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1. Introduction

The applicability of K-theory to conformal field theory (CFT), e.g. to D-brane charges
[58] or to the fusion rings [37], is clear. In a series of papers [26,28,30,32,33], the authors
have been extending the range of these applications. This paper is part of that sequence,
in that much of its inspiration derives from that story.

This paper brings together three themes. One is the elegance of using K-theory and
K K-theory to capture fusion categories and module categories. The fusion ring, de-
scribing the product structure of the primary fields or sectors, is the most elementary
structure of chiral CFT (which also contains a modular tensor category). Analogously,
the most elementary object in the full CFT (which is a module category over that mod-
ular tensor category) is the modular invariant partition function (modular invariant for
short), which describes how the two chiral halves glue together. It is an integral matrix
indexed by the primaries (the preferred basis in the fusion ring, namely the irreducible
representations of the chiral algebra or vertex operator algebra or conformal net). In par-
ticular, when the fusion ring has a natural K-group realisation K (X), then the modular
invariant is a linear map between K-groups, i.e. is an element of K K (X, X). We expect
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in these cases that the modular invariants can be expressed in a natural way as very
special K K-elements. The most important manifestation of this idea will be to realise
them as spectral triples (see [41] for a preliminary step in this direction). As a first step
however, in this paper we realise these K K-elements with correspondences. The result,
as we’ll see, is the most elegant expression for those modular invariants that we have
seen.

We see this strategy implicitly for the case of finite groups in [32] (developed further
and more explicitly in [33]). The fusion ring of the Drinfeld double D(G) of a finite
group G is naturally identified with the equivariant K-group K2(G), where G acts on
itself by conjugation. Finite group doubles describe the representation theory of finite
group orbifolds of a chiral algebra with a trivial representation theory. By abstract
considerations [62], the module categories of D(G) are parametrised up to equivalence
by a subgroup H < G x G and a 2-cocycle class [¢)] € H%(pt; T) (here and elsewhere,
T denotes the unit circle in C). However, it is difficult to identify the corresponding
modular invariant matrix (or indeed most other aspects of the full CFT). But KK-
theory provides an elegant answer. We explain in [33] that this matrix is given by the
correspondence (in the sense of [18], [24])

(H//H"Y, 3?)

adj adj
G//G G//G )

where G //GY refers to the groupoid with G acting adjointly on itself, and where pr, r
are the obvious coordinate maps and BY is a certain line bundle depending on 1. From
this the matrix entries and other information of the modular invariant (e.g. its type 1
parents) can be immediately read off. Indeed, (1.1) describes the geometric realisation
of the module category parametrised by (H, 1), as bundles over groupoids.

The loop groups are an important source of theories, and they have a similar K-
theoretic description. In seminal work, Freed-Hopkins-Teleman [37—40] identified the
fusion ring of the loop group LG at level k, for any compact simple connected simply-
connected Lie group G, with the twisted equivariant K-group TKg(G) for some T €
Z2(G;Z) depending on k, where d is the dimension of G and G acts on itself by conju-
gation. In this paper we identify the K K-description of almost all module categories of
the loop groups.

Another class of simple examples are the loop groups of tori R?/Z?. Here, the possible
chiral data (e.g. modular tensor categories) are parametrised by d-dimensional even
lattices L. For example, the fusion ring will be the group ring Z[G] of the finite abelian
group G = L*/L, where L* is the dual of L, and the inner product (,) on L identifies G
with its irreps G. We give many different parametrisations of their modular invariants,
each with their associated K K-element. Here is one such parametrisation: pairs (H, [¢]),



4 D.E. Evans, T. Gannon / Advances in Mathematics 421 (2023) 109002

where H < G and [¢)] € H%(pt; T). Compare this classification with that of the modular
categories for finite group doubles given a couple paragraphs earlier. Using H and 1,
there is a second homomorphism G — G , which we call ¢, and the modular invariant is
the comparison of the two:

K(G) K(G)
N
K(G) 1)

Any modular tensor category comes with a unitary matrix representation of SLo(Z)
(hence their name). Building on the discussions mentioned above, we conclude the paper
with a K-theoretic reinterpretation of modular data for these finite group, loop group,
and toroidal modular tensor categories.

