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A B S T R A C T   

Recent research investigations have reported the benefit of enhancing conventional AFM-based nanoscale 
machining operations by the introduction of high frequency vibrations between the AFM tip and the processed 
material. The technique relies on piezoelectric actuation and is relatively straight forward to implement in 
practice. However, the non-linearity of piezoelectric actuators when operated under high electric field and 
frequency conditions can affect the dimensional accuracy of the fabricated nanostructures. To address these 
issues, the paper reports a method based on coupled mechanical-electrical Finite Element (FE) modelling to 
predict the relative motion between an AFM tip and a workpiece for vibration-assisted AFM-based nano-
machining applications. In particular, the novelty of the proposed method is that it combines two classical ap-
proaches for modelling the nonlinear behaviour of piezoelectric materials. More specifically, two sources of non- 
linearity are considered simultaneously by combining the field-dependant model from Muller and Zhang with the 
frequency-dependant model from Damjanovic. The resulting combined model is employed to establish the 
piezoelectric constitutive equations implemented in the developed coupled field FE model. A further dis-
tinguishing characteristic of the work is that the proposed approach was subsequently validated by comparing 
the predicted widths of nanoscale grooves against those machined with a custom AFM-based vibration-assisted 
nanomachining configuration.   

1. Introduction 

Nanostructures can provide improved performances and advanced 
functionalities in modern devices [1,2]. To support the manufacturing 
requirements of such structures, nanofabrication technologies, e.g. 
nanolithography [3], additive nanomanufacturing [4], laser nano-
manufacturing [5] and nanomechanical machining [6], have attracted 
sustained attention from the research community, and have developed 
rapidly as a result. Based on the fact that nanomechanical machining 
enables the processing of a wide range of materials and exhibits high 
processing flexibility, this fabrication technique is of important interest 
in this context. Amongst the different possible implementations of the 
cutting process, vibration-assisted machining (VAM) has also been 
proposed for fabricating micro and nanostructures [7–9]. In such con-
figurations, the auxiliary cutting motion normally employed to improve 
cutting conditions in conventional VAM could be utilised directly for the 
generation of nanostructures. 

Nanoscale AFM-based VAM is an emerging research area aligned 
with such efforts. Indeed, a number of recent studies have proposed 
enhancing standard AFM tip-based nanomachining operations by 
introducing vibratory motions between the tip of the AFM probe and the 
workpiece [10]. Research investigations have highlighted the positive 
effects of implementing the AFM-based nanomachining process in a 
vibration-assisted mode. For example, Park and co-workers [11] found 
that AFM-based VAM reduced the cutting forces and burr formation, 
while Zhang and co-workers [12] and Geng and co-workers [13] re-
ported that this could lead to a reduction in tip wear. In such studies, 
piezoelectric-based actuation configurations are used to drive the 
workpiece, or the tip itself. Specific solutions have relied on 
flexure-based [14] or flexure-inspired [15] designs to increase the 
amplitude of motions generated by longitudinal piezoelectric stacks. 
Other AFM-based VAM studies have reported on customised actuation 
designs, for which either the AFM probe [16] or the workpiece [17] has 
been mounted directly on the piezoelectric actuator. Such flexure-less 
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designs typically allow for the utilisation of a more flexible operating 
range for the vibratory driving signal as they are not restricted to the 
resonance frequency of the flexure device. In addition, such customised 
piezoelectric solutions often operate in open-loop mode for imple-
menting AFM-based VAM. This can lead to improved processing speed 
since it avoids restrictions associated with the limited frequency band-
width of control systems. However, this also leads to undesirable phe-
nomena associated with piezoelectric materials such as hysteresis and 
creep, which can decrease the accuracy and predictability of displace-
ments of such piezoelectric based designs [18,19]. In addition, unlike 
the auxiliary nature of piezoelectric actuation observed in conventional 
VAM [14], the actual sub-μm motion generated by such actuators for 
nanomachining applications has a direct influence on the dimensional 
accuracy of the resulting nanostructures formed. In particular, 
out-of-plane AFM-based VAM and in-plane AFM-based VAM configu-
rations influence the depth and the width, respectively, of machined 
grooves. The amplitude of vibratory motions can also influence the 
process mechanics, such as the size of the undeformed chip thickness 
[20,21]. Therefore, it is important to characterise and predict the dy-
namic behaviour of such open-loop piezoelectric-based solutions to 
develop robust AFM tip-based vibration-assisted nanomachining 
platforms. 

