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The LIGO–Virgo–KAGRA collaborations (LVK) produced a catalogue containing gravitational-
wave (GW) observations from the first half of the third GW observing run (O3a). This catalogue,
GWTC-2.1, includes for the first time a number of exceptional GW candidates produced from
merging black-hole-binaries with unequivocally unequal component masses. Since subdominant
multipole moments and spin-induced orbital precession are more likely to leave measurable imprints
on the emitted GW from unequal component mass binaries, these general relativistic phenomena
may now be measurable. Indeed, both GW190412 and GW190814 have already shown conclusive
evidence for subdominant multipole moments. This provides valuable insights into the dynamics of
the binary. We calculate the evidence for subdominant multipole moments and spin-induced orbital
precession for all merging black-hole-binaries in GWTC-2.1 that were observed during O3a and show
that (a) no gravitational-wave candidate has measurable higher order multipole content beyond
` = 3, (b) in addition to the confident subdominant multipole measurements in GW190412 and
GW190814, GW190519 153544 and GW190929 012149 show marginal evidence for the (`, |m|) =
(3, 3) subdominant multipole, (c) GW190521 may have measurable subdominant multipole content
and (d) GW190412 may show evidence for spin-induced orbital precession.

I. Introduction

Between 2015 and 2017, the Advanced LIGO [1]
(aLIGO) and Advanced Virgo [2] (AdV) gravitational-
wave (GW) detectors performed their first and second
GW observing runs (O1 and O2). During this time,
the LIGO Scientific and Virgo collaborations (LVC)
announced GWs originating from ten binary-black-
hole (BBH) mergers [3–9] and a single binary neutron
star [10]. Additional compact binary candidates have
also been reported by other groups [11–14].

The observed signals match well with the pre-
dictions of general relativity, calculated using accu-
rate waveforms modelled to fit predictions from post-
Newtonian methods and numerical relativity simula-
tions. However, two important general relativistic ef-
fects, higher order multipoles [15] and spin-induced or-
bital precession [16] were not clearly identified in the
signals observed during O1 and O2 [9, 17, 18].1 The
gravitational wave emitted during a binary merger can
be decomposed into a set of spin-weighted spherical
harmonics [15]. The majority of the gravitational wave
signal is contained in the quadrupole mode, (`,m) =

1 See Refs. [19, 20] for a discussion regarding marginal evidence
for higher order multipoles in GW170729 [9], and Ref. [21]
for discussion of evidence for higher modes and precession in
GW151226.

(2, 2). Higher order multipoles are present for all bi-
nary systems, but they are typically at a much lower
amplitude than the quadrupole [see e.g. 22]. Spin-
induced orbital precession arises when there is a mis-
alignment between the orbital angular momentum and
the spins of each compact object leading to character-
istic modulations in the amplitude and phase of the
observed GW signal [16]. Including both higher order
multipoles and precession in waveform models that are
used to infer source properties through Bayesian infer-
ence [see e.g. 23–25] can improve parameter measure-
ment accuracy and provide additional constraints on
the in-plane spin components of the binary [see e.g.
26–30]. The importance of both of these effects in-
crease as the binary’s mass ratio (q = m1/m2 ≥ 1)
increases [22, 30–37]. Clear evidence for asymmetric
masses was absent in the binaries detected during O1
and O2 [9], making the observation of either precession
and higher order multipoles challenging.

An initial analysis of the first 6 months of data from
the first half of the third GW observing run (O3a) by
the LIGO-Scientific, Virgo and KAGRA collaborations
(LVK) revealed a further 39 GW candidates described
in the second GW catalogue (GWTC-2) [38]. Subse-
quent searches over the same period revealed a number
of subthreshold candidates [39, 40], with the extended
second GW catalogue, (GWTC-2.1), increasing the
number of high-significance GW candidates observed
during O3a to a total of 44 [40]. Recently, the LVK
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released the third GW catalogue (GWTC-3), which
analysed the second half of the third GW observing
run (O3b) and found a further 35 GW candidates [41].

In contrast to O1 and O2, several events in O3 had
unequivocally unequal masses. First among these is
GW190412 [28], with a mass ratio of ∼4:1. The un-
equal mass ratio resulted in more significant higher or-
der multipoles, and for the first time, imprints of sub-
dominant multipole radiation oscillating at three times
the orbital frequency – the (`,m) = (3, 3) multipole2

– were visible. Similarly, it was the first time that
the in-plane spins, which lead to precession in the sys-
tem, were constrained away from the prior [28, 39, 42–
44]. Several months later GW190814 was detected with
highly asymmetric component masses (∼9:1) and a sec-
ondary component with a mass larger than any pre-
viously discovered neutron star and lighter than any
black hole [29]. GW190814 had significant evidence
of the (3,3) multipole [29, 44] and the most restrictive
measurement of the in-plane spin components of any
event observed to date. A combination of the higher
order multipoles and the lack of evidence for precession
reduced the uncertainty on the mass of the smaller ob-
ject.

By comparing parameter estimates that were ob-
tained with waveform models that a) included higher
order multipoles and b) excluded higher order multi-
poles beyond ` = 2, it has been suggested that several
GW signals in O3a show possible evidence for higher
order multipoles [38]. Similarly, by comparing the pos-
terior and prior distributions for parameters character-
izing spin-induced orbital precession, it has previously
been shown that no event in O3a or O3b unambigu-
ously exhibits spin-induced orbital precession [38, 41]
(although see Ref. [45] which discusses strong evidence
for precession in a GW candidate observed in O3b),
but there is evidence that the observed population of
BBHs have spins which are misaligned with the orbital
angular momentum [46, 47]. Other studies have inves-
tigated the evidence for higher order multipoles and
precession for GW190412 and GW190814 [28, 29, 42–
44]. To date, there has not been a study which quan-
tifies the evidence for precession and higher order mul-
tipoles across all events on an event by event basis.

In this paper, we take advantage of the multipole
decomposition for identifying the presence of higher or-
der multipoles [22] and the two-harmonic formalism for
identifying the presence of precession [18, 30, 48] to es-
tablish if any BBH candidates in GWTC-2.1, that were

2 (`,m) should everywhere be read as (`, |m|) unless otherwise
indicated.

observed during O3a, exhibit evidence for higher order
multipoles and precession. We calculate the signal-to-
noise ratio (SNR) in the (`,m) ∈ {(2, 1), (3, 3), (4, 4)}
multipoles and from precession for the latest BBH ob-
servations and compare then to the expected distribu-
tion from noise. We include GW190814 since it is most
likely (71%) the result of a BBH merger [29]. We show
that,

1. There is minimal evidence for GW emission in the
subdominant multipole moments beyond ` = 3,

2. GW190814 has the largest evidence for the
(`,m) = (3, 3) multipole for all events in O3a
with SNR in the (3, 3) multipole ρ33 = 6.2+1.3

−1.5,

3. GW190814 and GW190412 show significant evi-
dence for the (3, 3) subdominant multipole mo-
ment while the evidence for GW190519 153544
and GW190929 012149 is marginal,

4. GW190521 may show evidence for subdomi-
nant multipole moments. The reanalysis of
GW190521 by Nitz et al. [39] suggests evidence
for the (3, 3) multipole while the initial analysis
by the LVK shows minimal evidence,

5. GW190412 and GW190915 235702 show
marginal evidence for spin-induced orbital pre-
cession while the population shows no significant
evidence of precession.

