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Abstract. The imprint of gravitational waves (GWs) on large-scale structures (LSS) is a useful
and promising way to detect or to constrain them. Tensor fossils have been largely studied in
the literature as an indirect way to detect primordial GWs. In this paper we analyze a new
effect induced by primordial GWs: a correction to the density contrast of the underlying matter
distribution of LSS, as well as its radiation counterpart, induced by the energy density fluctuation
of the gravitational radiation. We perform our derivation of the full analytical solution of the
density contrast for waves entering the horizon during radiation dominance. We account for two
phases in the radiation era, depending on the main contributor to the perturbed energy density
of the Universe. By comparing the density contrast of cold dark matter and radiation — sourced
by linear gravitational waves only — we conclude that the former overcomes the latter at some
time in the radiation era, a behaviour analogous to their linear counterpart. Then we conclude
by discussing the case of density perturbations produced by GWs entering the Hubble radius
during the matter era as well as their evolution in the late dark-energy dominated phase.
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1 Introduction

The recent groundbreaking detection of gravitational waves (GWs) [1] gave a boost to the obser-
vational search for the same, followed by an inevitable push on the theoretical side of research
directions related to the study of GWs. Apart from the resolved astrophysical sources like com-
pact binaries (e.g. see [2] and references therein), there are two more expected contribution: the
stochastic background of astrophysical GWs, arising from the coherent superposition of GWs
from unresolved astrophysical sources [3—5], and the background of cosmological GWs, produced
via some early Universe phenomena, such as e.g. inflation [6], phase transitions [7], etc.. A cos-
mological stochastic GW background is a potentially observable smoking gun of inflation [8-10],
which is so far the most successful theory to explain the origin of most cosmological observables
[11, 12]. Due to their feeble interaction with all matter components, GWs from inflation carry
pristine information about the early Universe below the Planck scale, unreachable by any other
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means. Searching for the primordial GWs background has become a major focus in cosmology,
for references see |6, 13-18] and the references therein. At the moment, a tight constraint on
the tensor-to-scalar ratio r (< 0.032) has been put on their amplitude on CMB scales through
the joint observation of Planck, BICEP2/Keck, and WMAP [19]|. Adding LIGO-Virgo-KAGRA
data to those obtained from CMB scales, a tighter constraint (r < 0.028) has been obtained
recently [20]. The next-generation ground-based CMB experiment CMB-S4 aims to optimize the
constraint on r (< 0.001) at 95% Confidence Level (CL) [16]. Before CMB-S4, LiteBIRD |21]
and Simons Observatory [22] plan to set an upper limit » < 0.002 and r < 0.01 respectively.

Apart from CMB and interferometer experiments, recently primordial GWs have also been
sought in theoretical studies through their imprint on large-scale-structures (LSS). For example,
long-wavelength tensor perturbations (tensor fossils) are believed to induce local quadrupolar
anisotropic signatures in the otherwise statistically isotropic two-point correlation function of
the mass distribution or the galaxies through scalar-scalar-tensor interaction [23-27]. GWs can
also have projection effects due to the perturbation of the space-time on the galaxy distribution
[28]. The presence of GWs perturbs the photon geodesics, and hence the observed angular po-
sitions and redshifts of the galaxies, which in turn modifies the observed galaxy density (e.g.,
see [29]). Perturbed photon geodesics also modify the observed flux of a given source, inducing
additional fluctuations in the galaxy density through magnification bias [29]. These projection
effects, along with the intrinsic alignment (alignment of galaxy orientation with large-scale tidal
field) induced by the tidal effect of GWs [30] lead to a correlation of galaxy ellipticities. Fi-
nally, only GWs (and not scalar modes at linear order) contribute to the parity-odd B-mode
component, and thus acts as a probe to search for gravitational waves |28, 31-33].

Another effect of GWs on LSS was analysed in a recent preceding paper [34]: GWs, produced
in the early Universe, can source matter perturbation upon re-entering the horizon, which are
statistically independent from the linear matter perturbation, and can give rise to observable
effects in the matter power spectrum. In particular, [34] showed that GW energy density fluc-
tuations generate an additional correction to the matter density contrast. The possibility of
constraining r through an accurate observation of the scalar modes was also pointed out in [35].
This mechanism was first proposed and analyzed in [36-38] and can be considered the opposite
effect to that in which gravitational waves are induced by linear scalars: large amplitude scalar
perturbations, upon entering the horizon, source GWs, and as the scalar perturbations are the
most dominant ones at the first order, one can expect an observable GWs background if the
source scalar perturbations are enhanced. This approach has been studied in detail over the
years, e.g. see [38-50|. Finally, it is worth mentioning that the scalar induced GWs can be used
to probe the primordial black holes [51-54].

In [34], the treatment was limited to the matter dominated era, i.e. only to the scales which
entered the horizon after matter-radiation equality, and included a correction considering late-
time dark energy dominance. Due to the fact that these modes are statistically independent of
standard adiabatic density perturbations, they can be studied separately. However, to under-
stand and interpret the effect properly, it is necessary to extend the study to smaller scales. In
this paper, we consider the same effect in the radiation domination era, taking into account the
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density perturbation modes entering the horizon since the end of inflation to the matter epoch.
Finally, we show the expression of tensor-induced CDM and radiation contrast modes entering
the Hubble radius during the era of matter and their evolution in the late phase dominated by
dark energy.

It is to be noted that [55] discussed the second-order perturbations in synchronous gauge for the
scalar-tensor and tensor-tensor couplings for radiation domination, but their study assumed that
in the whole radiation regime, radiation is the main component in both background and perturba-
tion. The same limitation can be observed in [56], which studied the contribution to CDM density
contrast sourced by tensor perturbations produced via a phase transition in radiation domina-
tion. In this paper we provide a complete solution of second-order density contrast, sourced by
only linear GWs, taking into account the whole radiation epoch, up to matter-radiation equality.
Then we proceed to study the phenomenon in late times, when the contribution of dark energy
to the background energy density has grown to be significant. Our study is complete and fully
analytical, leading way to a future numerical treatment of the problem.

The correction to the density contrast sourced by GWs can be an indirect probe of GWs, and
in the case of non-detection, it can help to constrain the amplitude of the same. Future LSS
surveys such as Euclid [57], DESI [58], SPHEREx [59], SKA [60], Roman Space Telescope [61]
and Vera Rubin Observatory (LSST)[62]| are extremely good candidates for this purpose.

The paper is structured as follows: In section 2, we define the perturbations, and discuss the
tensor-sourced scalar perturbations for a Universe where radiation and cold dark matter (CDM)
both are present. In section 3, evolution in a deep radiation dominated regime is discussed.
We follow the evolution towards matter-radiation equality in section 4, and the full solution in
the end of radiation era is presented in 5. Section 6 is dedicated to the study of perturbations
produced by gravitational waves entering the Hubble radius during the matter era as well as
their evolution in the late Dark Energy dominated phase. Finally, we summarize in 7. In Fig. 1
we graphically show all the epochs and scales studied and analyzed in the paper.

2 Tensor-sourced scalar perturbations

2.1 Perturbations in the metric and matter components

We begin by introducing the notation and conventions used for metric and matter perturba-
tions. We consider a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) space-time, which is
described by the metric: ds? = a?(n) [—dn2 + de], where 7 is the conformal time, and a(n) the
scale factor. Here we assume that ¢ = i = 1 throughout this paper.

In the previous work [34], we focused only on a Universe dominated by cold dark matter (CDM)
and a cosmological constant. The absence of a pressure gradient in the matter sector allowed us
to apply directly a synchronous, time-orthogonal and comoving (with CDM) gauge, e.g. see also
[38]. Here, due to the presence of the contribution of radiation, in principle, we need to be more
general. Hence, in this paper, we chose to start with comoving and time-orthogonal gauge with
CDM by choosing dgg; to be zero and doing the calculation in the rest frame of CDM. However,
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Scales where we do not
have an analytical solution

Figure 1: We show a plot of In1/H versus Ina in the different epochs analyzed in this work,
separated by a blue vertical dashed line. The solid black curve indicates the evolution of the
modes that cross the horizon from the end of inflation until today, the black dashed line shows the
extrapolation of the present horizon scale. The green region highlights sub-horizon scales during
the radiation epoch in which Einstein’s field equations are governed by the matter perturbations
generated only by linear gravitational waves (discussed in Section 4). The area above the green
region indicates all modes during the deep radiation epoch (for details see Section 3). The light-
green area describes these sub-horizon scales, related to the green region described above, during
matter and dark energy epochs (discussed in Section 6). The gray shaded area denotes those
scales where we do not have an analytical solution. The dashed-dot blue line shows the horizon
scale at the end of inflation.

as is shown later, in our specific choice of perturbations, which depends only on the linear tensor
contribution, our gauge becomes synchronous again..
In this time-orthogonal gauge, a perturbed flat FLRW metric becomes [63]

ds® = a®(n) [~ (1 + 2¢)dn* + ij (2, n)dz'da’] (2.1)

where the spatial metric «;; contains second order scalar and linear tensor modes. Here we ignore
the linear scalar and vector modes because they are statistically independent with tensor-sourced
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scalars modes, and we can in principle set them to zero by hand. At second order we have scalar,
vector and tensor contributions whose governing equations have source terms quadratic in the
first order perturbations with respect to scalars, mixing linear scalars and tensors (i.e., “tensor
fossils”, tensor-induced vector and tensor modes [24, 38]) and, finally, scalar modes originating
from linear tensors. The last source term is the contribution we are interested in and will consider
in the main text of the paper (see also [64, 65]). (For a focused study of the second order vector
and tensor contributions see Appendix A.) Since the tensor-sourced-scalar modes are statistically
independent of linear scalar modes, we are allowed to deal with them separately. In the following,
the decomposition of the metric components is shown !

(2
v="", (2.2)
(2)
1 | T
Yij = 0ij + %-(j) + 7]7
1 2
= b+ + 5 (—20%5;; + X, (23)

1
= 0;5 + XEJI-) - ¢(2)5z‘j + iDin(Q)Hv
NI = 59 — () 4y i 5DZJX(2)II + Dy 7). (2.4)

(1)

where Xij » from here on y;j, is the linear tensor perturbation, and our scalar perturbations (at
second order) are @ 6@ and I D;j is defined as 9;0; — (1/3)V?6;;. In Appendix A,
briefly, we consider the vector and tensor contributions of the metric and set the equations that
allow us to find their dynamics.

In this paper the matter component of the Universe consists of a mixture of an irrotational dust,
with which the observer is comoving, and the radiation. Note that the perturbations arising in
the energy-momentum tensor of the matter components are solely sourced by the contribution
linked to the primordial GWs. As both of them are perfect fluids (here, we are making the
assumption that the coupling between baryons and radiation is neglected. We aim to analyse
how much significance the effect of this coupling might pose in a future work.), their energy-
momentum tensor is given by: T, = (p + p)uyu, + pgu. Here pr, pm, and p, are the energy
density of radiation and matter respectively, and pressure of radiation (here we are assuming
pm = 0), and u,* and uy” are their respective four-velocities, normalised as u,ut = —1. Its
components are, for matter

Umo = _a(1+¢)7
un® = = (1-9), (2.5)
U = 0,

'In general, for any perturbation X and Y, X = X(2>/2, and XY = X<1)Y<1), as we are considering perturbative
terms up to second order.
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and for radiation

ul"():_a(]'—'_z/})a

1
uro = - (1 - 1/)) )
a (2.6)
Ur; = A Vp; = QVr 4,
1. .
urz I Url I Ur’l
a a

Here ; = 0; is used to indicate a derivative w.r.t. x*, and v, is the velocity potential of radiation.

