SIMULTANEOUS SIZING, LAYOUT AND
TorPOLOGY OPTIMIZATION FOR
BUCKLING AND POSTBUCKLING OF

STIFFENED PANELS

CARDIFF

UNIVERSITY

PRIFYSGOL

(AFRDY(

Sheng Chu
Cardiff School of Engineering

Cardiff University

This thesis is being submitted in partial fulfilment of the requirements for the
degree of Doctor of Philosophy

September 2022



Simultaneous Sizing, Layout and Topology Optimization for Buckling and
Postbuckling of Stiffened Panels — Sheng Chu — September 2022



Simultaneous Sizing, Layout and Topology Optimization for Buckling and Postbuckling of Stiffened
Panels — Sheng Chu — September 2022

ABSTRACT

This thesis aims to develop a computational scheme for simultaneous sizing, layout and
topology optimization for buckling and postbuckling of stiffened panels. Many efforts
have been made using structural optimization techniques to improve the buckling and
postbuckling behaviours of stiffened panels, focusing on sizing and layout optimization.
Stiffener internal topologies have however, received little attention for optimization.
This reduces the design space that can be searched, and consequently limits the potential
improvement in structural performance. In this thesis, a level-set-based topology
optimization parameterization is developed, enabling the simultaneous optimization of

the thicknesses of the skin and stiffeners, and stiffener layout and internal topologies.

The simultaneous sizing, layout and topology optimization for buckling of panels
stiffened with straight stiffeners is investigated for the first time. Numerical
investigations demonstrate the effectiveness of the proposed method. The benefit of
simultaneously conducting sizing, layout and topology optimization for the design of
stiffened panels is also demonstrated. Since stiffness is commonly considered in the
topology optimization field, the difference between buckling-driven and stiffness-driven
designs is investigated and discussed. Besides buckling, stress is another critical failure
criterion of stiffened panels. The proposed method is extended to stiffened panel design

under both stress and buckling constraints.

The simultaneous sizing, layout and topology optimization for postbuckling of panels
with straight stiffeners is investigated for the first time. The proposed method is
extended to postbuckling optimization. The out-of-plane skin deformation and the load-
carrying capability are considered to access the postbuckling behaviours of stiffened
panels. Compared with buckling optimization, postbuckling optimization can provide a

design with more promising postbuckling behaviours of interest.

The design of panels with curved stiffeners is investigated. The level-set-based method
is extended to simultaneously optimize both stiffener curves and internal topologies.
Numerical investigations demonstrate and validate the proposed method for
simultaneous layout and topology optimization of curved stiffened panels. Compared
with panels with straight stiffeners, curved stiffened panels have the potential to result

in lighter weight designs.
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Chapter 1: Introduction

1 INTRODUCTION

Stiffened panel structures, which are usually assembled from thin plates and additional
reinforcing structural members called stiffeners, are widely used in aircraft applications,
such as the fuselage and wings, due to their high stiffness-to-weight and strength-to-
weight ratios. However, they are prone to buckling under flight loads and hence their
load-carrying capability is strongly influenced by stability issues. Inevitably, this leads
to stiffened panel design bringing buckling phenomena into consideration.

Most of the existing stiffened panel designs have been based on experimental research
and the experience of designers. This usually leads to over-design to ensure the safety
and reliability of structures. The growing use of high-performance composite structures
has further motivated the development of optimization for the design of stiffened panels
to improve their buckling capability. Topology optimization is one of the structural
optimization methods with the greatest degree of design freedom. It can help with
determining the best possible shapes and material distributions for the prescribed
objective by redistributing material within a given design domain. This is achieved by
discretizing the design domain where material can potentially exist in the form of finite
elements, and then adding, removing and redistributing material within these elements.
These elements can take the form of thin plates or solid blocks, with 3D brick elements
providing a more generalized although more computationally expensive solution. In
Aage et al. [1] for example, stiffness-based topology optimization was used to produce
an optimum full-scale aircraft wing design using brick elements. To obtain a design
allowing for details of the order of those found in existing wing structures which are

essentially made up of plates and beams, 1.1 billion 3D elements were required to
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discretize the entire wing. Although only linear elasticity was considered for
optimization for three load cases, up to 5 days of computing time on 8000 CPUs were

needed to obtain the optimized design.

For a stiffened panel, the more relevant, but challenging design criterion is buckling,
usually requiring a time-consuming structural analysis. This puts a severe limitation on
the application of topology optimization parametrizing the design space with 3D brick
elements. It is well-known that for a stiffened panel, 2D plate and shell elements are
much more efficient and accurate. This thesis presents a topology optimization
parameterization for panels stiffened with straight stiffeners, enabling the simultaneous
optimization of the thicknesses of the skin and stiffeners, and stiffener layout and
internal topologies, employing plate and shell elements for computational efficiency
and accuracy. The weight minimization of stiffened panels under buckling constraints is
investigated. Since stiffened panels are also prone to stress-fracture/yield under flight
loads, stress is another important design criterion. The weight minimization of stiffened

panels under stress and buckling constraints is also investigated.

It is well-known however that stiffened panels can carry loads several times and even
higher than the critical buckling load. Therefore, stiffened panels can be designed to
work in the postbuckling field beyond the critical buckling load, offering significant
potential for further structural weight reductions. This thesis extends the proposed
method to optimize the postbuckling behaviour of stiffened panels with straight

stiffeners.

Kapania et al. [2] introduced curvilinearly stiffened panels and showed that they have
the potential to result in lighter weight designs than straight stiffened panels under
particular design loads. In this thesis, the proposed method is extended to design panels
stiffened with curved stiffeners as well, focusing on the development of a method to
manipulate the stiffener layout, with curved members allowed. Simultaneous layout and

topology optimization of stiffened panels is investigated.

The thesis is organized as follows: Chapter 2 presents a literature review of design
optimization for buckling, stress and postbuckling of stiffened panels. This is followed
by a discussion about the topology optimization of stiffened panel design as well as
buckling- and stress-based topology optimization. The main challenges and objectives

that this thesis aims to address are outlined. Chapter 3 presents simultaneous sizing,
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layout and topology optimization of panels with straight stiffeners under buckling
constraints. Chapter 4 presents simultaneous sizing, layout and topology optimization of
panels with straight stiffeners under both stress and buckling constraints. Chapter 5
presents simultaneous sizing, layout and topology optimization of panels with straight
stiffeners considering postbuckling. Simultaneous layout and topology optimization of
panels with curved stiffeners considering buckling is described in Chapter 6. In
Chapters 2 to 6, the optimization methodology, problem definition, numerical examples,
discussions for the method and optimized results, and conclusions are all included for

each optimization. Chapter 7 presents overall conclusions and future works.
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2 LITERATURE REVIEW

This chapter presents a literature review focusing on the design optimization of
stiffened panels considering buckling, stress and postbuckling. Works on topology
optimization for stiffened panel design and buckling- and stress-based topology
optimization are also presented. Based on the outcomes of this review and considering
the need to study the postbuckling topology optimization of stiffened panels which has
not been investigated so far, the main challenges and objectives that this thesis aims to

address are outlined.

2.1 Design Optimization for Buckling and Stress of Stiffened
Panels

Stiffened panels constitute one of the most common components in aerospace
structures, such as the fuselage and wings of aircraft, due to their high stiffness-to-
weight and strength-to-weight ratios. However, they are prone to fail due to buckling or
high stress. Therefore, in the design and optimization of stiffened panels, buckling and

stress are the two most important design criteria.

Since Bedair [3] investigated the effect of stiffener location on structural stability noting
that the size of a stiffener influences its optimal location, many research works in which
stiffened panels are designed for maximum buckling performance, or for minimum
weight whilst ensuring structural performance in relation to buckling and stress, have
been conducted using sizing and layout optimization, to determine the best thickness
distribution on the skin and stiffeners, the stiffener number and the best orientation,

spacing and placement for each stiffener, as well as the optimal curvature for curved

4 Sheng Chu — September 2022



Chapter 2: Literature Review

stiffeners [2, 4-11]. Kapania et al. [2] investigated both panels with straight and
curvilinear stiffeners. NURBS (Non-Uniform Rational B-Splines) were used to
represent stiffener curves. The problem of mass minimization subject to buckling and
stress constraints was investigated. Both the thickness of the skin and the cross-
sectional sizes of the stiffeners were considered as design variables, as well as the
design parameters in the NURBS to manipulate the orientation, spacing, location, and
curvature of the stiffeners. In this work, the layout optimization of the stiffeners was
conducted by manually updating one or two design parameters in the NURBS.
Therefore, the allowed number of design variables for the layout optimization was
limited. Continuing this research on curvilinearly stiffened panels, a framework,
EBF3PanelOpt, was developed for their design optimization [9, 10, 12]. In
EBF3PanelOpt, both the panel size and shape could be specified, through the panel
thickness, stiffener thickness, and stiffener height as sizing quantities, with the stiffener
curve represented through the coordinates of two end-points and a control point in a
third order uniform rational B-spline. The problem of minimizing the mass of the
stiffened panel with constraints imposed on global buckling, von Mises stress and
crippling or local failure of the stiffeners was investigated, employing Genetic
Algorithm (GA) or Particle Swarm Optimization (PSO). The number of stiffeners has
also been taken as the design variable in some works. Locatelli et al. [13] investigated
the parameterization of curvilinear spars and ribs inside a wing structure, where the
number and placement of the stiffeners were optimized. Following this work, Stanford
et al. [14] presented the aeroelastic sizing and layout design of a wingbox, where the
structural mass was minimized under stress, buckling and manufacturing (stiffener
thickness and aspect ratio) constraints. A nested optimization was employed.
Specifically, the number and placement of the ribs and skin stiffeners were optimized
within the outer level using a global optimizer, with the sizes of all components in the
wingbox optimized within the inner level using a gradient-based optimizer. De et al.
[15] developed an optimization framework for the internal structure of aircraft wings
with curvilinear spars and ribs, where the weight and flutter velocity of the wing were
optimized under buckling and stress constraints. The parameterization of curvilinear
spars and ribs in [13] was modified, where spars and ribs which did not start at the
leading-edge spar and end at the trailing-edge spar, could be generated. The number,
location, and curvature of the stiffening members could be optimized, as well as the

thicknesses of the panel and stiffening members, using PSO.
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In the aforementioned works when layout optimization, or both discrete (the number of
spars, ribs, and stiffeners) and continuous (sizing variables and the rest of the layout
variables such as stiffener spacing and parameters manipulating B-Splines representing
stiffener curves) variables were included in the optimization, gradient-free optimization
techniques such as GAs, PSO, and Response Surface Approaches (RSA), were used.
Though these optimization problems can be effectively solved using gradient-free
optimization techniques, this family of algorithms is computationally expensive. To
alleviate this issue, the improvement in gradient-free optimization techniques and the
application of approximate analyses have been investigated. For example, Nagendra et
al. [4] investigated the minimum weight design of a stiffened composite panel with a
centrally located hole, by optimizing ply thicknesses in the panel and stiffener
laminates, and the stiffener height. Constraints were imposed on the buckling load and
the maximum strain near the hole. Structural optimization of stiffened panels often
involves multiple local optima with comparable performance, making it suitable for
GAs which allow designers to obtain multiple candidate designs. However, the cost of a
GA search is generally high, often requiring thousands or more of structural analyses.
To address this, Nagendra et al. [5] made several changes to the GA to reduce the
computational cost and improve its reliability. Compared with the optimized design by
[4] using a continuous optimization procedure, the weights of the optimized designs
using GA optimization were decreased by about 8%. However, the use of detailed finite
element models for global optimization remains unaffordable in many cases due to the
high computational cost of the structural analysis. Considerations of computational cost
often dictate the use of simplified models in structural optimization, for example using a
simple finite strip model. Following the works [4, 5], experimental and analytical
studies were conducted to test the validity of the buckling and failure analysis on the
optimized stiffened panels, so as to obtain a good understanding of the difference
between analytical and experimental results [16, 17]. Approximate analyses were also
investigated by Vitali et al. [18, 19], providing reasonably accurate estimates efficiently
and allowing the many thousands of structural analyses needed for global optimization
to be performed. In the work by Vitali et al. [18], a crack propagation constraint was
used as an example to demonstrate the feasibility of combining multi-fidelity models to
obtain accurate results at a low computational cost. For the EBF3PanelOpt, kriging
approximation in conjunction with GA was also employed to improve the

computational efficiency [10].
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It is also known that gradient-free algorithms like GAs scale poorly with an increasing
number of design variables. When sizing and shape variables are included, they need to
be restricted to a small and diluted set of parameters. Decreasing the number of design
variables in an optimization and applying gradient-free algorithms combined with
gradient-based optimization have been investigated to address this issue. For example,
in EBF3PanelOpt [9] apart from the skin thickness as a design variable, six further
design variables were required for each uniform cross-section blade-stiffener, namely,
two for the end-points and two for the control point manipulating the third order
uniform rational B-spline, and two for height and thickness. Therefore, the number of
design variables was six times the number of stiffeners, in addition to the one design
variable for the skin. It was recommended that a maximum of six stiffeners, namely 37
design variables, should be used during the optimization using EBF3PanelOpt [9]. To
decrease the number of layout design variables, linked shape parameterization based on
the B-spline curves in [13] was proposed, where only six design variables were required
to define a set of spars and ribs. Specifically, one design variable represented the
number of spars and ribs; two design variables were used to define the position of the
line where the control points were placed; three design variables were used to define the
spacing of the start, control, and end points of B-spline curves. Continuing this work, by
employing an extended design space and mapping technology, the linked shape
parameterization was modified to allow the generation of spars and ribs which did not
start at the leading-edge spar and end at the trailing-edge spar in [15]. Decreasing the
number of sizing design variables was also investigated in [15]. The panel thicknesses
were optimized during the optimization, while the thicknesses of the stiffeners were
related to the panel thicknesses and determined by empirical formulas. Due to the large
number of design variables in the optimization of composite stiffened panels, Herencia
et al. [20] presented a two-step optimization strategy combining a gradient-based
method and a GA. In the first step of the two-step optimization scheme, gradient-based
optimization optimized the lamination parameters; while in the second step, the GA was
used to identify the lay-ups for a super-stiffener’s laminates. To solve issues, i.e., the
high computational cost and the limited number of design variables, Stanford et al. [14]
developed a nested optimization to simultaneously handle wingbox rib and skin
stiffener layout design with a mixed-integer surrogate infill optimizer, as well as a
spatially detailed set of component sizing design variables with a gradient-based sizing
optimizer. Even so, the total number of design variables considered in this work was

still around one hundred.
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It is noted that in all the aforementioned works, the internal topology of each stiffener
was predetermined and has not been considered for optimization. This causes a reduced
design space to be able to be searched, and consequently limits the performance

improvement.

Unlike sizing and shape optimization, topology optimization can be conducted at the
concept design stage where information on structural geometry and topology is
unknown, offering a design method with the highest degree of design freedom. Since
the pioneering work of Bendsge and Kikuchi [21], different topology optimization
methods, such as the solid isotropic material with penalization (SIMP) method [22-24],
the level set method (LSM) [25-28] and the evolutionary approach [29, 30] have been
developed. Generally, it parameterizes the design space with small continuum material
units, i.e., 3D brick elements, and is able to achieve the structure with the optimal
performance by adding, removing and redistributing material on these units. However,
because of this parameterization with 3D brick elements, it is challenging to enforce a
plate-based stiffened panel configuration in the resulting solution and typically it
requires an extremely fine mesh [1]. For a stiffened panel, 2D plate and shell elements
are preferred as they are much more efficient and accurate. In Stanford et al. [31] and
Townsend and Kim [32], topology optimization was applied to the design of stiffened
panels using 2D plate elements. The internal topologies of the stiffeners were optimized
using the SIMP and level set methods, respectively. However, the optimizations were
conducted with fixed thickness distribution and stiffener layout. The design space was
therefore, still limited, unable to vary the stiffener thicknesses and layout as well as the

skin thickness.

Until now, the design of stiffened panels simultaneously optimizing the thickness
distribution of the whole structure and the layout and internal topologies of the
stiffeners, has not been investigated. The main reason for this is that one cannot expect
a reliable convergence when applying gradient-free optimization approaches to this
optimization problem due to the large number of design variables in topology
optimization, from thousands to billions, and even higher. Meanwhile, there is still no
effective gradient-based optimization method to handle the simultaneous sizing, layout

and topology optimization.
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It is noted that, in contrast to traditional panels stiffened with straight stiffeners,
Kapania et al. [2] introduced curvilinearly stiffened panels and showed that they have
the potential to result in lighter weight designs. In this work, mass minimization subject
to buckling and stress constraints was investigated. NURBS were used to represent the
stiffener curves. The effects of orientation, spacing, location, and curvature of
curvilinear stiffeners on the optimized designs were explored, and the optimized designs
with curvilinear stiffeners were compared with those with straight stiffeners. A
curvilinear placement of stiffeners tended to provide a slightly better design than
straight stiffeners though it was not always guaranteed. It has been observed that many
local optima exist for this problem, and panels with either curvilinear stiffeners or
straight stiffeners can be the global optimum. Following this research on curvilinearly
stiffened panels, B-Splines were used for the representation of stiffener curves in lots of
stiffened panel optimization works, i.e., BF3PanelOpt [9, 10, 12], and spar/rib
optimization in a wingbox in [13-15]. However, for the B-Spline curves, they do not
pass through all the control points, leading to the convenience of using the locations of
control points to describe a stiffener curve. An additional step is often needed to ensure
that the described stiffener is located within the skin. Zhao et al. [33] utilized a Hobby
spline to parameterize stiffener curves, since it allows a curve to pass through all the
control points and therefore, it is easier to make sure that the described stiffener is
located within the skin. In these works, however, the stiffener curves are limited by the
pre-specified curvilinear functions, whether B-Spline or Hobby spline curves are used,

as well as the optimization design space.

2.2 Design Optimization for Postbuckling of Stiffened Panels

It is well-known that stiffened panels can carry loads several times higher than the
critical buckling load. Therefore, stiffened panels can be designed to work in the
postbuckling field well beyond the critical buckling load, offering the potential for

further structural weight reductions.

Many research works for the design of stiffened panels considering postbuckling
behaviour have focused on sizing optimization [34, 35], i.e., optimizing the sizes of the
skin and stiffeners, as well as the angles of the stacking sequence for composite
stiffened panels [36, 37]. Arendsen et al. [38] investigated the optimization for weight
minimization of stiffened panels, by optimizing the height of a stiffener or the thickness

of a sublaminate. Constraints were imposed on the ratio of the prebuckling to
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postbuckling strains, global buckling load and prebuckling stiffness. Liguori et al. [37]
presented the postbuckling optimization of a variable angle tow composite wingbox.
The out-of-plane displacement of the wingbox with the “worst-case” imperfection was
minimized, where the “worst-case” imperfection was defined as the one resulting in the
largest out-of-plane displacement among all possible imperfections. Strains and tip
displacement were constrained by adding a penalty term to the objective function when
any constraint was not satisfied. The angles of the stacking sequence were optimized,
employing an integer-based GA and a Monte Carlo Algorithm. In some works, the
stiffener number and panel lay-up have also been considered for optimization. Bisagni
and Lanzi [39] investigated postbuckling optimization for composite stiffened panels
subjected to compression loads. The numbers of layers in the skin and stiffeners, side
dimensions of the stiffeners and the number of stiffeners were optimized. The
optimization problem was formulated to minimize the structural weight, subject to
constraints on critical buckling and collapse loads, and pre-buckling stiffness,
employing GA with neural networks. Rikards et al. [40] investigated the optimization
design for weight minimization of stiffened composite shells. Constraints were imposed
on critical buckling and collapse loads, and prebuckling and postbuckling stiffness of
the stiffened shell, where the ratio of collapse load to first critical load was selected by a
designer, and the selection of the ratio of the prebuckling and postbuckling stiffness
depended on the design requirement, i.e., strong or mild stiffness reduction in the post-
buckling stage. The surrogate models employing the experimental design and response
surface methodology were built for the optimization. The design variables included the
thicknesses of the layers in the skin and stringers and the height and number of
stringers. Lanzi and Giavotto [41] studied multi-objective optimization for the design of
composite stiffened panels in the postbuckling regime. Multiple objectives, i.e., weight
minimization, critical buckling load maximization, and collapse load maximization
were considered with/without a constraint on the ratio between collapse and buckling
loads. The design variables included the number of stiffeners and their dimensions, and
lay-up variables describing the stacking sequences of the panel skin and of the
stiffeners. The optimization was based on GA with global approximation strategies.
Kang and Kim [42] investigated the minimum weight design of compressively loaded
composite stiffened panels for a given design strength in the postbuckling regime. In
this work, the skin size and the number of stiffeners were fixed during the optimization;

stiffener locations and dimensions, and the numbers of skin and stiffener plies were
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taken as design variables and optimized using a modified GA with a parallel computing
scheme. Since the postbuckling optimization problem is highly nonlinear and non-
convex, and in most of the above-mentioned works both discrete and continuous
variables are included in the optimization, gradient-free optimization techniques such as
GA, were usually used. As it has been discussed for the buckling and stress
optimization of stiffened panels, the main disadvantage of this family of algorithms is
that they require a very high number of function evaluations compared to gradient-
based algorithms. Therefore, an optimization procedure based on GA coupled with a
global approximation strategy, such as neural networks [43, 44], Radial Basis Functions
[45, 46] and Kriging method [47, 48], or coupled with a parallel computing scheme, are
usually employed.

The topologies of stiffened panels, including stiffener layout (locations and
orientations) and internal topologies however, have not been considered for
postbuckling optimization. One of the main reasons for this is that these gradient-free
algorithms scale poorly with an increasing number of design variables and topology

optimization usually requires a large number of design variables.

For a stiffened panel, bifurcation-type buckling usually occurs, accompanied by the loss
of in-plane stiffness in the postbuckling regime as well as increasing out-of-plane
deformation of the skin. This can cause a sharp drop in load-carrying capability and the
growth of out-of-plane displacements of the skin can reduce the performance of the
stiffened panel. For example, the aerodynamic characteristics of a wing surface can be
affected by large out-of-plane deformation of the skin. Therefore, depending on the
application and design requirements, out-of-plane skin deformation [37, 49] and/or
load-carrying capability [49] in a postbuckling regime need to be considered in the
design and optimization of stiffened panels. To evaluate the load-carrying capability,
several metrics, such as the critical buckling load, postbuckling stiffness [40], ratio of
the postbuckling to prebuckling in-plane stiffness [38, 40], postbuckling strength [34,
42], collapse load [39, 41], postbuckling in-plane deformation [49], and total reaction

force for a design loaded by uniform displacements [50], have been used.

Postbuckling analysis of a stiffened panel often cannot be conducted by performing a
geometrically nonlinear analysis on a perfect structure, due to the discontinuous
response at the point of bifurcation. A geometric imperfection is normally introduced

therefore to turn the postbuckling problem into one with a continuous response.
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However, postbuckling behaviours of stiffened panels are often strongly influenced by
the size and shape of this imperfection, and the analysis results are therefore, usually
sensitive to the imperfections added into the original geometry [51]. Many works have
investigated the imperfection sensitivity of optimized stiffened panels in terms of the
shape, amplitude and direction of the imperfection [34, 42]. However, understanding of

how these affect optimization remains limited.

Mode jumping and mode switching can also present challenges for the postbuckling
optimization of stiffened panels. As the load is increased a sudden change in buckling
shape, known as mode jumping can occur. As a result, a significant change in the
displacement configuration and stress distribution of the stiffened panel can occur [52],
causing a discontinuous response. Buckling modes can also switch between
optimization iterations known as mode switching, which again introduces a
discontinuity during optimization. These discontinuities can prevent gradient-based

optimization from converging.

2.3 Topology Optimization

Topology optimization is one of the structural optimization methods with the greatest
degree of design freedom. It can search the largest design space to determine the best
possible shape and material distribution of a structure for the prescribed objective.
Numerous topology optimization approaches, such as the SIMP method [22-24], the
LSM [25-28] and the evolutionary approach [29, 30] have been developed. Generally,
in these approaches, the structural topology is described by a black-and-white
pixel/voxel image using the SIMP method and the evolutionary approach, or a (zero)
level set of a topology description function using the LSM. These approaches have been
applied successfully to solve the buckling- and stress-based topology optimization
problems for 2- or 3-dimensional continuum structures, as well as the optimization

problem for the design of stiffened panels.

2.3.1 Buckling-based Topology Optimization

Topology optimization has been applied to buckling problems [53-56], i.e., the
maximization of the critical buckling load with a mass constraint or the minimization of
the structural weight with buckling constraints. Among these works, two main issues

are always discussed. The first is related to the spurious buckling loads or load factors
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being generated by the finite element analysis (FEA), due to low-density regions. To
address this issue, different interpolation schemes for the stiffness and geometric
stiffness matrices [32, 53, 55] have been explored for both the SIMP and level-set-based
methods, and an approach based on the eigenvalue shift and pseudo mode identification
[55] has been suggested. The other main challenge identified is related to convergence
[57] and is generally caused by inaccurate sensitivity information on the critical
buckling loads or load factors, for example due to the influence of the variation of the
stress state and the non-differentiability of the multiple eigenvalues being neglected.
Switching of the critical buckling mode during optimization can also be a source of
convergence problems. First-order sensitivity information is wusually used in
optimization to predict the variation of buckling loads for the same buckling modes.
During optimization however, the buckling mode with the lowest load factor may
change. Therefore, the mode shape and gradient information relating to the lowest
buckling mode also change, resulting in slow convergence, or even divergence. In
Dunning et al. [54], it was demonstrated that including a large number of buckling
modes in an optimization can provide comprehensive information on the structure and
optimization problem, and improve the convergence. However, this significantly
increases the computational cost. In addition, the number of buckling constraints is
increased. The constraint-aggregation methods using the p-norm and Kreisselmeier—
Steinhauser (KS) functions have been used to reduce the buckling constraints, in
Dienemann et al. [58], Stanford et al. [14], and Ferrari and Sigmund [59]. The
aggregation method has also been employed for the problem of the maximization of the
critical buckling load. In Ferrari et al. [60], the first few buckling modes are considered
in the optimization to address the convergence issue caused by mode switching. The KS
function of the inverses of their load factors is used to approximate the inverse of the
critical load factor. The objective of the maximization of the critical buckling load is

thus transformed into the minimization of the KS function value.

2.3.2 Stress-based Topology optimization

For a stress-based topology optimization considering stress either in the objectives or
the constraints, Le et al. [61] summarized three main challenges, namely the singularity
problem, the local nature of the stress and the highly nonlinear stress behaviour. The
singularity problem occurs when the density-based method, i.e., the SIMP method, is

used. Elements with low densities can present high stress values, leading to highly
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nonlinear stress behaviour. It is difficult to remove such elements using the gradient-
based optimization algorithm. To resolve this challenge, stress relaxation is usually
applied to ensure the density and stress of an element can decrease simultaneously,
especially when the element density approaches zero [62-65]. When the level set
method and evolutionary approach are applied, elements with intermediate densities can
be avoided, and therefore the singularity problem is naturally solved [29]. The local
nature of the stress results in the fact that the stress values must be calculated and
controlled at every material point throughout the structure. Therefore, a large number of
local stress constraints are required, leading to computationally demanding sensitivity
calculation. To address this problem, a global measure, such as the p-norm or KS
function [66-69], can be used to approximate and control the maximum stress value of
the structure, however this is at the expense of losing an adequate level of control of
local stress behaviour. In stress-constrained problems, adaptive scaling [61, 70, 71] is
usually employed to ensure the exact stress limits. The highly nonlinear stress
behaviour means that stress values are highly sensitive to changes of the structure,
especially in stress concentration regions such as sharp and reentrant corners. To
address this problem, a consistent density filtering versus sensitivity filtering has been
used for stabilization consideration in the SIMP framework [61]. For the LSM, a least
square interpolation approach was developed to provide smoother sensitivities at the
boundaries [71]; while for the evolutionary approach, filtered design variables and

sensitivities with further stabilization were adopted [72].

2.3.3 Topology optimization for stiffened panel design

For stiffened panel design, topology optimization has been used to find the optimal
internal topology for each stiffener, or to find the best stiffener layout. Some of the
works carried out have considered buckling and stress in either the objectives or the

constraints.

For the stiffener internal topology optimization, a panel with a predetermined stiffener
layout is assumed, and the internal topology for each stiffener is optimized. As
discussed in Section 2.1, in Stanford et al. [31] and Townsend and Kim [32], the
optimization of stiffener internal topologies was explored using the SIMP and level set
methods respectively, where the maximization of critical buckling load with a volume

constraint was performed. For aircraft wingbox applications to optimize the internal
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topologies of ribs, numerous optimization problems, such as the compliance
minimization (equivalent to the maximization of the overall stiffness of the structure)
with a volume constraint [73], the mass minimization with lift, drag and stress
constraints [74], the optimization for a futter and compliance objective under a weight
constraint [75], and the mass minimization under buckling and stress constraints [76],

have been explored using the SIMP method.

For stiffener layout optimization, the arrangement of the stiffeners, i.e., the orientation,
spacing and placement of the stiffeners, are optimized. Three optimization methods
have been proposed. The first one is the Ground Structure Approach [77], which places
stiffeners everywhere where they can potentially exist, and then decides which
stiffeners need to be removed from the structure. For applications relating to the optimal
panel placement in an airplane wingbox, the optimization problem including three
objectives, i.e., the lift effectiveness maximization, critical buckling load factor
maximization and mass minimization under divergence and flutter speeds, buckling
factor and stress constraints [78], and the problem for the weight minimization under
strength, aeroelasticity, buckling and stiffness constraints [79], have been explored. The
second is a group of biologically inspired (gradient-free) methods, such as the Adaptive
Growth Method [80, 81]. Inspired by branching systems in nature, the stiffener layout
patterns for plate structures are generated by introducing the growing and branching tree
model. The minimization of the strain energy with a volume constraint [82] and the
maximization of the critical buckling load with a volume constraint [83] have been
investigated. The third is the Moving Morphable Component or projection-based
approach [84]. A set of structural components are used to represent the stiffeners. The
sizes and layout of stiffeners can be optimized by updating the lengths, widths,
positions and inclined angles of these components. The minimization of the structural
compliance subject to structural volume and buckling load factor constraints is
investigated. In the above three methods, the simultaneous optimization of the layout
and sizes of stiffeners can be performed; However, the optimization of the internal

topology of the stiffeners remains unexplored.

As discussed above, previous works for stiffened panel designs have focused on sizing
and layout optimization using gradient-free optimization algorithms. Topology
optimization has also been applied to find the optimal internal topology for each

stiffener with a pre-assumed stiffener layout, or to find the best stiffener layout with
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predetermined stiffener internal topologies. Until now, simultaneous optimization of the
thickness distribution and the layout and internal topologies of the stiffeners of a
stiffened panel design, has not been investigated. The main challenge here has been that
gradient-free optimization approaches are not being expected to solve problems with
large numbers of design variables in topology optimization. Meanwhile, there is still no
effective structural topology parameterization, enabling the simultaneous sizing, layout
and topology optimization for stiffened panel design to be solved using gradient-based

optimization algorithms.

The LSM has attracted much attention, particularly in the fields of image processing,
interface motion tracking and topology optimization [26, 85, 86]. Its ability to describe
variations in topology, increases the design space with the potential to find the global
optimum in optimization problems. Compared with other methods describing a
structural topology using a black-and-white pixel/voxel image, one advantage of the
LSM is that the structural boundaries are well-defined throughout the optimization

without a need for postprocessing [87].

e One of the main objectives of this thesis is therefore to develop a level-set-based
topology optimization parameterization for stiffened panel design, enabling the
simultaneous optimization of the thicknesses of the skin and stiffeners, and the
stiffener layout and internal topologies. A panel with straight stiffeners is
investigated first. Since buckling and stress are the two most important design
criteria in the design and optimization of stiffened panels, the buckling and

stress optimization of stiffened panels is explored next.

Postbuckling topology optimization has not yet been investigated, much less the
simultaneous sizing, layout and topology optimization for postbuckling of stiffened
panels. Understanding of how the optimization objectives, imperfections, mode jumping

and mode switching affect optimization and optimization results remains limited.

e Therefore, another of the main objectives of this thesis is to investigate the
simultaneous sizing, layout and topology optimization for postbuckling of
stiffened panels. Due to the intrinsically nonlinear nature of the problem, the
loading level at which the postbuckling buckling behaviour is evaluated also

affects optimization results. Two loading levels corresponding to the initial
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postbuckling and moderately deep postbuckling regimes will therefore be
studied in-depth.

