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Abstract

The Poisson process is the most commonly used point process in modelling counting
phenomena [20]. Even if the counting process has non-stationary increments, it can be
shown to converge to the Poisson process if observed sufficiently long after a transient
period as long as it constitutes a renewal process [43]. As such, it is important to review
the key characteristics of the Poisson process as it serves as the main building block of

more complex models.

In the first part of this thesis, we propose two fractional risk models, where the classical
risk process is time-changed by the mixture of tempered stable inverse subordinators.
We characterise the risk processes by deriving the marginal distributions and establish

the corresponding moments and covariance structure.

In the second part of this thesis, we study the main characteristics of these models
such as ruin probability and time of ruin, and illustrate the results with Monte Carlo
simulations. The data suggests that the time of ruin can be approximated by the inverse

gaussian distribution and its generalisations.
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Chapter 1

Introduction

The homogenous Poisson process is used to model random occurrence of events. The
modelling of events can be done in relation to time and space. However, the Poisson
process can be applied only if events satisfy particular conditions, such as they are
independent of each, there are no two events occurring at exactly the same time or
located at exactly the same space and the probability of the event should increase with
the increase in the interval of the time or space in which the event is expected. The
rate of intensity of events is represented by a constant term which also represents the
mean density of the events modelled in time or space. The homogeneous Poisson process

assumes that the rate of occurrence is stationary [20].

Proposition 3.1.1 shows that the distribution of arrivals depends only on the length
of the interval and is independent of the location of the interval. In other words, the
intensity of arrivals does not change over time. However, modelling real-life phenomena
including risk probabilities often requires the rate of occurrence to vary with time as
stationarity can only be assumed for a short period of time. A natural generalisation
of the homogeneous Poisson process that would account for non-stationarity involves
treating the rate A as a function of t rather than a constant. As A\ varies over time, it can
be interpreted as instantaneous intensity of the arrival flow at time ¢ [44]. A constant

intensity corresponds to the homogeneous Poisson process described in Section 3.1.1.

Generally, a subordinated process is understood as a superposition of two independent
stochastic processes [23]. The main process is referred to as the parent process, or

the outer process. The time of the process is replaced by an independent stochastic



2 Introduction

process called the outer process, or the subordinator. This allows for altering certain
characteristics of the parent process while still keeping some of its properties. Well-
known subordinators covered in the present review include Poisson process, one-sided
stable process with stability index o € (0,1) (a-stable subordinator), and tempered
stable subordinators [23]. Subordinators arise naturally in risk theory. In a general
perturbed risk process, the cumulative claim process has to be increasing. Assuming
stationary independent increments, this implies that the cumulative claim process should

be modelled using subordinators [18].

Studying subordinators involves describing the first-passage time of the process. The
inverse subordinator is the process obtained by considering the first-passage time of a
subordinator [51]. It is possible for a Lévy subordinator to be itself a first passage time
of some other Lévy process. The use of inverse subordinators that is the most relevant to
the present paper is achieving a process with sub-diffusion. Sub-diffusion, or anomalous
diffusion, refers to a property of the process variance growing at a rate which varies
non-linearly with time [51]. While the moments of a subordinator may be infinite, the

moments of the inverses of specific types of subordinators are finite.

As described in Section 2.1, subordinators have infinite moments, but the first-hitting
time process of the subordinator may have finite moments. For a-stable subordinators,
all moments of order « or less are infinite while the first moment of its inverse grows as t
[51]. In general, stable distributions possess heavy tails and are infinitely divisible which
provides a rich class of Lévy processes [23]. The key limitation of a-stable processes is
that generally they have non-finite second-order moments, which will be addressed by

considering tempered stable subordinators in Section 2.3.

The inverse a-stable subordinator is defined using the Mittag-Leffler family of functions
and fractional derivatives. The link between fractional calculus and probability is reflected
in the interpretation of equations describing diffusion processes [38]. Specifically, in a
Brownian motion, the probability of a jump exceeding a certain length x falls off as a
power law 2~ for some « € (0,2). Then the random walk limit is an a-stable Lévy
process with particle traces being fractals of dimension « [1]. The particle density is

described by a diffusion equation which includes a fractional derivative of order a.

The link between subordinators and risk models is in the use of inverse subordinators
instead of time in Poisson processes [30]. As will be shown in Section 3.2 | the fractional
Poisson process defined as a renewal process with Mittag-Leffler waiting times can be

also obtained by time-changing via an inverse a-stable subordinator [37].



The Mittag-Leffler function can be regarded as an extension of the complex exponential
function. Section 2.2.2 introduces a one-parameter generalisation as an infinite series.
This parametrisation corresponds to the commonly used two-parameter definition with
£ = 1. The Mittag-Leffler distribution is a heavy-tailed distribution. As such, when used
to define waiting times for a Poisson-type renewal process it implies fewer arrivals on
average for sufficiently large t compared to the classical Poisson process described in
Section 3.1 [9].

As noted in Section 2.2, a-stable processes do not have finite second-order moments
unless they correspond to the Gaussian case [26]. This issue is addressed by the process
of tempering which in essence makes the tail probabilities decay faster. The present
study follows established literature on risk models and considers exponential tempering
of a-stable distributions [16]. This ensures that the resulting distributions are infinitely
divisible, have finite moments of all orders, and have exponentially decaying tail proba-
bilities [23]. Exponential tempering generates a class of continuous time Lévy processes
that are no longer self-similar. In line with Section 2.1, inverse tempered a-stable sub-
ordinators are defined as first-hitting times of a tempered a-stable subordinator [26].
Tempering allows the inverse subordinator to model power law waiting times while still

having finite moments [1].

Mixtures of tempered a-stable subordinators generalise both tempered stable subor-
dinators and a-stable subordinators [16]. As such, they can also be used instead of the
process time in subordinated Poisson processes to allow for more flexibility in modelling

deviations from Poisson processes [20].

Sections 2.1-2.4 have introduced the notions of inverse subordinators and some of
the major classes of these processes. These developments tie in with risk modelling by
unifying fractional and time-fractal processes. In particular, the fractional Poisson process
is defined as a renewal process with waiting times that are distributed according to the
Mittag-Leffler distribution. Such a process can be shown to be equivalent to an ordinary
Poisson process subordinated so that the process time is replaced by an inverse a-stable
subordinator [37]. One of the key differences between an ordinary Poisson process and a
fractional Poisson process is that the latter does not have stationary and independent
increments [43]. Tt follows that fractional Poisson processes are not Lévy processes or
Markov processes. However, this is not necessarily a shortcoming as the light-tailed
distributed waiting times of Lévy processes fail to accurately describe phenomena with

long memory [20].



4 Introduction

The key advantage of fractional processes is that they allow for modelling anomalous
diffusion described by space-time fractional diffusion equations for processes whose
variances vary in time according to a power law [2]. More generally, the fractional
Poisson process can also be viewed as the thinning limit of counting processes associated
with renewal processes with inter-arrival times that are power-law distributed [43]. The
power law describing how variance changes with time is reflected in the notion of long
range dependence [34] which was proved for fractional Poisson processes by Biard and
Saussereau [2]. Fractional Poisson processes are particularly well-suited for risk modelling

as they allow for capturing heavy-tailed distributed interarrival times [10].

Section 3.2 considers fractional extensions for both homogeneous and non-homogeneous
Poisson processes. Defining a fractional non-homogeneous Poisson process as a classical
renewal process is not possible since it is an additive process with an intensity function
that is deterministic and time-dependent [30]. This illustrates the usefulness of the
subordinator construction developed in Sections 2.1-2.4 as a general renewal process
can be considered instead. This is described in Section 3.4 which defines the fractional
non-homogeneous Poisson process as an ordinary non-homogeneous Poisson process

time-changed by the inverse a-stable subordinator.

Section 2.4 described mixtures of tempered a-stable subordinators while Section 3.2
introduced fractional Poisson processes. Section 3.3 illustrates further applications of
notions developed in Section 2.4 to the Poisson process. This yields a generalisation of
both homogeneous and non-homogeneous fractional Poisson processes by time-changing
via a mixture of tempered stable subordinators [16]. The resulting process is more
flexible compared to a Poisson process subordinated by a single inner process while still
retaining the advantages of fractional processes and tempered subordinators that allow

its application to real-life risk models.

The classical risk model describes the number of claims on a time interval as a Poisson
process [40]. The total claims on the interval can therefore be retrieved as a sum of claim
sizes, assumed to be non-negative and i.i.d., over the Poisson-modelled number of claims.
The risk, or surplus, process is then understood as the sum of the initial surplus and
premiums less total claims at a specific time. This characterisation, while being relatively
simplistic, allows for explicitly calculating the time of ruin, the infinite-horizon survival
probabilities, and the infinite-horizon ruin probabilities as a function of the initial surplus.
The finite-horizon ruin probability and finite-horizon survival probability can be retrieved

as a function of time and the initial surplus. Both finite- and infinite-horizon survival



probabilities are non-decreasing functions of the initial surplus and a non-increasing
function of time, but in general can be non-differentiable or even discontinuous [40].
The classical risk model is extended by considering a fractional Poisson process as the

underlying process for the number of claims on a time interval.

The safety loading p is required to be strictly positive for the net profit condition to
hold [24]. Non-positive values of the safety loading parameter correspond to companies
that will necessarily go bankrupt. The time scale of the counting process N, (t) and the
payment process Y, (t) should be coordinated as otherwise, the model would overestimate
the number of claims or premiums and the model would violate the profit condition.
Compared to a model based on the ordinary Poisson process, the fractional model implies
a covariance structure that captures accumulation effects [24]. In particular, the premium
associated with the simple compound Poisson process described in Definition 3.4.1 is
strictly lower than the premium associated with the fractional compound Poisson process
described in Definition 3.4.3.

Comparing the expressions for covariance between R;(t) and Ry(t) shows that the
main difference is in the safety loading factor p entering the expression for the covariance
of Ry(t). As such, the risk process of the first type exhibiting the long range dependence
property implies that the risk process of the second type also exhibits the long range
dependence property [19].

For fractional Poisson processes, simulation of trajectories is enabled by relating
subordinators to a-stable distributions [24]. This illustrates why the description of
fractional Poisson processes as a process time-changed by an inverse stable subordinator
is particularly useful for applications and modelling. The present study relies on the
acceptance-rejection method to generate increments from mixtures of subordinators.
This is a general method for drawing from a random distribution for which the density
is bounded by a density of another distribution scaled by some constant. The study
fixes model parameters such as intensity rate for the homogeneous Poisson process,
functional form of the intensity rate for the non-homogeneous Poisson process, tempering
parameters, and subordinator mixture weights. This allows for focusing on the differences
between process types given identical parameters which should help illustrate how more
advanced models may be more suitable for describing real-life scenarios. The impact and
choice of risk model parameters on ruin probabilities is discussed in later chapters of the

study.






Chapter 2

Subordinator and Inverse

subordinator

This chapter is based on the ‘Risk process with mixture of tempered stable inverse
subordinators: analysis and synthesis’ coauthor with Tetyana Kadankova accepted on
28th October, 2021 by ‘Random Operators and Stochastic Equations’ and has been
reproduced here with the permission of the copyright holder.

2.1 Subordinator and Inverse subordinator

Definition 2.1.1 (Homogeneous Lévy process). The process L := {L(t) };>0 is said to

be a homogeneous Lévy process if all the following conditions hold:

e The process has independent and stationary increments,

e L(0) = 0 almost surely (a.s.),

L is stochastically continuous, i.e. for any ¢ > 0 and ¢ > 0,

lim P (|L(t + h) — L(t)| > &) =0,

L is cadlag a.s., also called right continuous with left limits (RCLL),

e For0<s<t L(t)— L(s) £ L(t — s).
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Definition 2.1.2 (Nonhomogeneous Lévy process). The process L := {L(t) };>¢ is said

to be a nonhomogeneous Lévy process if all the following conditions hold:

o The process has independent increments,
e L(0)=0as.,

o L is stochastically continuous,

L is cadlag a.s.

Examples of homogeneous Lévy processes include HPP and homogeneous Wiener

process; and NPP is an example of nonhomogeneous Lévy process.

Definition 2.1.3 (Subordinators). A Lévy process L := {L(t)}:>0 is said to be a

subordinator if it is non-decreasing a.s. [27].

Definition 2.1.4 (Inverse subordinators). An inverse subordinator is the first-hitting time

process of the given subordinator, i.e. for a subordinator L(t), the inverse subordinator
is defined by [25]
Y(t) =inf{s > 0: L(s) > t}. (2.1)

Definition 2.1.5 (Renewal function). The renewal function of a process Y'(¢) is defined
by
Ut)y=E[Y(t)]. (2.2)

Properties

Definition 2.1.6 (Laplace exponent). For the following Laplace transform,
E {e_SL(t)} =6 51> 0, (2.3)

the function ¢ is unique, and it is said to be the Laplace exponent.

From [50], we have Equations 2.4 and 2.5.