In the next sections we discuss the conservation equation of radiation and CDM. Then, we analyse
Einstein’s field equations which allow to study these contributions both during the radiation
and CDM dominated epochs of the Universe. Precisely, using the characteristic scale keq ~
1/(100Mpc) defined by the comoving size of the Hubble horizon at matter-radiation equality, our
treatment of modes with k£ > keq is divided into two phases: i) start with the modes entering the
horizon at very early times, at the beginning of radiation domination ii) follow their subhorizon
evolution where they travel through matter-radiation equality towards matter domination. The
large scale modes (k < keq), which enter the horizon during matter domination, are already
discussed in [34]. However, in order to have a complete picture of primordial GW contribution,
in the Appendix 6 we analyse and discuss also these solutions.

2.2 Conservation equations

As the radiation and CDM components interact only gravitationally, their energy—momentum
tensors satisfy the conservation laws 7%8 .3 = 0 separately. For o = 0 and o = 7, we get continuity
and momentum conservation equation respectively. The next two subsections will be devoted to
the derivation of the contribution of tensor-scalar perturbations within the CDM and radiation
component.

2.2.1 Conservation equation for matter

Assuming that the observer is comoving with the CDM component, the energy-momentum tensor
of a pressure-free matter is

Py (1 + 61m)
TOO: 0 Ozpm( m 1—2
T =Ty =0,

where 6y, = (pm — Py )/ Pry 1s the density contrast of the matter. Energy—momentum conservation
gives evolution equations for the density contrast at second order

’ . / 1 .. 1
52 _7(1)21@&) +§5zk%(j) — 0, (2.8)

where ’ indicates derivative w.r.t. . Considering only tensor contribution at the first order, the
evolution second-order density contrast reads

1/ .. /
o) = §(X”Xij + 6¢>(2)) , (2.9)
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and, consequently, we have

52 = §<XJXij - XOJXOij> +3 <¢(2) - (() )> + 51(11()) (2.10)

Here the subscript ‘0’ denotes the value of the variable at the initial time, i.e. the end of inflation.

Following the analysis made in Appendix D we can set cbéz) and 6@ equal to zero, and we can

mO0
simply rewrite Eq. (2.10) in the following way

52 = %(xinij _ Xf)jXOij> + 3¢, (2.11)

Note that this expression has exactly the same form as that obtained in [34|, where the tensor-
sourced matter perturbation in the comoving (with CDM) and synchronous gauge, during the
epoch of matter domination was studied (see also 38, 64]).

From the momentum conservation for matter
'@ 4 200pM D — 49 M i) = g, (2.12)

we observe that 13 can only be sourced by the first-order scalar modes. This means that, in
our purpose, 1 can be safely ignored. Then, although started from the time-orthogonal gauge,
our system of equations can directly be written in the synchronous gauge. This is the first result
of the paper.

2.2.2 Conservation equation for radiation

According to the discussion in the last section, ¥ can be ignored from hereon. The components
of the energy-momentum tensor of radiation are

00 _ Pr(1+0r)
=T
. 4p. .
T = 3§§vr”, (2.13)
g A8
TV = 4.
From the continuity equation we have
4 .. / 4
5@ g X+ SVl - 16@" = 0. (2.14)

Whereas the momentum conservation equation gives
1@ +5@ =o. (2.15)
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2.3 Einstein equations

After the end of inflation, even though radiation dominates the energy density of the background,
as it decays faster than CDM, it is toppled by the latter as the main contributor of the energy
density of the Universe at the matter-radiation equality. As a result, towards the end of radiation
domination, p,, can not be ignored anymore.

Then, there is another aspect in this study that should not be overlooked. During the end of
the radiation era, as in the linear case, it is possible that the perturbative contribution of the
CDM component could be greater than that of the radiation. In this work we will also probe
this possibility and accurately analyze the trend of each component both during the radiation
epoch and during the matter-radiation equality.

In this section, we mainly focus on tensor-sourced CDM perturbation 51(3) evolution in presence
of a perturbed radiation component, considering adiabatic perturbations only. Using the metric
(2.2) and stress-energy tensor decomposition (2.5), and keeping in mind the discussion in 2.2.1
that 1 in our case effectively vanishes, we have the second order Einstein equations. 00-th, Oi-th,
and ¢j-th Einstein equations become, respectively

1 .. ro 1 1 .. . 3 )
V262 + XV — 3P + VAU — Sy T+ S
1 .
B ZXZkJXliJf = 47rGa2(pm51(1?) + pr51£2))7 (216>
’ 1 1 . 167Ga?_ (o
d)(g) X kij + 4D1 XH( .5’ + 2X]’€X; ki + ZX]k Xjk,i = _Tprvﬁ,i)v (217)

L@ & %DUX“(?)’ n %V2DszH(2) _ igvzvz ),

4
/ i ].
+2HP 555 + 6P 5;5 + §Dz‘j¢( V2¢(2)5 2 X Ok + Xtk — Xigak — XkLij)
L ki Iy L ki 3 L kpi
X XL §><J "Xiik + §x3 kil — gX PP g p i + 1X P Xip,k0ij
1 3 47 Gp,a’
- §x§“ Xk + X" " X8 = —— 070 (2.18)

In the Einstein equations, we have also used the evolution equation of the linear GWs
Xij" + 2Hxi — Vxi; = 0. (2.19)

Let us stress again that here we are ignoring any effect related to the anisotropic stress tensor.
Decomposing (2.18) into a trace equation and a trace-less one, the trace part becomes

1 1 1 ; 1
0" 21" — SV — VPV - i o

12
5 . 1 4mGp,a?
+ o X+ X Vi = Tpér@). (2.20)
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In the next sections, we split the treatment in two regimes, first, immediately after inflation, the
deep radiation one, and second, when the Universe evolves towards matter-radiation equality. As
we will discuss, these two regimes have different dynamics, depending on the dominant contrib-
utor to the background matter component as well as to the perturbation content. According to
what is found in [34], we are only interested in the sub-horizon evolution, as the GWs radiation
sourcing our second order perturbations exists only there.

We note that [55] discusses tensor-sourced scalars in radiation domination without the sub-
horizon assumption, and it only focuses on the first of the two phases stated above. We will
show below a full solution of density contrast, for modes evolving (always in the sub-horizon)
throughout radiation domination, comprising of the contributions from both the phases. However
let us emphasise that, for completeness, in Appendix B, we have redone the general analysis for
the deep radiation-dominated Universe for all scales.

3 Einstein equations in the deep radiation-dominated Universe

Although there are two components of stress-energy tensor (radiation and CDM) in radiation
era, in the very early stages of radiation domination, the ratio of energy density of radiation to
that of CDM component is too high, and the Einstein equations have only radiation (and not
CDM) perturbations (sourced by tensors) on the matter side. The continuity equation (2.11)
can be used to retrieve CDM perturbation from the potential, obtained as a solution of Einstein
equations.

In this phase of evolution, discarding the CDM perturbation, (2.16), (2.17), (2.18) become

1 .. ;1 1 y 3 .
V262 + §XUV2XU — 3HoP + 6V2V2XH(2) - gXU/Xij/ — Hx x5+ X

8

L ik 3H? (o
— Dkl = 2T 5(2) 3.1
4X Xli,k 9 r ( )
o 1 1 g 1 1 . 2
o) — X kg + 7DD o X + X = —oH%0{?) (3:2)

1 H 1 1
ZDz‘jXH(Q)” + EDZ’J'X”(Q)/ + EVQDUXH(Q) _ TSVZVQXH@)(SU

' " 1 1 1
+2Ho 65 + @75, + §Dz‘j¢(2) - §V2¢(2)5ij - iXkl(le,ik + Xil,jk = Xij,tk — Xk,ij)

1 1 1 3 1
+ X xui = 53 ik 45X xkan — X xrp0i5 + X Xip r i
4 2 2 8 4
1 g 3w H?
- §ijin' + gxkl Xkl 0ij = 7552)6”-. (3.3)

Let us point out that 5&? < 6r(2) is not assumed in this period; rather we take on that (%) py, is

negligible w.r.t. 6 p, . This assumption is only valid for the regime discussed in this section.
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The trace part becomes

" r 1 1 1 i 1 5 /
¢(2) + 2H¢(2) — §V2¢(2) — EVQVQXH(Q) - gxkl’ Xki,i + 12X k’lez',k + ﬂx“ Xkl
1 2
+ EXMVQXM = % 5. (3.4)

Trace-less part of (3.3) gives

1
6v2DinH(2)

- X (le,ik + Xl jk — Xijlk — Xklij) +

U¢ + D X|I(2) +HD’L]XH( )Y 4

1 | |
X gkt = Xk + X7 X

1
X"y, k655 = 0. (3.5)

/ 1
XXk i — =X P Xk p0is 3

1 1
XV xudij + 5 5

/
= X5 Xk = 5 2

Replacing V2V2y!®) from (3.4) in (3.1), and using (2.14) and (2.15), we get a third order
differential equation of radiation velocity potential

1 H 1
'l)lg )/// + 7‘[ ( ) — 47'[2'1152)/ — §V21)§2), — §v2?}§2) + gxkllxkl/ =0. (36)
In Fourier space? the same equation turns out

" " k2 / 'H/€2
o+ + (-2 + ) = s (3.7)

where S, is the Fourier transformation of the source term —(1/6)Xkllxkl’, ie.
d q o raNoij (1. =
Z [ Ao @A - @)@ (F=a) T ) T (k= aln) (559

and the real space tensors have been defined in the following way

Xij(@,n) = (27]#) / Py, (e, 1), (k). (3.9)

Here we are separating the amplitude x,(k,n), which includes the time evolution, from the
polarisation tensor €f; (k). Then this amplitude is further split into the transfer function 7 (k, n)
and a stochastic zero-mean variable A, (k)

Xo(k,n) = As(K)T (K, ), (3.10)

where A, (k) is characterised by the following auto-correlation function,

4.5

(o ) Aoy () = 50" )8, A3 00 (3.11)

2Throughout this work, we use two notations for Fourier space representation of a generic variable X(z): Xk,
or X (k,n). Both are equivalent expressions.
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and A2 (k) is the dimension-less power-spectrum for each GW polarisation. The time evolution
of the GWs in given by the transfer function [14]

Jo (kn) for n < Meq, k > keq
T (k) = { % [Aaw(k)j1 (kn) + Baw (k)y1 (kn)]  for na >>n > neq, k> keq,  (3.12)
3j1k(7]lm) for any 1 < 1A, k< keq .

Here neq and keq correspond respectively to the conformal time and wavenumber of the modes
entering the horizon at matter-radiation equality, and Agw(k) and Bgw (k) are suitable coeffi-
cients, obtained by equating the first and the second line of Eq. (3.12) and their first derivatives
at the matter-radiation equality (see the complete derivation in [14]). Let us point out that
keq has already been defined above. Note that, we define 75 as the conformal time in which
density parameter of the matter is equal to that of the cosmological constant/Dark Energy (see
also Section 6), and in the second and third line of Eq. (3.12) we put “n < np" because these
solutions are correct up to the matter epoch?.

Introducing a new definition

(2)y
NCJC RPN _(a;k)’
we have? 12
"
ufi) + (? - 27—[2)u£i) = Sk, (3.13)

which reduces (3.7) to a second-order equation. As we are interested in the regime kn > 1, this

further simplifies to®
2

k
u®" Tt = S (3.14)

The solution to this equation is

(2) = kn — + —sin —
i (1) = A(k) cos L+ B(k) s ﬂ+ o g | dieos

— cos/ dn sm Sk(7) , (3.16)

b V3 kn/ dn cos ] Sk(n) (3.15)

where A(k) and B(k) depend on the initial conditions at 7 = n;,. Here niy, is indicating the end
of inflation (i.e. the “last scattering" surface for gravitons).