Curvilinearly stiffened panels have been shown to have the potential to result in lighter
weight designs than straight stiffened panels under particular design loads [2, 14, 88,
89]. In previous work, pre-specified curvilinear functions, e.g., third order uniform
rational B-spline, are usually used to construct stiffener curves, leading to a reduced

design space.

e The last main objective of this thesis therefore is to develop a level-set-based
method to describe and freely manipulate stiffener curves as well as the internal
topology optimization of stiffeners. The buckling-based problem is investigated

and compared with the optimization for panels stiffened with straight stiffeners.
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3 SIMULTANEOUS SIZING,
LAYOUT AND TOPOLOGY
OPTIMIZATION OF PANELS
WITH STRAIGHT STIFFENERS
UNDER BUCKLING
CONSTRAINTS

This chapter presents an investigation of optimum panel designs with straight stiffeners
simultaneously optimizing sizing, layout and topology. An effective topology
optimization parameterization is performed, enabling the simultaneous optimization of
the thicknesses of the skin and stiffeners, and the stiffener layout and internal
topologies. Specifically, the stiffened panel is discretized into plate elements. A control
mesh is developed to manipulate the stiffener layout, and a free-form mesh deformation
method is utilized to adjust the finite element (FE) mesh. The level set method is used
to optimize the internal topologies of the stiffeners, where each stiffener is represented
by one level set function. The thicknesses of the skin and stiffeners are also optimized
simultaneously. The minimum weight problem for stiffened panels subject to buckling
constraints is investigated. A gradient-based optimizer is employed to solve the

optimization problem. Numerical examples demonstrate the effectiveness of the
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proposed approach. The advantages of simultaneous sizing, layout and topology
optimization for the design of stiffened panels are also demonstrated. Since stiffness is
commonly considered in the topology optimization field, the difference between
buckling-driven and stiffness-driven designs is investigated and discussed.

The remainder of this chapter is organized as follows. In Section 3.1, the geometric and
FE models of the stiffened panel considered are presented. Section 3.2 describes the
mathematical formulation of the problem and the optimization algorithm. Numerical
examples to test the proposed method are presented in Section 3.3. Conclusions are

given in Section 3.4.

3.1 Stiffened Panel Model

In this section, the geometric and FE models for the problem studied are described. A
control mesh is developed to manipulate the stiffener layout, and level set functions are
used to represent and optimize the internal topologies of the stiffeners. Sizing variables
are also included to optimize the thicknesses of the skin and stiffeners. As the stiffener

layout changes, a free-form mesh deformation method is used to adjust the FE mesh.

(a) (c)

Figure 3.1 lllustration of updating the stiffener layout using the control mesh: (a) a
sample stiffened panel; (b) the initial stiffened panel and control mesh; (c) the

updated stiffened panel and control mesh.

3.1.1 Layout Description

The stiffened panel considered is composed of a skin and stiffeners as shown in Fig.
3.1(a). The positions, rotations and spacing of the stiffeners are all represented by the

coordinates of their two ends.
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The free-form mesh deformation method with a control mesh is used to adaptively
adjust the FE mesh as the stiffener layout changes, avoiding remeshing. The basic idea
of the free-form mesh deformation method [90] is to enclose an object within a cube or
another hull object, namely the control mesh in this work, and transform the object
within the hull as the hull is deformed. In Fig. 3.1(b), the control mesh illustrated by the
blue lines is generated. The x and y coordinates of nodes on the control mesh are equal
to those of the two ends of the stiffeners or the skin vertices. Therefore, as shown in Fig.
3.1(c), the optimal layout of the stiffeners can be obtained by optimizing the coordinates

of the nodes on the control mesh.

Control mesh

Finite element mesh

(a) (b)

Figure 3.2 Illustration of updating the FE mesh using free-form mesh deformation
with the control mesh: (a) the initial FE and control meshes; (b) the updated FE

and control meshes.

Both the skin and stiffeners are modeled explicitly with four-node mixed interpolation
of tensorial components (MITC) plate elements with six degrees of freedom per node,
comprising a Mindlin-Reissner plate element [91, 92] combined with a plane stress
formulation. Since the FE mesh is enclosed by the control mesh, after every update of
the control mesh and stiffener layout, as shown in Fig. 3.2, the FE mesh is adaptively

deformed to cater for the updated stiffener layout using the free-form mesh deformation

method:
e =NX ool (3-1a)
Xonsot Xeanrol +Y (3-1b)
XE=XE + 2 (3-1c)
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z=Ny (3-1d)

where Xre and Xcontrol are nodal coordinates on the FE and control meshes, respectively.
N is the shape function. y and z represent the changes to the coordinates of the control
and FE mesh points, respectively. y is the design variables in the stiffener layout
optimization, and the deformation of the FE mesh can be achieved through Egs. (3-1c)
and (3-1d).
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Figure 3.3 Hlustration of the stiffener internal topologies represented by the level
set functions: (a) the LSFs corresponding to the three stiffeners respectively, their
zero level sets and level set meshes; (b) stiffener layout and topologies; (c) the
volume fraction fields, zero level sets and undeformed FE meshes corresponding to
the three stiffeners; (d) the deformed FE mesh and corresponding physical density
field.

3.1.2 Topology Description

The level set method [25, 26, 28] is used to represent and optimize the internal
topologies of the stiffeners. One level set function (LSF) is used to describe the internal

topology of each stiffener. The relationship between the level set function values @ and
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the resulting structure is shown in Figs. 3.3(a) and 3.3(b). The structural boundary of the

nth stiffener is defined as the zero level set of an implicit function ®n(X):

O, (x)<0  xeQ,
®,(x)=0  xel,, n=L2..,N (3-2)
O, (x)>0  xegQ,

where Q is the domain for the structure and I" is the structural boundary. xeQ ,
where Q, is the design domain containing the structure, Q eQ, . N level set

functions are used for the N stiffeners. Conventionally, the signed distance function is
used for the level set function.

To achieve the optimal internal topology of a stiffener, the structural boundary is

optimized by iteratively solving the level set equation, Eq. (3-3):

B0(%4) L oo (v ()20 23)

f
where tf is a pseudo-time for the level set evolution and V is the velocity vector.

The level set function at each point is updated by solving the following discretized

Hamilton-Jacobi equation using an up-wind differential scheme:

®k+l — (Dk

n,pt n, pt

V

normal , pt

— At [V}

n, pt

(3-4)

where pt is a discrete point in the design domain, k is the iteration number, Viormar is the

k

normal velocity and ‘V(I)wt

‘ is computed for each point using the Hamilton-Jacobi

Weighted Essentially Non-Oscillatory method (HJ-WENO) [93]. To improve the
computational efficiency, the level set update is restricted to points within a narrow
band close to the boundary. This results in ®npt being given by a signed distance value
to the boundary only within this narrow band. ®n: is then periodically reinitialized to a
signed distance function. For the re-initialization and velocity extension, the fast

marching method [85] is used.

It is noted that a level set mesh is the same size as the FE mesh corresponding to one
stiffener, and that this is fixed during the optimization. It is easy therefore, to calculate
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the volume fraction field of the solid material on the undeformed mesh shown in Fig.
3.3(c). As shown in Fig. 3.4(a), the structural boundary is given by the zero level set,
and the LSF is used to perform the subdivision of each element into a subdomain filled
with the solid material and a subdomain with the void. For the sake of simplicity, as
shown in Fig. 3.4(b), the LSF is approximated by straight lines when searching for the
intersection between the element boundary and the zero level set. Then the grey area in
each element in Fig. 3.4(c) and the corresponding elemental volume fraction are
calculated. The volume fraction fields shown in Fig. 3.3(c) are thus obtained. Due to the
one-to-one correspondence between the elements of the undeformed and deformed FE
meshes, shown in Figs. 3.3(c) and 3.3(d), a direct mapping can be used and the density
distribution w for the stiffener is obtained by w; = vj. The density distribution is w = 1
for all the elements on the skin.

Region filled

X i Approximated level set function
with the void ;

Zero leyel set Exact level set function}"/

ﬂ T
\'1' | 3 1 v bl
| - - g -
Undeformed finite element T 7 " Intersection point
mesh/Level set mesh  ~[—| (b)
k 4 3
~—_
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Region filled with @ \ : (c)

the solid material Approximated structural boundary

Figure 3.4 Illustration of the computation of the volume fraction field on an
undeformed FE mesh: (a) the structural boundary approximated by straight lines;
(b) computation of the intersection between the element boundary and the zero

level set; (c) computation of the elemental volume fraction.

3.1.3 Sizing Description

As shown in Fig. 3.5(a), the skin thickness and the thickness of each stiffener are
represented by t, and tsn (n=1, 2, ..., N) and these are optimized as well. A uniform
thickness is considered for the skin and for each stiffener. Therefore, as shown in Fig.
3.5(b), the elemental thicknesses of the FE mesh are the same for the whole of the skin

or for each stiffener. It is noted that, as shown in Fig. 3.5(c), even when stiffeners are
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removed, the design variables corresponding to their thicknesses still remain and need

to be optimized.

(c)
Min. Max.
| ]
Thickness distribution:

Figure 3.5 Illustration of the thickness distribution of the stiffened panel: (a)
thicknesses for each stiffener and the skin; (b) the elemental thickness distribution
on the FE mesh; (c) the geometric model of the stiffened panel, with its thickness

distribution, stiffener layout and topologies.
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Figure 3.6 Hllustration of the pressure application.

3.1.4 Finite Element Model

Once the stiffener layout is updated and the FE mesh has been deformed, the axial
compression and shear loads can no longer be applied by adding uniform forces to the

corresponding points. Instead, as shown in Fig. 3.6, the force applied to a point pf is

recalculated as:
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P(L"+L")
Py =——— (3-5)

where P is the pressure value per unit length. L™ and LP" are the lengths of the

elemental boundaries either side of the point pf.

After updating the nodal coordinates on the FE mesh and obtaining the elemental
density and thickness distributions, the stiffness and geometric stiffness matrices for the
j-th finite element can be calculated as [32]:

K, =w,K; (Eqr 00, 0,8 Xee ) +(1-w; ) K] (E, 9, 008 X ) (3-6a)
Kg,j:wj(a)jK;,j(Es,ps,u,tj,xFE)+(1—wj)Kg,j(Ev,pv,u,tj,xFE)) (3-6b)

where K} and K7 represent the stiffness matrices of the j-th finite element solid and

void phases, respectively. K¢, and K_ ; denote the geometric stiffness matrices of the

j-th finite element solid and void phases, respectively. Es and Ey are the Young’s moduli
of the j-th finite element solid and void phases, respectively. ps and py are the densities
of the j-th finite element solid and void phases, respectively. tj is the thickness of the j-

th finite element. v is Poisson’s ratio.

In order to compute the buckling load factors of the stiffened panel, the stationary
equation and the linear buckling equation (Eq. (3-7)) need to be solved.

Ku=f (3-79)

(K+2K, (u))v=0 (3-7b)

where K, u and f are the structural stiffness matrix, stationary deflection and applied
load, respectively. Ky is the geometric stiffness matrix. 4 and v represent the

eigenvalue/eigenvector pair for each buckling mode.

HSL MAJS7 solver [94] is an open-source code for the direct solution of a sparse
symmetric system of linear equations, using the multifrontal method which is based on
a sparse variant of Gaussian elimination. ARnoldi PACKage (ARPACK) [95] is a

numerical software library for the iterative solution of a large scale eigenvalue problem,
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using the Implicitly Restarted Lanczos and Arnoldi Methods for symmetric and
nonsysmmtric matrices, respectively. Egs. (3-7a) and (3-7b) are solved using the HSL
MADS57 solver and ARPACK, respectively.

3.2 Problem Formulation and Optimization Method

In this section, the problem considered in this chapter is described. To solve this
problem with a gradient-based optimizer, a semi-analytical sensitivity analysis is

performed. The optimization algorithm is also presented.

3.2.1 Problem Formulation
The minimum weight problem for stiffened panels subject to buckling constraints is
formulated as follows.

min m(t,y,®)

ty,®

st. A (ty,®)>24,, 9=12,...,N, (3-8)

L(Y)> Ly, 1=12,...,N,

where t = [tp, ts1, ..., tsn]", y and @ = [®4, ..., O] are the sizing, layout and topology
design variables, respectively. The structural weight is evaluated by mass m. The first
N, buckling modes are considered in the optimization. Amin is the lower bound of the
critical buckling load factor. Since the free-form mesh deformation with the control
mesh is utilized to adaptively adjust the FE mesh, overlap and intersection between
adjacent stiffeners are not allowed. To avoid them, spacing constraints are set. The
spacing constraints are also used to control the widths of the FE elements, so as to avoid
excessive distortion of the FE mesh and ensure the accuracy of the FE model. L denotes
stiffener spacing, and Lmin is its lower bound. Np is the total number of spacing

constraints.

The mass m is defined by the mass matrix:
m=g"Mg (3-9)

where the vector g contains ones for deflection degrees of freedom along the gravity

direction and zeros elsewhere.
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The stiffener spacing L is defined as the difference between the end coordinates of two

adjacent stiffeners:

L=xt X (3-10)

control — “control

3.2.2 Sensitivity Analysis

In this study, the gradient-based optimization algorithm is used to solve the
optimization problem described in Eq. (3-8). Therefore, the sensitivities of the mass m,
the buckling load factor /q and the stiffener spacing L, are needed. A semi-analytical

sensitivity analysis with the adjoint method is employed.

3.2.2.1 Sensitivity Analysis for Layout Optimization

To update the stiffener layout, the derivative of 1q with respect to yi is obtained using
the adjoint method. First, Eq. (3-7b) and Eq. (3-7a) are pre-multiplied by the

eigenvector vq and the adjoint vector Uag:
vy (K+2,K, (u))v, =0 (3-11a)
Uy (Ku—-f)=0 (3-11b)
Substituting Eq. (3-11b) into Eq. (3-11a) yields:

Vi (K+4,K, (u))v, —ul, (Ku-f)=0 (3-12)

Then, differentiating Eq. (3-12):

ov
ZVE(K-"%KQ(U))@_;
o4 oK oK
+v;£%+—qu(u)+/1q g(u)+ﬂq g(u)ﬁ—u)vq (3-13)
o Oy, i au oy,
.
—&J—”(Ku—f)—u;d[a—Ku+Ka—u—£]=O
ayi ayi ayi dyl

By collecting the terms with ou/dy in Eq. (3-13) and setting them to zero, the derivative

of Aq with respect to y; can be calculated as:
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oK
ur, [6K u of j—vT (aK+A — 7 (U)qu

N O Ay q q
o ) o T oy 1)
ayi Vq Kg (U)Vq
where
(0K, (U)o
AV v, =u,K (3-15)

It is noted that of/oyi#0 in Eq. (3-14) since the updating of y leads to the re-distribution
of the force applied on points of the FE mesh via Eq. (3-5) when the load is applied.

Based on Eq. (3-9), the derivative of m with respect to yi can be calculated by:

om_ g’ M (3-16)
i %Y,

The semi-analytical sensitivity analysis method is used to derive sensitivities of iq and
m analytically until Egs. (3-14) and (3-16). For simplification of implementation, of/dy,
oK/oyi, 0Kg/oyi and 0M/0y; are calculated via the central finite difference method as is
the derivative dLi/dy; which is related to the spacing constraint in Eq. (3-10). Because Yi
is the change in the nodal coordinates of the control mesh and is used to calculate the
nodal coordinates of the finite elements via Eg. (3-1), finite differences are only
performed at the element level. Additional FEAs are not needed. This ensures the
efficiency of the evaluation. When using the central finite difference method, it is
suggested that the smallest possible perturbations are chosen to ensure the accuracy of
the calculation can be guaranteed. In this work, the perturbation is chosen as 0.0001ao,

where ao is the initial FE element width. The calculated sensitivities og/dy; in Egs. (3-
14) and (3-16) have been compared with (g(y;,+AY,)—g(¥;,—AY;))/24y, , where g

represents an arbitrary equation, i.e., 4 and m, and yio is the value at the current
iteration. The error in mass sensitivity is within 0.1%, and the errors in the buckling
sensitivities are within 1% when there is no mode switching, which shows the accuracy

of the sensitivity calculation.
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3.2.2.2 Sensitivity Analysis for Topology Optimization

In this thesis, the LSFs are always maintained as signed distance functions during
optimization. In order to convert an arbitrary LSF to a signed distance function with the

same boundary locations, a combination of the marching squares and fast marching
algorithms [86] is applied. In order to ensure the signed distance property |V<I)n|:1
after every update of the LSF, the fast velocity extension algorithm [96] is utilized. The

relationship between the changes to the LSF values A®np at the boundary and Ady in

the rest of the design domain is determined as:

AD, :{ oo, }ACDW n=12..,N (3-17)
oD ’

n,b

The level set values ®np 0N the boundary points are the design variables in the topology

optimization and are updated by the optimizer.

To update the LSFs representing the stiffener internal topologies, derivatives with
respect to the level set values of the boundary points ®np are computed through the

chain rule:

0g w; v

9 _y (3-18)
oD, Sow ov, oD,

where owj/ovj = 1 because w; = vj. The function g represents an arbitrary equation, i.e.,
m, Aq and L. In a similar way to the computation of 0lq/dyi, the derivative of 1q with w;

is obtained by:

oA oW, OW. “low, 7 ow
q _ ] J J J
_ i (3-19)
E““J’ Vqu (U)Vq

where

v, =ul,K (3-20)

It is noted that since self-weight loading is ignored in this work, 6f/ow;=0 in Eqg. (3-19).
Therefore, Eq. (3-19) can be simplified as:
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K
T aKu vT[ﬁK +A 0 Q(U)JVq

oA ow, low, T ow,
1= - (3-21)
aWJ’ Vq Kg (u) Vq
Based on Eq. (3-9), the derivative of m with respect to w;j is calculated by:
om + oM
AL Bt il 3-22
w9 o (3-22)

J J
and dL/dw; = 0 due to Eg. (3-10).

Derivatives with respect to the level set values of the boundary points are analytically
derived and given by Eq. (3-18) with Egs. (3-21) and (3-22). In Eg. (3-18), the term
0Vj/0dnp can be computed by perturbing the level set boundary implicitly, as shown in
Fig. 3.7. For a given boundary point of interest, a small perturbation A®np IS assigned to
its level set value ®@np. The change in the LSF A®y, can be obtained via Eq. (3-17). After
implementing the marching squares and fast marching algorithms, as shown in Fig.
3.7(b), the new LSF and the corresponding zero level set are achieved. This results in
the new volume fraction vj. Then using the central finite difference method, the term

0Vj/0Drop Can be approximated by:

aVJ J ®n,b:®n,b+Aq}n,b J (Dn,b:q)n,bfAlbn,b (3_23)

oD, , 2AD

where the perturbation A®,_ , is chosen as 0.001bn0, Where bno is the element width of
the level set mesh used to describe the stiffener internal topology.

Using the gradient-based optimization method with the sensitivity information in Eq.
(3-18), ADn can be obtained. Following this A®, can be calculated via Eq. (3-17) such
that|V (@, +A®, )|=L1. It is noted that, since the fast velocity extension algorithm is only

first order accurate, the LSFs are re-initialized using the fast marching method after

each update.
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Figure 3.7 Illustration of the computation of the term 0vj/0®np: the structural
boundary and material distribution (a) before perturbation; (b) after

perturbation.

3.2.2.3 Sensitivity Analysis for sizing Optimization

To implement sizing optimization to determine the optimum thickness distribution of

the stiffened panel, derivatives with respect to t, and ts» are computed using the chain

rule:
0 og o,
at_g - za—g# (3-24a)
p I
ag ag o,
= _NZ=_"1 " pn=12..N 3-24b
ats,n Z atj 61:s,n ( )
where
ot. |1 when the j-th element belongs to the skin
—L= _ _ (3-25a)
ot, (0 when the j-th element does not belong to the skin

ot; |1 when the j-th element belongs to the n-th stiffener
ot , |0 when the j-th element does not belong to the n-th stiffener’

(3-25h)

In a similar way to 0iq/0w; in Eq. (3-21), the derivative of Aq with respect to t;j is
obtained by:
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;0K TLaKM 8Kg(U)]Vq

or g UTVel o TR T
q _ j . j j (3'26)
atJ’ Vq Kg (u)vq
where
oK (u
RYA o )v =u,K (3-27)

Based on Eq. (3-9), the derivative of m with respect to t; is calculated by:

om ;oM
a_gr M 3-28
Pl & g (3-28)

J
and dLy/dt; = 0 due to Eq. (3-10).

Different from layout and topology optimizations, all terms in the derivatives with
respect to t, and tsn in Eq. (3-24) are obtained analytically for sizing optimization.

3.2.3 Optimization Algorithm

The Interior Point OPTimizer (IPOPT) [97] is an open-source solver for large scale
nonlinear optimization of continuous systems. By implementing an interior point
algorithm with a filter line-search, it can be used to find (local) solutions of
mathematical optimization problems minimizing an objective function with general
nonlinear constraints. Both the objective and constraint functions can be linear or
nonlinear, and convex or non-conveX, but they should be twice continuously
differentiable. Therefore, the second derivative information can be used if it is
available. Search directions based on a linearization of the optimality conditions, can be
computed in a full-space version by solving a large symmetric linear system. Global
convergence of the algorithm is ensured by a line search procedure, based on a filter

method. More details and implementation of the algorithm can be found in [97].

Since the optimization problem in Eq. (3-8) is in accordance with the problem being
able to be solved by the IPOPT, it is used at each iteration to obtain At, Ay and A®y, and
update the stiffened panels. Linearization of the optimization problem using Taylor’s

expansion yields the following.
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omT om]' om |
min m0+[—m} At+| 0 Ay + m AD,
At,AY, AD,, ot oy 8®b

or T or T or T
St. Ay + Eq At+ Eq Ay + ach AD > A, q=12,...,N,

b

W T (3-29)
L,O+{—'} Ay>L., 1=12,.,N,
’ dy

) SAt<y,

—y, SAYy <y,
— 73 SAD, <y,

where mo, Jq0 and Lio are the values at the current iteration and y1, y2 and ys are the

move limits for At, Ay and A®y, respectively.

It is noted in Eqg. (3-29) that the buckling constraints are approximated as:

L oA T or T o T
[/1‘; ]apprOXimation - ﬂ: ' 4{#} A\ 4{8_;} A\ +[&?q} AD,, > Anmin

k-1 k-1 b k-1

q=12,...,N,
(3-30)

Using the IPOPT, the constraints in Eq. (3-30) are satisfied at each iteration of the
optimization. However, since only first-order sensitivity information is used and higher-

order sensitivity information is ignored, the prediction of buckling load factors

[/1: Lppmximmon from Eq. (3-30) is not sufficiently accurate leading to the potential for

them to be slightly larger than the real ones /1(;‘. This may lead to the violation of the

actual buckling constraint 4, > 4,

min

. Therefore, an additional adaptive scaling constraint

scheme is introduced and the buckling constraints in Eq. (3-29) are re-written as:

oA . [o4 | o2, |
a ﬂ“q,0+ E At + E Ay+ 5 A(I)b Zﬂ’min (3'31)
b
k
where o = k#
[ﬂl ]approximation
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The proposed method and optimization process are illustrated in Fig. 3.8.
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Figure 3.8 Flowchart of the proposed method.

3.3 Numerical Examples

In this section, three numerical examples are presented to study simultaneous sizing,
layout and topology optimization of stiffened panels. In these examples, the Young’s
moduli of the solid material and void phases are Es = 73 GPa and E, = 10°x73 GPa,
respectively. The densities are ps = 2795 kg/m® and py = 0 for the solid material and

void phase, respectively. The Poisson’s ratio is v = 0.33.

3.3.1 Stiffened Panel under Shear Loading

The stiffened panel with the loading and boundary conditions shown in Fig. 3.9 is
considered for optimization. A shear load P = 300 kN/m is applied to the top edge. The
skin is discretized with 80 x 80 plate elements. The lower and upper bounds of the

thicknesses of both the skin and the stiffeners are 0.001 m and 0.003 m, respectively.
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The lower bound of the critical buckling load factor Amin = 1. The lower bound of the

stiffener spacing Lmin = 15 mm.

The initial design which comprises a skin and 7 vertical stiffeners, each with a height of
0.03 m, is given in Fig. 3.10. The initial thicknesses are set to 0.002 m for both the skin
and the stiffeners. The stiffeners are discretized with 8 elements along their height. To
represent the 7 stiffeners, 7 level set functions are used. The first 50 buckling modes are

considered in the optimization.

P =300 kN/m
w=0,r,=0,r,=0
= o
Il Il
' a’
= gl | &
I < Il
e Sl
= &
Il Il
3 0.3m 2
u=0,v=0,w=0,

Figure 3.9 Loading and boundary conditions for the design of a stiffened panel

under shear loading.

(m)

o
S Thickness

S

Geometry Top view

First 4 buckling modes:

e

Figure 3.10 Initial design with 7 vertical stiffeners, m = 0.855 kg, and its first 4
buckling modes under shear loading, 41 = 1.141, 42 = 1.459, 43 = 1.702, A4 = 1.903.
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Figure 3.11 Optimized design, m = 0.356 kg, and its first 4 buckling modes under
shear loading, 41 = 1.010, 22 = 1.017, 43 = 1.021, 44 = 1.024.

From the initial design and corresponding first 4 buckling modes in Fig. 3.10, it can be
seen that there is a tendency for the bottom right-hand side of the panel to buckle under
the given load case with the structure buckling between the stiffeners, i.e., local
buckling. This shows that the stiffeners are stiff enough to force the plate to buckle
locally. The optimized design is shown in Fig. 3.11. The furthest left stiffener is
redundant and is removed, and the remaining stiffeners are moved to the right-hand side
of the structure to increase the stiffness and reduce the buckling in the bottom right-
hand region of the panel. For similar reasons, the thickness of the furthest right stiffener
is much greater than that of the other stiffeners. Meanwhile, the topology and thickness
of each remaining stiffener and the skin thickness are optimized, and redundant material
is removed. For the first buckling mode of the optimized design, buckles cross the
stiffeners, and hence a global mode is observed with local modes seen for its second to
fourth buckling modes. The differences between the first 4 buckling load factors are
within 1.39% which is 97.9% lower than that of the initial design. This agrees with the
observation in [3] that the optimum stiffened panel design is found when global and

local buckling loads coincide.
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Figure 3.12 Convergence curve of the mass for the design of the stiffened panel

under shear loading.

The convergence curves for the mass and buckling load factors during the optimization
are given in Figs. 3.12 and 3.13, respectively. Many small oscillations are found in the
convergence curves. To understand why these occur, the first buckling mode from the
201st to the 210th iteration and the first 50 buckling modes in the 201st and 202nd
iterations are examined in Figs. 3.14 and 3.15, respectively. In Fig. 3.14, it can be seen
that mode-switching occurs with the first buckling mode changing between adjacent
iterations. In Fig. 3.15, it can be observed that the first buckling mode in the 202nd
iteration cannot even be found in the first 50 buckling modes in the 201st iteration,
indicating that the sensitivity information for this first buckling mode in the 202nd
iteration cannot be obtained based on the buckling modes in the 201st iteration. Both of
these effects cause the oscillations seen in the convergence history. Fig. 3.15 also shows
that, in both the 201st and 202nd iterations the higher buckling modes are local modes
which occur between the stiffeners, while global ones which cross the stiffeners usually
appear in the lower modes. As mentioned above, in the 202nd iteration the new first
buckling mode, not be found in the higher modes in the 201st iteration, appears.
Therefore, including lots of buckling modes in the optimization, i.e., 50 buckling
modes, would still not give the sensitivity for the newly introduced first buckling mode.
Considering this, an appropriate number of buckling modes needs to be chosen to

ensure convergence and computational efficiency.
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Figure 3.13 Convergence curves of the buckling load factors for the design of the

stiffened panel under shear loading.
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design of the stiffened panel under shear loading.
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Figure 3.15 First 50 buckling modes in 201st and 202nd iterations for the design of

the stiffened panel under shear loading.

In order to investigate how many buckling modes need to be considered in the
optimization, the optimization problem is solved using the first 1, 4, 7, 10, 15, 25, 50
and 100 buckling modes. The resulting structures are presented in Fig. 3.16.
Comparisons of the solution times and the optimization results are shown in Table 3.1
(the problems are solved on a 2.9 GHz 6-Core Intel Core i9 Processor with 16 GB 2400
MHz DDR4 Memory). Similar feasible solutions are obtained using 4 or more buckling
modes, and the difference between their masses (the objective function) is within

0.85%. When only the first buckling mode is used in the optimization, the optimization
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fails to converge in 800 iterations. It is also noted that, although the mass of the
optimized design using the first 4 buckling modes is less than that obtained using more
than 4 buckling modes, it takes more than 200 additional iterations to converge and the
total optimization time is 51.4% more than that using the first 10 buckling modes.

Using | buckling mode Using 4 buckling modes Using 7 buckling modes Using 10 buckling modes

i/ 949

Using 15 buckling modes Using 25 buckling modes Using 50 buckling modes Using 100 buckling modes

0.001

Thickness (m)

Figure 3.16 Geometries of the optimized designs under shear loading, using

different numbers of buckling modes.

The optimization problem is next solved considering different initial designs. The first
10 buckling modes are used in the optimization. The initial and optimized designs are
given in Figs. 3.17-3.20. These are compared in Table 3.2. For the initial designs in
Figs. 3.19(b) and 3.20(b), the height of the stiffeners is only 0.00375 m. The structures
behave more like plates, and their first buckling modes are different from the one shown
in Fig. 3.10, which, consequently, indicates different optimization paths. From the
optimized designs in Figs. 3.19(d) and 3.20(d), it can be seen that material is added to
the stiffeners, and the layout of the stiffeners and thicknesses of the stiffened panel are
optimized simultaneously. Their geometries are almost the same as that in Fig. 3.11.
The differences between the masses of all the optimized designs in Figs. 3.17-3.20 are
within 8.3%, while the differences excluding the two in Figs. 3.18(d) and 3.20(c) are
within 2.5%. The optimized designs in Figs. 3.18(d) and 3.20(c) are local optima. They
have one less stiffener than the other results but greater masses. This is because, in the
initial designs in Figs. 3.18(a) and 3.20(a), more material is distributed in the left-hand
side of the panel, which is thought redundant and removed by the optimizer at the
beginning of the optimization. Nevertheless, it can be observed that all the optimized
designs follow the same trend. The thickness of the furthest right stiffener is the

greatest, and the remaining stiffeners are moved to the right-hand side of the panel to
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Simultaneous Sizing, Layout and Topology Optimization

for Buckling and Postbuckling of Stiffened Panels
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Optimized designs
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Geometry Top view Ist buckling mode Geometry Top view Ist buckling mode
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Geometry Top view Ist buckling mode Geometry Top view Ist buckling mode
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Figure 3.17 Optimized designs under shear loading, employing initial designs with

different thickness distributions.
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Initial designs:
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Figure 3.18 Optimized designs under shear loading, employing initial designs with

different stiffener layouts.
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Initial designs: Optimized designs:
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Geometry Top view Ist buckling mode Geometry Top view Ist buckling mode
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Figure 3.19 Optimized designs under shear loading, employing initial designs with

different stiffener topologies.
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Figure 3.20 Optimized designs under shear loading, employing initial designs with
different thickness distributions, stiffener layouts and topologies.

The stiffened panel is further optimized by (a) sizing optimization, (b) sizing and layout
optimization, (c) topology optimization, (d) sizing and topology optimization, and (e)
layout and topology optimization. The first 10 buckling modes are considered for all of
the optimizations. The optimized results are presented in Fig. 3.21 and compared in
Table 3.3. Compared with the optimized design obtained from (f) simultaneous sizing,
layout and topology optimization, their masses are 88.2%, 32.6%, 66.6%, 57.0% and
57.0% greater. This shows the simultaneous sizing, layout and topology optimization
can obtain an optimized design with a significantly lighter weight for same structural

performance.
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Table 3.2 Comparison of the optimized results under shear loading, employing

different initial designs.

Optimization with different initial Initial design Optimized design

designs Figure | Mass (kg) | 4 | Figure | Mass (kg) | /A

3.17(a) | 0.835 | 1.066|5.17(c)| 0.360 | 1.008

Different thickness distributions
3.17(b) 0.872 1.147 | 5.17(d) 0.354 1.002

3.18(a) | 0.855 |0.705|5.18(d) | 0.384 | 1.001

Different stiffener layouts 3.18(b) 0.856 0.798 | 5.18(e) 0.353 1.002

3.18(c) | 0870 |0.312|5.18(f) | 0.355 | 1.007

3.19() | 0701 |0.390 |5.19(c) | 0.355 | 1.011

Different stiffener topologies
3.19(b) 0.547 0.151 | 5.19(d) 0.362 1.007

Different thickness distributions, and 3.20(2) 0.719 0.261 | 5.20(c) 0.385 1.008

stiffener layouts and topologies 3.20(b) | 0549 |0.55|520(d)| 0356 | 1.006

(a): Sizing optimization: (b): Sizing and layout optimization:
Geometry Top view Geometry Top view
(c): Topology optimization: (d): Sizing and topology optimization:
Geometry Top view Geometry Top view
(e): Lavout and topology optimization: (f): Sizing, lavout and topology optimization:
\
Thickness distribution:
0.001 0.003
- |
Geometry Top view Geometry Top view Thickness (m)

Figure 3.21 Optimized designs under shear loading, using different kinds of

optimization.
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Table 3.3 Comparison of the optimized results under shear loading, using different

kinds of optimization.

