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ABSTRACT

Following the experimental lead, we construct a general mathematical model which, depending
on whether the uniaxial scalar order parameter is constant or not, can predict either the classical
shear striping instability or the molecular auxetic response and mechanical Fréedericksz transition
observed in different liquid crystal elastomers. Our theoretical model can shed some light on the
role of nematic order in these stretch-induced mechanical instabilities not observed in conven-

tional rubber-like solids.
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1. Introduction

In Refs [1-6], experimental observations are reported
for a nematic liquid crystal elastomer (LCE) where an
auxetic response occurs, such that, when a material
sample is stretched longitudinally, its volume remains
unchanged, but its thickness, measured in the direction
perpendicular to the sample’s plane, first decreases, then
increases if the deformation is sufficiently large. This
behaviour is accompanied by a mechanical Fréedericksz
transition whereby the nematic director, which is initi-
ally aligned within the sample’s plane and perpendicular
to the longitudinal direction, is mechanically deformed
to become parallel to the applied force. Experimentally,
this can appear as a sudden rotation of the director, and
is different from the gradual rotation occurring in many
other LCEs where alternating shear stripes form at very

low stress [7-13]. Discontinuous rotation of the nematic
director was also reported previously by Mitchell et al.
[14] (see [15, Section 5.5]).

While the shear-striping phenomenon in nematic
LCEs is well understood and has been modelled exten-
sively [8,16-24], auxetic LCEs require more physical
and theoretical investigation.

In Mihai et al. [25], a descriptive three-term Ogden-
type model [26,27] is adopted which permits the cali-
bration to available experimental data for the auxetic
LCE. However, despite the inherent mathematical sim-
plicity of the Ogden strain-energy function, fewer terms
are needed in order to assess the effect of changing
parameter values.

In this paper, guided by experimental observations,
we propose a two-term Ogden-type constitutive model,
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Director rotation in LCE presenting shear striping

SR

Director rotation in LCE exhibiting auxetic response

Figure 1. (Colour online) Deformation-dependent director rotation leading to alternating shear stripes or large-strain auxetic response

in LCEs [28].

introduced in Section 2, which, depending on whether
the uniaxial scalar order parameter is constant or not,
predicts either the auxetic response and the mechanical
Fréedericksz transition (Section 2.1) or the classical
shear striping (Section 2.2) presented by various LCEs
(see Figure 1). These results are illustrated by a set of
examples presented in Section 3.

2. Model function

We consider the following two-term strain-energy func-
tion describing a nematic LCE (see also [25]),

Ice) __ H 2n 2n 2n
wi Lﬁ()tl + A3+

+%(“1—2n _~_(X2—2n_|_(x3—2n)’

(1)

where p;>0, uy, >0 and n>0 are constant parameters,
and y = p; + u, represents the shear modulus at infini-
tesimal strain. In the above equation, {13,13, 13} denote
the eigenvalues of the Cauchy-Green tensor FF”, where
F is the deformation gradient from the reference cross-
linking state, and {af,a3,a3} are the eigenvalues of
AAT, where A = G'FG; is the local elastic deforma-
tion tensor, with Gy and G the ‘natural’ deformation
tensors due to the liquid crystal director in the reference
and current configuration, respectively. These tensors
satisfy the following relations [29] (see also [15,
Chapter 3]):

Gi = co(I+2Qy), G =c1+2Q), (2

with ¢y and ¢ representing the effective step length of the
polymeric chain, Q, and Q the symmetric traceless order
parameter tensors [15, pp.48-49], and I = diag(1,1,1)
the tensor identity. The macroscopic tensor parameters
are known to describe orientational order in nematic
liquid crystals [30].

In the following sections, we demonstrate that, for
a suitable choice of the constitutive parameters, the
model defined by (1) is capable of predicting either
a large-strain auxetic response accompanied by
mechanical Fréedericksz transition or the shear-
striping instability.

2.1. Variable order parameter and mechanical
Fréedericksz transition

First, we examine the emergence of large-strain auxetic
behaviour. To obtain this, for the LCE sample, in
a Cartesian system of coordinates (X, X;, X3), we des-
ignate the plane formed by the first two directions as the
sample’s plane and the third direction as its thickness
direction. The material sample is elastically deformed by
application of a tensile force in the first (longitudinal)
direction, while the nematic director is initially along
the second (transverse) direction.