Let L(t), t > 0 be a Lévy subordinator with Laplace exponent

o(s) = pus + o )(1 — e *I)II(dz), s>0, (2.4)
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where p > 0 is the drift and the Lévy measure IT on Ry U {0} satisfies

o0
/ (1 A 2)II(dx) < . (2.5)
0
The Lévy measure in Equation 2.4 is a measure on the o-algebra of Borel sets of (0, c0),
which satisfies the condition of Equation 2.5. However, as this is the only condition
needs to be met for a Lévy measure, it is not necessarily to be finite, for example, the
Lévy measure of an a-stable subordinator is not finite, as the integral of such a measure

diverges at zero (see Equation 2.14).

The process Y (t), t > 0, is non-decreasing and its sample paths are a.s. continuous if
L is strictly increasing. Also Y () is, in general, non-Markovian with non-stationary and

non-independent increments.

We have

Let
H,(t) =P{Y(u) < t}. (2.7)

From Equation 2.4 we have

/0 eTStdH, (t) = e 1), (2.8)

and

U(s) = /ZO Ul(t)e stdt = S¢1(8),

where U(s) denotes the Laplace transform of U(s); thus, U characterizes the process
Y (t) (since ¢ characterizes L) [50].

(2.9)

And we have the covariance function (see [50, Equation (17)])

Cov(¥ (1), Y (12)) = | ZM"’(U(tl ) £ Ul — P)AU(T) — U U (). (2.10)
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2.2 «a-stable subordinator and inverse a-stable sub-

ordinator

In this section we present some results from [24].

2.2.1 «-stable subordinator

Let L,(t), t > 0, be an a-stable subordinator with ¢(s) = s*, 0 < a < 1 (cadlag,
continuous in probability, with independent and stationary increments), with « to be the
stability index, whose density g(t, x) is such that L, (1) has probability density function

ga(7) = 9(1 x)
1 ) ak+1) 1 . i
- kZ:l PR sin(mka)
= ;W_Q,O(—x_a), x>0, (2.11)
and with Laplace transform
E [e_SL“(t)} =exp (—ts*), s>0. (2.12)

Here we use the Wright’s generalised Bessel function (see, e.g., [17])

(o) k

Z L1+ KT8 +~k)

z€C,

where v > —1, and § € C [47], and for § =0,y = —a € (—1,0)

_ i": sin(mka) 2T (1 + ak) (2.13)
b T k!

by reciprocity relation for the I'—function. Also

ga(x)NWexp{—(l—a) <x)_1aa}, xr— 0, (2.14)

2ra(l — « Q
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and
golT) ~ =, T 00 (2.15)

Remark.

1. The a-stable subordinator has no finite moments.

2. The sample path of an a-stable subordinator is not continuous as it contains jumps

at the points of events.

2.2.2 Inverse a-stable subordinator

Then we have the inverse a-stable subordinator
Yo(t) = inf{u > 0: L,(u) > t}, (2.16)

which has density function of

t
falt,z) = —x_l_éga(tx_é), x>0,t>0. (2.17)
a

Definition 2.2.1 (Fractional Caputo-Djrbashian derivative). The fractional Caputo-
Djrbashian derivative © D¢ is given by (see [5])

1 oo df(r) dr
Cna _
Dt_F(l—a)/o dr (t—r)’ a € (0,1). (2.18)
Let N .
>0, zeC
,;)Fakﬂ) a=>1 2

be the Mittag-LefHler function [13],[17].

Remark. It reduces to E,(—z) =e*if a = 1.
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Asymptotic behaviour

From [35], we have the following asymptotic behaviours for E,(—t*):

E,(—t%) ~ exp <_F(1ﬂ:—04)> , t—0, (2.19)
Fa(—t%) ~ r(ia) £ = 00, (2.20)

Recall the following:

(i) The Laplace transform of the Mittag-Leffler function is of the form

Sa—l

=— O<ax<l s>20,t>0.
14 s«

/ e B, (—t*)dt
0
(ii) The Mittag-Leffler function is a solution of the fractional equation with fractional

Caputo-Djrbashian derivative € D¢

“DeE,(at®) = aF,(at™).

Proposition.

(i)
E [6—3Ya(t)} =2 m = Eo(—st%), s >0,

n=0

(ii) both processes L, (t),t > 0 and Y, (t) are self-similar

La(at) d Ya(at) d
S L L, = L0, a0
(iii)
OE(Yo(t) - Ya(ty) 1 1
_ ;o 0<ty < < g
6t1-~-8tk F’“(a) [tl(tz —tl)“'(tk _tk_l)}lfa 1 k

In particular,

(a) we have the first moment of Y, (t),
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(b) and we have the covariance function as

Cov (Ya(s), Ya(t))
B 1 min(s,t) N oy a1 (St)a (221)
= o)) /0 (s=7)"+({t—7)%) 7" dr — (ita)

Comments.

1. Notice that this last property can be interpreted as long-range dependence.

2. There is a (complicated) form of all finite-dimensional distributions of Y,(t),t > 0,

in the form of Laplace transforms, see [3].

Remark.

1. The inverse a-stable subordinator has finite moments.

2. Unlike a-stable subordinator, the sample path of an inverse a-stable subordinator

is continuous.

Alternate form of a-stable and inverse a-stable subordinator

The density function of the a-stable subordinator, g,(x,t), has the following integral

form [22]
1 foe a
Ja(z,t) = —/ e Ut COSAT gin (tu® sin arr) du, x> 0. (2.22)
7 Jo
The density function of the inverse a-stable subordinator, f,(z,t), has the following

integral form (see [22]):

1 o «
fa(z, t) = —/ utetumaut eoslom in (ar — zu®sinam) du, > 0. (2.23)
7 Jo

The density function of the a-stable subordinator at ¢ = 1, shorten as g,(z), could

also be expressed as followed (see [39]):

a 1 4=
o = — Ydp, O0<a<l, 2.24
gole) = 7 [Tuerdp, 0<a (224

where

() sin(l — a)p [ sinayp a
u=u(p)= .
7 sin ¢ Zsin
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The density function of the inverse a-stable subordinator at ¢t = 1, f,(z), could also be

expressed as followed (see [45]):

falz) = ax_(l”%)ga (afé) , x> 0.

Asymptotic behaviour

From [45], we have the following asymptotic behaviours for f,(z):

fil) = sm(oﬂT)F(lea)’ z 0",
am
K 2a—1

1
falx) ~ 5332(1*00 exp (—A:Um) , T — 00,

where

A=(1-a)ats,
K= oI .
27(1 — «)

From [39], we have the following asymptotic behaviors for g, (z):

JalT) — Kg~20-a exp (—Axfﬁ) ., o — 07,

ga(gj) ~ St OmF(l + (Jz)l'_(1+a), T — OQ.
Thus,
1 s
fulent) SO r gy o,
ar
and

___« 1
Kt 20-a) 201 AxT-a
falx,t) ~ ————z20=a) exp | ———= , T — 00
« tlfoc

for any fixed ¢.

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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2.3 Tempered a-stable subordinator and inverse tem-

pered a-stable subordinator

2.3.1 Tempered a-stable subordinator

Definition 2.3.1 (Tempered a-stable subordinator). The tempered a-stable subordinator
Sa(t), with tempering parameter A > 0 and stability index a € (0, 1), is a Lévy process

which has density function

o (1) = e X, (2,1), (2.32)

where g,(x,t) is the density function of the a-stable subordinator; and with Laplace

transform
B (e_ssa,A(t)> G bt I ) (2.33)

The first two moments and covariance of S, »(t) are given by

E (Sax(t)) = aX* 1t
E(S2A(1) = a(l — )Xt + (aX*'t)”
Cov (San(s), San(t)) = a(l —a)X\* ?min(s,t), s,t>0 (2.34)

as shown in [16].

2.3.2 Inverse tempered a-stable subordinator

Definition 2.3.2. We have the inverse tempered a-stable subordinator Y, (), defined
by
You(t) =inf{u >0:S,(u) >t}, ¢t>0. (2.35)

Let fo(z,t) denotes the density function of Y, z(t). Then f, (z,t) has the Laplace

transform given by

L (far(@,t) = i [(5 +A) — Ao el =27, (2.36)
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and

0o e—ty—ay’ cos(fr)

L e 8 B o
far(z,t) = e /o Y [)\ sin (xy sin (ﬁw))

+ ¢” sin (67? — 2y’ sin (677))} dy, x=>0,A>0,6¢€(0,1).

(2.37)

2.4 Mixture of tempered a-stable subordinators and
inverse mixture of tempered a-stable subordina-

tors

In this section we present some results from [16].

2.4.1 Mixture of tempered a-stable subordinators

We define a mixture of tempered stable subordinators (MTSS) as Lévy stochastic process
{S(t); t > 0} with the following Laplace exponent

Elexp{—sS,(t)}] = e ) s> 0, (2.38)
where
O(s) =c1 ((s+ M) = AT + o ((s+ A)* =A%), s>0, (2.39)

and o; € (0,1),\; >0,¢; >0,i=1,2,¢; + o = 1.

Note that for oy = a, ¢; =1, ¢; = 0, Ay = 0 the process S,,(t) reduces to the a-stable
subordinator S,(t) defined in Equation 2.11.

An alternative definition of the MTSS can be given as a sum of the independent

(&7 N

tempered stable Lévy processes S;(t), i = 1,2 with Laplace exponents ¢;(s) = (s+ \;)

A%, i =1,2 with time scaling and the conditions ¢; 4+ ¢3 = 1 such that
Sim(t) = Sardaere(t) = Si(cat) + Sa(eat), t>0. (2.40)

The advantage of tempered stable subordinators over a—stable subordinators is that

they have finite moments of all orders and their density is also infinitely divisible. The
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first moment and covariance structure of the MTSS are given by
E[Sm ()] = t (c1on A" + cana)3? ) (2.41)
and
Cov(S,,(s), Sy (t)) = min(t, s) [01041(1 — )N+ cpan(l — 042))\32_2} : (2.42)

The pdf gn,(z,t) = LP[S,,(t) < 2] has the following representation for A; # Ao :

1

gm(z,t) = %/0 exp (—xAg) exp(—wx) exp [t (1 AJ* + c2A5?)]

00 k

X exp [—t <cl()\1 — X)) (O;;> ()\11:))\2% cos Tk + cow®? cos 7ra2>]
k=0

fe’e) wk

(s

o \k /) (M

1 A2—N\1
+ = /o exp (—x A1) exp(—wzx) exp [t (1 ATt + c2A5?)]

X sin (clt (A — sin (k) 4 cotw®? sin (7ra2)>dw

— o)k

k

X exp [—t <clwo‘1 cos(may) + ea( A1 — Ao)™ fj ((}f) (AIZ_UAQ),C cos (Wk)ﬂ

k=0

X sin (cltw sin (raq) + c1t(Ap — A2)*? i ( >k)\2) sin (Wk)) dw. (2.43)

If Ay, dp = A and (§) = 2le=DotD then

1

Gm (T, t) = = /Oo exp (—zA) exp(—wz) exp [t (1 A + c2A*?))]
7 Jo

X exp [—t (cqw® cos (may ) + cow™ cos (ma))]

x sin (t(c;w™ sin (maq) + cow®? sin (ray)))dw, (2.44)
where ¢; + ¢ =1 and ¢1,¢9 > 0.

For the special case a; = ap = a and A\ = Ay = 0 with the condition ¢; + ¢ = 1 the

formulae (2.43) and (2.44) reduce to the known formulae for the aw—stable subordinator:
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where the M-Wright function M, (z) is defined by

A@@)—E:mm—ah+ﬂ—aﬁ’

k=0

z e C. (2.45)

2.4.2 Inverse mixture of tempered a-stable subordinators

Next, we define the inverse MTSS (IMTSS) as the right continuous stochastic process
Yi(t) =inf{u > 0: Sy ajasn,(u) >t} =inf{u > 0:5,(u) >t}, t>0. (2.46)
Note that for a1 = «, ¢; =1, ¢a =0, and A; = 0 the process Y, (t) reduces to the

inverse a-stable subordinator Y, (¢) defined in Equation 2.16.

The renewal function for the IMTSS is given by
Un(t) = E[Y,, ()] (2.47)

and its Laplace transform by
(2.48)

where ¢(s) is given by (2.39). The asymptotic behavior of this renewal function is as

follows:

t +ag—min(ai,a2)

. . t—0
T(1 + min(ay, ag)) (crtez—min(ar,az) 4 ¢ypor—min(as,az))’ as )

t

AL, A9 >0 ast — 0o
(CIOﬂ)\lal_l +C2a2/\2a2_1)’ ’ ) 3

e +ag—min(ai,a2)

, A1 =X =0, ast— oo.

I‘(l + min(ab @2)) (cltagfmin(al,og) + CQtalfmin(al,ag))

The cdf of IMTSS is given by

Mmmgﬂ:/%@mm, (2.49)
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and the pdf by

hon (2, 1) = CZCIP[Ym(t) <a]= CZ: (1 - / gm(x,u)du) . (2.50)

The covariance structure is

Cov(Yin(s), Yin(t)) = /[U(t )~ U(s—)dr — U(s)U(t), s,t>0,  (2.51)

where U(t) is defined in (2.47).