This paper is structured as follows: Section II de-
tails the method used to infer the presence of higher
order multipoles and precession in the observed GW
data. We provide a brief overview of the two-harmonic
approximation and a summary of how the SNR from
precession and each subdominant multipole is calcu-
lated. We then explain how we construct the ex-
pected noise distribution for both measurements. In
Section III we present our results and indicate which
GW events show evidence for subdominant multipoles
and precession. We then conclude, in Section IV, with
a summary and discussion of future directions.

II. Method

a. Calculating the SNR in precession and higher
multipoles

In general relativity, GWs are fully described by two
polarizations. These polarizations can be decomposed
into multipole moments using the −2 spin-weighted
spherical harmonic orthonormal basis [49]. Coalescing
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compact binaries (CBCs) predominantly emit radia-
tion at twice the orbital frequency in the leading or-
der (2,2) multipole. The most important subdominant
multipole for most CBCs is the (3,3) multipole, though
the (4,4) multipole can be more significant for binaries
whose components have comparable masses [22].

Previous studies have identified evidence for sub-
dominant multipole moments by either a) calculating
Bayes factors, the difference in Bayesian evidences,
through multiple parameter estimation studies [e.g.
19, 42, 43] or via likelihood re-weighting [17], b) statis-
tically comparing posteriors obtained with waveform
models which included higher order multipoles and
those which excluded higher order multipoles beyond
` = 2 [50], c) analysing time–frequency tracks in the
GW strain data [28, 51], d) identifying if there is a loss
in the observed coherent signal energy when compar-
ing the output from the cWB detection pipeline [52]
with predictions from a waveform model which ex-
cludes subdominant multipole moments [29], or e) di-
rectly calculating the SNR of each (`,m) multipole
ρ`m [22, 28, 29, 53]. Here, we identify whether mul-
tipoles other than the dominant (2,2) multipole have
been observed by calculating the orthogonal SNR of
each (`,m) multipole. This is achieved by decompos-
ing a GW signal into each subdominant multipole, ex-
tracting the component that is orthogonal to the (2, 2)
quadrupole and calculating the SNR associated with
the resulting waveform.

A binary with spin angular momenta S1 and S2

undergoes spin-induced orbital precession when the to-
tal spin S = S1 + S2 of the binary is misaligned with
the Newtonian orbital angular momentum L. In most
cases, precession of the orbital plane leads to L pre-
cessing around the approximately constant J = L+S,
leading to characteristic modulations in the emitted
GW signal [16, 54].

Previous studies have identified evidence for spin-
induced orbital precession by either a) calculating
Bayes factors [e.g. 28, 29, 42, 55], b) statistically com-
paring posterior distributions for parameters charac-
terizing precession to their prior distributions [e.g.
9, 50] or c) directly calculating the precession SNR,
described as the contribution to the total SNR of the
system that can be attributed to precession [18, 28–
30, 37, 48, 50]. In this paper, we identify if spin-induced
orbital precession has been observed from a GW sig-
nal by calculating the precession SNR. The precession
SNR ρp is calculated by decomposing the (2,2) multi-
pole into non-precessing harmonics, whose frequencies
differ by multiples of the precession frequency, and iso-
lating the SNR contained in the second most significant
harmonic (see [48] for details). If ρp is small, the am-

plitude of the second harmonic is insignificant the ob-
served waveform carries little imprint of orbital preces-
sion. In this case, we would observe a GW signal which
looks like the dominant non-precessing harmonic. The
precession SNR has been shown previously to accu-
rately identify whether spin-induced orbital precession
has been observed in simulated GW signals [30, 37].

The formalisms for ρ`m and ρp were initially de-
veloped for waveform models containing higher order
multipoles [22] or precession [18, 48] respectively, but
not both. In this paper, we apply them to posterior
samples obtained with a gravitational waveform model
containing both higher multipoles and precession. We
heuristically justify this by noting that, in most cases,
both precession and higher multipoles are small cor-
rections to the leading order gravitational waveform.
It is therefore reasonable to expect that the preces-
sion correction to the higher multipoles will be an even
smaller effect which can be safely ignored. We leave a
detailed derivation of this for future work [48]. Briefly,
a GW signal containing only the (`,m) = (2, 2) mul-
tipole can be written as a sum of 5 non-precessing
harmonics, h22 = A22,0h

22,0 + A22,1h
22,1 + . . ., where

A22,n is the (complex) amplitude of the nth harmonic
h22,n which depends upon the orientation of the sig-
nal. The amplitude of each harmonic scales with bn

where b = tanβ/2 and β is the opening angle (the po-
lar angle between L and J). The characteristic ampli-
tude and phase modulations associated with precession
are caused by the beating of these 5 non-precessing
harmonics. Since for the majority of cases b � 1, a
GW signal containing only the ` = 2 multipoles can
approximately be written as a sum of the two lead-
ing harmonics, h22 ≈ A22,0h

22,0 + A22,1h
22,1. When

the GW signal includes other multipoles, they can be
decomposed similarly. For example, we can express
h33 ≈ A33,0h

33,0 +A33,1h
33,1 where A33,n is the ampli-

tude of the nth harmonic h33,n. As before, the ampli-
tude of the precession harmonics scale as bn. Further-
more, the overall amplitude of the (3,3) multipole is
typically much lower than the (2,2) multipole. There-
fore, to a good approximation, we can write the wave-
form as h ≈ A22,0h

22,0 +A22,1h
22,1 +A33,0h

33,0. The
(`,m) = (4, 4) precession multipoles can be added in
a similar fashion, although their amplitude is gener-
ally smaller than the (3,3) and can often be neglected.
When computing ρp throughout this paper, we only
consider the precession power in the leading (2, 2) mul-
tipole. Similarly, when calculating the power in higher
multipoles, we consider only the contribution from,
e.g., h33,0 and neglect the precession corrections.
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b. Calculating the expected distribution of ρp
and ρ`m in the absence of a signal

In order to assess the significance of precession and
higher order multipoles, we compare the inferred ρp

and ρlm distributions to the expected distribution from
noise. Since the statistical properties of ρp and ρlm are
similar, the expected noise distribution has the same
functional form for both measurements. Below we sum-
marize the derivation of the common noise distribution
(parameterized by ρ which denotes either ρp or ρlm)
and we refer the reader to Refs. [22, 30] for further
details.

We consider a gravitational waveform comprising

a dominant contribution h0, the leading precession
harmonic of the (2,2) multipole, and a single, addi-
tional, subdominant contribution h1 arising either from
a higher multipole or from precession. The gravita-
tional waveform can be written as

h = A0(λ)h0(λ) +A1(λ)h1(λ) (1)

where Ai(λ) are overall amplitudes which depend upon
the orientation of the binary, and λ denotes the param-
eters of the system [22, 48]. The GW likelihood may
then be factorized into two components: one describing
the contribution from the dominant harmonic, Λ0(λ),
and another describing the contribution from the sub-
dominant harmonic, Λ1(λ).

p(d|λ) ∝ exp

(
−1

2
〈d− [A0(λ)h0(λ) +A1(λ)h1(λ)] |d− [A0(λ)h0(λ) +A1(λ)h1(λ)]〉

)
(2)

∝ exp

(
A0(λ)〈d|h0(λ)〉 − |A0(λ)|2

2
〈h0(λ)|h0(λ)〉

)
× exp

(
A1(λ)〈d|h1(λ)〉 − |A1(λ)|2

2
〈h1(λ)|h1(λ)〉

)
=: Λ0(λ)× Λ1(λ)

where d is the GW strain data. In the second line, we
have absorbed the (constant) 〈d|d〉 term into the pro-
portionality, and we have assumed that the dominant
and subdominant harmonics are orthogonal 〈h0|h1〉 =
0.3

