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Abstract

We establish spectral enclosures and spectral approximation results for the inhomogeneous lossy Drude-
Lorentz system with purely imaginary poles, in a possibly unbounded Lipschitz domain of R3. Under
the assumption that the coefficients 6., 6, of the material are asymptotically constant at infinity, we
prove that spectral pollution due to domain truncation can lie only in the essential numerical range of a
curl curly — f (w) pencil.

As an application, we consider a conducting metamaterial at the interface with the vacuum; we prove
that the complex eigenvalues with non-trivial real part lie outside the set of spectral pollution. We believe
this is the first result of enclosure of spectral pollution for the Drude-Lorentz model without assumptions of
compactness on the resolvent of the underlying Maxwell operator.
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1. Introduction
1.1. The Drude-Lorentz model

This paper concerns the spectra and spectral approximation of a time-harmonic Drude-Lorentz
model [1] which commonly occurs in the description of a class of metamaterials. This class
includes doubly negative metamaterials, which behave as if the electric permittivity and the
magnetic permeability are simultaneously negative. In the early 2000s, it was conjectured that
these materials might allow the creation of a perfect lens or an invisibility cloak, see e.g. [2],
[3]. Shortly afterwards, experimental evidence of metamaterial cloaking at microwave frequen-
cies [4] and of optical superlensing [5] was obtained. In the mathematics literature, ‘cloaking
by anomalous localized resonances’ has been intensively studied, see e.g., [6]. Mathematically,
some of the counter-intuitive spectral properties of the time-dependent Maxwell system for an
interface between a metamaterial and a vacuum are investigated for the non-dissipative case,
in a special geometry, in [7,8]. For the dissipative case, in the whole space and in a setting al-
lowing dimension-reduction, we refer to the recent article [9]. Here we consider a more general
Drude-Lorentz system

A )\ ~ On)? 5 -
curlH =iw[1—- —2—|E, —culE=iow|l—-—2|H, WxE)ye=0,
@ + iyew w? +iypo
(1.1)

in a bounded or unbounded Lipschitz domain  C R3 with outer normal v. The variable o is
the spectral parameter and 6,, 6,, are bounded real-valued functions. We describe the essential
spectrum and its decomposition into parts connected with the behaviour of the coefficients at
infinity and parts due to local dissipative effects. We obtain tight a-priori enclosures for the set in
which these different components of the spectrum may lie. Adapting new non-selfadjoint tech-
niques from [10] and [11] to the setting of meromorphic operator-valued functions, we examine
how the spectrum behaves under perturbation of the domain 2. We obtain unexpectedly small
enclosures for the sets where spectral pollution [10, Def. 2.2] may appear if an unbounded €2 is
approximated by a large, bounded 2.
We now describe the problem in more detail. Starting from Maxwell’s equations

0D =curlH, 0;B=—curlE, divD=0, divB=0,

relations between (D, B) and (E, H) must be imposed to capture the properties of the medium
under consideration, see [12] for an interesting discussion on the diverse constitutive relations
and applications to linear bianisotropic media. The Drude-Lorentz model assumes these relations
to be given by convolutions

t t
D(x,t):E(x,t)+fxe(x,t—s)E(x,s)ds, B(x,t):H(x,t)+/)(m(x,t—s)H(x,s)ds.

to to

The functions x.(-, ¢) and y,, (-, t) are assumed to be zero for t < 0 and are usually described in
terms of their Fourier transforms in time; for instance,
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L (0)? - (Q)?
Ke(w) = — —;wz

@? +iyew +iytw— (A2’

in which A > 0, Q¢ >0, y., y; > 0, n € N U {0}, are constants, and 6, is some non-negative
function. From the equation curl H = iwD = iw(1 + X.)E one then obtains

. 0 2 o Qe 2 .
curlH:ia)<l — 2( e? —Z 5 ,(e") ~ 2>E,
w* +iYew o +iyfw— (L)

together with a corresponding equation for curl E. In this paper, as in [7], we treat the simplest
case, namely the lossy Drude system [13, §6] defined in (1.1).

1.2. Notation

e Let © C R be an open set. L2(Q)3 = L%(2, C3) is the standard Hilbert space of complex-
valued vector fields having finite L2-norm. The L2-norm will be denoted by ||l

e The homogeneous Sobolev or Beppo Levi space H'(S) is defined as the completion of
C§°(§)3 with respect to the seminorm el g1y = Vull.

o VH! (Q)={Vpe LZ(Q)3 ONS H! (£2)} will be regarded as a subspace of LZ(Q)3.

e H(curl, Q) = {u € L3(Q)? : curlu € L%(2)?} is endowed with the norm given by ”u”%{(curl,ﬁ)
= [luell® + llcurl u®.

e Hy(curl, 2) is the closure of Cf"(Q)3 with respect to ||+ || g cur1, ) - If 9€2 is sufficiently regular,
it can also be described as

Hy(curl, Q) ={u e L2(§2)3 ccurlu € L2(§2)3, vxu=0onadR}

e The differential expression curl is associated with two self-adjoint realisations in L2(£2)3.
curl is the maximal one, with domain dom(curl) = H (curl, 2); curly the minimal one with
domain dom(curlg) = Hy(curl, 2). Note that (curly)* = curl.

o H(div, Q) ={ue L*(Q)*:divu € LX)}, [ull3;qy.q) = lul® + lldiva|?>.

e H(divO0, 2) is the subspace of L?(2)? of vector fields with null (distributional) divergence.

e Given a linear operator 7 : H D dom(7") — H,

0(T)={weC : T — w is not boundedly invertible},
oapp(T) ={w € C : I(up)p Cdom(T), lluyll =1, (T — @)un| — 0}
0o(T) :={w e C : Iun)p Cdom(T), llunll =1, up =0, (T — @)un| — 0}.

For non-selfadjoint operators in complex Banach spaces, there are 5 non-equivalent defini-
tions of essential spectrum, see [14, Chp. 9, p.414], denoted by o« (T), k =1,...,5. Note
that 0. (T) := 0. (T).

e Let D C C be a domain. Given w — L(w), w € D, a holomorphic family of closed linear
operators with the same w-independent domain dom(£) = dom(L(w)), @ € D, we define
o(L)={we D :0€0c(L(w))}, and similarly we define point, continuous, residual, essential
spectrum by replacing o with oy, x = p, ¢, r, e in the previous formula.
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1.3. Operator formulations and main results

The system (1.1) has several operator formulations, which we now outline. The equations
hold in a (bounded or unbounded) Lipschitz domain Q2 C R3, in which the functions 6, and 6,,
are assumed to be bounded and non-negative. The Fourier transform E of the electric field E is
supposed to lie in the space Hop(curl, 2), which encodes the boundary condition v x E=0on
92, while H is assumed to lie in H (curl, 2). The first operator formulation of (1.1) is then

E
L ~ =0,
(@) < H)
in which w — L(w) is the 2 x 2 rational block-matrix pencil given by

2

6 .
—w+ —= curl
L= T P dom(s) = Holeurl, @) @ Hoeurl, @) (1.2)
—i curlp —0+ o

see subsection 1.2 for definitions of the Sobolev spaces, curl, curly, etc. It is not difficult to show
(see [15]) that the Drude-Lorentz pencil £(w) is the first Schur complement of the ‘companion’
block operator matrix

A B

A= . 1.3
(B|dom(A) —ID) (1.3)

in L2(£2)°, with domain dom(A) = Hy(curl, Q) & H (curl, Q) & L?(2)> @ L?(2)? and

. 0 i curl (6. O (ve 0.
A_<—icurlo 0 ) B_(o em>’ D‘(o y) (1.4
in other words,

Lw)=A—w—B(—iD—w)"'B. (1.5)

In particular the spectrum of A4 coincides with the spectrum of £ outside the two poles
—iYe, —iym. We will exploit this connection and the results in [11] to further decompose the
spectrum of £ into the spectra of two operator pencils. This method allows us to generalise the
known spectral analysis of the Drude-Lorentz model in the following ways:

(1) In our assumptions, 0 € o, (A), where A is defined as in (1.4), since VH} () ® VH'()
is an infinite-dimensional kernel of A. This is not allowed by many results in the literature,
e.g. [15, Proposition 2.2], where it is required that A have compact resolvent.

(2) We allow the domain 2 to be unbounded. Consequently, contributions to o, (A) are expected
from infinity.

(3) We allow the coefficients 6., 6,, to be both non-constant, even though we assume that they
are asymptotically constant.
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On the other hand, to avoid very singular situations we restrict ourselves to the case where y,
and y;, (namely, the position of the poles) are fixed.

A large part of the spectral analysis has been achieved not by inspecting directly the op-
erator pencil £, but its first Schur complement Sy, defined on dom(S)) := {u € Hp(curl, Q) :
Om(w) ' curlgu € H(curl, )} by

Oc(w)
(@+iye)(@+iym)

S (@) = curl ©,, (w) ! curly — (1.6)

forw € C\ ({—iye, —iym} U W(O,)); here the notation W (-) denotes the numerical range of an
operator or a pencil, see Definition 2.3, and

O (@) =0 + 0iye — 02, Op(w) :=* + wiyy, — 02, 1.7

are w-quadratic multiplication pencils. An important technical point is realising that S;(w), in
general, cannot be defined either as an m-accretive operator or as a self-adjoint operator inde-
pendently of w € C \ {—iye, —iym}. We overcome this obstacle by introducing a set

Y ={we C|Re(w) Im(w+iyn/2) #0}, (1.8)

decomposing ¥ as a disjoint union ¥ = $1U%,, and defining S;(w) in two different ways,
depending on whether w € ¥ or in X. In fact, iS) is m-accretive for w € X1 C X, while it is
m-dissipative forw € ¥ = % \ X1

Note also that the relation between the spectrum of the operator pencil £ and that of S is com-
pletely non-trivial. This is a frequently faced problem in the study of spectra of metamaterials
where the dependence on the spectral parameter is non-linear, see e.g. [16] where similar hurdles
were encountered in the study of the essential spectrum of a negative metamaterial in a bounded
domain. From our perspective, these difficulties are natural consequences of the lack of a diago-
nal dominance pattern (in the sense of [17, Def. 2.2.1]) for the block operator matrices involved.
In [16, p.1187] the operator matrix is upper-dominant. In our case, L£(w) is off-diagonally domi-
nant, since the off-diagonal entries are differential operators of order 1 while the diagonal entries
are of order 0. Unfortunately the off-diagonal entries are not boundedly invertible, so standard
theorems relating the spectrum of an operator matrix and that of its Schur complements, such
as [17, Thm. 2.3.3], do not apply. We overcome these difficulties by defining the Schur comple-
ment S locally and by improving the abstract result [17, Prop. 2.10.1(c)], which would allow
only bounded and self-adjoint entries on the main diagonal. We note in passing that the question
raised in [16, p.1187] can be partially solved by applying [17, Prop. 2.10.1(b)].