Based on the principle of the direct and converse piezoelectric ef-
fects, energy harvesters [22,23] and micro/nanometre actuators [24,25] 
are the two main applications of piezoelectric materials. Due to the 
polarization direction perpendicular to the electric field direction, shear 
mode piezoelectricity can provide bending deformation [26] and shear 
deformation [27]. Though the piezoelectric coefficient of shear mode 
(d15) is generally larger than that of the transverse mode (d31) and 
longitudinal mode (d33) and thus, results in larger deformations under 
an identical electric field intensity, it is often not exploited due to its 
deformation configuration [23,25]. However, shear-type piezoelectric 
actuation shows advantages in the context of AFM-based VAM. This is 
because 1D or 2D machining trajectories with a relatively large ampli-
tude range can be directly generated by the shear deformation of 
piezoelectric stacks without complex ancillary set-up. In addition, 
revolving trajectories with radii larger than one hundred nanometres 
can be generated, leading to the implementation AFM-based nano-
milling operations [28]. This specific process development was reported 
to be beneficial for the fabrication of complex nanostructures with 
changeable dimensions and for improving the processing efficiency and 
quality [29,30]. However, the nonlinearity of piezoelectric materials 
still affects the dimensional accuracy of generated structures in this case. 

In this context, the focus of the research reported here is to present, 
implement and validate a methodology for predicting the dynamic 
response of the combined “tip-workpiece-actuator” system for a cus-
tomised AFM-based VAM set-up under a range of driving frequencies 
and voltages. In particular, we present a coupled mechanical-electrical 
finite element (FE) model to describe theoretically the motions of a 
shear-type piezoelectric actuation set-up for 1D and 2D in-plane AFM- 
based VAM when the workpiece is directly mounted on the actuator. 
AFM-based VAM experiments are also performed on a single crystal 
copper workpiece to verify the robustness of the proposed methodology. 
The distinguishing characteristic of this research is that the nonlinearity 
of piezoelectric actuator displacements is considered and modelled as a 
function of both the electric field and the frequency of the driving signal. 
More specifically, this is achieved by combining two classical models 
from the field of piezoelectric ceramic materials. The remaining parts of 
this paper are organised as follows. The next section presents the 
experimental procedures implemented and the novel methodology 
adopted to develop a numerical model of the AFM-based VAM set-up 
developed in this research. In the subsequent section, simulation re-
sults are presented and compared with actual AFM-based nano-
machining experiments. Finally, conclusions and outlook for future 
work are reported. 

2. Methodology: experimental procedures and numerical 
modelling 

2.1. Piezoelectric actuation solution for AFM-based VAM 

A two-dimensional shear-type piezoelectric stack (model NAC2902- 
H2.8 from Noliac, Denmark) was employed in this study. Fig. 1 shows an 
annotated image of this actuator. The piezoelectric element was 
composed of a stack of two shear actuator plates (model CSAP02 from 
Noliac, Denmark) which were orientated in such a way to have their 
respective polarisation directions and shear strain directions perpen-
dicular to each other; i.e. along the x-axis and y-axis, respectively, ac-
cording to the coordinate system shown in Fig. 1. Each plate was made of 
a soft piezoceramic material referred to as NCE51 by the manufacturer, 
while their nominal dimensions was 5 mm × 5 mm × 0.5 mm and their 
nominal maximum shear displacement was 1.5 µm under a drive voltage 
of 320 V. Each such shear-type element was sandwiched between two 
isolation plates. These isolation layers were made of unpolarised pie-
zoceramic material while the electrodes were in stainless steel. The two 
end isolation plates (c.f. Fig. 1) were customised to have a thickness of 1 
mm to ease clamping during the experiments. 

2.2. Piezoelectric constitutive equations: proposed approach for modelling 
nonlinear effects 

To develop a mechanical-electrical coupled field model, the 
following piezoelectric constitutive equations must be implemented: 
{

S = s.T + dt.E
D = d.T + ε.E (1)  

where S is the strain, T is the stress (N m − 2), D is the electric charge 
density displacement (C m − 2) and E is the strength of the electric field 
(V m − 1). In addition, the material properties in these equations are d, 
the piezoelectric coefficients (m V − 1), ε, the permittivity coefficients (F 
m − 1) and s, the elastic compliance coefficients (Pa− 1). The constitutive 
equations bridge the link between the mechanical and electrical loads. 
For example, as a result of the direct piezoelectric effect, an applied 
mechanical stress, T, produces the electrical displacement, D, in the 
piezoelectric material; while the application of an electric field,E, leads 
to a mechanical strain, S, of the piezoelectric material as a result of the 
converse piezoelectric effect. In the case of a shear mode actuator, the 
electric field is applied perpendicular to the polarisation so that shear 
piezoelectric coefficients (e.g. d15) are important. 