Optimization Mass (kg) A
(a) Sizing optimization 0.670 1.000
(b) Sizing and layout optimization 0.472 1.001
(c) Topology optimization 0.593 1.003
(d) Sizing and topology optimization 0.559 1.006
(e) Layout and topology optimization 0.559 1.007
(f) Sizing, layout and topology optimization 0.356 1.007

3.3.2 Stiffened Panel under Combined Shear and Compression

The stiffened panel with the loading and boundary conditions shown in Fig. 3.22 is
considered for optimization next. The axial loads Nxx = 20 kN/m and Nyy = 100 KN/m
are applied, with an in-plane shear load Nxy, = 100 kN/m. The skin is discretized with
160 x 80 plate elements. The lower and upper bounds of the thicknesses of both the skin
and the stiffeners are 0.002 m and 0.005 m, respectively. The initial thicknesses are set
to 0.003 m for both the skin and the stiffeners. The lower bound of the critical buckling
load factor Amin = 1. The first 10 buckling modes are considered in the optimization. The

lower bound of the stiffener spacing Lmin = 25 mm.

N,, = 100 kN/m

Y VvV VvV VYV VYV VY PN:J' =100 kN/m
£ "I = w=0,r,=0,r,=0 |
é . "'I'Q E i-::
IS g g & -
Hﬁ_., [ II'< 1.0 m I ||4 <
z, 2 O w=0,r,=0,r,=0 2 <

Il <

- A 4
Il
I
§ F,
- =
o
o2

)i_:’

X

Figure 3.22 Loading and boundary conditions for the design of a stiffened panel

under combined shear and compression.
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Figure 3.23 Initial and optimized designs under combined shear and compression,

employing initial designs with different numbers of stiffeners.

The optimization problem is solved considering initial designs with different numbers
of stiffeners. The initial configurations and their corresponding optimized designs are
given in Fig. 3.23 and compared in Table 3.4. The stiffeners, with heights of 0.0625 m,
are discretized with 10 elements along their height for all the initial designs. The
number of stiffeners in the initial design determines the maximum allowable number of
stiffeners in the corresponding optimized design. The more stiffeners in the initial
configuration, the larger the design space to be searched. As the number of stiffeners in
the initial design increases from 1 to 3, 5 and 7, more promising stiffener configurations
are found to resist the buckling and the thickness of the skin is therefore reduced.
Correspondingly, the masses of the optimized designs are reduced by 35.8%, 48.7% and
55.1%, respectively. When enough stiffeners (7 or more) are applied in the initial
configuration, the differences between the masses of the optimized designs converge to
within 0.378% even though their stiffener layouts and buckling modes are different.
This indicates that multiple local optima exist in this problem. To further investigate
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this, another set of optimization problems are solved considering initial designs with the
same numbers (11) of stiffeners but different stiffener spacing, as shown in Fig. 3.24
and Table 3.5. The initial thicknesses are set to 0.002 m for both the skin and the
stiffeners. The differences in the buckling modes in the initial designs indicate different
optimization paths. Optimized designs with different stiffener layouts and higher
buckling modes are obtained, but the difference between their masses is only 0.252%.
Therefore, it can be concluded that several local optimal designs exist in this problem
and that the optimizer is able to explore the design space effectively and achieve equally
good design solutions. With different initial designs, i.e., ones with different numbers or
spacing of stiffeners, the proposed optimization method can offer multiple design

options to engineers.

Table 3.4 Comparison of the optimized results under combined shear and

compression, employing initial designs with different numbers of stiffeners.

Number of stiffeners Initial design Optimized design

in the initial design Figure Mass (kg) M Figure | Mass (kg) A
1 3.23(a) 4.454 0.228 | 3.23(i) 7.055 1.003
3 3.23(b) 4.978 0.862 | 3.23(j) 4.529 1.003
5 3.23(c) 5.501 1.900 | 3.23(k) 3.622 1.001
7 3.23(d) 6.024 3.389 | 3.23(I) 3.165 1.009
9 3.23(e) 6.548 5290 | 3.23(m) 3.177 1.004
11 3.23(f) 7.071 6.474 | 3.23(n) 3.166 1.001
13 3.23(g) 7.595 7.537 | 3.23(0) 3.176 1.006
15 3.23(h) 8.118 12.65 | 3.23(p) 3.175 1.007

3.3.3 Stiffened Panel under a Concentrated Load

The stiffened panel with the loading and boundary conditions shown in Fig. 3.25 is also
considered for optimization. A concentrated load F = 100 kN is applied at the center of
its upper edge. The skin is discretized with 160 x 80 plate elements. The lower and
upper bounds of the thicknesses of both the skin and the stiffeners are 0.002 m and

0.005 m, respectively. The initial thicknesses are set to 0.003 m for both the skin and
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the stiffeners. The lower bound of the stiffener spacing Lmin = 12.5 mm. The first 10

buckling modes are considered in the optimization.

Geometry Top view First 4 buckling modes:

— LRy
1T N ST

Initial designs:

B b e

0.005 Buckling modes: Max
. .
Thickness (m) Magmtude of Eigenvectors

Figure 3.24 Initial and optimized designs under combined shear and compression,

employing initial designs with 11 stiffeners but different stiffener spacing.

Table 3.5 Comparison of the optimized results under combined shear and
compression, employing initial designs with 11 stiffeners but different stiffener

spacing.

Initial design Optimized design

I\(/lkaés)s 1 A2 A3 Aa Figure Mass

NS

M A2 A

£

Figure

3.24(a) | 4.714 | 1.941 | 1.941 | 1.952 | 1.953 | 3.24(b) | 3.173 | 1.001 | 1.004 | 1.027 | 1.047

3.24(c) | 4.714 | 2.305 | 2.306 | 2.335 | 2.361 | 3.24(d) | 3.165 | 1.003 | 1.009 | 1.015 | 1.024

F=100kN
—-q
- w=0,r,=0,r,=0 -
Il Il
o o
2 = 1.0 m I

y ou=0, y=0,r,=0,r,=0 u=0,
v

Figure 3.25 Loading and boundary conditions for the design of a stiffened panel

under a concentrated load.
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Stiffness-based topology optimization based on compliance has been well-developed
and used in the automotive [98], aerospace [1, 99] and civil engineering industries
[100]. In this example, the buckling-based formulations in Eq. (3-30) are studied to
compare with the stiffness-based optimization. The first one in Eq. (3-30a) is mass
minimization with buckling constraints. For the second and third formulations in Egs.
(3-30b) and (3-30c), compliance is considered in either the constraints or the objective.

min m(t,y,®)

ty,®

st. A (ty,®)>24,, 9=12,...,N, (3-30a)

L(Y)> Ly, 1=12,...,N,

wg m(t,y, ®)

st. A (ty ®)2 Ay, 9=12...,N, (3-30b)
c(ty,®)<c,,,
L, (y)z Lo 1=12,..., N,

min c(ty, @)

st. A (LY. ®)= 4, 9=12...N, (3-30c)

m(ty, ®)<m_,
L (Y)2 Ly 1=12,...,N,

where c is the compliance, Cmax is its upper bound and mmax is the upper bound of the
mass. To understand how the thicknesses of the skin and stiffeners are optimized,
optimizations with and without skin thickness optimization are conducted. In the case
without the skin thickness optimization, the skin thickness, t, = 0.0024 m, is fixed

during the optimization.

The initial designs are shown in Fig. 3.26, where 3 and 15 stiffeners with heights of
0.0625 m are considered. The stiffeners are discretized with 10 elements along their
height. The structural data are given in Table 3.6. The lower bound of the critical
buckling load factor Amin = 1 for all three optimization problems. For the second
optimization problem, the mass minimization problem with buckling and compliance
constraints, the upper bound of the compliance cmax = 425. For the third optimization

problem, the compliance minimization with buckling and mass constraints, the upper
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bound of the mass mmax = 4.061. The optimization results corresponding to the three

problem formulations in Eq. (3-30) are given in Figs. 3.26 and compared in Table 3.7.

Initial design:
Geometry

V\N\

-
Case C: (¢) \\\\\\\\\\m ‘H

Case D: (d) “ H‘

Optimized design:
Mass minimization with
buckling constraints

C‘aseA: © — \\
Case B 6 — \\\
e
v

Geometry Top view

Top view
Case A: (a)

Case A: 3 stiffeners, with the skin
thickness optimization

Case B: 3 stiffeners, without the
skin thickness optimization

Case D: 135 stiffeners, without the
skin thickness optimization

Case C: 135 stiffeners, with the skin
thickness optimization

0.002 0.005
.

Thickness (m)

Thickness distribution:

Mass minimization with
buckling and compliance constraints

a1
() — \\ (n)
(k) — \\‘ (0)
B SN

Geometry Top view

Compliance minimization with

buckling and mass constraints
"\

s
-
SN

Geometry Top view

Figure 3.26 Initial and optimized designs under a concentrated load, considering
different optimization problems with or without skin thickness optimization and

employing initial designs with different numbers of stiffeners.

Table 3.6 Initial designs under a concentrated load, considering different
optimization problems with or without skin thickness optimization and employing

initial designs with different numbers of stiffeners.

Number of Including the Mass Skin thickness
stiffeners in the | skin thickness | Figure M Compliance
el gl (kg) (mm)
initial design optimization
3 Yes 3.26(a) 4.978 | 0.502 371.3 3.000
3 No 3.26(b) 4,139 | 0.261 464.1 2.400
15 Yes 3.26(c) 8.118 | 1.872 369.7 3.000
15 No 3.26(d) 7.280 | 0.996 460.4 2.400

From the optimized designs in Figs. 3.26(e)-3.26(h) with the first problem formulation

in Eqg. (3-30a), it can be seen that optimization is conducted successfully without the

50
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compliance in the problem formulation. Comparing the optimized designs in Fig. 3.26,
it can be observed that different stiffener layouts and shapes are obtained when
compliance is considered, especially for the designs considering the 15-stiffener initial
design. The stiffeners to the right-hand side of the panel are moved closer to the right-
hand edge to limit the deformation. Comparing the optimized designs in Figs. 3.26(g),
3.26(k) and 3.26(0), it can be seen that considering compliance leads to thicker skins.
The masses of the optimized designs in Figs. 3.26(k) and 3.26(0) are 11.0% and 33.5%
greater than that of the optimized design based on mass minimization with only a

buckling constraint in Fig. 3.26(g), respectively.

Table 3.7 Comparison of optimized designs under a concentrated load, considering
different optimization problems with or without skin thickness optimization and
employing initial designs with different numbers of stiffeners.

Number of . .
. . Including the Skin
Lo stiffeners in N . Mass . .
Optimization - skin thickness | Figure A1 | Compliance | thickness
the initial L (kg)
desi optimization (mm)
esign
3 Yes 3.26(e) | 3.578 | 1.002 451.4 2411
Mass
minimization 3 No 3.26(f) | 3.603 | 1.006 467.7 2.400
with buckling
constraints in 15 Yes 3.26(g) | 3.043 | 1.002 542.2 2.000
Eq. (3-30a)
15 No 3.26(h) | 3.572 | 1.010 469.1 2.400
3 Yes 3.26(i) | 3.642 | 1.005 425.0 2.454
Mass
minimization :
with buckling 3 No 3.26(j) | 3.871 | 1.007 425.0 2.400
and compliance
constraints in 15 Yes 3.26(k) | 3.378 | 1.002 425.0 2.291
Eq. (3-30b)
15 No 3.26(l) | 3.536 | 1.003 424.0 2.400
. 3 Yes 3.26(m) | 4.061 | 1.001 376.2 2.805
Compliance
minimization
with buckling 3 No 3.26(n) | 4.061 | 1.001 424.4 2.400
and mass
constraints in 15 Yes 3.26(0) | 4.061 | 1.010 375.9 2.773
Eg. (3-30c)
15 No 3.26(p) | 4.061 | 1.000 398.1 2.400

The initial designs with 15 stiffeners offer a larger design space than the ones with 3
stiffeners. When the first and second optimization formulations of the mass

minimization in Eqgs. (3-30a) and (3-30b) are implemented, it can be seen in Figs.
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3.26(e) - 3.26(1) that for the initial designs with 15 stiffeners, the better stiffener
configurations are found to control the structural buckling and deformation, and thus the
thicknesses of the skins can be further reduced. The masses of the optimized designs are
0.86% - 15.0% lower than those considering initial designs with 3 stiffeners. When the
third optimization formulation in Eq. (3-30c) is applied, for similar reasons, the
compliances of the optimized designs considering initial designs with 15 stiffeners in
Figs. 3.26(0) and 3.26(p) are 0.080% and 6.20% lower than those considering initial
designs with 3 stiffeners shown in Figs. 3.26(m) and 3.26(n), respectively.

With the first and second optimization formulations for mass minimization in Egs. (3-
30a) and (3-30b), it can be found from Figs. 3.26(e) - 3.26(1) and Table 3.7 that the
masses of the optimized designs including skin thickness optimization are 0.694% -
14.8% less than those with fixed skin thicknesses. When the 3-stiffener initial design is
considered, the skin thicknesses of the optimized designs including skin thickness
optimization are greater than those without skin thickness optimization; while the skin
thicknesses are thinner when the 15-stiffener initial design is considered. This is
because, when more stiffeners are considered in the initial design, a wider range of
stiffener configurations can be generated to make up for the loss of stiffness due to the
reduced skin thickness. With the third optimization formulation for compliance
minimization in Eqg. (3-30c), when skin thickness optimization is considered, more
material is distributed to the skin to increase the stiffness of the whole structure, with
less material available for the stiffeners due to the mass constraint. The compliances of
the optimized designs in Figs. 3.26(m) and 3.26(0) are 11.4% and 5.58% lower than
those without the skin thickness optimization in Figs. 3.26(n) and 3.26(p), respectively.

3.4 Conclusions

This chapter investigates the weight minimization of stiffened panels simultaneously
optimizing sizing, layout and topology under buckling constraints. An effective level-
set based topology optimization formulation is presented. The construction and
updating of geometric and FE models of stiffened panels are described in detail. To
solve the optimization problem, a semi-analytical sensitivity analysis is presented. The

optimization algorithm is also outlined.
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The numerical results show the effectiveness of the proposed method. The effect of the
buckling modes used is explored. Increasing the number of buckling modes usually
helps with improving the convergence of the optimization by resolving mode switching.
However, in a stiffened panel the higher buckling modes are local modes corresponding
to the stiffener layout. As the stiffened panel, particularly the stiffener layout, is
optimized, additional first buckling modes, not be found in the higher modes in the
previous optimization iteration begin to appear. Considering this, an appropriate number
of buckling modes needs to be chosen to ensure convergence and computational
efficiency. The numerical examples presented also show that whilst this optimization
problem is initial-design-dependent and has several local optimal solutions with similar
structural performances, the proposed method can reliably find useful design candidates
within the given design space.

The benefit of simultaneously conducting sizing, layout and topology optimization for
the design of stiffened panels is demonstrated. The difference between buckling-driven
and stiffness-driven designs is investigated. When structural stiffness is considered,
more material is prone to be distributed on the skin, along with corresponding changes

to stiffener configurations. This can lead to a heavier design.

It is noted that in this work, the free-form mesh deformation method is used to
adaptively adjust the FE mesh to cater for the optimized stiffener layout. This causes
inconsistency of mesh densities on different skin bays and stiffeners. The effect of the
deformation of the FE mesh on the critical buckling load and mass, has been accounted
for in sensitivity information for optimization. So far, no issues on FE analysis and

optimization of stiffened panels, caused by the mesh inconsistency, have been found.
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4 SIMULTANEOUS SIZING,
LAYOUT AND TOPOLOGY
OPTIMIZATION OF PANELS
WITH STRAIGHT STIFFENERS
UNDER STRESS AND
BUCKLING CONSTRAINTS

In Chapter 3, the feasibility of applying the level set topology optimization method to
simultaneously optimize the size, layout and topology of stiffened panels against
buckling, was demonstrated. This was achieved by employing plate elements to model
the stiffeners which were parametrized by multiple implicit level set functions (LSFs)
thus optimizing the internal topology and size of each stiffener at the same time as the
placement, orientation and number of stiffeners and the skin thickness. By using 2D
plate elements, the mesh density could be several orders of magnitude less than for an

equivalent mesh of 3D continuum elements.

So far, only optimization against linear buckling has been studied. In this chapter the
same method is extended to both of the critical failure criteria, stress and buckling,
enabling the weight minimization of stiffened panels simultaneously optimizing size,

layout and topology. The stiffened panel is again discretized with plate elements. The
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layout of the stiffeners is optimized, and the free-form mesh deformation approach is
improved to adjust the finite element mesh for the changing stiffener layout. The level
set method is utilized to optimize the topologies of the stiffeners, as well as the
thicknesses of the skin and stiffeners. Bending, shear and membrane stresses are
evaluated at the bottom, middle and top surfaces of the elements. The local stress
constraints are aggregated into a global constraint using a p-norm function. A gradient-
based optimizer is employed to solve the optimization problem. Numerical examples

demonstrate the effectiveness of the proposed approach.

The remainder of this chapter is organized as follows. In Section 4.1, the geometric and
finite element (FE) models of the stiffened panel are presented. Section 4.2 describes
the mathematical formulation and the optimization methodology. Numerical examples
and investigations of the optimum stiffened panels are presented in Section 4.3,

followed by conclusions in Section 4.4,

4.1 Stiffened Panel Model

In this section, the geometric and FE models are described. The coordinates of the
stiffener ends are used to manipulate the stiffener layout, and LSFs are used to represent
and optimize the internal topologies of the stiffeners. Sizing variables are also included
to optimize the thicknesses of the skin and stiffeners. As the stiffener layout changes, an
modified free-form mesh deformation method is used to adjust the FE mesh.

4.1.1 Geometric Model

Figure 4.1 illustrates how the geometric model of the panel with straight stiffeners is
constructed and updated. The same method, as described in Sections 3.1.1 - 3.1.3, is
adopted. As shown in Figs. 4.1(i) and 4.1(j), the stiffened panel is described in terms of
the stiffener layout, the internal topologies of the stiffeners and the thicknesses of the
skin and stiffeners, and updated by optimizing them. As shown in Figs. 4.1(a) and
4.1(b), the positions, rotations and spacing of the stiffeners are represented and
manipulated by their two ends’ coordinates. The level set topology optimization
methodology is used to optimize the internal topologies of the stiffeners. One LSF is
used for the description of the internal topology of each stiffener. The relationship
between the LSF values @ and the resulting structure is shown in Figs. 4.1(c) and
4.1(e), and Figs. 4.1(d) and 4.1(f). The skin and each of the stiffeners are considered to
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have the same thickness throughout. As shown in Figs. 4.1(g) and 4.1(h), the skin
thickness and the thickness of each stiffener are denoted by tp and tsp (n=1, 2, ..., N,
where N is number of stiffeners) and optimized as well.

Obtain layout and internal
ropulug,l s of stiffeners,

o= 4w

Zero level set

Obrai nb cometry model

el set]

functions
Update
thicknesses || =
geometry model

Obtain layout and internal
tupuloy,lu.ul‘:.lwlﬁ.n IS,

N =10 4 4

Min. Max. Ma\ 0 Max.

Obtain geometry

Update layout
Update lev

- | _ L .
Level set function value Thickness Thickness

Figure 4.1 llustration of how to construct and update the geometric model of a
sample stiffened panel: (a) the initial stiffened layout; (b) the updated stiffened
layout; (c) the initial LSFs and their zero level set for the internal topologies of the
stiffeners; (d) the updated LSFs and their zero level set for the internal topologies
of the stiffeners; (e) the initial layout and internal topologies of the stiffeners; (f)
the updated layout and internal topologies of the stiffeners; (g) the initial thickness
distribution; (h) the updated thickness distribution; (i) the initial geometric model;
(J) the updated geometric model.

4.1.2 Finite Element Model
4.1.2.1 Modified Free-Form Mesh Deformation Method

In this study, both the skin and stiffeners are modeled explicitly using four-node mixed
interpolation of tensorial components (MITC) plate elements with six degrees of
freedom per node, comprising a Mindlin-Reissner plate element [91, 92] combined with
a plane stress formulation. In the works in Chapter 3, the free-form mesh deformation
method [90] was used to deform the FE mesh to account for the updated stiffener
layout. As shown in Fig. 4.2, a control mesh is established. The x and y coordinates of

nodes on the control mesh are equal to those of the two ends of the stiffeners or the
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panel vertices. As shown in Figs. 4.2(c) and 4.2(d), the optimal layout of the stiffeners
can be obtained by optimizing the coordinates of the nodes on the control mesh. The FE

mesh is deformed to cater for the updated stiffener layout:

Xee =NX ool (4-1a)
Xsonrol Xeonrol +Y (4-1b)
XE=XE + 2 (4-1c)
z=Ny (4-1d)

where Xre and Xcontrol are nodal coordinates on the FE and control meshes, respectively.

z and y represent their changes. N is the shape function.

Update finite
element mesh

(d)

Figure 4.2 lllustration of updating the finite element mesh using the free-form
mesh deformation method with control mesh: (a) the initial finite element and
control meshes; (b) top view of the initial finite element and control meshes; (c) the
updated finite element and control meshes; (d) top view of the updated finite

element and control meshes.
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Figure 4.3 Loading and boundary conditions for the design of a stiffened panel

under combined compression and shear.
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Figure 4.4 Panel with the undeformed FE mesh, and its stress distribution at the
middle surface and first four buckling modes under combined compression and
shear, evmmmax = 426.12 MPa, A1 = 0.1154, 22 = 0.1717, 23 = 0.2828, 44 = 0.4191.

Using the existing free-form mesh deformation method however can cause inaccuracies
in the stress. This is demonstrated in the example shown in Fig. 4.3, where a stiffened
panel of 0.3 m x 0.3 m is considered. The Young’s modulus of the material is E =
73.085 GPa. The Poisson’s ratio is » = 0.33. As shown in Fig. 4.4, the panel is
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discretized uniformly with 80 x 80 plate elements and its stress distribution at the
middle surface and first four buckling modes are given. gvmmmax iS the maximum von
Mises stress at the middle surface, which occurs at the bottom right-hand corner of the
panel. 11 — A4 are the first four buckling load factors. Figure 4.5 shows that the free-form
mesh deformation method decreases ovmmmax by 5.9%. This is because, the FE mesh is
deformed to make the widths of the elements around the bottom right-hand corner of the
panel larger. The distances between the central and Gauss points of these elements and
the bottom right-hand vertex of the panel is thus increased.

Stress distribution at

FE and control meshes Top view of FE and middle surface
control meshes

l Max.
B2
o 2
T 0
> O
£z
f=1
Egt)

i

Ist buckling mode 2nd buckling mode 3rd buckling mode 4th buckling mode

Figure 4.5 Panel with the FE mesh using the free-form mesh deformation method
with control mesh, and its stress distribution at the middle surface and first four
buckling modes under combined compression and shear, 6vmmmax = 400.91 MPa, 41
=0.1154, 42 =0.1717, 23 = 0.2828, 44 = 0.4191.

Due to this discrepancy, the optimizer attempts to decrease the maximum stress
primarily by deforming the FE mesh and moving the stiffeners. Specifically, when the
central and Gauss points move closer to the maximum stress location via moving the
stiffeners, the stresses evaluated on these central and Gauss points can be increased and
may then exceed the upper bound of the stress due to the effect of the mesh deformation
on the stress computation instead of the structural stiffness variation caused by the
stiffener movement. To ensure stresses remain below the upper limit, the optimizer
needs to control the distances between the central and Gauss points and the maximum
stress location, by keeping the stiffeners from approaching the maximum stress
location, or even moving the stiffeners farther away. The maximum stress usually

occurs around the stiffeners and panel edges. In order to minimize the effect of the mesh
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deformation on the stress computation, the mesh deformation method is modified to
maintain the size of the FEs in these regions to be unchanged during the optimization.
Figure 4.6 shows the modified free-form mesh deformation method developed to
achieve this. The element boundaries of the control mesh are placed on d FEs (d = 1 in
Fig. 4.6) away from the stiffeners or panel edges. As shown in Figs. 4.6(c) and 4.6(d),
the movement of the element boundary of the control mesh is then the same as that of

the nearest stiffeners or panel edges:

y = Aystiffener (4'2)

where Vsitfener represents the changes in the coordinates of the stiffener ends. A is the
mapping matrix. Ystitrener IS the design variables in the stiffener layout optimization, and
the deformation of the FE mesh can be achieved through Eqgs. (4-1c), (4-1d) and (4-2).
Unlike in the case in Fig. 4.2, the widths of the FEs within d elements away from the

stiffeners or panel edges now remain unchanged as the stiffener layout is updated.

000/

Update finite
element mesh

(d)

Figure 4.6 Illustration of updating the finite element mesh using the modified free-
form mesh deformation method with control mesh: (a) the initial finite element
and control meshes; (b) top view of the initial finite element and control meshes;
(c) the updated finite element and control meshes; (d) top view of the updated

finite element and control meshes.
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For the panel shown in Fig. 4.3, the FE mesh in Fig. 4.4 is deformed (shown in Fig. 4.7)
using the modified free-form mesh deformation method, with the same movements of
“pseudo stiffeners” in Fig. 4.5. The discrepancy between the values of gvmmmax for the
two FE meshes in Figs. 4.4 and 4.7 is 0.36%. Compared with the result using the
previous free-form mesh deformation method in Fig. 4.4, the discrepancy is reduced by
94%. This shows the effectiveness of the modified free-form mesh deformation method
for stress computations. It is noted that, for both the original and modified free-form
mesh deformation methods, the differences between 11 — A4 are within 0.024%. To test
the modified free-form mesh deformation method, different mesh sizes and values of
the parameter d (d > 1) have been used. It has been found that, for the same mesh size,
the maximum difference between ovmmmax for different values of d is 0.24% and the
maximum difference between A1 — A4 is 0.035%. Therefore, for the numerical examples

in following sections, d = 1 is used.

ORAY e
&
A<

"*‘»"A\u\»,‘

| e o i o
Stress distribution at
FE and control meshes Top view of FE and middle surface

control meshes

a4

Ist buckling mode 2nd buckling mode 3rd buckling mode 4th buckling mode

; <
Magnitude of 2
Eigenvectors

|
(=}

Figure 4.7 Panel with the FE mesh using the modified free-form mesh deformation
method with control mesh, and its stress distribution at the middle surface and
first four buckling modes under combined compression and shear, evmmmax =
424.60 MPa, 41 = 0.1154, 22 = 0.1717, A3 = 0.2828, 14 = 0.4192.
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Update physical
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Figure 4.8 Physical density field: (a) initial; (b) updated.

As described in Section 3.1.2 and shown in Figs. 4.1(c) and 4.1(d), based on the
undeformed mesh, it is straight forward to calculate the elemental density values w for
each stiffener. Due to the one-to-one correspondence between the elements of the
undeformed and deformed FE meshes, shown in Figs. 4.8(a) and 4.8(b), a direct
mapping can be used and the density distribution w for the stiffener is obtained by w; =

vj. The density distribution is w = 1 for all the elements on the skin.

After updating the nodal coordinates on the FE mesh and obtaining the elemental
density and thickness distributions, the stiffness and geometric stiffness matrices for the

j-th finite element can be calculated, as in Chapter 3:

K :WJKJ?(Esips’U'tj’XFE)J“(l_Wi)KJV(EV’pV’U’tJ’XFE) (4-32)
Ko =W, (a)jK;'j (Es 20085 Xee )+ (1w, ) KG 5 (B 20,8 Xee )) (4-30)

where K; and K; represent the stiffness matrices of the j-th finite element with solid

and void phases, respectively. K:, and K; ; denote the geometric stiffness matrices of

the j-th finite element with solid and void phases, respectively. Es and Ey are the
Young’s moduli of the j-th finite element with solid and void phases, respectively. ps
and py are the densities of the j-th finite element with solid and void phases,

respectively. tj is the thickness of the j-th finite element. » is Poisson’s ratio.
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Figure 4.9 lllustration of the application of pressure.

When pressure is applied, the forces applied on the FE mesh are redistributed as the
stiffener layout is updated. As shown in Fig. 4.9, the force applied to a point pf is

calculated as:

o _HU”+W)

pf — 2 (4'4)

where P is the pressure value per unit length. L™ and LP" are the lengths of the
elemental boundaries with the point pf.

To compute the displacement and buckling load factors of the stiffened panel, the linear
elasticity and eigen-buckling equations in Eq. (4-5) are solved using the HSL MA57
solver [94] and ARPACK [95], respectively:

Ku=f (4-5a)

(K+K, (u))v=0 (4-5b)

where K, u and f are the structural stiffness matrix, static deflection and applied load,
respectively. Ky is the geometric stiffness matrix. A and v represent the

eigenvalue/eigenvector pair for buckling.

The von Mises stress of the element is calculated by:

1

Oum :(WjuTijm,juj )E (4-6)
where
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Q. = [ BID]VD,B,dA+[ BICIVCBdA+|[ BICIVC,B,dA  (4-73)

D, =1C, (4-7b)

The notations Cp, Cs and Cr, are the constitutive matrices for the bending, shear and
membrane stresses, respectively. By, Bs and Bm are the relative strain—displacement
matrices. A is the area of the element. V is the Voigt matrix. z is the distance from the

middle surface, —t/2<z<t/2. The von Mises stresses ovmp, ovmm and ovmt of the

element at the bottom, middle and top surfaces can be represented as:

Oumpb = Oum 7=-h/2 (4'83-)
va,m =0y |z:0 (4-8b)
Oumt = Oum z=h/2 (4'8(:)

4.2 Problem Formulation and Optimization Method

In this section, the problem considered in this work is described. To solve this problem
with a gradient-based optimizer, a semi-analytical sensitivity analysis is performed. The

optimization algorithm is also presented.

4.2.1 Problem Formulation

The minimum weight problem for stiffened panels subject to stress and buckling
constraints can be written as:

min m(taystiﬁener’q))

thstiffener @

St Ounpj (t,yStiffener , d)) < O ypper_bound 1=12,...,N,
Cymm. | (t,yStiffener , d)) < O yoper_bound 1=12,...,N,
Oyt j (t, Y giiffener 1 (I)) < O yoper_bound i=12,...,N,
A (£ Y gittener @) = Aiower pouna» d=12,...,N,,
Ly (Vstitener ) = Liower pouna» 1 =124, N

(4-9)

where t = [tp, ts1, ..., tsn]", Vstiffener and @ = [dq, ..., O] are the sizing, layout and

topology design variables, respectively. gupper_bound is the upper bound of the von Mises
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stress. Ne is the number of the finite elements. The first N, buckling modes are
considered and Aiower bound 1S the lower bound of the critical buckling load factor. Since
the modified free-form mesh deformation method is utilized to adaptively adjust the FE
mesh, overlap and intersection between the adjacent stiffeners are prevented by setting
the spacing constraints. L denotes stiffener spacing, and Liower bound IS its lower bound.
N is the total number of spacing constraints. These have the effect of controlling the

widths of the finite elements, which naturally avoids excessive element distortion.

The stiffener spacing L is controlled via the difference between the coordinates of the

adjacent nodes on the control mesh:
Ly =Xanror ~ Xeontol (4-10)
As in Eqg. (3-9), the mass m is defined by the mass matrix:
m=g' Mg (4-11)

where the vector g contains ones for deflection degrees of freedom along the gravity

direction and zeros elsewhere.

In Eq. (4-9), the von Mises stresses aymb, ovmm and ovm: Of each element at the bottom,
middle and top surfaces are considered. In this work, the p-norm function is used as a

stress aggregation to approximate the maximum stress:

N, ip
Gpn = [Z(O-v?n,b,j + O-v?n,m,j + O-v’?n,t,j )} (4'12)

where p is a p-norm parameter. Since the p-norm is always greater than the maximum
with finite p, the adaptive scaling constraint [61] is employed to enforce a constraint on

the actual maximum stress:

ao, < O ypper_bound (4-13)
where « is computed at the k-th iteration:
K max(a\ll(r;,lb,j’G\i/(n:,lm,j’a\l/(n:,lt,j) (4-14)
o = O_k—l

pn
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Therefore, the optimization problem in Eq. (4-9) becomes:

min m(t1ystiffener’q))

t!ystiffener @

st. ao—pn (t’ ystiffener ! (I)) < O-upper_bound (4_15)

ﬂ“q (t’ ystiffener ' (I)) 2 Aower_bound’ q = l’ 2’ cety Ni
I-I (ystif'fener ) 2 Llower_bound ' I = 1’ 2’ te N L

4.2.2 Sensitivity Analysis

The gradient-based optimizer, IPOPT [97], is again used to solve the optimization
problem described in Eq. (4-15). Therefore, the sensitivities of the mass m, the p-norm
function of the von Mises stress apn, the buckling load factor Aq and the stiffener spacing
L, are required. A semi-analytical sensitivity analysis with the adjoint method is
employed.

4.2.2.1 Sensitivity Analysis for Layout Optimization

The derivative of m with respect to y; can be calculated by:

om oM
M_gr M 4-16
0 oy, (4-16)

To calculate the sensitivity of apn, the augmented Lagrangian functional for opn Is given
by:

¥ =0, +Uy,(Ku-f) (4-17)

where Uag;s is the adjoint vector.

Differentiating Eq. (4-17):
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oY _
Y

p(Z(— o (2w, al;/: Qunp U +W,U] %uj)

8uT 0 .
2w, —1Q u. +Wu —va‘m" u

vmm]( vm,m, j " j j)
"oy, Y, (4-18)
anmtj

ou’
vmt](ZW ayj vat]uj+wu ay uj)))

+

l\)|'O I\Jl-c

+

0
ua‘“(Ku—f)+u;d‘ [GK Ka_u_ij
ay ayi ay dyl

By collecting the terms with ou/dy in Eq. (4-18) and setting them to zero, the derivative

of the augmented Lagrangian functional for op, with respect to y; can be calculated by:

oY e anm anmm
E_Bo- D(Z(g vmbj -’bJU)+2 mej(W ay Juj)
i = 6Q i , i (4_19)
v, oK
+p vmtJ( Juj tju)))+ ads( u__]
2 ayl ayi dyl
where
(Z(_ vme(ZWvabJ j)+2 mej(2WQmej J)
(4-20)

IO
E thJ(2WQvmtJ J)))+Ku =0

The derivative dopn/0Yi is equivalent to 0P/dy; in EQ. (4-19) due to the adjoint method.