The examples mentioned so far are quite classical, being completely group or Lie
theoretic. In this paper we unexpectedly discover a nonclassical family possessing a K-
theoretic description, and this leads to our second theme: the Tambara-Yamagami fusion
categories [65]. They are the simplest quadratic categories, i.e. quadratic extensions of
fusion categories with fusion ring Z[G]. The quadratic categories have attracted attention
recently as many of them (most famously the Haagerup [51,29]) seem to be exotic in the
sense that they have no known direct constructions starting from classical structures like
finite groups or Lie algebras. The Tambara-Yamagami fusion ring is spanned by [ag] for
g € G (G a finite additive abelian group), and [p], and obeying the relations

[aglln] = [agn] s [agllo] = [o] = [pllag], [0 = [ay] (1.3)

In any case, we realise the full Tambara-Yamagami categories (including associators)
naturally as categories over groupoids. We also realise their module categories as K K-
elements. It would be very interesting to apply similar techniques to explore which other
exotic fusion categories have natural K-theoretic descriptions.

In order to discuss modular invariants, we need to bring in modular tensor cat-
egories. Given a fusion category, one can always obtain a modular tensor category
through the double construction. Moreover, we show here that the Tambara-Yamagami
categories have a Zs-crossed braiding, and when the order |G| is odd, their Zo-
equivariantisations are modular. These modular tensor categories are closely related to,
but rather simpler than, the doubles. We show the fusion rings of both the doubles and
Zs-equivariantisations are also captured by K-theory. Being metaplectic categories, they
have enormous numbers of modular invariants, but few of these will be sufferable (i.e.
correspond to module categories or full CFTs). We show how to realise some of these
sufferable modular invariants by K K-elements.
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Theme 3 concerns a foundational question in the theory, namely reconstruction:
whether or not it is possible to realise all (unitary) modular tensor categories as the
category of modules of an RCFT chiral algebra, i.e. of a rational vertex operator algebra
or local conformal net of factors. This is trivial for the torus and loop group examples,
and in [32] we show this is true for any twisted double of a finite group. In this paper
we establish reconstruction for both the doubles and Zs-equivariantisations of Tambara-
Yamagami categories. This generalises the work of Marcel Bischoff [7], who established
reconstruction for Tambara-Yamagami when |G| is odd. Bischoff’s work for odd |G| was
independent and simultaneous to ours — we announced our reconstruction for even and
odd |G| in a talk by the second author at the Isaac Newton Institute, available online
[45].

In the process of doing this we prove that any pointed modular tensor category (i.e.
one whose simple objects are all invertible) can be reconstructed as a lattice theory.
This was an explicit assumption in Bischoff [7]. More generally, a weakly-integral fusion
category is one where all dimensions-squared are integers. It is tempting to guess that
any weakly-integral modular tensor category can be reconstructed as a group orbifold
of a lattice theory. This generalises what we now know to be true for doubles and Zo-
equivariantisations of the Tambara-Yamagami categories.

One reason for being especially interested in Tambara-Yamagami categories is because
of their possible relevance to reconstruction for the doubles of the Haagerup-Izumi series
of subfactors. More precisely, the modular data of the double of the Haagerup can be
most easily recovered as the grafting (see [32]) of the Zs-equivariantisations of a Zsz x Zs
and Zq3 Tambara-Yamagami category. We describe this in section 5.6.

2. Background
2.1. KK -theoretic background via correspondences
The K K-groups can be defined as follows. For C*-algebras A, B, E, the extensions

0-K®B—E—A—0 (2.1)

together with suspensions, where K is the algebra of compact operators of a separable
infinite-dimensional Hilbert space, yield the Kasparov groups K K, (A, B) (p. 118 of [34]).
Now, the Universal Coefficient Theorem (see e.g. section 23.1 in [8]) says there is a short
exact sequence

0 — Exth (K, (A), K,_1(B)) = KK,(A, B) » Hom(K,(A), K.(B)) = 0.  (2.2)

Therefore if either K,(A) or K,(B) is a free finitely generated Z-module — which will
always the case for us — then KK, (A, B) 2 Hom(K,(A), K,(B)).