Setting the nematic director in the reference and
current configuration, respectively, as follows:

0 sin 6
np= |11, n= |cosf |, (3)
0 0

where 0 € [0,71/2] is the angle between n and ny, the
deformation gradient takes the form

F= diag(A17A27 A3)7

with  MAA3 =1 and diag(,-,-)
diagonal second-order tensor.
Guided by experimental observations (see also [24]),
we assume that the rotation of the nematic director
within the plane formed by its initial orientation and
the applied force from 6 = 0 to 6 = /2 happens sud-
denly [25], and denoted by A the longitudinal stretch
ratio A where the rotation occurs. In practice, although
the angle 8 will also take intermediate values between 0

(4)

denoting a
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and 7/2, the deformation interval for which the director
rotation is observed is very short, and its separate ana-
lysis can be omitted. However, in this case, a jump may
be observed in the orthogonal stretch ratios A, and A5 at
the critical longitudinal stretch A; = A..

In the reference configuration, the LCE is uniaxial,
and the order parameter tensor is equal to [15, p. 14]

Qo Qo>

—77Q07—— (5)

Q= diag( 5

where Q is the scalar order parameter.
In the deformed configuration, biaxiality can also

emerge [15, p. 15], and therefore

o If 6 = 0, then the order parameter tensor takes the

form
o Q-b Q+0b\.
Q_dlag<_ 2 7Q7_ 2 >; (6)
o If 0 = /2, then
5 Q-b Q+b
Q—dlag<Q7—T,—T>, (7)

where Q and b are the uniaxial and biaxial scalar order
parameters, respectively.

Numerically, we will consider both the cases when
biaxiality is neglected, i.e. b = 0, and when the magni-
tude of biaxial parameter b increases (decreases) as the
uniaxial order parameter decreases (increases).

For the corresponding elastic Cauchy-Green tensor
ATA = diag(a?, a2, a2), where “T" denotes the trans-

pose (see also [25]), we have

o« If 0 = 0, then
,  [det@+2Q)1"° 1-qQ 2 @
P det(T42Qy)| 1—-(Q—b)""
2 [det@+2Q) 142Q, o)
2 |det(T+2Q,)] 1+2Q°%
, [det@+2Q1° 1-Q
3_{det(l+2Q0)} 1—(Q+b)/13’ (10)
o If 6 = 71/2, then
, [det@+2Q) 1 1-qQ
1_[det(l+2Q0)] 1+2Q)‘1’ (1)
, [det@+2Q)1"° 1+2Q 2 1)
27 ldet@+2Q))] 1-(Q-b)"*

1-Q »
Carh W

3=

, [det(@+2Q)]"?
{det(l + 2Q0)]

Under the uniaxial deformation considered here,
the second and third directions must be stress free.
Then the corresponding principal Cauchy stresses,
defined by

T§lce) _ aw(lce)

i T)LI)L, —p, 1= 1,2,3. (14)

with p denoting the usual Lagrange multiplier for the
incompressibility constraint, take the form

T(lcﬂ) _ /\211 i AZn _ (g _ g
1 _ é EAIZ" _ )L%ﬂg _ é E(Xl_zn _ az_zn;
n i 3 n i 3 ’
i=1,2,3. (15)

The associated first Piola—Kirchhoff stresses are
P;lce) _ Ti(lce)A;l, i=1,23. (16)
Taking A; = A, we solve for A, the equation

Tglce) . T;lce) —0, (17)

and obtain

1 [y, +uA"g > i
_ _ 1 2 2
AZ - AZ(A7 Q7 b) - \/X ( 2n> ) (18)

w+ g
where g2 = a2/A] and g2 = a2/13, ie.