Our first main result is a decomposition of the essential spectrum, see Proposition 2.12 and
Theorem 3.7, which is summarised in the following theorem.

Theorem 1.1. Suppose that Q is an unbounded Lipschitz open set of R3 and 6., Oy, are asymp-
totically constant. Let Py be the orthogonal projection from L*(2)? = VH(} () & H(divO0, 2)
onto VHOI (2). Let

G(w) = —P < Oc(@) )P (1.9)
=TVt ivo@+iv ) '
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Let Soo be the pencil Sy restricted to divergence-free vector fields and with coefficients 0,, 0,
constantly equal to their value at infinity. Finally, let ¥ be as in (1.8). Then, with o denoting
the essential spectrum as in [14, Chp. IX, p.414],

where 0.1 (Sxo) is described in Proposition 4.1 and

. eyl 2
—i[0, ye), if =% + 16, lo =0,

oek<G>c{. y S S
—t[0,ye)U(—de—17€,de—l7”) if =% + 11671l > 0,

2 2
with d, € (—\/—% + 162l \/—% + ||93||oo)-

Remark 1.2. In the case where Q2 is bounded, decomposition (1.10) continues to hold. In such
a case S can be defined by freezing the coefficients 6., ), at arbitrary positive values 99, 9,91;
in fact, 0,(Sx) = ¥ independently of the chosen values 92, 9,?1. This can be proved along the
lines of [18, Theorem 6]. Therefore, in bounded domains the only contribution to the essential

spectrum comes from o, (G). See also Remark 3.8.

The explicit computation of o,,(G) generally depends upon the regularity of the function 6,.
If it is continuous, we obtain the equality

; 2 ; 2
Ly Y LY. Y
Uek(G)II'an(—Te— _Ze +93>Uran(—7€+ —Ie +93>.

Otherwise, the essential spectrum depends on the geometry of the set of discontinuities of 6,. If
6, is a step function, some computations can be found in Section 6 below, which are based on the
analytic results for transmission problems of Ola [19] and Pankrashkin [20], initially investigated
in the seminal paper [21]. In the example of Section 6, o.;(G) consists of at most six distinct
points. For more complicated examples where the discontinuity interfaces are allowed to have
non-convex corners, bands of essential spectrum can be generated, see [22]. These problems have
been tackled recently using the T-coercivity method, see [23].

Our second fundamental result concerns spectral approximation of £ by the truncation
method. This involves replacing € with a bounded domain 2, C €2, and £ with £,,, which will
be associated with Problem (1.2) with the same electric boundary conditions; when n — 00,
€2, monotonically increases and covers the whole of 2. The question is whether o (£,,) will be
‘close to” o (L) as n — oo. This is already an interesting problem for self-adjoint operators hav-
ing band-gap spectrum [24]: indeed, the gaps in the essential spectrum may contain eigenvalues
of the approximating operators as n — 00, or equivalently, the spectral gaps may contain points
of the spectral pollution set, given by

opoll ((Ln)n) ={w € o(L) : A1 C N, [ infinite, w, € 0 (L), w, — w, n €1, n — oo}.

For the Maxwell pencil £ defined in (1.5), the presence of spectral pollution for the approx-
imating sequence (L), is almost inevitable, since £, is a non-self-adjoint, rational pencil of
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operators for every n, having non-trivial essential spectrum even in bounded domains. It is
then of pivotal importance to determine where spectral pollution may appear; and, on the other
hand, which spectral points w € o (£) can be approximated exactly via domain truncation. Theo-
rem 5.13 shows that spectral pollution for the sequence £,,, n € N can only occur in the essential
numerical range W,(S~) of the constant coefficient pencil So, given on a suitable domain by

®e,oo(a))
(iYe + @) (iym + )

Soo(®) = Op.00 (@)~ curl curly — (1.11)

in which O, () = 0?4 iyew — (00)%, Op.00(RQ) = w? + iymw — (02)2, and 62, 69 are the
values of 8, and 6,, at infinity. We recall that

We(Seo) = {w € C : Ju, € dom(S(w)), n € N,

lunll =1, up = 0, (Soc(@)tty, uy) — 0, n — oo},

In particular, the set of spectral pollution is always contained in the union of one-dimensional
curves in C, improving in a substantial way abstract enclosures for the spectral pollution set in
term of the essential numerical range of £, which in this case would establish only that spectral
pollution is contained in the infinite horizontal strip R x [—y,, O].

The structure of this article is as follows. In Section 2 we first establish a basic numerical
range enclosure for the whole of o (L), see Proposition 2.5; we then define the operator pencil
&1 in a rigorous way in Theorem 2.6 and we prove that the spectral properties of £ are retained
by &1 inside X, see Proposition 2.12. This result is then exploited to prove a refined numerical
range enclosure, see Theorem 2.13. In Section 3 we prove Theorem 3.7, which establishes that
0.(S1) N X can be decomposed in the union of the essential spectra of two operator pencils, Sxo
capturing the behaviour at infinity due to divergence-free vector fields; G capturing the contri-
bution of gradients. Section 4 contain qualitative results regarding the essential spectra of the
reduced operators So, and G. In Section 5 we then prove Theorem 5.13, establishing that spec-
tral pollution for the domain truncation method is contained in W,(Sx), and an approximation
property for the isolated eigenvalues of L. Finally, Section 6 contains explicit computations for
the case of locally constant functions 6, (x) = e x g (X), O (X) = o, Xk (x), which are identically
zero at infinity.

2. Numerical range, Schur complements and spectral enclosures

Let H = L?(Q)> @ L?(Q)>. The operators A, B and D appearing in the definition (1.3) of
A have domains dom(A) = Hy(curl, Q) & H (curl, ), dom(B) = dom(D) = H; the fact that
dom(B) = dom(D) = H relies on our assumption that the functions 6, and 6,, lie in L>°(£2, R).
Since the off-diagonal operators B and D are bounded, A is a diagonally dominant, closed
J -self-adjoint operator matrix, where J = diag(i, —i,i, —i)J, and J is the standard compo-
nentwise complex conjugation. In particular, o (A) = 04pp(A). Due to [17, Thm. 2.3.3 (ii)],
o (A) \ o(—iD) =o(L), with equality for the point, continuous, and essential spectrum as well.

Proposition 2.1. Let M := max{y,, ¥ }. Then the numerical range W (A) of the block operator
matrix A is contained in the strip R x [—iM, 0].
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Proof. If w € W(A), by definition there exists (u, v) € H, |u|l> + ||v||*> = 1 such that
(Au,u) +2Re(Bv,u) —i(Dv,v) = w.
Hence, 0 > Imw = —Re(Dv, v) = —¥el|vi | = ym | 02]* = —max{ye, yu}. O

Remark 2.2. The previous enclosure holds independently on the domain €2 and it holds for non-
constant, positive, and bounded y, and y,, by replacing them with |||l 5o and || Vi |l so-

On the other hand, C \ {—iy,, —iyYn} 2 w — L(w) defines a pencil of block operator matrices
in ‘H, given explicitly by

62 .
—w+ —4— i curl
Liw)= (o) o2 @.1)
! Curl() - + ((U+iym)

where dom(L(w)) = Hop(curl, ) & H (curl, 2).

Definition 2.3. Given a linear operator 7 with domain dom(7') C H on a Hilbert space H, the
numerical range of T is

W(T)={w e C: Juedom(T), |u||=1, (Tu,u) = w}.
Let 7 be a pencil of linear operators 7 (w) with dom(7 (w)) C H. We define
W) ={weC:0eW(T (w)}
Remark 2.4. Note that W(7) is denoted by Wy (7)) in the recent article [25, Equation (1.2)], cf.
[26]. The main reason to use this set in place of the classical one W(T)={weC:0e W(T (w))}
is that in general o,pp (7)) is not a subset of the closure of W (7). Instead, it is immediate to check

that opp (7) C W(T).

Proposition 2.5. The numerical range W (L) is contained in the non-convex subset of C de-
scribed by the inequality

2.2)

0 < —Imw < min (M Ve||9ellgo + Vm”gm”go)

(Re )2

in which M = max{y,, Ym}.

Proof. Let w € W(L); then by definition 0 € W (L(w)). Let (u,, v,) € Ho(curl, )@ H (curl, 2),
lunll> + lvall?> = 1, n € N and consider the equation

62 62
—w+ | —&—u,, + 2Re(i curl vy, +[— . v, ) =¢
(< ((w—i—iye)un ”n> (@ > Un) <(a)+iym) n n> n

with g, € C, &, — 0 as n — oco. Upon taking the imaginary part we see that
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_hnw__<ﬂma%+%092 )__(ﬂmar+%m

, 62v,, v, | =Ims,. 2.3
|0)+i)/g|2 eWn,Un |w+iym n) n ( )

|2 m“ns

If Imw > 0, then Im(w + &,) < 0; this gives a contradiction for n — oo, hence Imw < 0. Sim-
ilarly, it cannot happen that both Imw + y, < 0 and Imw + y;,;, < 0; hence — max{ye, ym} <
Imw <0,ie. —M <Imw < 0. To obtain (2.2), we observe that (2.3) may be rewritten as

O2un,un) . (O34, vy) }

—Imw) {1+ - -
( ){ |a)+lye|2 |w+le|2

_ Ve(eezun, Up) Vm(ey%,vna Un)
Rew)? + (ve +Imw)?  (Rew)? + (v +Imw)?

+Img,

_ YellOellZo + Y 1Om13
- (Re w)?

+Imeg,

The factor in parentheses {-} on the left hand side exceeds 1, so the result follows by taking the
limitasn — co. O

In order to make further progress we use an additional Schur complement argument on the
pencil L(w), which can be considered as a block operator matrix in H = L2(Q) @ L*(2)3. In
terms of the bounded quadratic pencils ®, and ®,,, see (1.7), L(w) has the form

_ 0. ,
L(w) = (iyeto) z@c)url .
—icurly  —g

If w is an eigenvalue of £ with eigenfunction ( fl), then

(iye+w)

; Om(@) 7 _
—icurlg E — (iym+w)H =0.

{— 9@ g 1 jourl H =0,

Assume that ©,, (w) is boundedly invertible. Formally, we could apply ©,,(w)~! from the left in
the second equation and apply curl; by using the first equation we obtain

O,
curl ©,,(w) ' curlg E — — L(C,o) E=0
(Ve + @) ((Ym + o)

for all w € 0(®,,). However, without further restrictions on w the operator curl ®,, ()~ curly
may not even be accretive.