Chapter 3

Count and risk processes

This chapter is based on the ‘Risk process with mixture of tempered stable inverse
subordinators: analysis and synthesis’ coauthor with Tetyana Kadankova accepted on
28th October, 2021 by ‘Random Operators and Stochastic Equations’ and has been
reproduced here with the permission of the copyright holder.

3.1 Poisson processes

3.1.1 Homogeneous Poisson process

Definition 3.1.1 (Homogeneous Poisson process (HPP) (first definition)). The process
N# = {NH#(t),t € [0,00)} is said to be a HPP having rate u, > 0, if the following

conditions are met.
o« NH0)=0.

e The process has independent and stationary increments.

o The number of arrivals P,, in any interval of length 7 > 0 is Poisson distributed

with mean (ur).
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Thus, we have

Po(t) = P{N"(t + u) — N*(u) = m}

_ el (e ) —pu]™ (31)

m)

HPP could also be defined as follow.

Definition 3.1.2 (HPP (second definition)). The process N* = {N*(t),t € [0,00)} is
said to be a HPP having rate u, u > 0, if the following conditions are met.

« NH(0)=0.
o The process has independent and stationary increments.

o For any ¢ € [0,00), as h — 0,

P(N"(t + h) = m | N*(t) = m) = P{N*(t + h) — N*(t) = 0}

=1— uth+ o(h);
P(N¥(t+h)=m+ 1| N*(t) =m) =P{N*(t+ h) — N'(t) = 1}
= uth + o(h);
P(N*(t+h)=m+k| N*(t) =m) =P{N"(t + h) — N*(t) = k}
=o(h),k > 2.

Proposition 3.1.1. Let N#(t) be a HPP with rate u. Let T, be the time of n'®
arrival, and Y, be the inter-arrival time between the (n — 1) and the n*® arrival, i.e.
Y, =T, —1T,_1. Then,

P(Y; > t) = P (no arrival in (0, t])

= e_ut;

P(Y; >t|Y, =t,) =P (no arrival in (t,t; +t] | Y1 =t,)

= P (no arrival in (¢1,%, +¢]) (independent increments)

= e M,
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PY,p1>t|Yi=t1,...,Y, =t,) =P (noarrival in (¢,,t, +t] | Y1 =t1,..., Y, =1t,)
= P (no arrival in (¢,,t, + t])

= e M,

Then we have

1—e ™, ift>0
F%PP(t) = a , neZr.
0, otherwise

Thus, we have Y, ~ Exp (u).

Definition 3.1.3 (Erlang distribution). Let Y;,Y5,... Y, denotes n i.i.d. random
variables, each of them has an exponential distribution with parameter u. Then we
have > | Y, = T,,, where T;, has a Erlang distribution with parameters n and p, i.e.
T, ~ Erlang (n, u).

An Erlang distribution has the following probability density function:

)\ntnfl efz\t

an(t) = W, t Z 0, A 2 0,71 < Z+, (32)
and the cumulative distribution function:
n—1 1
Fr(t)=1—e™Y" E()\t)k. (3.3)
k=0 "V

Remark. The Erlang distribution reduces to an exponential distribution when n = 1.

Proposition 3.1.2 (Arrival time). Recall that T,, = Y; + ... + Y}, since Y3, ...,Y, are

i.i.d. exponential random variable, thus, we have T, ~ Erlang (n, u).

Following the results from above, the Poisson process could also be defined as follow:

Definition 3.1.4 (HPP (third definition) (renewal representation)).
NE(t) ==max{n>0:Y; +---+Y, <t}, (3.4)

where Y7,...,Y,, are n i.i.d exponential random variables, and we have N*(t);> is a

HPP with independent and stationary increments.
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Covariance function

Let X(t),t > 0 be a HPP with rate x> 0, we have the covariance function:

Cov (X (s), X(t)) = p(min (s,t)), s>0,t>0. (3.5)

3.1.2 Nonhomogeneous Poisson process

Definition 3.1.5 (Nonhomogeneous Poisson process). Let A(t) : [0,00) — [0,00) be
a pre-specified integrable function. The process NNA® = {NNAO (), t € [0,00)} is
said to be a nonhomogeneous Poisson process (NPP) having rate A(t), A(¢) > 0, if the

following conditions are met.

« NN2®(0) = 0.
e The process has independent increments.

o Forany t € [0,00), as h — 0,

P(NN*)(t + h) =m | NN*O(t) = m) = P{NN*I(t + h) — NN*V(t) = 0}
=1 — A(t)h + o(h);
P(NN*O(t +h) =m+ 1| NN*O(t) = m) = P{NN*D(t + h) - NN*O () = 1}
= \(t)h + o(h);
P(NN*O(t + h) =m +k | NN*O(t) =m) = P{NN*O(t + h) — NN O (¢) = k}
=o(h),k > 2.

Let

Then we have

Pm<t) _ P{NNA(t)(t—i- u) _ NNA(t)<u) = m}
e A=A A (F + ) — A(w)]™
m!

and
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Remark. If A(¢) is a positive constant at all ¢, then
A(t) = M, A(E+u) — Au) = At +u) — Au= M.

i.e. it reduces to a HPP with rate \.

Arrival time

T, has the following distribution functions [31]:

Fjl}iPP@) 1 e—A(t) nil [A(t)]k’ (38)

and

PR () = e

Covariance function

Let X2®(¢),t > 0 be a NPP with rate A(t), A(t) > 0, we have the covariance function:
Cov (X20(s), X2O(t)) = A (min (s,1)), s> 0, > 0. (3.10)

Similar to Definition 3.1.4, NPP could also be constructed as follow: [30]

Definition 3.1.6 (NPP (second definition) (renewal representation)). Let Y7, Y5, ... be

a sequence of i.7.d. non-negative random variables with distribution function
Fit)=P(Y,<t)=1-e"0, t>0,

with
A(t) = o0, t— 0.

Define

¢, =max{Yy,....Y,,}, n=12,...,
Xn ::inf{kEN:('k>§/n_1}, n=23,...
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with y; =1, let
Cn = C;(na

and

NNYO(t) = sup {k € N: G <t} = > nlyeciccinyy £ 0
n=0

where (y = 0, and we have NN A(t)(t)tzo is a NPP with independent increments.

3.2 Fractional Poisson processes

3.2.1 Fractional homogeneous Poisson process

Definition 3.2.1 (Fractional homogeneous Poisson process (first definition)). The

Fractional homogeneous Poisson process (FHPP) N, (t), is defined by
N, (t) = N' (Y, (t), t >0, ac(0,1), (3.11)

where N'(t) denotes a HPP as defined in subsection 3.1.1 with parameter u = 1, inde-
pendent of Y, (), which is the inverse stable subordinator as defined in subsection 2.2.2.

Remark. It reduces to a HPP with rate p if @ = 1 as shown in [28].

Definition 3.2.2 (FHPP (second definition) (renewal representation)). FHPP could
also be defined with Mittag-Leffler distribution:

Ny(t) =max(n:Y; +---+Y, <t)

= Livitetvy<t)
7=1

Z lu,<Gaw), t=0, (3.12)

where {Y;},7=1,2,..., denote the interarrival times of FHPP, which are i.i.d. random
variables with strictly monotone Mittag-LefHer distribution, with probability function
(see [24]):

Fo(t) =P(Y; <) =1 — Eo(—put®), t>0,a€(0,1),5=12,..., (3.13)
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t
Galt) = P(YVi -+ Yi £ 0) = [ W9 (@) do,

where
(k) e 2T
h (.73) = ap (k _ 1)|Ea (_Mx )
= pFa®"EE i (—pa®), a€(0,1),2>0
Remark.

1. Mittag-Leffler distribution has no finite moments for a € (0, 1). Also, it reduces to

an exponential distribution if o = 1 as shown in subsection 2.2.2.

2. The interarrival time of the HPP Y'7¥ "% Exp (1), whereas the interarrival time
of the FHPP are i.i.d. Mittag-Lefller distributed.

Note that, FHPP has the following probability mass function [24], [28]:

P,(t,k) = P(N,(t) = k)

(W) & Gk (—ptey
Ho& 0 TaGrk+)

pt®)® o
= ( k! E(()zk)(_:ut )7
= () B (), k=0,1,2,..., t>0, o€ (0,1) (3.14)
where E,(z) is the Mittag-Leffler function, E®)(2) is the k-th derivative of E,(z), and
E] 5(2) is the three-parametric generalised Mittag-Leffler function defined by

E} =y — >0,6>0,7>0,z€C, 3.15

where ~9) is the rising factorial, defined by
1, if j =0

if j=1,2,...
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The probability function, P,(t, k), follows the following fractional Kolmogorov equation:

CD?P(Na@):k):M(Pa(t7k_1)_Pa<t7k>)a 0<a<l,
with initial condition

0, ifk#£0,
ik # ae(0,1),

Po(0, k) =
1, ifk=0,

and we defined that P,(k,—1) = 0.

Moments and covariance

We have
pt”
E (Na(t)) = T(l+a)
ot ol (a) e
Var (Na(t)) = F2<1 +a> [F(QO( - 1] + m, t > O,
cwumwngwy:ME?fj?{HEmem@%n@»,

where Cov (Y, (s), Ya(t)) is given in Equation 2.21 (see [24]).

Arrival time

The arrival time T,, of FHPP has the following distribution function [31]:
FERPP(8) = [ falt, ) FI (u) du
0

n—1 ( ta)k
H o
k=0 :

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)

where f, is given in Equation 2.17, and FE,(z) is the one parameter Mittag-Leffler

function.
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3.2.2 Fractional nonhomogeneous Poisson process

Definition 3.2.3 (Fractional nonhomogeneous Poisson process (first definition)). The

fractional nonhomogeneous Poisson process (FNPP) NN, (t), is defined by [24]:

NN, () := NY (A (Ya(t), t >0, a € (0,1), (3.21)

t

=Nt
A(t) == | A(s)ds, t>0,
0

with

A(t) = oo, t — o0,

where N' = {N!(¢),¢t > 0} denotes a HPP with ;4 = 1, and Y,(¢) denotes an inverse
a-stable subordinator, which is independent of N!.

Following Definition 3.1.6, FNPP could also be constructed as follow: [30]

Definition 3.2.4 (FNPP (second definition) (renewal representation)).
NNo(t) = 2 nlGsva@<eont = D MLa()<<Lalurn)s
n=0 n=0

where ¢, is defined in Definition 3.1.6, and where L, (Y, (t)) =t iff ¢ is not a jump time
of L.

Remark. The renewal representations of HPP and FHPP are based on the interarrival
time Y}, whereas the renewal representations of the nonhomogeneous counterpart are

based on (; = C;(j = max (Yl, e ,ij), i.e. the maximum value of the interarrival time.

The probability mass function is given by [24]

P (NN,(t)) = /OOO e_A(“)A(lz)kfa(t,u) du, k=0,1,2,..., (3.22)

where f,(t,u) is given by Equation 2.17.



30 Count and risk processes

Arrival time

The arrival time 7;, has the following distribution function [31]:

FENPP (1) = /0 7 Fa(tw) FYPP (u) du. (3.23)

3.3 Mixed tempered fractional Poisson processes

3.3.1 Mixed tempered fractional homogeneous Poisson process

Definition 3.3.1 (Mixed tempered fractional homogeneous Poisson process). We intro-
duce the mixed tempered fractional homogeneous Poisson process (MTFHPP) as the

counting process

{Z,,(t) = NY (Y, (1); t > 0}, (3.24)

where N' = {N!(t);¢t > 0} is a homogeneous Poisson process with intensity u = 1,
independent of IMTSS Y, (t) defined by Equation 2.46.

The marginal distribution is as follows:

o0

1
funl) = PIZL (1) = 2] = — / ) o (£, w)du, @ € Ny, (3.25)
x!
0
where h,,(t,u) is defined by Equation 2.50. It satisfies the governing equations with the

same fractional operators (see ([16]) Proposition 9).

Employing the results of Leonenko at al. (2014) [29] Proposition 9, one can show that

p(min(t, s))°

Cov(Zm(s), Zm(t)) = T'(l—a)

+ 112Cov (Yo (8), Y (1)), 0<s<t, (3.26)

where Cov(Y,,(s), Y,n(t)) is given by Equation 2.51.
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3.3.2 Mixed tempered fractional nonhomogeneous Poisson pro-

cess

Definition 3.3.2 (Mixed tempered fractional non-homogeneous Poisson process). We
introduce the mixed tempered fractional nonhomogeneous Poisson process (MTFNPP)

as the counting process
{NZ,(t) = NY(A(Y,,(t))); t >0}, (3.27)

where N' = {N'(¢);t > 0} is a homogeneous Poisson process with intensity u = 1,
independent of IMTSS VY,,(t), and A : [0,00) — [0,00) is a right continuous, non-

decreasing function such that

-
=2
|
o
-
=
|
=

) <1, A(co)=o00, t>0

t—
t
At) = /)\(u)du < 00,
0
where A(u), u > 0 is an intensity function.