« If 8 = 0, then
o, [det(@+2Q)]"°1+2Q,
&= [det(l ¥ 2Q0)} 1+2Q° (19)
. [det(IJer)T/3 1=Q . 4
P |det(T42Qy)| 1—-(Q+1b)’
o If 6 = 71/2, then
,  [det@+2Q) 17 1+2Q 1)
2 |det(T4+2Qy)| 1—-(Q—1b)’
, [det@+2Q)]1"7 1-Q
=il s @

To capture the auxetic response, while keeping our
continuum mechanics formulation tractable, we let the
uniaxial scalar parameter Q>0 decrease linearly with
respect to the longitudinal stretch ratio A from a given
value Qp € (0,1), at A = 1, to a minimum value Q. €
(0,Qo) that occurs at the critical stretch ratio A = Ay,



then increase again, also linearly, to a wvalue

Q1 € (Qut, Qo). That is

_ [CA+Dy
Q) = {C2A+D2

such that Q(l) = Qo Q(Acrt) = Qcrt and Q(Amax) = Q1.

Similarly, we let the biaxial scalar parameter b <0 to
decrease linearly with respect to the longitudinal stretch
ratio A from a given value by € (—1,0), at A =1, to
a minimum value b.; € (—1, b;), occurring also at the
critical stretch ratio A = A, then increase linearly to
avalue by € (b, bo). Thus

o 61A + d1
b(/\) - { oA+ d,

fOl‘ 1 S /\ S Acrta

fOI' Acrt S /1 S Amam (23)

for 1 S A S )tcrt;

fOI‘ )‘crt S /1 S Amuxv (24)

such that b(1) = by, b(Aer) = ber and b(Ayex) = by.
Note that the magnitude (absolute value) of this para-
meter increases then decreases while its numerical value
decreases then increases.

Taking A; =A, A, given by Equation (18),
A =1/(MA;), and Q = Q(A) and b = b(A) described
by Equations (23) and (24), respectively, we define the
energy function

W(/\a 6) = W(lce) (Alv/\b /135 Qa b) 9)7 (25)

with W) (11,1, A3, Q, b, §) = W) given by Equation (1).
To find the critical stretch ratio A = A.,;, we solve the
equation

w(A,0) = w(d, /2). (26)

Once A, is obtained, we can also determine the mini-
mum stretch ratio A = A,,, at which the auxetic beha-
viour begins to be observed, i.e. where A; starts to
increase.

The purpose of this paper is to investigate numeri-
cally how a theoretical model of the form given by
Equation (1) can capture either a large strain auxetic
effect similar to that shown in Mihai et al. [25] or the
classical shear striping. After several numerical tests, the
proposed model with n = 2 was selected as being suffi-
ciently simple to analyse in some detail and able to
present each of those effects under different conditions,

a /6 4+ (a1/3 — a‘l/s) sin? 0
(a1/3 - a’l/e) sin @ cos O
0

G:
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as demonstrated in the following sections. Henceforth,
we set n = 2 in the model strain-energy function.

2.2. Constant order parameter and shear striping

Next, we analyse the deformation of the LCE model
defined by Equation (1) under uniaxial tensile force,
such that the nematic director is uniformly distributed
in the sample’s plane and rotates slowly from the initial
position perpendicular to the tensile force to align with
this force via an intermediate state where alternating
shear stripes occur. For the corresponding deformation,
the stretch ratios in the directions perpendicular to the
applied force are equal, agreeing with experimental
observations recorded, for example, in Figure 6 of [31]
and Figure 6 of [32].

In this case, we assume that the scalar order para-
meter Q remains constant and there is no biaxiality, i.e.
b = 0. This assumption is based on experimental obser-
vations showing that variations in the order parameter
are relatively small before, during and after stripe
domains form [8,12,13,32]. The natural gradient tensor
then takes the form

G=a 1+ (a1/3 - a’1/6>n ®@mn, (27)
where
1+2Q
= 28
a=T% (28)

represents the natural anisotropy parameter for the
nematic solid, n is the nematic director, ® denotes the
tensor product of two vectors, and I is the identity tensor.

In particular, when the director for the reference and
current configuration are given by (3), the associated
natural deformation tensors described by (2) are,
respectively,

a6 0 0

Go=| 0 a'/» o0 (29)
0 0 a’l/e
and
(a'/* —a=1/°) sin 6 cos 6 0
a6 4 (a3 —a %) cos?6 0 |. (30)
0 a1/
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To demonstrate shear-striping instability, we con-
sider the following perturbed deformation gradient

A € 0
F=[0 MY o |, (31)
0o 0o A2

where A is the stretch ratio in the longitudinal direction,
which is the direction of the applied tensile force, and
0 <e < 1is a small shear parameter.