Assuming initial adiabatic conditions and considering the particular gauge that we have fixed
(i.e. the synchronous comoving gauge), due to the fact that all modes considered here are yet to

3This point is not important for this section, but it will be relevant for the discussion in Section 6.
“In principle, we can introduce another variable § = v/3/2a, and solve the system according to the procedure

demonstrated in [66]. In that case, we have [92(u(2)/9) } + c20k*u, (2) = —0Sk.

SWithout this approximation, the results for tensor-sourced scalar quantltles like potential and density contrast
derived in [55] can be accurately recovered with the help of the variable urk See Appendix B for details.

— 11 —



enter the horizon at initial time 7;,, we do not have an initial source/contribution to the second
order perturbation of GW density. Consequently, we can neglect the homogeneous solutions and
obtain the following results

vy v3 L] ! :cosk—ﬁ n) — a(n cosﬁ smk—
o = s [ an [aman T [ i cos s - eos 5L [ sn S
(3.17)

:lﬁ Ti:%d% UT (Sln\[ \f —co f f) Sk:(T/k)] (3.18)

where we have defined 7 = kn. Here, as we explained above, we have ignored the integration

(2)

constant as v, (i) = 0, for the reason explained above. Finally, using the relation (2.15), the
radiation density perturbation turns out

6P (k, 1) = 5 2/ d7 7S, (7/k)

_ 4;{ !(1 7_32) sin% + \7/_§COS \%] /ﬂ: dr cos\j3 Sk(7/k)
4;{ !(1 _ 3) COS % _ \7/_3 sin \;g] /T; d7 sin:/:3 Sk(T/k) . (3.19)

)
On sub-Hubble scales, this expression can be further simplified. In fact, for 7(= kn) > 1, we
find

6 (k,7) = 12 / d7 7Sk (T) — 4—\/3 lsinT + ﬁcos T] / dr COSLSk(%)

k2 2 Tin kQ \/g T \/g in \/g
44/3 T 3 T /T T
+ —— [cos — — — sin — d7 sin — Sg(7). 3.20
k2 [ \/g T \/§] - \/g k( ) ( )
Now, from (2.14), we get
@) (2) 1 Ly e
0 ) = —o (1) — § [Xen) ~ )] = 5 [ dio (321)
Tlin

where X}, is the Fourier transform of x*'y, i.e.

3
A (@4 (= a) @ (1 =al) T (@.0) T (k= gl.n)

(Here Ur(2)(k,n) = v(i)( ).) Finally, using (2.11) and (3.21), we have the expression for 52,
Precisely, using

n
6 (k,n) = —30{" — k2/ dij vy, (3.22)
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we obtain

1 /9 T 1 3 T
2 ~ ~ ~ .

62 (k,7) = e (7_2 — 31nT) /Tin d7 7Sk(T/k) — e [3\/§ (1 = —|—lnT> sm%
+(2 s T /Td~ T Su(i k) — — |—3v3 (12 41

= nT 7'008\/g . 7 cos N 7 2 =+ T

T 9 T T T
XcoS— + | = —3In7 | 7sin — / dT sin — Sk (7/k
\/§ (7—2 > \/§:| Tin \/g k( / )

\/3/7 [ Y A Y A ]
+ — dr TInT |sin — dr cos —=Sk(7/k —cos/ dr sin —Sg(7/k)| .
7 ), V3 Jp, s g TR meos g [ AT g Sk/b)
(3.23)
Imposing again that 7 = kn > 1, it becomes
3 T
5 (k,7) = —k21n7'/ d7 7 S (7/k)
1 T T T T
— —13V3(1+Int sin—37‘ln7‘cos]/ d7 cos —=Sk(7/k
33+ s | [ cos Zosucerm
+ ! [3\/§(l+ln ) cos T 37In7sin T]/ch sin T Sk(7/k)
— T — +37In7sin — 7 sin — Sk (T
k2 \/g \/g Tin \/g ¢
V3 [T [ N L Fos N L. Foo.
+ -5 dr TInT |sin — dt cos —=Sk(7/k) — cos — dr sin —=Skg(7/k)| .
& I, V3 ), T o gt meos G | AT S/
(3.24)
In addition, the potential can be obtained using (2.11). Then it reduces to
1 o . 1
O hyr) =~y [ dFTSWE/R) ~ ¢ (Aeln) X))
1 T T T T
— = |V3(1+Inr SinT]IlTCOSj|/ dr cos —=Sk(7/k
[V mnsn 7 =] [ o eos T
—&—i |:\/§(1—|—1HT)COST+TIHTS111T:| /T dr siniS (T/k)
1T FoqToL o T T .
4+ —— TIn7 |sin — dt cos —=Sk(7/k) — cos —= dr sin —=Sk(7/k)| dT .
7 f, 77 on 75 [ 7 oo gt —eos T [ in st
(3.25)

In this section we have discussed the epoch where the matter perturbation 8 p,, is negligible
compared to its radiation counterpart, 6)p,. Looking at (3.20) and (3.24) one can realise
that, as time progresses, the contribution of the CDM perturbation begins to become dominant
with respect to that of the radiation. Let us explain this point in more detail. Comparing the
absolute value of each additive term of in Egs. (3.20) and (3.24), we note that, for example,
terms proportional to

/T;d% cos;gSk(f'/k’), /TT dr sin\%Sk(%/k) or /T-T d7 7Sk (7 /k)

in in
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have an extra multiplicative factor which is proportional to 7, In7 and/or 7In7 in 51(3), which

(

are missing in (51£2). Then, (5r2) has extra terms which decays like

1 T 1. 7

~ —COS—= Or ~ —sin——,

T V3 T V3
which are absent in 6%. Finally, Eq. (3.24) includes other additional contributions (they are
integrals that contain complicated sine or cosine functions that multiply the terms proportional
to In7. Note that we are in the regime 7 > 1). These extra terms could also cause a faster
growth of 51(3) w.r.t 552). In conclusion, these facts suggest the existence of a suitable time 7 and
scale (through k) in which 8@ p becomes of the same order as 6 p;.

Now, let us define the following new quantity

_ 0@ pu(ken) _ puln) 05 (kym)
S@p(k,m)  pe(n) 5Pk

F(k,mn) (3.26)

When 6@ p,, becomes the same order as 6 p,, i.e. F ~ O(1), the perturbative contribution
linked to the matter begins to overcome that of radiation even if py, is smaller than p,. There-
fore we are entering a new phase of dynamical evolution in which the time-time component of
Einstein’s field equations is governed by the matter perturbations 51(3).

A correct setting of the initial condition of this new phase will also be discussed in detail in
the next section. However, let us stress that the analysis in the subsequent sections will require
a matching between the solutions of the two phases at given 1 = 7,, where 7, refers to the
conformal time in which F(k,n,) = o ~ O(1), for fixed value of k and for 7 > 1. Here «
is a suitable value which sets the initial condition for the solutions at n > n,. Also from the
discussion made above, for n > n,, F' has a value larger than «, according to the respective
evolution of matter and radiation density perturbation.

Before concluding this section, let us add a final comment. As we pointed out above, in order to
have this new phase, during radiation epoch, we need that kn > 1. Therefore if kn > 1 there is
a concrete possibility that this phase cannot start during radiation epoch. However, even if this
new phase does not exist, for scales around keq and at 1/k S 1 < 1/keq (here we have defined
keq =~ 1/neq), it is possible that matter contribution could also be non-negligible and, in this
case, we should consider both matter and radiation contributions in Einstein field equations.
Therefore our analytical prescription cannot work and a numerical analysis is needed.

The emergence of this ‘new phase’ at kn > 1, within the domination of radiation, is another
completely new result which has never been considered in the previous literature. In this case.
Egs. (3.20), (3.24), and (3.25) can be considered the second result in the paper.

4 Sub-horizon evolution towards matter-radiation equality

In the previous section, we saw that during the deep radiation epoch, although the matter
perturbation is determined by the potential sourced by primordial GWs, it does not affect the
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potential itself. Now, when we approach the second phase of evolution of perturbations, for modes
entering the Hubble radius during the epoch of radiation, ﬁmég) grows sufficiently to surpass
ﬁréﬁz) as the main contributor to Einstein’s field equations, although p,, < p; is still maintained.
Here below we see precisely how we can achieve the second order differential equation governing
59 evolution, in other words a new Meszaros equation due to GWs contribution.

As the epoch approaches towards matter-radiation equality, p,, can not be completely ignored
anymore, and it is convenient to use the usual variable y = a/aeq as an evolution variable instead
of n and/or a. Here aeq = a(neq) is the value of the scale factor when py (aeq) = pr(aeq). Trivially,
this implies that -
a_

Qeq Pr .
Using y, the background dynamics can be described by the Friedmann equations in the following
way

o y+1 9 y+1 2 2+y
H? = Heq 572 =k 5 and H = —kg, e

(4.1)

where
8rG _

keq = Heq = eqHeq ng = Tpeqaeq and Peq = 2Pm(deq) -

In terms of y, Einstein equations (2.16), (2.17) and (2.18) become, respectively

d¢ dx dy' cdx¥ 3 .

2 2 1(2) 272, 01(2) 2 242, i QD kli )
—3Hy + V' + GV Vx 3 (Hy) ay dy Hyx a0y + g XhLi
Lt L ge, 3 (2)

P+ )XV = 5 ( 62+, (4.2)
Ao 1 dyniy +1D dx|I(?)7 o Lok ki +}dX”k _ 2 o (4.3)
dy 2% Tay "1 4 2N Tdy A dy VM T Ty

Y Y Y Y Y Y

d2 d’H d] (1 H2y  dI® 1
2@ L@ ) L E Yy X g2 @)

@)
V2V2 )5, 1 2242y dgp®

1 1
0ij + ng¢ §v2¢(2)5ij - §Xkl (X15,ik + Xil,jk

dy
1 1 1 3 1
—Xijlk — Xklij) + Zxkl,jx’flvi - §XJ “aie + 2leC ki - §Xkl,pxm’p5ij + Zka,lep’kéij
202 dx% dve: 3H202 dyF d 2
MY AXG dx | 3HPY? dXM dx 5y — ’Hi(;@(;ij‘ (4.4)
2 dy dy 8 dy dy 2(1+4y)

Its trace part is
2

dH\ d dp® 1 1
A7t G| @) 4922097 224 - L g2y2, @)
+<’H+ydy>dy]¢ + 2H?y i SV70 TR
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2

SLa— 4.5

L i L ik SH2y?  dxMdxe 1 oo
—_— b . b . J— v
X Xkl + 12X Xk + 0 dy dy + X

Taking V2V2x!I®) from (4.2), and putting it in (4.5), we get

d? dH\ d H2y2 dyF dy 1 CdxY 1
2,2 % 92 2 207t} & (2) X OXEL g2 i OX T - g2 iy
H?
-t (2) 4 952)) 4.
sy (Vo8 +20) (4.6)

A comment is in order here. From Eq. (4.6) we can see that for yér(f) > 2(59, ie. ﬁmél(f) =

5pg) > Zﬁrég) = 25p§2), we can safely neglect 552). (Here note the factor 2 in front of 5p§2).)