The marginal distribution are as follows:

o0

(@) = PINZun(t) = 2] = [ AP Rt u)d, € N, (3.28)

Tl

where h,,(t,u) is defined by Equation 2.50. Equations 3.25 and 3.28 satisfy the governing
equations with the same fractional operators (see ([16]) Proposition 9). This fact justifies

our terminology.
Again, by employing the results of Leonenko at al. (2014) [29] Proposition 9, we can
show that

A((min(t, s))*)
I'l—a«)

Cov(Zm(s), Zm(t)) = + 12 Cov (Y (s), Yi(t)), 0<s<t,  (3.29)

where Cov(Y,,(s), Yn(t)) is given by Equation 2.51.
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Following Leonenko et al. (2019) [30] one can approximate the distributions of the

stochastic process Z" (t) as follows:

(Z8.(t) = u¥(1)]
i = B(Y(t)), (3.30)

where {B(t);t > 0} is a standard Brownian Motion independent of Y;,,(¢) and convergence

holds in .J; Skorokhod topology. For other approximations see again [30].

3.4 Fractional risk processes

3.4.1 Classical risk models

Definition 3.4.1 (Compound Poisson process). Suppose that N#(t) is a HPP, and

X1, Xs, ... = X are i.i.d. random variables which independent of N*(¢). Then the sum
of X1, Xy,..., Xnu), is said to be a compound Poisson process, i.e.
NH(t)
St)y= > X (3.31)
k=1

is said to be a compound Poisson process (see [11], [12], [49]).

We have
E (S(t)) = wE (X) (3.32)
Var (S(t)) = ptE (X?) (3.33)
Cov (S(s), S(t)) = pmin(s, t)E (X?) (3.34)

Definition 3.4.2 (Classical risk process). In classical Cramer-Lundberg risk process
(also known as classical compound Poisson risk model), the risk process R(t),t > 0, is

defined by:
NE(t)
R(t):= u+ct— Y X t>0, (3.35)
k=1
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where u is the initial surplus, ¢ is the gross risk premium rate, X, : k£ > 1 are i.i.d.
random variables denoting the claim sizes, with X > 0: k > 1, and N*(t) denotes the

number of claims during the interval (0, ¢] [48].

We consider a generalisation of the classical risk model, by replacing N*(¢) with

desired processes.

Definition 3.4.3 (Fractional compound Poisson process). Suppose that N, (t) is a FHPP,

and X1, Xs,... = X are i.i.d. random variables which independent of N,(t). Then the
sum of X1, Xy, ..., Xn, ), is said to be a fractional compound Poisson process, i.e.
Na(t)

=3 X, (3.36)

is said to be a fractional compound Poisson process, other processes could also be

computed similarly by replacing N, (t).

Definition 3.4.4 (Fractional homogeneous risk process). The classical risk process was

extended by Kumar, et al. (see [24]), consider
Na ()

R(t) := u+mu(l+ p)Y, Z Xy, t>0, (3.37)

where wu is the initial surplus, X : £ > 1 are i.7.d. random variables denoting the claim
sizes, with X}, > 0 : k > 1 with mean m > 0, p is the safety loading, Y, (t) is an inverse
a-stable subordinator, and N,(t) is a FHPP.

For nonhomogeneous version, the process is defined by

Definition 3.4.5 (Fractional nonhomogeneous risk process).

NNa(t)
R(t) .= u+m(1+p)A Z Xk, t>0, (3.38)

where wu is the initial surplus, X; : k& > 1 are i.i.d. random variables denoting the
claim sizes, with X} > 0 : k > 1, p is the safety loading, Y,(¢) is an inverse a-stable
subordinator, and NN, (t) is a FNPP.
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3.4.2 Mixed risk model

To extend the usage of classical Cramer-Lundberg risk model for mixed risk model, we

consider a generalisation of it, namely we consider the risk process of the first type as

NZm(t)
Rit)=u+ct— > X, (3.39)
i=1

where u is the initial capital of the insurance company, c is the constant premium rate,
and {X;};>1 are positive i.i.d. random variables independent of the fractional counting
process Z,(t) defined by (Equation 3.24). We interpret {X;};>1 as the claim sizes of
the counting process N Z,,(t) with inter-arrival times {W,};>1. The net profit condition
cE[W;] > E[X;] is imposed to ensure that ruin does not happen with certainty. We also
assume that random variables X; have two moments and employ the following notation:
m = E[X;].
Note that for Ay = Ay = A the process (Equation 3.39) was introduced and studied in
Kataria and Khandakar (2021) [21]. Observe that for the homogeneous Poisson process
(i.e. A(t) = pt) we get

E[R1(t)] = u+mppU(2),

Cov(Ry(s), Ri(t)) = E[XT|E[N Z,,(s)] + 1 (E[X1])*Cov(N Z,,(s), NZ(t)), 0<s<t,

where U(t) is given by (Equation 3.26).

Following Kumar et. al (2019) [24], we also introduce the risk process of the second

type
NZp ()

Ro(t) =u+m(1+ p)AYu(t) — 3 X, (3.40)

i=1
where p is the safety loading factor defined by

cE[W;] — E[X}]
E[X]

p= : (3.41)
Note that

E[R>(1)] = u+ mppU(t),
Cov(Ry(s), Ro(t)) = E[XFIE[N Z,,.(5)] + m* 1 p*Cov(N Z,(s), N Z(t)),

where Cov(NZ,,(s), NZ,,(t)) is given by (Equation 3.26).
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Observe that the homogeneous versions of models (Equation 3.39), (Equation 3.40) are

obtained by setting the intensity function A(¢) = ut. This yields

7n t)

Rs(t) =u+ct — Z Xi, (3.42)
and
Zm(t)
Ri(t) =u+m(l+p)Y,(t) — > X (3.43)
i=1

For all risk processes R;(t),i = 1,2, 3,4 we introduce the ruin probabilities with finite

horizon (finite-time ruin probabilities) [49]

Ui(u, T) = P[ inf R,(t) < 0| Ri(0) =u] i=1,2, T>0 (3.44)

0<t<T

and the time of ruin
=inf{t >0: R;i(t) <0}, i=1,2. (3.45)

These characteristics will be investigated numerically in Section 4.2. It is worth noting that
the ruin probability and numerical approximations of the first passage were intensively

investigated in various generalizations of classical risk models (see [9], [36], [50]).






Chapter 4

Simulations

This chapter is based on the ‘Risk process with mixture of tempered stable inverse
subordinators: analysis and synthesis’ coauthor with Tetyana Kadankova accepted on
28th October, 2021 by ‘Random Operators and Stochastic Equations’ and has been
reproduced here with the permission of the copyright holder.

4.1 Simulations methodologies

The python code for simulations could be found on https://github.com/VinventN/

Processes.

4.1.1 Simulation of processes

In this section we provide simulations of the sample paths of the two traditional types of
Poisson processes: homogeneous Poisson process N(t) (HPP) defined in Section 3.1.1,
and non-homogeneous Poisson process NN (t) (NPP) defined in Section 3.1.2; along with
four types of fractional Poisson processes: fractional homogeneous Poisson process N, (t)
(FHPP) defined by Section 3.2.1, and its non-homogeneous version NN, (t) (FNPP)
defined by Section 3.2.2, the mixed tempered stable fractional homogeneous Poisson
process Z,,(t) (MTFHPP) defined by Definition 3.3.1, and its non-homogeneous version
NZ,(t) (MTENPP) defined by Definition 3.3.2. These processes serve as counting
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processes of the claims in the models defined in Equations (3.39), (3.40), (3.42) and (3.43).

We use the following base parameterisation:

o the homogeneous Poisson process N*(t) has the intensity pu = 4;

o the intensity function of the non-homogeneous Poisson process is

-1
At) =2 (;)7 . =09, =02

« the parameters of the mixture tempered stable inverse process are set as follows:

ap = 09, Qg = 05, )\1 = 03, )\2 = 07, C1 = 075, Cy = 0.25.

and the results of the simulations could be found in Figure 4.1.

Homogeneous Poisson process

From Proposition 3.1.1, it was shown that the waiting time of HPP follows an exponential
distribution with parameter A, and a HPP could be simulated using Algorithm 1. The

results of the simulation could be found in Figure 4.1a.

Nonhomogeneous Poisson process

Since NPP has a time dependent rate \(¢), Algorithm 1 is not suitable for such simulation.
However, the thinning algorithm could be used for NPP simulation (see [8], [32], [41]),
a proof of that could be found in [8, Theorem 4.2]. An NPP could be simulated using
Algorithm 2, and the results could be found in Figure 4.1b.

a-stable subordinator
a-stable subordinator S, (t) could be simulated by using S, (t) using S, (t + dt) — S, (t) &
Sa(dt) £ (dt)V* [16], where

4 sin (anUy) [sin (1 — «) WUl]l/ail

Sa(1
) [sin (7U;)]Y* [In Uy |/




4.1 Simulations methodologies 39

It could also be simulated by using the a-stable distribution (see [24]), where

La<t> ~ S(a7 /87 0-7 M)?

which has the characteristics function

. [eitX} _ Jexp {—ao‘|t|°‘ (1 —ifsgn (t) tan (%)) + itu} , a#1

(4.1)
exp {—a|t! (1 + 32 sgn (t) log |t!) + itu} , a=1,
with 1
=1 0= <tcos7r2a>a, =70

Inverse a-stable subordinator

An inverse a-stable subordinator could be simulated by swapping the axes of an a-stable

subordinator due to the nature of an inverse function.

Fractional homogeneous Poisson process

Simulating of the paths of the fractional homogeneous Poisson process (FHPP) is based
on the following fact: the inter-arrival times {T}; ¢ > 1} of FHPP have the Mittag-Leffler
distribution. We employ the approach proposed in [4], where Cahoy, Uchaikin and
Woyczynski used the following representation for {T;; ¢ > 1} :

] s
T, L7 — | n(f’ Lo(1), (4.2)

@

where Uy "% U (0,1), and Ly(1) is an a-stable subordinator evaluated at ¢ = 1. The
following result from [6] provides an algorithm for simulation of the inter-arrival times of
FHPP: X

4 sin (arls) [sin((1 — a)wly)]=""

L,(1 i
(1) [sin(wUs)] | In Us|=—1

, (4.3)

1.0.d.

where Uy, Us =" U (0,1).
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Fractional nonhomogeneous Poisson process

The simulation of FNPP could be done by using the same thinning algorithm to a FHPP,

as shown in Algorithm 4, the results is shown in Figure 4.1d.

Mixed tempered fractional Poisson process

The simulations of the mixed tempered processes (MTFHPP and MTFNPP) could be
done with the ‘acceptance-rejection method’ as shown in [16], and the algorithms could
be found in Algorithms 5 and 6.
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4.1.2 Simulation of ruin probability

Definition 4.1.1 (Inverse Gaussian distribution). The probability density function of

an inverse Gaussian (IG) distribution is given by (see [46])

[ A A (z—p?)
flx N = 573 OXP [_Qlﬂx , >0,u>0A>0, (4.4)

with cumulative distribution function:

F(x;u,)\)zcb( i(i—l)) + exp (?)@(—2 (2“)) (4.5)

The Laplace transform of an inverse Gaussian distribution is given by (see [46])

E [ = exp {2 [1 - (1 + 2’“§S> é] } . (4.6)

The first two moments of an inverse Gaussian distribution is given by

E[X]=n
o1 A+ p)
E X = =5

Definition 4.1.2 (Generalised Inverse Gaussian distribution). The probability density

function of a generalised inverse Gaussian (GIG) distribution is given by (see [14])

(a/b)P"?
2K, (V/ab)

az+b/x

e "2 2>0,a>0,b>0,p€R, (4.7)

fx;a,b,p) =
where K, is the modified Bessel function of the second kind, which is given by (see [52])
K,(z) = / e~ eshu cosh(pu)du, ,R(z) > 0.
0

with cumulative distribution function:
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where y(a, x,b) is the generalised lower incomplete gamma function, given by (see [7])

(o, z,b) :/ tele=t=i g,
0

The first two moments of a generalised inverse Gaussian distribution is given by

_ VBE i (vab)

N TR D]
E {Xﬂ _ pr+2(\/%)

aKp<\/%) ‘

Definition 4.1.3 (Exponentially modified Gaussian distribution). The probability
density function of a exponentially modified Gaussian distribution (exGaussian) (EMG)
distribution is given by (see [15])
A A+ Ao —x
fla;p,o,)) = = exp (2u + \o? — 2z) erfe () ,
( /=5 ( ) V20 (4.9)
reERueRoc>0A>0,

where erf(z) is the error function defined by erf(x) = % JZ e "dt, and erfe(x) is the
complementary error function defined by erfc(x) = 1—erf(x); with cumulative distribution

function:

u + v?
F(z;p,0,\) = ®(u,0,v) —exp 5 og(® (. 02, 1)) (4.10)

where u = Az — pu),v = Ao.