Theorem 2.6. Let 31 be the set
Y1 :={w e C| Re(w) Im(w + iy, /2) > 0}.

Then for each w € X1, the sesquilinear form

s1(w)[x, y] = (O ()~ curlg x, curl )_( O, () . )
1 7y m 0X, Oy (a)+lym)(w+lye) ’y
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is such that is1(w) is quasi-accretive. Similarly, defining
Y9 :={w € C| Re(w) Im(w + iy, /2) <0},
if o € ¥y then —is1(w) is quasi-accretive.

Proof. Let a(w) be the sesquilinear form

.
a(w)(x, y) = ( @ y>.

(0 +iym)(@+iye)

Let t(w)(x, y) = (©,,(w) "' curly x, curlg ), x, y € Ho(curl, ). Since a(w) is bounded for fixed
w € X1, we see that ¢/®a is closed and quasi-accretive with domain H for all ¢ € [0, 27r). Assume
that we have already proved that i t(w) is quasi-accretive for w lying in the set ;1. By [27, Thm.
VI.1.27, VI.1.31] the sum is| (w) = ia(w) + it(w) is closed and quasi-accretive on dom(t(w)).

Hence, it is sufficient to show that if w € ¥ then it(w) is quasi-accretive. Equivalently, we
must show that W (t(w)) C H_ = {z € C : Imz < 0} for all € X{. We note that

&% — iYm@ — B2u, u)

Om (@) u,u) =

forevery u € H, |lu|| = 1. Now

v\ | V2
& — iY@ — O u,u) = <w — T’”) + 7’" — (02u, u).

Suppose first that @ € ¥1 and Re(w) > 0. Then w = —iy,,/2 + re'?, for some r > 0, ¢ €

(0, /2). (The case where w € X1 with Re(w) < 0 follows from the previous case and a re-
flection argument with respect to the point —iy;,/2.) It follows that

. 2 2 2
(J)— %) + ’%” (@2, u) = rPe 2t ’%” — (02u,u)

. 2
and upon taking the imaginary part, Im(r2e 2% + % — (93114, u)) = sin(—2¢) < 0. Thus,

Imt(w)[x] = Im(O,,(w) -1 curly x, curlg x)

2.4
<2 sin(—2¢)< @4

- curlg x, curly x) <0.
|w? + iymew — 02 |?

So W{t(w)) C H_ for all w € ¥ and it(w) is accretive for all w € X;. The final claim follows
by noting that when w € X5, Im(t(w)[x]) > 0, by reversing all the inequalities in (2.4). O

Remark 2.7. Theorem 2.6 shows that s51(w) has a well-defined m-accretive representation via
the first representation theorem for all w € C \ (iR U (—iy,,/2 + R)). We note en passant that
the singular sets {—iy,, —i Y, } and W(®,,) are both contained in C \ ¥ = (RU (—iy,,/2+R)).
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Corollary 2.8. Let 3| and 35 be as in Theorem 2.6. For every w € X, there exists an operator
S1(w) such that iS)(w) is m-accretive and

i(S1(w)x, y) =isi(®)[x, y]

for all x € dom(Sy), y € dom(s}), and dom(S)) is a core of dom(s). Similarly for w € X, there
exists an operator S1(w) such that —i Sy (w) is m-accretive and

—i(S1(@)x,y) = —isi()[x, y].

Remark 2.9. The operator S; defined in Corollary 2.8 is given, for w € ¥ := X1 U ¥, defined in
(1.8), by

O (w)
{ym +w)(iye + o) .

Si(w) = curl(®,, (a))_1 curlg ) — 2.5)

From (1.7), we see that ®,,(it) < 0 for all sufficiently large r € R, and for all # > 0. Since
®.(it) <0 forall r €iR, S1(w) is self-adjoint and negative for w € iR ;.

Proposition 2.10. The following properties hold.

(i) 0(A)=—0c(A). L
(ii) o (LDY\{=ivVe, —iym}) =—0 (L)Y \{=iVe, —iVm}.
(iii) o(SHNX=—0c(S))NX

Proof. (i) follows from the equality A= Q.A4.Q~! for Q = diag(—i, —i, 1,1), and A. = — A,
(ii) then follows from (i) due to the equality o (£) \ o(—iD) = o (A) \ o(—iD) and the fact
that o (—i D) is invariant to the symmetry ¢ — —¢. (iii) now follows from (ii) in a similar
fashion. O

Notation. Define multiplication operators in L?(2)? by

0, o (2.6)
Ve(w) = —m, ® & {—iYm, —iYe}.

Lemma 2.11. Let w € X. Then curly S ()~ is closed and bounded in L*(2)?; Si(w)~ ! curl
and curly S (w) ™! curl are closable with bounded closure as operators in L*>(2)3.

Proof. Since dom(S;(w)) C Hy(curl, ) = dom(curlg) we have immediately that curly 1 (w) ™!
is closed and bounded, S; (w)~! curl is closable with bounded closure given by Sy (o)~ ! curl =
(curlp S (w)™*)*. Tt therefore remains to prove that curly S (w)~ ! curl is closable and bounded.
We will prove that curly S (w)~! curl can be extended as a bounded operator in LZ(Q)3, therefore
implying that it is closable.

Let B < 0 be bounded and self-adjoint with the property that Im(V,(w) + i B) < 0, where
Ve(w) is the multiplication operator defined in (2.6). Then Im(S;(w) +iB) <0 for w € ¥ as a
consequence of Theorem 2.6. The Lax-Milgram theorem implies immediately that Sj(w) + i B
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is boundedly invertible in L%(2)>. However, a further inspection shows that if u is the weak
solution of (Si(w) +iB)u =curlg, g € L2(Q)3, i.e.,

(O (@) curlyu, curly v) + (Vo (w) +iB)u, v) = (g, curlgv), v e (CX(Q))°,

then for every § < 1 we have

Igll?
cr(@lleurloul + ex@)ull? = =35+ élleurlyul %,
in which
c1 (@) = essinfyreg | Im Oy (w, x) !
1
=|Rew|]2Imw + essinf s

I Im(((Ve () +iB)u, u))|

> 0.
uel2(9)° flue]|?

c2(w) =

From this we deduce that u € Hy(curl, ), hence (S;(w) + iB)~! maps curl L2(Q)3 to
Hy(curl, 2), or equivalently curly(S;(w) + i B)~! curl has bounded closure in L2(2)3.

Now let w € 0(S1) N 1. Then Sj(w)~! is a bounded operator in L2(2)? and we have the
resolvent identity

Si(@) ' =(S1(@)+iB) ' +iSi(w) ' BS1(w) +iB)!
and then
Si (@) Leurl = (S1(w) +iB) " curl +iS; () ' B(S)(w) +iB) ! curl

is bounded since so is the right-hand side, due to the previous discussion. Now, if u € L?(2)? is
the weak solution of

Si(w)u = curl(®,, ()~ curlyu + Ve (w)u = curl g

for some g € L?(Q)3, V.(w)u € L*(Q)3 implies curl Om(w) Teurlgu € L*(Q)3; then, we
may immediately conclude that u € dom(curl ®,, (w)"'eurly) € Hy(curl, Q). In particular,
S1(w)~ ! curl is bounded as an operator from L2()3 to Ho(curl, ), concluding the proof. O

Proposition 2.12. 6 (L) N X =0 (S1) N X and o, (L) N X = 0,(S1) N X, where x € {p,c,r, e},
denoting point, continuous, residual, and essential spectrum, respectively.

Proof. The proof is along the lines of [17, Prop. 2.10.1(c)]. Without loss of generality, we con-
sider only w € X1. Note that L(w) is the sum of a self-adjoint operator and a J-self-adjoint
bounded operator, where J = diag(i, —i)J, J being the standard complex conjugation; hence,
it is easy to check that L(w) is J-self-adjoint for all w € ¥ and dom(L(w)) does not depend
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on w € X1 and it is given by Hy(curl, ) & H (curl, 2). Due to Theorem 2.6, iS|(w), w € ¥
is a well-defined m-accretive operator associated with the sesquilinear form is(w), via the first
representation theorem. In particular, dom(S;(w)) C Hy(curl, ) does not depend on w € ¥
and it is a core for Hy(curl, 2).

We will first prove that o(S1) N X1 C o (£) N ¥y and that 0,(S1) N X1 =0,(L) N Xy, If
f e L*()? and w € o(£) N X1, then the solution u to the equation £(w)(u, v)’ = (f,0), v :=
—i(W+iym)On (w)~ L curly u, is in one-to-one correspondence with the solution of Sj(w)u = f,
therefore implying that @ € ¢(Sy). This also proves that 0,(S1) N X1 =0, (£) N Xy by arguing
in a similar way for f =0.

We now prove that o (S1) N X1 D o (£) N X;. Assume that € 9(S1) N 2. Then, at least on
L2(9)? @ V,,(w) H (curl, Q), after recalling (2.6), we can write the equality

1 Si(w)~! —S1(w)" i curl V,, (w)~!
Li@) _<Vm(a))1icur1081(w)l Vm(w)‘(1+cur10$1(w)‘curl(vm(w))1)> 27

so that 81 (0)=T (w) + Vo (), T (w)= curl ®,, (w) ! curly. First note that L(Q)>®V,, (w) H (curl,
Q) is dense in L2(2)? @ L?(22)3, whenever w € 2. Hence, it suffices to prove that the right-
hand side in (2.7) has bounded closure as an operator in L2(Q)? @ L2(2)3. This is an immediate
consequence of Lemma 2.1 1, concluding therefore the proof of the inclusion.

It remains to prove that 6,(£) N ¥ = 0,(S1) N X. Due to the previous part of the proof,
it is enough to show that 0,(£) N 0.(£) N ¥ = 0,(S1) N 0.(S1) N X. First, we note that
L(w) is J-selfadjoint with respect to J = diag(i, —i)J and Sj(w) is J-self-adjoint, J being
the standard complex conjugation; therefore, [14, Theorem IX.1.6] implies 0,1 (L(w)) =--- =
0ea(L(w)) (and similarly for S1(w)). We will first show that 0,,(S1)) N X C 0.2(L)) N X. Let
® € 0,2(S51)) N X and let u,, be a Weyl singular sequence in dom(Sy) such that Sy (w)u,, — 0.
Then, by setting v, = —(@ + i Y)(Op (@)~ curlyu, and hy, = (un, va)/(lunll> + lvall*)'/?
we have L(w)h, = [|h, ||~ (S1(@)un, 0)' — 0. Let 1 € R be such that S (w) + it is boundedly
invertible (this is possible since for |¢| sufficiently big Im(s; (w) + it)[u] < 0, hence by the Lax-
Milgram theorem we conclude that Sy (w) + it is boundedly invertible). Now from Sy (w)u,, — 0
we deduce

Uy = —(@ + i ) (O (0)) ™" curly(Sy (w) +it) ™ (S1(w) +ithu, — 0

since curly (S (w) + i)~ ! is a bounded operator, Si(w)u, — 0 and u, — 0. Hence &, is a Weyl
sequence for L(w), and w € 02 (L).