(2) (2)

Now, according to the discussion at the end of the previous section, after dpy,’ surpasses dpr™’,
i.e. when F ~ O(1), the matter perturbation keeps increasing, and we can no longer neglect
this contribution. At the same time, we can actually discard 59) from evolution equations only
for ' ~ 2, see Eq. (4.6). (Here, for the sake of simplicity of the calculation we will do below
and without any loss of generality, we are assuming that F' is positive.) This implies that, at
a fixed scale (e.g. at a given value of k), the beginning of this new phase is indicated by the
following range of values 1 < F(nq,k) = a < 2. In other words, we have to set the initial
condition at 7 = 7, imposing « between 1 and 2. However, with our present approach, which is
only analytical, we cannot be more precise. In order to know exactly the value of o, a numerical
treatment would be necessary, but that is beyond the scope of this work. (Note that « should
also depend on the cosmological parameters and the matter component of the Universe.) In Fig.
1 the green and light-green regions, for 1 < e, highlight the modes and particular period that
we analyze in this section (in other words, at each sub-horizon mode with k& > keq and 1 > 14
up to recombination). The reason why we consider 7 only up to the time of recombination will
be discussed in Section 6.

Now, using the definition of F', see Eq. (3.26), we are setting the initial conditions y, = a(nq)/eq
which is defined, in implicit manner, from the following relation

Y0082 (ya) = P (ya) . (4.7)

Now, introducing again y as variable and combining Eqgs. (2.11) and (2.19), it easy to see that

the second-order equation which determines the evolution of the matter perturbation 61(1? ), in the
second phase of radiation domination (i.e. for y > y,), is

425$? L 243y e 3 o LdyPdyy
dy?  2y(y+1) dy  2yy+1) " 2dy dy
This is a retelling of the Meszaros equation [67] (e.g., for the derivation, see also [68, 69]). In

particular, the left side is exactly the same Meszaros equation, the governing equation of the
evolution of subhorizon matter perturbation, albeit having source term quadratic in tensors on

(4.8)

the right hand side. This is not surprising, considering the fact that 555) replaces (59) as the source
of Einstein equations in this phase, a behaviour similar to their linear counterpart. Obviously,
for the two solutions to the homogeneous equation, we find the same of Meszaros
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e Di(y)=y+3,

* Dy(y) = Di(y)In \/%J_r} —2v1l+y.

It should be noted that these solutions are correct both during the epoch of radiation y < 1
(when y > y,) and of matter (for y > 1). Indeed, in matter era, they go as y and y /2
respectively, whereas in radiation era (i.e., for y, <y < 1), they behave as a constant and Iny.
In conclusion, taking also into account the particular solution, the general solution of the matter
perturbation 5£3), on sub-horizon scales, takes the form
Y 1) ..

3 @) = P@)Da(y) + Pa@)Daly) + 5 [ 47 Glo.5) -0 (1.9

y

[e3

where G(y,7) is the Green’s function

Gy, §) = — ig 1+9 [6(\/1 T2 43y) — V11 g2+ 3@))

WViI+g+1)(V1+y— 1)}
VIi+yg-1D)T+y+1)]’

and Pj(x), Py(x) are two time-independent functions. Let us rename the Fourier transformation

—(24+379)(2+4 3y)In

(4.10)

of Eq. (4.9) as (51(3()Tmesz)(k:, y), which can be written as
1 /Y . 5
5$()Tmesz)(k3, y) = Pi(k)D1(y) + Pa(k)D2(y) + 5 / dyG(y, ) F1(k,9), (4.11)
Yo

where Fi(k,y) is the Fourier transform of dx" /dy dx;;/dy, i.e.

3
Filky) = Y [ hAr @) As (k—a)

o o i\ dT (q,y) T (k — dl,
x €7 (g)e J(k:—q) éz y) 47 dyq| v, (4.12)

Note immediately that, using Eq. (4.1), we can easily relate the definition of F} with S in the
following way

—12

Fi(k,y) = 57—
kq(y+1)

Sk . (4.13)

Here we just make one comment. In order to obtain the full solution, which describes the
evolution of 59 at all epochs, from the deep radiation to CDM era, at a given k > keq, we need
to know the value of P;, P, (or their corresponding Fourier transformations). As we are aware,
the above solution, Eq. (4.11), is valid only for y > y,. At y = y,, we have

5@

m(Tmesz

) (ks Ya) = PL(k)D1(ya) + Pa(k)D2(ya) -
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Consequently, we should analyse the matching conditions at y = y,. Then we need the solution
of matter perturbation and its derivative obtained both during deep radiation epoch and in this
second phase of radiation domination. The next section will be devoted to the study of the initial
condition of Eq. (4.9).

Before concluding this section, in order to have a complete picture of the dynamics at these
scales, it is also useful to get an expression for the radiation density contrast (for the complete
derivation, see Appendix C)

2 k 3 1
55(2%mesZ)(k, y) =A;(k) cos (2\/§k m> + B, (k) sin <2\/gk; m)
eq eq

s 5 o o )

1+

2 k 2 k
— CoS 2\/>\/1+y sin 2\/>\/1+z] (4.14)
3 keq 3 keq
where
4 24+ y+2/1+
Or(v/1+y =3 2P (k 4(2-3y)v/1+y+6y*In ( Y ” y) P2<k)}

[

3y

% | djg2+39) V1 +§ Fi(k +2/ dﬂg\/1+gj[6\/1+§
Y Yo

2452157 o 16(1+ )

ik y)}a(k,w—(”w,y)}

{12[ (2—3y)\/I+y+6y2In (2+y+2v1+ )

Q

+(2+37)In ( (4.15)

Y 3

where the naming of the variable in Eq. (4.14) is done in analogy its CDM counterpart. The
coefficients A,(k), By(k) can be obtained in a similar way as the coefficients P; (k) and Pa(k) of
5 (see the complete expression in Appendix C). Finally, using (2.11) and (4.9) we can obtain

the potential (2. In fact we find

69 (e.0) = 3 [P D) + Pa@Dat) + 5 [t L]

1/ .. .
6 (X”Xz'j - X(Z)]XOij) ) (4.16)

in configuration space, where G(y,#) has already been defined in Eq. (4.10). Still note that here
x¢ = x“(x,mn). In Fourier space, #? becomes

1

¢(2) (ka y) =3

1 /Y - -
3 [P0+ PDa) + 5 [ Gl B )

@
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- & (Xl) = X)) (@.17)

Let us emphasize that the third result of this paper are Eqgs. (4.9) along with (4.10), (4.14), and
(4.16).

5 Determining the coefficients of the density contrast

The coefficients of the homogeneous parts of the solution P;(x) and P(x) can be obtained by
matching the solutions from section 3 and section 4. As we discussed in the previous section,
the perturbation and its derivatives have to be continuous throughout evolution. This implies
that they must be matched at a particular time 7, which can be easily linked to variable y,, i.e.
when the new phase is starting. This matching conditions will be of the form

2
551’1()DR6) (k TO‘) = 61511()Tmesz) (k’ya)> (51)
d 52 d ()
=\ 2
(d 6m(DRe)(k’T)) (dy6m(Tmesz)(k’y) , ’ (5.2)
where 7o = k7jo. Here we have called with 5(2()DRG)(k,T) the matter perturbation solution

(2)

m(Tmesz)
Meszaros equation. (The last definition was already mentioned in the previous section.) Before

during the deep radiation era, while & (k,y) is the solution obtained by the tensor-induced

this matching, 61(1?()DR6)(I<:, 7) must be re-expressed in terms of the dynamic variable y.

Following [66], writing the scale factor as a = aeq(£% + 2€), where & = n/n,, with 7, being
Neq/ (V2 — 1), in deep radiation era we have ¢ < 1 and we can write a(é < 1) = 2a¢q€. Thus 7
can easily be related to y by the relation n = n,y/2 and we find 7 = kn,y/2. Then (3.24) can be
expressed as

@) _osnd (k) Yoo (g ] 330, kney\ o kney
Om(DRe) (K ¥) = == 1n< 5 >/mdyy5k 5 o |1 sin | 52
_ 3112 In (kmy) cos <kn*y> /y dy cos (kmgj) Sk (mﬂ)

4 2 2V/3 n 2V/3 2

3v/3n, knwy knwy | 30y, (knwy\ . [knwy

+{ o7 [1+ln< 5 cos 23 + 1 In 5 sin V3

3
x/ dy sin <Z77*y> <17;y> \fn*k dy{ﬂln (kn;y)
m yln
o (522 [ o (527 5 (%)
yln
km«ﬂ) /y <k77*y> (my)

- dij S, . 5.3
cos<2 )l sin 2v3 k{5 (5.3)

~19 —




Now we can finally match (5.3) with (4.9). The condition (5.1) can now be written as
307 (kny\ [V ..o (00 3v/3n. knay\] . ((kny
- ln< 5 /indnyk 5 |~ o 1+ 1In > sin 23
— 312y In <k77*y> cos (kmy) /y dy cos (kzn*g) Sk (m@)
4 2 2v/3 . 2v/3 2
3v/3n. [ ( N4y } (kny) 3n2y (kny> : (kny>
+ 1+1In CoSs + In sin
{ 2k 2v/3 4 2 23
Vo (kn.g V3Ek (Y| (kny
d S * d 1
x/in ysm<2\/§> k( )+ 3 /iny yln 5
. kmz]) /y - :> <ny> <k‘nﬂ>
X | sin dy co Sk cos
[ <2\/§ in y 2\/§

M5y
2

/ dy sm( ) < ]}
Yin
Py(k)D1(ya) + P2(k)Da(ya (5.4)
and (5.2) gives
31 Yoo N+Y
— d
2% a/m yys’“( 2
3V3 . knwya 302 ke 30s  knuya / kg (n*y)
cos — cos dy cos S,
!kQ sin 23 4 2v/3 2k 23 Y 23 2
3\f oKy BnE o Rya Bme o kneya | (Vo R o (049
— — d
2\[—# sin >v3 2ksm 23 / ysm2\/§Sk 5
2(1 + 3ya) \/1+ya+1>
=Pi(k)+ P (k)| — + In . 5.5
1 (k) 2()( gyam m_l (5:5)

Multiplying (5.5) by D1(y,) and subtracting it from (5.4), we have

YT Fya | 302 kmya/ya . N4 3v/31.
Pk =S ray |2 M2 ) WIS\ ) T | T

kmzm) ke 302, kNiYa kn*ya] /y" _ knuy <mz§>
x(1+1n sin — In cos dy cos S
< 23 4 2 23 | ), Yoz 7R 2

2
_ [_3\/577* (1 +In kn*ya> cos F1<Yo — 377an 1 k1Yo sin kn*ya]

n
2 21/3 4 2 2v/3

Yoo kg (ny) V3n3k /y“ _ . knuy
X dy sin S + x dygln
/yin y 2\/3 * 2 8 Yin yy 2
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X [sinkn*g /ﬂ dy coskL*ngk (77*2'3) — cos M1 /z? dy si kn* Sk < yﬂ
23 Jy., 2V/3 2 2v/3 Jy, "oV3

2 3w [Y N+Y
o+ = dyy Sk | —=
+(y +3> <2ky/ym vy k<2

+ 3\[ kn*ya + 377* COS kn*ya - 377* COS kn*ya /ya dg COS kn*’gskz <77*g>
K2y, 2{ 2v3 2k 23 23 2
L] 3VB ke B Rga 3 o Ky / Y 4 sin 1 g, (77*37)
T2 s T M s ™M s |, 23k \ 2 |

Finally, substituting the above expression in (5.5), we get the expression for P; (k)

Pl(k):{1+3y<1_\/1+y1n\/1+ya+1>} 3

2 V9I+y,—1 2+ 3y
32 knya Yo (0 3v/3n, Eneva\ . kNiYa
_ 2 d - 1+1
[ 1 n 5 /in Y YSk 5 o7 +In 5 sin V3
2 « k *Ya k *Ya k *N *N
Yoy Kya ny dycos +d g <n y>
4 2 ym 2\/§ 2
3 knuta k Yo 2o . kNYa . ENiYa
| 3V3 1o ny ny _ 30Ya  F0eYa Ry
2k 4 2 2V/3
Yo 3
x/ dy Sin kn* ( ) \f’n*k‘ d~g]ln W1y
in ym