The first two moments of a exponentially modified Gaussian distribution is given by

1
E[X] =+~
[X] Pt

2(1
]E[XQ} 202+IMQ+ ( j\‘2>\ﬂ)
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4.2 Numerical investigation of the ruin probabilities

and ruin times for the mixed risk model

4.2.1 Setups

In this section we adhere to the following assumptions (unless specified otherwise):

the initial capital of the insurance company is set to u = 500;

o claim sizes {X;};>0 are i.i.d. exponentially distributed, with expected claim size

equal to 10;
o the gross risk premium rate is set to ¢ = 20, the safety loading factor is p = 0.1;

» the claims arrive according to the homogeneous Poisson process with intensity
p=4

 for the non-homogeneous Poisson process we assume that the intensity function is

(YT L .
)\(t)—5<6) v=0.9, §=0.2;

« the parameters of the mixture tempered stable inverse process are set as

a1 = 09, g = 05, /\1 == 03, /\2 == 07, C1 = 075, Cy = 0.25.

For the sake of simplicity we adhere to the following notation: the risk models (3.39)
- (3.43) will be denoted by Model 1, Model 2, Model 3 and by Model 4 respectively. We
first simulated 200 000 realisations of sample paths of each risk process R;(t), 1 = 1,...4.
Based on these simulations we created samples of ruin times and then we fitted different
distributions to these samples. All available distributions in scipy package from python
were used for distribution fitting using scipy.stats.rv_continuous.fit. The best fit
is produced by () IG; (i7) GIG and (i7i) the EMG with the following parameterisations:

(i) for the IG:

n
2w’

n (z—0%)

exp l— 1, x>0, >0,17>0; (4.11)
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(ii) GIG has the density:

(a/b)""*
2K, (v/ab)

azr+b/x

P e 2 2>0,a>0,b>0,p€R, (4.12)

f(z;a,0,p) =

(iii) and for the EMG:

9o 9 K+ qo? —x
flz;k,0,q0) = = exp (2K + qoo° — 2z ) erfc ()
( 0) =3 o (26 o ) V20 (4.13)
reR keER,0>0,q90>0,
where erf(z) is the error function defined by erf(z) = 2= [§ e~ dt, and erfe(z) is

the complementary error function defined by erfc(z) =1 — erf(x).

Table 4.1 contains the maximum likelihood estimators of the fitted distributions. Table 4.2
presents the errors and the goodness of fit measures such as the sum of squared error
(SSE), Akaike information criterion (AIC), Bayesian information criterion (BIC), and
the log-likelihood (LLH). As shown in Table 4.2, the GIG and IG have the lowest value
of SSE, and therefore they will be used for further analyses in this paper.

0.06
—— HPP

0.05 - NPP
—— FHPP

0.04 —— FNPP

£ 0.03-

0.02 A

0.01 A

0.00 T T T T

0 20 40 60 80 100
time

Fig. 4.3 Distributions of the time of ruin for HPP, NPP, FHPP, and FNPP

Further, we compared the behaviour of the finite-time ruin probabilities ¥ (u,t) as
a function of some model parameters. To do this, we simulated the finite-time ruin
probabilities obtained from Models 1-4.

Table 4.3 shows that under Model 2 and Model 4 the ruin probabilities are remarkably
higher than those under Model 1 and Model 3. Simulations suggest that the ruin

probabilities drop more rapidly as the initial capital u increases for Model 1 and Model
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Table 4.1 Parameters of the fitted distributions using
scipy.stats.rv_continuous.fit

Distribution

Parameters

Model 1

IG
GIG
EMG

5 = 94.752, 1 = 164.627
a = 151.685,b = 0.020, p = —0.294
K = 22.543, 0 = 7.268, o = 0.003

Model 2

IG
GIG
EMG

5 = 26.391,1 = 38.051
a = 99.070,b = 2.960 x 1073, p = —3.179
Kk =10.171,0 = 0.004, go = 0.073

Model 3

IG
GIG
EMG

5 = 93.504, 7 = 158.924
a = 135.072,b = 0.022, p = —0.108
K = 23.644, 0 = 8.051, g = 0.014

Model 4

IG
GIG
EMG

Table 4.2 Statistics for fitted distributions of the time of ruin

5 = 26.216, 7 = 38.680
a =99.493,b = 3.888 x 1075, p = —3.183
k= T7.587,0 = 1.192, g = 0.054

Distribution SSE AIC BIC
Model 1

IG | 3.592x 1076 1888.216 —103635.007

GIG | 3.086 x 107%" 1867.221* —104374.570*

EMG | 4.972 x 1076 1942557 —102033.463
Model 2

IG | 3.80 x 107°" 5600.448 —8.987 x 10°"

GIG | 3.75x10~* 2890.382* —7.995 x 10°

EMG | 5.10x107® 10403.993 —8.852 x 10°
Model 3

IG | 2.033x10°% 1833.934* —105738.071

GIG | 1.980 x 107%"  1840.089 —105859.845*

EMG | 6.098 x 10~  1870.819  —100360.953
Model 4

IG | 3.60 x 107°" 5546.795 —8.904 x 10°”

GIG | 3.40 x10~* 2887.251* —7.953 x 10°

EMG | 4.70 x 10~°> 10502.987 —8.800 x 10°
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Fig. 4.5 Fitted distributions of simulations of time of ruin

3. By comparing 1 (u, 2000) and ¥ (u, 100), we established that Model 1 and Model 3

have lower proportions of ruins occurred before time ¢ = 100, which indicates that their

distributions have heavier tails compared to those of Model 2 and Model 4.

Figures 4.3 and 4.4 show the time of ruin and probabilities of ruin of HPP, NPP,
FHPP, FNPP. Figure 4.5 shows the probability density functions of the ruin probability
with their fitted distributions. Figures 4.6-4.9 contain the ruin probabilities of Model 1
(MTFNPP) and Model 3 (MTFHPP) with different initial capitals u. Figures 4.10-4.13
show the ruin probabilities of MTFHPP and MTFNPP with different values of o; and u

under Models 1 - 4.

From Figures 4.10b, 4.11b, 4.12b and 4.13b, we observe the following behavior as u

increases:
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(a) u = 500 (b) u="750 (c) u=1000

Fig. 4.6 Fitted distributions of simulations of time of ruin for Model 1 with different
initial capital values

(a) u = 500 (b) u =750 (c) u=1000

Fig. 4.7 Fitted distributions of simulations of time of ruin for Model 2 with different
initial capital values

« the probabilities of ruin reduce;
o the distributions of time of ruin are less left skewed;

o the distributions of time of ruin have heavier tails.

Complete numerical results can be found in Appendix B.

Table 4.3 Finite-time ruin probabilities 1 (u, t)

Model 1 Model 2 Model 3 Model 4
¥ (500,2000) | 0.024635 0.0448  0.02448 0.044195
(500, 100) | 0.016425  0.04362  0.01626  0.04301
¥ (750,2000) | 0.00422  0.02429  0.00411  0.02441
)
)
)

(750,100 0.00166 0.023135 0.001585 0.0232
(1000, 2000 0.00072  0.01591  0.00066  0.01649
(1000, 100) | 0.000165  0.01472  0.00013 0.015245
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Chapter 5

Conclusions

In this thesis, we introduce the mixed tempered fractional Poisson process, which would

be more flexible in real-life modelling due to the extra parameters.

This thesis had the aim of exploring the relationship between ruin probabilities and

the newly introduced mixed tempered fractional risk models.

5.1 Summaries

The results in Section 4.2 suggest that the inverse Gaussian distribution fits well for the
risk models under mixed tempered fractional Poisson process, especially model 1 and 3,

but also the other processes as they are special cases within MTFPP.

Furthermore, there are noteworthy drops in ruin probabilities of model 1 and 3 as

the initial capital increase in comparison to the other models.

Although the exact formula of the risk process remains a complex open problem, we
propose a simple but practical method for time of ruin and finite-time ruin probability
approximation in Chapter 4, with the use of the inverse Gaussian and generalised inverse
Gaussian distribution, it is far less complex and time consuming than full Monte Carlo

simulation.
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5.2 Limitations

Insurance companies are often not received the premium payments continuously and
uniformly throughout the year in real life, e.g. travel insurance tends to have higher
number of claims and more policies are bought during summer, i.e. more claims and
higher premium rate. Also, the use of exponential distribution for claim sizes X; in

Section 4.1.2 might not be suitable for some insurance providers.

However, for simplicity, and also to reduce the need of computational power, the
Monte Carlo simulations in Section 4.2 are done in the assumption that the premium
payments are received continuously and uniformly with exponentially distributed claim

sizes.

5.3 Future work

We believe that there are still many open problems for further research. We suggest that

further research may be carried out in the following areas:

1. For insurance providers which have higher proportion of seasonal policies, we could
extend the model that was discussed in Equation (3.39),

NZm (t)

R(t) =u+c(t) — Z X, (5.1)

where ¢(t) is the premium rate function over time. Also, a periodic function could
be useful for A(t) as the distribution of claim sizes and the number of claims over

each calender year are usually very similar every year.

2. For insurance companies which have high proportion of lower claim sizes, lighter-
tailed distributions would be more suitable, e.g. generalised rectified Gaussian
distribution [42].

3. The obtained results in this paper do not include the effects of reinsurance or

copayment which are common in some types of policies.

4. Further research may be carried out in the relationship between the collective risk

model used in this paper, and the individual risk model [53].
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5. Mixture of more than 2 TSSs could be introduced in further studies.

6. The theory for ruin probability and time of ruin for the risk models with some

particular non-local Poisson processes.

7. Translated gamma approximation discussed in [12] could also be further studied

for non-local processes.






References

M. S. Alrawashdeh, J. F. Kelly, M. M. Meerschaert, and H.-P. Scheffler, “Applica-
tions of inverse tempered stable subordinators,” Computers & Mathematics with
Applications, vol. 73, no. 6, pp. 892-905, 2017. por: 10.1016/j.camwa.2016.07.026.

R. Biard and B. Saussereau, “Fractional Poisson process: Long-range dependence
and applications in ruin theory,” Journal of Applied Probability, vol. 51, no. 3,
pp. 727-740, 2014. por: 10.1239/jap/1409932670.

N. H. Bingham, “Limit theorems for occupation times of Markov processes,”
Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte Gebiete, vol. 17, no. 1,
pp. 1-22, 1971. por: 10.1007/BF00538470.

D. O. Cahoy, V. V. Uchaikin, and W. A. Woyczynski, “Parameter estimation
for fractional Poisson processes,” Journal of Statistical Planning and Inference,
vol. 140, no. 11, pp. 3106-3120, 2010. por: 10.1016/j.jspi.2010.04.016.

M. Caputo, “Linear models of dissipation whose Q is almost frequency indepen-
dent—ii,” Geophysical Journal International, vol. 13, no. 5, pp. 529-539, Nov. 1967.
DOI: 10.1111/j.1365-246X.1967.tb02303.x.

J. M. Chambers, C. L. Mallows, and B. Stuck, “A method for simulating stable
random variables,” Journal of the American statistical association, vol. 71, no. 354,
pp. 340-344, 1976. por: 10.2307,/2285309.

M. Chaudhry and S. Zubair, “Generalized incomplete gamma functions with
applications,” Journal of Computational and Applied Mathematics, vol. 55, no. 1,
pp. 99-123, 1994. por: 10.1016/0377-0427(94)90187-2.

Y. Chen, “Thinning algorithms for simulating point processes,” Florida State
University, Tallahassee, FL, 2016.


https://doi.org/10.1016/j.camwa.2016.07.026
https://doi.org/10.1239/jap/1409932670
https://doi.org/10.1007/BF00538470
https://doi.org/10.1016/j.jspi.2010.04.016
https://doi.org/10.1111/j.1365-246X.1967.tb02303.x
https://doi.org/10.2307/2285309
https://doi.org/10.1016/0377-0427(94)90187-2

58

References

[9]

[10]

[11]

[12]

[15]

[16]

[18]

[19]

[20]

C. Constantinescu, G. Samorodnitsky, and W. Zhu, “Ruin probabilities in classical

risk models with gamma claims,” Scandinavian Actuarial Journal, vol. 2018, no. 7,
pp. 555-575, 2018. por: 10.1080,/03461238.2017.1402817.

C. D. Constantinescu, J. M. Ramirez, and W. R. Zhu, “An application of fractional
differential equations to risk theory,” Finance and Stochastics, vol. 23, no. 4,
pp. 1001-1024, 2019. por: 10.1007/s00780-019-00400-8.

D. C. M. Dickson, Insurance Risk and Ruin, 2nd ed., ser. International Series on
Actuarial Science. Cambridge University Press, 2016. por: 10.1017/9781316650776.

D. C. Dickson and H. R. Waters, “The distribution of the time to ruin in the
classical risk model,” ASTIN Bulletin, vol. 32, no. 2, pp. 299-313, 2002. DOI:
10.2143/AST.32.2.1031.