We will now show that 0.4(S1) N X D g.4(L) N X. We can assume without loss of generality
that we are inside X{. Now assume that w € X but w ¢ 0,4(S1). Then there exists a compact
operator such that 0 € o(S] (w) + K). According to (2.7), if I = diag(K, 0), then

(L) + K~ =
(Si(w) + K)~! —(S1 (@) + K)~licurl V, (w)~!
V()i curlp(Si(w) + K)™' V()T + curly(Sy () + K) " Leurl(V, ()Y )

In order to conclude, we then just need to show that curly(S; (w) + K) ! curl is bounded. But this
can be proved as in the proof of Lemma 2.11 by first showing that curly(S; (w) + K +iB) ™! curl
is bounded for some bounded operator B < 0, and then by using the resolvent identity
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(S1(w) + K) ' eurl = (81 (w) + K +iB) " eurl +i (S (w) + K) "' B(S1(w) + K +iB) ' curl.

Altogether, (£(w) + K)~! is bounded as an operator in L3(Q)3 @ L?(22)3, hence o ¢ 0o4(L) N
Y. O

According to Proposition 2.12, o (£) N X can be enclosed in W(S1) N X.

Theorem 2.13. o (£) N X C W(S1) N X. Moreover, the following explicit enclosure holds:

o (LY\W(On) CT\ W(Ou)
N={weC:Rew=0,Imw € (—y,,0) \ {yn}} U{we C:Rew #0,
Imw > —(ye + ¥m)/2, (2.2) holds}

Proof. Note that due to Remark 2.9, the operator S;(it), t € R\ (=¥, 0) is symmetric and
since for fixed 7 it is the sum of a semibounded self-adjoint operator and a bounded self-adjoint
operator, Sy (it) is self-adjoint and semibounded. The proof of Proposition 2.12 therefore extends
tow € iR\ (—iym, 0), giving o (L)\ W(O,,) =0 (S1)\ W(O,,;) (note that W(®,,) C (=i, 0)U
(=iym/2 — s, —iym/2 4 s) for some s > 0 depending on 6,,).

Let then @ € oypp(S1) \ W(Oy,). There exists u, € dom(Sy), lluyll =1, n € N, such that
Si(w)u, — 0. In particular,

Im(0,, (@)~ " curlyuy,, curlyu,) = Im(#&fiwun, un> +én 08
Re(@,,l(a))_1 curlyuy,, curlyu,) = Re(%um u,,> + &,
with ¢, — 0 as n — 0o. Let w = x +iy. Then (2.8) can be written explicitly as
<Mcuﬂou curlou >_ e
|Om ()2 " At ym)?
X2y + Ve + Ym)
- 2 2 82 = 2 <9e2un7un>+8n

2+ O+ ym))E"+ O+ ve)?)

2.9

2=y —ymy =6 x? +y?
> curlg u,,, curlg u, =T
O ()] X5+ + Vm)
(X2 =2 =y (Ve + Vim) — VeVm)

- 92 ns"n n
T O 7D+ (5 4 ye)2) et ) T

If x =0, y < —y, then the second equation reads

2y g2 2 _
<—y YinY " Curloun,curloun>: Y 5 — ( (y—i-y;)(y—f-)/m)z) (qun,un) + &y
[ (w)] O+ (O F )0+ ve)?)

and since y < —y, < —Vm, the left-hand side is negative while the right-hand side is strictly
positive for sufficiently big n. Similarly, if y > 0, the left-hand side is negative while the right-
hand side is strictly positive for sufficiently big n, a contradiction. Therefore, if x =0, y €
(_yes O)
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Now, assume x # 0. We can then divide by x in the first equation of (2.9). Then we see
immediately that if y < —(y, + ¥im)/2 < —¥m/2 then the left-hand side is negative while the
right-hand side is strictly positive, a contradiction. Therefore, for x 0, y > —(ye + Y)/2. O

3. Decomposition of the essential spectrum

In this section we will adapt the strategy of proof recently used for the analogous decompo-
sition of the essential spectrum for the time-harmonic Maxwell system with non-trivial conduc-
tivity in the recent article [11]. For the convenience of the reader we will state and prove all the
required results.

Without loss of generality we assume that €2 is unbounded, the bounded case being substan-
tially simpler, see Remark 3.8 below. Let Qr = QN B(0, R), for R > 0. For any § > 0 we assume
that the functions 6, and 6,, admit a decomposition

Bo(x) =05(x) +05(x) + 60, O (x) =065 (x) +60° (x) +6° (3.1)

forall x € 2, where 6¢, 6¢ , have compact support in Q (for some sufficiently large R depending

e’ m?
on §), 93, 9,‘31, are bounded multiplication operators with norm less than §, and 02, 0,(,), are real

constants, representing the asymptotic values of 6, and 6,,. In particular,

lim sup |9*(x)—9$|:O, *=e,m.
R—)OO|X‘>R

Corresponding to this decomposition of 6, and 6, we also introduce ‘limits at infinity’ of the
functions ®, and ®,, in (1.7), namely

Oc,00(@) = & + wive = (0), Opoo(@) = + wiym — (6,)°, (3.2)
and of the functions V, and V,, appearing in (2.6), namely

Om oo(®) O, 00 (@)
————, Veoolw) = — —.
(@ +iYm) ' (w+iye)(w+iym)

Vin,oo(@) = (3.3)

We use the classical Helmholtz decomposition L2(Q)? = VH01 () & H(ivO0, 2), see
e.g. [18, Lemma 11], and we denote by Pieriv) the associated orthogonal projection onto
H (div 0, 2). The following result is stated in [11, Proposition 5.1] and in a less general setting
in [18, Lemma 23].

Proposition 3.1. Let m : Q@ — C>*3 be a locally bounded function such that

lim sup |[m(x)||=0. (3.4)

R=0o x|~ R
Then m Pier(div) is compact from (H (curl, ), [Ill g (curt. ) 0 (L*(), -0l L2)3)-

Proof. Given § > 0, there exist a bounded operator ms (which we identify with the correspond-
ing multiplication operator in L2(2)%) with [|m;]| < 8, and a function m® which is compactly

327



F. Ferraresso and M. Marletta Journal of Differential Equations 346 (2023) 313-346

supported in Qp := Q2 N B(0, R) for large R > 0, such that m = m? + mg. We claim that
miPker(diV) is compact for every § > 0. Note that ||m Pier(div) — mﬁPker(div) [I B(H (curl, Q). L2(2)%) = )
vanishes as § — 0; therefore m Pyer(div) is compact as limit of the compact operators m‘f.Pker(div).

Define xg to be a C* cut-off function, xg = 1 on supp(m.) C Qg and x =0 in R3\ Q.
There exists Cg > 0 such that, for u € H (curl, 2),

| (xR Prer(divy ) | @g | H curl, @ p)nH @iv, 22) < CrIUI H (curl,2)»
where we have used that div(x g Pier(div)#)=V XR - Pker(div)# and the identity curl(x g Pxer(div)4) =

VxR X Pierdiv)tt + xr curlu, which holds since curl Pyer(divy# = curlu. Finally, m Pyerdiv) 18
seen to be compact by rewriting it as follows

M Pyer(divy)#t = Mt (XR Prer(divi®) g
¢ is the compact embedding of Hy(curl, Q) N H (div, Qr) in L3(Qg)3, see [28]. O
Remark 3.2. If 2 is bounded, the claim of Proposition 3.1 holds true without assuming (3.4).
This is a direct consequence of the compact embedding of Hy(curl, Q) N H(divO0, 2) into

L2(2)3, whenever € is bounded.

Definition 3.3. For w € ¥ = ¥ U X5, we define rational pencils of closed operators acting in the
Hilbert space H (div0, ) equipped with the L2(£2)3-norm by

Cp (@) := curl(®,, (w)) ! curlp, S (@) 1= Cop (@) — V.00 (),

dom(Cy, (w)) = dom(Sy (w))
:={u € Ho(curl, Q)NH (div0, ) : (O (@)~ curlu € H (curl, Q)},

and

Coo(@) 1= (Om,0(@)) ' curleurly,  Sxo(@) :=Coo(@) = Ve, (@),
dom(Coo (w)) = dom(Sxo(w)) := {u € Hy(curl, QNH (div0, ) : curlu € H (curl, )}

where V, (@) is defined in (3.3).

Notation. For w € C \ {—iy,, —iyy,} define the function

f(w) = ®m,oo(w)®e,oo(w)

= - - 3.5)
(@ ~+ive)(@+iym)

If 6,, is not differentiable, it may happen that dom(S,) is w-dependent and even that
dom(S,, (w)) N dom(Sx(w)) = {0} for suitably chosen w € X. In spite of this, the following
result holds (the version for the non-self-adjoint time-harmonic Maxwell system was proved in
[11, Proposition 5.4]).
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Proposition 3.4. If 6,, 0,, satisfy (3.1) and S,,, S are as in Definition 3.3, then o (Spy) =
Oek(Sco) for k =1,2, 3,4, and hence

Oek(Sp) N X = {w €X: f(w) =t, t € oe(curlcurly IH(divo,Q))},

where f is the function defined in (3.5).

Proof. We follow the proof of [11, Proposition 5.4]. Let w € ¥ and to shorten the notation set
Zw = Ve,00(w). Then w € 0,1 (Sp) if and only if 0 € 0k (Ciy (w) — 2) and @ € 0,4 (Sxo) if and
only if 0 € 0o (Coo () — z4) Where, Cp,, Cs are the operator functions defined in Definition 3.3,
forw e X.

