USD) 

𝐶FR,Q 

(USD) 
𝐶V (USD) 

𝐶res 
(USD) 

Total 

(USD) 

I 111.8747 16.1220 0 - 14.1535 - 142.1509 

II 106.1767 4.3849 1.6908 5.1928 0.1702 12.5328 118.7094 

Note that 𝐶FR,P is the cost of device losses and 𝐶FR,Q is the 

cost of reactive power services. 

TABLE VI 

PERFORMANCE COMPARISON OF SCENARIOS I AND II 

Scenario 
Total loss 

(kWh) 

Network 

loss (kWh) 

Device 

loss (kWh) 

Maximum 

loading rate 

(%) 

Voltage (p.u.) 

Voltage 

deviation 

index (VDI) 

I 1922.2 1922.2 - 168.54 0.9416-1.0828 0.0535 

II 1446.5 1079.6 366.9 100 0.9700-1.0362 0.0004 

In terms of flexibility costs, Scenario II has a less total 

flexibility cost and a 16.49% reduction in the power purchase 

payment to the upper grid than Scenario I, as shown in Table V. 

As flexible resources are guided to adjust reactive power lo-

cally, the voltage profile is improved and the payment for 

voltage deviation punishment is almost zero. 

VDI =  
∑ ∑ |𝑉𝑖,𝑡−𝑉flx|

𝑁n
𝑖=1

𝑁T
𝑡=1

𝑁T∙𝑁n
 (𝑉𝑖,𝑡 ≥ 𝑉flx||𝑉𝑖,𝑡 ≤ 𝑉flx)  (21) 

In terms of flexibility performance, the distribution network 

in Scenario I has an obvious spatial-temporal unbalance of 

operational flexibility due to a lack of proper dispatch, as 

shown in Table VI. Contrarily, Scenario II uses the flexibility 

price to guide flexible resources. Scenario II has a 24.75% 

decrement in operation losses than Scenario I, in which the 

power loss is used to reflect the transfer expense. In addition, 

decreased power losses, improved voltage profiles and branch 

loading ratios show that it can effectively improve the uneven 

node flexibility and insufficient branch transfer flexibility. 

1) Guide of node flexibility price 

Fig. 10(a) illustrates system voltage extremes of the two 

Scenarios in a day. Fig. 10(b) further displays voltage profiles 

of Node 17 with a large electrical distance to the source node. 

Fig. 11 depicts the voltage profiles of all nodes in Scenario II. 

In Scenario I, there is a severely uneven spatial-temporal dis-

tribution of node integration flexibility. The main reason is the 

local power imbalance: From 0:00-5:00, 11:00-13:00, and 

23:00-24:00, the active power injection of WT in Node 17 is 

larger than the adjacent loads’ demands. From 7:00-9:00 and 

15:00-17:00, loads are relatively heavy and PV in Node 32 

cannot locally satisfy the power demands at Nodes 26-33. 

 
(a) All the nodes        (b) Node 17 

Fig. 10  Extreme voltage in Scenarios I and II. 

 
(a) Temporal voltage profiles    (b) Nodal voltage profiles 

Fig. 11  Nodal voltage profiles of Scenario II. 

In Scenario II based on the proposed approach, the impact of 

nodal net power on nodal voltage flexibility is quantified as the 

nodal flexibility price. The available resources SOP, ESSs, 

DGs, and DLs are guided to support the nodes lacking node 

flexibility. As displayed in Fig. 11, voltage profiles at Nodes 15 

and 17 are suppressed around the desired voltage range. The 

needed nodal voltage flexibility is transmitted to Nodes 30-33. 

Thus, voltage violations are significantly eliminated and 

voltage fluctuations are suppressed, as listed in Table VI. 

2) Guide of branch flexibility price 

Fig. 12 depicts the comparison of branch loading ratios in 

Scenarios I and II. Without coordination of flexible resources, 

Scenario I not only lacks node flexibility but also exists severe 

branch congestion, which hinders secure operation. In Fig. 

12(a), severe congestion happens at 12:00 on Branches 6-14 in 

Scenario I due to the heavy active power injection of DGs. 

   
(a) Branch loading ratios in a day.   (b) Branch loading ratios at 12:00 

Fig. 12  Maximum Branch loading ratios of Scenarios I and II. 

In Scenario II, flexible resources in the FDN, especially at 

Nodes 8-18 and 25-33, are motivated to guarantee the branch 

transfer flexibility is not harmed under the diversified flexibil-

ity requirements. As listed in Table VI, branch congestion is 

100% mitigated in Scenario II. Taking 12:00 as an example, the 

redundant local active power at Nodes 15-18 is properly 
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transmitted to Node 33 by SOP. As shown in Fig. 12(b), con-

gestion on Branches 6-14 is avoided with better usage of 

loading abilities of Branches 25-32. 