As shown in Eqg. (3-14), the sensitivity of q is calculated as:

oK
ur (6Ku—6fj v (6K+/1 g(u)qu

82’ ad,b : (o} -
a__\% O %, %, (4-21)
ayi Vq Kg (u ) Vq
where uad b IS the adjoint vector and
oK, (u
A Ve 1 )v —uy, ,K=0 (4-22)

It is noted that df/dyi #0 in Egs. (4-19) and (4-21). This is because, when the pressure is
applied, the forces applied on points of the FE mesh are changed based on Eq. (4-4) as 'y
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is updated. The sensitivities of m, opn and Aq are analytically derived and given in Egs.
(4-16), (4-19) and (4-21). For simplicity, oM/oyi, dfidyi, oK/dyi, and O0Kg/dyi are
calculated via the finite difference method as is the derivative dLi/dy; for the spacing

constraint.

4.2.2.2 Sensitivity Analysis for Topology Optimization

As described in Eq. (3-18), to update the LSFs representing the stiffener internal
topologies, derivatives with respect to the level set value of the boundary points @, are

computed by:

ag -y og ow; v,
oD, S ow, v, oD,

(4-23)

where owj/ov; = 1 because w;j = vj. The function g represents an equation, i.e. m, opn, 4q
and L. dL/dw; = 0.

The derivative of m with respect to wj is calculated by:

om oM
g e 4-24
w9 w8 (4-24)

i J

In a similar way to the computation of dapn/dYi, the derivative of apn With respect to w; is

obtained by:
80'p
6W- ((_ vmbj(u vabj ])+ mej(u vamj j)
! K (4-25)
g vmtj(u vatj J)))+uadsavv u

i

In a similar way to the computation of dAq/0yi, the derivative of Aq with w; is obtained

by:

oK , U)
8/1 ad b aW Vq
q _ J (4-26)
ow, v Kg(u

As described in Section 3.2.2.2, in this work, the LSFs are always maintained as signed
distance functions by a combination of the marching squares and fast marching
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algorithms [86]. In order to ensure the signed distance property |VCD|:1 after every

update of the LSF, the fast velocity extension algorithm [96] is utilized. The
relationship between the changes to the LSF values A®np at the boundary and Ady in
the rest of the design domain is determined as:

n,b

AD, { oD, :IACDnb, n=12,...,N (4-27)
oD |

Then the term ovj/0dnp can be computed via the implicit perturbation of the level set
boundary. Specifically, a small perturbation ADnp is assigned to the level set value ®np
of the given boundary point of interest. Then the changes in the LSF A®y in the rest of
the design domain can be obtained using Eq. (4-27). After implementing the marching
squares and fast marching algorithms, the new LSF and corresponding zero level set are
obtained. This results in the new volume fraction vj. Then the term 0Ovj/0®np can be
approximated by the finite difference method.

4.2.2.3 Sensitivity Analysis for sizing Optimization

To implement the sizing optimization and update the thickness distribution of the
stiffened panel, derivatives with respect to t are computed through the chain rule:

9 _ Za—gﬂ (4-28a)
ot, Flot; ot
og g o
_—~ - —_— , n:1’2,.._,N 4'28b
ats,n ; atj 61:s,n ( )
where
ot; (1 when the j-th element belongs to the panel (4-29)
- = - a
ot, |0 when thej-th element does not belong to the panel
ot; |1 when the j-th element belongs to the n-th stiffener =12 N
at,, |0 when thej-th element does not belong to the n-th stiffener’ """
(4-29b)

Similarly,
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m_g @g (4-30a)
atJ
8(7 anm b, anm m,j
((_ vmb (W J u; )+ v':nfn (WuT ) U-)
6tj i atj 2 j 17 atj J 4 3Ob
p Nyle) oK (4:300)
+— o (WU Vm” u;))+uy,—u
2 i iTi J aWJ
r oK oK, , 0K, (u)
uad,b A 0T Vg A q q
o4, a, ot a,
- _ (4-30c)
ot VoK, (u)v,
oL,
e I 4-30d
" ( )

4.2.3 Optimization Algorithm

Linearization of the optimization problem in Eq. (4-15) using Taylor’s expansion

} )

. om] om
ALA mln AD mo +— | At+ stlffener
1AV stiffener 1 APy 8t 6ystiffener
0o, ' 0o, on
st. ao|lo on.0 + ot At+ ay yst|ffener A(I)b = O-upperfbound
stiffener

T T
q, at aystiﬂener SI ener ower_boun

T
I—I,O +|: dLI } AyStif-fener 2 Llower bound ! | = l’ 2’ T NL
dystiffener B

7 SAt<y,

=7 < Aystiffener < V2
—73 SA®, <7,

(4-31)

where mo, opn,o, 490 and Lio are the values at the current iteration. y1, y2 and ys are the

move limits for At, Aystitfener and A®y, respectively. IPOPT [97] is used to solve the
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optimization problem in Eq. (4-31) at each iteration to obtain At, Aystitfener and A®y t0
update the stiffened panels.

The optimization methodology is illustrated in Fig. 4.10. t, Vstiffener and @ are optimized

simultaneously.

( Define initial design with t, Yifenes, P )

Use modified free-form mesh deformation method to|
adjust FE mesh

I

Apply loads on FE mesh

Use marching squares algorithm to
extract @

Use fast marching algorithm to
ensure VO, |=1, n=1,2,... N

No
| Compute the elemental physical density field |
Yes
l Converged? Stop )
| Determine the elemental thickness distribution |
l X
| Implement FEA |

}

Compute values of objective (mass) and constraint
functions (stress and buckling)

I

| Implement sensitivity analysis |

}

| Use IPOPT to solve the optimization problem |
|

| Update design variables design t, Yetittoner. @ [

Figure 4.10 Flowchart of the level set based stiffened panel optimization method.

4.3 Numerical Examples

Two numerical examples are presented to demonstrate and validate the optimization
method. In these examples, the aluminum alloy, Al 2139, is used. Young’s moduli of
the solid material and void phases are Es = 73.085 GPa and E, = 10 x 73.085 GPa,
respectively. The densities are ps = 2700 kg/m3 and py = 0 for the solid material and

void phase, respectively. Poisson’s ratio is v = 0.33.
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4.3.1 Stiffened Panel under Compression and Shear

A stiffened panel of 0.3 m x 0.3 m with the loading and boundary conditions shown in
Fig. 4.3 is considered for optimization. The lower and upper bounds of the thicknesses
of both the skin and the stiffeners are 0.001 m and 0.003 m, respectively. The upper
bound of the von Mises stress oupper bound = 427.5 MPa [9]. The lower bound of the
critical buckling load factor is Aiower bound = 1. The lower bound of the stiffener spacing

Lmin =7.5mm.

The initial design with seven vertical stiffeners, each with a height of 0.03 m, is given in
Fig. 4.11. The initial thicknesses are set to 0.002 m for both the skin and the stiffeners.
The skin is discretized with 80 x 80 plate elements, with 8 elements along the height of
the stiffeners. Seven level set functions are used to represent the seven stiffeners.
Ovm,bmax, Ovmm,max aNd ovmtmax are the maximum von Mises stresses of elements at the
bottom, middle and top surfaces, respectively. p = 12 is used for Eq. (4-12). Based on

the work in Chapter 3, the first 10 buckling modes are considered as constraints.
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Figure 4.11 Initial design with seven vertical stiffeners, m = 0.826 kg, and its stress

distributions and first four buckling modes under combined compression and
shear, ovmbmax = 375.5 MPa, evmmmax = 387.1 MPa, evmtmax = 401.9 MPa, 41 =
3.822, 72 =4.767, A3 = 5.395, 44 = 5.700.
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Figure 4.12 Optimized design (6upper_bound = 427.5 MPa and Aiower_bound = 1), m =
0.507 kg, and its stress distributions and first four buckling modes under
combined compression and shear, evmbmax = 398.9 MPa, vmmmax = 411.2 MPa,
ovmtmax = 427.3 MPa, 21 = 1.001, 22 = 1.013, 43 = 1.038, 44 = 1.1109.

From the initial design and its buckling modes in Fig. 4.11, it can be seen that buckling
occurs towards the bottom right-hand corner of the panel. The optimized design is given
in Fig. 4.12, with the convergence curves in Fig. 4.13. In Fig. 4.12, it can be seen that
the number of stiffeners is optimized to three diagonal stiffeners with two short
stiffeners. The layout optimization places the stiffeners to the right-hand side of the
structure to increase the stiffness in this region. Meanwhile, with the topology and
sizing optimization, the internal topology, height and width of the remaining stiffeners
are optimized as well as their thicknesses. As a result, the buckling modes are less
localized than those of the initial design while the mass of the optimized design is

decreased by 38.6%. Both the stress and buckling constraints are satisfied.
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Figure 4.13 Convergence curves: (a) mass; (b) p-norm stress function and
maximum stresses at the bottom, middle and top surfaces; (c) buckling load

factors.

To investigate the effect of the stress constraint on the optimized design, the
optimization problem is solved again with different upper bounds and without a stress
constraint. The buckling constraints are still set with Aiower bounda = 1. The optimized
designs are given in Figs. 4.14-4.16. The comparison is given in Table 4.1. For all the
optimized designs, the stress and buckling constraints are satisfied. The stress is
concentrated at the bottom right-hand corner of the panel. AS oupper bound iNCreases, the
thickness and the stiffness of the skin are decreased. Correspondingly, more stiffeners

are needed to resist the buckling and ensure the buckling constraint is satisfied.
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Figure 4.14 Optimized design (eupper_bound = 356 MPa and Alower_bound = 1), m = 0.594
kg, and its stress distributions and first four buckling modes under combined
compression and shear, evmbmax = 330.7 MPa, evmmmax = 341.6 MPa, ovmtmax =
356.0 MPa, 41 = 1.007, 42 = 1.152, 23 = 1.304, A4 = 1.399.
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Figure 4.15 Optimized design (eupper_bound = 513 MPa and Alower_bound = 1), m = 0.443
kg, and its stress distributions and first four buckling modes under combined
compression and shear, evmpbmax = 481.4 MPa, 6vmmmax = 495.3 MPa, evmtmax =
512.9 MPa, 41 = 1.004, 22 = 1.007, 43 = 1.013, 44 = 1.052.
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Figure 4.16 Optimized design (without stress constraint and Aiower bound = 1), m =
0.341 kg, and its stress distributions and first four buckling modes under
combined compression and shear, evmbmax = 696.1 MPa, evmmmax = 722.1 MPa,
ovmtmax = 757.5 MPa, 21 = 1.001, 22 = 1.006, 43 = 1.018, 44 = 1.024.

Table 4.1 Comparison of the optimized results with different stress constraints and

without a stress constraint.

Oupper_bound m Ovm,b,max | Ovmmmax | Ovm,tmax

(MP&) ilower_bound (kg) (MPa) (MPa) (MPa) j.]_ j.z j.3 14
356 1 0594 | 330.7 | 3416 | 356.0 | 1.007 | 1.152 | 1.304 | 1.399
4275 1 0507 | 3988 | 411.2 | 427.3 | 1.001 | 1.013 | 1.038 | 1.119
513 1 0443 | 481.4 | 4953 | 512.9 | 1.004 | 1.007 | 1.013 | 1.052
No stress 1 0341 | 696.1 | 7221 | 7575 | 1.001 | 1.006 | 1.018 | 1.024

constraint

To investigate the effect of the buckling constraints on the optimized design, the
problem is also solved with buckling constraints with different lower bounds. The stress
constraint is set with aupper bound = 427.5 MPa. The optimized designs are given in Figs.
4.17 and 4.18. The comparison is given in Table 4.2. For the optimized designs with
Jiower_bound = 1, 2 and 3 in Figs. 4.12, 4.17 and 4.18, their skin thicknesses are 1.886 x
102 m, 1.874 x 10 m and 1.865 x 10 m, respectively. The difference is within 1.1%.
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AS Alower bound INCreases, more stiffeners remain in the optimized design. This shows
that, the impact of the buckling constraints on the stiffeners is greater than that on the

skin.

Further optimization problems including (a) sizing optimization only, (b) sizing and
layout optimization, (c) topology optimization only, (d) sizing and topology
optimization and (e) layout and topology optimization, are also solved for the design of
the stiffened panel. In each case the stress and buckling constraints are set with
Oupper bound = 427.5 MPa and Adiower bound = 1, respectively. Figure 4.19 shows the
optimized designs. All of their stress and buckling constraints are satisfied. From Table

4.3, however, it can be seen that their masses are all greater than that in Fig. 4.12.
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Figure 4.17 Optimized design (Gupper bound = 427.5 MPa and Aiower bound = 2), m =
0.528 kg, and its stress distributions and first four buckling modes under
combined compression and shear, evmbmax = 395.7 MPa, 6vmmmax = 409.3 MPa,
ovmtmax = 427.4 MPa, 41 = 2.006, A2 = 2.017, 43 = 2.029, 44 = 2.035.
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Figure 4.18 Optimized design (6upper_bound = 427.5 MPa and Aiower_bound = 3), m =
0.552 kg, and its stress distributions and first four buckling modes under
combined compression and shear, evmbmax = 398.3 MPa, 6vmmmax = 411.0 MPa,
ovmtmax = 427.4 MPa, A1 = 3.018, 22 = 3.032, 43 = 3.046, 24 = 3.056.

(a): Sizing optimization: (b): Sizing and layoutoptimization:
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Figure 4.19 Optimized design using different kinds of optimization with Gupper bound
= 427.5 MPa and Aiower bound = 1: (@) sizing optimization; (b) sizing and layout
optimization; (c) topology optimization; (d) sizing and topology optimization; (e)
layout and topology optimization.
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Table 4.2 Comparison of the optimized results with different buckling constraints.

Oupper_bound m Oym,b,max | Ovmm,max | Ovm,tmax

(M Pa) j,lower_bound (kg) (M Pa) (M Pa) (M Pa) /11 /12 /’{3 14

427.5 1 0.507 | 398.8 411.2 427.3 |1.001 | 1.013 | 1.038 | 1.119
427.5 2 0.528 | 395.7 409.3 427.4 | 2.006 | 2.017 | 2.029 | 2.035
427.5 3 0.552 | 398.3 411.0 427.4 | 3.018 | 3.032 | 3.046 | 3.056

Table 4.3 Comparison of the optimized results using different kinds of

optimization with eupper_bound = 427.5 MPa and Aiower_bound = 1.

Percentage
T m greater than Ovym,b,max | Ovm,m,max | Ovm,tmax
Optimization | o | ") for the | (MPa) | (MPa) | (MPa) | RN

mass
(a) Sizing | 0.646 | 27.4% 401.6 | 413.1 | 427.5 | 3.247 | 3.943 | 4325 | 4.415
(b) Sizing | 15| 2720, 4023 | 4135 | 4275 | 3.126 | 3.859 | 4.297 | 4.489
and layout
(c) Topology | 0.564 11.2% 397.6 | 407.8 | 4202 | 1.007 | 1.011 | 1.044 | 1.099
(d) Sizing

0514 | 1.38% 406.0 | 4157 | 427.5 | 1.002 | 1.004 | 1.028 | 1.101

and topology
(©) Layout | o s)5 | 7 500, 4017 | 411.1 | 4223 | 1.002 | 1.011 | 1.034 | 1.081
and topology
(f) Sizing,
layoutand | 0.507 0% 398.8 | 4112 | 427.3 | 1.001 | 1.013 | 1.038 | 1.119
topology

4.3.2 Stiffened Panel under Compression, Shear and Bending

The stiffened panel with the loading and boundary conditions shown in Fig. 4.20 is
considered for optimization. The size of the panel is 0.3 m x 0.3 m. The lower and
upper bounds of the thicknesses of both the skin and the stiffeners are 0.001 m and
0.003 m, respectively. The upper bound of the von Mises stress gupper bound = 427.5 MPa.
The lower bound of the critical buckling load factor is Aiower bound = 1. The lower bound

of the stiffener spacing Lmin = 7.5 mm.
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Figure 4.20 Loading and boundary conditions for the design of a stiffened panel

under combined compression, shear and bending.

The same initial design as shown in Fig. 4.11 is used. Its stress distributions and
buckling modes are shown in Fig. 4.21. The first 10 buckling modes are considered in

the optimization.
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Figure 4.21 Initial design with seven vertical stiffeners, m = 0.826 kg, and its stress
distributions and first four buckling modes under combined compression, shear
and bending, b max = 268.7 MPa, 6mmax = 182.6 MPa, otmax = 323.4 MPa, 41 = 1.485,
A2 =3.449, 23 = 3.866, 14 = 4.618.
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To investigate the effect of p in the p-norm stress function in Eq. (4-12) on the
optimized design, the problem is solved with a range of p values. The optimized designs

are given in Figs. 4.22-4.27. They are compared in Table 4.4.
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Figure 4.22 Optimized design with p = 6, m = 0.458 kg, and its stress distributions
and first four buckling modes under combined compression, shear and bending.
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Figure 4.23 Optimized design with p = 8, m = 0.454 kg, and its stress distributions
and first four buckling modes under combined compression, shear and bending.
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Figure 4.24 Optimized design with p = 10, m = 0.453 kg, and its stress distributions

and first four buckling modes under combined compression, shear and bending.
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Figure 4.25 Optimized design with p = 12, m = 0.448 kg, and its stress distributions
and first four buckling modes under combined compression, shear and bending.
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Figure 4.26 Optimized design with p = 18, m = 0.443 kg, and its stress distributions

and first four buckling modes under combined compression, shear and bending.
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Figure 4.27 Optimized design with p = 24, m = 0.444 kg, and its stress distributions

and first four buckling modes under combined compression, shear and bending.
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For this example, it can be seen from Figs. 4.21-4.27 that the stress concentrations occur
around the ends of the stiffeners. Compared with the previous loading condition in Fig.
4.3, the stress distribution and locations of the stress concentrations are more dependent
on the configuration of the stiffeners. The optimized designs in Fig. 4.22-4.27 all satisfy
the stress and buckling constraints. However, when p increases from 6 to 10, there are
obvious changes in the internal topologies of the stiffeners. The 4th and 6th stiffeners
get longer and higher. When p is 12 or greater, the thickness distributions, layouts and
internal topologies of the stiffeners stay almost the same. From Table 4.4, it can be
observed that, when p increases from 6 to 18, the masses of the optimized designs are
gradually decreased. When p increases from 18 to 24, the masses of the optimized
designs remain roughly the same. The difference is only 0.11%. This shows that, when
p is low, the optimization may converge to a local optimum. Nevertheless, the
difference between the masses of the optimized designs in Figs. 4.22-4.27 are within
3.3%. The optimized results are reasonably insensitive to the selection of the value of p.
Therefore, when the value of p is selected in the range from 6 to 24, acceptable
optimized designs can be obtained.

Table 4.4 Comparison of the optimized results with different p in the p-norm stress

function.

Ovm,b,max | Ovmmmax | Ovm,tmax

p m(kg) | (MPa) (MPa) (MPa) M A2 A3 Aa

6 0.458 420.5 374.7 4258 | 1.002 | 1.013 | 1.534 | 1.845

8 0.454 406.6 355.1 4270 | 1.006 | 1.012 | 1.489 | 1.781

10 | 0.453 421.6 366.2 4240 | 1.001 | 1.004 | 1.455 | 1.819

12 | 0.448 422.2 362.7 420.6 | 1.005 | 1.019 | 1.465 | 1.695

18 | 0.443 414.4 396.2 4269 | 1.002 | 1.014 | 1.424 | 1.714

24 0.444 423.4 404.5 4251 | 1.004 | 1.009 | 1.446 | 1.666

4.4 Conclusions

This chapter presents a computational scheme for stiffened panel design simultaneously
optimizing size, layout and topology under stress and buckling constraints. An effective
level-set based topology optimization formulation is presented. The geometric and FE
model updating procedure is described in detail and, a semi-analytical sensitivity
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analysis is presented. The optimization algorithm is also outlined. The numerical
investigations show the presented method is able to effectively solve stiffened panel
design problems. The stiffener layout is optimized, the stiffener number is reduced, and
the material in the skin and remaining stiffeners is redistributed to produce minimum
weight designs while satisfying stress and buckling constraints. The influences of the
stress constraint, buckling constraints and p in the p-norm stress function on the
optimized solutions are demonstrated. The presented method offers a practical design
tool to design and optimize a stiffened panel configuration with the greatest design

freedom.
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5 SIMULTANEOUS SIZING,
LAYOUT AND TOPOLOGY
OPTIMIZATION FOR
POSTBUCKLING OF PANELS
WITH STRAIGHT STIFFENERS

In Chapters 3 and 4, a level-set-based topology optimization method is developed to
simultaneously optimize the size, layout and topology of stiffened panels. The weight
minimization with buckling and stress constraints has been investigated, but only linear
buckling has been considered. If stiffened panels are allowed to continuously operate

into the nonlinear postbuckling regime, further weight saving can be achieved.

In this chapter, the level-set-based topology optimization method is extended for
postbuckling optimization. It is noted that snap-through and snap-back may occur in the
postbuckling regime. For fully tracing these behaviours, an arc-length scheme is
required. However, For a geometrically nonlinear optimization, information about the
full trajectory is not needed and a Newton-Raphson scheme with load/displacement
control is sufficient [101], where the selection of load control or displacement control
depends on the type of applied loading [102, 103]. In this chapter, panels under
force/displacement loading are considered. The Newton-Raphson scheme with

load/displacement control is used for the finite element (FE) analysis, where a small
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imperfection in the form of the first linear buckling mode is imposed on the FE model.
Five optimization formulations based on different loading and postbuckling metrics are
studied. A semi-analytical sensitivity analysis is performed, and a gradient-based
optimizer is used to solve the optimization problem. Numerical examples are used to
demonstrate the application of the proposed method. Due to the intrinsic nonlinear
nature of the problem, the loading level at which the postbuckling buckling behaviour is
evaluated affects the optimization result. Two loading levels corresponding to the initial
postbuckling and moderately deep postbuckling regimes are therefore studied. The
effect of imperfections introduced into the FE model on the optimization is also
investigated as are the phenomena of mode jumping and mode switching during the

optimization.

The remainder of this chapter is organized as follows. In Section 5.1, the construction
and updating of the geometric and FE models of the stiffened panel are reviewed, and
the postbuckling analysis is described. Section 5.2 presents the mathematical
formulations of the optimization problems, and Section 5.3 describes the optimization
algorithm and sensitivity analysis. Numerical examples to test the proposed method are

presented in Section 5.4. Conclusions are given in Section 5.5.

5.1 Stiffened Panel Model and Postbuckling Analysis

In this section, the construction and updating of the geometric and FE models of a
stiffened panel in the optimization process are described. The level-set-based topology
optimization parameterization, developed in Section 3.1 of Chapter 3 and illustrated in
Fig. 5.1, is employed, enabling the simultaneous sizing, layout and topology
optimization of stiffened panels with a path following method used for the postbuckling

analysis.
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Figure 5.1 Hlustration of the geometric and FE models of a sample stiffened panel.

5.1.1 Geometric Model

As shown in Fig. 5.1(a), the stiffened panel is composed of a skin and stiffeners. In Fig.
5.1(b), the skin thickness and the thickness of each of the stiffeners are represented by t,
and tsn (n=1, 2, ..., N). The layout of the stiffeners, i.e., positions, rotations and spacing,
is represented by the coordinates of their two ends. Both the thicknesses of the skin and

stiffeners and the end coordinates of the stiffeners can be optimized.

The level set method [25, 26, 28] is used to represent and optimize the internal
topologies of the stiffeners. As shown in Fig. 5.1(c), the internal topology of each
stiffener is described by a separate level set function (LSF). The structural boundary of
the n-th stiffener is defined as the zero level set of an implicit function ®n(X), as shown
in Fig. 5.1(c):

b (x)<0 xeQ,
® (x)=0 xel,, n=123..,N (5-1)
D (X)>0 xeQ,

where X is a coordinate in a level set grid. Q is the domain for the structure, contained in
the design domain. I is the structural boundary. N level set functions are used for the N
stiffeners. Each level set function is updated by solving a discretized Hamilton-Jacobi
equation using an up-wind differential scheme [26]. To improve the computational
efficiency, the level set update is restricted to points within a narrow band close to the

boundary. This results in @, being given only within this narrow band. In this work, the
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LSFs are always maintained as signed distance functions. To ensure the signed distance

property |V(Dn| =1 in the whole design domain after every update of the LSF, the fast

velocity extension algorithm [96] is utilized.

5.1.2 Finite Element Model

In this work, the well-known von Ké&rmén large deflection plate theory [104] is
employed for postbuckling analysis. Both the skin and stiffeners are modeled explicitly
with four-node mixed interpolation of tensorial components (MITC) plate elements with

six degrees of freedom per node [91].

The free-form mesh deformation method [90] is used so that the FE mesh can be
deformed to cater for different stiffener layouts and re-meshing after every update of the
stiffener layout can be avoided. Specifically, as shown in Fig. 5.1(d), a control mesh is
generated. Its nodal coordinates are equal to those of the two ends of the stiffeners or
the skin vertices. The relationship between the FE and control meshes is given by:

XFE = I\Ixcontrol (5'2)

where Xre and Xcontror are the nodal coordinates of the FE and control meshes,
respectively. N is the shape function. When the stiffener layout is optimized, the nodal

coordinates of the control mesh are updated accordingly:

yléontrol = yk (5'33-)
Xt;nltrol = ch<ontrol + ytontrol (5'3b)

where Yeontrol @nd y are changes to the coordinates of the control mesh nodes and
stiffener ends, respectively. k is the optimization iteration. The FE mesh is then

deformed by:
Zk = Nylc(ontrol (5'43‘)
k+1

XSt =Xt + 2 (5-4b)

where z represents the changes to the nodal coordinates of the FE mesh.
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As shown in Fig. 5.1(f), the thickness of each element is decided by the skin or stiffener
thicknesses, tp and tsn (n=1, 2, ..., N). As shown in Fig. 5.1(e), it is straightforward to
calculate the volume fraction field v of the solid phase in the level set grid based on the
corresponding level set function values ®n. The same element numbers are used for the
level set grid and the FE mesh for each stiffener in this work. Due to the one-to-one
correspondence between the elements of the two meshes, a direct mapping can be used
and the physical density for the j-th element in the FE mesh is obtained by w;j = vj, as
shown in Fig. 5.1(g). The density distribution w = 1 for all the elements in the skin.

To avoid excessive mesh distortion in the region with the void phase, which can cause
divergence of the nonlinear finite element analysis, a linear analysis is conducted for
elements with the void phase [105, 106]; while a nonlinear analysis is performed for
elements with the solid phase. For the j-th finite element, the secant and tangent

stiffness matrices, Ks; and Kr, are calculated by:

Ksj= K;/i(r)\:ir,j +W (Ksso,l}d - Km:ir,j ) (5-53)
K= ngr,j W, (Kio,l}d - szg”) (5-5b)

where K and K¢ are the j-th element secant and tangent stiffness matrices [107,

108] with the solid phase, and K\°® . is the j-th element linear stiffness matrix with the

linear, j

void phase.

For a FE model with a deformed mesh, it is easy to add displacements to the
corresponding nodes when displacement loading is applied; however as discussed in
Section 3.1.4, pressure loading, i.e., the axial compression and shear loads, cannot be
applied directly by adding uniform forces to the corresponding nodes. Instead, as shown

in Fig. 5.2, the force applied to a node pf is calculated as:

P(L"+L")
o= (5-6)

where P is the pressure value per unit length. LP™ and LP" are the lengths of the

elemental boundaries with the node pf.
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Figure 5.2 lllustration of applying a pressure loading.

5.1.3 Postbuckling Analysis

For a nonlinear system, the equilibrium equation is:

R= I:int - I:ext = KSu - Fext =0 (5'7)

where R is the residual vector. Fint and Fext are internal and external force vectors. Ks is
the system secant stiffness matrix. u is the displacement vector.

In this work, Eg. (5-7) is solved using the Newton-Raphson method. Since bifurcation-
type buckling causes discontinuous responses in the postbuckling analysis of a stiffened

panel, in this work an imperfection in the form of the first linear buckling mode is
introduced.

The postbuckling analysis of a stiffened panel consists of the following steps:

1) An eigen-buckling analysis is performed on the perfect structure to obtain the first
buckling mode:

K Iinearu linear — Fext (5'83-)

(Klinear + ﬂ’Kg (ulinear ))d) = O (5'8b)
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where Kiinear and Uiinear are the linear stiffness matrix and static deflection vector,
respectively. Kg is the geometric stiffness matrix. A and ¢ represent the
eigenvalue/eigenvector pair for linear buckling. The linear elasticity and eigen-buckling
equations in Eq. (5-8) are solved using the HSL MA57 solver [94] and ARPACK [95],

respectively.

2) An imperfection in the form of the first linear buckling mode is introduced to the

perfect geometry:

Xeg =Xee +2Z,, (5-9a)
&
Zipy = Uiy (5-9b)
max {4

where X is the vector of nodal coordinates of the FE mesh after the imperfection zim

is introduced. ¢: is the eigenvector of the first linear buckling mode. For the solution of
Eq. (5-8b), ¢1 can be taken as positive or negative, giving different results when solving
Eq. (5-7b). To ensure the consistency of optimization results and that the same
imperfection can always be introduced for a stiffened panel, the ¢1 having the maximum
positive amplitude is taken as the positive imperfection. Unless otherwise stated, the
positive imperfection is always employed in this work. aim is an adjusting parameter to
ensure that zim is a positive imperfection, and to adjust the maximum imperfection
amplitude. The maximum amplitude of the imperfection normally takes 0.1% to 10% of
the skin thickness [37, 109-112].
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LNINC=0; P=0;
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Uggye = U APy= AP,

3: Compute solution;
— Ifm==1,R,=R;
m=m+1;

4: Solution
converge?
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[f AP > Aan\- AP = API“Q.\:
APy=AP;

5:NINC=NINC + 1:

11: P=P- AP u = ugy:
AP= /NP2,

P: load, which can be forces or displacements;
Pesign: design load;

/A P: load increment;

A\ Pinigar: initial load increment;

AP upper bound of the load increment;

u: displacement field;

R: norm of the residual vector:

m: iteration counter;

NINC: load increment counter;

*:m = 5 in the last two converged solutions?

Figure 5.3 Procedure for the geometrically nonlinear analysis, employing a

modified automatic load incrementation scheme.

3) The geometrically nonlinear analysis in Eqg. (5-7) is performed for the structure
containing the imperfection, using the Newton-Raphson method under load control for
stiffened panels loaded by forces or under displacement control for those loaded by
displacements. A modified automatic load (force/displacement) incrementation scheme
based on the one used in [113] is developed. The procedure for the geometrically

nonlinear analysis is illustrated in Fig. 5.3 and described as follows:

Step 1: Initialise the whole analysis. Start counting the load increment times; set the
initial load and load increment values; record the current load increment value APy;

initialize the displacement field; go to Step 2.

Sheng Chu — September 2022 93



Simultaneous Sizing, Layout and Topology Optimization
for Buckling and Postbuckling of Stiffened Panels
Step 2: Initialise the analysis for a new load step. Start counting the iteration times in
the current load step; increase the load; if the load is larger than the design load, re-set

the load to the design load; record the current displacement field; go to Step 3.

Step 3: Solve Eq. (5-10a) and update the displacement vector in Eqg. (5-10b). If this is
the first iteration at the current load step, record the norm of the residual vector Ro;

increase the iteration counter; go to Step 4.

Rinca + K dUes =0 (5-10a)
umercu = Uyinces + AUninca (5-10b)

where m denotes the iteration number and NINC denotes the load step number. Kr is
the system tangent matrix and du is the increment in the displacement vector. R is the

residual vector calculated by:
REINCH:K?,NINCHUEINCH - Fext,NINC+l (5'11)

Step 4: Check the convergence criterion at the current load step — if the norm of the
residual vector is less than the tolerance level (102 in this work), go to Step 5;

otherwise, go to Step 10.
Step 5: Update the number of the load increments; go to Step 6.

Step 6: Check the convergence criterion of the whole analysis — if the current load is
equal to the design load, the whole analysis is finished and Eg. (5-7) is solved

successfully; otherwise, go to Step 7.

Step 7: Check the load increment increase criterion — if the last two converged solutions
are both obtained within a certain number of iterations (5 iterations in this work), go to

Step 8; otherwise, go to Step 9.

Step 8: Increase the load increment, by 20% in this work; if the load increment is larger
than its upper bound, the load increment is re-set to the value of its upper bound; record

the current load increment value APo; go to Step 2.