Since the quadratic form ¢, (-) associated with C,,(-) and the form ¢, associated with Coo(+)
have the same domain dom¢,,(-) = dom ¢y, = Hop(curl, 2), the second resolvent identity takes
the form

Cn (@) = 20) ™" = (Coo(@) = 2) ™"

3.6
= (curlp(Cn(@)* = Z0) ™) (Om,00(@) ™! = O (@) ™) curly (Coo (@) — 70) ™! )

for w € TN (0(Sy) Ne(Sso)). In fact, for arbitrary u, v € L2(2)% and w € N (0(Sy) N0(Sxo)),
we can write

(Cn(@) = 20) ™" = (Coo@) = 20) ", v)
= ((Cn (@) — 20) "1, v) — (1, (Coo (@) — 20) "*v)
= {(Cn (@) = 20)™"tt, (Coo(@)* = Z0) (Coo(@)* = Z0) )
—((Cn (@) = 2) Cn (@) = 20)) ' 1t, (Coo(@)* = Z5) ')

= (coo(®) = (@) (Cn(@) — 20) " tt, (Coo(@)* = Z5) '0];
together with ¢, (w) = (Om(w) L curly -, curly-) and analogously for ¢y (w), the identity
(3.6) follows. The first factor on the right-hand side of (3.6) is bounded since domC,,(-) C
dom curly. By assumption (3.1), for fixed w € %, condition (3.4) of Proposition 3.1 is satisfied
by (O, (@)"! — O (@)™ 1) and thus the operator (®,, (@) = O (@) ™) Preraiv is compact
from H(curl, ) to H(div0, Q) ¢ L2($2)3. The boundedness of curly(Coo(®) — 24) "' from
H(div0, 2) to H(curl, 2) follows from

curl curly(Coo (@) — 20) "' = curl curlg(curl curlg — f ()~ 'O, (w)

=1+ f(w)(curlcurly —f(a)))_1
where f is defined in (3.5). Now, f(it) <0, t € R, hence
0<1I+ f(ir)(curleurly— f (i)' <1,
and the boundedness for w = it follows. For a general w € (0(Sx) N X), we have
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(Coo (@) = 20) ™" = (Coolit) — zit) ™" + (Coo(it) — zit) ™ (Zir — 20) (Coo(®) — 20) ™"

hence, upon applying curl curly, curl curly(Coo (@) — Zw) ! is seen to be bounded.
Altogether, the operator

(OO0 (@)™ = O (@)™ curly (Coo — 20) ™

= (Om.00 (@) ™1 = O (@) ™) Prercaiv) curly (Coo — zo) ™"

is compact. Hence, by (3.6), the resolvent difference of S, (w) and S (w) is compact and, by
[14, Thm. IX.2.4], 601 (S (@) = 0ok (Sec(w)) follows for all k =1,2,3,4, w € X, hence 0 €
Oek (Sm(w)) if and only if 0 € 0x (Seo (w)), for w € X. This means that 0,4 (Sy,) N X = 0k (Seo) N
. O

Remark 3.5. In the proof of Proposition 3.4, it is shown that for w =iz, t > 0,

-
llcurly(Coo (@) — 2w) ™ | B(H (div0,2). H (curl.@)) < C,

where the constant C > 0 does not depend on 2. This will be important in Section 5, where
families of domains are considered.

We further state the following abstract result regarding the spectrum of triangular block opera-
tor matrices, a proof of which can be found in [11, Theorem 8.1]. Following [14, Chp.IX, p.414],
given a linear operator T densely defined in H, we set 06*2(T) ={w e C : def(T — w) = o0},
with the convention that def(T — w) = oo if ran(T — w) is not closed.

()

with A, D are densely defined, C, D are closable, dom(A) C dom(C) and o(A) # @. Then

Theorem 3.6. Let A be defined by

(0e2(A) \ 05(D)) Uaea(D) C 0e2(A) C0ea(A) Uoea (D), 3.7
and hence
UeZ(JTl) U (Ue2 (AN 0':2(5)) =0.2(A)Uoe (5),
in particular, if (D) = 062 (D) or if 6e2(A) N0y (D) =¥, then
0e2(A) = 062 (A) Uea (D).

We are now in position to prove the following theorem, which yields a decomposition of the
0.(L) as the union of the essential spectrum of the constant-coefficient pencil Sy, and the es-
sential spectrum of the pencil of bounded multiplication operators V,(-), compressed to gradient
fields. For the convenience of the reader, the relations between the several different operators and

their essential spectra are represented in Fig. 1.
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A—w
Schur
L(w)

Schur

Si(w) = T(w) =81 (w) + M(w)
Py
Pkcr(div) \

Prer(aiv) T (W) Prer(div) PgT(w)Py

o, :_J

Soo(w) G(w)

Fig. 1. Relations between A, £ and Sj. 0.(S7) then decomposes in 0, (Sxc) U 0¢(G), according to Theorem 3.7.

Theorem 3.7. Suppose that 6,, 6, satisfy the limiting assumption (3.1). Let Py = 1id — Pier(div)
be the orthogonal projection from L*(Q2)? = VH(} () & H(div0, ) onto VHO] (). Let G(w)
denote the operator

G(w) = — Py V,(0) Py, with dom(G (0)) = VHy (), (3.8)
viewed as an operator from the space VH(} (RQ) to VFI(} (). Then

where 0.1 (Sxo) is described in Proposition 4.1, and

—i[0 if % 4 1162]|. <0
l[ 7y€)1 1 4 +I| g”OO— 2

oek<G>c{. I S
_l[ovye)u(_de_lje’de_lje) lf_Tp+||0g”oo>O’

2 2
with d, € (—\/—% + 1102 0o \/—% + ||93||oo)-

Proof. Let w € . The operator M(w) := (Vo(®) — Ve.0o(®)) Prerdivy in L2(R2)? is curlp-
compact by Proposition 3.1, and hence C,, (w)-compact, since dom(C,,) C dom(curlp), where
Con(w) = curl ©,,(w) ' curly is defined in Definition 3.3. Since Sj(w) = Cp(w) + Vo(®),
with V,(w) bounded multiplication operator, bounded sequences in the S;(w)-graph norm
have bounded C,, (w)-graph norms. Hence M (w) is S1(w)-compact which yields o,(S;(w)) =
0e(S1(@) + M (@)). ,

Since VH(} (R2) C ker(curlp) and hence curly Py = Py curl =0, VHO1 (R2) is a reducing sub-
space for curl ®,, (w)~ ! curly. Therefore the operator

T(w) == S1(w) + M (w)
=curl ®, ((1))71 curly —Ve(w) Py — V() Pker(div) + (Ve(w) — Ve,oo(w))Pker(div) (3.9)
=Cp(w) — Ve(w) Py — Ve,oo(w) Pker(div)
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which is a bounded perturbation of C,, (@) admits an operator matrix representation with respect
to the decomposition L2(Q)? = VHO1 () ® H(div0, 2) given by

T YT (@)lyg) @) PyT ()| Hdivo,2)
w) =
PrerdivT (@)]y Al Frer divT ()| H(divo,2)

. _PVVe(a))|VHd(Q) 0

~\ —Preraiv Ve ((1))|VHOI Q) Prerdiv(Cin (@) — Ve, 00 (@) H(divo,2)

_ G(w) 0 310
T\ PrerdivVe () |vH3 () Sp(w) |” (3.10)

with domain dom(7 (w)) = VI:I()] (2) & dom(S,, (w)). Apart from S, (w), the other two matrix
entries in 7 (w) are bounded and everywhere defined, and 0¢2(Sy, () = 05(Sp(w)), due to
J-self-adjointness. Thus Theorem 3.6 and Proposition 3.4 yield that

02 (T () = 002(Sp () U 0e2(G(w)) = 0e2(Soo(®)) U 02 (G(w))
and hence, since w € ¥ was arbitrary,
02(SNNE=02(S 1+ M)NE=0,(T)NE=(0:2(Sec) Uoe2(G) NE. O

Remark 3.8. If Q is bounded, we claim that 0,;(S1) = 0. (G) for k = 1,2, 3, 4. To see this,
one applies the Helmholtz decomposition in VH(} (2) @ H (div 0, 2) to obtain the block operator
matrix representation

T(w) = PySi(w) Py Py S () Prer div
PrerdivS1(@) Py PrerdivS1(®) Prerdiv

of 81 (w). In particular, 0,4 (S1) = 0.4 (T). Since € is bounded, PierdivS1 (@) Peerdiv has compact
resolvent. The term PySi(w) Pyerdiv 1S compact as a consequence of Remark 3.2, and therefore
can be discarded to leave a lower triangular operator matrix. The claim then follows arguing as
in the proof of Theorem 3.7, by recalling that PyS;(w) Py = G(w).

4. Spectrum of the reduced operators

Recall that S1,e0 (@) lker(div) = Soo(@) for all w € X, where Sy is defined in Definition 3.3.
Since Sy is a constant-coefficients operator, by classical symbol analysis we deduce that

Proposition 4.1. For f as in (3.5) we have
0.(So0) N T = {a) eC: f(w) =t,t € o.(curlcurly |ker(div))} nx

Proof. Without loss of generality, we may assume w € X1, the case w € X, being similar. We
first note that if w € X1, O, 00(w) is (boundedly) invertible. Studying the spectrum of Sy is
then equivalent to considering directly the pencil (curlcurly — f (®)) [ker(div)> Which we will call
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again Sy (w) with an abuse of notation. Now, w € 0,(Sx) N X1 iff there exists a Weyl singular
sequence u, € H(div0, 2) such that curl curly u,, — f(@)u,, — 0, which holds iff f(w) € R and
f(w) € oc(curlcurlg |kerdiv)) - The claim is proved. O

Proposition 4.2.

We(Sx) NE={weC: f(w)=t,1 € W,(curlcurly [keriv) } N =

Proof. If (u,) is a Weyl sequence in H (div0, 2) with ||u, || = 1 for all n, then (curlg u,,, curlg «,,)
—t — 0 if and only if (curlg uy,, curlyu,) — f(w) — 0 for all w € C such that f(w)=¢t. O

As a consequence of Proposition 4.1 we can study the asymptotics of the spectrum of S.

Proposition 4.3. Assume that

O¢,00 (W) Om 00 (wy)
)= —& ik =1, 4.1
f(@n) (Ve + @p) (( Ym + wp) e D

asn — oo, t, € op(curlcurly |kerdivy). Then the following are true:

(i) if Rew, is bounded as n — oo then dist(mwy, {—iye, —iym}) = 0. If op — —iyx, X =

e,m then w, = —iyy — % +o(1/ty) as n — oo, where c € R\ {0} is explicitly given by

0y2 @)’

c=(9)) (—)/X+W

(ii) If |Rewp| — +00 then t, = |Rewp|* + o(|Rew,|?) as n — 0o and Imw, — 0 with the
asymptotics Imw, = — = ((Gg)zyg + (9,(,),)2)/m) + O(I/Rewﬁ).

2
Rew;;

), withy #x, x,y € {e, m}.