3) Guide of network flexibility price 

Flexible resources also respond to network flexibility price 

which aims to guide the entire system to economic operation 

with a certain reserve to cope with power fluctuations. 

According to Table V, although the total power purchase 

payment is similar in Scenarios I and II, the flexibility reserve 

purchased in Scenario II can moderately enhance the response 

of FDNs to power fluctuations. In addition, compared with 

Scenario I, through the comprehensive guide of flexibility price, 

the dependence of FDNs on reactive power from the external 

grid is greatly reduced by 72.80% in Scenario II. There is also 

less reliance on external active power in Scenario II. 

D. Test on Large System 

The scalability to large-scale FDNs of the proposed approach 

is tested on a modified IEEE 123-node test case. Fig. 13 shows 

the topology of the test case. The rated voltage level is 10.5 kV. 

The total active and reactive power loads on the system are 

4.885 MW and 2.710 Mvar. The detailed parameters are 

provided in [43]. 
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Fig. 13.  Topology of the modified IEEE 123-node test case. 

TABLE VII 

INSTALLATION PARAMETERS OF ESSS 

Node Active power/kW Reactive power/kvar SOC0/kWh SOC/kWh 

49 [-250, 250] [-250,2 50] 300 [100, 600] 

82 [-500, 500] [-500, 500] 300 [100, 600] 

102 [-300, 300] [-300, 300] 300 [100, 600] 

110 [-250, 250] [-250, 250] 300 [100, 600] 

TABLE VIII 

INSTALLATION PARAMETERS OF DLS 

Node Active power/kW 𝑇start/h 𝑇req/h SOC0/kWh SOCreq/kWh 𝜗DL 

21 [0, 100] 8 16 30 200 

0.9 

50 [0, 100] 12 24 30 200 

72 [0, 400] 1 8 100 400 

89 [0, 400] 16 24 100 400 

119 [0, 100] 16 24 30 200 

To fully consider the impact of DG integration, six PVs with 

0.5 MWp capacity each and three WTs with 1.2 MVA capacity 

each are integrated into FDN. The maximum active power 

output of each PV and WT is 0.3 MW and 1.0 MW, respec-

tively. In addition, four ESSs and five DLs are installed, as 

listed in Tables VII and VIII. Two SOPs are installed between 

Nodes 55 and 95, and Nodes 117 and 123. The installation 

information of SOPs and parameters of FDN are same as those 

in the modified IEEE 33-node test case. 

The same Scenarios I and II in Section V.C are also carried 

out in the large-scale case. Tables IX and X list the operation 

performance of the two scenarios. The computational time for 

the modified IEEE 123-node test case is 2520.20s which is 

acceptable for the day-ahead flexibility pricing. 

TABLE IX 

FLEXIBILITY COSTS OF SCENARIOS I AND II 

Scenario 
𝐶sub,P 

(USD) 

𝐶sub,Q 

(USD) 

𝐶FR,P 

(USD) 

𝐶FR,Q 

(USD) 
𝐶V (USD) 

𝐶Res 
(USD) 

Total 

(USD) 

I 93.5228 19.7145 0.0000 - 81.0141 - 194.2514 

II 91.5859 -8.6210 0.7467 12.7497 0.1081 15.4122 98.4852 

TABLE X 

FLEXIBILITY PERFORMANCE COMPARISON OF SCENARIOS I AND II 

Scenario 
Total loss 

(kWh) 

Network 

loss (kWh) 

Device loss 

(kWh) 

Maximum 

loading rate (%) 
Voltage (p.u.) VDI 

I 1426.8 1426.8 - 130.22 0.9096-1.0295 0.4441 

II 1032.3 946.2 86.0 99.64 0.9786-1.0394 0.0003 

As shown in Tables IX and X, voltage violation and branch 

congestion in Scenario I indicate that the entire system without 

proper guides will have an obvious flexibility imbalance. The 

voltage extreme in Scenario I is near the lower limit of allow-

able range although the total capacity of DGs is almost 100% of 

the test case. In Scenario II, flexible resources are coordinated 

under the guide of flexibility price. According to voltage devi-

ation index, maximum loading rate and power losses, spa-

tial-temporal balance of operational flexibility is improved. The 

total flexibility cost is reduced by 49.30% in Scenario II. 

 
(a) Scenario I        (b) Scenario II 

Fig. 14  Voltage profiles of Scenarios I and II. 