Step 9: If the load increment is larger than its upper bound, re-set the load increment to

the value of its upper bound; record the current load increment value APo; go to Step 2.
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Step 10: Check the load increment reduction criterion — if the solution cannot converge

within a certain number of iterations (10 iterations in this work) or the solution diverges

(In this work, when the norm of the residual vector is larger than 10%° times the value of

Ro recorded in Step 3, the solution is regarded as diverging), go to Step 11; otherwise,

go to Step 3.

Step 11: Go back to the previous load step. Reduce the load by the current load
increment; re-set the displacement field to the saved value; reduce the load increment,
by 50% in this work; go to Step 12.

Step 12: Check the load increment re-setting criterion — if the load increment is smaller

than one-tenth of the initial value, go to Step 13; otherwise, go to Step 2.
Step 13: Re-set the load increment, to 1.2 times APy in this work; go to Step 14.

Step 14: Check the analysis aborting criterion — if the load plus the load increment is
larger than the design load, the analysis is stopped and the solution to Eq. (5-7) fails;
otherwise, go to Step 2.

Compared with the automatic load incrementation scheme used in [113], the following

key modifications are made for the postbuckling analysis of stiffened panels.

1) In [113], the analysis starts with the load increment set to the design load. However,
a large load increment can lead to an incorrect solution for the postbuckling analysis.
Usually, a convergence study for the load increment is needed to ensure the accuracy of
the solution. However, to avoid conducting a convergence study for the load increment
at each optimization iteration, the initial value and upper bound of the load increment
are taken as small values, one-hundredth and one-fiftieth of the design load in this work.

2) When mode jumping occurs, reducing the load increment in Step 11 may not help the
solution converge. Instead, in this work the larger load increment in Step 13 can be used

to enable the solution to ‘jump over’ the point where mode jumping occurs.

3) Although a large load increment can be used to handle the convergence issue caused
by mode jumping, it is still possible that the solution is aborted when the point where
mode jumping occurs is near the design load. When this happens, the solution at the last

converged load step is used for optimization.
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5.2 Optimization Formulations

In this section, the optimization formulations investigated in this work are described. As
discussed in the introduction, the maximum out-of-plane displacement of the skin and
the load-carrying capability are considered for the postbuckling optimization of
stiffened panels under displacement/force loading. In this work, the total reaction force
at a given displacement and the applied displacement at a design load are used to
evaluate the load-carrying capability of stiffened panels loaded by displacements; while
the maximum in-plane displacement of the skin at a given load is considered for those

loaded by forces.

Table 5.1 Objective and constraints for different postbuckling optimizations.

Postbuckling optimization for stiffened panels under displacement loading

Mlnlr_nlzatlon of the p-norm Maximization of the total Minimization of the
N function of the out-of-plane . . S
Objective L ; reaction force at a given applied displacement at a
skin displacements at a given . .
. displacement design load
displacement
Total reaction force;
] Mass; Mass;
Constraints Mass; . ] ] )
) ) Stiffener spacing Stiffener spacing
Stiffener spacing
Formulation Eq. (5-12a) Eq. (5-12b) Eq. (5-12¢)

Postbuckling optimization for stiffened panels under force loading

Minimization of the p-norm function of L .
L Mg Minimization of the p-norm function of the
Objective the out-of-plane skin displacementsata | . o .
. in-plane skin displacements at a given load
given load
) Mass; Mass;
Constraints ) . ] ]
Stiffener spacing Stiffener spacing
Formulation Eq. (5-13a) Eqg. (5-13Db)

The five optimization formulations in Table 5.1 are investigated in this work to improve
the postbuckling behaviours of stiffened panels under a mass constraint, as given below
in Egs. (5-12) and (5-13). In the formulations based on the maximum out-of-plane and
in-plane skin displacements, the p-norm function is used to approximate the maximum
values. However, when minimizing the p-norm function of the out-of-plane skin

displacements of stiffened panels loaded by displacements, there is an undesirable
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outcome in which the out-of-plane skin displacements are decreased by reducing the
reaction force. To avoid this solution which would result in having too small a reaction
force resulting in a significant drop in load-carrying capability, a total reaction force
constraint is added. In addition, since the free-form mesh deformation method is utilized
to adaptively adjust the FE mesh, constraints on stiffener spacing, defined as the
difference between the end coordinates of the two adjacent stiffeners, are applied for all
five optimization formulations to prevent overlap and intersection between adjacent

stiffeners.

5.2.1 Optimization Formulations for Stiffened Panels under Displacement
Loading

1) Minimization of the p-norm function of the out-of-plane skin displacements at a

given displacement, under total reaction force, mass and stiffener spacing constraints:

o |-

Npor
mlg I:)W,skin = ( z (Iw,skin,i (0' ))pj

i=1

S't' I:r,total 2 I:r,totall,min (5'123)
m<m,.,
L>L,, 1=12...,N,

where t = [tp, ts1, ts2, ..., tsn]. Pwskin 1S the p-norm function of the out-of-plane
displacements of the skin, and p is a p-norm parameter. The Npor (number of degrees of
freedom) x 1 vector lwskin cOntains ones for the degrees of freedom for the out-of-plane
displacements of the skin, and zeros elsewhere. In this work, the geometrical
imperfection is taken as the initial displacement. Therefore, the displacement O is the
sum of the u obtained from the geometrically nonlinear analysis in Eq. (5-7) for the
imperfect structure and the introduced imperfection zim in Eg. (5-9b), namely

O=u+2z,, . Fruoa is the total reaction force, given in Eqg. (5-12b), and Fr total,min IS its

lower bound. m and mmax are the structural mass and its upper bound, respectively. L
and Lmin denote the stiffener spacing and its lower bound, respectively. N is the total

number of spacing constraints.
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2) Maximization of the total reaction force at a given displacement, under mass and

stiffener spacing constraints:

rtrllag)( I:r,total = IIKSU
st. m<m,_,, (5-12b)
L>L,, 1=12...,N,

where the Npor x 1 vector I; contains ones for the degrees of freedom where

displacement loading is applied, and zeros elsewhere.

3) Minimization of the applied displacement at a design load, under mass and stiffener

spacing constraints:

mig u, at a design load F,
WY

st. m<m,_, (5-12¢)
L>L., 1=12...,N,

min ?

where U is the applied displacement and Fq is the design load.

5.2.2 Optimization Formulations for Stiffened Panels under Force Loading

1) Minimization of the p-norm function of the out-of-plane skin displacements at a
given load, under mass and stiffener spacing constraints:

1
. Npor . P B
ET)]/IQ Pw,skin = [ ; (Iw,skin,i (ui )) j
st. m<m_,, (5-13a)
L>L,, 1=1,2,...,N,

2) Minimization of the p-norm function of the in-plane skin displacements at a given

load, under mass and stiffener spacing constraints:

T’IQ I:)in,skin :(g (Iin,skin,iuin,x,i+Iin,skin,iuin,y,i)2j
st. m<m,_, (5-13b)
L>L,., 1=12..N,
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where Pinskin IS the p-norm function of the in-plane skin displacements. The Nnode

(number of FE mesh nodes) x 1 vector linskin COntains ones for the nodes on the skin,

and U

in,y,i

and zeros elsewhere. U

in,x,i

are the in-plane skin displacements of the i-th

node.

5.3 Optimization Algorithm and Sensitivity Analysis

In this section, the optimization algorithm is described. To solve the problems in Egs.
(5-12) and (5-13) with a gradient-based optimizer, a semi-analytical sensitivity analysis

is performed.

The optimization algorithm developed in Chapter 3 is employed in this work. The
gradient-based optimizer, IPOPT [97], is used. For the sizing and layout optimization, t
and y are the design variables being updated by the optimizer. For the topology
optimization, the LSFs are always maintained as signed distance functions. In order to
ensure the signed distance property |V® |=1 after every update of the LSF, the fast
velocity extension algorithm presented in [96] is utilized. The relationship between the

changes to the LSF values A®np at the boundary and Ady in the rest of the design

domain is determined, as:

AD :{a L :IACDM, n=12,..,N (5-14)
The level set values ®@np 0N the boundary points are the design variables in the topology
optimization and are updated by the optimizer.

At each optimization iteration, IPOPT is used to solve the optimization problem to
obtain At, A y and Ad, to update the stiffened panels. Linearization of an arbitrary

optimization problem using Taylor’s expansion yields the following:
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T T T
min [fo+[@} At+{ﬁ} Ay+{i} A(I)bJ
At, Ay AD, ot ay @q)b

a9, ! a9, ' a9, !
st. gq,0+ E At+ E Ay+ aq)b A(I)bzgq'min, q=l,2,...,Ng1

a9, ' a9, ' a9, '
Jgo + Y At + E Ay + o A®, < gy d=Ng+12,.. N +N,
b

-y SAt<y

=7 = Aystif‘fener < e
—V3 SA®, <7,

(5-15)

where fo and gq,0 are the objective and constraint function values at the current iteration.
Ng1 and Ng. are the numbers of inequality constraints. gqmin and gqmax are the lower and
upper bounds of the constraint function values, respectively. y1, y2 and yz are the move
limits for At, A y and A®y, respectively. To solve the problem of maximizing Fr total in
Eq. (5-12b), the objective is transformed into minimizing —Fr totar, Namely f = —F totar in
Eq. (5-15).

To solve Eq. (5-15), the sensitivities of the objective and constraint functions, which
depend only on the final equilibrium at the design loading and disregard the solution
equilibrium path are required. However, as mentioned in Section 5.1, if the solution is
aborted at the design loading, the solution at the last converged load step is used for
calculating the sensitivities. A semi-analytical sensitivity analysis with the adjoint

method is used for sensitivity calculation.

5.3.1 Sensitivity Analysis for the Optimization of Stiffened Panels under
Displacement Loading

1) Sensitivity of the p-norm function of the out-of-plane skin displacements

To calculate the sensitivity of Pwskin, the augmented Lagrangian functional for Pwskin is

given by:

¥, =P

w,skin + ;"-/I;\ (Fint - Fext) (5_16)
where A is the adjoint vector.
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Differentiating Eq. (5-16):

a\PA 1 . Npor o\ p-1 ou, azim i
aa p w,skin { — [p( w,skin,i (ul )) w,skin, i ( 63_ + aa jj]

e I
oa oa da Ou oa

(5-17)

where a is an arbitrary design variable.

By collecting the terms with du/da and OFexv/0a in Eq. (5-17) and setting them to zero,
respectively, the derivative of the augmented Lagrangian functional for Pwgskin With

respect to a can be calculated by:

o¥ 1 o (N A \)\P-L 0z, oK
GaA = B Pv&,sl[()in ( ; [ p( Iw,skin,i (ui )) Iw,skin,i 0—61)) + ;"Z 6_; u (5'18)

where Aa needs to satisfy the following equations:

1 oo p-1 ou, ou oF,, ou
Ry Ly (G 1 g i — | [+ AL | K, === 2= | =0 (5-19a
p w,skin ( Z [ p( w,skin,i ( i )) w,skin,i aa jj A ( T aa au aaj ( )

i=1

oF,
Ay —2=0 5-19b
A g (5-19Db)

Based on Egs. (5-19a) and (5-19b), it can be obtained that Aa = 0 for the prescribed
degrees of freedom where the displacements are known. For the non-prescribed degrees

of freedom, Aa can be solved by:

Npor
% Pvt,_slgin [ Z ( P ( IW,skin,i (OI ))p_l IW,skin,i %jj + ;",TA KT a_u =0 (5'20)

Y oa oa

2) Sensitivity of the total reaction force

To calculate the sensitivity of Fr o, the augmented Lagrangian functional for Fr total is

given by:

¥, =F

r,total

T ;"g (Fint - Fext) (5_21)

where Ag is the adjoint vector.
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Differentiating Eq. (5-21):

Wi, Do By Koy Py, 2T ) 5
oa oa oa oa oa oa oOu oa

By collecting the terms with du/da and OFexi/0a in Eq. (5-22) and setting them to zero,
respectively, the derivative of the augmented Lagrangian functional for Friota With

respect to a can be calculated by:

a\P—B:II%uH% HKs s (5-23)
oa oa oa
where Ag needs to satisfy the following equations:

Tk, Mg KTﬁ—”—@ﬁ—ujzo (5-24a)

oa da oOu oa

oF,

AT et _ g 5-24b
5 Za (5-24b)

Based on Egs. (5-24a) and (5-24b), it can be obtained that Az = 0 for the prescribed
degrees of freedom. For the non-prescribed degrees of freedom, Ag can be solved by:

T oug ; ou;

Ir,pKT,pfg-i_;\‘B,fKT,ff EZO (5'25)
where the subscripts p and f denote the prescribed and non-prescribed degrees of

freedom, respectively.

The optimization problem of minimizing ua at a given design load in Eq. (5-12c) can be
solved by transforming it into the optimization problem maximizing Fr ot in Eq. (5-
12b) at each optimization iteration using a bisection method. Further details are given in

Section 5.4.1.2). Therefore, the sensitivity of ua at the design load is not calculated.
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5.3.2 Sensitivity Analysis for the Optimization of Stiffened Panels under
Force Loading

1) Sensitivity of the p-norm function of the out-of-plane skin displacements

In a similar way to deriving the sensitivity of Pwskin in EQ. (5-18) for stiffened panels
under displacement loading, the derivative of the augmented Lagrangian functional for

Pw,skin for panels under force loading is given by:

0z

a\PC 1 1- & A\ P2 im,i T oK T oF
=—PF [y o — | |+ A Su-—a. —2 (5-26
83 p w,skln(izl:(p( W,skln,l( |)) w,skin,i aa JJ C aa C aa ( )

where Ac is the adjoint vector which can be solved by:

1y, [N p-1 au, ou
—pPr I, g (G Ly wini — | [+ AcK: —=0 5-27
p w,skin [ ; (p( w,skin,i ( |)) w,skin,i aa jj C' M aa ( )
It is noted that unlike the sensitivity in Eq. (5-18), the term with oFex/0a in Eq. (5-26)
needs to be calculated. For the layout optimization, dFex/0y # O since according to Eq.
(5-6), the forces applied on points of the FE mesh are changed as the stiffener layout is
updated. For simplicity, this is calculated via the finite difference method. For the sizing

and topology optimization 0Fext/0a is equal to 0.
2) Sensitivity of the p-norm function of the in-plane skin displacements

In a similar way to calculating the sensitivity in Eqg. (5-26), the derivative of the

augmented Lagrangian functional for Pinskin iS given by:

alPD 1 1p Niode p ~D no p-2 R azim,inyx'i ) aZimvinvy'i
a :EPin,skin z E(|in,skin,iUin,x,i+|in,5kin,iuinyy’i) 2 2|in,skin,iuin,x,i %a +2|in,skin,iuin,y,i7

i=1

oK oF,,

+Al
P oa

.
U—%p

(5-28)

where Ap is the adjoint vector which can be solved by:
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1 ~ L auin X,i al‘Iin i
|i SEIH(Z( ( in,skin,i |n><|+|in,skin,iui2n,y‘i) 2 (len sI<|n| in,x,i aa 2I|n sklnl in,y,i aay jJJ

1

L
in,skin™™T aa

+A =0

(5-29)

Since the adjoint method is used for the sensitivity calculation, the sensitivity of a
function f, i.e., Pwskin, Frota @nd Pinskin, IS equivalent to the derivative of its augmented
Lagrangian functional, i.e., OPwgskin/0a in EQ. (5-18) and oF wta/0a in Eq. (5-23) for the
design under displacement loading and 0Pw,skin/0a in Eq. (5-26) and 0Pinskin/0a in EQ.
(5-28) for the design under force loading.

For the sizing optimization, derivatives with respect to t, and ts, are computed using the

chain rule:

(5-30a)

93|9.?

of  Nee of
i

o,
1. n=12,..,N (5-30b)
o,

@|9g

a.l: [\
)

j=1

where Nee is the total number of finite elements in the structure. Values of of/ct;j are
calculated based on Egs. (5-18), (5-23), (5-26) and (5-28), and

ot; |1 when the j-th element belongs to the skin (5-312)
ot, |0 when the j-th element does not belong to the skin
ot; |1 when the j-th element belongs to the n-th stiffener ne12 N
ot |0  when the j-th element does not belong to the n-th stiffener’ 7"
(5-31b)

For the layout optimization, the calculation of derivatives with respect to y is based on
Egs. (5-18), (5-23), (5-26) and (5-28), where 0Ks/dyi and OFex/Oyi are calculated via the
central finite difference method.

For the topology optimization, derivatives with respect to the level set values of the

boundary points ®np are computed through the chain rule:
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af _Nele af 8\/\/J aVJ
oD, T ow; ov; 0D,

(5-32)

where the values of of/ow; are calculated based on Egs. (5-18), (5-23), (5-26) and (5-
28), and ow;j/ovj = 1. ovj/0®np can be computed via the implicit perturbation of the level

set boundary, as described in Section 3.2.2.

The calculation of sensitivities of other functions, i.e., m and L, can be found in Section

3.2.2 as well as more details on the implementation of the sensitivity calculation.

5.4 Numerical Examples

Three numerical examples are presented to demonstrate and validate the optimization
method. In these examples, the aluminum alloy, Al 2139, is used. The Young’s moduli
of the solid material and void phases are 73.085 and 73.085 x 10 GPa, respectively.
The densities of the solid material and void phases are 2700 and 0 kg/m?, respectively.

Poisson’s ratio is 0.33.

v

\ 4

v=0,w=0, ] Tension
r=0,r,=0,r,=0 \

u=0,v=0,w=0,

t 7=0.7.=0.7.=0 | |
(a) (b)

X

Figure 5.4 Design of a stiffened panel loaded by shear displacement: (a) loading

and boundary conditions; (b) force diagram.

5.4.1 Stiffened panel loaded by Shear Displacement

A stiffened panel of 300 mm x 300 mm with the loading and boundary conditions
shown in Fig. 5.4(a) is considered for optimization. A shear displacement is applied on
the top edge. Three optimizations, the minimization of Py skin and maximization of F total

at a particular design displacement in Egs. (5-12a) and (5-12b), and the minimization of
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Ua at a design load in Eq. (5-12c), are investigated. For all three optimizations, the upper
bound of the structural mass mmax = 0.56 kg. The lower bound of the stiffener spacing
Lmin = 7.5 mm. The lower and upper bounds of the thicknesses of both the skin and the
stiffeners are 1 and 3 mm, respectively.

(a) Geometry b) Imperfection

4 /7'0

(c) Displacement when #, = 1.25 mm d) Displacement when u, = 5 mm

y 7

0 7606 -02836 4463 0 1250 2021 1145
Magnitude of Out-of-plane Magnitude of Out-of-plane
displacement (mm) displacement (mm) displacement (mm) displacement (mm)

o
(e

Thickness
(mm)
Out-of-plane
deformation of
imperfection (pm)

Figure 5.5 Initial design of the stiffened panel loaded by shear displacement.
1) Optimization at a design displacement

Two optimizations, i.e., the minimization of Pwskin in Eq. (5-12a) and the maximization
of Friota in Eq. (5-12b) are investigated, and two design displacement levels us = 1.25
and 5 mm are explored. For the minimization of Pwskin in Eq. (5-12a), p = 6 is used in
the p-norm function. The initial design with three vertical stiffeners, each with a height
of 30 mm, is given in Fig. 5.5(a). The initial thicknesses are set to 2 mm for both the
skin and the stiffeners. The skin is discretized with 80 x 80 plate elements, and 8
elements along the height of the stiffeners. The imperfection introduced for
postbuckling analysis is shown in Fig. 5.5(b). Its maximum amplitude is set to 1% of
the skin thickness of the initial design i.e. 20 um. For the displacement configurations in
Figs. 5.5(c) and 5.5(d), the magnitude of the displacement is the total displacement
including both in-plane and out-of-plane displacements, which is then compared to the
out-of-plane displacement on its own. In Figs. 5.5(c) and 5.5(d), it can be observed that
for the initial design, the largest out-of-plane displacements occur at the two free side
edges of the skin at both the loading levels ua = 1.25 and 5 mm. The structure also
buckles between the stiffeners. The ratio of the maximum magnitudes of the out-of-
plane displacements between the stiffeners and at the two free edges is 0.063 at ua =
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1.25 mm. As the applied displacement is increased, this ratio increases to 0.177 at ua =

5 mm. For the optimization minimizing Pwskin in EQ. (5-12a), the lower bound of the

total reaction force takes the value of the initial design.
Design displacement level ua = 1.25 mm:

The optimized designs under the design shear displacement ua = 1.25 mm are shown in
Fig. 5.6. The equilibrium paths are given in Fig. 5.7. A comparison between the initial
and optimized designs is given in Table 5.2. From Fig. 5.6, it can be seen that the skin
and stiffener thicknesses, stiffener layout and stiffener internal topologies are all
optimized. In both Fig. 5.6(a) optimizing Pwskin using Eq. (5-12a) and Fig. 5.6(f)
optimizing Frotal USing Eq. (5-12b), the two outermost stiffeners move closer to the side
edges of the skin to decrease the out-of-plane displacements along these edges. For the
design in Fig. 5.6(a) optimizing Pwskin, the three stiffeners remain parallel to each other
to reduce the width of the unsupported regions of the skin between them and hence limit
out-of-plane displacements. The out-of-plane skin displacements are also decreased via
the optimization of the stiffener internal topologies. For example, for the middle
stiffener, the height in the middle is larger than that at the two ends, in order to suppress
the out-of-plane displacement in the center of the skin where it would otherwise be
largest. Compared with the optimized design in Fig. 5.6(f) maximizing Frtota, the
stiffeners in Fig. 5.6(a) are taller increasing the second moment of area and providing
better suppression of out-of-plane displacements. The optimized design in Fig. 5.6(f)
maximizing Frta ON the other hand has a thicker skin to improve its load-carrying
capability particularly along the tension diagonal, as shown in Fig. 5.4(b). For the same
reason, its stiffeners lean more to the left, aligning with the direction of maximum

compression.

In Fig. 5.7, it can be observed that the initial design starts to buckle at around ua =
0.5368 mm, with the out-of-plane displacement dominating when ua is increased to 1.25
mm as shown in figure 5.5(c). A significant improvement in this buckling behaviour is
seen for both optimized designs as shown in Fig. 5.6. When ua = 1.25 mm, the
structures are only just beginning to buckle with the in-plane displacements dominating,
especially for the optimized design in Fig. 5.6(a) minimizing Pwskin. As shown in Table
5.2, compared with the initial design, Pwskin is decreased by 88.8% for the optimized

design in Fig. 5.6(a) minimizing Pwskin With itS Frtota also being improved by 13.9%,
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and therefore satisfying the total reaction force constraint. Compared with the initial
design, Frotal IS increased by 18.6% for the optimized design in Fig. 5.6(h) maximizing

Fntotal-

Minimization of the p-norm function of the out-of-plane skin displacements:  Maximization of the total reaction force:

(b) Left views of stiffeners, (g) Left views of stiffeners,
(a) Geometry from left to right () Top view (f) Geometry from left to right (h) Top view
[ — | \
- / NP
= 1 =
— | " — T
d) Imperfection (e) Displacement when w, = 1.25 mm (1) Imperfection (J) Displacement when 2, = 1.25 mm
E E —  — -0 —
0 I 324 -0 3561 0 0 4790 ')U 0 0 1.407  -0.1811 1.246
Out of~ |)lanc M'1 gnitude of Qut-of-plane Out-of~ planc Magnitude of Qut-of-plane
deformation of displacement (mm)  displacement (mm) deformation of displacement (mm)  displacement (mm)
imperfection (um) imperfection (pm)

Figure 5.6 Optimized designs of the stiffened panel under the design shear

displacement ua = 1.25 mm.

Initial design
+Optimized design, minimization of the p-norm function of the out-of-plane skin displacements
= Optimized design, maximization of the total reaction force
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Figure 5.7 Equilibrium paths for the initial and optimized designs of the stiffened

panel under the design shear displacement ua = 1.25 mm.

108 Sheng Chu — September 2022



Chapter 5: Simultaneous Sizing, Layout and Topology Optimization for Postbuckling of Panels with
Straight Stiffeners

Table 5.2 Comparison of the initial and optimized designs of the stiffened panel

under the design shear displacement ua = 1.25 mm.

Percentage of improvement Percentage of improvement
Pwskin | for Py.skin, cOmpared to the Friota | for Frit, cOmpared to the
initial design initial design
Initial design 9.093 - 0.4270 -

Optimized design in Fig.
5.6(a) minimizing Pwskin | 1.020 88.8% 0.4864 13.9%
using Eq. (5-12a)

Optimized design in Fig.
5.6(f) maximizing From | 2.191 75.9% 0.5064 18.6%
using Eq. (5-12b)

It is well known that the postbuckling analyses of stiffened panels can be sensitive to
the imperfection introduced into the FE model. The optimized design in Fig. 5.6(a)
optimizing Pwskin IS re-analyzed employing imperfections with different directions and
maximum amplitudes. The analysis results are shown in Fig. 5.8. For a positive
imperfection, the largest out-of-plane deformation occurs at the top of the right-hand
side free edge, where the direction of the imperfection is opposite to that of the out-of-
plane displacement of the panel. Therefore, when a positive imperfection is introduced,
the magnitude of the out-of-plane displacements at the top of the right-hand-side free
edge decreases as the maximum imperfection amplitude is increased. For the negative
imperfection on the other hand, since directions of the out-of-plane displacement and
negative imperfection deformation at the top right-hand-side free edge are the same, the
magnitude of the out-of-plane displacements there increases. As shown in Fig. 5.9,
employing imperfections with different directions having a maximum amplitude equal
to 20 um in the postbuckling analysis, leads to a difference in the Pwgskin value of
112.5%. When the maximum imperfection amplitude is decreased to 0.2 um however,
the difference is reduced to 0.81%. This shows that employing small imperfections can
help to decrease the influence of the imperfection direction on the value of Pwgskin. This
is in line with the general practice of using the imperfection with the smallest amplitude
necessary to create a continuous path at the bifurcation point so that it has minimal
effect on the structural overall behaviour. From Fig. 5.9(b), it can be found that Fy total IS
less sensitive to the imperfection, compared with Pwskin. For the optimized design in

Fig. 5.6(a) optimizing Pwskin employing imperfections with different directions and

Sheng Chu — September 2022 109




Simultaneous Sizing, Layout and Topology Optimization
for Buckling and Postbuckling of Stiffened Panels

maximum amplitudes from 0.2 um to 20 pum for postbuckling analysis, the difference in

Fr,total iS W|th|n 021%

Positive imperfection

Iy

Displacement when 2, = 1.25 mm:

Uinmax = 0.2 UM Uiy max = 2 pM

=

S 2

=R =

o =

=Uim max 0 Uim max -5 ay
Out-of-plane ‘S

deformation of 5 o

: s D .z

imperfection ==
[0}

f<-1}

L

E z

Imperfection maximum amplitude

Uim max = 20 um

@y 4y 4
/f{ /ff //f I-Z48782

1 04910
Out-of-plane
displacement (mm)

Figure 5.8 Displacement configurations of the optimized design minimizing Puw,skin,

employing different imperfections in the analysis, for the stiffened panel under the

design shear displacement u, = 1.25 mm.

25 (b) Comparison under the design loading
Imperfection P-norm function of .
- . Total reaction
Direction Mg\xllﬂuln th.e out-of-plane skin force (*10° N)
amplitude (um) | displacements (mm)
2 Positive 0.2 1.603 0.4859
Positive 2 1.547 0.4860
Positive 20 1.020 0.4864
Negative 0.2 1.618 0.4859
1.5 = Negative 2 1.674 0.4859
| Negative 20 2.168 0.4854

0.5 i
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P-norm function of the out-of-plane skin displacements (mm)
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Figure 5.9 Equilibrium paths and comparison of the optimized design minimizing

Pwskin, employing different imperfections in the analysis, for the stiffened panel

under the design shear displacement ua = 1.25 mm.

Understanding of how the imperfection introduced affects postbuckling optimization is

still limited. To further investigate this, the optimization minimizing Pwskin IS repeated

employing imperfections with different directions and maximum amplitudes. The

results are shown in Fig. 5.10 and compared in Table 5.3. The imperfection direction

and maximum amplitude listed in the first column is considered for all finite element
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analyses in the optimization. The corresponding final optimized structure is given in the
second to fourth columns. For the final optimized design, the imperfection introduced is
shown in the fifth column. The final optimized design is then re-analyzed using this
imperfection with different directions and maximum amplitudes. The analysis results
are shown in the sixth to ninth columns. It can be observed from Fig. 5.10 that similar
geometries and stiffener layouts can be obtained for optimizations minimizing Puwskin
employing imperfections with different directions and maximum amplitudes. As
discussed for Figs. 5.8 and 5.9 however, the out-of-plane displacement configurations
of the optimized designs are imperfection-sensitive. As shown in Table 5.3, their Py,skin
values vary greatly. For analyses employing the same imperfection directions and
maximum amplitudes, Pwskin achieves the lowest value when the same imperfection
directions and maximum amplitudes are also employed in the optimization. However, a
worse local optimum might be found. For the optimized design obtained from the
optimization employing a negative imperfection with its maximum amplitude equal to
0.2 pm, its Pwskin Value is larger than those obtained from the optimizations employing
a positive imperfection, when the negative imperfection with the same maximum
amplitude of 0.2 um is used. For all the designs employing imperfections with different
directions and maximum amplitudes in analysis, the difference in their Fy ot values is

within 0.8%, indicating these configurations are equally able to carry a similar load.

Analysis for the optimized design:
Optimized design = =
B 5 Displacement when #, = 1.25 mm employing different imperfections in analysis
Left views of

stiffeners, from Positive imperfection Negatrve imperfection
Optimization Geometry left to nght Top view Positive imperfection  # 0 = 0.2 pm  #,0 = 20 pm Hignax = 0.2 M 25, g0 = 20 pm
Optimization employing / A [Tt / } 8365
positive imperfection with “ \ % / i / / > »
the maximum amplitude / e \ / /’ / / 0
of 0.2 um i \ 4 4 A BT
Optimization employing o | 1 0.4910
positive imperfection with / [ // / / / / 0
the maximum amplitude / . | \ “ / / / / /
of 20 um . Vo 4 4 4 los7s2
Positive imperfection Negative imperfection
Negative imperfection s, e = 0.2 UM gy max = 20 pm Migmax = 0.2 UM Uiy oo = 20 pm
Optimization employing / i | / / / p 1035
negative imperfection with = [ I 4 / y
the maximum amplitude / e peas [ / / / 0
of 0.2 pm P— | y y 4 Y oosis
Optimization employing / . i) / p 1415
negative imperfection with | ) | // / / / /
the maximum amplitude // AE—— | \ A / / 0
of 20 pm: — il L1055
o AT Owa lne
displacement (mm)
Thickness (mm) Out-of-plane deformation

of imperfection

Figure 5.10 Optimization results of minimizing Pwskin employing different
imperfections, for the stiffened panel under the design shear displacement ua =
1.25 mm.
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Table 5.3 Comparison of the optimization results of minimizing Puw,skin employing
different imperfections, for the stiffened panel under the design shear

displacement ua = 1.25 mm.

Direction of imperfection in optimization
Positive Negative
Imperfection in analysis
Puw,skin Fr total Puw,skin Fr total
; 5 mm 5
Direction M§X|mum (mm) | (x10° N) (mm) (x10° N)
amplitude (um)
0.2 1.560 0.4878 1.962 0.4849
Positive
20 1.976 0.4876 2.255 0.4850
0.2
0.2 1.561 0.4878 1.968 0.4849
Negative
Maximum amplitude 20 2.027 0.4876 2.533 0.4846
of imperfection in
optimization (um) 0.2 1.605 0.4859 3.138 0.4870
Positive
20 1.020 0.4864 3.684 0.4862
20
0.2 1.618 0.4859 3.124 0.4870
Negative
20 2.168 0.4854 1.591 0.4883

To study the convergence of the proposed algorithm, convergence history curves of the
optimization minimizing Pwskin €employing positive imperfections with a maximum
amplitude of 20 um (the optimized design given in Fig. 5.6(a)) are shown in Fig. 5.11.
The total reaction force constraint is inactive during the whole optimization. At the
beginning of the optimization, though the structural mass is decreased due to the mass
constraint, both Pwskin and Friotar are improved due to the layout update and material
redistribution. From the 47th iteration this behaviour changes and as the mass continues
to be reduced, Frota Starts to decrease. This changes again when the 88th iteration is
reached, where the mass constraint is satisfied, and Frta begins to increase again.
During the optimization, oscillations are seen in the curve of the objective function
Pwskin. TO investigate the reason for this, the structure’s geometry and response at the
66th-73rd iterations, is investigated (Figs. 5.12 and 5.13). In Fig. 5.12, it can be
observed that for the 66th and 67th iterations, whilst the imperfections employed in the
analysis are the same, mode switching occurs. The buckling modes have the same shape

but different amplitudes. It is noted that for the structures at the 66th and 67th iterations,
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the amplitudes of their first linear buckling modes at the bottom left-hand-side free edge
are larger than those at the top right-hand-side free edge. Therefore, according to the
definition of the positive imperfection, the deformations of the imperfections employed
in the analysis are upward at the bottom left-hand-side free edge, and downward at the
top right-hand-side free edge. As the structure is optimized, the first linear buckling
mode gradually changes. At the 68th iteration, the amplitude of the first linear buckling
mode at the top right-hand-side free edge becomes larger than that at the bottom left-
hand-side free edge. Therefore, the deformation direction of the imperfection is
changed, and it is opposite to those at the 66th and 67th iterations. The opposite
direction of the out-of-plane displacements is also observed. This shows the direction of
the out-of-plane displacements depends on the deformation direction of the employed
imperfection. From the 68th iteration to the 72nd iteration, two imperfections with
different amplitudes switch with each other, as well as two buckling modes with
different maximum magnitudes of out-of-plane displacements. From the 72nd iteration
to the 73rd iteration, the deformation direction of the imperfection is changed again, and
mode switching occurs — a buckling mode with a different shape is introduced. In Fig.
5.13, it can be observed that for the 66th-73rd iterations, the differences in the Pw skin
values start to become larger from ua = 0.744 mm, but the values are still close for those
with the same buckling modes. Though there are differences in the Pwskin Values at ua =
1.25 mm of up to 79.2%, the corresponding differences in Fr tota are within 1.5%. It is
noted that for a design, a smaller Pwskin Value does not necessarily mean a larger F total,
e.g., for the 66th and 73rd iterations.
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Figure 5.11 Convergence history curves of the optimization minimizing Puw,skin
employing positive imperfections with an amplitude of 20 um, for the stiffened

panel under the design shear displacement u, = 1.25 mm.
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Figure 5.12 Employed imperfection and displacement configurations of the
optimized designs at the 66th-73rd iterations of minimizing Pwskin employing
positive imperfections with an amplitude of 20 um, for the stiffened panel under
the design shear displacement ua = 1.25 mm.