Proof. (i) Imw,), is a bounded sequence since the numerical range of S| « is contained in an
horizontal strip. Since also (Re w,), is a bounded sequence by assumption, we may assume that
up to a subsequence w, —> wqo € C. From (4.1) we have that

(@2 + i Ymon — (02)2) (@2 + ivewn — (02)) =ty (0n + iVe) (@n + i Vi)

o}
li . . 2 . 042 2 . 042
imsup |ty (wp + i Ye)(Wn + iym)| < (@5 + 1 Ym@oo — (0,,) )N @5 + 1 Vewoo — (6,)7)]
n—0o0

which implies that either woo = —iy, OF Woo = —i Yy, Setthen w, = —iy, +¢, as n — 0o, where

en — 0, &, € C. Substituting this ansatz in (4.1) and keeping only the zeroth order terms we get
— O (=Y +Vevm — O =2 (vm — 7)), 2= lim tey
n—oo
We note that the existence of the limit for z is up to a subsequence, and can be easily deduced
from the fact that equation (4.1) is not satisfied if (#,&,), is not a bounded sequence. Hence we

have that
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(902 042002
l(i’g) (_yﬂL(@g)i@m)

Z
en =+ o(l/ty) = —
In n

>+oﬂﬁw

m e

as n — oo, concluding the proof of (i).
(ii) To shorten the notation, let us set x, = Rew,, y, = Imw,,. From equation (4.1), recalling
that (y,), is bounded, after taking the real part we see that

xi - tnxrzl = o(xs) = = x,% + o(x,%), n— oo.
A further inspection of equation (4.1) gives that the a(x,Z,)—term must be in the form ¢, + o(1),

where ¢, possibly depends on y,. Using the ansatz f, = xrzl + ¢, in the real part of (4.1) and
neglecting the lower order terms we get

xt—6x2y2 = 323, (Ve + V) + 52 (—=(00)% — (62)* = Yeym)
=x3 +X,%(Cn - y,% - yn(ye + )/m) - Ve)/m)

from which we deduce —5y2 — 2y, (Ve + ¥m) — 09)% — (69)% = ¢, + o(1) as n — oo. In order
to continue the analysis we now turn to the imaginary part of (4.1). More explicitly, we have

4x3 yn — 4xnyn + (6 = 35030) (Ve + Yim) + 2503 (—(09)> — (69)* = VeVm)

— 20 (Y O + ¥e(05)%) = (3 + e)xin@yn + (Ve +ym))  (4.2)
The term in x,3Z simplifies. Now, if y, does not tend to zero as n — 00, the highest order term in the
previous equation is xs Yn, SO We get the equation 2x2 Vo = o(x,%), which is a contradiction. Hence
yn — 0. The candidate highest order terms are x;)y, and x,. By direct inspection one checks that
if x,f Yo = 0(x,) or x, = o(xs Yn) as n — oo the previous equation gives a contradiction. So it
must be y, = )ZC—’; + o(l/xrzl) as n — oo. By using this ansatz in (4.2) and keeping only the highest
order term (narnnely the ones in x,), it may be proved that

—Xn (Vm (92)2 + Ve (92)2) +4zpx0 = 225X + cn(Ve + Vin)Xn,

for o = _(eg)z N (92)2 +o(l). Thus, z, = —%((Qg)zye + (9;91)2)%) + o(1) and y, =
5 (O0ye + 09)%ym) +0(1/xD). O

We now turn to the bounded pencil G (-) defined in (3.8). Recall that V, () (x) = grraetl—,
we X, x el

Proposition 4.4. Assume that 6, is a continuous function in Q. Then

0.(G) ={we C: 3Ixp e 2, O,(w, x9) =0}

={weC:Ixg e 0=—iy/2+ (/—y2 +462(x0))/2}
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Proof. Since (w+iy,)(w+iyy) is constant in x € 2, we can replace V, by ©, in the definition
of G without changing the spectrum. We first note that the set

{we C:Re(O,(w, x9)) =0, Im(O(w, x1)) =0, xo # x1}

actually coincides with {® € C : dxg € Q : O.(w, x) = 0}. In fact, it is easy to check that
Im(®(w, x)) =2RewImw+Re wy, does not depend on x € €2, and therefore Im(®(w, x1)) =0
for x1 € Q if and only if Im(®(w, x)) =0 for all x € Q.

It is clear that if either Re(®,(w)) or Im(®,(w)) is strictly positive (or strictly negative) in the
whole of €2 then by the Lax-Milgram theorem the problem

(O (@)Vu, Vv) = (F,v), Fe H (Q), u,ve H} (RQ)

has a unique solution ur € Hol (£2). This proves the inclusion
0.(G(w)) C{weC:3x0 € 2:0,(w,x) =0}

The reverse inclusion (which uses the continuity of 6,) follows by constructing quasi-modes as
in the proof of [18, Proposition 27]. O

5. Limiting essential spectrum and spectral pollution

The aim of this section is to enclose the set of spectral pollution for the domain truncation
method applied to the Drude-Lorentz pencil £. We start by recalling three definitions.

Definition 5.1. For a family of operator-valued functions (F,(-)) defined on some set K C C,
the limiting approximate point spectrum, denoted oapp((Fy),), is the set of w € K such that
there exists a sequence (u,), with u, € dom(F,(w)) for each n, ||u,|| =1, as n — oo and
| Fy(w)uy|| = 0 as n — oo. For a family of operators (F),, one takes K = C and the re-
quirement is that || (F;, — wDuy|| — 0 as n — oo.

Definition 5.2. For a family of operator-valued functions (F,(-)) defined on some set K C C,
the limiting essential spectrum, denoted o.((Fy),), is the subset of oypp((Fy),) consisting of
w € K for which the sequence (u,), as in the Definition 5.1 has the additional property u, — 0,
n— oo.

Definition 5.3. For an family of operator-valued functions (F},(-)) defined on some set K C C,
the region of boundedness, denoted Ay ((F),),), is the set of w € K such that (F,(w))~! exists
for all sufficiently large n and limsup,,_, ., | (F;, (w))~ || < +00.Fora family of operators (F},),,
then A, ((F,)y,), is the set of w € C such that (F,, — wl)~! exists for all sufficiently large n and
limsup,, , o [|(Fy — @)™ < +o0.

Given an unbounded Lipschitz domain €2, let (£2,,),, be a monotonically increasing sequence
of Lipschitz bounded domains exhausting 2. Note that we do not make any assumption on the
topology of €; in particular, R? \ © may have infinitely many connected components. We will
denote by A,, L, Si.,, etc., the operators or pencils obtained from A, £, S| by replacing Q
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with €2,, in their domain definitions. In order to avoid cumbersome notation we will not use the
subscript n to denote the restriction of multiplication operators to €2,,.

The domain truncation method consists of finding o(£,), n € N, in the hope that for suf-
ficiently large n these will be good approximations to o (£). Ideally, one would like to prove
that (L£,), is a spectrally exact approximation of L, that is for every w € o (L) there exists
w, € (L), n € N such that w, — w; and conversely, every limit point of sequences (wy),
with w, € 0(L,), n € N, lie in o (L). However, this is false in general. Indeed, spectral pollution
may appear due to the non-self-adjointness of the operators involved. Therefore, our strategy will
be to enclose the set of spectral pollution in a (possibly) small subset of C and to show that we
can approximate exactly the discrete points of o (£) outside the set of spectral pollution.

We begin with a result about the generalised resolvent convergence of the operators involved.

Theorem 5.4. The following statements hold.

(i) A A n— oo

(ii) La()5 L) for all o € (Ap((La)n) \ {=iVes —iym}) N (L), n — 00
(iii) Ap((L)p) N Z = Ab((Sl,n)n) nx
(iv) S1..(") Y S1(), forall w € (Ap((Ly)n) NE)No(L), n — oo.

Proof. (i) According to Proposition 2.1, W(A,) C R x [—iy,, 0] for all n € N, and the same
enclosure holds for the numerical range of A as well. We then deduce that ||(A, — M7 <
dist(h, W(A,) ™' < (min{|ImA[, [ImA + y.|}~1) for all A € (R x [—iy,,0])¢. In particular,
Ap((Ap)n) No(A) # @. The matrices A,, n € N and A are diagonally dominant of order 0 for
all n since the operators B, n € N in the matrix representation (1.3) are bounded for all n. Let
P, denote projection from L2(©)3 to L2(Q,)3 by restriction, so that P, 50 L2(@)? @S 1 —> 00.
It is clear that B, = B P, converges strongly to B, and similarly D, = D P, — D strongly. Due
to [10, Thm. 3.1], to conclude that A, & A it is enough to show that there exists a core @
of Hy(curl, ) @ H(curl, 2) such that || A, P,u — Au|| — O for all u € ®. This last property is
satisfied by C 30(9)3 eCcr (22)3 because curlg P,¢ = curly ¢ forall ¢ € C 30(9)3 and sufficiently
large n, and curl P,y = P, curlyr in Q, for all ¢ € C°(Q)3.

(ii) To prove L, (w) 8 L(w) forw € (Ap((L)n)No(L)\{—iym, —iye}, n € N itis sufficient

to write
- Ly(@)™! ~Ly(@)"'B(=iD — o)~
A —) = <(—iD —0) 'BL,(w)™" (=iD—w) '+ BLy(w) 'B(—iD — a))_l)>

n n

hence, since (A, —w) (P, F,0)) — (A—w) ' (F,0) forall F € L>(2)°® L*(22)°, we deduce
that £, (w) "' P,F — L(w)"'F, n — co.
(iii) Let w € (Ap((Ly)n) N ), so that sup,,-,, |(Ly (@))~'|| < co. The identity

(L@ = Stn(@)”! =S n(@) i curl (Vi ()
DT Vim@) i curly St (@)™ (Vi (@)™ (T + curly St (@)™ curl (Vi () ™)
(5.1
implies that ||, (@)™ > |S1,n(@)~"|l, n > no, hence sup,-, [1(S1.. (@)~ < c0; equiva-

lently, w € (Ap((S1.0)n) N X).
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Conversely, if @ € (Ap((S1.4)s) N X) then, by definition of region of boundedness, there exists
no € N and C > 0 such that w € (S} ) for n > ng and supnzno||<S'1,n(a))_1 | < C.Hence,if f €
L?(Q)3, the equation S1.n(w)u,, = P, f has a unique solution u, € L?(2,)? with the uniform a
prioribound |lunll12(q,)s < CIl fll2(q)3- This implies that

(O (@)~ curlyuy, curlyuy)| < (P f, )| + |(Ve(@)ttn, uy)]
hence

2
c1(@)|lcurlguy, || < % + 8+ I Ve(@) IDllunl> < [C2(S + | Ve(@)]) + 174811 £1I?

and all the constants appearing in the previous estimate are independent of n > ng, so in particular

sup ||curly S, (@) 71| < C'(w),

n>ng

where we can set for example C’ = ¢ (@) [Ccta+ [[Ve(w)])+1/4]. Now we can repeat the pre-
vious estimate starting from elements f = curl g € curl L%, where we note that (P, curl g, u,) =
(g, curlp u,) can be estimated in term of curlg u,, which is uniformly bounded in terms of the da-
tum by the previous discussion. Altogether we obtain that there exists a constant C” depending
on C’ and w such that

sup |lcurl Sy, (w)~! curly|| < C”
nx=ng

Now the claim of the theorem follows from (5.1) since the right-hand side therein is uniformly
bounded in n, n > ny.