The phase evolution of the gravitational waveform,
encoded in h0,1(λ), is determined by the masses and
aligned spin components of the binary. Since the dom-
inant harmonic has the largest SNR, its measurement
will primarily be used to determine the evolution of
the waveform. An observation of the sub-dominant
harmonic will provide a small improvement to the evo-
lution of the waveform. However, for simplicity, we
neglect it in the following discussion. In this case, the
subdominant harmonic h1 is known and only the over-
all amplitude and phase, encoded in A1 remain to be
determined. Furthermore, the value of A1 will typi-
cally be unconstrained by the observation of A0 — in
the case of precession, both the amplitude and phase
of A1 are free as they depend upon the in-plane spins,

3 The calculation can be fairly simply generalized to the case
where the harmonics are not orthogonal by simply replacing
h1 by h⊥1 , the component of h1 orthogonal to h0 [22]. For ease
of presentation, all calculations are in terms of h1 but when
we calculate ρ`,m and ρp in this work, we use h⊥1 .

while for higher multipoles the amplitude and phase
of A1 will depend upon the orientation and mass ratio
of the binary which are generally not precisely mea-
sured. Therefore, in the simplest approximation, we
can simply maximize the likelihood Λ1(λ) over A1,

Λ1(λ)max = exp

(
[ρMF

1 ]2

2

)
(3)

where the matched filter SNR, ρMF
1 is defined as

[ρMF
1 ]2 =

[
(s|h1)2 + (s|ih1)2

]
|h1|2

. (4)

[ρMF
1 ]2 will be chi-squared distributed with two degrees

of freedom in the absence of signal, and non-centrally
chi-squared distributed in the presence of a signal. Us-
ing the maximum likelihood, a threshold of ρ1 ≥ 2.1
is a requirement for observation, at 90% confidence, of
precession or higher multipoles (see Refs. [22, 48] for
details).

Alternatively, we can marginalize the likelihood,
Λ1(λ), over the unknown phase to obtain a likelihood
as a function of ρ1 as

Λ1(ρ1) ∝ I0(ρMF
1 ρ1) exp

(
− [ρMF

1 ]2 + ρ2
1

2

)
. (5)
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Here, I0 is the Bessel function of the first kind. The
expected posterior distribution for ρ1 is, therefore,

p(ρ1|d) ∝ p(ρ1) Λ1(ρ1) , (6)

where p(ρ1) is the prior distribution for ρ1. For the case
of uniform priors on the complex amplitude A1, p(ρ1|d)
takes the form of a non-central χ distribution with 2
degrees of freedom with non-centrality parameter equal
to ρMF

1 .
As shown in Refs. [22, 30], we can obtain a better

prediction for the posterior distribution p(ρ1|d), by us-
ing the measurement of the dominant harmonic, h0, to
place a more informative prior on the strength of the
sub-dominant harmonic. For instance, an observation
of a close to equal mass or face-on binary reduces the
expectation of observing higher harmonics or preces-
sion. Here, we construct an informed prior for p(ρ1)
using results, where available, from a parameter esti-
mation analysis that includes only the dominant mul-
tipole. This informed prior is what results from calcu-
lating p(ρ1|d) in Eq. (6) while taking Λ1(ρ1) = 1.4

c. Assessing the significance of precession and
higher multipoles

We follow the method introduced in Refs. [22, 30]
and calculate ρ`m and ρp from the inferred properties
of each compact binary merger in O3a. To do this
we use posterior samples from the GWTC-2.1 data
release [57]. For GW candidates not included in the
GWTC-2.1 data release, samples from the GWTC-2
data release [58] are used. Further details about the
specific posterior samples used are in Appendix A. We
use the parameters of each sample to generate the lead-
ing order precession and higher multipole contributions
to the waveform and calculate ρ`m and ρp for the net-
work at the time of the event. This calculation uses
the conversion module publicly available in PESum-
mary [59].5

4 For precession there are additional parameters that must be
marginalized over which are not inferred with dominant mul-
tipole models: the precession spin χp [56] and the precession
phase. However, the inference of aligned spin and mass ratio
does provide additional constraints on these parameters, and
so rather than assuming the default prior on these parameters,
we condition on the measured aligned spin and mass ratio.

5 When computing ρ`m we generate a non-precessing waveform
(i.e. set the in-plane spin components to zero) and calculate
the higher multipole SNR for that waveform. This is not ex-
actly identical to the prescription above but, provided that the

To assess the significance of precession and higher
multipoles in gravitational-wave signals, we calculate
the probability that the observed ρ`m and ρp are caused
by noise. In other words, we calculate the probability
that the inferred ρ`m or ρp can be reproduced under
the assumption that the true gravitational-wave signal
contains only the dominant contribution h0 and noise
is solely responsible for reproducing h1.

We do not calculate ρMF
1 directly from the data, but

rather infer it from the parameter estimation results.
In particular, we determine the value of ρMF

1 which
gives an expected posterior distribution p(ρ1|d) from
Eqs. (5) and (6) that matches the ρ`m or ρp distribu-
tion inferred from the parameter estimation samples.
We then calculate the probability of drawing ρMF

1 or
larger from the expected noise distribution in the ab-
sence of higher multipoles and precession, i.e. from a
chi distribution with 2 degrees of freedom. In practice,
we obtain the value of ρMF

1 by minimising the Jensen-
Shannon divergence (JSD) [60] between p(ρ1|d) and the
inferred posterior.

III. Results

From the publicly released posterior samples, we are
able to quantify the evidence of subdominant multipole
moments and precession in the observed GW signal.
Our analysis finds that several candidates in GWTC-
2.1 show strong evidence for the presence of subdomi-
nant multipole moments and others show marginal ev-
idence for precession. A summary of the main results
is given in Table I.

We report the observed SNR in the (3, 3) multipole
and precession for all events in GWTC-2.1. Where
possible, we also provide the probability that the in-
ferred SNR in the (3,3) multipole and from precession
is caused by noise, P33 and Pp respectively. Although
we calculate the SNR in the (2,1), (3,3) and (4,4) sub-
dominant multipoles, we only report the evidence for
the (3,3). This is because our analysis finds that the
(3,3) multipole is the most significant sub-dominant
multipole for every event except one in O3a. This
is expected since, across the majority of the param-
eter space, the expected SNR in the (3,3) multipole is

b � 1, any differences will be small. In particular, precession
adds a secular drift in the phase evolution of the waveform.
However, as we only use the waveform to calculate the ex-
pected SNR in the higher multipoles (i.e. we do not matched
filter against the data), this small phase difference will not
impact the value of ρ33.
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FIG. 1. Plot showing the Left : ρ33 and Right : ρp distributions for all observations in the second GW catalogue (grey).
In red we show the ρ33 and ρp distribution averaged across events. In black we show the average of the median expected
noise distribution for Left: higher multipoles and Right: precession. Events which are discussed in the text are colored.

largest. It is only binaries with a) large total mass –
where the in-band power in the (4,4) is larger – and
b) close to equal mass components – where the (3,3)
multipole vanishes [22] — that the expected SNR in
the (4,4) multipole is larger. GW190910 112807 is the
sole exception, having inferred ρ33 = 0.6+1.3

−0.6 and ρ44 =

1.0+0.5
−1.0, both of which are consistent with noise with

p-values > 10%. As expected, GW190910 112807’s
source has close to equal mass components, q =
m1/m2 = 1.22+0.48

−0.20, and has relatively large total mass

M = m1 + m2 = 79.6+9.3
−9.1M�. It also has significant

support for an edge-on orientation, where the relative
amplitude of the (4,4) multipole is largest.