114 Sheng Chu — September 2022



Chapter 5: Simultaneous Sizing, Layout and Topology Optimization for Postbuckling of Panels with

Straight Stiffeners

4.5
= 69th, 71st and 67th iterations
gy
§ 3.5
= »72nd iteration
E 3 j 68th. 70th and 66th iterations
E 2.5 73rd iteration (b)
ug 5 Tteration P-norm function of the out-of- | Total reacgion
5 plane skin displacements (mm) | force (x10° N)
E = 66 2.829 0.4992
L.E 1.5 ae 67 4225 0.4941
g 68 2.945 0.4960
§ 1 69 4.409 0.4932
= - 70 2.891 0.4948
Eos -l 7 4317 0.4922
G ' < 72 3.211 0.4932
P! 0.744 ~ 73 2.460 0.4930

0 0.25 0.5 0.75 1 1.25
Applied displacement (mm)
(a)

Figure 5.13 Equilibrium paths of the optimized designs at the 66th-73rd iterations
of minimizing Pwskin employing positive imperfections with an amplitude of 20 pm,

for the stiffened panel under the design shear displacement u, = 1.25 mm.
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Figure 5.14 Comparison of displacement configurations of the structures at the i-th
iterations, employing the imperfections at the i-th and (i-1)-th iterations in analysis,

for the optimized designs at the 68th-73rd iterations of minimizing Pwskin under the

design shear displacement ua = 1.25 mm.
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Table 5.4 Comparison of the Pwskin value of the structures at the i-th iterations,
employing the imperfections at the i-th and (i-1)-th iterations in the analysis, for
the optimized designs at the 68th-73rd iterations of minimizing Pwskin under the
design shear displacement ua = 1.25 mm.

Pw,skin (Mm)
Iteration Employing the imperfection | Employing the imperfection
at the i-th iteration at the (i-1)-th iteration

67 4.225

68 2.945 3.151
69 4.409 4.410
70 2.891 3.186
71 4.317 4.330
72 3.211 3.028
73 2.460 2.731

As shown in Figs. 5.12 and 5.13, mode switching is the main reason for the increase in
the objective function value from the 66th to 67th iteration, but the oscillations from the
67th to 73rd iterations, could be caused by either/both mode switching and changes of
imperfections. To investigate the underlying cause, the designs at the 68th-73rd
iterations are re-analyzed with the imperfections at the previous iterations. The results
are shown in Fig. 5.14 and compared in Table 5.4. For the structure at the 68th iteration,
two imperfections at the 67th and 68th iterations with different deformation directions
are employed for analysis, respectively. As discussed above, the direction of the out-of-
plane displacement depends on the deformation direction of the imperfection employed
in the analysis. When the structure is analyzed employing the imperfection at the 67th
iteration, both the buckling mode and the imperfection have the upward deformation at
the bottom left-hand-side free edge, and downward deformation at the top right-hand-
side free edge. When the imperfection at the 68th iteration is employed in the analysis,
the out-of-plane displacements become downward at the bottom left-hand-side free
edge and upward at the top right-hand-side free edge, in accordance with the
deformation direction of the employed imperfection and opposite to the one at the 67th
iteration. However, the difference between their Pwskin Values at ua = 1.25 mm is 7.0%,

much less than this (43.5%, the calculation is based on the Py skin Value (2.945) for the
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structure at the 68th iteration employing the imperfection at the 68th iteration) between
the designs at 67th and 68th iterations employing the imperfections at the corresponding
iterations. While when the imperfection at the 67th iteration is employed in the analyses
for both the structures at 67th and 68th iterations, the difference in their Pwskin Values at
Ua = 1.25 mm is 25.4%, close to this (30.3%, the calculation is based on the P skin Value
(4.225) for the structure at the 67th iteration employing the imperfection at the 67th
iteration) between the designs at 67th and 68th iterations employing the imperfections at
the corresponding iterations. This shows that mode switching is the main reason for the

oscillation.

For the design at the 69th iteration, the imperfections at the 68th and 69th iterations are
respectively employed in the analysis. Though the two imperfections have different
ratios between their positive and negative amplitudes, the same buckling modes are
obtained. The difference between the Pw,skin Values at ua = 1.25 mm is only 0.023%. The

same phenomenon is found for the designs at the 70th-72nd iterations.

As shown in Fig. 5.12, it is obvious that mode switching occurs between the designs at
the 72nd and 73rd iterations. In Fig. 5.14 however, it can be observed that for the
buckling modes of the design at the 73rd iteration respectively employing the
imperfections at the 72nd and 73rd iterations, though the change of deformation
direction of the imperfection causes different negative amplitudes, their shapes are still
similar. The results therefore show that although the imperfections have an influence on
the results of the analysis, the underlying cause of the change in buckling modes and
oscillations of the objective function value during the optimization is mode switching.
This conclusion is also applied to other oscillations shown in Fig. 5.11 which have been

investigated, but not shown.

The convergence of the optimization maximizing Frta in Eq. (5-12b) has also been
investigated. Only small oscillations of the objective function value are found during

the optimization, and mode switching is also found to be the underlying reason.
Design displacement level ua =5 mm:

The optimized designs under the design shear displacement ua = 5 mm are shown in
Fig. 5.15. Their equilibrium paths are given in Fig. 5.16. A comparison between the

initial and optimized designs is given in Table 5.5. In the same way as for the optimized
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design in Fig. 5.6(a) optimizing Pwskin at ua = 1.25 mm, for the optimized design in Fig.
5.15(a) optimizing Pw,skin at Ua =5 mm, the outermost stiffeners, move closer to the side
edges of the skin, with its three stiffeners remaining parallel to each other, to decrease
the out-of-plane skin displacements. In this case however its stiffeners are longer since

buckling occurs over the whole panel.

Compared with the optimized design in Fig. 5.15(a) minimizing Pwskin, the optimized
design in Fig. 5.15(h) maximizing Fwta has a thicker skin, and its stiffeners lean more
to the left, aligning with the direction of maximum compression. Compared with the
design in Fig. 5.6(f) maximizing Frita at Ua = 1.25 mm, the design in Fig. 5.15(h)

maximizing Fr ttal at Ua =5 mm also has longer stiffeners.

As shown in Figs. 5.15 and 5.16, mode jumping is found at around ua = 1.972 mm for
the optimized design in Fig. 5.15(a) minimizing Pwskin, but not for the one in Fig.
5.15(h) maximizing Fr . Table 5.5 highlights a decrease in the Pwskin 0f 62.0% for the
optimized design in Fig. 5.15(a) minimizing Pwskin compared with initial configuration
whilst Frota IS improved by 1.00%, satisfying the total reaction force constraint. When
maximizing Frota, its value is increased by 24.9% for the optimized design in Fig.

5.15(h), compared with the initial design.

Minimization of the p-norm function of the out-of-plane skin displacements: Maximization of the total reaction force:

(b) Left views of stiffeners, ) (1) Left views of stiffeners,
from left to right (c) Top view (h) Geometry from left to right

I’ 2 ‘l\ \ el B z \\\\\ \
/ / 2 = l‘,‘ \“\ ‘l‘.‘ \ I acEm——, 2 é \‘.\ \\\‘ \"‘\‘

(a) Geometry (g) Top view

Thickness
(mm)
Thickness

Vo N
i 1 ' AR — | 1 A \\
(d) Imperfection (e) Displacement when 2, = 1.865 mm (k) Imperfection (1) Displacement when #, = 5 mm
[ L
/1 / /l f
4 (
/ 4 o
0 0
- — - - - o - - - - v -
=20 0 20 0 0.2024 -0.1518 0.8767 =20 0 20 0 10.11 -0.5661 8.940
Out-of-plane Magnitude of Out-of-plane Out-of-plane Magnitude of Out-of-plane
deformation of displacement (mm)  displacement (mm) deformation of displacement (mm)  displacement (mm)
imperfection (um) imperfection (um)

(f) Displacement when u, = 1.972 mm (g) Displacement when #, = 5 mm

gagw

0 2,118 -0.4563 0 0.8609 0 6468 -3.853 0 4.002
Magnitude of Out-of-plane Magnitude of Out-of-plane
displacement (mm) displacement (mm)displacement (mm) displacement (mm)

Figure 5.15 Optimized designs of the stiffened panel under the design shear

displacement ua =5 mm.
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Initial design
Optimized design, minimization of the p-norm function of the out-of-plane skin displacements
Optimized design, maximization of the total reaction force

25 2
£ 1.8
=
£ 20 1.6
3
=
= S14
s FS
215 <12
v o
E 2
= .
E g
% 10 E 0.8
] 2 .
2 E
= £0.6
g
g5 0.4
=
g 02
- 2

0 1.865 1.972 0
0 1 2 3 4 5 0 1 2 3 4 5
Applied displacement (mm) Applied displacement (mm)

(a) (b)

Figure 5.16 Equilibrium paths for the initial and optimized designs of the stiffened

panel under the design shear displacement ua =5 mm.

Table 5.5 Comparison of the initial and optimized designs of the stiffened panel

under the design shear displacement ua =5 mm.

Percentage of improvement Percentage of improvement
Pwskin | for Pwskin, cOmpared to the | Friom | fOr Friowa, COmpared to the
initial design initial design
Initial design 23.90 - 1.496 -

Optimized design in Fig.
5.15(a) minimizing Pwskin | 9.090 62.0% 1.511 1.00%
in Eq. (5-12a)

Optimized design in Fig.
5.15(h) maximizing Frot | 18.67 21.9% 1.868 24.9%
in Eq. (5-12b)

To again examine the effect of imperfections, the optimized design in Fig. 5.15(a)
optimizing Pwskin IS re-analyzed, employing imperfections with different directions and
maximum amplitudes. The results are shown in Figs. 5.17 and 5.18 and compared in
Table 5.6. From Fig. 5.17 and 5.18, it can be seen that when ua = 1.865 mm, the
structure is in the initial postbuckling regime. As discussed for Figs. 5.8 and 5.9, the
Pwskin Value is sensitive to the employed imperfection. The maximum value of the

downward out-of-plane displacements between the stiffeners at the right-hand side is
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dependent on the direction and amplitude of the imperfection. As ua is increased, mode
jumping occurs in all cases. For both the cases employing positive and negative
imperfections with maximum amplitudes equal to 0.2 pum and 2 um, the buckling
modes observed are the same. The differences in their Pyskin Values are within 0.1%.
For the case employing the negative imperfection with the maximum amplitude equal to
20 pum, the buckling mode is the same as that found in the other cases until ua = 4.947
mm. However, another mode jumping occurs after that, leading to a change in the
buckling mode. Compared with the other cases, its Pwskin value at ua = 5 mm is
increased by 32%. For Frir, it iS less sensitive to the employed imperfection.
Compared with the other cases, Fr wtal for the case employing the negative imperfection

with the maximum amplitude equal to 20 um is decreased by 1.0% at ua =5 mm.
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|||||||||
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(b) 2immax = 0.2 ©M(C) 2y max = 2 M (d) 2y oy = 20 pm (&) immax = 0.2 um () 2immas = 2 UM (2) iy max = 20 pm
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Figure 5.17 Displacement configurations of the optimized design of minimizing
Pwskin, employing imperfections with different directions and amplitudes in the

analysis, for the stiffened panel under the design shear displacement ua =5 mm.
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Figure 5.18 Equilibrium paths for the optimized design of minimizing Puwskin,
employing imperfections with different directions and amplitudes in the analysis,

for the stiffened panel under the design shear displacement ua =5 mm.

Table 5.6 Comparison of analysis results of the optimized design of minimizing
Pwskin, employing imperfections with different directions and amplitudes in the

analysis, for the stiffened panel under the design shear displacement ua =5 mm.

Imperfection
Puwskin (MM) | Fr.otar (x10° N)

Direction | Amplitude (um)

Positive 0.2 9.083 1.511
Positive 2 9.081 1511
Positive 20 9.090 1.511
Negative 0.2 9.083 1.511
Negative 2 9.087 1.511
Negative 20 11.99 1.496

To study the convergence of the proposed algorithm for design in the moderately deep
postbuckling regime, convergence history curves of the optimization minimizing Pw,skin
(the optimized design given in Fig. 5.15(a)) are shown in Fig. 5.19. To investigate the

reasons for the oscillations, some of the iterations with oscillations are investigated.
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Figure 5.19 Convergence history curves of the optimization minimizing Pwskin, for

the stiffened panel under the design shear displacement ua =5 mm.
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Figure 5.20 Employed imperfections and displacement configurations of the
optimized designs at the 22nd-24th iterations of minimizing Pw,skin, for the stiffened

panel under the design shear displacement ua =5 mm.
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Figure 5.21 Equilibrium paths for the optimized designs at the 22nd-24th
iterations of minimizing Pwskin, for the stiffened panel under the design shear

displacement ua = 5 mm.

Table 5.7 Comparison of the optimized designs at the 22nd-24th iterations of

minimizing Pwskin, for the stiffened panel under the design shear displacement ua =

5 mm.
Iteration Puwskin (MM) | Frotar (X10° N)
22 16.46 1.496
23 27.66 1.444
24 21.80 1.559

The optimized structures and corresponding structural responses from the 22nd-24th
iterations are shown in Figs. 5.20 and 5.21. Noted that the colormap of the out-of-plane
displacement is adjusted to allow all the figures to share the same colormap for
comparison and still be readable. Displacements over the upper and lower bounds of the
colormap have the same colors as those at the upper and lower bounds. From Fig. 5.19,
it can be observed that until the 22nd iteration, though the mass is reduced due to the
mass constraint, the value of Pwskin decreases due to the layout optimization and
material redistribution. At the 23rd iteration however, it becomes larger. This is because
of mode switching — a buckling mode, different from the one at the 22nd iteration,
occurs. It can be seen in Fig. 5.20 that at the 22nd iteration, the structure buckles at the
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two free edges with upward deformations, and between the stiffeners with downward
deformations when ua = 1.650 mm. As ua is increased, the downward deformations
between the stiffeners become larger. When ua = 2.330 mm, buckles crossing the two
side stiffeners are observed. For the design at the 23rd iteration, when ua = 1.650 mm,
the downward out-of-plane displacements crossing the middle stiffener are larger than
those at the 22nd iteration. As ua is increased, the buckling shape progresses. The
deformations at the two free edges and crossing the middle stiffener increase. It is noted
that at the 23rd iteration, mode switching not only causes the Pwskin t0 increase, it also
stops the total reaction force constraint from being satisfied. At the 24th iteration, mode
switching also occurs. A buckling mode, different from those at the previous two
iterations, is found. Though the Pwskin Value of the design at the 24th iteration is still
larger than that at the 22nd iteration, it is decreased compared with the design at the
23rd iteration. Meanwhile, Frortal is increased and the total reaction force constraint is

satisfied again.

The optimized structures and corresponding structural responses at the 101st-104th
iterations are shown in Figs. 5.22 and 5.23 and compared in Table 5.8. For all the
analyses at the 101st-104th iterations, the same imperfections are employed. Similar
buckling modes are found for all the designs at ua = 2.330 mm, but when ua is increased
to 2.580 mm, the buckling shapes are progressed and different buckling shapes are
observed. This shows that mode switching occurs among these iterations. For the
designs at the 101st and 103rd iterations, the buckling has upward deformation
dominating the second bay (defined as the region between the panel edge and the side
stiffener, or between the adjacent stiffeners, counted from left to right) and downward
deformation crossing the third stiffener (counted from left to right). While for the 102nd
and 104th iterations, the buckling has the upward deformation dominating on the third
bay and downward deformation crossing the first stiffener. However, since the buckling
mode has the largest deformations at the two free edges for all four designs and their
magnitudes are close, the differences in the Pwskin Values of the four designs are within
1.4% at ua = 2.580 mm. When u, is increased to 2.830 mm, the mode shapes continue to
progress for the designs at the 101st and 103rd iterations, while mode jumping occurs
for the designs at the 102nd and 104th iterations. The downward deformation of the
buckling becomes to cross the middle stiffener. It can be seen from Fig. 5.23(a) that

when ua = 2.830 mm, the differences in the Py skin Values of the four designs increases to
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6.0%. Mode jumping occurs at ua = 3.580 mm for the design at the 101st iteration, and
at ua = 3.592 mm for the design at the 103rd iteration. An additional buckle occurs at
the third bay and the buckle with the downward deformation crosses the middle
stiffener. From Fig. 5.23(a), it can be found that the Pwgskin values of the four designs
become close again after ua = 3.592 mm. The same phenomenon is found for the total
reaction forces, as shown in Fig. 5.23(b). This is because, as shown in Fig. 5.22, after
mode jumping occurs for all the four designs, the buckling shapes between adjacent
iterations are basically symmetrical along the diagonal from the bottom left to the top
right of the panel, resulting in similar postbuckling behaviours under the shear loading
and boundary conditions in this example. It can be seen in Table 5.8 that for the four
optimized structures at the 101st-104th iterations, the differences in their Pwskin Values

and their Fr total are within 1.3% and 0.7% at ua = 5 mm, respectively.

Imperfection Displacement with 1d|u sted c(lt 1p

o W & & & & & &
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Figure 5.22 Employed imperfections and displacement configurations of the
optimized designs at the 101st-104th iterations of minimizing Pwskin, for the

stiffened panel under the design shear displacement ua =5 mm.

Sheng Chu — September 2022 125



Simultaneous Sizing, Layout and Topology Optimization
for Buckling and Postbuckling of Stiffened Panels

15.6 }
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i I
113 2.580 2.830 3.530513,592;
24 37 }
20 1.6
ERE
z 1.4
216
g 1.2
F4 z
b= %
21 x !
g 0 e 8
= s ¥ ]
F10 =038 Iter. 101
3 = Iter. 102
E] 51
2 8 54 Iter. 103
= 0.6
2 = lter. 104
Z 6 g
g 0.4
2 4
g 5 0.2
0 0
0 I 2 3 4 5 0 I 2 3 4 5
Applied displacement (mm) Applied displacement (mm)
(a) (b)

Figure 5.23 Equilibrium paths for the optimized designs at the 101st-104th
iterations of minimizing Pwskin, for the stiffened panel under the design shear

displacement ua = 5 mm.

Table 5.8 Comparison of the optimized designs at the 101st-104th iterations of

minimizing Pwskin, for the stiffened panel under the design shear displacement ua =

5 mm.
Iteration Puskin (MM) | Frio (x10° N)
101 18.81 1.495
102 18.86 1.489
103 18.62 1.499
104 18.66 1.490
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The optimized structures and corresponding structural responses at the 192nd-193rd
iterations are shown in Figs. 5.24 and 5.25, and compared in Table 5.9. Mode switching
and mode jumping both contribute to the Pwskin Value increasing at the 193rd iteration.
In Fig. 5.24, different buckling modes are found at ua = 3.580 mm for the two iterations,
indicating that mode switching occurs. For the 192nd iteration, when ua is 4.330 mm,
the buckling regions with downward deformations in the third and fourth bays start to
be connected and cross the right-hand side stiffener. As shown in Fig. 5.25, the Pw,skin
value decreases after that. As ua continues to increase, the buckling shape progresses
and the Pwskin Value increases again. For the 193rd iteration, mode jumping is observed
when ua = 3.805 mm, leading to sudden decreases in both the Pwskin and Frtota Values
which become smaller than those at the 192nd iteration. However, as ua is increased
with the progressed buckling shape, the Pwskin Value increases rapidly. When ua = 5

mm, its value is 8.75% larger than that at the 192nd iteration.
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Figure 5.24 Employed imperfections and displacement configurations of the
optimized designs at the 192nd-193rd iterations of minimizing Pwskin, for the

stiffened panel under the design shear displacement ua =5 mm.
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Figure 5.25 Equilibrium paths for the optimized designs at the 192nd-193rd
iterations of minimizing Pwskin, for the stiffened panel under the design shear

displacement ua =5 mm.

Table 5.9 Comparison of the optimized designs at the 192nd-193rd iterations of

minimizing Pwskin, for the stiffened panel under the design shear displacement ua =

5 mm.
Iteration Pwskin (MM) | Fr.otar (X10° N)
192 1451 1.534
193 15.78 1.494
_ Imperfection Displacement with adjusted colormap: Mode jumping
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Figure 5.26 Employed imperfections and displacement configurations of the
optimized designs at the 208th-210th iterations of minimizing Puwskin, for the

stiffened panel under the design shear displacement us =5 mm.
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Figure 5.27 Equilibrium paths for the optimized designs at the 208th-210th

iterations of minimizing Pwskin, for the stiffened panel under the design shear

displacement ua =5 mm.

Table 5.10 Comparison of the optimized designs at the 208th-210th iterations of

minimizing Pwskin, for the stiffened panel under the design shear displacement ua =

5 mm.
Iteration Puwskin (MM) | Frotar (x10° N)
208 14.57 1.503
209 15.99 1.539
210 14.52 1.501

In this case, in the optimization minimizing Pwskin, more complex postbuckling

behaviours are observed. For a particular design, mode jumping sometimes occurs more

than once, resulting in multiple significant changes in the Pwgskin Vvalue. During
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optimization, mode jumping can occur different times at different iterations and
different buckling modes can be found at the design loading. This causes discontinuities
in the optimization and oscillations in the objective function value. For example, the
optimized structures and corresponding structural responses at the 208th-210th
iterations are shown in Figs. 5.26 and 5.27 and compared in Table 5.10. At ua = 3.580
mm, the same buckling modes are found for all three iterations, showing that no mode
switching occurs. During the 208th iteration however, mode jumping occurs twice at Ua
= 4.309 mm and 4.852 mm as is the case at ua = 4.113 mm and 4.708 mm during the
210th iteration. During the 209th iteration this reduces to one mode jump at ua = 3.725
mm with a different buckling mode from those at the 208th and 210th iterations,
observed at the design displacement ua = 5 mm. Compared with the 208th iteration, the
Pwskin Value at ua = 5 mm is increased by 9.75% at the 209th iteration. The same
buckling modes are found at the 208th and 210th iterations. Compared with the 208th
iteration, the value at the 210th iteration is improved by 0.343%. The same phenomenon
is observed for Fr . Compared with the 208th iteration, Fr total at Ua =5 mm is reduced
by 2.40% at the 209th iteration and improved by 0.133% at the 210th iteration.

Though Fig. 5.17 shows that a change in imperfection direction can introduce mode
jumping and lead to a different analysis result for the optimized design, it has not
caused any oscillation in this example. To further investigate the influence of the
imperfection direction on the optimization result, the optimization is repeated with
negative imperfections. The optimized result and its comparison with the optimized
design in Fig. 5.15(a) employing positive imperfections in the optimization are shown
in Figs. 5.28 and 5.29. From Fig. 5.28, it can be seen that almost the same optimized
designs are obtained, despite different imperfection directions being employed in the
two optimizations. In Fig. 5.29 it can be seen that at first, different Pwskin values are
found for the two optimized designs. This is because, as discussed for Figs. 5.8 and 5.9,
Pw,skin 1S sensitive to the employed imperfection during the initial postbuckling regime.
As ug increases, mode jumping occurs for the optimized design employing the negative
imperfection. After that, the influence of the employed imperfection on the analysis is
reduced and the two equilibrium paths for Pwskin almost coincide. The difference
between the Pwskin values at ua = 5 mm is within 0.08%. For these two optimized
designs, the curves of the equilibrium paths for Fr ttal are very similar. The difference in

Fr,total at ua =5 mm is within 0.27%.
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Figure 5.28 Comparison of the optimized designs of minimizing Pwskin employing
positive and negative imperfections, for the stiffened panel under the design shear
displacement ua =5 mm.
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Figure 5.29 Equilibrium paths for the optimized designs of minimizing Puw,skin
employing positive and negative imperfections, for the stiffened panel under the

design shear displacement ua =5 mm.

The convergence history curves for maximizing Frotar (the optimized design given in
Fig. 5.15(h)) are shown in Fig. 5.30. Though many oscillations are observed,
an overall rise in Frotal can be found after the mass constraint is satisfied. To investigate
the reasons for these oscillations and their effect on the optimization, some of the

iterations with oscillations are also investigated. The optimized structures and
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corresponding structural responses at the 16th-19th iterations are shown in Figs. 5.31
and 5.32. When ua = 4.580 mm, the same buckling modes are found for these four
optimized designs. For the 16th iteration, no mode jumping is found as ua is increased
to 5 mm. Whilst the buckling amplitude is increased, the mode shape stays the same.
For the 17th iteration, mode jumping occurs at ua = 4.830 mm. This causes a decrease in
Friota. FOr the 18th iteration, the same mode occurs but at a larger value of ua = 4.979
mm. Compared with the 17th iteration, Fr total at Ua = 5 mm is improved, though it is still
lower than that at the 16th iteration. For the 19th iteration, mode jumping does not
occur and the same buckling shape as the one at the 16th iteration is observed at us = 5
mm. Compared with the 16th iteration, Frota at Ua = 5 mm is improved by 0.968%.
These iterations therefore indicate that without a mode jump the value of Friotal
achieved is higher.
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Figure 5.30 Convergence history curves of the optimization maximizing Fr total, for

the stiffened panel under the design shear displacement ua =5 mm.
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Figure 5.31 Employed imperfections and displacement configurations of the
optimized designs at the 16th-19th iterations of maximizing Frtwtal, for the stiffened

panel under the design shear displacement ua =5 mm.
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Figure 5.32 Equilibrium paths and comparison of the optimized designs at the
16th-19th iterations of maximizing Fr.wtal, for the stiffened panel under the design

shear displacement ua =5 mm.
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The optimized structures and corresponding structural responses at the following (19th-
23rd) iterations are shown in Fig. 5.33, as well as their partial geometry parameters. y1-
Ye are changes to the coordinates of the stiffeners’ endpoints from left to right, top to
bottom. ti-t3 are the thicknesses of the stiffeners from left to right. tp is the skin
thickness. It can be seen in Fig. 5.33(a) that two buckling shapes are repeatedly
switched at ua = 0.005 m, causing the oscillations in the objective value shown in Fig.
5.33(b). Nevertheless, as shown in Fig. 5.33(c), the structures are continuously
optimized. The outer two stiffeners move closer to the edges of the skin, and the middle
stiffener leans more to the left. In order to increase Friwt, the skin thickness is
increased. To compensate for this and to continue to satisfy the mass constraint, the
amount of material in the stiffeners is reduced. The optimization progresses well and
Frtotar IS continuously improved for the iterations having the same buckling shapes, i.e.,
19th, 21st and 23rd iterations, and 20th and 22nd iterations.
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Figure 5.33 Convergence study for the optimized designs at the 19th-23rd
iterations of maximizing Fr i, for the stiffened panel under the design shear

displacement ua =5 mm.

In this example, the stiffened panel is under symmetric loading and boundary conditions
along a diagonal line from bottom left to top right, and therefore the optimized designs

are expected to be symmetric. However, the introduction of unsymmetric imperfections
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results in an unsymmetrical displacement field and sensitivity distribution. Therefore,
the obtained designs are not symmetric. Meanwhile, it is observed in Figs. 5.12 and
5.22 that for the optimization minimizing Pwskin, the buckling shapes in adjacent
iterations are symmetric along the diagonal and frequently switched. Small oscillations
are found at the corresponding iterations. The same phenomenon is also found in the
optimization maximizing Frtota, 1.e., the 166th-168th iterations in Fig. 5.30. This
indicates that the optimizer might focus on updating one side of the structure at one
iteration, and the other side at the next iteration, resulting in slow convergence.
Symmetry control, illustrated in Fig. 5.34, is developed to address this issue. The design
variables for half the design domain (in this example, either above or below the
diagonal) are updated by the optimizer. Based on the mapping relationship given in Fig.
5.34, the geometric parameters for the other half of the design domain are also updated.

In the optimization, the sensitivities information is given as:

of & of t, i=12 (N+1)/2 (orn—12 N/2) (5-33a)
o, &ga, e T T
2N )
oS Y i1, N (5-33b)
oY, = oy; oY,

of _Ni/me'e of ow; ov; OV
oH,, 4530w, ov, oV, oH,,’

n=12,..,(N+1)/2 (orn=12,..,N/2)

(5-33c)

where T, Y and H are the design variables in the sizing, layout and topology

optimizations using symmetry control, respectively.
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Figure 5.34 Illustration of symmetry control.
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Figure 5.35 Comparison of the optimized results with and without the use of
symmetry control, for the stiffened panel under the design shear displacement ua =

5mm.

Table 5.11 Comparison of the optimized results with and without the use of
symmetry control, for the stiffened panel under the design shear displacement ua =

5 mm.
Design shear | Not using symmetry control Using symmetry control
Optimization displacement
(mm) Pw,skin (MM) | Fr otal (x105 N) | Pwgskin (MM) | Frotal (x105 N)

Minimizing Puw,skin

in Eq. (5-12a) 1.25 1.020 0.4864 0.8938 0.4858
Maximizing Frotal

in Eq. (5-12b) 1.25 2.191 0.5064 3.194 0.5145
Minimizing Puw,skin

in Eq. (5-12a) 5 9.090 1.511 8.550 1.562
Maximizing Frotal

in Eq. (5-12b) 5 18.67 1.868 18.95 1.900

Both optimizations, the minimization of Pwskin in EQ. (5-12a) and the maximization of
Friota IN EQ. (5-12b) under the design displacement levels ua = 1.25 and 5 mm are
repeated with symmetry control. The optimized results and a comparison of the
optimized designs obtained with and without symmetry control are given in Fig. 5.35
and Table 5.11. For the optimization minimizing Pwskin, though the structures obtained
and the buckling shapes under the design loading are almost the same, the Py skin Values
are improved by 12.4% and 5.94% under the design displacement levels ua = 1.25 and 5

mm respectively when using symmetry control. For the optimization maximizing Fr total
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in Eg. (5-12b), it can be seen that using symmetry control results in the middle

stiffeners leaning more to the left, aligning more with the direction of maximum

compression and Frtta being improved by 1.60% and 1.71% for the optimizations

under the design displacement levels ua = 1.25 and 5 mm, respectively.

2) Optimization at a design load

To solve the optimization problem of the minimization of ua at a design load under

displacement loading (Eq. (5-12c)), the problem is transformed into the maximization

of Frtotal at each optimization iteration as shown in Fig. 5.36.

A |
|

(i+2)-th| (7+1)-th

iteration' lleration Design load

Total reaction force

Ue j+2 e it1 Ugi
Applied displacement

Figure 5.36 Illustration of the algorithm for minimizing the applied displacement

at a design load under displacement loading.

The geometrically nonlinear analysis algorithm in Fig. 5.3 is combined with the
bisection method to find the applied displacement where Fr ot is equal to the design
load, each time the design is updated. The algorithm developed is shown in Fig. 5.37.
The steps which are different from the algorithm in Fig. 5.3 are marked in red and

described as follows:
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Figure 5.37 Procedure for the geometrically nonlinear analysis, combined with the

bisection method.

Step 1: Initialise the whole analysis. Start counting the load increment times; set the
initial load and load increment values; record the current load increment value APo;
initialise the displacement field; initialise the parameters in the bisection method; go to
Step 2.

Step 2: Initialise the analysis for a new load step. Start counting the iteration times in
the current load step; increase the load; record the current displacement field; go to Step
3.

Step 5: Update the number of the load increments; go to Step 15.

Step 14: Check the analysis aborting criterion — if the load increment is larger than its
upper bound, the analysis is stopped and the solution to Eq. (5-7) fails; otherwise, go to
Step 2.

Step 15: Check the convergence criterion for the whole analysis — if Frotl is close

enough to the design load or the upper bound of the displacement increment becomes
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very small, the whole analysis is finished and the applied displacement where Fr otal IS

equal to the design load is found; otherwise, go to Step 16.

Step 16: Check the criterion to use the bisection method — if y, used to determine
whether the range including the applied displacement where Fr total IS equal to the design

load is found, is true, go to Step 17; otherwise, go to Step 20.