(iv) Finally, Sy (@) ™' P, = S1(0) ™" for all @ € (A ((Ly),) N ) follows by observing that
w € Ap((L,),) N 'Z, hence (ii) implies that £, (w) "' P, N L(w)~"; therefore (5.1) implies that
S L,,(w)_an = S1(w) (by direct calculation on vectors (f,0)"). O

Corollary 5.5. O'poll((d‘ln)n) C ae((Ann).
Proof. From Definition (1.3), A, is seen to be J-self-adjoint with respect to J = diag(i, —i, i,

—i)J, with Ju = u the componentwise complex conjugation. The result is then a consequence
of Thm. 2.3in[29]. O

Proposition 5.6. oo ((£,)n) = Upoll((An)n) \NM{—ivVe, —iYm}

Proof. [17, Thm. 2.3.3(ii)] implies that, for fixed n, o (L,) = o (Ay) \ {—iVe, —iym} and sim-
ilarly o (£) = 0 (A) \ {—iYe, —iym}. Hence, opoll (L)) C Upoll((-An)n) \ {—i¥es —i¥m}. Con-
versely, one may observe that if A, € 0(Ay,), Ay = X € (0(A) \ {—iYe, —iVm}), then for big
enough n Ay € {—iye, —iym}, s0 Ay € 0(Ly) and A, — X € 0(£). Thus, A € opon((Ly)n). O

Remark 5.7. The poles {—iy,, —iy;;} may or may not be in the essential spectrum of A. If B is
compactly supported and A restricted to divergence-free vector field has compact resolvent, then
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the poles belong to o0,(A), see [15, Prop. 2.2] for a proof in a similar setting. However, for the
purposes of this paper we are not interested in the poles that are out of the domain of definition
of L.

Proposition 5.8. 0. ((A,)n) \ {=iVe, =iV} = 0e((L)n) \ {=iVes —iVm)

Proof. A, is diagonally dominant for every n and the norms of the off-diagonal entries do not
depend on n; furthermore, Ap((Dy)n = C\ {—i Ve, —i¥m}. The result therefore follows from [30,
Proposition 2.3.4(i),(iii)]. O

Proposition 5.9. The following identities hold.

(i) 0e((Ln)n) Yop(L) = Uapp((ﬁn)n);
(ii) (Ue((sl,n)n) U Gp(Sl)) NX= Uapp((sl,n)n) Nz

Proof. The proof is a generalisation of [29, Prop. 2.15(ii)] to families of operators.
Observe that the inclusion ¢, (L) C 0app((£s)s) (and the analogous inclusion for (S1,,)x))
are consequence of the gsr convergence of £, to L established in Theorem 5.4. Indeed, we claim

that if £, (wq) = L(wp) for some wy € Ap((Ly)n) No(L), then for all u € dom(L) there exists a
sequence u, € dom(L,), |lu,| = 1 such that ||u, — u|| = 0, || £, (w)u, — L(w)u| = 0, n — oo,
w € C\ {—iye, —iym). Assuming the claim is satisfied, if w € o,(£) with eigenfunction u, then
there exists an approximating sequence (u,), as above, and therefore 6, (L) C oapp ((Ln)n)-

To prove the claim, one first realises that if w € Ap((£,),) N o(L) then the sequence u,, :=
L, (0)~' P, L(w)u has the required properties. In the general case, one first note that for 1 < 0
sufficiently big w € Ap((L,(-) +it)) N o(L(:) + it), see the proof of Lemma 2.11. Therefore,
given u € dom(L + it) = dom(L), there exists a sequence u, € dom(L,(-) + it) = dom(L,)
such that ||u;,, — u|| — 0 and ||(L, (w) + it)u, — (L(w) + it)u|| — 0, and therefore || L, (w)u, —
L(w)u|| — 0, as claimed.

The inclusion “C” in (i) and (ii) is immediate from Definitions 5.1, 5.2, and the previous
observation.

We now prove that 0. ((£,),) U0, (L) D 0app((Ln)n). Let w € oapp ((L)n), that is, there exists
a sequence of elements u, € dom(L,), ||u,|l =1, n € N, such that || £, (®)u,| — 0. Since the
unit ball in a Hilbert space is weakly compact, we may assume that, up to a subsequence, u;,, — u
in L2(Q)? @ L?(Q). If u =0, then w € 0.((L,)), concluding the proof. Assume then u # 0.

Theorem 5.4(iii) implies that there exists wg € Ap((L,),) N (L) such that £, (wg) & L(wp).
Now,

Ly (wo)un = (Ln(wo) — Ln(@)uy + Ly(@)uy (5.2)

and we notice that £, (wo) — L, (w) := B(w, wg)diag(P,, P,), where B is a bounded 2 x 2 block
operator matrix not depending on n. Taking the inverse of £, (wp) in (5.2) gives

Uy =Ly (wO)_IB diag(Py, Puy + &4,  &p:= Ly (0)())_1[41 (w)uy.

Now, &, — 0, n — o0 because wg € Ap((Ly),) and L, (w)u, — 0, n — 0o0. Moreover, the weak

convergence u, — u, the strong convergence L, (wp) ' 5 L(wo)~! and the uniqueness of the
weak limit imply that
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u=L(wo) ' Bu,

or equivalently, since B = L(wp) — L(w), that L(w)u = 0. Thus, w € 0, (L).

The proof of (0¢((S1,n)n) U 0p(S1)) N E D oapp((S1,n)n) N X in (i7) is analogous to the
proof of the same inclusion in (i) with &1, (w) replacing £, (w); in place of S; ,(wp) for some
wo € Ap((S1.1)n) We choose Sy ,(w) + it for t < 0 big enough. Notice that this is possible
since w € Ap((S1,,(-) +it),) for t < 0 large enough, see proof of Lemma 2.11. The proof is
concluded. O

Theorem 5.10. 6. ((L,),) N E =0.((S1.2)n) N E

Proof. Proposition 5.9 implies

oe((Ly)n) U O'p(ﬁ) = Uapp((ﬁn)n)» 0e((S1,n)n) U O—p(Sl) = Uapp((Sl,n)n)

Now, the definitions of region of boundedness and of limiting approximate point spectrum, to-
gether with the equality oapp((Ln)n) = 0app((L3)n)*, imply that oupp((Ly)n) = C \ Ap((Ln)n)
and o,pp ((S1,1)n) = C\ Ap((S1,1)n). By Theorem 2.12, 0,(£) N ¥ = 6,(S1) N X; and as a con-
sequence of Theorem 5.4(iii), Ap((S1,2)n) N E = Ap((Ly)n) N . Thus, up to intersection with
3 we have

oe((Ly)n) U Up(ﬁ) = Uapp((ﬁn)iz) =C\ Ap((L)n) =C\ Ap((S1.0)n)
= Japp((Sl,n)n) =0e((S1,n)n) U Up(Sl)- O

In the following proposition we use the notion of discrete compactness for sequences of op-
erators in varying Hilbert spaces. We refer to [10, Def. 2.5] and the references therein for the
relevant definitions and properties.

Proposition 5.11. Given n € N, the following equality holds.

oe((S1n) NE = (Ue((soo,n)n) U (Ue((Gn)n)) nx),
where G, is defined as in (3.8).

Proof. This can be proved along the lines of [11, Section 7, Section 8]. For the sake of com-
pleteness we recall here the main steps of the proof.

Observe that Proposition 3.1 implies that M, ,(®) = (O.(w) — 63’00(0)))Pkner(div)
pact operator from H (curl, 2,;) to L2(Q2,)3 for every n. According to the decomposition of the
coefficients (3.1), up to an operator which is vanishing uniformly in #, the sequence M, ,(w) is
compactly supported in €2, for each n and equals (O,(®) — O, 00 (®)) XQxNQ, P]fer(div), where
Qr = QN B(0, R) contains the compact support of .(w) — O, (). This last sequence of
operators is clearly discretely compact from H (curl, 2,,) to L*(£2,) because of the compact
embedding of H (curl, Qg) N H(div0, Q) into L%(QR). Since discretely compact perturbations
do not modify the limiting essential spectrum, o, (((S1,,)n) N X = 0, ((S1.n + Me n))n) N Z. Now
we note that

is a com-
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Sin(@) + M, (@) = curl ©,,(w) " curly —

®e,oo(w) Py )
@+ ive) @+ iym) O
~ O (@)
(w+iye)(w+iym)

Py

has a triangular block operator matrix representation with respect to the Helmholtz decomposi-
tion VH(} (2,) ® H(div 0, 22,,). More specifically, if we define S, , (w), as Sy, with €2, replacing
2 in the domain definition, we have

Sl,n(a))+Me,,,(w):7;(w):< —PLV,(@)PL 0 )

- Pl?er(div) Ve (w) PG Sm,n

Now since 7, is a sequence of triangular block operator matrices with bounded off-diagonal
entries and with J-selfadjoint diagonal entries, Theorem 3.6 implies that

o (T NE= (O‘e((_nge(w)Pg)n)n U (Ue((Sm,n)n) nx

Now [11, Proposition 7.3] implies that 0, ((Sy.n)n) = e ((Soo.n)n)- We give here a sketch of the
proof. The proof is modelled upon the proof of Proposition 3.4. The idea is to establish that for
a suitably chosen w € X the difference /I, (w) = Sy ()™ — Soo.n(w)~ 1 is discretely compact
and that IC, (w)* P, is strongly convergent. Then the equality of the limiting essential spectra
follows from [29, Thm. 2.12(ii)]. The strong convergence

K (@)* Py = S (@)™ Py = Soon (@) ™ Py = Sy (@)™ = Soo (@)™
for w € Ap((K,)n) No(Sm) N e(Sxo) can be proved along the lines of Theorem 5.4(iv).