X[Sink* 0 km!] <n§>_ kn*/d~ kn*y <y>H
2V3 Sy, 2\f 23 Sy T 2B
VIty, VI+ya+1 31« /ya . Ny
1- 1
+3y< 5 N T 1) |2y ) WOk

in

3 kns 3n? kn, 31, kn. Ya kn.g U
V3 Nl | 30 kYo ncosnya]/ dgcosnysk(ny)

k2yq sin 2v/3 4 w3 2k 23 23

3V3 Kmya  3mp o knya 3 o Rga / Y 4 sin 10 g, (77*@/>
k. 23 4 23 2k 23 | Sy 2v/3

+

+

(5.7)
The tensor-sourced 6 is given by (4.9), where the coefficients are shown in (5.6) and (5.7). In

order to determine y,, we should express (5@, computed in (3.20) as well in terms of the variable
y. Indeed, it becomes

12 (Y o (md\  2V3n. | . kny 2f o K=Y
52 o (kyy) = = / dijj S -
r(DRe)( ?y) k2y2 ‘ YYok 9 k S 2\/§ + k77* 2\/3

in
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Y kn.y T 2 N kny 2 k N
x/ dy cos ny5k<77 y>+ \/377 cos Y _ \[ Y
Yin 2V/3 2 k 203 kmy 23

v knsy (77*3])
X dy sin S . 5.8
/ ysin s, (% (5.8)

(Here we have called with 5((])3Re)(k,y) the radiation perturbation solution during the deep
radiation era.) Therefore, using the above relation Eq. (5.8), taking into account of Eq. (5.3)
and the condition derived in Eq. (4.7), we can find an expression from which we can implicitly

obtain the value of yqu:

V3o, knya U NG 3Ya ENsYa knsYa
] dijij 1+1n '
. T2 / yys’“(2>+[2k<+ 2 )SIDQ\/§

*2 k*a k*a Yo k* *~
_VBnya | kneva ny]/ dij cos ¥ g, (ny>

4 2 3 2V/3

(03 k*a k*a *2 k*a k*a
| 3% <1+1 ny>co Ny \/377%1 Nl . ny]

s n sin
2V/3 4 2 2V/3
veo kg (ny> n2kye /y“ _ . kny
X dy sin S - = dygln
/yin y 2\/3 * 2 8 Yin yy 2
kg . kmﬁ <n*§> g - /-cn*ﬁ <m§>}
X |sin d S d S
[ 2V3 Jy,, 2V/3 “\ 2 Q\f Yin 2\/3 P\ 2
4\[& d~ 75 ( > 2a knsya 2\[ kn*ya
k2 23 | knve . 2v3

Ya yln

Yo k * 2 k * Yo 2 si k *Ya
X / dy cos 1+ Sk ( > % cos ko V3 1Y
o 2v/3 2 203 ke 23

Yoo kg (77*@>
X dy sin S . 5.9
/in y 2\/§ * 2 ( )

As previously discussed, numerical analysis is required in order to obtain a precise and proper
value of a. Following our analytical approach this value should be between 1 and 2. We postpone
this numerical work for the future. Finally, the next section is devoted to the analytical analysis
of the density perturbations produced by gravitational waves entering the Hubble radius during
the era of matter and their evolution in the late phase dominated by dark energy.

2%k 2 a

6 Tensor-sourced CDM and radiation perturbation during matter and Dark
Energy domination

Before discussing in detail the subject of this section, a comment is in order. Below, first of all we
will recap the analysis made in [34] where they computed the matter density contribution when
the Universe has become matter-dominated and for £ < keq. In particular, we will extend this
approach for all modes considering both dark matter and dark energy period. Then we give an

—99



analytical solution of radiation perturbation for the same time period. Therefore our analysis is
only for n > n¢q and all £ until today, i.e. at n = ng. Precisely, in order to be sure that we are in
the CDM epoch, let us consider only the Universe for 77 > 7yec, Wwhere nyec is the conformal time at
recombination. In fact, for n > ..., the radiation perturbations become irrelevant with respect
to those of matter and, consequently, the Universe is dominated by matter at both background
and perturbation levels. Finally, note that with the analytical prescription used in this work, we
are not able to describe modes that enter the horizon around matter-radiation equality and for
1/Mrec < k < 1/neq. For these scales we need a numerical approach. However, at the end of this

section, we will provide a possible analytic prescription that could help solve this matching.

For the scalar modes entering in matter domination [34], as we have also discussed in the main
text, we can adopt comoving, synchronous, and time-orthogonal gauge. Then, for 7 > 7rec > 7eq,
we can discard the radiation perturbation within the Einstein field Equations. In this case,
choosing comoving observers, the deformation tensor is purely spatial and coincides with the
extrinsic curvature of constant-time spatial hypersurfaces, i.e. 9;- = —K; = fyikvl’ﬁj /2. (Here
the prime denotes the differentiation w.r.t. conformal time.) In this case, let us consider the

continuity and Raychaudhury equation [38, 70, 71|

02" 4 2702 4 26§1)i9£1)j + 47Ga® P = 0, (6.1)
5@ 4 25WpM) 4 g2 — o, (6.2)

where 6 is the trace of 0; and represents the inhomogeneous part of the volume expansion. Taking
into account that the additive term 258)9(1) can be discarded because it is independent of the
(2)

tensor contribution, we can combine these equations to obtain the evolution equation of dy,

" / _ 1 ..
59 + 7—[51(5) — 47rGa2pm51(f) = §X],Xij/- (6.3)

Now, let us consider the usual relation

o= 2 a0, = ° HEQmo
"8G "8G a
where the cosmological parameter is defined as Qy, = 87G pma?/3H? and Qo = 87G pmo/3HE =
Qm(n = no) (here we have normalised the scale factor today as ag = a(ng) = 1), and the usual
background equations (that we set for 7 > 7yec)
2
Q 3
32 = Ho o (14+ Roa®)  and  H =H? <1 — 2Qm) :

a

where Ry = Qa0/Qmo = (1 — Qmo)/2mo- Then Eq. (6.3), in terms of the variable ¢ = Ré/ga,
becomes

d25(2) 3 d6(2) 3
2 3 m 2 3 m Y2 _
C(1+07) 02 + 5t (1+22°) 0 26m S, (6.4)

where we have defined the source term in the following way

AL+ %) dx dy
Sm(1) = 2 de de’
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and the following variable transformation rules have been used

d 1/6 d
— = Qmot(1 + ¢3)—, .
n = HoR, ot(1+¢ )dL (6.5)
and d? 443 d d?
1/3 1+4
— = Qmo — 1 .
P =H2R, < 5 dﬂL( +L)d2> (6.6)

Here note that the meaning of ¢ can be easily related to the normalized scale factor at ny which is
the conformal time when Q, = Qy, i.e. ¢«(n) = a(n)/a(na) |66]. The general solution in Fourier
space is

62 (k,1) = D_(1)C_(k) + Dy (1)Cy (k) + / L di G (1, 7) S (2, 77, k) (6.7)

where 77 = 1(7), trec = t(7rec) and the source term is the Fourier transform of Sy (¢), i.e.

(143

Sm(k,1,7]) = ——

Fy(k, D), (6.8)

where the functional form of F} is defined as the Fourier transform of dx* /dvdy;;/dv, i.e.

(k1) Z/ Ao (@)As (k —q)

o' i\ oij (1. - dT(CLL) dT(“{i—(ﬂ,L)
x €7/(g)e” (k: - q) o LY, (6.9)
Obviously, we connect Fy with Sk (see Eq. (3.8))
6 Sk
Fy(k,.) = (6.10)
CHZR P (1)
and, therefore, we have
o 3
Sm(k, L, 77) = mLSk . (611)

Here, D_ and D, are [66]

D_(1)=+vV1+:73, (6.12)
;\3/2
Dy(t) =D ()/0 db<1+b3> , (6.13)

and, consequently, the Green’s function is defined as

Gum(1,7) = (1+z3)m</otdz<ljz3)3/2 _/Ozdz<1fz3>3/2> : (6.14)
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[Here, for Dy, we have followed the conventions used in [66]. Consequently the integrals in Gy,
start at ¢ = 0.

An important comment is in order. As we observe from Eq. (6.9), the source term Fy(¢, k)
[and, consequently, Sk (¢,n)]|, which contains two T, cannot be computed by using the analytical
expressions defined in Eq. (3.12), see also [14]. This is because these expressions are obtained
ignoring the contribution of the cosmological constant/Dark Energy. In this case we need a new
definition of 7, which is not analytical, that takes into account the acceleration expansion of the
Universe (note that this very late time epoch reduces the amplitude of h;; for 1/n9 > k > 1/n4).

Now, as also pointed out in [34], for k£ < 1/mpec < keq, we are focusing on density contrast for
waves entering the horizon during matter and dark energy domination. In this case we will not
consider the homogeneous solutions. Instead for k > keq we need to keep all the terms in Eq.
(6.7). For these modes we need a matching conditions at 7 = ne between the general solution
Eq. (6.7) and the one that we obtain in Section 4, i.e. Eq. (4.9) (e.g., see the light-green area
for 1 > nyec in Fig. 1). Moreover, for this match, if n — nt., ¢t < 1. In this limit, we can discard
the inhomogeneous solution and Eq. (6.7) reads [66]

2
(= uh k) =320 (k) + =1 C1 (k). (6.15)
Now, using the definition of + = R(l]/?’a and y = a/aeq, Eq. (6.15) can be written in the following
way
52 F oK) = (A Ro) 2y CL(k) + ZaegRY Py O (K 6.16
m(y_>yrec7 )_(aeq 0) Yy —( )+gaeq0 Y +() ( )

Now we can impose the following matching conditions

2 _
61(11()Tmesz) (k’ y— yreC)|yrec = 51(13) (k7 Yy — y;i(—ec)|yrec’ (617)
L) (K, Y = Yrec) = i<5(2)(k: y =yt (6.18)
dy m(Tmesz) \""” rec dy m ) rec )
Yrec Yrec

which allow to get C_ and C. Here 6$()Tmesz)(k,y — Yreo) 18 exactly Eq. (4.11) at y — ypec-

The matching conditions Eqgs. (6.17) and (6.18) give us

1

yreC
! / dij Gy, ) Fi (3, k)

Pl(k)Dl(yrec) + PZ(k)DZ(yrec) + 9

_ 2
= (a2 R0) ™" prec ™2 CL(K) + Zaeq R e O (K, (6.19)

and

Puk) + Palk) (

3
2

_ 2(1+3yrec) +1In v1+yrec+1>
3YrecV 1 + Yrec V914 Yrec — 1

— 2
Py O (k) + Zaca Ry O () (6.20)

(azqRO)
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respectively. Multiplying Eq. (6.20) with yec and subtracting it from Eq. (6.19), we obtain

C-(k) = [ (adquieFo) [Pl(’“) + Pa(k) (‘W I T e — 1)
rec rec
3 Yrec B 5 _
+4/ dy G(y,9)Fi(, k)] : (6.21)

Similarly, multiplying Eq. (6.19) with 3/(2yec) and adding it to Eq. (6.20), we have

1 5 1 VI F Yrec + 1
Cy(k) = ——— +)<Pk+sz )
+() deq Ry K? oo ) \ ARV BRI e

PQ(I{?) 11 + 159yec 3 /yrcC - - N :|
— dyGly,9)F1(g, k)|, 6.22
3 YreeV1+ Yree  4Yrec o Y (y y) 1(y ) ( )

where Pj(k), Py(k) are given by Eq. (5.7) and Eq. (5.6) respectively. The form of D1 (y), D2(y)
is shown in Section 4.