Several events in GWTC-2.1 have an SNR in the
(3,3) multipole which is clearly above the expectation
for noise alone. Indeed, the observed distribution for
the population, shown in Figure 1, shows a clear high-
SNR tail that indicates an observation of the (3,3) mul-
tipole. Higher multipoles have previously been iden-
tified in both GW190412 and GW190814, with their
observability and their impact on parameter estimates
discussed at length in previous works [28, 29, 42–
44]. Unsurprisingly, we see that among all events
in O3a, GW190412 and GW190814 have the largest
SNRs in the (3, 3) multipole, with ρ33 = 3.5+0.8

−1.2 and

ρ33 = 6.2+1.3
−1.5 respectively. For both events, the ob-

served ρ33 is unlikely to be caused by noise since there
is an approximately 1 in 400 and 1 in 6 × 107 chance
that the observed distribution is caused by noise.

The events GW190519 153544 and
GW190929 012149 show marginal evidence for
an observable signal in the (3, 3) multipole. The
observed SNRS are ρ33 = 2.3+1.5

−1.8 and ρ33 = 2.0+1.6
−1.5

respectively with associated p-values of P33 = 1.6%
and P33 = 4.2% respectively. While a 1.6% p-value
would be significant in a single trial, this is consistent
with expectations when considering over thirty events
from O3a.

The evidence for precession is weaker than for
higher multipoles. As shown in Figure 1, there are
only two events which show any significant deviation
from the average expected noise distribution.

GW190412 shows the strongest evidence for pre-
cession with ρp = 3.0+1.6

−1.5 and p-value 1.3%. Al-
though significant in a single trial, this is consistent
with expectations in a population of thirty events.
While GW190814 has the second-largest precession
SNR, ρp = 1.8+1.6

−1.2, the observed distribution is consis-
tent with zero precession: Pp = 21%. We also find that
GW190915 235702 shows marginal evidence for mea-
surable precession with ρp = 1.5+2.4

−1.2 and Pp = 3.7%.
For the other events in GWTC-2.1, there is no evi-

dence for precession since the inferred ρp is consistent
with noise: Pp > 10%.6 The lack of observable pre-

6 We note that two events, GW190602 175927 and
GW190924 175927, have precession p-values Pp = 100%. The
reason that these events have such high p-values is because
the inferred ρp is significantly lower than expected. This
arises because ρp is calculated from an analysis incorporating
both precession and higher harmonics, while the prior is
generated from an analysis lacking both precession and higher
harmonics. In both cases, the inclusion of higher harmonics
significantly improves the estimate of the mass ratio and
means that the prior distribution (of both mass ratio and
ρp) is slightly different than the results of the precessing,
higher-harmonic analysis.



7

Event ρ33 P33(%) ρp Pp(%)

GW190403 051519 1.4+1.3
−1.1 - 0.3+0.9

−0.2 -
GW190408 181802 0.5+1.1

−0.5 64.0 1.0+1.8
−0.9 21.0

GW190412 3.5+0.8
−1.2 0.24 3.0+1.6

−1.5 1.3
GW190413 134308 0.7+1.2

−0.6 62.0 0.7+1.5
−0.6 15.0

GW190413 052954 0.5+1.1
−0.5 11.0 0.6+1.4

−0.5 40.0
GW190421 213856 0.4+0.9

−0.4 95.0 0.7+1.4
−0.6 24.0

GW190426 190642 0.8+1.6
−0.7 - 0.2+0.5

−0.2 -
GW190503 185404 0.8+1.3

−0.7 21.0 0.8+1.8
−0.7 28.0

GW190512 180714 1.1+1.1
−0.9 19.0 0.8+1.6

−0.7 59.0
GW190513 205428 1.1+1.4

−1.0 24.0 0.8+1.6
−0.6 71.0

GW190514 065416 0.4+1.0
−0.4 39.0 0.5+1.2

−0.4 28.0
GW190517 055101 0.7+1.3

−0.7 39.0 1.0+2.0
−0.8 31.0

GW190519 153544 2.3+1.5
−1.8 1.6 1.0+1.9

−0.7 13.0
GW190521 1.2+2.4

−1.1 - 0.7+1.4
−0.6 -

GW190521 074359 1.0+1.5
−0.9 27.0 1.6+2.5

−1.2 11.0
GW190527 092055 0.6+1.1

−0.5 75.0 0.7+1.7
−0.6 37.0

GW190602 175927 0.8+1.4
−0.8 59.0 0.5+1.0

−0.4 100.0
GW190620 030421 1.1+1.5

−1.0 28.0 0.8+1.7
−0.6 45.0

GW190630 185205 1.0+1.2
−0.9 25.0 1.0+1.8

−0.8 35.0
GW190701 203306 0.5+1.0

−0.4 83.0 0.5+1.0
−0.4 81.0

GW190706 222641 1.5+1.5
−1.3 11.0 0.5+1.1

−0.4 51.0
GW190707 093326 0.4+0.8

−0.3 48.0 0.7+1.5
−0.6 81.0

GW190708 232457 0.4+0.9
−0.3 77.0 0.7+1.5

−0.6 58.0
GW190719 215514 0.7+1.2

−0.6 69.0 0.6+1.5
−0.5 52.0

GW190720 000836 0.5+0.9
−0.4 46.0 0.6+1.2

−0.5 49.0
GW190725 174728 0.5+1.0

−0.5 - 1.0+1.9
−0.8 -

GW190727 060333 0.5+1.2
−0.4 76.0 0.7+1.6

−0.6 36.0
GW190728 064510 0.5+1.2

−0.4 34.0 0.7+1.3
−0.6 40.0

GW190731 140936 0.5+1.1
−0.4 49.0 0.5+1.3

−0.4 64.0
GW190803 022701 0.4+0.9

−0.4 77.0 0.6+1.4
−0.5 43.0

GW190805 211137 0.6+1.1
−0.5 - 0.5+1.2

−0.4 -
GW190814 6.2+1.3

−1.5 1.7× 10−6 1.8+1.6
−1.2 21.0

GW190828 063405 0.5+1.0
−0.4 51.0 0.9+1.6

−0.8 39.0
GW190828 065509 1.2+1.0

−1.0 8.5 1.0+1.9
−0.8 24.0

GW190910 112807 0.6+1.3
−0.6 15.0 0.8+1.6

−0.7 26.0
GW190915 235702 0.5+1.0

−0.5 51.0 1.5+2.4
−1.2 3.7

GW190916 200658 0.8+1.3
−0.7 - 0.5+1.2

−0.4 -
GW190924 021846 0.5+1.0

−0.5 18.0 0.5+1.1
−0.5 100.0

GW190925 232845 0.3+0.8
−0.3 - 0.7+1.3

−0.6 -
GW190926 050336 0.8+1.4

−0.7 - 0.7+1.7
−0.6 -

GW190929 012149 2.0+1.6
−1.5 4.2 0.9+2.0

−0.7 13.0
GW190930 133541 0.4+1.0

−0.3 35.0 0.6+1.2
−0.5 44.0

TABLE I. Table showing the SNR in the (`,m) = (3, 3)
multipole moment ρ33 and the SNR from precession ρp for
all BBH candidates observed in GWTC-2.1 [40]. For each
event we show two p-values; P33 and Pp show the proba-
bility that the inferred posterior is caused by noise. Events
with a smaller p-value show greater evidence for higher or-
der multipoles and/or precession. For events where the p-
value and ρ33/ρp could not be calculated we add a hyphen.
Where applicable we report the median values along with
the 90% symmetric credible intervals.

cession does not necessarily mean that most events in
GWTC-2.1 have aligned-spins but rather that if the
binaries were precessing, the imprint of precession on
the observed signal is not strong enough to be observed
with the current detector sensitivities.