It should be noted that most FE-based simulation models use con-
stant piezoelectric coefficients when implementing the above constitu-
tive equations [31–35]. However, when the external electric field 
exceeds a threshold value, piezoelectric coefficients can no longer be 
considered constant due to the motions of non-180◦ domain walls of the 
ferroelectric materials [36–39]. This is especially the case for the shear 
coefficient of interest in this research, i.e. d15, which governs the 
in-plane displacement of shear-type piezoelectric materials [40,41]. As a 
result, piezoelectric actuator set-ups operated in open loop may be 
reasonably predictable when driven under low electric field conditions 
due to limited domain motion [42]. However, when the actuator is 
subjected to high electric fields to achieve a high motion amplitude, the 
nonlinear behaviour of a piezoelectric material must be considered 
when modelling the system [43–45]. A possible approach to achieve this 
is through fitting experimental data to the empirical model, as proposed 
by Mueller and Zhang [40], which expresses the piezoelectric co-
efficients as field-dependant functions. The use of such nonlinear co-
efficients into piezoelectric constitutive equations has proven effective 
for modelling and predicting the nonlinearity of piezoelectric materials 
[41,46,47]. For this reason, the model from Mueller and Zhang [40] is 
also considered in this research to implement the developed coupled 
field FE model. This means that the dependence of the coefficient d15 on 
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the electric field, E1, orientated perpendicular to the polarisation di-
rection is given as follows: 

d15(E1) = dlin[1+(dnlE1)
α
] (2)  

where dlin is the low-field piezoelectric constant, dnl is the nonlinear 
coefficient of piezoelectric constant and α is usually assumed to be equal 
to 1.2. 

In addition, Masys et al. [48] investigated the effect of the applied 
drive frequency on the response of the piezoelectric coefficient d15. The 
results reported by these authors showed that the dynamic behaviour of 
the piezoelectric material is affected by nonlinearity in this case as well. 
This is due to the higher frequency of operation resulting in fewer do-
mains being able to keep pace with the rapidly changing electric field. In 
turn, this leads to a decrease of d15 with frequency [48]. To take this 
additional source of nonlinearity into consideration in this research, we 
propose to integrate the work of Damjanovic [49] into the model of 
Mueller and Zhang [40]. In particular, Damjanovic observed that the 
value of the piezoelectric coefficient d33 decreases linearly with the 
logarithm of the frequency. This is due to the frequency dependence of 
the domain-wall mobility as reported by Garcia [38]. For this reason, in 
this research, it is proposed that the model of Damjanovic [49] is com-
bined into the model of Mueller and Zhang [40] by expressing the dlin 
and dnl coefficients from Eq. (2) as logarithmic function of the frequency, 
as follows: 

dlin(f ) = a1lg(f ) + b1 (3)  

dnl(f ) = a2lg(f ) + b2 (4)  

where f is the applied frequency and where a1, b1, a2, and b2 are con-
stants which are determined experimentally. As a result, the following 
expression is proposed for d15: 

d15(E1, f ) = dlin(f )[1+(dnl(f )E1)
α
] (5)  

where dlin(f) and dnl(f) are not considered constants, as would be the case 
when implementing the model from Mueller and Zhang [40], and we 
define these coefficients according to Eqs. (3) and (4), respectively. In 
practice, the above expression is employed as the objective function to 
be fitted with experimental data. These data are obtained by charac-
terising the actuator displacements for a range of electric field and fre-
quency values. Next, once the necessary constants a1, b1, a2, and b2 have 
been identified, the resulting expression for d15(E1,f) is fed into the 
developed coupled field FE model for simulating the dynamic 
displacement of each shear-type piezoelectric plate that composes the 
NAC2902-H2.8 actuator used in this study. 

2.3. Coupled field FE model 

A FE-based modelling approach is used to take into account the 
coupled field effect described earlier to predict the dynamic response of 
piezoelectric materials, in particular for set-ups exhibiting relatively 
complex geometrical configurations and boundary conditions. In this 

work, a FE model was developed with the software Abaqus based on a 
Lagrangian formulation. Fig. 2 depicts the complete model of the “tip- 
workpiece-actuator” system developed for AFM-based VAM and for 
which the nonlinear displacement behaviour was accounted for via the 
expression proposed with Eq. (5) for d15(E1,f). Fig. 2(a) presents a 
schematic of the experimental set-up, in which the cutting forces (Fx, Fy, 
Fz) induced by the AFM probe tip were applied as load boundary con-
ditions in the FE simulation. Fig. 2(b) shows the developed FE model. 
Fig. 2(c) is the exploded view of the FE model for the shear piezoelectric 
stack. As can be seen in this figure, the model consisted of three isolation 
end plates, four pieces of stainless steel electrodes (60 μm thick) and two 
shear piezoelectric plates bonded together using the “Tie” constraint in 
Abaqus. The top and bottom end plates were made of the non-polarized 
NCE51 material and had a thickness of 1 mm, while the middle plate was 
0.5 mm thick. A local coordinate system (1–2–3), as shown in Fig. 2(d), 
was defined to describe the anisotropic properties of ferroelectric ma-
terials and the polarisation direction was set along the 3-axis. For a 
shear-type piezoelectric actuator, when the electric field is applied along 
the 1-direction, the shear strain of the plate is generated in the 1–3 
plane. The system of units for the physical quantities was set to be kg-m- 
s-◦C. Correspondingly, the output units of force, stress and electric po-
tential were N, Pa and V, respectively. A 6-node linear piezoelectric 
triangular prism element (C3D6E) was used to mesh the piezoelectric 
shear plate with an average side length of about 104 µm. Finally, Table 1 
shows the material parameters as provided by the manufacturer. These 
were employed in the model for each shear actuator plate, except for the 
shear coefficient parameter d15, which was determined according to the 
methodology described above; see Eq. (5). In practice, the linear 
piezoelectric constitutive equations present inside the software Abaqus 
could be employed, However, for the coefficient d15, the user subroutine 
USDFLD in Abaqus was implemented to capture the electric field and 
frequency dependence. 