Step 17: Check the criterion to update the parameter | — if Friot is smaller than the

design load, go to Step 18; otherwise, go to Step 22.

Step 18: Update the parameter |, | = Frttai; The parameter r remains unchanged; update

the upper bound of the displacement increment; go to Step 19.

Step 19: Check the convergence criterion of the whole analysis — if the upper bound of
the displacement increment becomes very small, the whole analysis is finished and the
applied displacement where Frtotal IS equal to the design load is found; otherwise, go to
Step 24.

Step 20: Check whether the range including the applied displacement where Fr total iS
equal to the design load is found — if Frtotar is Smaller than the design load, the range is
not found and go to Step 21; otherwise, the range is found and go to Step 22.

Step 21: Update both | and r; go to Step 7.

Step 22: The parameter | remains unchanged; update the parameter r, r = Fr total; Update
the parameter y, y = true; update the upper bound of the displacement increment; go to
Step 23.

Step 23: Go back to the previous load step. Reduce the load by the current load
increment; re-set the displacement field to the saved value; reduce the number of load

increments by 1; reduce the load increment by 50%; go to Step 2.

Step 24: Reduce the load increment by 50%; if the load increment is larger than its
upper bound, re-set it to the value of its upper bound; go to Step 2.

Here, optimization under the design load Fq = 1.5 x 10° N is conducted. The initial
design given in Fig. 5.5(a) is employed, and symmetry control is used. The optimized

result is shown in Fig. 5.38. The optimized structure and its postbuckling behaviour are
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similar to those in Figs. 5.15(h)-5.15(l) for maximizing Frwta. Compared with the initial

design, the applied displacement under the design load is reduced by 22.8%.
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Figure 5.38 Optimized design minimizing the applied displacement at the design
load Fg = 1.5 x 10° N, for the stiffened panel under the design shear displacement.

5.4.2 Stiffened Panel Loaded by a Shear Load

A stiffened panel of 0.3 m x 0.3 m with the loading and boundary conditions shown in
Fig. 5.39 is considered for optimization. A shear load Nxx = 500 kN/m is applied to the
top edge. Two postbuckling optimizations, minimizing Pw,skin and Pinskin at a given load
in Egs. (5-13a) and (5-13b) with p = 6, are studied. To investigate the difference
between linear buckling and postbuckling optimizations, the maximization of the
critical buckling load factor with mass and stiffener spacing constraints is also
conducted. To address the convergence issue of linear buckling optimization caused by
mode switching, the first several buckling modes are considered. As the p-norm
function has been successfully used to approximate the maximum stress in Chapter 4, it
is also applied to linear buckling optimization in this work. The p-norm function of the
inverses of the buckling load factors Mp is used to approximate the inverse of the
critical buckling load factor. The objective maximizing the critical buckling load factor
is transformed into the minimization of the p-norm function value Mp. The linear

buckling optimization formulation is given as:
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1
N, l Pp
min M = —
| 23
st. m<m,_,, (5-34)
L>L,, 1=L2,...,N,

where Aq is the buckling load factor for the g-th mode. The first N; buckling modes are
considered in the optimization. p = 12 is used for Mp. For all the three optimizations, the
upper bound of the structural mass mmax = 0.56 kg. The lower and upper bounds of the

thicknesses of both the skin and the stiffeners are 0.001 m and 0.003 m, respectively.

Ne
>

v=0,w=0,
rn=0,r=0r=0

Figure 5.39 Loading and boundary conditions for the design of a stiffened panel
loaded by a shear load.

In this work the number of stiffeners in the initial design decides the maximum
allowable number of stiffeners in the optimized structures. The more stiffeners in the
initial configuration, the larger the design space to be searched. In this example initial
designs with 3 and 7 uniformly distributed vertical stiffeners, each with a height of 0.03
m, as shown in Fig. 5.40, are employed to investigate their effect on the optimization
results. For the optimization employing the 3-stiffener initial design, the lower bound of
the stiffener spacing Lmin = 7.5 mm; while for the optimization employing the 7-
stiffener initial design, the lower bound of the stiffener spacing Lmin = 3.75 mm. For
both initial designs, the skin and stiffener thicknesses are set to 0.002 m. The skin is

discretized with 80 x 80 plate elements, with 8 elements across the height of the
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stiffeners. For the postbuckling optimization, the maximum amplitude of the employed
imperfection is set to 1% of the skin thickness of the initial design i.e. 20 um. For the
linear buckling optimization, it is not necessary to introduce an imperfection, and the
first 10 buckling modes are used.

7

(a)

Figure 5.40 Initial designs with (a) 3 stiffeners and (b) 7 stiffeners, for the design of

the stiffened panel under the shear load.
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Figure 5.41 Optimized designs of the stiffened panel under the shear load,

employing the 3-stiffener initial design.
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Figure 5.42 Optimized designs of the stiffened panel under the

employing the 7-stiffener initial design.
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shear load.
Employing the initial design Employing the initial design
o with 3 stiffeners with 7 stiffeners
Optimization
Pw,skin (MmM) Pinskin (Mm) M Pw,skin (MmM) Pinskin (Mm) M

Minimizing Puwsin 7.961 14.54 0.5949 3.438 14.61 0.9177

in Eq. (5-13a)
Minimizing Pin skin

in Eq. (5-13b) 14.30 12.77 0.5805 8.615 12.34 0.8868

Minimizing Mp 18.39 14.87 0.9138 9.214 13.85 2.843

The optimized designs and corresponding equilibrium paths for the three optimizations
with two different initial designs are shown in Figs. 5.41-5.43. These designs are
compared in Table 5.12. For the optimized designs for the minimization of Py skin and
Pinskin employing the 3-stiffener initial design in Fig. 5.41, the geometries and buckling
modes are similar to those obtained when minimizing Pwskin and maximizing Fr total
under a shear displacement ua = 5 mm in Fig. 5.15. For the optimized design
minimizing Pwskin, the stiffeners are again parallel to each other decreasing the
unsupported region of the skin. Compared with the other two designs in Fig. 5.41, its
stiffeners are higher and thicker. Though mode jumping occurs, global buckling and
buckles crossing the stiffeners are avoided, decreasing the out-of-plane skin
displacement. For the optimized design minimizing Pinskin, the stiffeners lean more to
the left and the skin is thicker than the other two designs to increase the load-carrying
capability and reduce the in-plane skin displacement. For the optimized design
minimizing Mp, it can be observed that the stiffener material distribution depends on the
linear buckling shape (which is the same as the shape of the imperfection). For example,
the stiffeners have their peak points where the structure buckles in the linear buckling
analysis. This however, leads to the middle stiffener offering weak support to the
central region of the skin, and the buckling crossing the middle stiffener during
postbuckling. Compared with the optimized design minimizing Mp, the Pyskin Value is
decreased by 56.7% when minimizing Pwskin, and the Pinskin Value is decreased by
14.1% for the optimized design of minimizing Pinsin. Compared with the other two
designs in Fig. 5.41, the critical buckling load factor of the optimized design

minimizing Mp is improved by more than 53.6%.
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The optimized designs in Fig. 5.42 employing the 7-stiffener initial design, follow the
same trends as those in Fig. 5.41. Since the number of stiffeners in the initial design
decides the maximum allowable number of stiffeners in the optimized structures, the
design spaces employing the 7-stiffener initial design are larger than those for the 3-
stiffener one. It is easier for the optimization employing the 7-stiffener initial design to
find a more promising stiffener layout configuration and material distribution in the skin
and stiffeners to improve the structural postbuckling behaviours. For the optimized
designs minimizing Pwskin, more material is distributed into the stiffeners when
employing the 7-stiffener initial design than for the 3-stiffener one. Unsupported
regions of the skin are reduced since more stiffeners are allowed. Though the buckles
are found to cross the stiffeners, its Pwskin Value is improved by 56.8%. For the
optimized designs minimizing Pinskin, COmpared with the 3-stiffener initial design, a
more promising stiffener configuration is found with more material allocated to the skin
for the one employing the 7-stiffener initial design increasing skin stiffness. Though its
Pinskin Value is only improved by 3.37%, its Pwskin Value is improved by 39.8% since
there are more stiffeners and fewer unsupported regions on the skin. For the optimized
design minimizing Mp employing the 7-stiffener initial design, its critical buckling load
factor is equal to 2.843. As shown in Fig. 5.43, the structure has not buckled under the
design load. Even so, its Pwsin Vvalue is worse than both the optimized designs
minimizing Pwgskin, and its Pinskin Value is worse than both the optimized designs

minimizing Pin skin.

5.4.3 Stiffened Panel Loaded by Compression and Shear Loads

A stiffened panel of 0.3 m x 0.3 m with the loading and boundary conditions shown in
Fig. 5.44 is considered for optimization. A compression load Ny, = 800 kN/m and a
shear load Nxx = 200 kN/m are applied to the top edge. Three optimizations, i.e., the
minimization of Pwskin (in Eq. (5-13a)), Pinskin (in Eq. (5-13b)) and Mp with mass and
stiffener spacing constraints are performed. Initial designs with the 3 and 7 vertical
stiffeners in Fig. 5.40 are employed. All the optimization parameters including the
upper and lower bounds of the constraints are the same as those in Section 5.4.2
(Stiffened panel loaded in shear).
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Figure 5.44 Loading and boundary conditions for the design of a stiffened panel

loaded by compression and shear loads.

The optimized designs and corresponding equilibrium paths for the three optimizations
with two different initial designs are shown in Figs. 5.45-5.47 and compared in Table
5.13. For the optimized designs minimizing Pwskin émploying both the 3-stiffener and 7-
stiffener initial designs, the stiffeners are more uniformly distributed than for the other
two optimizations, to decrease the unsupported regions of the skin. More material is
placed on the right-hand-side stiffeners since the right-hand side of the panel is under
the largest compression, along with the buckling mode having the largest out-of-plane
skin displacements in that region. Compared with the optimized design employing the
3-stiffener initial design, the Pwskin Value for the one employing the 7-stiffener initial
design is improved by 39.0%. Though Pinskin and Mp are not considered in the
optimization of minimizing Pwgskin, they are also improved by 48.3% and 50.4%,

respectively.

For the optimized designs minimizing Pinskin employing both 3-stiffener and 7-stiffener
initial designs, all the stiffeners move closer to the right-hand side of the panel to resist
the combined compression and shear loads. Compared with the optimized design
employing the 3-stiffener initial design, the Pinskin value for the one employing the 7-
stiffener initial design is improved by 38.9%. The Pwskin and Mp values are also

improved by 45.4% and 55.4%, respectively.
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Compared with the optimized design minimizing Mp employing the 3-stiffener initial

design, the Pwskin value is improved by 58.7% for the optimized design minimizing

Pw,skin employing the 3-stiffener initial design, though its Pinskin Value is 2.59% larger.

For the optimized design minimizing Pinskin employing the 3-stiffener initial design, its

Pw.skin and Pinskin Values are improved by 31.5% and 44.8%, respectively.

For the optimized design minimizing Mp employing the 7-stiffener initial design, its
critical buckling load factor is equal to 1.267, and therefore its buckling point is near the
design load. As discussed in Section 5.4.1, its structural responses are greatly affected
by the employed imperfection. To reduce this influence, an imperfection with a
maximum amplitude equal to 0.2 um is employed for the analysis. Compared with this
design, the Pwskin Value is improved by 56.6% for the optimized design of minimizing
Pw,skin employing the 7-stiffener initial design, but its Pinskin Value is 5.67% larger. For
the optimized design minimizing Pinskin employing the 7-stiffener initial design, its

Pw,skin and Pinskin Values are improved by 35.4% and 32.7%, respectively.

It can be seen from both the examples in Section 5.4.2 and this Section that when more
stiffeners are allowed in the optimization, more promising stiffener configurations can
be generated and better structural performances can be achieved. Compared with linear
buckling optimization, postbuckling optimization is able to provide a design with better

postbuckling behaviours of interest.
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Figure 5.45 Optimized designs of the stiffened panel under the compression and

shear loads, employing the 3-stiffener initial design.
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Figure 5.46 Optimized designs of the stiffened panel under the compression and

shear loads, employing the 7-stiffener initial design.
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Figure 5.47 Equilibrium paths for the optimized designs of the stiffened panel
under the compression and shear loads.
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Table 5.13 Comparison of the optimized designs of the stiffened panel under the

compression and shear loads.

Employing the initial design with 3 Employing the initial design with 7
o stiffeners stiffeners
Optimization
Puw,skin (MM) | Pinskin (MmM) M Puwskin (MM) | Pinskin (MM) A
Minimizing Pusiin 50.41 43.98 0.2043 30.73 22.72 0.3073
in Eq. (5-13a)
Minimizing Pin skin
in Eq. (5-13b) 83.63 23.66 0.1163 45.68 14.46 0.1807
Minimizing Mp 122.1 42.87 0.5870 70.74 21.50 1.267

5.5 Conclusion

In this Chapter, postbuckling topology optimization of stiffened panels is investigated
for the first time. The computational scheme using the level-set-based topology
optimization method, developed in Chapter 3, is used for stiffened panel design. The
skin and stiffener thicknesses, and the stiffener layout and internal topologies can be
simultaneously optimized. A Newton-Raphson scheme with load/displacement control
is used for the FE analysis, where a small imperfection in the form of the first linear
buckling mode is imposed on the FE model.

The postbuckling behaviours, i.e., the out-of-plane skin displacement and load-carrying
capability, for stiffened panels under force/displacement loading are considered for
optimization. A total of five optimization formulations based on different postbuckling
indices under load/displacement loading are studied. For the optimizations to decrease
the out-of-plane skin displacement, the stiffeners tend to be uniformly distributed on the
skin to reduce the unsupported regions; while for the optimizations to improve the load-
carrying capability, more material tends to be placed on the skin and the stiffener

orientation is more aligned with the direction of maximum compression.

For optimizations at different load levels, i.e., initial postbuckling and moderately deep
postbuckling regimes, the effects of imperfection maximum amplitude and direction on
structural analysis and optimization are investigated. For optimization at the initial
postbuckling regime, the imperfection maximum amplitude and direction greatly affects

the deformation amplitude and direction of the buckled structure, respectively. Though
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similar structural geometries can be found employing imperfections with different
maximum amplitudes and directions in optimization, their postbuckling responses can
vary considerably. For optimization at the moderately deep postbuckling regime, the
influence of the employed imperfection can be alleviated. For the example investigated
in this chapter, optimized designs with the same postbuckling behaviours can be

obtained from optimizations employing imperfections with different directions.

The convergence of the postbuckling topology optimization is also studied. It is found
that mode switching and mode jumping cause oscillations in the convergence curves
during optimization. Though these oscillations lead to slow convergence, they do not
prevent the structure from being optimized. It is also found that for optimization
problems under symmetric loading and boundary conditions, not only does the
introduction of unsymmetrical imperfections in the postbuckling analysis cause the
optimized structures to be unsymmetrical, but it contributes to mode switching and slow
convergence. Symmetry control is developed to alleviate the convergence issue and find

better results.

Postbuckling optimization is compared with linear buckling optimization. Based on the
optimization formulations, the optimized designs obtained by postbuckling optimization
have smaller out-of-plane displacements and/or a better load-carrying capability than

the ones obtained from linear buckling optimization.
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6 SIMULTANEOUS LAYOUT
AND TOPOLOGY
OPTIMIZATION OF PANELS
WITH CURVED STIFFENERS
CONSIDERING BUCKLING

In Chapters 3-5, the optimization has been limited to the design of panels stiffened with
straight stiffeners. In contrast to panels stiffened with straight stiffeners, Kapania et al.
[2] introduced curvilinearly stiffened panels and showed that they have the potential to
result in lighter weight designs. However, as discussed in Chapter 2, in the existing
works, stiffener curves are usually limited by pre-specified curvilinear functions, e.g. B-
splines, as well as the optimization design space. Due to the ability of the level set
method to describe variations in topology, being able to increase the design space with
the potential to find the global optimum in optimization problems, the optimization of

curved stiffeners using the level set method is investigated in this chapter.

This Chapter presents a level-set-based method to simultaneously conduct the layout
and topology optimization of panels with curved stiffeners. Specifically, plate elements
are used to construct a stiffened panel structure. The level set function (LSF) is then
used to describe and freely manipulate the stiffener layout, with curved members

allowed. The free-form mesh deformation method with a control mesh is utilized to
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adjust the finite element (FE) mesh. The level set method is also used to optimize the
internal topologies of the stiffeners. Both mass minimization with buckling constraint
and critical buckling load factor maximization with mass constraint are investigated. A
semi-analytical sensitivity analysis is performed, and the gradient-based optimizer
IPOPT [97] is used. For the buckling-constrained problem, when the p-norm function
and IPOPT are used, an adaptive scaling method is used to ensure the control of the

buckling limit. Numerical investigations demonstrate and validate the proposed method.

The remainder of this chapter is organized as follows. In Section 6.1, the geometric and
FE models of the curved stiffened panels are presented. Section 6.2 describes the
mathematical formulations of the considered problems, the sensitivity analysis and the
optimization algorithm. Some numerical examples to test the proposed method are
presented in Section 6.3. Conclusions are given in Section 6.4.

6.1 Curved Stiffened Panel Model

In this section, the geometric and FE models are described. LSFs are used to represent
and optimize both the layout and the internal topologies of the stiffeners. As the
stiffener layout changes, a free-form mesh deformation method with a control mesh is

used to adjust the FE mesh.

6.1.1 Layout Description

The stiffened panel is composed of the skin and stiffeners shown in Fig. 6.1(a). The
level set method is used to represent and manipulate the layout of the stiffeners,
allowing curved members. Specifically, as shown in Figs. 6.2(a) and 6.2(d), the stiffener

curves are defined as the zero level set of an implicit function:
®,(x)=0 x el (6-1)

where I't denotes the stiffener curves. ®i(xi) is the implicit function and x, e Q,,, where
Qq, is the design domain corresponding to the panel. Conventionally, the signed

distance function is used for the LSF.
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(@)

(b)

Figure 6.1 Sample curved stiffened panel and its control and FE meshes: (a)

geometric model; (b) control and FE meshes.

Control mesh
~ wireframe

Zero level set  Level set mesh

I

Obtain control mesh

Update LSF

(d) Update control mesh (e)
Min. 0 Max.
LSF value

Figure 6.2 Illustration of the curved stiffener layout represented by the LSF: (a)
the LSF, the zero level set and the level set mesh for the initial structure; (b) the
LSF, the zero level set and the control mesh wireframe for the initial structure; (c)
the initial control mesh wireframe and the FE mesh; (d) the LSF, the zero level set
and the level set mesh for the updated structure; (e) the LSF, the zero level set and
the control mesh wireframe for the updated structure; (f) the updated control
mesh wireframe and the FE mesh.
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In the same way as when optimizing the structural boundary to find the best internal
topology of a stiffener in Eq. (3-3), the stiffener curves are optimized by iteratively
solving the level set equation, Eq. (6-2), to achieve the optimal layout of the stiffeners:

B0 08) | G, (%) () =0 (6-2)

f
where t; is a fictitious time and V; is the velocity vector.

The LSF at each point is updated by solving the following discretized Hamilton-Jacobi

equation using an up-wind differential scheme [85]:

k+1 _ mk
CDI,pI _q)l,pl

— At [V

I,pl

Vn,l,pl (6'3)

where Vp, is the normal velocity. pl is a discrete point in the design domain, k is the

iteration number and |vq>,k'p,| is computed for each point using the Hamilton-Jacobi

weighted essentially non-oscillatory method (HJ-WENO) [93]. To improve the
computational efficiency, the level set update is restricted to points within a narrow
band close to the boundary. ®p is chosen to be a signed distance to the boundary
within this narrow band. To correct for this effect, ®@p is periodically reinitialized to a
signed distance function. The fast marching method [85] is used for this re-initialization

and velocity extension.

Both the skin and the stiffeners are modeled explicitly with 4-node Mixed Interpolation
of Tensorial Components (MITC) plate elements with 6 DOF’s per node, comprising a
Mindlin-Reissner plate element [91, 92] combined with the plane stress formulation. In
order to avoid re-meshing after every update of the stiffener layout, the free-form mesh
deformation method with control mesh is extended to the design of panels with curved
stiffeners. In Fig. 6.1(b), the control mesh, represented by the blue lines and grey
surfaces is illustrated. The intermediate elemental surfaces correspond to the stiffeners,
which means that the coordinates in the x and y directions of nodes on the control mesh
are all located on the stiffener curves represented by the zero level set in Eq. (6-1). As
the LSF is updated from Fig. 6.2(a) to Fig. 6.2(d), the nodes on the control mesh are re-
located from Fig. 6.2(b) to Fig. 6.2(e). For simplification of implementation, the y and z
coordinates of the nodes on the control mesh are fixed and only the x coordinates are
allowed to move. Using the free-form mesh deformation method [90], as shown in Figs.
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6.2(c) and 6.2(f), the FE mesh is deformed to cater to the updated stiffener layout with

control mesh:

Xee =NX ontrol (6-4a)
Xonsot Xeanrol +Y (6-4b)
X=X + 2 (6-4c)
z=Ny (6-4d)

where Xre and Xcontrol are nodal coordinates on the FE and control meshes, respectively.
N is the shape function. y and z represent the changes in the coordinates of the control
and FE mesh nodes, respectively. The deformation of the FE mesh can be achieved
through Eqgs. (6-4c) and (6-4d).

6.1.2 Topology Description

The level set method is also used to represent and optimize the internal topologies of the
stiffeners with one LSF used to describe the internal topology of each stiffener. The
relationship between the LSF values and the resulting structures are shown in Figs.
6.3(b)-6.3(d). The structural boundary is defined as the zero level set of the implicit

function ®to(Xto):

D, (%,)<0  xeQy
®,(%,)=0 xel,, to=12..,N (6-5)
q)to(xto)>o XEQto

where @ is the LSF representing the to-th stiffener, and N is the number of stiffeners.
For the to-th stiffener, Qi is the domain corresponding to the structure and I'to iS the

structural boundary. xe€,, , where €, is the design domain containing the
structure, Q  €Q, . As in Eq. (3-4), the level set equation can be updated by the

discretized Hamilton-Jacobi equation using an up-wind differential scheme in order to

optimize the structural boundary.
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Figure 6.3 lllustration of how to construct the geometric and FE models of a
sample curved stiffened panel using LSFs: (a) the LSF representing the stiffener
curves, its zero level set and level set mesh; (b)-(d) the LSFs corresponding to the
three stiffeners respectively, their zero level sets and level set meshes; (e) the
deformed FE mesh; (f)-(h) the volume fraction fields, zero level sets and
undeformed FE meshes corresponding to the three stiffeners; (i) the deformed FE

mesh and corresponding physical density field; (j) the geometric model.

As described in Section 3.1.2, the level set mesh has the same mesh size as the FE mesh
corresponding to one stiffener, and this is fixed during the optimization in this work. As
shown in Figs. 6.3(f)-6.3(h), based on the undeformed mesh, it is easy to calculate the
density distribution for each stiffener by calculating the volume fraction field v of solid

material in the mesh based on the corresponding level set function values ®. Based on
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the stiffener layout given by the LSF in Fig. 6.3(a), the deformed FE mesh in Fig. 6.3(e)
can be obtained by the method presented in Section 6.1.1. Due to the one-to-one
correspondence between the elements of the undeformed and deformed FE meshes, a
direct mapping can be used and the physical density distribution w for the stiffeners is
obtained by wj = vj. The density distribution is w = 1 for all the elements on the skin, as
shown in Fig. 3(i). Meanwhile, the geometry of the curved stiffened panels in Fig. 6.3
() can be described through the (N + 1) LSFs, comprising one for the stiffener layout
and N for internal topologies of N stiffeners.

It is noted that the level set method has the potential to describe arbitrary stiffener
curves. However, since the free-form mesh deformation method with control mesh is
utilized to adjust the FE mesh, overlap and intersection between the adjacent stiffeners
are not allowed, and thus the stiffener curves are never closed in this work. The end
points of the zero level set corresponding to each stiffener curve are placed on the
opposite faces of the panel, but the end points of the stiffeners are free to move inside

the panel due to topology optimization.

6.1.3 Finite Element Model

In the same way as for the FE analysis of a panel with straight stiffeners, the stiffness
and geometric stiffness matrices for the j-th finite element of a curved stiffened panel

can be calculated after obtaining the physical density field w:

K, =WKS (Eq, o0t Xee ) +(1-W, ) K (B, 9, 0,1, X ) (6-6a)
Ky =W, (@,Ks (g oot Xee ) +(1-W, )KY (B, o0t X)) (6-6D)

where k¢ and k! represent the stiffness matrices of the j-th finite element with solid
and void phases, respectively. k:, and k!, denote the geometric stiffness matrices of

the j-th finite element with solid and void phases, respectively. Es and ps are the
Young’s modulus and mass density of the solid phase, while E, and py are the Young’s
modulus and mass density of the void phase. » and t are Poisson’s ratio and thickness,

respectively.

It is noted that, as in previous cases, when axial compression or shear loading is applied

on the boundaries of curved stiffened panels with deformed FE meshes, uniform forces
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cannot be added directly to the corresponding nodes. As shown in Fig. 6.4, the force
applied on the node pf is calculated as:

P(L" 4"
p, P 67

where P is the pressure value per unit length. L™ and LP" are the lengths of the
elemental boundaries with the node pf, as shown in Fig. 6.4.

P : S Pop :

eI £ pf Point pf p-1pf Point pf

I . Y z P L - y ‘!

N AL L

A W W B
FE mesh w
\‘-.

|

Stiffener—

S
(a)

Figure 6.4 lllustration of the application of pressure: (a) an example with the
undeformed FE mesh; (b) an example with the deformed FE mesh.

The stationary equation (Eq. (6-8a)) and the linear buckling equation (Eq. (6-8b)) are
solved using the HSL MA57 solver [94] and ARPACK [95], respectively:

Ku=f (6-8a)

(K+2K, (u))v=0 (6-8b)

where K, u and f are the structural stiffness matrix, the stationary deflection and the

applied load, respectively. Kg is the structural geometric stiffness matrix. 4 and v
represent the eigenvalue/eigenvector pair for a given buckling mode.
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6.2 Problem Formulation and Optimization Method

In this section, the two problems considered in this work are described. To solve these
two problems with a gradient-based optimizer, a semi-analytical sensitivity analysis is

performed. The optimization methodology used is also presented here.

6.2.1 Problem Formulation

Both the problems of mass minimization with buckling constraint and critical buckling
load factor maximization with mass constraint are investigated. As the minimum
positive buckling load factor, the critical buckling load factor needs to be considered
either as an objective or a constraint. In both the problems, the p-norm function [114] is
used as a buckling aggregation function to approximate the inverse of the critical
buckling load factor:

M, =[i(ﬂq)pj’p (6-9)

q=1

where 4, =J/ﬂ,q . Jq Is the buckling load factor for the g-th mode. The first N, buckling

modes are considered in the optimization. The approximated value M, moves closer to

the inverse of the actual minimum as the aggregation parameter p increases.
The optimization problems are formulated as follows.

1) Mass minimization with a buckling constraint:

min m(®,, ®,)

st. M (®,®,)<lA,,
L (@)= Ly, 1=12,...,N, (6-10)
A(®)>A,, r=12..N,
to=12,...,N

where m is the structural mass. Amin is the lower bound of the critical buckling load
factor. In this work, overlap and intersection between the adjacent stiffeners are not
allowed, and severely distorted elements are avoided by setting stiffener spacing and
element distortion constraints to ensure the accuracy of the finite element analysis

(FEA). L denotes stiffener spacing constraints, and Lmin i their lower bound. A denotes
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element distortion constraints, and Amin is their lower bound. N and Na are the numbers
of stiffener spacing and element distortion constraints, respectively. The mass m is

defined by the mass matrix:
m=g'Mg (6-11)

where the vector g contains ones for deflection degrees of freedom along the gravity

direction and zeros elsewhere.

The stiffener spacing constraints L and element distortion constraints A are evaluated
using the element widths and interior angles of the control mesh, which can be

calculated through the nodal coordinates Xcontrol Of the control mesh.

2) Critical buckling load factor maximization with a mass constraint:

min Mp(fl)l,(I)m)

@,
st. m(®, @, )<m,
L (@)= Ly, 1=12,..,N, (6-12)
A(®)>A,, r=12..N,
to=12,...,N

where Mmax is the upper bound of the structural mass.

6.2.2 Sensitivity Analysis

In order to solve Egs. (6-10) and (6-12) using a gradient-based optimizer, the
sensitivities of the p-norm function My, the mass m, the stiffener spacing L and the
element distortion A are needed. To obtain these sensitivities, a semi-analytical method
IS used.

6.2.2.1 Sensitivity Analysis for Layout Optimization

As shown in Eq. (3-14), the derivative of 1q with respect to changes in the nodal

coordinates of the control mesh y; is computed using the adjoint method:

. £6K afj T(GK OKQ(U)J
Uy | U= |- V| = +4——= |V,
alq _ 8yi 6yi ayi ayi

oy VoK, (u)v,

(6-13)
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where Uag is the adjoint vector and

oK (u
. ; (’;u( )quu;dK (6-14)

It is noted that of/oyi # 0 in EQ. (6-13) because the update of y leads to the re-
distribution of the force applied to the nodes of the FE mesh via Eq. (6-7).

From Eq. (6-9), the derivative of Mp with respect to y; can be obtained as:

oM
oy

N, o
== Mép;[ué’l(—ﬂq Z)W?J (6-15)

Based on Eq. (6-11), the derivative of m with respect to y; can be calculated by:

a_m = gT @ (6-16)

8y| ayi
The sensitivities of 1q, Mp and m are analytically derived and given by Egs. (6-13), (6-
15) and (6-16). of/oyi, 0K/dyi, 0Kg¢/dyi and 6M/dyi in Egs. (6-13) and (6-16), as well as
the derivatives dLi/dy; and dAi/dyi related to the spacing and element distortion
constraints, can then be approximated via the central finite difference method, which is

straightforward to implement. In this work, the perturbation is chosen as 0.0001ao,

where ap is the initial FE element width. The calculated sensitivities dg/dy; in Egs. (6-
15) and (6-16) have been compared With(g(ym+Ayi)—g(yi‘0—Ayi))/2Ayi , Where ¢

represents an arbitrary equation, i.e. M, and m. The error in mass sensitivity is within
0.1%, and the errors in buckling sensitivities are within 1% when there is no mode
switching for the first few modes, which shows the accuracy of the sensitivity

calculation.

As described in Chapters 3-5, during the optimization, the LSFs are always maintained
as signed distance functions to ensure a well-behaved boundary. In order to convert an
arbitrary LSF to a signed distance function with the same boundary locations, a
combination of the marching squares and fast marching algorithms [86] is applied. In

order to ensure the signed distance property |[V®|=1 after every update of the LSF, the

fast velocity extension algorithm [96] is utilized. The relationship between the changes
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to the LSF values A®y at the boundary and A® in the rest of the design domain is

determined as:

a0 =| 22 a0, (6-17)
o0,

Obtain control mesh

s

A

Y (a) (b)

2D Deform control mesh

=

Q
Zero level set / / Control mesh
Level set mesh

(c) (d)

Figure 6.5 Illustration of how to compute the term of dyi/0®: (a) the zero level set
before perturbation and the level set mesh; (b) the zero level set and the
corresponding control mesh before perturbation; (c) the zero level set after
perturbation; (d) the control mesh, deformed in accordance with the change of the

zero level set after perturbation.

To update the LSF representing the stiffener layout, derivatives with respect to y; are

further mapped to the level set value of the boundary points @, through the chain rule:

oo oy _
aq)l,b _Zayl a®||:) (6 18)

where g is the general function representing the p-norm function My, the mass m, the
stiffener spacing L and the element distortion A. The term Jyi/0®p is computed by
perturbing the level set boundary implicitly, as shown in Fig. 6.5. For a given boundary
point of interest, a small perturbation A®p is assigned to its level set value ®p. The
change in the LSF A®, can be obtained via Eq. (6-17). After implementing the marching

squares and fast marching algorithms, as shown in Fig. 6.5(c), the new LSF and the
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corresponding zero level set are achieved. This results in a new yi. The control mesh is
deformed, which is shown in Fig. 6.5(d). Then using the central finite difference

method, the term 0yi/0®i» can be approximated by:

ayi _ i D) =Dy p+AD, |, B yi|‘D|,b:‘D|,b—A®|,b (6'19)
a®,yb 2A(D|,b

where the perturbation A®, is chosen as 0.001bi,0, where bio is the element width of

the level set mesh used to describe the stiffener layout.

6.2.2.2 Sensitivity Analysis for Topology Optimization

In a similar way to the computation of d1¢/dyi in Eq. (6-13), the derivative of 1q with
respect to the physical density w;j can be obtained by:

oK, (u
uZdLaKU—ﬁfJ—VT(éK +A o )qu

o2, “low; o ow ) tlow, T ow,
_ _ (6-20)
OW. v.K, (u)v

]

where

v,=u, K (6-21)

to:

9 _ i J j (6-22)

oM N 6A
8W_p =M (ﬂqp (-4 2)—‘*j (6-23)

Based on Eq. (6-11), the derivative of m with respect to w;j can be calculated by:
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— =z —1z (6-24)

To update the LSFs representing the stiffener internal topologies, the derivatives with
respect to w;j are further mapped to the level set values of the boundary points ®iop
through the chain rule:

a9 = 0g ow; ov,
8(Dto,b j aWj 8Vj a(I)to,b

(6-25)

where owj/ovj = 1 because wj = vj. In the same way as for the term 0yi/0®p, the term of
0oVj/ 0o Is computed via the implicit perturbation of the level set boundary, which has
been described in Section 3.2.2.2.