Since GW190412, GW190814, GW190915 235702,
GW190519 153544 and GW190929 01214 all show at
least some evidence for the (3, 3) multipole or pre-
cession, we discuss these events in more detail in Sec-
tion III b. We also discuss GW190521 since is has the
largest inferred in-plane spin of all events in GWTC-
2.1.

a. The population as a whole

First, we discuss the evidence for the (3, 3) multi-
pole and precession in the population of observed GW
candidates. In Figure 2 we plot the cumulative dis-
tribution of p-values for the (3, 3) multipole and for
precession. If there was no-evidence for the (3, 3) mul-
tipole and/or precession in the population, we expect
to observe a uniform distribution of p-values.

Our analysis finds strong evidence for the presence
of the (3, 3) multipole in the population of GW can-
didates since the cumulative distribution of p-values
lies outside of the 90% confidence interval of the no-
signal hypothesis. We find that, as expected, both
GW190412 and GW190814 are influential in this ob-
servation. When these two events are removed from
the population, the cumulative distribution of p-values
lies within the 90% confidence interval.

For the case of precession, we find no significant
evidence for precession in the population of GW can-
didates and, overall, the population distribution for ρp
is consistent with that expected from a non-precessing
population. We note that the existence of misaligned
spins has been inferred for this population, see e.g.
Ref. [46]. However, these results are not necessarily
incompatible as the requirement for misaligned spins
can be driven by binaries with negative aligned spin,
rather than in-plane spins.

For both the (3,3) multipole and precession anal-
yses, we observe an excess of low significance events
which have lower p-values than expected, see the
upper-right of Figure 2. Indeed, at around a p-value of
0.5, the excess lies outside the 90% region for both ρ33

and ρp. Although apparent in both analyses, the excess
is more significant for the precession analysis. We have
not definitively identified the cause of this excess, but
note several possible explanations. First, as discussed
in Appendix A, for the majority of events the informed
prior for the precession analysis is obtained using a
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FIG. 2. The cumulative distribution of p-values for the
evidence of subdominant multipole moments (solid blue)
and precession (orange) for the gravitational-wave candi-
dates observed in GWTC-2.1. The solid black line indicates
the expected distribution of p-values under a no-evidence
hypothesis with the corresponding 90% uncertainty band
shown by the dotted black lines. The blue dashed line
shows the cumulative distribution of p-values for the evi-
dence of subdominant multipole moments when GW190412
and GW190814 are excluded from the population. The p-
values for the evidence of subdominant multipole moments
for GW190412, GW190519 153544 and GW190814 are la-
belled.

waveform model that lacks both precession and higher
multipoles. Ideally, we would use results an analysis
which differed only in its treatment of precession, but
none is available in the public data. This could lead
to an incorrect estimate of the informed prior and con-
sequently the p-value. Second, as discussed in Section
II b, when deriving the form of the expected posterior
in Eq. 6, we assume that the masses and aligned spins
are measured exactly from the (2,2) waveform. In re-
ality, this is not the case and could lead to small differ-
ences in the inferred p-values. Finally, the result could
be genuine, in that this is a genuine statistical fluctua-
tion – it is not unreasonable to observe an excess out-
side of the 90% confidence interval. In fact, the generic

expectation is that both the (3,3) and precessing har-
monics will usually be present in the data but buried
in the noise. The combination of a sub-threshold sig-
nal and noise is more likely to lead to excesses such as
the one we observe here. It is worth noting, however,
that this excess at high p-values does not impact our
overall conclusions or the robustness of results at low
p-values.

b. Individual GW candidates

Here, we discuss in more detail all GW candidates
for which the p-value for higher multipoles or preces-
sion (or both) is less than 5%.

1. GW190814

GW190814 is the most unequal mass ratio binary
observed in O3a. The component masses were inferred
to be 23.2+1.1

−1.0M� and 2.59+0.08
−0.09M� which makes the

secondary component mass either the heaviest neutron
star or lightest black hole ever recorded. Previously,
GW190814 was found to have significant evidence for
subdominant multipole moments owing to the unequal
component masses [29].

Unsurprisingly, we infer that GW190814 has the
most significant measurement of ρ33 in O3a. We
find that the inferred ρ33 measurement is inconsistent
with noise since the associated p-value is significantly
smaller than 1% and is the smallest for any event in
O3a, P33 = 1.7× 10−6%.

Although GW190814 has the second largest ρp,
there is minimal for precession in the observed GW
signal. The inferred ρp measurement can be repro-
duced from noise in 21% of cases, as shown in Fig-
ure 3. GW190814 is an example where a large inferred
ρp does not correlate with observable precession. Since
this binary has highly unequal masses, a small in-plane
spin would lead to observable precession. Therefore,
our prior belief is that large values of ρp are quite
possible — this differs from an equal mass binary for
which it is very unlikely to obtain a large ρp. Con-
sequently, GW190814’s inferred ρp distribution is well
contained within the 1σ noise uncertainty, see Figure 3.
GW190814 therefore demonstrates the efficacy of our
algorithm for inferring the presence of precession.

The lack of observable precession in GW190814 im-
plies that it’s source is either non-precessing or we
are unable to observe the precession at current detec-
tor sensitivities. This is a similar conclusion to that
stated in Ref. [37] which highlighted that a precessing
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FIG. 3. ρp distributions for Left : GW190412 and Right : GW190814. The blue line shows the expected distribution of
ρp in a stretch of noisy data under the assumption that the source is non-precessing, ρNp . The blue shaded region shows

the 1σ uncertainty of ρNp and the black dashed line shows the expected ρNp distribution in Left : 1.3% and Right : 21.2% of

cases. The black dashed line was calculated by finding the value of ρMF
1 which minimized the Jensen-Shannon divergence

between the ρNp and the inferred ρp posterior. The dashed red line in the Left panel show the inferred ρp distributions
calculated using the samples from Colleoni et al. [42].

Analysis ρ33 P33(%) ρp Pp(%)

LVK 3.5+0.8
−1.2 0.24 3.0+1.6

−1.5 1.3
Colleoni et al. 3.5+1.1

−1.2 0.030 2.5+1.8
−1.4 5.1

Nitz et al. 3.4+1.3
−1.3 - 2.3+1.8

−1.3 -
Zevin et al. 3.5+0.9

−1.2 - 2.9+1.7
−1.6 -

TABLE II. Table as in Table I but showing only the in-
ferred posteriors and p-values for GW190412. We compare
analyses from the LVK [28, 58], Colleoni et al. [42, 61], Nitz
et al. [39] and Zevin et al. [62, 63]. We calculate ρ33 and ρp
for Zevin et al. by using posterior samples obtained from
the “Model A” analysis since the priors are the same as
those used in Ref. [28]. We equally combined the poste-
rior samples obtained with the SEOBNRv4PHM [64] and
IMRPhenomPv3HM [65] waveform models as was done in
Ref. [28].

GW190814-like system with in-plane spin 0 < χp < 0.1
is indistinguishable from a non-precessing system based
on the difference in Bayesian evidence.

2. GW190412

GW190412 was the first detection of a BBH with
conclusively unequal component masses: 30.1+4.6

−5.3M�
and 8.3+1.6

−0.9M� and the first observation where sub-
dominant multipole moments were clearly observed.
GW190412 was also the first observation where an in-
formative precession measurement was inferred, with
the posterior deviating significantly from the prior [28].