M. M. Djrbashian, Harmonic Analysis and Boundary Value Problems in the Com-
plez Domain. Birkhduser Basel, 1993. por: 10.1007/978-3-0348-8549-2.

P. Embrechts, “A property of the generalized inverse Gaussian distribution with
some applications,” Journal of Applied Probability, vol. 20, no. 3, pp. 537-544, 1983.
DOI: 10.2307/3213890.

E. Grushka, “Characterization of exponentially modified Gaussian peaks in chro-
matography,” Analytical chemistry, vol. 44, no. 11, pp. 1733-1738, 1972. DOTI:
10.1021/ac60319a011.

N. Gupta, A. Kumar, and N. Leonenko, “Stochastic models with mixtures of
tempered stable subordinators,” Mathematical Communications, vol. 26, no. 1,
pp. 77-99, 2021. [Online|. Available: https://www.mathos.unios.hr/mc/index.php/
mc/article/view /3800 (visited on 01/10/2022).

H. J. Haubold, A. M. Mathai, and R. K. Saxena, “Mittag-Leffler functions and
their applications,” Journal of Applied Mathematics, vol. 2011, 2011. por: 10.1155/
2011/298628.

M. Huzak, M. Perman, H. Siki¢, and Z. Vondracek, “Ruin probabilities and decom-
positions for general perturbed risk processes,” The Annals of Applied Probability,
vol. 14, no. 3, pp. 1378-1397, 2004. por: 10.1214/105051604000000332.

K. K. Kataria and M. Khandakar, “On the long-range dependence of mixed
fractional Poisson process,” Journal of Theoretical Probability, Jun. 2020. DOI:
10.1007/s10959-020-01015-y.

——, “Mixed fractional risk process,” Journal of Mathematical Analysis and Appli-
cations, vol. 504, no. 1, p. 125379, 2021. por: 10.1016/j.jmaa.2021.125379.


https://doi.org/10.1080/03461238.2017.1402817
https://doi.org/10.1007/s00780-019-00400-8
https://doi.org/10.1017/9781316650776
https://doi.org/10.2143/AST.32.2.1031
https://doi.org/10.1007/978-3-0348-8549-2
https://doi.org/10.2307/3213890
https://doi.org/10.1021/ac60319a011
https://www.mathos.unios.hr/mc/index.php/mc/article/view/3800
https://www.mathos.unios.hr/mc/index.php/mc/article/view/3800
https://doi.org/10.1155/2011/298628
https://doi.org/10.1155/2011/298628
https://doi.org/10.1214/105051604000000332
https://doi.org/10.1007/s10959-020-01015-y
https://doi.org/10.1016/j.jmaa.2021.125379

References 59

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[30]

[31]

K. K. Kataria and M. Khandakar, “Generalized fractional counting process,” Jour-
nal of Theoretical Probability, vol. 35, no. 4, pp. 2784-2805, 2022. por: 10.1007/
$10959-022-01160-6.

K. K. Kataria and P. Vellaisamy, “On densities of the product, quotient and power
of independent subordinators,” Journal of Mathematical Analysis and Applications,
vol. 462, no. 2, pp. 1627-1643, 2018. por: 10.1016/j.jmaa.2018.02.059.

A. Kumar, J. Gajda, W. Agnieszka, and R. Poloczanski, “Fractional Brownian mo-
tion delayed by tempered and inverse tempered stable subordinators,” Methodology
and Computing in Applied Probability, vol. 21, Mar. 2019. por: 10.1007/s11009-
018-9648-x.

A. Kumar, N. Leonenko, and A. Pichler, “Fractional risk process in insurance,”
Mathematics and Financial Economics, vol. 14, no. 1, pp. 43-65, 2020. por: 10.
1007/s11579-019-00244-y.

A. Kumar and E. Nane, “On the infinite divisibility of distributions of some inverse
subordinators,” Modern Stochastics: Theory and Applications, vol. 5, no. 4, pp. 509—
519, 2018. por: 10.15559/18-VMSTA108.

A. Kumar and P. Vellaisamy, “Inverse tempered stable subordinators,” Statistics
€9 Probability Letters, vol. 103, pp. 134-141, 2015. por: 10.1016/j.spl.2015.04.010.

S. P. Lalley, “Lévy processes, stable processes, and subordinators,” Lecture Notes,
2007. [Online]. Available: http://galton.uchicago.edu/~lalley /Courses/385/01d/
LevyProcesses.pdf.

N. Laskin, “Fractional Poisson process,” Communications in Nonlinear Science
and Numerical Simulation, vol. 8, no. 3, pp. 201-213, 2003, Chaotic transport and
compexity in classical and quantum dynamics. Do1: 10.1016/S1007-5704(03)00037-
6.

N. Leonenko, M. M. Meerschaert, R. L. Schilling, and A. Sikorskii, “Correlation
structure of time-changed Lévy processes,” Communications in Applied and In-
dustrial Mathematics, vol. 6, 2014. [Online]. Available: https://www.stt.msu.edu/
users/mcubed/CTRWcorrelation.pdf.

N. Leonenko, E. Scalas, and M. Trinh, “Limit theorems for the fractional nonhomo-
geneous Poisson process,” Journal of Applied Probability, vol. 56, no. 1, pp. 246264,
2019. por: 10.1017/jpr.2019.16.

——, “The fractional non-homogeneous Poisson process,” Statistics € Probability
Letters, vol. 120, pp. 147-156, 2017. po1: 10.1016/j.spl.2016.09.024.


https://doi.org/10.1007/s10959-022-01160-6
https://doi.org/10.1007/s10959-022-01160-6
https://doi.org/10.1016/j.jmaa.2018.02.059
https://doi.org/10.1007/s11009-018-9648-x
https://doi.org/10.1007/s11009-018-9648-x
https://doi.org/10.1007/s11579-019-00244-y
https://doi.org/10.1007/s11579-019-00244-y
https://doi.org/10.15559/18-VMSTA108
https://doi.org/10.1016/j.spl.2015.04.010
http://galton.uchicago.edu/~lalley/Courses/385/Old/LevyProcesses.pdf
http://galton.uchicago.edu/~lalley/Courses/385/Old/LevyProcesses.pdf
https://doi.org/10.1016/S1007-5704(03)00037-6
https://doi.org/10.1016/S1007-5704(03)00037-6
https://www.stt.msu.edu/users/mcubed/CTRWcorrelation.pdf
https://www.stt.msu.edu/users/mcubed/CTRWcorrelation.pdf
https://doi.org/10.1017/jpr.2019.16
https://doi.org/10.1016/j.spl.2016.09.024

60

References

[32]

[33]

[34]

[40]

[41]

[42]

[43]

P. W. Lewis and G. S. Shedler, “Simulation of nonhomogeneous Poisson processes
by thinning,” Naval research logistics quarterly, vol. 26, no. 3, pp. 403-413, 1979.
DOI: 10.1002/nav.3800260304.

A. Maheshwari and P. Vellaisamy, “Fractional Poisson process time-changed by
Lévy subordinator and its inverse,” Journal of Theoretical Probability, vol. 32,
pp. 1278-1305, 2019. por: 10.1007/s10959-017-0797-6.

——, “On the long-range dependence of fractional Poisson and negative binomial
processes,” Journal of Applied Probability, vol. 53, no. 4, pp. 989-1000, 2016. DOTI:
10.1017/jpr.2016.59.

F. Mainardi, “On some properties of the Mittag-Leffler function F,(—t), completely
monotone for ¢t > 0 with 0 < o < 1,” Discrete and Continuous Dynamical Systems
Series B, vol. 19, no. 7, pp. 2267-2278, 2014. por: 10.3934 /dcdsb.2014.19.2267.

V. K. Malinovskii, “Non-poissonian claims’ arrivals and calculation of the probability
of ruin,” Insurance: Mathematics and Economics, vol. 22, no. 2, pp. 123-138, 1998,
I1SSN: 0167-6687. DOI: https://doi.org/10.1016/S0167-6687(98)80001-2. [Online].
Available: https://www.sciencedirect.com/science/article/pii/S0167668798300012.

M. Meerschaert, E. Nane, and P. Vellaisamy, “The fractional Poisson process
and the inverse stable subordinator,” Electronic Journal of Probability, vol. 16,
pp. 1600-1620, 2011. por: 10.1214/EJP.v16-920.

M. M. Meerschaert and P. Straka, “Inverse stable subordinators,” Math. Model.
Nat. Phenom., vol. 8, no. 2, pp. 1-16, 2013. pot: 10.1051 /mmnp/20138201.

J. Mikusinski, “On the function whose Laplace-transform is e*",” Studia Mathe-
matica, vol. 18, no. 2, pp. 191-198, 1959. por1: 10.4064 /sm-18-2-191-198.

Y. Mishura and O. Ragulina, Ruin Probabilities: Smoothness, Bounds, Supermartin-
gale Approach. Elsevier, 2016. por: 10.1016/C2016-0-02584-6.

Y. Ogata, “On Lewis’ simulation method for point processes,” IEEE transactions on
information theory, vol. 27, no. 1, pp. 23-31, 1981. por: 10.1109/TIT.1981.1056305.

A. W. Palmer, A. J. Hill, and S. J. Scheding, “Methods for stochastic collection
and replenishment (SCAR) optimisation for persistent autonomy,” Robotics and
Autonomous Systems, vol. 87, pp. 51-65, 2017. pot: 10.1016/j.robot.2016.09.011.

M. Politi, T. Kaizoji, and E. Scalas, “Full characterization of the fractional Poisson
process,” EPL (Europhysics Letters), vol. 96, no. 2, p. 20004, 2011. por: 10.1209/
0295-5075/96/20004.


https://doi.org/10.1002/nav.3800260304
https://doi.org/10.1007/s10959-017-0797-6
https://doi.org/10.1017/jpr.2016.59
https://doi.org/10.3934/dcdsb.2014.19.2267
https://doi.org/https://doi.org/10.1016/S0167-6687(98)80001-2
https://www.sciencedirect.com/science/article/pii/S0167668798800012
https://doi.org/10.1214/EJP.v16-920
https://doi.org/10.1051/mmnp/20138201
https://doi.org/10.4064/sm-18-2-191-198
https://doi.org/10.1016/C2016-0-02584-6
https://doi.org/10.1109/TIT.1981.1056305
https://doi.org/10.1016/j.robot.2016.09.011
https://doi.org/10.1209/0295-5075/96/20004
https://doi.org/10.1209/0295-5075/96/20004

References 61

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[52]

[53]

V. Rotar, Actuarial Models: The Mathematics of Insurance, Second Edition. CRC
Press, 2014. por1: 10.1201/b17291.

A. Saa and R. Venegeroles, “Alternative numerical computation of one-sided Lévy
and Mittag-Leffler distributions,” Physical Review FE, vol. 84, no. 2, p. 026 702,
2011. por: 10.1103/PhysRevE.84.026702.

V. Seshadri, The inverse Gaussian distribution: statistical theory and applications.
Springer Science & Business Media, 1999. por: 10.1007/978-1-4612-1456-4.

M. El-Shahed and A. Salem, “An extension of Wright function and its properties,”
Journal of Mathematics, vol. 2015, DO1: 10.1155/2015/950728.

C. C.-L. Tsai, “Collective risk theory,” in Encyclopedia of Actuarial Science. John
Wiley & Sons, Ltd, 2006. pot: 10.1002/9780470012505.tac039.

——, “Time of ruin,” in Wiley StatsRef: Statistics Reference Online. John Wiley
& Sons, Ltd, 2014. por1: 10.1002/9780470012505.tac039.

M. Veillette and M. S. Taqqu, “Numerical computation of first-passage times of
increasing Lévy processes,” Methodology and Computing in Applied Probability,
vol. 12, no. 4, pp. 695-729, 2010. DO1: 10.1007/311009-009-9158-y.

——, “Using differential equations to obtain joint moments of first-passage times of
increasing Lévy processes,” Statistics € Probability Letters, vol. 80, no. 7, pp. 697
705, 2010. pot: 10.1016/j.spl.2010.01.002.