 
(a) Scenario I        (b) Scenario II   

Fig. 15  Branch loading ratios of Scenarios I and II. 

Fig. 14 and Fig. 15 respectively illustrate the voltage profile 

of each node and loading ratio of each branch in a day of 

Scenarios I and II. The loading ratios of Branches 77-110 are 

increased as flexible resources at related nodes are guided to 

alleviate voltage deviation and branch congestion in other 

feeders. Hence, the system voltage profile is improved and 

branch congestion is avoided with a better balance of 

operational flexibility. In addition, the power purchased from 
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the upper grid is decreased, which shows better self-sufficiency 

under the proposed approach in Scenario II. 

In summary, the DLMP-based flexibility price can be used to 

quantify the comprehensive impact on the node’s supply or 

demand of operational flexibility service in the entire FDN. 

DSO can use the flexibility price to guide the flexible resources 

to achieve a better spatial-temporal balance of flexibility and 

effectively improve the comprehensive flexibility performance. 

VI. CONCLUSIONS 

This paper proposes a DLMP-based flexibility quantification 

and analysis method for FDNs. A generalized mathematical 

analytic framework is proposed for flexibility quantification 

and transfer analysis to achieve a feasible balance of diversified 

flexibility requirements in FDNs. Flexibility sensitivity factors 

are derived to analytically represent the spatial-temporal 

transfer relationship of operational flexibility. Then, a 

DLMP-based flexibility pricing method is proposed to quantify 

the flexibility value and determine the amount of nodal net 

active and reactive power. The spatial-temporal impacts of 

nodal net power on operational flexibility in FDNs are quanti-

fied in the form of price which can be used to dispatch flexible 

resources. Finally, the effectiveness is validated on a modified 

IEEE 33-node test case and a modified IEEE 123-node test case. 

Results show that the flexibility price can motivate multiple 

flexible resources to contribute to operating performance im-

provement. There is a feasible solution to achieve the com-

prehensive improvement in power loss reduction, voltage pro-

file enhancement, branch congestion mitigation, and less de-

pendence on power purchased from upper grid. The proposed 

method further provides an explicit analytic solution that can 

satisfy diversified flexibility requirements without violating 

various operational constraints in FDNs. 

There are several directions to explore in our future work. 

First, the proposed analytic framework of operational flexibil-

ity will be extended to price the flexibility reserve to cope with 

DER uncertainties. Moreover, DLMP-based flexibility pricing 

can combine with game theory to motivate flexible resources to 

participate in peer-to-peer trading of flexibility services. Fur-

ther, the DLMP-based flexibility analysis can be applied in the 

allocation of flexible resources to enhance operational flexi-

bility of FDNs. Additionally, the coupling impact of active 

power and reactive power on flexibility is to be investigated in 

depth to improve the computation accuracy of flexibility price. 

APPENDIX A 

For the sake of analysis, nodes in the distribution network 

with radial topology are numbered from the source node. The 

node incidence matrix 𝑨𝑁n×𝑁n is defined as follows. 

𝐴(𝑖, 𝑗) = {
1,

0,
 

if node 𝑗 belongs to the sub-tree of node 𝑖 
(A.a) if node 𝑗 does not belong to the sub-tree 

of node  𝑖 
It is specified that branch 𝑙 with node 𝑘 as the downstream 

node is numbered as 𝐿𝑘−1. Node 𝑘 and the nodes belonging to 

node 𝑘’s sub-tree (𝐴(𝑘, 𝑖) = 1) are the general downstream 

nodes of branch 𝑙. The general branch-node incidence matrix 

𝑴𝑁b×𝑁n is defined as follows. 

𝑀𝑙−𝑖 = 𝐴(𝑘, 𝑖), 𝑖 ∈ {1,2, … , 𝑁n}  

(A.b) 
𝑀𝑙−𝑖 = {

1,

0,
    

if node 𝑖 is the general downstream node of 

branch 𝑙 
if node 𝑖  is not the general downstream 

node of branch 𝑙 

APPENDIX B 

Operation constraints of devices 

(1) Source side 

Operation constraints of DG are shown as follows. 