For spaces (the language we find more convenient), this becomes KK, (X,pt) =
K,(X), K*(pt,Y) = K*(Y), and KK,(X,Y) = Hom(K*(X), K*(Y)). In particular,
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taking X =Y to be the object giving the fusion ring, a modular invariant is an element
of End(K (X)) and so gives rise to an element of K K (X, X).

Hence a modular invariant gives rise to very special K K-elements, as do other struc-
tures in CFT such as sigma-restriction and alpha-induction. The intersection or Kasparov
product of K K-elements then corresponds to the usual matrix multiplication of modular
invariants. And so on.

Elements of K K-groups can be described through spectral triples, Fredholm modules
and Dirac operators [17]. However the approach we take in this paper is to follow the
correspondence description due to Connes and Skandalis [18] for topological manifolds,
in particular manifolds and foliations, and most recently developed by Emerson and
Meyer [24] for groupoid equivariant theory on manifolds.

Let X,Y be smooth manifolds. A correspondence (defined in [18], refined by [24]; see
also [14] for a gentle introduction) is given by the diagram

where Z is a smooth manifold, F is a complex vector bundle over Z, the forward map
f:Z — X is smooth and proper, and the backward map b : Z — Y is K-oriented. Any
correspondence naturally defines a class

b(f*(-) ® E) (2:3)

in the bivariant K-theory group KK (X,Y) := KK(Cy(X),Co(Y)), where f* is the
pullback and b is the pushforward. The collection of all correspondences for X,Y forms
an additive category under disjoint union:

(Z1,Er) + (Z2, Ey) = (Z1 U Za, By U Ey). (2.4)
Quotienting by appropriate notions of cobordism, direct sum and vector bundle modifi-
cation recovers the K K-theory group K K (X,Y"). In this quotient, a special case of (2.4)
is [Z,En] + [Z, Es] = [Z, Er @ En].

In the correspondence picture, the intersection product on K K-theory is the bilinear
associative map

®n  KK(X, M) x KK(M,Y) = KK(X,Y)

defined by the pullback, sending two correspondences
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(Zl,El (227E2

N N

)
b
Y

to the single correspondence (Z,FE) = (Z1,E1) Qun (Za, E2) with Z = Zy Xy Zoy =
{(21,22) € Z1 X Z3 : bar(z1) = far(22)}, the fibred product, and F = E; @) Fs is the
restriction of the Z; x Zs-bundle Ey ® F3 to Z1 X Za. The maps f' and V' from (Z, E)
are then just the obvious restrictions. This definition requires a transversality condition
on the two maps fys and bys in order to ensure that the fibred product Z is a smooth
manifold.

Equivariant K K-theory on topological spaces is too narrow for us, as we will have
different groups acting on different algebras or spaces. In general we need K K-theory on
groupoids. We describe next how to modify the correspondence picture on topological
spaces and manifolds to correspondences between groupoids and hence elements of their
K K-groups.

A groupoid is a category whose morphisms f have both left and right inverses.
Groupoid theory is summarised for instance in Appendix A of [38]. When a group G
acts on a set X, we will write X//G for the corresponding groupoid. A morphism (or
map) between groupoids is a functor between the corresponding categories. In the loop
group setting, topology must be considered, and Lie groupoids used; in this case all maps
are required to be smooth.

We will be twisting our groupoids by 2- and 3-cocycles; in this framework, the twist
does not affect the underlying groupoid but does affect the class of bundles considered. An
(untwisted) bundle over a groupoid is simply a functor from the groupoid to the category
of finite-dimensional vector spaces; the twist controls the projectivity of the groupoid
action on the fibres. For example, untwisted bundles over pt//G (G a finite group)
correspond precisely to representations of G for ¢ € ZZ(pt; T), ¥-twisted bundles on
pt//G correspond precisely to projective representations of G with cocycle 1. By a slight
abuse of notation, we will speak of e.g. bundles over pt//,,G rather than ¢-twisted bundles
over pt//G. Given a groupoid G and such a twist 7, let C,(G) denote the category whose
objects are T-twisted bundles over G, and whose morphisms are natural transformations
between those bundles. The corresponding K-group will be denoted "K°(G) (or TKZ(X)
in the case of action groupoids X//,G). See section 2.2 for detailed examples.