The elastic deformation tensor A = G 'FGy is then
equal to

/I(a’l/z sin® 6 + cos? 6) /1’1/2(1 —al/z)sinecose 0
A = |:)L(a1/2 —1)sinfcos @ )L’l/z(al/z sin?  + cos® 0) 0 :|
0 0 A2
0 (sin2 0+ a'/? cos? 9) 0
+e [O (l—al/z) sinfcosf O |-
0 0 0
(32)

Taking n = 2 in the strain-energy function described

by Equation (1), we obtain

Wi =B+ +2) +2 (@ 4yt e,

(33)

where the eigenvalues {1>,13, 13} of the Cauchy-Green
tensor FF” and {2, a2, a2} of the tensor AAT satisfy the
following relations, respectively,

A2 428 = [ir(FET)]® — 2Cof (FET)  (34)

and

ot + ot + oyt = [Cof (AAT)]” — 2tr(AAT), (35)
with “tr“denoting the trace and “Cof“the cofactor.
Hence,

M= (P41 +E) —2044 (36)

and

a~2in%0 + cos?6)’
ot gt byt = /\Z{AZ ( )

_’_(afl/Z _ 1)2 sin® (26)

4
e(sin’0 + al/zcosze) 2
+/\71/2(1 _ a1/2) singze)

8(1 1/2) sin(260) 2) 2

- 1/2

A7 (a1/251n29 + cosze)

—2A 742

(37)

We further define the following function:

W()L, &€, 9) = W(lce) (/113/1% A.’n Q) ba 6)5 (38)

with W11, 15,43, Q, b,0) = W) described by
Equation (33). Differentiating the above function with
respect to € and 0, respectively, gives

8w(/\, £, 9) _ Aul 2 -1 2
5 = e +171+ )
(sin20+ a1/2c0526)2]

Hyy—2) 42 1
+==A Aa L,
2 { +(1 . al/z)z s1n4(29)
e(sin29 + a1/2c0320) 2
+/1—1/2(1 _ al/z) sinng))

8(1 _ al/z) singze) ‘| 2
)

+A71/2 (al/zsinZG + cos®8
sm26 + al/zcosze)
+A 1/2 al/z) sm(229)
s1n26 + al/zcosze)
8(1 . al/z) smg 0) ‘|

+A2 (al/zsinze + cosze)

(o) =22)

_|_

(39)
and
ow(h, e, 0) _ g2z (sin?6 + a1/2c0529)2
00 2 +(1 _ a1/2)2 sinz4(26)

e(sin?6 + a'/%cos?6) 2

+A71/2(1 _ al/z) sin(220)

s(l _ al/z) sin(229) 2

+A71/2 (a'/%sin?6 + cos*6) ]

' {/\Za_l (sin?6 + a'/2cos?6) (1 — a'/?)
+(1 _ (11/2)2 cos§29)

e(sin20 + al/zcoszﬂ)

_|_/\—1/2( 1/2) sm229)

e(1 — a'/?) sin(26)

1721 — a'/?) cos(26)

8(1 _ al/z) sin(220)

+A712 (al/zsinzg + cos?0)

. e(1 — a'/?) cos(26) ] }

+A712 (a2 — 1) 5in(26)

+

] sin(26)

+

+

(40)

As the equilibrium solution minimises the energy, it
must satisfy the simultaneous equations



ow(h, e, 0) ow(A, ¢, 0)
e 0 amd
At ¢e=0 and 6 =0, both the partial derivatives
defined by Equations (39) and (40) are equal to zero, i.e.

ow ow
a(laoao) = %(/\,0,0) =0. (42)

Therefore, this trivial solution is always an equilibrium
state, and for sufficiently small values of € and 0, we have
the second-order approximation

w(d,g,0) ~ w(A,0,0)
1(&%;;(1 0,0) + 266 2% (1,0, 0))
2 )

—0. (41)

6 2%(1,0,0)
(43)
where
> w U G
Sz 1,0,0) = I(Az +A7) + ?ZA‘Za(A2+A“),
(44)
2
589@ 0,0) = ”2/\ SV 4A N1 —a), (45)
OPw

S 1:0.0) = PR+ (e

(46)
First, we find the equilibrium value 8, for 0 as
a function of € by solving the second equation in (41).