Several groups later re-analysed GW190412 and found
similar results [39, 42, 43, 62].

We infer that GW190412 has the second most sig-
nificant measurement of ρ33 in O3a, and that the in-
ferred ρ33 measurement is inconsistent with noise with
P33 = 0.2%. This suggests that higher multipoles
are present in the system, a result consistent with
parameter estimation studies from Refs. [28, 42, 43].
In Table II, we present results for the significance of
the (3, 3) multipole from several different analyses of
GW19041, and consistently show that it is found with
a significant SNR.7.

We find that the evidence for precession in
GW190412 is dependent on which Bayesian analysis
is considered. We calculate that GW190412 shows
marginal evidence for precession when using data from
the initial analysis conducted by the LVK [28]. We find
that the inferred precession SNR can be reproduced
from noise in only 1 in every 100 cases, see Figure 3.
However, when using data produced from a re-analysis
of GW190412 using the latest suite of Phenomeno-
logical waveform models (PhenomX [67–71]) [42, 61],
hereafter Colleoni et al., GW190412 shows low evi-
dence for precession since the inferred ρp is smaller
than that reported by the LVK and can be reproduced
from noise in 1 in every 20 cases. The smaller ρp is a
consequence of inferring a lower in-plane spin, as shown
in Figure 4.

7 Islam et al. [43] also re-analysed GW190412 using the NR-
Sur7dq4 waveform model [66] but their samples are not pub-
licly available and therefore not included in this work.



10

0.4 0.8

2.5

5.0

2.5 5.0

LVK
Colleoni et al.
Nitz et al.
Zevin et al.

FIG. 4. Corner plot comparing the inferred χp and ρp for
GW190412 from the LVK [28, 58], Colleoni et al. [42, 61],
Nitz et al. [39] and Zevin et al. [62, 63]. Shading shows the
1σ, 3σ and 5σ confidence intervals.

Nitz et al. [39] and Zevin et al. [62] also performed
independent analyses of GW190412, and the results
for ρp are included in Table II and Figure 4. How-
ever, since they did not release results for aligned-spin
waveform models, we are unable to calculate p-values
for the evidence of precession in the observed GW sig-
nal. Nonetheless, the inferred ρp and χp distributions
from Nitz et al. and Zevin et al. are comparable to
the measurements reported in Colleoni et al. and the
LVK respectively.

Colleoni et al. and Nitz et al. both used the IMR-
PhenomXPHM waveform model [69] for the Bayesian
inference while the LVK and Zevin et al. used a combi-
nation of the IMRPhenomPv3HM [65] and SEOB-
NRv4PHM [64] waveform models. This suggests that
the differences we see between interpretations could ei-
ther be a consequence of waveform systematics, dif-
ficulties in sampling the complex parameter space or
sampler differences.

3. GW190519 153544 and GW190929 012149

GW190519 153544 originated from a binary with
relatively high total mass, 50% posterior probability
for M > 100M�, and with spins preferentially aligned

with the orbital angular momentum, χeff = 0.31+0.20
−0.22.

GW190519 153544 shows marginal evidence for higher
order multipoles since there is a 2% probability of re-
covering the inferred ρ33 from noise, see Figure 5. The
inferred properties of the signal change significantly
when higher harmonics are considered (as shown in
Figure 13 of Ref. [50]). Specifically, the mass ratio is
constrained more tightly and the binary is inferred to
be edge-on, rather than face-on. Both of these effects
are consistent with the presence of higher harmonics
in the signal. However, as shown in Figure 2, when
GW190412 and GW190814 are removed the popula-
tion, the observed ρ33 is consistent with the population
expectations from a no-signal hypothesis.

GW190929 012149 also shows marginal evidence for
higher-order multipoles, with ρ33 = 2.0+1.6

−1.5 which is
expected from noise only in 4% of cases. Inclusion
of higher harmonics in parameter recovery does lead
to improved inference of the mass ratio, but has lit-
tle impact on the measured orientation. Again, while
a 4% chance might be significant for a single event,
this observation is consistent with being an outlier in
a population of thirty events.

Neither GW190519 153544 or GW190929 012149
show strong evidence for precession, as the inferred ρp

is consistent with noise (Pp ∼ 13% for both events).

4. GW190915 235702

In our analysis, GW190915 235702 has the second-
largest evidence of precession in O3a with Pp =
4%. GW190915 235702 originated from a BBH
with component masses 35.3+9.5

−6.4M� and 24.4+5.6
−6.1M�.

The LVK analysis shows signs of precession in
GW190915 235702, with χp ≈ 0.6+0.3

−0.4 measured to
be larger than prior expectations, see Figure 11 of
Ref. [38]. In addition, when incorporating precession,
the binary’s inclination is constrained to be away from
face-on.

GW190915 235702 has no evidence for subdomi-
nant multipole moments with P33 = 50%. The lack of
evidence for subdominant multipole moments is con-
sistent with the findings from the LVK analysis which
found that the effect of higher modes is either negligible
or subdominant to the systematics between precessing
non-higher order multipole waveforms [38].

c. An investigation of GW190521

GW190521 is the most massive binary contained in
GWTC-2.1. An initial analysis conducted by the LVK
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FIG. 5. ρ33 for Left : GW190519 153544 and Right : GW190929 012149. The blue line shows the expected distribution of
ρ33 in a stretch of noisy data, ρN33. The blue shaded region shows the 1σ uncertainty of ρN33, the grey dotted line shows
the expected ρN33 distribution in 10% of cases and the black dashed line shows the expected ρN33 distribution in Left : 1.5%
and Right : 10% of cases. The black dashed line was calculated by finding the ρMF

1 which minimized the Jensen-Shannon
divergence between the ρN33 and the inferred ρ33 posterior.

argued that GW190521 provided the first evidence of
a new population of black holes that resist straight-
forward interpretation as supernova remnants, with at
least one black hole lying firmly in the pulsational pair-
instability mass gap (∼ 65 − 120M�) [55, 72]. It was
found that GW190521 was consistent with component
masses 85+21

−14M� and 66+17
−18M�. Nitz et al. [73] later

challenged this view, showing that it is possible to ob-
tain parameter estimates consistent with component
masses that instead straddle this gap. Using a uni-
form in mass-ratio prior, GW190521’s mass posterior
was multi-model with additional modes at larger mass
ratio, q ∼ 6 and q ∼ 10, and less support for equal
mass ratio systems. Constraints on the mass ratio im-
posed by the initial analysis [38, 55, 72] ruled out any
possibility of sampling this high mass ratio region of
the parameter space. It was later discovered that the
waveform approximant used by Nitz et al. did not
accurately account for possibility of transitional pre-
cession [16, 39]. Nitz et al.’s alternative interpretation
of GW190521 was therefore later revised in Ref. [39]
with the high mass ratio q ∼ 10 peak no longer signif-
icantly supported, while the mode at q ∼ 6 remained.
GW190521 may therefore have originated from either
a near equal mass system, where the SNR in both the
(3, 3) multipole [22] and precession [30] are expected
to be small, or an unequal mass ratio system, where
it is likely that higher order multipole and precession
effects could be directly measured.