The weak pullpack for groupoids is defined in section 2.5 of [24] and section 2 of [3]:
given groupoid maps

Tq\AXﬁS
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the pullback P will have objects consisting of all triples (s, ¢, «) where s and t are objects
of groupoids S and T respectively, and « : p(s) — ¢(t) is a morphism in X. A morphism
in P from (s,t,«) to (s',t',a’) consists of a morphism f : s — s in S and a morphism
g :t—t in T such that the diagram

commutes. P inherits its (Lie) groupoid structure from S and 7. A weak pullback P
satisfies the weak universality property, in the following sense. Suppose R is a groupoid,
and F': R — S and G: R — T are groupoid morphisms. We say that the diagram

(2.5)

commutes if for each object r of R, there is a morphism « € Homy (p(F(r)), ¢(G(r)))
of X, and for each morphism h of R we have o/p(F(h)) = ¢(G(h))a (where a, o/ are
associated to the head resp. tail of h). Weak universality means that the map R — P
exists but is not necessarily unique. It is elementary to verify that P constructed above
is a weak pullback in this sense.

The pullback E of bundles Eg and Er over groupoids S and T respectively, is
now defined as before: it is the functor defined by E(s,t,a) = Fg(s) ®c Er(t) and
E(f,9) = Es(f)® Er(g), restricted to the pullback P defined last paragraph. Composi-
tion of correspondences in this more general picture is again defined using the pullback.
Equivalence of correspondences is defined in section 2.2 of [24].

2.2. Warm-up examples

We are interested in interpreting, in as natural a way as possible, the sufferable
modular invariants (i.e. those realised by module categories, defined in section 2.3) as
K K-elements. To get comfortable with these K K-groups, this subsection gives exam-
ples, including matrix units, for the K K-rings of finite groupoids. By matriz units E; ;
in a matrix ring Myx4(Z) we mean the standard bases (matrices with all 0’s except for
a 1 in the ij-entry). These obey E; jEx; = 6 Ei .
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Begin with K K (pt, pt) = Z. We realise the number n > 0 through the correspondence

Uy {pt}

t‘% Npt

Composition of these correspondences amounts to multiplying the numbers. Equivalently,
we could have replaced the discrete union Uj_;{pt} here with the bundle C" over a
single point: in this case, f* associates to k: € K(pt) the vector space C*" while by
takes dimension. Composition of the correspondences for C™ and C" is manifestly the
correspondence for C™ @ C™ = C™". As always, negative elements of K K come from
taking virtual or K-theoretic bundles.

Now let G be any finite group. We can identify the representation ring K (pt) = R
with K K (pt,pt//G). We can realise any given representation V as the correspondence

(pt//G, V)

/ N
pt pt//G 26)

where m sends G to 1. Here 7* associates n to the trivial G-representation C™ and
id) : Rg¢ — Rg is the identity, so the correspondence (2.6) corresponds to the class
n — C"®V in KK(pt,pt//G). Instead of the bundle (pt//G,V), we could instead
use the disjoint union U;(pt//G, p;) where V' = @;p; is a sum of irreps (=irreducible
representations).

Consider now KK (pt//G,pt//G), which we identify with End(R¢). Let us construct
using correspondences the matrix units for this ring. For any irreducible G-modules V, W
define Ew v to be the element of K K (pt//G,pt//G) given by the product

(pt//G,V*) (pt//G, W)

57 e T

pt//G pt//G

Pulling this back gives the correspondence
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(pt//(G x G),V*W)

pt//G pt//G o
where the morphisms are the obvious left /right projections, and V* denotes the contra-
gredient of V. In V* @ W in (2.7), the left G acts on V* and the right acts on W. Then
¥ lifts V! € Rg to V' ® 1 (where the left G acts on V' and the right acts trivially),
while 7/, sends the G x G-rep Vi @ Vg to the G-rep (Vy,1)Vx. Here and elsewhere we
let (V, p;) denote the multiplicity of irrep p; in G-rep V, and extend the definition to
other p by (V. @®;n;p;) = >, n;(V,p;). From this we obtain that Ew,y sends V' € Rg
to (V/, V)W, and so for irreps V,W € Irr(G), Ew,v is the (W, V) matrix unit, as the
notation suggests.