By the approximation (Equation (43)) the respective
equation takes the form

O*w O*w

886(A00)+9W(A,0,0):0, (47)
and implies
O*w O*w
Bo(e) = —€5.50 (14,0,0)/ — 20 (4,0,0).  (48)

Next, substituting 6 = 6y (¢) in (43) gives the follow-
ing function of ¢,

w(d, g, 6p(¢)) — w(A,0,0)
=7 [082 (,0,0) — (&2 (21,0,0)) /3;?(/170,0)]
(49)

Depending on whether the expression on the right-hand
side in Equation (49) is positive, zero, or negative, the
respective equilibrium state is stable, neutrally stable or
unstable [23].

We deduce that the equilibrium state with ¢ = 0 and
0 = 0 is unstable if

'—1)+1 Y (a-1))].
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Ao <A<a'l? (50)

where A, solves the equation

(ﬂ A+
&)

Similarly, at e =0 and 6 = /2, both the partial
derivatives defined by Equations (39) and (40) are
equal to zero, and

a) (a—X) —a(a—1) =0. (51)

2

%2(/1071/2) ”1()&“ N

+E2272 W 1), ()
*w Hay—5/2072 -1 -1
869(/\0 n/2) = ?/\ (Aa'+17"a)(a—1),

(53)

Pw Uy o _ _
oz 1 07/2) = S (Wat + 17 a)

R(1—a)+17'(1 —a)].
(54)

Thus the equilibrium state with e =0 and 6 = /2 is
unstable if

a'? <1<, (55)
where 1" solves the equation
2, -1
Ho A +A ) 3
VN ——+1|(F —a)—a(a—1)=0.
([42 Mal+1'a ( ) ( )
(56)

There is also an inhomogeneous equilibrium solution
(€0,80) when A satisfies either (50) or (55). For the
equilibrium angle 6y(e), given by Equation (48),
the second equation in (41) is satisfied. To find the
equilibrium value ¢ of € as a function of A, we solve
the simultaneous equations Equation (41) numerically.

3. Results

To illustrate the mechanical behaviour of the model
described by Equation (1), first we assume that the
nematic director rotates suddenly, as described in
Section 2.1, and consider the following four cases:

(I) Variable uniaxial order parameter Q and vari-
able biaxiality parameter b, given by Equations
(23) and (24), respectively;

(II) Variable uniaxial order parameter Q given by
Equation (23), without biaxiality (b = 0);
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(IIT) Constant uniaxial order parameter Q and vari-
able biaxiality parameter b given by Equation
(24);

(IV) Constant uniaxial order parameter Q, without
biaxiality (b = 0).

We then turn our attention to case where the director
rotates slowly and the uniaxial order parameter Q is
constant, as analysed in Section 2.2.

In our numerical examples, we chose the maxima
and minima of the order parameters Q and b similar
to those reported in previous papers where experimental
results were described. From those values, the coeffi-
cients of the respective piecewise linear functions are
inferred, as follows: C; = (Qy — Qurt)/(1 — Acrt),
Dl = (cht - AC'[QO)/(I - /\crt)> C2 = (cht - Ql)

/(Acrt - Amux)a DZ = (Acrth - /\muchrt)/(Acrt - /lmux)
and = (bO - bcrt)/(l - Acrt)) dl = (bcrt - AcrtbO)
/(1 - Acrt): G = (bcrt - bl)/(/lcrt - Amax)a dz == (Acrtbl
—Amaxbert) /At — Amax)- In each case, we set the same
initial model parameters of y; =5 u, = 1, n = 2, and

(L)

0.588

-0.5 '
2

) ‘

|

|

|

0.588 ;

|

|

|

|

|

|

|

|

==

o ‘

* b |

-0.5 .

Qo = 0.5880, the latter being a typical value for the
scalar uniaxial order parameter in a nematic liquid
crystalline material.

For cases (I)-(IV), Figure 2 summarises how the
scalar order parameters change with longitudinal
stretch ratio, while Figure 3 shows the sudden change
of orientation in the nematic director. For these cases,
Figure 4 plots the energy function described by
Equation (25). Solving Equation (26) then gives the
critical stretch ratio A.,. In each case, respectively, we
have

(D) (Qo, Qe Q1) = (0.5880,0.0010, 0.100),
(bo, bert, b1) = (—0.0102, —0.1518, —0.1056),
Aet = 1.5252, while the minimum stretch ratio
where auxeticity occurs is A4,y = 1.2770. Thus,
C, =-1.1177, D; =1.7057, C, = —1.1177,
D, = —0.2227, ¢ = —0.2696, d; = 0.2594,
c; = 0.0685, d, — 0.2562.