2.4. Experimental set-up: characterisation of the nonlinear piezoelectric 
coefficient d15(E1,f) and AFM-based VAM operations 

Commonly, three methods can be employed for assessing piezo-
electric coefficients, namely the frequency method, the laser interfer-
ometry method and the quasi-static method [50]. For piezoelectric 
actuator applications, the laser interferometry method is the most 
appropriate, where piezoelectric coefficients are evaluated by 
measuring the displacement of the actuator. A one-dimensional laser 
doppler vibrometer (LDV) (model OFV-303 from Polytec, Germany) was 
employed to measure in-plane shear displacements of the piezoelectric 
actuator under different driving sinusoidal signals, with peak-to-peak 
voltage values ranging from 100 V to 250 V and with frequency 
values comprised between 2 Hz and 10 kHz. Table 2 shows the specific 
values considered in these experiments. The LDV instrument had a laser 
wavelength of 633 nm and a resolution of 32 nm. Fig. 3 illustrates the 
measurement set-up utilised. The input from the signal generator was 
amplified with a fixed gain of 50 V/V by a power amplifier (model 
2100HF from Trek, USA). An oscilloscope was utilised to collect the 

Fig. 1. Annotated photograph of the shear-type piezoelectric stack actuator utilised. The symbol “P” and the associated arrows represent the polarisation direction 
for each active plate. 

B. Xue et al.                                                                                                                                                                                                                                      



International Journal of Mechanical Sciences 243 (2023) 108048

4

displacement signals recorded by the LDV. The oscilloscope was also 
employed to monitor the input from the signal generator to the amplifier 
for assessing the phase lag between the applied driving signal and the 
collected displacement signal. This was achieved by comparing the 
phase spectrums of these two signals at the driven frequency calculated 
from Fast Fourier Transform (FFT). The measured displacement, u, 
corresponding to the shear deformation of the piezoelectric actuator, 
was subsequently used to calculate the shear strain, S, according to the 
following equation: 

S = u/t (6)  

where t is the thickness of the piezoelectric plate. Then, based on the 
pure converse piezoelectric effect, the piezoelectric coefficient d15 could 
be assessed for each combination of driving voltage and frequency 
values, as: 

d15 = S/E1 (7) 

Furthermore, AFM-based VAM experiments were also conducted to 
validate the reliability of the proposed modelling method. A simple 
fixture system was designed that could be fitted on the existing stage of 
the commercial AFM instrument utilised (model XE-100 from Park 
Systems, South Korea). The workpiece processed was a single copper 
crystal specimen with crystallographic planes orientated in the (111) 
direction and with overall dimensions 10 mm x 10 mm x 0.5 mm. The 
end isolation plate at the bottom of the piezoelectric actuator was me-
chanically clamped onto the part of the fixture that was screwed on the 
AFM stage, while the upper isolation plate was glued on a smaller fixture 
piece that was designed to hold the copper specimen. The shear-type 
piezoelectric actuator could be actuated to vibrate along directions of 
motion within the (xy) plane (c.f. Fig. 2(a)). Nanoscale grooves were 
machined during a single-pass of the tip along the face-forward direc-
tion. Using this set-up, it is possible to conduct 1D and in-plane 2D AFM- 
based VAM operations. The AFM probe, employed as the cutting tool, 
was the model DNISP from Bruker (USA). This probe had a nominal 
spring constant of 225 N/m and was mounted with a diamond cube- 
corner tip. Finally, the XEL software from Park Systems was utilised to 
define linear machining trajectories for producing grooves. A constant 
normal force of 30 μN was maintained between the tip and the work-
piece via the feedback loop of the AFM instrument in a similar fashion to 
contact mode AFM scanning. 

Fig. 2. (a) Schematic AFM-based VAM set-up of the “tip-workpiece-actuator” system, (b) developed FE model, (c) exploded view of the FE model for the shear 
piezoelectric stack showing the different individual components and (d) single shear piezoelectric plate. 

Table 1 
Property parameters of the NCE51 material.  

Material parameter Value 

Elastic compliance coefficients (10− 12 m2/N) 
s11 17.00 
s12 − 5.36 
s13 − 8.69 
s33 21.30 
s44 = s55 48.90 
s66 = 2(s11 − s12) 44.72 
Permittivity coefficients (10− 8 F/m) 
ε11 = ε22 1.72 
ε33 1.68 
Relative permittivity coefficients 
ε11r = ε22r 1940 
ε33r 1900 
Piezoelectric coefficients (10− 12C/N) 
d31 − 208 
d33 443 
d15 669  

Table 2 
Experimental conditions used to characterise the actuator displacements.  