As might be expected, we obtain different results
for the power in the (3, 3) multipole from the LVK
and Nitz et al. samples. We infer that GW190521
has a measurable (3, 3) multipole if we use the poste-
rior samples obtained from Nitz et al. (ρ33 = 2.4+2.2

−2.0)

5 10
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2.5 5.0 7.5

Nitz et al.
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Nitz et al.
LVK
Nitz et al.
LVK

FIG. 6. Corner plot showing the inferred mass ratio and ρ33
for the reanalysis of GW190521 by Nitz et al. [39] compared
to the results from the LVK [38, 55, 58, 72]. Shading shows
the 1σ, 3σ and 5σ confidence intervals.

otherwise the inferred ρ33 is consistent with Gaussian
noise (ρ33 = 1.2+2.4

−1.1). Figure 6 shows that the inferred
ρ33 in the analyses is correlated with the mass ratio,
where more unequal masses are consistent with a larger
ρ33. Nitz et al. infer a non-equal mass ratio system,
q = 1.8+2.8

−0.6 [39], while the analysis from the LVK infers
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q = 1.3+1.2
−0.3 [38, 55, 72]. It is the extra likelihood from

the measurement of the (3,3) multipole that is key to
the Nitz et al. reinterpretation of GW190521 as an
unequal mass binary.

GW190521 has the largest inferred in-plane spins of
any event observed in GWTC-2.1 with χp = 0.68+0.26

−0.44

and χp = 0.5+0.31
−0.33 as reported by the LVK [38, 55, 72]

and Nitz et al. respectively. However, GW190521
shows no evidence for precession in our analysis, with
ρp = 0.7+1.4

−0.6 and ρp = 1.1+2.8
−0.9 respectively. While ini-

tially surprising, the lack of observable power in preces-
sion is a consequence of the high mass of the system.
The observed waveform contains only about four cy-
cles (two orbits) in the detectors’ sensitive frequency
band. As a result, GW190521 undergoes significantly
less than one precession cycle in band and the two lead-
ing precession harmonics are highly degenerate. Thus,
there is very little power orthogonal to the dominant
harmonic, leading to a small inferred value of ρp.

In order to explore the differences between the LVK
and Nitz et al. samples, we investigate whether the in-
ferred ρ33 is consistent with the observed GW strain
data [74, 75] by directly extracting the SNR in the (3,
3) multipole through matched filtering [76–78]. Since
the relative power in the (2, 2) and (3, 3) multipoles
depends strongly on both the mass-ratio and inclina-
tion of the system [see e.g. 22], we can then use the
extracted SNR in the (3, 3) multipole to identify the
region of parameter space consistent with the observed
GW strain data and compare to the two distinct pa-
rameter estimation results. Matched filtering is a stan-
dard procedure when searching for GW from binary
mergers [see e.g. 79–91], however in most cases only
the SNR in the dominant (2, 2) multipole is typically
calculated [see e.g. 9, 11, 38, 39, 92].

In Section II a, we argued that the impact of both
precession and higher harmonics will be sub-leading
and therefore we can filter for each independently. To
do so, we first identify the point in the aligned-spin
parameter space which gives the largest network SNR.
Then, using these parameters, we calculate the wave-
form for the higher multipoles, (3,3), (4,4) and (2,1), as
well as the leading order precession correction. Since
the other harmonics are not orthogonal to the (2,2),
we first project the waveform onto the space orthog-
onal to the (2,2) before filtering. This is particularly
significant for (2,1) harmonic, which has a 0.7 overlap
with the (2,2). The two leading precession harmon-
ics are so close to degenerate (with > 95% overlap
between them) that we cannot reliably evaluate the
precession SNR. We then filter the orthogonal parts
of each harmonic against the data from each detector
and calculate the complex SNR in the harmonic at the

FIG. 7. Region of the inclination ι and mass ratio q param-
eter space consistent with a matched filter SNR in the (3,
3) multipole ρMF

33 = 2.3 (dashed black line) and a 1σ uncer-
tainty band (shaded grey region). Red and green contours
show the 50% and 90% credible intervals consistent with
the LVK analysis [38, 55, 58, 72] and the Nitz et al. analy-
sis [39] of GW190521 respectively.

coalescence time. To calculate the network SNR in
each harmonic we project to the space where the rel-
ative amplitudes in each detector are consistent with
the leading (2,2) harmonic. Although this does not
take into account each detector’s response function and
their different PSDs, our simplification only introduces
at most a 5% error in the inferred higher multipole
SNR.

We obtain a matched filter SNR of ρ33 = 2.3 using
the above procedure. The relative SNR in the (2,2)
and (3,3) harmonics depends upon the orientation of
the signal — the SNR of the (3,3) scales with sin ι rel-
ative to the (2,2) — as well as the mass ratio – with
the relative SNR of the (3,3) larger for more unequal
masses. Consequently, we can identify a region of pa-
rameter space consistent with these SNRs. The result
is shown in Figure 7. The band is broadly consistent
with the Nitz et al. results at small mass ratios, while
the LVK results prefer lower mass ratios — as might
be expected due to the smaller inferred value of ρ33.
We note that our analysis is only using the relative
SNRs in the two modes, so cannot be expected to fully
reproduce the system parameters. Higher mass ratios
will be excluded by the fact that the (2,2) waveform is
not a good match with the data.

We find limited power in the (4,4) harmonic, with
ρ44 = 1.2, which is consistent with noise fluctuations.
However, there is significant power in the (2,1) har-
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monic, with ρ21 = 3.4. This is inconsistent with the
known amplitude of the (2,1) harmonic across the pa-
rameter space: there is no combination of mass ratio
and inclination that would give sufficient power in the
(2,1) harmonic to yield this SNR. The observed ρ21 is
also unlikely to be a noise fluctuation since we are un-
able to reproduce ρ21 > 3.4 when performing the above
procedure on the best matching template injected into
100 different realizations of Gaussian noise. This there-
fore suggests that the significant ρ21 may be a sign of
physics which isn’t included in the waveform model.
Several alternatives to precession have been suggested
for this system, including possible evidence for eccen-
tricity [93, 94] and head-on collisions [95].

The second, high mass ratio peak observed in Nitz
et al. is inconsistent with with the extracted matched
filter SNR in the (3, 3) multipole. The secondary peak
correspond to binaries with q ∼ 6, large, partially mis-
aligned spins viewed close to edge-on. For such a sys-
tem, all five of the precession harmonics are important
and, therefore, our aligned spin analysis with higher
harmonic and precession corrections is not valid in that
region of the parameter space.

Understanding if GW190521 has a measurable (3,
3) multipole is key for understanding the binary’s for-
mation mechanism. If GW190521 has a measurable
(3,3) multipole, it is unlikely to originate from an equal
mass system. The preferred formation mechanism has
been investigated previously with some authors sug-
gesting that GW190521 may be a result of a hierar-
chical merger [96] (although the initial LVK analysis
found no conclusive evidence that GW190521 resulted
from a hierarchical merger [55]). An unequal mass ratio
provides evidence that one component is the result of
a previous merger [96]. Possible evidence for eccentric-
ity, or a head-on collision, would bolster a hierarchical
interpretation [93, 94].

IV. Discussion

We calculated the inferred SNR in the sub-
dominant multipole moments, ρlm (for (`, |m|) ∈
{(2, 1), (3, 3), (4, 4)}, and from precession, ρp, for all
BBH candidates in GWTC-2.1 that were observed dur-
ing O3a. We determined which events show evidence
for subdominant multipole moments and precession by
comparing the inferred SNRs with predicted distribu-
tions expected from noise alone. We found that most
BBHs in O3a show minimal evidence for subdominant
multipole moments, but there are a two notable ex-
ceptions. GW190412 and GW190814 show significant
evidence for a (3,3) multipole, while GW190519 153544

and GW190929 012149 show marginal evidence for the
(3, 3) multipole. We also found that no BBH ob-
served in O3a shows significant evidence for higher or-
der multipole content beyond ` = 3. We found that
most BBHs in O3a show no evidence for precession.
However, we found that GW190412 may have origi-
nated from a precessing binary system, with the ob-
served result unlikely to be due to noise alone. How-
ever, when viewed as part of the population of events
from GWTC-2.1, the observation is consistent with ex-
pectations from noise fluctuations. GW190915 235702
shows marginal evidence for precession, which is again
not significant when viewed from a population perspec-
tive.