(D) (Qo, Qerr, Q1) = (0.5880,0.0010,0.1000), b = 0,
Aet = 1.5514, and the minimum stretch ratio

am

0.588

av)

0.588

1 1.6842 2
A

Figure 2. (Colour online) Scalar uniaxial and biaxial order parameters for cases (I)-(IV), respectively. For cases (I) and (Il), the vertical
lines correspond to the predicted longitudinal stretch ratio A,; where the director rotates suddenly and the minimum stretch ratio
Aaux <A Where auxeticity is obtained. For cases (Ill) and (1V), the vertical line corresponds to Ay.
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Figure 3. (Colour online) The sine function of the angle 8 between the nematic director in the current and reference configuration for
cases (1)-(IV), respectively. For cases (I) and (ll), the vertical lines correspond to the predicted longitudinal stretch ratio A;; where the
director rotates suddenly and the minimum stretch ratio Ay, <A+ Where auxeticity is observed. For cases (Ill) and (IV), the vertical line

corresponds to Agy.

where auxeticity is observed is Ay = 1.3579.
Thl]S, C1 = —10647, D1 = 16527, C2 = —10647,
D2 —0.2358 andq = () = d1 = d2 =0.

(1) Q = 0.5880, (bo, by, by) = (—0.0102, —0.1518,
—0.1056), and A,y = 1.6253. Thus, C; = C,
=0, D; = D, = 0.5880, ¢ = —0.2265,
d; = 0.2163, c; = 0.0804, d, = —0.2824.

(IV) Q =0.5880, b =0, and A,; = 1.6842. Thus,
C1 = Cz = 0, D1 = D2 = 05880, Cl = (0 = d1
=d, =0.

In Figure 4, cases (I) and (II), we note that the plots of
the energy function with 8 = 0 and 0 = 7/2, respec-
tively, appear very close for stretches greater than the
critical stretch where the director rotates. However,
numerically, and also after a closer inspection of those
plots, one can see that the energy with 6 = 7/2, plotted
in red, is numerically slightly below that with 6 =0,

depicted in blue. Before the critical stretch, the energy
with 6 = 0 is below that with § = /2. In cases (IIT) and
(IV), the difference between the two curves is more
pronounced.

Figure 5 shows the corresponding transverse stretch
ratios A, and A3 as functions of the longitudinal stretch
ratio A; = A. This figure provides insight into the nat-
ure of the auxetic response seen in some LCEs. In case
(I), we see how non-constant Q and b lead to
a physically realistic deformation. Critically, this case
predicts large anisotropy in the transverse stretch
ratios A, and A3, and also a physically realisable auxetic
response. In case (II), where Q varies and b =0,
a similar behaviour is predicted, but with a less pro-
nounced auxetic response, as the interval between A4,
and A, is smaller than in case (I). In cases (III) and
(IV), although an auxetic reponse is predicted at A,
the model shows large discontinuity in A, and A3 at
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Figure 4. (Colour online) Energy functions for cases (I)-(IV), respectively. For cases (I) and (ll), the vertical lines correspond to the
predicted longitudinal stretch ratio A+ where the director rotates suddenly and the minimum stretch ratio Aquy <A+ Where auxeticity
is obtained. For cases (lll) and (IV), the vertical line corresponds to A;.

A1 = A, which can be indicative of the fact that the
director may rotate slowly rather than suddenly. We
can also see that, before A, is reached, in case (III), the
non-zero biaxial order parameter allows the evolution
of anisotropy in the transverse stretch ratios, while in
case (IV), where the uniaxial order parameters is con-
stant, an isotropic deformation in the transverse direc-
tions is predicted. Figure 6 displays the associated first
Piola-Kirchhoff stresses.

In Figures 2-6, the predicted longitudinal stretch
ratio A,y where the director rotates suddenly is indicated
in each case. For cases (I) and (II), the minimum stretch
ratio Agx <Ay where auxeticity is obtained is also
presented.