Driving frequency 
(Hz) 

2, 10, 100, 200, 400, 600, 800, 1000, 2000, 3000, 4000, 5000, 
6000, 7000, 8000, 9000,10,000 

Driving voltage (V) +/− 50, +/− 62.5, +/− 75, +/− 87.5, +/− 100, +/− 112.5, 
+/− 125  

B. Xue et al.                                                                                                                                                                                                                                      



International Journal of Mechanical Sciences 243 (2023) 108048

5

3. Results and discussion 

3.1. Electric field- and frequency-dependant piezoelectric coefficient 
d15(E1,f) 

Fig. 4(a) shows a plot of the displacements recorded using the 
characterisation set-up depicted earlier in Fig. 3 for a single shear-type 
piezoelectric plate and considering the entire combination of applied 
voltage and frequency values provided in Table 2. From this figure, it 
can be seen that with an increase in frequency, all the displacement 
amplitudes under the applied voltages first decrease gradually and then 
increase rapidly once the driving frequency reaches approximately 3 
kHz. The intrinsic contribution to the total strain is associated with 
movement of the ionic dipole and is less affected by frequency; however, 
the extrinsic contribution to the total strain as a result of motions of non- 
180◦ domain walls at high electric field contributes to greater extent at 
lower frequencies [36, 51]. It can also be noted that with a higher 
applied voltage (and associated electric field), the rate of change in the 
gradual decrease of the displacement amplitude with frequency be-
comes more pronounced. Again, this is due to domain wall motion 
acting as an extrinsic contribution to the strain to a greater extent at high 
electric fields, which needs a finite time to response and hence subse-
quently reduces with frequency. At relatively low electric fields, domain 
motion is reduced and the total strain is more dependant on the intrinsic 
contribution to strain as a result of ion motion, which is less influenced 

by drive frequency. 
Fig. 4(b) presents the displacement of the shear plate and the phase 

lag between the driving sinusoidal voltage signal and the output 
displacement signal at different driving frequencies under the applied 
peak-to-peak voltage of 250 V. In addition, Fig. 4(c) reports three ex-
amples of data recorded with the oscilloscope to prepare the graph 
shown in Fig. 4(b). It can be observed from Fig. 4(b) that a frequency of 
3 kHz, where the inflection point for the displacement amplitude was 
noted, also approximately corresponds to the point at which the phase 
lag between the input and output signals begins to change sharply, 
which is not influenced by the electric field. Thus, it can be said that up 
until 3 kHz, the piezoelectric actuator plate followed a behaviour, which 
can be described by piezoelectric constitutive equations. The FE analysis 
revealed that the first order resonance in bending should be around 95 
kHz (see the inserted diagram in Fig. 4(b)). Although the maximum 
driving frequency considered in these characterisation experiments, i.e. 
10 kHz, was far away from this first order resonance, with the frequency 
increasing above 3 kHz, due to the change in phase lag, the actuator 
entered a region of unstable vibratory behaviour, which could no longer 
be predicted by piezoelectric constitutive equations. In addition, in this 
region, the maximum displacement was not generated at the peak of 
applied sinusoidal voltage as observed with Fig. 4(c). It can be seen in 
the figure that with increasing frequency the difference of corresponding 
positions between the peaks of two sinusoidal signals becomes larger. By 
plotting the displacement against voltage relationship in Fig. 4(c), it was 

Fig. 3. Schematic of the measurement set-up used to characterise the d15 coefficient of the piezoelectric actuator under a range of driving voltage and fre-
quency values. 
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found that the hysteresis loops of 100 Hz and 3 kHz bear similarities and 
display sharp reversal peaks at their extrema values, which is charac-
teristic of hysteresis. However, the hysteresis loop for 10 kHz exhibits an 
elliptical shape with rounded tips, which reflects the behaviour of the 
piezo stack system rather than the piezoelectric plate only [52]. Hence, 
it can be concluded that the constant and negligible phase difference 

before 3 kHz was mainly caused by the hysteresis effect of the piezo-
electric ceramic. However, after 3 kHz, the displacement begins to lag 
behind the excitation voltage and becomes larger. Hence, if the 
displacement data for frequency values larger than 3 kHz are used to fit 
the model, the prediction will be inaccurate when the configuration of 
the piezo stack is changed. 

Fig. 4. Experimental data showing (a) the plot of the displacements of the shear piezoelectric plate under different voltage and frequency values, (b) variations of 
displacement and phase lag versus logarithmic frequency under the voltage of +/− 125 V and (c) three examples of typical displacement plots, respectively varying 
with time and voltage, again under the voltage of +/− 125 V. 