Finally, let us focus on the radiation contribution due to the primordial gravitational waves
entering the horizon during the late time. For 7 2 ¢, radiation is not the dominant contribution
at both the background and perturbation levels and, as we have pointed out earlier, it can be
discarded in the perturbed Einstein field equations. However its effect could be non-negligible in
the CMB and we are able to find an expression of radiation density perturbation using (2.11),
(2.14), and (2.15), which are still valid. Now, inserting (2.11) into (2.14), we have

5@ 4 gv%ﬁm = %51(3)'. (6.23)

Differentiating the above equation w.r.t. time, and using (2.15), we obtain

52" 4 k2 o) _ Ao

3 rtk 3 mk (624)

(2)

which gives us an expression for d;

kn . kn

52 = A, k)cos — + B, k) sin —

ok (1) MD (K) 7 mp (k) mﬁ
kn

/ L (Smcos B XA \f \f> Skemp (7) (6.25)

where the source term Sgyp can be obtained by differentiating Eq. (6.7) twice. Note that here
17 = n(¢), the exact functional form can be obtained by solving the Friedmann equations. Just as

discussed in the case of 51(3), the solution can be divided for two separate range of scales. Firstly,

(2)

for k < 1/nrec < keq, we can ignore the homogeneous solution, and 4§, is

(5§,2€)(L) = \f LL di (sin k() kii(2) — kn—m sin il ?f)) SkMp (2) - (6.26)

COS COS
V3 V3 V3
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SkMmD can be written in terms of ¢, using rule (6.6), as

"
SkMD = 551(511
1/3 14+ 43 d d? 2
= *%%RO/ Qo ( 5 @ T 1+ L3)d 2 5r(n1)<
§HOR”‘°’ mo [ 37521443 (i, k)

7o\3/? D 7o\ 3/2 ,5/2
g /db< > /db< ) YT
1+ 0 1+ 3v1+ 03

where Eq. (6.7) has been used, without the homogeneous part. In the second range of scales
(k > keq) instead, the whole Eq. (6.7) should be used to get Skmp

Sinin (1) = 4HZRY * Qo { 21443 </ (1+7%)Sm(i, k)

7 3/2 r s 3/2 [,5/2
/ dr / dr _—
<1+ ) 1+ 3VI+ 3

L i 3/2 L L3 (e
C(k:)+C+(k)/0 dz<1+23> >+ (A +)Sm(ek)  Ci(k)

_ 1 3 3
3 3140 T30
For the initial conditions A;np(k), Bimp(k), we have to connect Eq. (6.25) with eq (4.14) at
N = Nree- FOr 1 — 7ree, Temembering the argument before Eq. (5.3), we can write y = &2 =
(n/nx)?%, as € > 1. So Eq. (4.14) reads

2 n 2
5@ (K, ) cos \/7 \/1+ ) sin 2\/> 1+<>
r(Tmesz) ( ) eq 77* e
k“f/n 110 |3 Vﬂﬁ e ()
+ S| dnnQ sin [ 24/ =— /1 4+ (—)? | cos [ 24/z—/1+ | —
e3Vs | e S N IAR
2 k n\?\ . \F k (ﬁ)2
—cos | 24/ =——/14+ | — sin | 24/ =-—+4/1+ | — . 6.29
3keqm 3keq\/77]* ( )

Applying following matching conditions

+ (1 + %) Sml(e, k)] , (6.27)

+

(6.28)

2 _
0 ey (K1 = M)y = 02 (R = mie )l (6.30)

d (2 _
( dni((%mesz)(k, n— nrec)) : (6.31)

Mrec

5
d
= (dnfﬁ”(k, n— nrtc))




where the rhs is the solution Eq. (6.25), we get, respectively,

77rec 2 k 77rec
1 2 1
os(\/>eql N )+ Sm(\/;k +< )
+ keq\/g/mecd~~ sin 2\/7 1-|- "7rec 2\/§k 2
kn’% 2 N ! 77 eq 3k
— Cos \/7 1 —|— 77rec sin 2\/7 \/14_7
eq eq 77*

k rec rec
= Aup (k) cos 7)3 + Bvp (k) sin kn

v V3 (6.32)

D ﬁ )] ””f(:mf

x/n:reodﬁﬁQk(ﬁ) !Cos (2\/21;; 1_|_<777;ic> )Cos (2 gklzqm)
+sin (2\[ Feg 1+ nrec ) “in (2\/’ eqm)]

—Arp (k) SiIl §C + Bivp (k) cos Frec

/3 5 (6.33)

and

Multiplying Eq. (6.32) with sin(knwec/v/3), Eq. (6.33) with cos(knec/v/3), and adding them, we
get
2 k nrec > 2 . knrec
cos 2\/> — 1+ sin
( 3 keq < M V3
2\/§ Trec \/7 nrec 771rec
— sm 2
]feq [1 + nrec eq 77*
2 k 2 k
Sin 2 \/> 1 + <77rec ) Sin nrec
3 keq T \/g
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, 2 k i >2
xsin | 24/ z—1/1+ | — . 6.34
( 3 keq <77* ( )
Multiplying Eq. (6.32) with cos (knwec/V3), Eq. (6.33) with sin (k7wec/v/3), and subtracting the
latter from the former, we get
2

2 k Trec Enrec
A, k) = A.(k) |cos 2\/7 1+ < ) cos
vp (k) (k) 3 ke 0 7

2v/2 2k | 2
+ k\[ Threc . sin (2\/;k 1+ <7]rec> ) sin ]{3\7?;0
eq 7’]3 /1 n <%) eq T

. 2 k Tlrec 2 knrec
+ B.(k) |sin 2\/> 1+ ( > cos
( ) 3 keq % \/§

2\/§ Nrec \/5 k <77rec ) 2 . kT/rec
— cos | 24/ =—/1+ sin
keq L) 2 ( 3 keq \/ T V3

2
M5 1+(m




2 ~ N\ 2
x |sin 2\/§k 14 <77rec> cos 2\/§k 14 <77>
3 keq M 3 keq Ns
2 ~ N\ 2 i
—eos (22 1t ("rec> sin 2\/§k 1+ (”)
3keq T 3 keq U
2

2\/§nrec . k;nrec 2£ 1+ Tlrec

- S1n

2
4 e
e 1+(m)
~ N\ 2 2
X COS 2\Fk 1+(77) + sin 2\Fk 1+(nre“>
3keq M 3keq M
2 k \?
in [ 24/5— /14 (L . .
X sin \/;keq + <TI*> } (6.35)

Before concluding this Section, we make the following comment. As we immediately note, in the
analytical analysis discussed in this work, the solutions for 1/mwe. < k < keq are missing (e.g.,
see the gray area Fig. 1). One possible way we can overcome this problem could be the following
prescription. Let us define the general solutions, both for matter and radiation, in this way

5P (ke < 1/Nrees 1 > Mree) + (k/lieq)™ 02 (k> Feequ > nrec)]
L+ (k/keq)™ ’

5D (0 > Neeer k) = (6.36)
with A = {m,r} and ng > 0 (e.g. na ~ 2). Here, clearly, k& < 1/nec indicates the solutions
obtained above which do not contain the homogeneous solutions and for k& > keq we are consid-
ering solutions in which the modes entered the horizon before equality. Obviously this guess has
to be tested numerically.

Here we present Eqs. (6.7) (with (6.14)), and (6.25) as the fourth and final result of the paper.

7 Summary

Nowadays the detection of the primordial GW background is one of the main interests of cos-
mology and, recently, it has been shown that the tensor-induced scalar modes produced by GWs
from inflation can give an important GW signature on cosmic structures [34|. In particular,
[34] studied a novel mechanism for generating matter density perturbations based upon the non-
linear evolution of primordial tensor modes which generates matter-density perturbations and
its power spectrum for modes entering in the matter dominated period of evolution. In this sec-
ond paper we have explored analytically this mechanism both for matter and radiation density
perturbations and, in particular, during matter and radiation epochs.

Here, first of all, we extend the treatment to smaller scales, which enter the horizon during a
radiation dominated period, during which there are two matter components contributing to the
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energy density of the Universe and we compute also the radiation-density perturbations produced
by these tensor-induced scalar modes.

Starting from a comoving (with CDM frame) and time-orthogonal gauge, we have shown that we
can safely implement the metric perturbations in the synchronous gauge from the very beginning.
In fact, using a perturbative expansion up to the second order in which the source term consists
only of linear tensor perturbations, we have shown that the perturbations of scalar density can
be directly re-expressed and re-formulated in the synchronous gauge.

Phases of evolution
Dominant Deep radiation Radiation Intermediate After
component epoch epoch in regime (mat- recombination
(Section 3) sub-horizon ter+radiation) | (Section 6)
scales for 1/mpec <
(Section 4) k < 1/Neq (no
analytical
solutions)
In background radiation radiation radiation + CDM + DE
CDM
Dominant 5@ 52 0D & 6@ 5%
perturbation
component

Table 1: The dominant component in different phases of evolution in the background and
perturbation sector (see also Fig. 1).

Then we started focusing on the radiation period in which we split the epoch into two phases
according to the relative importance of background and perturbed quantities of the components.
In Table 1, we briefly summarised schematically the dominant component between CDM and
radiation in the background and perturbation sector.

The first phase, also called the epoch of deep radiation, begins after the end of inflation, when
the radiation dominates both the background and the perturbation sector. During this period, in
this paper, we have calculated the radiation and matter perturbation solutions which are sourced
by primordial GWs.

Looking at these contributions, we observed that the matter perturbation grows faster than
the radiation one. Due to this mechanism, still during the radiation era, a subsequent second
phase has begun, i.e. when the matter perturbation grows sufficiently to overcome the radiation
perturbation, becoming the main contributor to Einstein’s field equations.

Note that only the first phase was presented in [55, 56|, whereas our study shows a full solution
of tensor-induced density contrast in the radiation domination. In this second phase, we have
obtained a Meszaros’ like equation with a source term quadratic in GWs. In obtaining the
expressions, we have focused on the subhorizon regime, as our effect is non-existent on the
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superhorizon. Now, in order to obtain the initial conditions for the second phase, we matched
the solutions from the two phases at the junction. The initial conditions for the first phase can
be ignored because the effect is suppressed by the fact that all these modes enter within the
horizon scale only during the radiation epoch. In this way we have derived full solution of the
tensor-sourced scalar modes entering the horizon starting from the end of inflation to matter
epoch for modes k > keq.

Finally, in Section 6, we have extended the analysis of [34], computing the tensor contribution
to matter and radiation perturbations at late times, i.e. from neq < Nrec < 1 < 70, both for

k < 1/nwec and k > ke, where ng is the conformal time today and 7. at recombination epoch.

In this paper, for the sake of simplicity, the effects of baryons have been ignored. This contribu-
tion will be explored and analysed in a future study. Another important future research direction
could be to calculate the power spectrum, following the approach used in [34], considering also
the matter contribution obtained in this paper, i.e. for & > k¢q. In addition it is also very
interesting to analyse and evaluate the corrections in the CMB anisotropies due to radiation
perturbations, at all scales, induced by the energy density fluctuation of gravitational radiation.