It remains to prove that (K, (w)), is discretely compact. Arguing as in the proof of Proposi-
tion 3.4 it may be shown that

Kn(@) = (curly(Cpn (@) = Zo) ™) O, (@) ™ = Op(@) ™1 curlo(Coo (@) — 2) ™" (5.3)
As a consequence of proof of Theorem 5.4(iv),
(curlo(Con (@) —Z) ™1 Py > (curly(C (@) — Zg) ™ H*
curly(Coon (@) — 2) ™1 Py = curly(Coo (@) — 24) 1,

for suitably chosen w. Moreover, due to Remark 3.5 there exists C > 0 such that, for w ¢ W (Cx),

—1
Su§||cur10(coo,n(w) — Zw) ”B(H(divO,Q,,);H(curl,Q,,)) =C,
ne

hence curly(Coo, n (w) — Zw) uy is uniformly bounded in H (curl, €2,,) for every sequence u, €
L2($2,)3, |lun|l < 1. Therefore, by (5.3), the discrete compactness of /C,, (@) boils down to the
discrete compactness of ((*3,,,,00(50)_1 — O (“))_I)Plger(div) from H (curl, 2,,) to L2(2,)3. The
proof of this last property is identical to the proof of the discrete compactness of the sequence
(O, 00(@) — O, (a)))P]?er( div)? which was established above. Altogether we have
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o (T NE= (Ue((_PGVe(w)Ps)n)n U Ue((soo,n)n)) nx,
and the result follows by recalling that G, () = — Py V. (w) Py. O
We recall the following standard result, a proof of which can be found in [11, Lemma 7.4].

Lemma 5.12.Let n € N. The closure of CCO"(Q,,)3 N H(div0, 2,) with respect to the
H (curl, 2,,)-norm is Hy(curl, 2,,) N H(div0, 2,,).

Theorem 5.13. The following enclosures hold:

Upoll((ﬁn)n) NECo (L)) NEC (We(Soo) U ae(G)) nx, (5.4)

and therefore (opol1((Ln)n) N X) C (We(Soo) N X). For every isolated o € (0,(L) N L) outside
We(Soo) U 0o (G) there exists a sequence wy, € o (L), n € N, such that w, — w as n — 0.

Proof. The enclosure of spectral pollution in the limiting essential spectrum follows from Propo-
sition 5.6 and Corollary 5.5. For the enclosure (5.4) we argue as in [11, Theorem 7.5]. If
® € 0,((Soo.n)neN ), by definition there exist w, € dom S, (w) C Hp(curl, 2,) NH (div0, 2,),
lwe| =1, n € N, such that w,, — 0 and Sxo_» (w)w,, — 0 as n — oo. Taking the scalar product
with w,,, we find that

®e,oo(0))

Sn ns W) = O 7101‘1 n2_
(Soo,n(@)wy, wy) ,o0(@)™ " [lcurlg wy || @+ i@+ ivm)

as n — o0o. By Lemma 5.12, for each n € N there exists v, € CSO(Qn)3 N H(div0, 2,)) with
vy —wyll? < 1/n, |lcurl (v, —wy)|1> < 1/n. Let v0 € Hy(curl, Q)N H (div 0, 2) be the extension
of v, to 2 by zero for n € N. Then

_ O, 00 (@)
‘mmeMMW—@+JiWWﬂmV
e m
_ Oc,00(®)
< O, 00(@) " curl w, 1> — (w+i;)‘fw+iy )||wn||2
e m
®e,oo(w)

1 _
+ -~ (|®m,oo(w) N+

)0

as n — oo. Since ||v,?|| — 1 as n — 00, upon renormalisation of the elements v
® € Wo(Sxo).

Next, we prove the inclusion ae((PGG,,(-)|VH01(Q,1)),16N) C 0.(G). If w lies in
Ge((PVGn(')|VH(}(Q))nEN)’ there exist u, € HO1 (), IVu,|| =1, n € N, such that Vu, — 0
and

(@+ive)(@~+iym)

0

., we obtain

”PVHOI(Q,,)GDE(CU)_lVMn” —-0, n— oo
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Let ug € H& (£2) be the extension of u,, € H()l (£2,) to Q by zero for n € N. By standard properties
of Sobolev spaces, Vug = (Vu,)". Hence the sequence (ug)neN C H(} (R2) is such that ||Vu2 | =
I,neN, Vu? —0and

||PVH()'(QH)®6(CU)_1V'/¢2|| —-0, n— oo.

Now the claim follows if we observe that Py := Py of = Pyp @, forall fe L2(Q)3
with supp f C 2.

Finally, we consider the approximation of isolated eigenvalues which lie outside W,(Sx) U
0.(G) but inside . Note first that o (A,) \ {—iYe, —i¥Vm} = 0 (Ly) \ {—iVe, —i¥Ym}, n € N.
Therefore [29, Theorem 2.3], applied to the sequence (A,), approximating A, yields that for
every isolated w € o (A) outside o, ((A,)n) U Ge((-AZ)n)* = 0,((An)n) there exists w, € o(A,),
n € N, and w,, — w. Since we have already proved that o, ((A,)n) \ {—iVe, —i¥Ym} = 0 ((L)n) \
{—iye, —iym} and that 0, ((L;),) N E C (We(Soo) U 0.(G)) N X, we deduce that every isolated
pointin w € 0 (A) N T =0 (L) N X, outside W,(Sso) U 0.(G) can be approximated by spectral
points w, € 0 (Ay) \ {—i Ve, —iyYm} = 0(L,), concluding the proof. O

6. Example

We consider the Drude-Lorentz model of a dispersive metamaterial in a cuboid K = (0, 1) x
(0, Ly) x (0, L3), embedded in an infinite waveguide 2 = (0, +00) x (0, L) x (0, L3), for
some Ly, L3 > 0; the region x; > 1 in Q is assumed to be a vacuum. We model the discontinuity
between the vacuum and the metamaterial as a discontinuity in the Drude-Lorentz parameters 6,
and 6,,; note that when 6, = 6,,, = 0 we have the standard time-harmonic Maxwell system in the
vacuum with permeability and permittivity constant and equal to 1. Specifically, we set

02(x) = dexx (X),  O2(X) =k (x), Ve=1>0, yp=1,

where o, o, are positive constants. This leads to the coupled pair of operators

Li(w) = ( Y iCUﬂ) Lr(w) = <_w T orm i curl )

—icurly —o —icurly —o+ 2t

where w € C \ {—i, —it}, £;(w) acts in L?(22;)* ® L*(;)3,i =1,2, and
Qi=K, Q=(,+00)x (0,Ls) x (0, L3).

According to our results it is convenient to consider the associated first Schur complements, from
which we deduce that if (E, H) is an eigenfunction with eigenvalue w then

curlcurly E — 0?E =0, in Q,
vx E=0, on 021 NI,

curlcurly E — f(w)E =0, in 7,
vx E=0, on 02y N 9L,
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in which f(w) is defined by

(@* +iot —a) (@ +iow—ap)
(w+i)(w+it)

flw)=

for all w ¢ {—i, —it}. Note that the points w = 0 and the roots of (@*+ivt —a) (@ +iw—ay)
will be in the essential spectrum, since any gradient field compactly supported in 2;, i = 1,2
will solve both systems. Define, for n = (n,, n3) € N 2,

n2n2 n2n} 72ny,  wini
L L2 L L2
The compatibility condition v x curl E|,, —g- = —v x curl E|, o+ implies that every eigenvalue
 must satisfy, for some n € N2, the equation
Ay (@) coth(A) (@) + Az (w) = 0. (6.1)

Consider now the truncated domains Qx = (0, X) x (0, L) x (0, L3). The compatibility condi-
tion (6.1) now becomes

A} (@) coth(A} (@) 4 12 (@) coth(A2 () (X — 1)) =0. 6.2)

Equations (6.1), (6.2) can be solved with a standard computational engine. For the computations,
we set t =4, o, =400, o, = 10. (See Fig. 3.)
For this example, Theorem 5.13 implies that spectral pollution can only happen in W,(Sxo)-
Since (@ + i Y () Sao(w) = curl curly —w? acting on divergence-free vector fields,
W, (Sxo) = —(conv(o, (curl curlo)))l/ 2y (conv(o, (curl curlo)))l/ 2,
Due to the divergence-free condition, curlcurly = —A as differential expressions. We can now

perform a standard principal symbol analysis to obtain o, (curlcurly) = [(;r/ max{L,, L3})2,
+00), and hence

-7 T
0e(So0) = We(Soo) = (—oo, max{La, L3}1| Y |:max{L2, L3}’ +oo> .

Regarding 0,(G), let us set (w? + wiye)/ae = z and let w € 0,(G) with associated Weyl
sequence Vg, — 0 in L2(Q)3, ¢, € HO1 (R2), n € N. We then have —Py(z — xx)Ve, — 0
in L2(Q)? if and only if —V(—AHO])_I div(z — xx)Vg, — 0 in L*()3, where —Ap is the
Dirichlet laplacian mapping I-'I(% (2) to its dual H ~1(Q2). Now, note that —V(—A H&)_l div(z —
xx)Ve, = 0in LZ(SZ)3 if and only if —div(z — xx)V¢, — 0 in H_I(Q); the ‘only if” part
follows immediately by applying V(—A Hl)_l while the ‘if” part follows from definition of

H~Y(Q). Therefore 0,(G) is completely determined by o, (— d1V( = xk)V) where for every
z € C, —div(z — xx)V is understood as an operator from H (Q) to H~'(Q). For smooth
boundaries, the problem of finding the essential spectrum of such div(p(-) — xx)V pencils
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Fig. 2. Spectrum of the Drude-Lorentz model in the waveguide 2 = (0, +00) x (0, 1) x (0, 7). The eigenvalues are
in blue, the essential spectrum in red, the poles in black, and the spectral enclosure I of Theorem 2.13 in green. (For
interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)
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Fig. 3. Spectrum of the Drude-Lorentz model in the truncated waveguide Qx = (0, X) x (0, 1) x (0, 7), with X =25.
Accumulation of eigenvalues to the real axis is clearly visible.

has been recently investigated in [20]. It is not too difficult to prove that z =0 and z =1
are in the essential spectrum of G. They correspond to the solutions of the two quadratic
equations w? + wiy, — a, = 0 and w? + wiy, = 0. However, there are further points in the
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essential spectrum corresponding to z = 1/2. In total, therefore, 0,(G) consists of the six
points

0u(G) = O,—iyg,—i%i a, — L&

for the values used in the numerical experiments, namely «, = 400 and y, =4, only 0 and —iy,
are purely imaginary. The four points of 0.(G) lying off the imaginary axis are marked in red
in Fig. 2. Moreover, we claim that the eigenvalues of £ (in blue in Fig. 2) are isolated (and of
finite geometric multiplicity), and therefore Theorem 5.13 implies that they are approximated
without spectral pollution via domain truncation. For the claim, note that 0,1 (L) = 0.2 (L) due
to J-self-adjointness of L. Also, it was proved above that o,1(L) is contained in the union of
two real half-lines and six isolated points. Therefore, A.1(£) := C \ 0,1(£) has only one con-
nected component, which has non-trivial intersection with o(£). According to the notation of
[14, Chp. IX], A1 (L) = As(L), where Ay5(L) = C \ 0.5(L); [14, Theorem 1.5] now implies
that any w ¢ 0.(L) = 0.5(L) is an isolated eigenvalue (of finite geometric multiplicity). The
claim is proved.
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