B. Xue et al.                                                                                                                                                                                                                                      



International Journal of Mechanical Sciences 243 (2023) 108048

7

Hence, it was decided that individual experimental data points for 
the piezoelectric coefficient d15 (derived from Eq. (7)) should be ob-
tained only for frequency values in the stable region, i.e. between 2 Hz 
and 2 kHz. This data collection was also conducted at different applied 
voltage values and the series of such points then plotted against the 
electric field, as shown in Fig. 5. In this way, the relationship between 
d15 and E1 could be calculated based on the power law model from 
Mueller and Zhang (c.f. Eq. (2)). Fig. 5 shows the fitting obtained for 
nine different driving frequencies between 2 Hz and 2 kHz. For each 
case, the power law equation fitted to the data resulted in the identifi-
cation of a pair of piezoelectric coefficients, i.e. the constant dlin and the 
nonlinear coefficient dnl. Table 3 presents a summary of the pair of these 
coefficients obtained for the frequency values considered. In addition, 
the goodness of fit between the power law model (Eq. (2)) and the 
original data points was assessed with the traditional R2 metric. This 
information is also provided in Table 3. Based on this assessment, given 
that the best fit resulted in a R2 value of 99.22% (at 100 Hz) and that the 
lowest R2 value was 94.54% (at 10 Hz), it could be stated that the power 
law from Mueller and Zhang well describes the dynamic response of the 
shear-type piezoelectric plate for the range of driving frequency signals 
considered here. 

Based on the experimental values for dlin and dnl extracted, as 
described above for each frequency considered, the next step consisted 
in fitting these data to the model from Damjanovic [49]. This outcome is 
shown in Fig. 6 where, based on Eqs. (3) and (4), two expressions could 
be extracted to characterise the frequency-dependant dlin(f) and dnl(f) 
coefficients. By introducing these two formulas into Eq. (5), a nonlinear 

function for d15, could be obtained which considered both electric 
field-dependant and frequency-dependant effects. This expression could 
be employed in the developed coupled field FE model to predict the 
dynamic shear response of the NCE51 piezoceramic material for a 
driving electric field smaller than the coercive field and for a driving 
frequency less than 2 kHz. It is of interest to note that the reference value 
of the piezoelectric coefficient, dlin, was given as 669 pC/N by the 
manufacturer of this piezoactuator (see Table 1), when measured under 
a very low frequency condition, i.e. 0.2 Hz. By using the frequency 
dependant expression for dlin extracted in this work, then, under 0.2 Hz, 
this value was found to be 671.5 pC/N, and thus in good agreement to 
that given by the manufacturer. This provides a degree of confidence in 
the approach followed in the study presented here. 

Based on the obtained expression for d15(E1,f), the theoretical 
displacement of the shear piezoelectric plate could be assessed at higher 
voltage values as shown in Fig. 7(a). In this figure, the interrupted lines 
represent the theoretical predicted results for voltage values of +/− 200 
V, +/− 250 V and +/− 320 V. In line with recorded experimental data, 
the model also predicts that the decreasing rate of displacement as the 
frequency increases is more pronounced at higher voltages. A three- 
dimensional plot of such variations in displacements in relation to the 
voltage and frequency is also graphed with Fig. 7(b). 

3.2. Finite element analysis of the electrical and mechanical coupled 
effect on the piezoelectric trajectory 

By employing the experimentally extracted nonlinear d15(E1,f) 

Fig. 5. Experimental data and fitting based on the model from Mueller and Zhang for varying values of d15 with E1 under different frequencies between 2 Hz and 2 
000 Hz. 
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function, FE simulations of the piezoelectric stack under a variety of 
electrical and mechanical coupled loads were conducted. For 1D vi-
brations, only one shear plate was actuated using the sinusoidal volt-
ages, while for 2D vibration simulations, two out-of-phase sinusoidal 
voltages were applied to different shear plates, as illustrated with Fig. 8 
(a). Fig. 8(b) and (c) show the simulated displacements of one plate and 
the resultant trajectories of two plates, respectively, under driving 
voltage amplitudes of 75 V and 140 V and frequencies of 100 Hz, 500 Hz 
and 1000 Hz. It can be seen that with varying d15(E1,f), the displacement 
of the shear plate is no longer a regular sinusoid. Hence, the revolving 
trajectories when considering the combined displacement with Fig. 8(c) 
display a square-like shape, which becomes more obvious under higher 
voltage condition. It is also noted that a higher frequency has little effect 
on the resulting shape of the trajectory, but it reduces the amplitude of 
vibration. 

In addition, four types of mechanical traction loads with the same 

peak value of 10 N were applied to the top surface of the piezoelectric 
stack, as shown in Fig. 8(d). The condition labelled “d1” is that of a 
constant force against the moving direction. The condition labelled “d2” 
aims to represent 1D in-plane VAM. The condition labelled “d3” at-
tempts to model one half of the 2D in-plane VAM, while “d4” aims to 
represent the whole cycle of 2D in-plane VAM. Fig. 8(e) presents the 
corresponding simulated displacement results under an electric load of 
75 V and frequency of 500 Hz. The objective of these simulations was to 
assess the influence of the interaction force between the AFM tip and the 
workpiece surface on the resulting displacement of the piezo electric 
stack. It can be seen with conditions “d1” and “d2”, that a constant force 
produces a fixed displacement offset, i.e. about 11 nm for a force of 10 N. 
Under the conditions “d3” and “d4”, the displacement offset changes 
constantly with the variation of force. Finally, the displacement under a 
much lower constant force of 2 mN was also simulated and displayed 
with the red squares markers in Fig. 8(e). In this case, a negligible 

Table 3 
Piezoelectric constant dlin and nonlinear coefficient dnl found by fitting the model from Mueller and Zhang [40] to the experimental data for a range of frequency values 
between 2 Hz and 2 kHz. The R2 value indicates the goodness of fit.  