In Figure 7, the critical longitudinal stretch ratios for
the director rotation are plotted vs. the parameter ratio
ty /1, when n =2 (Qo, Qx, Q1) = (0.5880,0.0010,
0.1000)and b = 0 or (by, beyr, b1) = (—0.0102, —0.1518,

— 0.1056), respectively. In both cases, the predicted

critical stretch ratio A, increases as y,/u, increases. In
particular, if y, is fixed, then A, increases as y, increases.
Since the shear modulus at infinitesimal strain is equal to
Y = U, + u,, we conclude that A increases with the
linear shear modulus g, i.e. as the elastic stiffness of the
LCE sample increases. This figure further suggests that,
for the same parameter ratio y, /u,, if b = 0, the auxetic
response is still captured, but the stretch deformation at
which director rotation occurs is slightly delayed com-
pared to when b+0.

For the case when the director rotates slowly, in
Figure 8, we show the constant uniaxial and biaxial
order parameters Q and b, respectively, and the stretch

ratios \; =Aand A, = A3 =1/ V/A. The constant aniso-
tropy parameter given by Equation (28) when Q = 0.5880
is a = 5.2816.

Figure 9 depicts the strain-energy function w(\, ¢, 6)
defined by Equation (38), for (¢60)=(0,0),
(&,0) = (&,6), and (e,0) = (0,7/2). The predicted
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(Qo, Qer, Q1) = (0.5880,0.0010,0.1000) and (bg, ber, b1) =
(—0.0102,—0.1518,—0.1056) or b = 0, respectively.

longitudinal stretch ratio interval where shear striping
occurs is [A,,A"] =[1.5900, 1.8548]. In Figure 10, the
sine of the director angle 8, and the shear parameter &
are illustrated for various parameter ratios u(!) /u). These
results are in qualitative agreement with those shown in
[15,33]. Similar theoretical results can be found, for exam-
ple, in Refs [21,23,24] (see also [34, Chapter 6]).

4. Conclusion

LCE stretching ultimately causes a reorientation of the
nematic director which tends to become parallel to the
applied force. Sometimes a change in order also occurs.
This correlation between macroscopic deformation and
molecular architecture causes a variety of mechanical
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1.8548 2

(a) Scalar uniaxial and biaxial order parameters.

w(he,0)

1.60 1.65 1.70 1.75 1.80 1.85 1.90
1.5900

Figure 9. (Colour online) The energy function when the director
rotates slowly. The two vertical lines correspond to the lower
and upper bounds [A.,A"] = [1.5900, 1.8548] on the extension
ratio A, between which the second solution, with
(¢,0) = (&, 6o), minimises the energy.

instabilities not observed in conventional rubber-like
solids.

For example, experimental evidence demonstrates
that, for LCEs with planar mesogen alignment, when
a uniaxial tensile force is imposed perpendicular to the
nematic director, the director rotates either slowly giv-
ing rise to a shear stripe pattern or almost suddenly
causing auxeticity at a characteristic large strain.

127
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(b) Stretch ratios for case when the director rotates
slowly.

Figure 8. (Colour online) The two vertical lines correspond to the lower and upper bounds [A.,A*] = [1.5900, 1.8548] on the extension

ratio A, between which shear striping occurs.
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Figure 10. (Colour online) The sine of the director angle 6, and the shear parameter &, during stripe formation in the case when the

director rotates slowly for values of u, /u, from 1 to 10 (as labelled).

Experimentally, for auxetic LCEs, biaxiality has also
been found to emerge.

The present theoretical study proposes a general math-
ematical model capable of predicting either the classical
shear-striping instability or the auxetic response observed
in various LCEs. From the modelling point of view, these
two phenomena are captured by letting the uniaxial scalar
order parameter decrease continuously to a sufficiently
low value then increase again in the case of auxetic LCEs,
and by maintaining it constant for LCEs exhibiting shear
stripes. The theoretical model further suggests that biaxi-
ality also plays a role in enhancing the auxetic reponse.
These results may shed some light on the role of nematic
order in the observed mechanical behaviours.

Further experimental investigation where nematic
parameters must be varied systematically is required to
fully understand the auxetic phenomenon and will be
a subject for our future study.
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