𝑃𝑖,𝑡
DG = 𝑃𝑖,𝑡

DG,ref
  

(B.a) (𝑃𝑖,𝑡
DG)2 + (𝑄𝑖,𝑡

DG)2 ≤ (𝑆𝑖
DG)2 

𝑄𝑖,𝑡
DG′ ≥ 𝑄𝑖,𝑡

DG, 𝑄𝑖,𝑡
DG′ ≥ −𝑄𝑖,𝑡

DG 

where 𝑄𝑖,𝑡
DG′ indicates the absolute value of reactive power of 

DG at node 𝑖 in time 𝑡. 
(2) Network side 

a) Operation constraints of SOP 

𝑃𝑖,𝑡
SOP + 𝑃𝑗,𝑡

SOP + 𝑃𝑖,𝑡
SOP,L + 𝑃𝑗,𝑡

SOP,L = 0, ∀𝑖, 𝑗 ∈ ΩSOP  (B.b) 

𝛼𝑐,0𝑃𝑖,𝑡
SOP + 𝛼𝑐,1𝑄𝑖,𝑡

SOP + 𝛼𝑐,2𝑆𝑖
SOP ≤ 0, ∀𝑐 ∈ {1,2, … ,12} (B.c) 

𝛼𝑐,0𝑃𝑖,𝑡
SOP + 𝛼𝑐,1𝑄𝑖,𝑡

SOP + 𝛼𝑐,2
𝑃𝑖.𝑡
SOP,L

𝐴𝑖
S,L ≤ 0, ∀𝑐 ∈ {1,2, … ,12}  (B.d) 

𝑃𝑖
SOP ≤ 𝑃𝑖,𝑡

SOP ≤ �̅�𝑖
SOP, 𝑄𝑖

SOP ≤ 𝑄𝑖,𝑡
SOP ≤ �̅�𝑖

SOP  (B.e) 

where (B.b) is the power balance constraint. (B.c) is the line-

arized SOP capacity constraint. (B.d) is the operational loss 

constraint after convex relaxation and linearization [8]. The 

non-linear capacity constraints and loss constraints of devices 

are linearized through the approximate polygon method. 

b) Operation constraints of ESS 

𝐸𝑖,𝑡
ESS = 𝐸𝑖,𝑡−1

ESS − (𝑃𝑖,𝑡
ESS + 𝑃𝑖,𝑡

ESS,L)Δ𝑡, ∀𝑖 ∈ ΩESS  (B.f) 

𝐸𝑖
ESS ≤ 𝐸𝑖,𝑡

ESS ≤ �̅�𝑖
ESS  (B.g) 

𝐸𝑖,T
ESS = 𝐸𝑖,0

ESS  (B.h) 

𝑃𝑖
ESS ≤ 𝑃𝑖,𝑡

ESS ≤ �̅�𝑖
ESS, 𝑄𝑖

ESS ≤ 𝑄𝑖,𝑡
ESS ≤ �̅�𝑖

ESS (B.i) 

𝛼𝑐,0𝑃𝑖,𝑡
ESS + 𝛼𝑐,1𝑄𝑖,𝑡

ESS + 𝛼𝑐,2𝑆𝑖
ESS ≤ 0, ∀𝑐 ∈ {1,2, … ,12}  (B.j) 

𝛼𝑐,0𝑃𝑖,𝑡
ESS + 𝛼𝑐,1𝑄𝑖,𝑡

ESS + 𝛼𝑐,2
𝑃𝑖,𝑡
ESS,L

𝐴𝑖
E,L ≤ 0, ∀𝑐 ∈ {1,2, … ,12}  (B.k) 

where (B.f)-(B.h) are the SOC constraints. (B.j) and (B.k) are 

the linearized capacity constraint and loss constraint, respec-

tively. 

(3) Demand side 

a) Operation constraints of DL 

The power consumption of DL can respond to TOU and 

flexibility requirements as long as the charging demand can be 

satisfied within its available time. Electric vehicles and data 

centers are typical of DLs. 

0 ≤ 𝑃𝑖,𝑡
DL ≤ �̅�𝑖

DL  

(B.l) 
0 ≤ 𝑄𝑖,𝑡

DL ≤ 𝑃𝑖,𝑡
DL ∙ tan(cos−1 ϑ𝑖

DL) 

𝐸𝑖,𝑡
DL ≥ 𝐸𝑖

DL,req
, 𝑡 ≥ 𝑇𝑖,req

DL   

𝐸𝑖,𝑡
DL = 𝐸𝑖,𝑡−1

DL + 𝑃𝑖,𝑡
DLΔ𝑡, T𝑖,start

DL ≤ 𝑡 ≤ 𝑇𝑖,req
DL  

where ϑ𝑖
DL is the power factor of DL at node 𝑖. 

b) Operation constraints of TL 

The power consumption of TL must be satisfied at once 

based on the pre-determined schedule. 

𝑃𝑖,𝑡
TL = 𝑃𝑖,𝑡

TL,ref
, 𝑄𝑖,𝑡

TL = 𝑄𝑖,𝑡
TL,ref

  (B.m) 
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