Frequency (Hz) 2 10 100 200 400 600 800 1000 2000 

dlin (pC/N) 641.3 624.4 595.8 568.1 567.9 558.9 565.2 564 558.4 
dnl (mm/kV) 2.727 2.546 2.468 2.64 2.519 2.567 2.494 2.324 2.365 
R2(%) 98.6 94.5 99.2 99.1 98.8 98.3 99.0 98.8 99.1  

Fig. 6. Experimental data and fitting based on the model from Damjanovic to express (a) the low-field piezoelectric constant dlin(f) and (b) the nonlinear coefficient 
of piezoelectric constant dnl(f). 

Fig. 7. (a) Displacement of the piezoelectric actuator for peak to peak voltage values in the range 100 V to 640 V and for frequency values from 2 Hz to 2000 Hz. The 
interrupted lines plot predicted displacements based on the proposed nonlinear d15(E1,f) function. (b) 3 dimensional plot of such displacement as a function of driving 
frequency and voltage. 
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Fig. 8. Motion simulation of the piezoelectric stack under different electrical and mechanical loads. (a) An example of FE outcome displaying displacement contour 
of the piezoelectric stack, (b) displacements of a single piezoelectric plate at two different driving voltage and three frequency values, (c) resultant displacements 
from two piezoelectric plates actuated with sinusoidal signals 90◦ out-of-phase, (d) simulated boundary conditions for the mechanical load and (e) effect of load type 
on piezoelectric displacement. 

Fig. 9. Dynamic analysis of the VAM set-up and shear piezoelectric stack under different excitation signals for the top and the bottom actuation plates. (a) and (b) 
dynamic displacement response of the workpiece when driven by out-of-phase sinusoidal signals of +/− 140 V at 500 Hz. (c) and (d) dynamic displacement response 
of the workpiece when driven by a square signal of +/− 140 V at 500 Hz and 100 Hz. (e) dynamic displacement response of the top isolation plate without the 
workpiece and without the fixture when driven by a square signal of +/− 140 V at 500 Hz. 
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displacement offset was predicted. Thus, given that an even lower 
interaction force of 30 μN was set in this study for the actual AFM-based 
VAM experiments, it can be said that its influence on the displacements 
of the shear-type piezoelectric actuator were also negligible. More 
generally, as the cutting forces in AFM-based nanomachining are 
commonly less than 1 mN [53,54], their influence on the motions of 
piezoelectric set-ups similar to that reported in this study could also be 
neglected. 

A dynamic simulation study was also conducted with the developed 
FE model to analyse the influence of inertial forces on the displacements 
of the AFM-based VAM set-up (c.f. Fig. 2(a)). Fig. 9(a) displays the 
simulated dynamic displacements when the top and bottom shear-type 
piezoelectric plates are driven by a sinusoidal signal of +/− 140 V at 
500 Hz. Based on this figure, the model indicates that undesired high 
frequency vibrations are generated when the input voltage increases 
instantaneously at the beginning of the application of the driving signal. 
However, these oscillations decrease reasonably rapidly after an elapsed 
time equal to a few periods of the actuation signal. In addition, Fig. 9(b) 
shows that, when the study is run first without taking inertia into ac-
count, i.e. the static phase shown in Fig. 9(b), and then, when inertia is 
introduced, i.e. the dynamic phase shown in Fig. 9(b), such high fre-
quency oscillations are not observed. This suggests that the initial high 
frequency oscillations seen with Fig. 9(a) may be caused by a sudden 
jump in the input signal. To verify this, further simulations were 

conducted using a step function as the driving signal. In particular, 
square waveforms of +/− 140 V with different frequencies of 500 Hz and 
100 Hz were applied to the simulated VAM set-up and are reported in 
Fig. 9(c) and (d). It can be observed from these two figures that indeed, a 
sudden change of input voltage causes high frequency oscillations of the 
workpiece, especially as a result of the actuation of the top piezoelectric 
plate. In addition, the dynamic response of the piezoelectric stack, but 
this time without the fixture and workpiece, was also simulated and the 
output displacements plotted with Fig. 9(e). Removing the fixture and 
the workpiece from this simulation run enabled to decrease the mass, 
and thus the inertial force, with a view to conduct a comparative anal-
ysis. When evaluated against Fig. 9(c), the simulated output of Fig. 9(e) 
shows an obvious reduction in high frequency vibrations. This indicates 
that for the current configuration of the VAM set-up developed, the mass 
of the fixture and of the workpiece has an effect. However, as discussed 
above, this effect should be present only for a very short time following 
the switching on of the driving signal and only for practical situations 
where this signal is such that it provides a sudden increase, or decrease, 
in the voltage delivered. Therefore, it could be said that the usage of 
sinusoidal driving waveforms should still lead to expected outcomes 
despite inertia. 