G. N. Watson, A treatise on the theory of Bessel functions. Cambridge University
Press, 1995.

S. H. Yang and X. C. Zhao, “Correlation study between individual risk models
and collective risk models for a single period,” in 2008 International Conference
on Risk Management & FEngineering Management, Nov. 2008, pp. 410-415. DOTI:
10.1109/ICRMEM.2008.63.


https://doi.org/10.1201/b17291
https://doi.org/10.1103/PhysRevE.84.026702
https://doi.org/10.1007/978-1-4612-1456-4
https://doi.org/10.1155/2015/950728
https://doi.org/10.1002/9780470012505.tac039
https://doi.org/10.1002/9780470012505.tac039
https://doi.org/10.1007/s11009-009-9158-y
https://doi.org/10.1016/j.spl.2010.01.002
https://doi.org/10.1109/ICRMEM.2008.63




Appendix A

Simulations’ algorithms

Algorithm 1: Simulation of Homogeneous Poisson process with rate p, on [0, 7]
3]

Input: u, T

Step 1: generate increments of Y,, ~ Exp(u) (see Propositions 3.1.1 and 3.1.2);
Step 2: sum up the increments to give N*(t);

Output: N#(t)

Algorithm 2: Simulation of Nonhomogeneous Poisson process with time de-
pendent rate A(¢), on [0, 7] [§]

Input: A\(¢),T

Step 1: generate increments of Y,, ~ Exp(u);

Step 2: generate N N#(t) using the following ‘thinning algorithm’:
(1) generate Y,,;

(ii) generate U "% U (0,1):
(iii) if U < — 20 accept Yy;

— supp<i<r A(D)
(iv) goto (i);
Step 3: sum up the increments to give N N¥(t);
Output: NN#(t)
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Algorithm 3: Simulation of Fractional Homogeneous Poisson process with rate
A, and stability index a, on [0, 7] [4], [33]

Input: u, T, «

Step 1: generate Uy, Us, Ug,i'kd' U (0,1);

Step 2: generate increments of Y,,, where

v — |In Uy |# sin(arls) [sin((1 — a)WUQ)]i_l.
" Ao [sin(7Us)] | In Us|« !

Y

Step 3: sum up the increments to give N, (t);
Output: N,(?)

Algorithm 4: Simulation of Fractional Nonhomogeneous Poisson process with
time dependent rate A(t), and stability index «, on [0, 7]

Input: \(¢),T,«
Step 1: generate Uy, Us, U3,Z'rz'vd' U (0,1);
Step 2: generate increments of Y,,, where

5 sin(anlUs) [sin((1 — OZ)WUQ)]é_l.

I

Hn U1
Yo = I . I
Aa [sin(wUs)] | In Us|a

Step 3: apply the thinning algorithm (see Algorithm 2);
Step 4: sum up the increments to give N, (t);
Output: N,(t)




Algorithm 5: Simulation of mixture tempered fractional Poisson processes
with rate p or A(t), and fractional indices a, s, tempered indices Aq, Ay, and
mixture indices ¢y, ¢o, on [0, 7] [16]

IHPUt: 22 T7 aq, G2, )\17 )\27 C1,C2
Step 1: generate Uy, Uy "% U (0,1);
Step 2: generate increments of the a-stable subordinator S, () using

So(t 4 dt) — Sa(t) £ Sa(dt) £ (i)™, where

4 sin (anly) [sin (1 — a) 7U,]7*7"

[sin (U] [In Uy V/>71

Sa(1)

Step 3: generate Si(cit) and Sp(cqt) using the following ‘accept-reject algorithm’:

(1) generate S, (dt);

(ii) generate Us "% U (0, 1), if Us < e accept S, (dt): otherwise, go back
to (i);

(777) sum up the increments to get Si(c1t) and repeat to get Sa(cat);

Step 4: generate MTSS S,,,(t) by summing up Si(c;t) and Sy(cat) (see
Equation 2.40);

Step 5: generate IMTSS Y,,(¢) by inverting the axes;

Step 6: generate MTFHPP N Z,,(t) using Equation 3.24;

Output: Z,,(t)
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Algorithm 6: Simulation of mixture tempered fractional Poisson processes
with rate p or A(t), and fractional indices aq, ag, tempered indices Aj, Ay, and
mixture indices ¢y, ¢, on [0, 7] [16]

InI)Ut: )\(t)7 T? aq, g, >\17 >\27 C1,C2
Step 1: generate Uy, Uy Hd-y (0,1);

Step 2: generate increments of the a-stable subordinator S, (t) using
Sa(t 4 dt) — Sa(t) £ Sa(dt) £ (dt)/*, where

4 sin (anUy) [sin (1 — a) 7TU1]1/°‘_1.

SCM 1 Y
@ [sin (7U)]Y* [In Uy |/

Step 3: apply the thinning algorithm (see Algorithm 2);

Step 4: generate Si(cqt) and Sp(cat) using the following ‘accept-reject algorithm’:

(1) generate S, (dt);

(ii) generate Us "% U (0, 1), if Us < e () accept S, (dt): otherwise, go back
to (i);

(777) sum up the increments to get Si(cit) and repeat to get Sa(cat);

Step 5: generate MTSS S,,(t) by summing up S1(cit) and Sa(cat) (see
Equation 2.40);

Step 6: generate IMTSS Y,,(¢) by inverting the axes;

Step 7: generate MTFNPP NZ,,(t) using Equation 3.27;

Output: NZ,,(t)




Appendix B

Full numerical results

Table B.1 Ruin probabilities with substituted a; and as

aq Qi
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
model 1
¥(500,2000) 1 1 1 1 0.024635 | 0.024515  0.02424 0.024635 0.025235  0.02528
(500, 100) 1 1 0999245 0.62831 0.016425 | 0.016135 0.015885 0.016425 0.016585 0.016975
(750, 2000) 1 1 1 0.99999  0.00422 | 0.00423 0.004125 0.00422  0.00408 0.004265
(750, 100) 1 1 0.997115 0.38287  0.00166 | 0.00175 0.001595  0.00166 0.001545 0.0016
1(1000, 2000) 1 1 1 0.99999  0.00072 | 0.000875  0.00072  0.00072 0.000645  0.00077
(1000, 100) 1 1 0991185 0.189275 0.000165 | 0.00013 0.000125 0.000165 0.0001  0.00013
model 2
¥(500,2000) 0.9979  0.95665  0.60129  0.15593 0.0448 | 0.044855 0.044575 0.0448  0.04438 0.044
(500, 100) 0.9969 0.953405 0.594195 0.152305  0.04362 0.0435 0.04339  0.04362 0.043075  0.04281
¥(750,2000) | 0.997685  0.93539 0.429315 0.083135  0.02429 | 0.02464 0.024705  0.02429  0.02444 0.024175
¥(750,100) | 0.996535 0.930115  0.41913 0.079155 0.023135 | 0.02331  0.02349 0.023135 0.0231  0.02291
1(1000,2000) | 0.997485  0.91031  0.30683 0.055145 0.01591 | 0.016625 0.016445 0.01591  0.01667 0.016335
1(1000,100) | 0.99621 0.902835 0.294325  0.05099  0.01472 | 0.015285  0.01522  0.01472  0.01531 0.015055
model 3
¥(500,2000) 1 1 1 1 0.02448 | 0.02521  0.02502  0.02448  0.02522 0.024315
(500, 100) 1 1 0.99925 0.628715 0.01626 | 0.01672 0.016395 0.01626  0.01651  0.01593
(750, 2000) 1 1 1 1 0.00411 | 0.00429 0.004245 0.00411 0.004105  0.00394
(750, 100) 1 1 099733  0.38232 0.001585 | 0.00173  0.00174 0.001585 0.001585 0.001545
1(1000, 2000) 1 1 1 1 0.00066 | 0.000685 0.000845  0.00066  0.00068  0.00064
(1000, 100) 1 1 0991465 0.18908 0.00013 | 0.000125  0.00016  0.00013 0.000145  0.00009
model 4
¥(500,2000) | 0.997895  0.95672  0.59985 0.156675 0.044195 | 0.04464 0.044095 0.044195 0.043765 0.044225
¥(500,100) | 0.996875 0.953735  0.59346 0.153315  0.04301 | 0.04343  0.04294  0.04301 0.0425 0.043015
¥(750,2000) | 0.99763  0.93537  0.42681  0.08326  0.02441 | 0.02466  0.02465  0.02441  0.02403 0.024275
¥(750,100) | 0.99649  0.93065 0.417205  0.07968 0.0232 | 0.023405  0.02346 0.0232  0.02275  0.02302
1(1000,2000) | 0.99744 0.910655 0.306885  0.05536  0.01649 | 0.016655 0.016605 0.01649 0.016035  0.01594
1(1000,100) | 0.996145  0.90372 0.295105 0.051675 0.015245 | 0.01539 0.015385 0.015245  0.01473 0.014625
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Table B.2 Ruin probabilities with substituted A\; and Ay

0.02072 0.015245 0.013725  0.01325 0.0136 0.0138 0.013875  0.01467 0.015245  0.01637

(65} Qg
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
model 1
1(500,2000) | 0.00187 0.024635 0.218995  0.90633  0.99998 | 0.003025  0.00672  0.01302 0.024635  0.04448
¥(500,100) | 0.001755 0.016425 0.074645 0.21114  0.42669 | 0.002695  0.00545  0.00987 0.016425 0.025825
¥(750,2000) | 0.00009 0.00422  0.10491 0.848245  0.99995 | 0.000185 0.000555  0.00158  0.00422  0.00968
¥(750,100) | 0.00007  0.00166  0.01323  0.06067  0.17547 | 0.00014 0.000305 0.000765 0.00166 0.003035
1(1000,2000) | 0.00001  0.00072 0.049985 0.7837  0.99986 | 0.000005 0.000035 0.000215  0.00072 0.002115
¥(1000, 100) | 0.000005 0.000165 0.001725 0.011755 0.052075 0 0.000005 0.000045 0.000165 0.000255
model 2
1(500,2000) | 0.05172 0.0448  0.04338 0.045505  0.04938 | 0.04145 0.040745  0.04289 0.0448  0.04666
¥(500,100) | 0.04914  0.04362 0.042545  0.04477 0.048795 | 0.04014  0.03965 0.04176  0.04362 0.045475
¥(750,2000) | 0.031885  0.02429  0.02247  0.02245  0.02301 | 0.022725 0.022355 0.023845  0.02429  0.02575
(750,100) | 0.02923 0.023135  0.02163  0.02171  0.02235 0.0214  0.02127 0.022695 0.023135 0.024535
1(1000,2000) | 0.022705  0.01591 0.0145  0.01403  0.01428 | 0.01539  0.01477 0.015815 0.01591  0.01734
¥(1000,100) | 0.020015  0.01472  0.01366 0.013285  0.01361 | 0.014025 0.013585 0.014565  0.01472 0.016075
model 3
1(500,2000) | 0.00203  0.02448 0.219865 0.905655  0.99994 | 0.002905  0.00709 0.013225  0.02448  0.04468
¥(500,100) | 0.001885  0.01626  0.07502  0.21098 0.426665 | 0.00267  0.00583  0.00995 0.01626  0.02597
¥(750,2000) | 0.00011  0.00411 0.104535 0.849115 0.999885 | 0.000165 0.000585  0.00163  0.00411  0.00992
¥ (750,100) | 0.000075 0.001585 0.013425 0.060395 0.176805 | 0.000135 0.000385 0.000765 0.001585 0.003105
1(1000,2000) | 0.00001  0.00066  0.04992 0.784365 0.999815 | 0.000005 0.0004 0.0002  0.00066  0.00225
¥(1000, 100) | 0.000005  0.00013 0.001625 0.012005 0.0516 0 0.000015 0.000035  0.00013  0.00026
model 4
1(500,2000) | 0.053195 0.044195  0.04431  0.04629 0.049345 | 0.040565  0.04081  0.04348 0.044195 0.046595
¥(500,100) | 0.05054  0.04301 0.043355  0.04556 0.048705 | 0.03937 0.039655 0.042325  0.04301  0.04545
¥(750,2000) | 0.032735  0.02441 0.022945 0.02244  0.02319 | 0.02214 0.022745  0.02417  0.02441 0.025885
¥ (750,100) | 0.03007 0.0232 0.021975  0.02169  0.02254 | 0.020945  0.02156  0.02298 0.0232  0.024695
1(1000,2000) | 0.023515  0.01649 0.014675 0.014005 0.01427 | 0.01503  0.01517  0.01584  0.01649 0.017565
)

(1000, 100




Table B.3 Ruin probabilities with substituted c¢; and co

c1=0.25 =05 ¢=0.75

model 1
¥ (500,2000) | 0.373705 0.095175 0.024635
(500, 100) | 0.103525 0.044965 0.016425
¥ (750,2000) | 0.22971  0.03029  0.00422
¥ (750,100) | 0.021495  0.00635  0.00166
(1000, 2000) | 0.139765 0.009415  0.00072
(1000, 100) | 0.00311 0.000675 0.000165
model 2
¥ (500,2000) | 0.042295  0.02448 0.0448
(500, 100) | 0.041625  0.02397  0.04362
¥ (750,2000) | 0.02097 0.013115  0.02429
¥ (750,100) | 0.020265  0.01258 0.023135
1 (1000, 2000) | 0.013345  0.00876  0.01591
(1000, 100) | 0.01261 0.008215  0.01472
model 3
1(500,2000) | 0.373185 0.095175  0.02448
¥(500,100) | 0.10449  0.04349  0.01626
¥ (750,2000) | 0.22966  0.03084  0.00411
(750,100) | 0.02149 0.006105 0.001585
¥(1000,2000) | 0.14103  0.01006  0.00066
¥ (1000, 100) | 0.003365  0.00066  0.00013
model 4
(500, 2000 0.04241  0.02421 0.044195
(500, 100) | 0.041645 0.023715  0.04301
(750, 2000 0.02069  0.01325  0.02441