Note that the inputs for correspondences are on the left, whereas inputs for matrices
are written on the right. Hence in compositions, the order of operators in the correspon-
dence picture is the reverse of that of matrices.

This describes the matrix units for any finite groupoid G, by working locally in terms
of orbits and stabilisers. For example, the K-theory for such a G is K°(G) = SoRa(o)
where o runs over all orbits in G and G(0) is the stabiliser (as an abstract group) of o in
G. We can identify this with K K (pt,G). Then (2.6) generalises to G as follows. Fix some
representative x of orbit o, and let G, = G(0) be its stabiliser. Then to any G,-module
V', we obtain an element of K K (pt,G) by the correspondence

(z//Ga, V)

N

ot ¢ (2.8)

where 7 sends z to pt and G, to 1, and where ¢ embeds x//G,. into the component o of G.
As o runs over the different components of G and V runs over all simple G,-modules, we
recover the canonical basis of K K (pt,G). The K K-group KK (G,G) becomes the direct
sum @, o Hom(Rg (o), R(ory), one summand for each orbit o (where Hom here denotes
the space of linear maps between vector spaces Rg(o) and Rg (o))

Our main examples in this paper are groupoids over finite groups. However, in sec-
tion 6, as well as isolated places in sections 4 and 7, we consider cases where G is a
compact connected Lie group. This involves a more elaborate treatment, which we will
describe in those subsections.

2.8. Chiral and full data of a CFT

The chiral data of a conformal field theory (CFT) can be identified with a vertex
operator algebra (VOA) or, what should be the same thing (at least in the unitary
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setting), a conformal net of factors on S1. The only place we refer to these is section 4.2,
where we discuss lattice theories, and section 5.4, where we discuss their Zs-orbifolds.
For an introduction to their complicated theory, see e.g. [55,16].

A fusion category is a semisimple abelian rigid monoidal category with irreducible
tensor unit. A modular tensor category C is a fusion category with a braiding which is
maximally non-degenerate in a certain sense. The category of representations Rep(V) of
a rational VOA or conformal net V (such as the lattice theories and their Zg-orbifolds)
will be a modular tensor category.

Let ® denote the (finite) set of isomorphism classes A of irreducible objects in C; we
call these primaries. The Grothendieck ring of C is called the Verlinde or fusion ring Fus,
and has basis ®. A modular tensor category has an associated unitary representation
(unique up to a cube root of 1) of the modular group SLy(Z) on the complexiﬁcation
C ®gz Fus, called the modular data. Now, SLo(Z) is generated by (1 o ) and ( ) so this
representation is uniquely determined by the matrices S, T € Mg« (C) corresponding to
those generators. T  is a diagonal matrix, whereas S determines the structure constants
Ny ,, of Fus through Verlinde’s formula

Ny, = ZSMS > (29)

K
0,k
where here and elsewhere we use 0 to denote the isomorphism class of the tensor unit.
A full CFT associated to a given rational VOA or conformal net V, consists of two
local extensions Vi and V_, and a braided equivalence Rep(V;) — Rep(V-). These
extensions V., V_ are called the type 1 parents. Write by for the restriction (branching
rules) from Vi-modules to V. Then associated to the full CFT we have the matrix

Z=b_ob,, (2.10)

where o is a permutation matrix corresponding to the braided equivalence mentioned
above.

Definition 1. A matrix Z = (2 ;) puco is called a modular invariant if 25 = SZ,
ZT =T2Z, each entry Z, , is a nonnegative integer, and Zg o = 1.

For example, Z = [ is always a modular invariant. The matrix Z in (2.10) coming from
a full CFT is a modular invariant. Conversely, a given modular invariant may come from
many, one, or no full CFTs. When it comes from at least one, we call it sufferable. For
instance, Z = [ is always sufferable. The modular invariant is a combinatorial shadow
cast by the full CFT. Our real interest of course is in this full structure, although in this
paper we only really use this full structure in sections 4.4, 5.4, 5.5 and 6.2.