Fig. 10. (a) Comparison between experimental data (i.e. LDV measurements and measured widths at the bottom of grooves) and predicted frequency-dependant 
variations of displacement under the voltage of +/− 140 V, (b)-(d) SEM images of machined nanogrooves and (e)-(g) AFM results of machined grooves. 
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3.3. Experimental validation of the proposed d15(E1,f) function with 
nanoscale groove fabrication 

Nanoscale groove fabrication experiments based on 1D in-plane 
VAM were conducted to validate the effectiveness of the designed 
piezoelectric actuation set-up for AFM-based VAM operations. Based on 
the FE model reported earlier in Fig. 2(b), the first resonant frequency of 
the AFM-based VAM set-up was calculated to be around 10,010 Hz 
under torsion mode and thus, far above the range of interest in this study 
(<3 kHz). In these experiments, three frequencies (100 Hz, 500 Hz and 
1000 Hz) were also chosen to actuate the piezoelectric stack. However, a 
voltage of +/− 140 V, not previously employed in the characterisation 
experiments, was also selected. Fig. 10(a) displays the comparison be-
tween the obtained experimental and simulated results. The predicted 
line in this figure was obtained from the frequency-dependant d15(E1,f) 
expression under fixed field E1. It can be seen that the difference be-
tween the experimental data and the predicted results is small. More 
specifically, an average difference of about 0.45% was observed be-
tween the predicted and machined groove widths with 3.2% being the 
maximum deviation measured. In addition, Fig. 10(a) shows that the 
change in mean value of the width at the bottom of the groove as a 
function of the frequency is aligned with that predicted with the FE 
model. SEM images of machined grooves are also provided with Fig. 10 
(b)-(d) while Figs. 10(e) and (f) show their 3D topographies when 
machined under the conditions of +/− 140 V (100 Hz) and +/− 75 V 
(100 Hz). 

Due to the interaction forces between the tip and workpiece, the 
induced torsional deflection of the cantilever may also impact the width 
of machined grooves. To minimize tip-sample interaction forces, it was 
proposed to employ a low stiffness cantilever to machine heat softened 
samples in [55]. However, it has been reported previously that the 
deformation of the cantilever should be minimal when using a diamond 
tip mounted on a cantilever with large torsional rigidity [56,57]. In 
addition, it can be observed from Fig. 10(a) that, the AFM data can be 
regarded as a continuation of the LDV data. This indicates that the 
machining process led to groove widths which matched the displace-
ment of the piezoelectric plates. In addition, it can be seen from Fig. 10 
(g) that the right sidewalls of grooves machined under different inter-
action forces have similar slope values. This also suggests that any dif-
ference in torsional deformation of the cantilever could be considered 
negligible. The slope difference observed in Fig. 10(g) on the left side of 
the groove could be attributed to the influence of material accumula-
tion. From these analyses, it can be concluded that with the proposed 
model, the width of nanoscale grooves can be predicted effectively. 

4. Conclusions 

To predict the displacements of a shear-type piezoelectric actuator 
under high electric field and high frequency conditions, nonlinear 
piezoelectric constitutive equations were implemented in a coupled field 
FE model. The distinguishing characteristic of the research reported here 
lies in demonstrating how the field-dependant power equation from 
Mueller and Zhang could be combined with the logarithmic frequency- 
dependant approach proposed by Damjanovic to build the constitutive 
equations of the developed coupled field FE model. Through the fitting 
of experimental data, the piezoelectric coefficient d15 was characterised 
as a function of both the applied electric field and the driving frequency. 
Nanoscale grooves were also fabricated using 1D in-plane AFM-based 
VAM operations under an excitation voltage not employed when 
defining the constitutive equations of the coupled field FE model. By 
comparing the width of machined nanoscale grooves for a range of 
frequencies against predicted values, the effectiveness of the proposed 
method to characterise and model the nonlinearity of a shear-type pie-
zoactuator was verified. In the context of AFM-based VAM operations, 
this is particularly important to ensure that nanoscale grooves can be 
produced in a deterministic manner. 

The coupled field FE model of the shear-type piezoelectric stack was 
also employed to simulate the relative motion between an AFM tip and a 
processed workpiece in the context of AFM-based VAM operations. 
These simulations indicated that, in addition to the displacement 
amplitude, the variation of the d15 coefficient would also affect the 
shape of the piezoelectric movement trajectory. The simulations also 
revealed that cutting loads which are typical of AFM-based nano-
machining should have a negligible influence on the displacements of 
such shear-type piezoelectric actuator set-ups. 
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