Finally, a comparison between this analytical work with a proper numerical analysis will be very
useful. In particular, let us stress that, for 1/mec < k < 1/neq, we are not able to make use of

our analytical prescription and a numerical approach is needed. All of these projects are left for
a future work.
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Appendix A Tensor induced vector and tensor modes

As we pointed out in the main text of the paper, in this work we analyze and study the scalar
modes sourced by the linear tensors. Here, for completeness, we briefly show the equations
containing the second order vector and tensor modes, sourced by the same. These equations can
also be found at [55]. Appending second order vector and tensors to the metric Eq. (2.1), we
have
2

2’ (A1)

1 i i
= b+ X3} = 620+ 5 (Dix @+ 00 + 9,7 + x5,

1
Yij = 0ij + ’YZ-(j) +

,YZ] — 54— ng(l) + ¢(2)51] _ §(Z)UX(Q)H + 82Xi(2)] + anL(Q)z + XZ(Q)) + sz(l)xk](l) ) (AQ)
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iy L(2) _ 3’X£(2) — XZ(Q) = 0. Due to

Second order vector and tensor perturbations satisfy
the gauge chosen , the observers are comoving with the CDM Umy = a6 , and the components
of the energy—momentum tensor for the matter does not contain any Vector mode. Here only the

radiation tensor has an additional term. Indeed, the four-vector of the radiation is defined as

_ _ 1
Ui = AUy = a(Vr,; + V5),

TR AR D R
u' = = a(vr + v ).
If we consider also vector and tensor perturbations sourced by tensors, the conservation equations
of matter remains the same, but radiation gains a new component of the energy-momentum
tensor, T = 4p, /3a? (v +v;-?), which ends up modifying the momentum conservation equation

for it @)’ 12 (2)

4(1)“ +o,; )+ 5r,i =0. (A.3)
We can immediately conclude that furJ;- @
same as (3.1), but the momentum constraint has new components

@ 1
6+

and the ij—th equation reads

is constant in time. The energy constraint remains the

1 1

4X X]kz_fx Xkl,ja <A4)

(D@9 172y = 232 (o) 4oty 4 £ o8 ;

2X X]kl +

H

1
LD @7 4 &-x-“m + 0 @ T + S (D! a0 o+ xT)

1
— —V2y T( ) + VQDZ 1@ — 8v2V2XH(2)5ij + 27‘l¢(2)/5i]’ + ¢(2)”5ij + 5DZ,]¢(2)

4
1 1 1 xs 1 %
- §V2¢( )6i5 — §X "(Xtjak + Xitgk — Xijilk — Xklij) + ZXkl,ijz,i — G Xtk X Xkid
3 1 1 g 3 H?
8Xkl’pXkl,p5zj + Zka’lep,kzéij - iijin/ + gxkl Xkl 0ij = 7552)5@'- (A.5)

Trace-less part of (A.5) now gives

/

1 " " I
Dz.qu(?) + §(Dijx”(2)” + ainL(Q) + 8inL(2) + XT(Q) )+ H(D; 12 )Y 4 &.XjL(?) + aniL@)
1

/ 1 T(2 1
+ XT(Q)ij) - §V2Xij( ot gszinH(Q) - Xkl(le,ik + Xit,jk — Xijik — Xkiij) + ixkl,ijl,i
k.l k1 / 1 1 I 1
= X5 Xtik + X" Xkil — ijXm' - nglV2Xkl5ij + gxkl Xki0ij — ixkl’pxkaptsij
1
+ X" Xip i = 0. (A.6)

3

n (A.6), we have a coupled system of tensor-sourced scalar, vector, and tensor perturbations.
This equation is the generalization of Eq. (3.5). To obtain independent equations for vector and
tensors, we apply 3V 2V 29,0; to (A.6) [55]. The result is the evolution equation for the scalar

e

1" 3 _ / 1
K@ 4 23l V2 12 4+ 26® = — XMy = V2 (xkl Xit = 5 X" Xy z)
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o / 1 1
XMV + 3V 2V 2 (Xkl’p Xkpl — §Xklv2V2Xkl - §Xkl’pV2sz,p + Xkl’pV2Xk;p,z> .

4
(A7)
Applying V_Q{ﬁi [(A.6) — 3Dy;(A7)] + (i ¢ j)}, we obtain
Xj_@)” + QHXj_@)/ =2V 2 KXkl,Xik,l' - %XleQXkl,i + XleQXikJ)
+0;V 2 < ! Xk — %X YN X — 2Xle2V2sz +Xkl’jV2Xjk,l>]
— 40,V 2V 2 <Xkl7p/ka,l/ —~ %Xklv2v2Xk-l - %x“’p V2Xkp + X7 V2ka,z) (A.8)

as the evolution equation of tensor-sourced vector perturbation. Furthermore, application of
[(A.6) — 3D;;(A.7) — (A.8)] gets us the evolution equation for tensor-sourced tensor modes

5 1 1 3

X' ) i+ 2Hx T ) — VT = —gxlekl,ij — Zxkl’pka,z&j — éX{Cilel,j + gxkl’pXkl,p%

kol Lk ' L kit
= X Xkl + X Xkig + ZXklvz)(kl(Sij + x4 x5 — §Xkl Xkt 655 + X Xkt + X X g

1_ 1
= XMxijp + 5V (x’“l’p Xipd + XMV xap = 5X TR — 2Xkl’pV2Xkl,p> 8ij
_ 1

+ [&V 2 <2Xklv2Xkl,g XXkt = x V2kal> + (i ] }

1 -2 w1 Elp kl2
+§3i8jv XXkl = 5 X Xkt — *X Vo Xki

1 _ _ / 1
+ §8i8jv VA <Xkl’p Xipit + XV Xhp — EXMVQVQXM - 2Xkl’pV2Xk:z,p> : (A.9)

From these equations we are able to describe the dynamics of vector and tensor contribution from
end of inflation until today. We refer a detailed analysis of these equations and their solutions
to a future paper.

Appendix B General solution during deep radiation dominance, without sub-
horizon approximation

In the second part of Section 3 we only focused on the regime where kn > 1, i.e when the modes
were sub-Hubble during the first phase of the radiation era. However, it is useful to obtain the
general solution for any k. Let start again with Eq. (3.13)

" k2
u + (G = 2H2)ul) = s, (B.1)
and using again the definition 7 = k7, this equation takes the form
d2u? 72 S
2 & Uy (2) _ _2°k
P (5 = 2
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where Sk is given by Eq. (3.8). Now, we note that the solutions of the homogeneous part of this
equation can easily be obtained if we consider the following second order differential equation

d2
2Ly

In2 (z) + [a®2® — n(n + 1)]y(x) =0, with n=0,1,2..,

or, equivalently,

y(av);zc"Jrl — <$3d> <C1 cos ax + Co sin am) ’

dx .,E2n—1

where C7 and Cs are two constants. Then if y = ul(i), r=7,a=1/v3and n =1, we get the
homogeneous solutions
1 T 1 . 7 1 . 7 1 T
;Cos%—kﬁsm% ;smﬁ—ﬁcos%.
Discarding the initial conditions according to the reasoning mentioned in the main text, we have

D)= [ gz [(sin Tcos T —con Tsin 7 ) (742
uy (1) = 12 nndTSk(T) [(sm\/gcos\/3 cos\/gsm\/§> (7-—1-7:)

+V3 <cos \;3 cos % + sin \% sin \%) (; - 1)} . (B.3)
2

Then the perturbation Urk) becomes

3 /T (.. 6\,
o (1) = 75 / d7 <T+ %> Sk(7)

Tin

and

7 7

T 9cos == + 3/37sin
- (2 L T >/ d7 V3 V3 G (7)

— oS — + —sin — —~
NV RIV: S K7
2 7 1 - T ~QSini—?)\/gi'cosi ~
— <7’ S1n % — % COS \/§> /T ar V3 37 \/gsk:(T) (B4)

Therefore, using the relation (2.15), we obtain

12 [ (. 6 -
0 (k.7) = 155 | dF <r + %> Sk(7)

9 - 2 - 1 T T 9COS%+3\/§7~'SH1%
—4( —cos—=+ —sin—= — - cos —= dr Sk (T
(7_2 cos 7 + s sin 53 Cos \/§> /Tin T 127 &(T)

9 - 9 - 1 - T QSin% — 3+/37 cos %
—4| —sin— — — — — —si dr SE(7).
(Fo s e vsamys) Lo =z K0
(B.5)

For (5,&?)(1{:, 7), we use the relation (3.22). In (3.22), the first term (vfi)/) can be readily obtained

from 5§2)(k:, 7) expression above (using relation (2.15)), and the integral in the second term is
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(in terms of T)

/ 47 w3 (7) =
[ a

3

+3V37 <cos

e
[
[

in

+2 <9 sin —

(%)

VR

VA

+ sin

ff)

7))

* V3
7

7

9cos = + 3v/37sin == T cos
Vs Y V3 G (7) % 2/ g7 V3
k?’ Tin T
9sin i—?)\[TCOSi
V3 ‘[ ) X 2/ dr
k37
Sk(T) [ ( T )/ dr 7
— 9008—4-3[ sin — — COS —=
k37 V3 vt g V3

—3\[7'(:05—

f V3

R
—= S1n
Tin T

7

7 (B.6)

_9]7

where the expression of vfi) from Eq. (B.4) has been used. Combining both the terms, we arrive

at
3

62 (k,7) = ;’2 /Td% K

72

~In :) <% - f) - 3} Si(7)

9cosf—|—3\f7'sm

“3(Fe \msm” f o e )
_3<2s1n\; \fT \}) /Ti:dT9sm k?;\[Tcos\[Sk(%)

+2/Ti: d%QCos\;:;)%—kizf%sin\;gSk(%) _/Ti: s cos%\;§ _/T: o COS%jg
+2/Tdrgsm l:;\fmosﬁsk(%) /Tdfsmjg—/%d%smjg . (B.7)

which is the expression for CDM density contrast in deep radiation domination, without sub-
horizon approximation. In [55], only radiation perturbation was studied. As a result, only (B.4)
and (B.5) was derived there. Here we re-obtain them, along with the matter perturbation (B.7),

which was missing in [55].

Appendix C Calculation of ¢, in the second phase

This appendix section is devoted to the computation of the radiation-density perturbations
produced by tensor-induced scalar modes during the second phase of the radiation epoch. As we
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pointed out in the main text, in this second phase we have modes well inside the Hubble radius,
ie. kn > 1, and with yég) > 2552). In this case, the matter perturbation is the main contributor
to Einstein’s field equations. In Section 4, we obtained a new Meszaros equation due to GWs
contribution which describes the dynamics oiz (gr(g) Then, using (2.14) and (2.15), we are able to
2

write second order differential equation for 6;”’. Indeed, in Fourier space, we have

52" L B e _

rk 3 rk — 3 mk (Cl)

which, in terms of the variable y, turns out
al2 d?—[ d (2) K ) &? dH\ d | (2

(As we also pointed out in the main part of the paper, here 65,26) (n) = 59)(/{:, n) and 5%1(7}) =
59(1{:,7)).) We note immediately that the source term on the right-hand side depends on 55?.

Now, using

a1, H2+y

A T Ty ()
and the definition of keq = Heq, Eq. (C.2) reads as follows
(2) (2) (2) (2)
d*; 1 doy K2 o) 4dPogy, 2 dé., (.4)

dy> " 2(y+1) dy | kZ3(y+1)* 3 dy2  3(y+1) dy

At this stage it is useful changing the variable y — w = /1 + y. In this case Eq. (C.4) becomes

2
5y 8K o)

where @
4d%0.
Qn(w) = 3 dw?