¥(1000,2000) | 0.013355  0.00852  0.01649
(1000, 100 0.01252  0.00805 0.015245

)
)
)
$(750,100) | 0.019905  0.01277  0.0232
)
)
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Full numerical results

Table B.4 Parameters of fitted distributions with default parameters (model 1)

Parameters for fitted

Inverse Gaussian distribution

0 U

u = 500

a;=0.1 1.729972 0.163872
a1=0.3 6.948907 12.860763
a1=0.5 20.908181 56.789506
a1=0.7 107.757513 119.490737
a1=0.9 94.751570 164.626525
as=0.1 96.186092 165.567190
as=0.3 94.831148 159.865012
as=0.5 94.751570 164.626525
as=0.7 95.839577 157.859758
a=0.9 93.979272 159.765785
A=0.1 50.867421 177.220949
A=0.3 94.751570 164.626525
A1=0.5 238.836382 178.097994
A=0.7 401.791533 207.650535
A1=0.9 164.386916 183.951069
Ao=0.1 56.438122 152.149749
Ao=0.3 68.948354 147.452805
A2=0.5 79.918747 162.167089
A=0.7 94.751570 164.626525
A2=0.9 113.424835 165.079768
c1=0.25 | 325.011451 188.617942
c1=0.5 151.226695 170.527887
c1=0.75 94.751570 164.626525
u = 750

a;=0.1 2.555041 0.626731
a1=0.3 10.234961 28.882778
a1=0.5 30.934851 124.515495
a1=0.7 159.780635 263.694484
a1=0.9 141.474429 360.521813

Continued on next page
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Table B.4 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 7

a,=0.1 | 141.098453 359.667019
;=03 | 138.528194 335.361465
=05 | 141.474429 360.521813
a=0.7 | 139.645979 364.252405
=09 | 141.006311 341.317003
A =0.1 73.460819 383.213809
M=0.3 | 141.474429 360.521813
M=0.5 | 351.620543 399.055337
M=0.7 | 563.954678 487.120537
M=0.9 | 243.765766 409.853490
Ao=0.1 85.764071 419.487770
XA=0.3 | 104.737569 386.064342
Mo=0.5 | 120.719256 376.950985
MAo=0.7 | 141.474429 360.521813
A=0.9 | 167.716522 361.646135
1=0.25 | 467.946740 430.665416
a=0.5 | 225.595726 376.663208
=0.75 | 141.474429 360.521813
u = 1000

a=0.1 3.366629 1.378773
a1=0.3 13.466059 50.584546
a1=0.5 40.814873 216.095932
a1=0.7 | 211.638625 460.340812
=09 | 180.856516 600.071880
a,=0.1 | 179.325641 650.471084
=03 | 189.367231 631.319072
a,=0.5 | 180.856516 600.071880
a,=0.7 | 189.052168 658.643196
=09 | 193.197130 594.478922
A =0.1 87.580711 3433.771089
M=0.3 | 180.856516 600.071880

Continued on next page
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Full numerical results

Table B.4 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 7
A=0.5 460.306563 712.559314
A =0.7 710.746326 924.525727
A1=0.9 322.437436 722.582631
Ao=0.1 unknown unknown
A=0.3 143.349094 1904.818292
Ao=0.5 153.228757 835.820697
Ao=0.7 180.856516 600.071880
A=0.9 225.601339 605.589345
c1=0.25 | 597.427959 798.859329
c1=0.5 297.381151 647.705621
c1=0.75 | 180.856516 600.071880

Table B.5 Parameters of fitted distributions with default parameters (model 2)

Parameters for fitted

Inverse Gaussian distribution

0 U

u = 500

a1=0.1 1.978713 0.145692
a1=0.3 6.155867 6.869668
a1=0.5 13.901867 15.415544
a1=0.7 21.761345 24.802214
a1=0.9 26.390501 38.051303
as=0.1 27.677103 35.185516
as=0.3 26.425973 38.546059
ap=0.5 26.390501 38.051303
ap=0.7 26.838277 37.254953
a5=0.9 26.315400 38.194973
A1=0.1 36.105480 39.119173
A1=0.3 26.390501 38.051303
A1=0.5 22.030985 38.554697

Continued on next page
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Table B.5 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 U

A=0.7 20.230347 36.222607
A1=0.9 18.416626 35.598887
A=0.1 28.552110 40.264927
A=0.3 26.528826 41.710645
A=0.5 26.468013 39.962175
A=0.7 26.390501 38.051303
A=0.9 26.104646 36.623078
c1=0.25 | 21.184601 37.175090
c1=0.5 23.076361 38.783114
c1=0.75 | 26.390501 38.051303
u = 750

a1=0.1 2.765155 0.563039
a1=0.3 9.443699 12.538340
a1=0.5 22.688377 24.977842
a1=0.7 35.393897 41.164240
a1=0.9 38.984329 62.818654
as=0.1 41.886873 57.418830
ap=0.3 39.313055 62.882382
ap=0.5 38.984329 62.818654
as=0.7 40.316835 61.512244
as=0.9 39.496764 63.473851
A=0.1 51.955311 65.473105
A1=0.3 38.984329 62.818654
A=0.5 33.495066 64.645329
A=0.7 31.481985 99.652981
A1=0.9 29.439696 55.865323
A=0.1 42.790942 66.681207
A=0.3 39.328498 69.104184
A=0.5 39.266339 66.539661
A=0.7 38.984329 62.818654
A2=0.9 39.505285 59.313581

Continued on next page
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Full numerical results

Table B.5 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 U

=025 | 32.973702 60.764216
=05 | 34.741395 65.117889
=075 | 38.984329 62.818654
u = 1000

a=0.1 | 3.505921 1.228717
=03 | 12.764805 18.618484
=05 | 32.791577 34.315365
=0.7 | 47.985459 57.920695
=09 | 51.342390 87.608275
a,=0.1 | 54.698405 77.982701
,=0.3 | 51.369249 85.674501
a,=0.5 | 51.342390 87.608275
a,=0.7 | 52.533037 85.193807
=09 | 51.024759 88.726060
M=0.1 | 66.537056 89.540016
M=0.3 | 51.342390 87.608275
M=05 | 43.687266 90.030634
M=0.7 | 41.959928 81.237019
M=0.9 | 39.751174 76.091345
Xo=0.1 | 56.054164 92.048740
Xo=0.3 | 51.704456 94.146151
=05 | 51.593545 90.694492
=07 | 51.342390 87.608275
Xo=0.9 | 51.322267 81.175297
=025 | 44.087969 82.388442
=05 | 45.467919 91.174670
=075 | 51.342390 87.608275
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Table B.6 Parameters of fitted distributions with default parameters (model 3)

Parameters for fitted

Inverse Gaussian distribution

0 U

u = 500

a;=0.1 1.736544 0.161875
a1=0.3 6.931490 12.907127
a1=0.5 20.863197 56.630527
a1=0.7 108.422033 119.023242
a1=0.9 93.504016 158.924275
as=0.1 93.743205 160.274760
as=0.3 95.504299 163.632697
as=0.5 93.504016 158.924275
as=0.7 94.601584 168.793540
a=0.9 94.984285 156.547996
A=0.1 49.585078 141.541559
A=0.3 93.504016 158.924275
A1=0.5 241.039832 176.352383
A=0.7 401.690447 208.811837
A1=0.9 164.058703 184.016630
Ao=0.1 55.934370 170.507499
Ao=0.3 67.717129 152.813741
A2=0.5 79.435996 162.824444
A=0.7 93.504016 158.924275
A2=0.9 111.593350 167.446835
c1=0.25 | 322.703787 189.122655
c1=0.5 154.198241 171.124131
c1=0.75 93.504016 158.924275
u = 750

a;=0.1 2.570388 0.624654
a;=0.3 10.224518 28.897045
a1=0.5 30.852025 124.012570
a1=0.7 160.407647 262.474519
a1=0.9 139.559746 371.002633

Continued on next page
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Full numerical results

Table B.6 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 7

a,=0.1 | 137.459643 358.439063
a,=0.3 | 137.008760 327.395095
=05 | 139.559746 371.002633
a,=0.7 | 138.697805 347.513061
=09 | 139.231662 386.475193
A =0.1 87.289769 473.240187
M=0.3 | 139.559746 371.002633
M=0.5 | 353.492403 395.139156
M=0.7 | 564.995102 489.344836
M=0.9 | 243.063599 409.232935
Ao=0.1 76.616405 359.947592
Xo=0.3 97.898509 364.438426
XAo=0.5 | 120.447093 362.036079
XAo=0.7 | 139.559746 371.002633
=09 | 164.149611 366.846586
=0.25 | 466.120151 435.295913
a=0.5 | 228.767093 382.226798
=0.75 | 139.559746 371.002633
u = 1000

a=0.1 3.376175 1.378184
a1=0.3 13.467178 50.379486
a1=0.5 40.767683 216.125647
a1=0.7 | 212.245295 458.294992
=09 | 169.613602 560.698531
a,=0.1 | 189.397460 560.073063
a,=0.3 | 177.511707 603.975238
a,=0.5 | 169.613602 560.698531
a,=0.7 | 178.709830 586.213447
=09 | 188.181705 806.270969
M=0.1 | 103.545402 806.642560
M=0.3 | 169.613602 560.698531

Continued on next page
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Table B.6 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 7
A=0.5 468.260981 722.099034
A =0.7 709.528981 925.983689
A1=0.9 322.052542 724.029683
Ao=0.1 unknown unknown
A=0.3 134.181191 613.916658
Ao=0.5 166.415997 918.439923
Ao=0.7 169.613602 560.698531
A=0.9 215.795323 691.987799
c1=0.25 | 597.753722 798.033270
c1=0.5 302.456751 666.933403
c1=0.75 | 169.613602 560.698531

Table B.7 Parameters of fitted distributions with default parameters (model 4)

Parameters for fitted

Inverse Gaussian distribution

0 U

u = 500

a1=0.1 1.944541 0.146251
a1=0.3 6.133941 6.918411
a1=0.5 13.740798 15.685142
a1=0.7 20.856469 25.904670
a1=0.9 26.215863 38.679535
as=0.1 26.111083 39.258574
as=0.3 26.352391 37.955265
ap=0.5 26.215863 38.679535
ap=0.7 28.287866 35.505485
a5=0.9 26.916467 36.809816
A1=0.1 35.309804 39.931642
A1=0.3 26.215863 38.679535
A1=0.5 23.632937 35.058761

Continued on next page
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Full numerical results

Table B.7 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 U

A=0.7 20.542332 35.101576
A1=0.9 18.006967 37.356901
A=0.1 28.459905 39.901391
A=0.3 27.771790 39.490623
A=0.5 26.232487 40.310410
A=0.7 26.215863 38.679535
A=0.9 25.222393 38.945344
c1=0.25 21.422327 36.541342
c1=0.5 22.949237 39.657906
c1=0.75 | 26.215863 38.679535
u = 750

a1=0.1 2.721104 0.561131
a1=0.3 9.351144 12.734376
a1=0.5 22.528616 25.196908
a1=0.7 33.453887 43.636532
a1=0.9 39.336248 63.806251
as=0.1 38.726392 65.461947
as=0.3 39.322319 61.442361
ap=0.5 39.336248 63.806251
as=0.7 42.828310 57.437312
as=0.9 40.539829 59.525870
A=0.1 50.050510 67.815398
A1=0.3 39.336248 63.806251
A1=0.5 36.319014 56.589791
A=0.7 32.056950 55.632292
A1=0.9 27.857572 60.514024
A=0.1 42.499186 66.146091
A=0.3 41.214940 64.978841
A=0.5 38.938678 67.359193
A=0.7 39.336248 63.806251
A2=0.9 37.363169 64.452708

Continued on next page
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Table B.7 — continued from previous page

Parameters for fitted

Inverse Gaussian distribution

0 U

=025 | 33.537896 57.131860
=05 | 33.760255 66.421843
=075 | 39.336248 63.806251
u = 1000

a=0.1 | 3.467921 1.245402
=03 | 12.739262 18.612081
=05 | 32.172029 34.896776
=0.7 | 45.065155 61.314441
=09 | 51.010255 88.889389
a,=0.1 | 50.120573 91.626150
a,=0.3 | 51.538577 84.753615
=05 | 51.010255 88.8898389
ay=0.7 | 56.274942 77.453973
;=09 | 53.073602 80.582050
M=0.1 | 63.822064 94.957389
M=0.3 | 51.010255 88.8898389
M=05 | 48.441919 75.612427
M=0.7 | 42.904147 75.474593
M=0.9 | 37.171731 82.916679
Xo=0.1 | 55.077654 90.996280
Xo=0.3 | 54.552877 87.805984
XAo=05 | 50.445184 94.294598
=07 | 51.010255 88.889389
Xo=0.9 | 48.315660 88.532556
¢=0.25 | 45.023931 77.565666
=05 | 44.091545 90.966499
=075 | 51.010255 88.889389
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