The interpretation of GW190521 is more complex,
and is dependent upon the parameter estimation re-
sults which are used. The LVK analysis shows no ev-
idence for higher harmonics or precession, while the
Nitz et al. analysis shows power in the (3,3) harmonic.
For this event, we were also able to directly calculate
the matched filter SNRs directly from the data and
show that we do obtain power in the (3,3) harmonic,
which lends strength to the argument that the binary
had unequal masses. However, we also find significant
SNR in the (2,1) harmonic, which is inconsistent with
physical expectations. One explanation for this might
be that GW190521 originated from an eccentric merger
[93, 94] in which case the waveform model we used
would not contain the relevant physics.

The method we have presented is straightforward,
and clearly identifies the evidence for subdominant
multipole moments and precession from the observed
GW signals. As demonstrated in our analysis of
GW190521, it is possible to calculate the SNR in
higher-multipoles and precession directly from the data
— rather than using the results of parameter estima-
tion analyses as we have done for the rest of the events
in the paper. This opens up the possibility of using the
observed SNR in higher multipoles and precession to
infer the properties of the observed binary, in advance
of a detailed parameter estimation analysis. A simi-
lar approach has been suggested proposed in Ref. [17],
where the authors demonstrated that re-weighting pos-
teriors inferred with a (2,2) only waveform model based
on the full likelihood gave results that closely match
those obtained from an analysis with waveform mod-
els including higher order multipoles. In principle, this
should enable the estimation of parameters, including
the effects of precession and higher multipoles, using
posteriors computed with a simpler waveform model
supplemented by the measured SNRs in higher multi-
poles and precession. In the future we wish to expand
this method and calculate the SNR in the second, sub-
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dominant GW polarization as the clear observation of
two polarizations is also important for breaking degen-
eracies between parameters [97].
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Plots were prepared with Matplotlib [98], Corner
(https://corner.readthedocs.io) [99] and PESummary
[59]. Functions within PyCBC [87] were used to per-
form the matched filtering described in Section III c
and LALSuite [100], NumPy [101] and Scipy [102]
were used during the analysis.

A. Posterior samples used

For all calculations we used posterior samples re-
weighed to a flat-in-comoving-volume prior to remain
consistent with the results in Refs [38, 40]. For the
majority of events we used the same posterior sam-
ples as those published in GWTC-2 and GWTC-
2.1 (the “PublicationSamples” and “PrecessingSpin-

IMRHM comoving” datasets respectively). In cases
where these datasets did not correspond to sam-
ples obtained with a precessing higher-order multi-
pole approximant we used the “C01:SEOBNRv4PHM”
dataset which includes posterior samples obtained with
the SEOBNRv4PHM [64] (precessing and higher-
order multipole) approximant for both analyses8.

Since we calculate the inferred ρ`m and ρp with sam-
ples obtained from a precessing higher order multipole
waveform model, we calculate the informed prior us-
ing samples obtained with a precessing non-higher or-
der multipole and aligned-spin higher order multipole
waveform model in order to ensure that the noise distri-
bution is not biased by the absence of precession and
higher order multipoles respectively. Although both
Ref. [38] and Ref. [40] performed parameter estima-
tion using multiple models, Ref. [40] only analysed each
candidate with precessing higher order multipole wave-
form models while Ref. [38] analysed each candidate
with aligned-spin and precessing waveform models, see
Table VIII of [38].

Due to the lack of samples, we are unable to cal-
culate an informed prior, and hence noise distribution,
for candidates specific to Ref. [40]. For candidates de-
scribed in Ref. [38] we were able to use samples ob-
tained with a precessing non-higher order multipole
waveform model (the “PrecessingSpinIMR” dataset)
to calculate the informed prior for ρ`m but, because
not every candidate was analysed with an aligned-spin
higher order multipole waveform model, we generally
used samples obtained with an aligned-spin non-higher
order multipole waveform model to calculate the in-
formed prior for ρp (the “AlignedSpinIMR” dataset).
We expect that using an aligned-spin non-higher order
multipole waveform model will not cause a significance
difference in the obtained noise distribution for the
absence of precession, since for the majority of cases
the power from higher order multipoles is expected to
be small and therefore parameter estimates compara-
ble. For GW190412 and GW190814, both of which
exhibit strong evidence for subdominant multipole mo-
ments [28, 29], we were able to use samples obtained
with an aligned-spin higher order multipole waveform
model (the “AlignedSpinIMRHM” dataset) to calcu-
late the expected noise distribution for the absence of
precession.

8 This included: GW190707 093326, GW190720 000836,
GW190728 064510, GW190915 235702, GW190924 021846,

GW190929 012149, GW190930 133541, see Table VIII of
Ref. [38]

https://www.gw-openscience.org
https://corner.readthedocs.io/en/latest
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Márton Tápai. 2-ogc: Open gravitational-wave cat-
alog of binary mergers from analysis of public ad-
vanced ligo and virgo data. The Astrophysical Jour-
nal, 891(2):123, 2020.

[12] Tejaswi Venumadhav, Barak Zackay, Javier Roulet,
Liang Dai, and Matias Zaldarriaga. New binary
black hole mergers in the second observing run of ad-
vanced ligo and advanced virgo. Physical Review D,
101(8):083030, 2020.

[13] Barak Zackay, Tejaswi Venumadhav, Liang Dai,
Javier Roulet, and Matias Zaldarriaga. Highly spin-

ning and aligned binary black hole merger in the ad-
vanced ligo first observing run. Physical Review D,
100(2):023007, 2019.

[14] Barak Zackay, Liang Dai, Tejaswi Venumadhav,
Javier Roulet, and Matias Zaldarriaga. Detecting
gravitational waves with disparate detector responses:
two new binary black hole mergers. arXiv preprint
arXiv:1910.09528, 2019.

[15] K. S. Thorne. Multipole Expansions of Gravitational
Radiation. Rev. Mod. Phys., 52:299–339, 1980.

[16] Theocharis A. Apostolatos, Curt Cutler, Gerald J.
Sussman, and Kip S. Thorne. Spin induced or-
bital precession and its modulation of the gravita-
tional wave forms from merging binaries. Phys. Rev.,
D49:6274–6297, 1994.

[17] Ethan Payne, Colm Talbot, and Eric Thrane.
Higher order gravitational-wave modes with likeli-
hood reweighting. Phys. Rev. D, 100(12):123017,
2019.

[18] Stephen Fairhurst, Rhys Green, Mark Hannam, and
Charlie Hoy. When will we observe binary black holes
precessing? arXiv preprint arXiv:1908.00555, 2019.

[19] Katerina Chatziioannou et al. On the properties
of the massive binary black hole merger GW170729.
Phys. Rev. D, 100(10):104015, 2019.

[20] Maite Mateu-Lucena, Sascha Husa, Marta Colleoni,
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M. Szczepańczyk, Imre Bartos, M. Campanelli, S. Kli-
menko, C. O. Lousto, and R. O’Shaughnessy. Eccen-
tricity estimate for black hole mergers with numerical
relativity simulations. Nature Astronomy, 6(3):344–
349, 2022.

[95] Juan Calderón Bustillo, Nicolas Sanchis-Gual, Ale-
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