Writing the solution of 52 from Eq. (4.9) w.r.t. the variable w, we have

52 (2, w) = <w21> Py(z) + Kw?)l w+12w] Py()

3 3 w —
dw dxij dXij
+4/wawG(w 1,w% 1) T Ao (C.6)

in configuration space, and

52 (e, w) = (w2 - 1) Pu(k) + Kuﬁ - 1) It L Zw] Py(k)




by [ Bewr a1 B ), (C.7)

1
4
in Fourier space. Here F5(k,w) is related to Fi(k,y) via the following relation

Fy(k,w) = 4(1 +y)F1(k,y) (C.8)
and

G(w?—1,05% — 1) = —iw(aﬂ ~1) [6(121(3102 1) — w(3? — 1))

— (302 — 1)(3w? — 1)In m} . (C.9)

Then, the source term of Eq. (C.5) can be written in the following way

QMMziPH%HJﬂ@<?$Lﬁy2ijD]
% Kl 2t 1 + 2§U<f2__3$)> /ww di (@° - 1)(30° — 1) F3(k, @)
/w (w* — 1) <6w+(3w2—1)lng+1>Fs(k,w)_§F3(k’w)}’ (C.10)

and the full solution of (C.5) reads

2 k 2 k w
6P (k,w) = Ac(k) cos 2\/>w + B (k) sin 2\/>w +/ dw Gy (w, w) Qg (w), (C.11)
3 keq 3 keq we
where the Green’s function of the above relation is defined as
o keq \/§ , \F k \F ko _
(W, W) =—-1/ 7 20 57— 2/ 57—
Gy (w, W) TR [sm ( 3 keqw> cos < 3 keqw
2 k 2 k
— COoS (2\/;keqw> sin (2\/gkeqd/>] . (C.12)

Now, going back to the variable y, and naming the perturbation as 55(%mesz)

(k,y), it becomes

5@

Tmess) (K ¥) = Ar(k) cos 2\/§km + B, (k) sin Q\F’“m
r(Tmesz) 3keq . keq

+ / 5= Gr (VITuVi57) o (Vii). (C.13)

where

G (VI+y.V/1+7) —];j\/g [sin (2\/31!:@) cos (2\/31{7";@)
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2 k 2 k
— CoSs 2\/>m sin 2\/>m (C.14)
3 keq 3 eq
and
4 4(2 = 3y) /I Ty + 6y2 In Zru2VIEy
O (VI+y) = |2Pi(k) + Pa(k) ) y
3 3
1|42 = 3y) VT Fy + 62 In Zrut2V/IEy
2 3.2 s / V1 + 92+ 379) Fi(k, )
Y Ya
! 24— 20T T7
+2/ ﬂ\/ﬂFl(k,ﬂ)G T+ 7+(2+3§)In =Y gVTy)dN
Yo
16(1 +
_(3y)F1(k,y)] , (C.15)

where we used Eq. (C.8). The coefficients A, and B, can be determined exactly the same way as
the coefficients P; and P» of (51(3). Following the discussion related to 51(3), presented in Section
5, the perturbation 51@ and its derivatives have to be continuous throughout evolution and, in
particular, at ¥ = y, . In other words, the following matching condition must be satisfied

O\ thre) (ks 7a) = O ey (B ), (C.16)

d () d .(2)
<dy6r(DRe) (k’ T)> ‘ = <dy6r(Tmesz)(k’ y)

(2)

Also for radiation contribution, we have defined (5r(DRe)(k:, 7) as the radiation perturbation solu-

, (C.17)
Yo

tion during the deep radiation era [i.e. Eq. (3.20) or, equivalently, (5.8)], while 6((%mesz)(k, y) is
the solution obtained in Eq. (C.13).

Using Eq. (5.8), the first condition, Eq. (C.16), gives us

12 Yo % 2 % s k *Ya 2 k * Yo
22/ 4 S <ny> \fn o Fna \/3008773/
k 2\f ENeYa 23

in

Yo * % UM k *Ya 2 . k *Ya
></ dgjcosnySk(n > cos kYo \/gsm 1Y
vin k: 2v3  knya  2V3
Ya
x/ dy sin
Yin

() i (55

+ B.(k) sin (2 ;ki\/l n ya), (C.18)
eq




and the second condition, Eq. (C.17), becomes

i | s (%)
[(77* - k};) cos k;]\;yga — 2;{:2:* i k;?j/%a] /yia dy cos l;z;g Sk <

- [(nf 12 >Sin Bneyo 230, Ky / 47 sin ]:Z/g s <n2@>

kzya 2\/5 kya 2\/>
2 k
=2
Vi |-

sm( \/> eqm>+3 cos( \/gkk m>

Multiplying Eq. (C.18) with
2 k
sin 2\/>\/ 1+vya ],
3 keq

-1

2 k 2 k
20/ 20/ T+ ya
( \ﬁk() COS( Sheg V' Y >

and adding them, we obtain

Eq. (C.19) with

2 k
k;3 CO <2 Sk\/1+ya>

dy 0] Sk: 77;/)
yln

ko 2V3ne . knuya
- —— V14 ya Ny — cos — sin
232 k (\[eq y){[ k2ya>

2v/3 kYo 2v/3
Voo kg < ) < ) ke 2VB0e ke
X diy cos Sk — + cos
/in Y 2\[ k2ya 2\[ kya 2\/§

N <ny> \[ / _ (ny>
X dy sin S ——— sin 14+ 1y, dygS
/in Yy 23 k B) Feq Y N YYok 5
2v/3n, . \/5 k . kYo 2f o 90
— sin [ 24/=—+/14+ 1y, | |sin +
k ( 3 kg Y ) [ 23 ke 2v3
Yoo kn.y N+Y 2\/77* S
X dy cos Sk < \/l—i—ya
‘/yin 2\/§ 2 eq
X |cos Wil 2v3 sin W1 Yo /ya dy sin k- Sk (n*g>
23 ke 2V3 | 2V/3 2
6v2 , \/5 k V3keq 2 k
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K2y [\[SIIl( 3k VY ) 7 L T
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Yo 7
. Ny V3 keq \/5 k
X dyy S - — cos | 24/ =—/1 + Yo
/yin 7Y k( 2 > k {2\/§ 3k€q Y
12 Yo 2 . . Yo . 2
X [< 2 ) Ry V31 sin il + 27, sin (2\/;;\/14—9(1)
eq

T Ry -
k*a 2v3 k*a ya~ k*~ *~
X[S. Mo \fc ny]}/ dyCOSnySk<ny>

cos
2V/3 kya 2V/3
in 08
2V/3 knya 2v/3 Yin 2v/3 2
V3 | keq \/5 k ( 9 12 ) knvya  2v/3n. knsYa
- — cos | 24/ -—/1+yq . — sin + cos
k| 2v2 3 keq Y T 2y 2V/3 kYo 2V/3

2 k kEnsya 2 . knwya
— 214 sin <2\/;k\/1+ya> i v3 S 1Y ] }
eq

COS — 1n
23 kv 2V3

Yoo kn.g (77*?])
X dy s S . C.20
[ s s (7 (C.20)

Similarly, multiplying Eq. (C.18) with

2 k
cos | 24/ -—/1+ya |,
3 keq

—1
2 k 2 k
2/~ in(2y/2—v1+val,
( 3keq> (\/;kv +y>

and subtracting the latter from the former, we obtain

6v/6keq . 2 k Ya o NsT
A (k) = k3ygq81n (2\/;]%1\/14—3/&)/ dnyk< 5 >

Yin

V3 keq \F k < o 12 > ko 2V30s  Kniya
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22 k 3keq\/7y K k2y2 2V3 kya 2V/3

X /ya dy cos k1. Sk (n*g> + (772 —— ) sin Bl | 29310 cos R Yo
Yin 2V/3 2 - kagc 2V/3 kYo 2V/3

veo kg o (040 12 \F k /ya (e
d S, —_ 24/ =—+/1 o dggsS
x/yin Y sin 2\/3 k( 5 —i—kzygcos 3keq + v . YUY Ok 5
21/3n, 2 k . kYo 23 knsYa
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k ( 3 keq ya> [ 23 ke 2V3
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d S 20/ =—+/1
X/ y0052\/§ k( 9 + A cos 3keq\/ + Yo

Yin

oo F1:Ya 2v/3 iy, K1Y /y“ dif sin kneg o (mﬂ)
23 knwa 2V3 | J, 2V/3 2

Eq. (C.19) with

in
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2 k . knwya 2\/g En«ya
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k2y2 2V/3 kYo 203
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—2n,sin | 24/ =—/1 + Yo Ccos
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(2)

In this case we are able to obtain the solution of oy

from end of inflation to CDM epoch.

Appendix D  Setup of the initial conditions

This Appendix is devoted to addressing some issues relating to the initial conditions, i.e. at the
end of Inflation, used in this paper, adopted in Section 2. First of all, let us focus on Eqgs. (2.16),
(2.20) and (2.19). Substituting V(¢ + V2x/I?) /6) from (2.16) in (2.20), we have

1 1 1 ArGa?
6@" 1+ 1" — S+ XMV + o = WS 2 (2552)@ + 59%) . (DY)
The fourth additive term may be rewritten by replacing V2x;, with x;;” +2Hxi;’, see Eq. (2.19),
and the above equation can be written in the following way

1 k /

1 47Ga?
0"+ HOP 4 SHx '+ 3x i+ X’ = = (2697, +62p,) . (D2)

In this paper, we are setting the initial conditions at the end of inflation. Before discussing them,
two important observations are in order.

e In several expressions considered in this work [see, e.g., the above Eq. (D.2)], in each
source term defined in Fourier space, we have a loop integral which runs at all scales (or,
equivalently, we are integrating over the whole frequency range of GW modes). However,
at 17 = nm, all GW modes that we are interested in here are already outside the the horizon
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scale 1/H(nin). This means that, if k corresponds to the induced scalar modes and q is
the loop momentum, the loop integral is truncated on horizon scales and, consequently,
g and |k — g| of tensor perturbations cannot be larger than H(7i,) (see also Fig. 1). In
conclusion, at initial time GW modes will be frozen outside the horizon. This point is
crucial for the below discuss.

e As we already pointed out in the main text, assuming initial adiabatic conditions and the
synchronous comoving gauge fixed here, the induced scalar modes will be zero because the
contribution will come only after horizon entry, i.e. when GW tensor perturbations start
oscillating [14]|. This imply that, at niy, and k& < H(9in), (51(3), 652), vﬁz) and vﬁz)/ can be set
to zero.

As a result of these comments, at n = nip, Xklg and Xklg can set to zero in (D.2). (As we already
pointed out in the main text, also here the subscript ’0’ denotes the initial conditions, i.e. the
end of inflation when 1 = n;,.) Then, (D.2) reads

6" v 1 = 0. (D.3)

In this case, Eq. (D.3) suggests choosing ¢9 = const. (in time). This conclusion can be further
justified and confirmed if we also look at Eqgs. (2.9) and (2.14) at n = 7i,. Now let us examine
V2(¢ 4+ V2x1I2) /6) in Fourier space, at the initial time. Following all the arguments made so
far, from Eq. (2.17), we can get directly the relation

ki2
Do — g xno = F (k). (D.4)

where F(k), being a constant of time, can be derived explicitly in configuration space from Eq.
(2.16). Defining F(x) as its Fourier inverse, from (2.16), we find

V2 ik 3 ki
F(z) = X0 X0tk = 5x0 " X0kt ) - (D.5)

Note that the above results have been obtained in whole generality. However there is a residual
ambiguity which could be related to the gauge chosen here in this work. For instance, one could
fix this ambiguity imposing that ¢(()2) = 0. Then

2) 3o i 3kl
' =V <x6k’l><ou,k - QXISZ”XOkl,i) : (D-6)

This concludes the discussion related to the issue of how to set the initial conditions of the paper.
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