Using the gradient-based optimization method with the sensitivity information in Egs.
(6-18) and (6-25), A®yp and Adyop can be obtained. Following this A®; and Ady, can be

calculated via Eq. (6-17) such that|V (®+A®)|=1. It is noted that, since the fast velocity

extension algorithm is only first order accurate, the LSFs are re-initialized using the fast

marching method after each update in this work.

6.2.3 Optimization Algorithm

The IPOPT algorithm [97] is used to solve the optimization problems described in Egs.
(6-10) and (6-12) at each iteration to obtain A®;p and Adrwp in order to update the
curved stiffened panels. Linearization of the optimization problems using Taylor’s

expansion can then be performed as follows.
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1) Mass minimization with a buckling constraint:

T N T
min - m, + om AD,, + om AD,
oD ’ '

AD, , , AD
Lo b Ib to=1 to,b

T T
oM N | oM
st. M+ —= Ad),b+z il Acpmbsi
' acI)I,b ’ to=1 acI)to,b Y ;Lmin
. |
L,+|——| A®, >L_, 1=12..,N,
’ dq)u) ’
d T
A+l A Al 5L r=12,.N, (6-26)
’ dd),'b ’
_71SA®|,bS71
_7/2SA(I)t0,bS7/2
to=12,...,N

2) Critical buckling load factor maximization with a mass constraint:

T T
oM N[ oM
i p p
omin M""’{—a@,b} Aq>,‘b+z{a® } AD,,

to=1 to,b

T T
om 5| om
st. m0+[a® } A<D|’b+2{a } AD,, <m .

1,b to=1 to,b

:

Lo —l{ dL, } A® 2L, 1=12,.,N,
’ dod,, '

;
Afﬂ{%} A®,, =L, r=12..N, (6-27)
- SAD <y
— 7, SAD, <7,
to=12,...,N

where Mp,, Mo, Lio and Ar are the values at the current iteration. y1 and y2 are the move

limits for A®; and ADyp, respectively.

The proposed method is illustrated in Fig. 6.6.
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Figure 6.6 Flowchart of the proposed method for the design of curved stiffened

panels.

6.3 Numerical Examples

In this section, two numerical examples are presented to demonstrate the application of
the proposed method for the simultaneous layout and topology optimization of curved
stiffened panels. The Young’s modulus of the solid material is Es = 73 GPa and the
Young’s modulus of the void phase is Ey = 10°x73 GPa. The density is ps = 2795 kg/m?
for the solid material and py = 0 for the void phase. The Poisson’s ratio is v = 0.33. The
thicknesses of both the skin and the stiffeners is t = 0.002 m.

6.3.1 Mass Minimization with Buckling Constraint

For buckling-constrained problems, the p-norm function M, cannot be applied directly
to enforce a constraint on the inverse of the minimum positive buckling load factor.

This is because, in Eg. (6-9), a finite p needs to be chosen for numerical stability, which
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leads to the p-norm function value being greater than the inverse of the minimum. An
adaptive scaling constraint [61, 114] similar to that for stress-constrained problems is
adopted to make the p-norm function value closer to the inverse of the critical buckling
load factor:
1
oM < — (6-28)

p =
min

where alk:ﬁ at the kth iteration.
p

When IPOPT is used to solve the problem described by Eq. (6-28), the buckling

constraint is approximated as:

T T
oM N| oM 1
K k-1 —_—
o, I:M p ]approximation =% M p + {a(blz } A(Dl’b’k_l * ZI:@Q) p } A(Dto'b'k_l : ﬂ“min

to,b K1

(6-29)

Using IPOPT, only the constraint in Eqg. (6-29) is satisfied at each iteration of the
optimization. However, since only first-order sensitivity information is used and higher-

order sensitivity information is ignored, the prediction of the p-norm function
(M3

p:|appr0ximati0n from Eq. (6-29) is not sufficiently accurate and may be slightly smaller

than the real one M 5 This may lead to the violation of the actual buckling constraint
A = 4., - Vherefore, an additional adaptive scaling constraint scheme is introduced and
Eq. (6-28) is re-written as:

p =
‘min

oM < % (6-30)

Mk

p

. .
LY —
P _lapproximation

The mass minimization problem with buckling constraint at each iteration in Eq. (6-26)

where af =

can therefore be re-written as:
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T T
N
m } AD,, + { om } AD,,

I.b to=1 to,b

. 0
min m, +
AD p ADy,

T T
oM N | oM
st. M, -{GCD%:I AD, +Z{a®mpb} AD, <

1,b to=1 1727 "min
N
LI0+|: dLI } A(I)Ibzl-min’ I:1’2""’NL
’ do,, '
.
”W{dﬁ\lj A®, >L.., r=12,.,N, (6-31)
—NnSAD <y,
7, SAD,, <7,
to=12,...,N

A stiffened panel with the loading and boundary conditions shown in Fig. 6.7 is
considered for optimization. The bottom edge of the panel is fixed, and a shear load P =
300 KN/m is applied on the top edge. The initial design, which comprises a 0.3 m x 0.3
m skin and 7 vertical stiffeners, each with a height of 0.03 m is shown in Fig. 6.8. The
FE mesh comprises 80 x 80 plate elements for the skin, with 8 elements along the
height of each of the stiffeners. Eight LSFs are used, comprising one representing the
stiffener curves and seven for the internal topologies of the stiffeners. The first 50
buckling modes are considered in the optimization. For the p-norm function, the
aggregation parameter p = 12 is used. The lower bound of the critical buckling load

factor Amin = 1. The lower bound of the stiffener spacing Lmin = 15 mm.

P

[
>

w=0,r,=0,r,=0

0
0

4

Z

0,r.=0,r,
0,r.,=0,r

w
W

u=0,v=0,w=0,

yI_I_ r=0,r.=0 |

X

Figure 6.7 Loading and boundary conditions for the design of a stiffened panel
under shear loading.
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Figure 6.8 Initial design with 7 vertical stiffeners, m = 0.855 kg, and its first 6
buckling modes under shear loading, 41 = 1.141, 42 = 1.459, 43 = 1.702, A4 = 1.903, 45
=2.089, 46 = 2.155.

The optimized design is shown in Fig. 6.9. Compared with the initial design, the mass is
decreased by 34.1%. Despite this, the critical buckling load factor A1 = 1.008 and the
buckling constraint is satisfied. It can be observed that, by using topology optimization,
the number of stiffeners and the internal topology, height and width of each of them are
optimized. From the initial design and corresponding buckling modes in Fig. 6.8, it can
be seen that buckling tends to occur towards the right-hand side of the panel under the
given load case since this is the area where the greatest compression due to in-plane
bending occurs. In order to increase the stiffness in these regions, the three stiffeners
which remain are moved to the right-hand side of the structure. It can also be seen that
for each stiffener in the optimized design, the height of the central part of the stiffeners
is greater than that at the ends, to increase out-of-plane stiffness in this unsupported
region (the ends are prevented from deflecting out of plane) and defer overall buckling

modes.
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Figure 6.9 Optimized design for mass minimization with buckling constraints,
considering the initial design with 7 vertical stiffeners, m = 0.563 kg, and its first 6
buckling modes under shear loading, 41 = 1.008, 42 = 1.077, 23 = 1.102, A4 = 1.122, 75
=1.246, 76 = 1.256.
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Figure 6.10 Optimized design without the layout optimization for mass
minimization with buckling constraints, considering the initial design with 7
vertical stiffeners, m = 0.594 kg, and its first 6 buckling modes under shear loading,
41 =1.000, 22 = 1.039, 43 = 1.064, 14 = 1.170, 45 = 1.182, 46 = 1.293.
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An optimization where the layout design variables are excluded, is also performed. The
same initial design with 7 vertical stiffeners shown in Fig. 6.8 is used. The result is
presented in Fig. 6.10. Here, the layout of the stiffeners is frozen, with only the number
and topologies of the stiffeners optimized. The mass of the optimized design in Fig. 6.9
with simultaneous layout and topology optimization is 0.563 kg, while the optimized
design in Fig. 6.10 without the layout design variables is 0.594 kg, a 5.4% difference. In
comparison with the optimized design in Fig. 6.9, more stiffeners with greater height
are required in the optimized design in Fig. 6.10. In terms of the mass of the stiffeners,
there is a 50.9% difference between the two optimized designs. This shows that
simultaneous layout and topology optimization allows a further significant reduction in

the panel’s weight.

To investigate the influence of the initial configuration, the optimization problem is also
solved considering initial designs with different numbers of stiffeners. The maximum
number of iterations is 1500. The initial designs are shown in Figs. 6.11, 6.13 and 6.15.
The corresponding results are given in Figs. 6.12, 6.14 and 6.16, respectively. The
differences between their masses are within 0.54%. It can be observed that, three
stiffeners remain in the optimized designs in Figs. 6.12 and 6.14, while there are four
stiffeners left in the optimized designs in Fig. 6.16. When the maximum number of
iterations is extended to 2500 for the optimization considering the initial design with 11
vertical stiffeners, it is found in Fig. 6.17 that the extra stiffener is removed. However,
the mass in only reduced by 0.53%, compared to that of the optimized design using
1500 iterations. Considering the computational cost, it may not be worth continuing to
optimize the structure after 1500 iterations. It can be also observed that all the
optimized designs follow the same trends. The remaining stiffeners are moved to the
right-hand side of the panel to increase the stiffness in the bottom right-hand region of
the panel. Therefore, even though initial designs with different numbers of stiffeners are
selected, the proposed method has the potential to find promising results within the

corresponding limited design space.
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Figure 6.11 Initial design with 8 vertical stiffeners, m = 0.905 kg, and its first 6

buckling modes under shear loading, A1 = 1.364, 42 = 1.744, 23 = 2.027, A4 = 2.255, 75
=2.412, 76 = 2.522.
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Figure 6.12 Optimized design for mass minimization with buckling constraints,
considering the initial design with 8 vertical stiffeners, m = 0.564 kg, and its first 6

buckling modes under shear loading, 41 = 1.002, 42 = 1.061, 43 = 1.119, 44 = 1.190, 45
=1.248, 26 = 1.253.
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Figure 6.13 Initial design with 9 vertical stiffeners, m = 0.955 kg, and its first 6

buckling modes under shear loading, 41 = 1.667, A2 = 2.134, 23 = 2.475, A4 = 2.731, 75
= 2.837, 26 = 3.046.
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Figure 6.14 Optimized design for mass minimization with buckling constraints,
considering the initial design with 9 vertical stiffeners, m = 0.565 kg, and its first 6

buckling modes under shear loading, 41 = 1.008, 42 = 1.058, 43 = 1.108, 44 = 1.196, 45
=1.298, 46 = 1.316.
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Figure 6.15 Initial design with 11 vertical stiffeners, m = 1.056 kg, and its first 6

buckling modes under shear loading, 41 = 3.153, A2 = 3.2322, A3 = 3.2325, 44 = 3.848,
A5 =3.992, 16 = 4.193.
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Figure 6.16 Optimized design at 1500th iteration for mass minimization with
buckling constraints, considering the initial design with 11 vertical stiffeners, m =

0.562 kg, and its first 6 buckling modes under shear loading, 41 = 1.006, 42 = 1.047,
A3=1.099, 44 = 1.145, 15 = 1.163, 46 = 1.216.
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Figure 6.17 Optimized design at 2500th iteration for mass minimization with
buckling constraints, considering the initial design with 11 vertical stiffeners, m =
0.559 kg, and its first 6 buckling modes under shear loading, 41 = 1.003, A2 = 1.085,
A3=1.142, 4= 1.163, 45 = 1.220, 16 = 1.254.

6.3.2 Critical Buckling Load Factor Maximization with Mass Constraint

A stiffened panel with the same loading and boundary conditions as in Fig. 6.7 is
considered for the optimization of critical buckling load with mass constraint. The same
initial design with 7 vertical stiffeners shown in Fig. 6.8 is used. All the FEA and
optimization parameters are the same as those in Section 6.3.1. The upper bound of the
stiffener mass is set to 17% of the initial design, i.e., the upper bound of the structural
mass mmax = 0.563 kg which is that of the optimized design obtained from the mass

minimization with a buckling constraint.

The optimized design is shown in Fig. 6.18. Its mass is 0.563 kg. The mass constraint is
satisfied. The stiffener layout is optimized, and the redundant material is removed. The
geometries of the optimized design in this optimization problem and the one obtained
by mass minimization with a buckling constraint in Fig. 6.9 are compared in Fig. 6.19.
It can be seen that both the topology and the layout of the two results are almost same.
However, there are minor differences in the stiffener curves and heights causing the

buckling load factors in Fig. 6.9 to be a little larger (within 3%) than the ones in
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Fig.6.18. It is noted that, since both the topology optimization problems of mass
minimization with buckling constraint and critical buckling load factor maximization
with mass constraint are highly nonlinear, many local optima exist. Therefore, the
similarity between the results in Figs. 6.9 and 6.18 demonstrates that the optimization

methodology proposed in this work shows a reasonable level of reliability.
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Figure 6.18 Optimized design for critical buckling load factor maximization with a
mass constraint, considering the initial design with 7 vertical stiffeners, m = 0.563
kg, and its first 6 buckling modes under shear loading, 41 = 1.000, 42 = 1.060, 43 =
1.094, 44 = 1.119, 15 = 1.210, 46 = 1.242.
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Figure 6.19 Comparison of the geometries of the optimized designs in Figs. 6.9
(blue, m =0.563 kg and 41 = 1.008) and 6.18 (red, m = 0.563 kg and 41 = 1.000).
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Figure 6.20 Optimized design without the layout optimization for critical buckling
load factor maximization with a mass constraint, considering the initial design
with 7 vertical stiffeners, m = 0.563 kg, and its first 6 buckling modes under shear
loading, 41 = 0.691, 42 = 0.717, A3 = 0.805, 44 = 0.823, 45 = 0.884, 16 = 0.958.

An optimization in which the layout design variables are excluded is also performed.
The initial design with 7 vertical stiffeners shown in Fig. 6.8 is used. The result is
presented in Fig. 6.20. Compared with the optimized design in Fig. 6.18 based on
simultaneous layout and topology optimization, the optimized design in Fig. 6.20 with
topology optimization only, has a worse buckling performance. There is a 30.9%
difference in the critical buckling load factors. This shows the simultaneous layout and

topology optimization can be effective in improving the buckling performance.

6.3.3 Comparison with the Optimization of Panels with Straight Stiffeners

To compare the optimized designs with curved and straight stiffeners, the simultaneous
layout and topology optimization for the minimization of the mass of a panel with
straight stiffeners under buckling constraints is conducted. As for the optimization of
curved stiffened panels, the initial design in Fig. 6.8 is utilized and the first 50 buckling
modes are considered in the optimization. The optimized design is given in Fig. 6.21. Its
mass is 0.557 kg, which is 1.07% lighter than that of the design in Fig. 6.9. This
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conflicts with the statement that panels stiffened with curved stiffeners have the

potential to result in lighter weight designs than those with straight stiffeners [2].
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Figure 6.21 Optimized design with straight stiffeners for mass minimization with
buckling constraints, considering the initial design with 7 vertical stiffeners, m =
0.557 kg, and its first 6 buckling modes under shear loading, 41 = 1.001, 42 = 1.012,
A3=1.014, 24 =1.022, 25 = 1.070, 46 = 1.162.

To investigate why this happens, the optimization formulation and algorithm are studied
first. The optimization defined in Eq. (6-31), introduces hundreds of constraints since
the stiffener spacing and element distortion constraints are local constraints and
therefore need to be measured at every element on the control mesh. In this work, to
decrease this large number of constraints, threshold values are set for stiffener spacing
and element distortion constraints. Only when these values are exceeded are the
constraints added to the optimization. Even so although only a small number of
constraints exist at the beginning of the optimization, this can increase to more than one
hundred as the optimization proceeds and stiffener spacing and element distortion
constraints become active. To check whether a large number of constraints could be
making it difficult for the optimizer to find a promising solution, the p-norm function
with an adaptive scaling scheme is also applied to stiffener spacing and element
distortion constraints, so that only three constraints, i.e., p-norm functions for buckling,

stiffener spacing and element distortion, are included in the optimization. The
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optimization for the curved stiffened panel is repeated with the seven-vertical-stiffener
initial design in Fig. 6.8, and the optimized design is given in Fig. 6.22. Using three
significant numbers, the same mass as that of the design in Fig. 6.9 is found. This shows
the robustness of the proposed algorithm, and that a large number of constraints are not
the reason a worse design is obtained with curved stiffeners than with straight stiffeners.
To further investigate this problem, the optimization of curved stiffened panels is
repeated using Eq. (6-31), taking the optimized design with straight stiffeners in Fig.
6.21 as the initial design. The optimized design is shown in Fig. 6.23. Its mass is 0.54%
smaller than that of the design in Fig. 6.21. This shows that the proposed
parameterization has the capability to describe a panel with curved stiffeners having a
better performance than the optimized design with straight stiffeners. However, many
local optima exist for this problem, which agrees with the observation in [2]. In this
work, using the gradient-based optimizer, IPOPT, a worse local optimum is found when

the initial design with 7 vertical stiffeners is employed.

Left views of
stiffeners, from left

to right
Geometry Top view
Ist buckling mode 2nd buckling mode 3rd buckling mode
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Figure 6.22 Optimized design with curved stiffeners for mass minimization with p-
norm buckling, stiffener spacing and element distortion constraints, considering
the initial design with 7 vertical stiffeners, m = 0.563 kg, and its first 6 buckling
modes under shear loading, 41 = 1.007, 42 = 1.065, 43 = 1.083, 44 = 1.119, 45 = 1.237,
s =1.244.,
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Figure 6.23 Optimized design with curved stiffeners for mass minimization with
buckling constraints, considering the optimized design with straight stiffeners in
Fig. 6.21 as the initial design, m = 0.554 kg, and its first 6 buckling modes under
shear loading, 41 = 1.002, 22 = 1.118, 43 = 1.140, 44 = 1.150, 45 = 1.203, 46 = 1.241.

Postbuckling analyses are implemented for the optimized designs in Figs. 6.21 and 6.23,
where imperfections based on critical buckling modes are introduced and their
maximum amplitudes are set to 20 um. Their postbuckling behaviours are shown in Fig.
6.24. It can be found that although the difference in the critical buckling load factors of
these two designs is within 0.1%, the maximum out-of-plane and in-plane skin
displacements of the optimized design with curved stiffeners in Fig. 6.23 are
respectively 1.30% and 2.37% better than those with straight stiffeners in Fig. 6.21
when the shear load P = 300 kN/m corresponding to the critical buckling load, is
applied. When the shear load is increased to twice the critical buckling load, P = 600
kN/m, the maximum out-of-plane and in-plane skin displacements of the optimized
design with curved stiffeners in Fig. 6.23 are 2.10% and 7.14% better than those with
straight stiffeners in Fig. 6.21, respectively. This shows that curved stiffened panels
might have more advantages in the postbuckling regime.
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Figure 6.24 Comparison of postbuckling behaviours between the optimized design
with curved stiffeners in Fig. 6.23 and the optimized design with straight stiffeners
in Fig. 6.21.

6.4 Conclusions

This chapter presents a level-set-based method for simultaneous layout and topology
optimization of curved stiffened panels. To the best of the authors’ knowledge, this
work is the first to investigate the simultaneous layout and topology optimization of
panels with curved stiffeners using a gradient-based approach. The construction and
update of the geometric and finite element models using the level set method and a free-
form mesh deformation method are described in detail. Both the problems of mass
minimization with buckling constraint and critical buckling load factor maximization
with mass constraint are studied. A sensitivity analysis is presented, and the
optimization algorithm is outlined. The numerical results show the presented method is
able to efficiently solve the two stiffened panel design problems. The stiffener layout is
optimized, redundant stiffeners are removed, and the material in the remaining
stiffeners is redistributed to satisfy all the constraints. For the buckling-constrained
problem, when the p-norm function and the gradient-based optimizer IPOPT are used,
the presented method is able to satisfy the buckling constraints with an adaptive scaling
method. However, many local optima exist for this problem. Though a curved stiffened
panel having a better performance than the optimized design with straight stiffeners, can
be described by the proposed method, it might not be found using the gradient-based
optimizer. The postbuckling behaviours of optimized designs with curved and straight
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stiffeners are also investigated, showing that curved stiffened panels may be superior in

the postbuckling regime.
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{ CONCLUSIONS AND
FURTHER WORK

This chapter gives some concluding remarks. The main contributions of this thesis are

outlined. Suggestions for future research are also provided.

7.1 Summary and Main Contributions

This thesis is focused on the development of a level set topology optimization method
to simultaneously optimize the size, layout and topology of stiffened panels against
buckling and postbuckling. This method employs plate elements to model stiffeners
which are parametrized by multiple implicit level set functions (LSFs) thus optimizing
the shape (straight or curved, and internal topology) and size of each stiffener,
simultaneously with the orientation and number of the stiffeners and the skin thickness.
By using 2D plate elements, the mesh density can be several orders of magnitude less

than for an equivalent mesh of 3D continuum elements.

A level-set-based topology optimization parameterization for panels stiffened with
straight stiffeners is proposed, in Chapter 3. The weight minimization of stiffened
panels simultaneously optimizing size, layout and topology under buckling constraints,

employing a gradient-based algorithm, is investigated for the first time.

e The proposed parameterization allows the simultaneous sizing, layout and
topology optimization of panels with straight stiffeners, using a gradient-based

algorithm. Specifically, sizing variables are included to optimize the skin
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thickness and the thickness of each stiffener. The positions, rotations and
spacing of the stiffeners are all represented and manipulated using the
coordinates of their two ends. The level set method is employed to represent and
optimize the internal topologies of the stiffeners. One LSF is used to describe
the internal topology of each stiffener. When all the material in a stiffener is
removed, this stiffener is deleted. In this way, the number of stiffeners can be

changed and optimized, without introducing an integer variable.

A control mesh with a free-form mesh deformation method is developed to
adaptively deform the FE mesh to cater for the updated stiffener layout. Re-
meshing after every update of the stiffener layout is thus avoided. Since the
relationship between the movement of stiffeners and the deformation of the FE
mesh has been established, the sensitivities of the objective and constraint
functions with respect to the layout variables can be easily calculated, enabling
the application of the gradient-based optimizer.

The effectiveness of the parameterization and optimization algorithm has been
demonstrated through numerical investigations minimizing the structural weight

with buckling constraints:

e Through the optimization, the number of stiffeners is optimized and the
redundant stiffeners in the initial design are removed. The layout and
internal topologies of the remaining stiffeners are optimized as well as
the thicknesses of the skin and stiffeners. Compared with the initial
design, the weight of the optimized design is decreased whilst ensuring

buckling constraints are satisfied.

e The effect of buckling modes is investigated. Increasing the number of
buckling modes in constraints can improve the convergence of the
optimization. However, it is observed that the global panel buckling
modes which cross the stiffeners, tend to occur in the lower buckling
modes, while the local modes which occur between the stiffeners
correspond to the stiffener layout and tend to appear in the higher
buckling modes. As the stiffened panel, particularly the stiffener layout,
is optimized, additional first buckling modes, not be found in the higher
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modes in the previous optimization iteration begin to appear. Therefore,
employing too many buckling modes in the constraints may not help
with the convergence. To ensure convergence and computational

efficiency, an appropriate number of buckling modes needs to be chosen.

e By solving optimization problems employing initial designs with
different thickness distributions, stiffener layouts and topologies, and
numbers of stiffeners, it is found that whilst the optimization is initial-
design-dependent and has several local optimal solutions with similar
structural performances, the proposed method can reliably find useful

design candidates within the given design space.

e The benefit of simultaneously conducting sizing, layout and topology
optimization for the design of stiffened panels is quantified, by
comparing optimized designs resulting from this process with those
obtained from sizing optimization, sizing and layout optimization,
topology optimization, sizing and topology optimization, and layout and

topology optimization.

e The difference between buckling-driven and stiffness-driven designs is
investigated, by comparing buckling-based and stiffness-based
optimizations. When structural stiffness is considered, more material is
prone to be distributed on the skin, along with corresponding changes to
stiffener configurations. This can lead to heavier designs.

The level-set-based optimization method is extended for both stress and buckling failure

criteria, enabling the weight minimization of stiffened panels simultaneously optimizing

size, layout and topology, in Chapter 4.

A modified free-form mesh deformation method is developed. The free-form
mesh deformation method presented in Chapter 3 can cause inaccuracies in the
stress computation of a stiffened panel and hence the optimizer being
misdirected to decrease the maximum stress primarily by deforming the FE
mesh and moving the stiffeners. In order to minimize the effect of the mesh
deformation on the stress computation, the free-form mesh deformation method

is modified to maintain the size of the FEs in the regions where the maximum
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stress can occur during optimization. Numerical investigations show the
effectiveness of the modified free-form mesh deformation method for both stress

and buckling computation.

Weight minimization subject to stress and buckling constraints is investigated.
The local stress constraints, i.e., the von Mises stresses at the bottom, middle
and top surfaces of each finite element in a structure, are aggregated into a
global constraint using a p-norm function. Numerical investigations demonstrate

that the developed method is able to effectively solve the optimization problem:

e Minimum weight designs can be obtained while satisfying the stress and
buckling constraints.

e The influences of the stress and buckling constraints on the optimized
solutions are investigated. Increasing the stress upper bound whilst
maintaining the same buckling constraints, leads to the thickness and the
stiffness of the skin being decreased. Correspondingly, more stiffeners
are needed to resist the buckling and ensure the buckling constraint is
satisfied. Increasing the lower bound of the buckling load factors with
the same stress constraints, leads to more stiffeners tending to remain in
the optimized design while the skin thickness remains almost unchanged.
This shows that the impact of the buckling constraints on the stiffeners is

greater than that on the skin.

e The effect of the aggregation parameter in the p-norm stress function on
the optimized design is investigated. It is observed that when the
aggregation parameter is low, the optimization may converge to a local
optimum. Nevertheless, for the presented example, when the aggregation
parameter takes values between 6 and 24, acceptable optimized designs

can be obtained with only small differences in their weights.

e The benefit of simultaneously conducting sizing, layout and topology
optimization for the design of stiffened panels for weight minimization
with stress and buckling constraints is also quantified, by comparing its

optimized design with those obtained from sizing optimization, sizing

Sheng Chu — September 2022



Chapter 7: Conclusions and Further Work

and layout optimization, topology optimization, sizing and topology

optimization, and layout and topology optimization.

The simultaneous sizing, layout and topology optimization for postbuckling of stiffened

panels is investigated for the first time, in Chapter 5.

The level-set-based topology optimization method developed in Chapter 3 is
extended for postbuckling optimization. A small imperfection in the form of the
first linear buckling mode is imposed on the finite element model for the
postbuckling analysis which uses the Newton-Raphson scheme. A modified
automatic load incrementation scheme is developed to ensure the accuracy of
the solution for the postbuckling analysis and handle the convergence challenges

caused by mode jumping.

Stiffened panels under force/displacement loading are considered for
optimization. Out-of-plane skin deformation and load-carrying capability are
considered to assess the postbuckling behaviours of the stiffened panels. A range
of performance metrics, i.e., the total reaction force under a given displacement
and the applied displacement at a given design load for stiffened panels under
displacement loading, and the maximum in-plane skin displacement at a given
load for those under force loading, are used to evaluate the load-carrying
capability. A total of five optimization formulations based on different

postbuckling metrics are studied.

Numerical examples demonstrate the application of the proposed method.
Compared with the initial design, the postbuckling behaviour of interest can be
effectively improved in the optimized design. Optimizations considering
different postbuckling metrics lead to different optimized designs. For the
optimizations to decrease the out-of-plane skin displacement, the stiffeners tend
to be uniformly distributed on the skin to reduce width of the unsupported
regions; while for the optimizations to improve the load-carrying capability,
more material tends to be placed on the skin and the stiffener orientation is more

aligned with the direction of maximum compression.

The selection of an appropriate imperfection, mode jumping and mode

switching all present challenges for postbuckling optimization of stiffened
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panels. Their effects on optimization in both the initial postbuckling and

moderately deep postbuckling regimes are investigated:

e Both the postbuckling analysis and optimization of stiffened panels can
be sensitive to the imperfection introduced in the FE model, especially
for those in the initial postbuckling regime. Using the imperfection with
the smallest amplitude necessary to create a continuous path at the
bifurcation point is observed to cause the minimum effect on the overall
structural behaviour. For a stiffened panel design under symmetric
loading and boundary conditions, the introduction of an asymmetric
imperfection based on the critical buckling mode can result in an
asymmetrical displacement field and sensitivity distribution. Therefore, a
local optimum, and an asymmetrical design would be obtained.
Symmetry control is developed to enforce the generation of a
symmetrical design in this case, with the optimized designs having better

postbuckling behaviours than those without using symmetry control.

e Both mode switching and mode jumping cause different buckling modes
at the design loading between the adjacent optimization iterations. This
results in discontinuities in the optimization, causing oscillations and
slowing the convergence. Nevertheless, they do not prevent stiffened
panels from being optimized. During the optimization, structures can be

continuously optimized to achieve better postbuckling performance.

e Through numerical investigations, it is also found that when more
stiffeners are allowed to exist in the optimized structures, designs having
more promising postbuckling behaviours can be obtained. Compared
with linear buckling optimization, postbuckling optimization is able to
provide a design with better postbuckling behaviours of interest.

The simultaneous layout and topology optimization of panels with curved stiffeners,

employing a gradient-based approach, is investigated for the first time, in Chapter 6:

e A level-set-based method for simultaneous layout and topology
optimization of curved stiffened panels, is developed. Here, the level set
method is used for both the description and optimization of stiffener
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curves and internal topologies. The free-form mesh deformation method
with control mesh is employed to adjust the FE mesh after every update

of the stiffener layout.

e Both the problems of mass minimization with a buckling constraint and
critical buckling load factor maximization with a mass constraint are
studied. In both of these formulations, the p-norm function is used as a
buckling aggregation function to approximate the inverse of the critical
buckling load factor, and is considered either as a constraint or the
objective. For the buckling-constrained problem, an adaptive scaling
method is used to ensure the control of the buckling limit. Numerical
investigations demonstrate and validate the proposed method. However,
for the same initial designs, the optimized design with curved stiffeners
is worse than the one with straight stiffeners. Through numerical
investigations, it can be shown that the proposed parameterization has
the capability to describe a panel with curved stiffeners which has a
better performance than the optimized design with straight stiffeners.
However, since the optimization problem is highly nonlinear, many local

optima exist. This can cause an inferior local optimum to be found.

e By comparing two optimized designs stiffened by curved and straight
stiffeners but having quite closed weights and critical buckling load
factors, it is found that the postbuckling behaviour of the design with
curved stiffeners is better than the one with straight stiffeners. This
shows that curved stiffened panels may have advantages in the

postbuckling regime.

7.2 Suggestions for Further Work

Based on the works and investigations in this thesis, several suggestions for future

research are provided below.

Since free-form mesh deformation with a control mesh is utilized to adaptively
adjust the FE mesh, the intersection between adjacent stiffeners is not allowed in
the works in this thesis. This results in a reduced design space being able to be

searched. Allowing an intersection between stiffeners during the optimization

Sheng Chu — September 2022 189



190

Simultaneous Sizing, Layout and Topology Optimization
for Buckling and Postbuckling of Stiffened Panels
would bring some difficulties in meshing the structures and calculating layout
sensitivities, for example, how to use sensitivity information to account for the

introduction and removal of the intersections between stiffeners.

In this thesis, optimization for postbuckling performance under a mass
constraint is investigated. It is easy for the mass constraint to be satisfied during
optimization. For most iterations, the optimization starts with a feasible solution.
However, when the weight minimization with postbuckling constraints is
investigated, unexpected infeasible solutions can occur during optimization due
to sudden and significant changes in postbuckling behaviours caused by mode
switching and mode jumping. This may cause challenges to the optimizer in
finding a feasible design. The optimization of stiffened panels, enabling weight

minimization under postbuckling constraints, could be explored in future work.

In both the optimization of panels with straight and curved stiffeners, it has been
found that the optimization problem is initial-design-dependent when using a
gradient-based algorithm and has several local optimal solutions. This can lead
to only a local optimum being found, which may be substantially inferior to the
achievable performance via the global optimum, especially in the case of the
design of curved stiffened panels. Gradient-free methods have the potential to
jump out of these local solutions and find the global optimum. However, they
scale poorly with large numbers of design variables being necessary for the
simultaneous sizing, layout and topology optimization of stiffened panels.
Therefore, ways to effectively and robustly find a global optimum in the
simultaneous sizing, layout and topology optimization of stiffened panels, need
to be investigated in future work.

In this thesis, only linear buckling optimization is investigated for curved
stiffened panels. As the numerical investigations in Chapter 6 show that curved
stiffened panels may be superior in a postbuckling regime, there is a need to
investigate postbuckling optimization of curved stiffened panels, and compare
the optimized designs with those with straight stiffeners to have a better
understanding of the field of stiffened panel design.
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