This full structure was first captured mathematically in the language of factors [9,10],
and then axiomatised in the language of module categories [61]. A module category M
over a fusion category C consists of a bifunctor ® : C XI M — M (corresponding to the
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nimrep) together with compatible associativity and unit isomorphisms. There are obvious
notions of equivalence and direct sums of module categories, and of indecomposable
module categories. Given any module category M over C, there is an algebra A in C
such that the category Mod¢(A) of right A-modules in C is equivalent to M.

Now consider C a modular tensor category. The category Bimod¢(A) of A-A-bimodules
in C is a fusion category called the full system. There are tensor functors ay from C into
Bimod¢(A) called the alpha-inductions. The modular invariant (2.10) associated to the
module category M is [12]

Z)\,M = dim HomBimodc(A) (Oé+(/\),()é_ (/.L)) (211)

The intersection of the images a1 (C) is called the ambichiral system, the modular tensor
category shared by the two type 1 parents of M. By sigma-restriction we mean the
forgetful functor from the full system to C; restricted to the ambichiral system, it recovers
the branching rules familiar to CFT.

Type 1 module categories (i.e. those of pure extension type) in a modular tensor
category C correspond to rigid commutative algebras A with trivial twist. In this case,
a4 are equivalent (though non-equal); they can be recast as a tensor functor from C
to Mod¢(A), with the latter now regarded as the full system. The local (or dyslectic)
A-modules form the ambichiral system. The modular invariant will be block-diagonal.
The other extreme is the type 2 module categories (i.e. those of pure automorphism
type), where the modular invariant is a permutation matrix. As (2.10) suggests, any
(indecomposable) module category will be a combination of two type 1’s linked by a
type 2.

Any full rational CFT is expected to correspond in this way to a module category.
This framework captures its boundary data, defect lines, spaces of conformal blocks in
arbitrary genus, etc (see e.g. [64]).

2.4. Two lemmas

Throughout this paper, we let G denote the 1-dimensional representations of a group
G. For G abelian, we call v: G x G — T a pairing (or bicharacter) if

v(gh, k) = v(g,k)v(h, k), ~(g,hk) =~(g,h) (g, k) Vg,h,k€G.

A pairing is called non-degenerate if (g, h) =1 for all h € G implies g = 0. Equivalently,
a pairing is a group homomorphism G — @, and is non-degenerate when this is an
isomorphism. We call a pairing symmetric if v(g, h) = v(h, g) Vg, h € G, and alternating
if v(g,h) = v(h,g) Yg,h € G. Symmetric non-degenerate pairings, which exist for any
finite abelian group, are central to section 4.

Given any (not necessarily aﬁeiian) finite group G and 2-cocycle v € ZZ(pt; T), write

Bl¥! for the element of J] sec Calg) with components 65” defined by
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BY(h) == (g, k) ¥ (B, 9) = B (g) (2.12)

for all h € C(g), the centraliser of g in G. Indeed, the 2-cocycle condition for ¢ directly
yields

B (nk) = pI(R) B (k) , (2.13)

for all g € G and h,k € Cg(g), so in particular ﬁ_([;p] lies in C/G(\g) It is now easy to
verify that this map [¢] — B[] yields a well-defined group homomorphism HZ(pt; T) —
11 9eG C@ When G is abelian, 8! is an alternating pairing. The second sentence of
part (b) is implicit in the proof of Theorem 2 in [49], but our proof — an immediate
consequence of the much more general part (a) — seems to be new.

Lemma 1. Let G be any finite group.

(a) This homomorphism HZ(pt; T) — [eq C@, [4] — BIY), is one-to-one.

(b) Suppose in addition that G is abelian. Then the map [¢] — B! is an isomor-
phism from HZ(pt; T) to the group AP(G) of alternating pairings v on G (v(g,h) =
ﬁgﬁ](h)). Moreover, the class [ € HZ(pt; T) contains a cocycle v € AP(G), iff [¥)]
is a square, i.e. iff [)] = [¢')? for some ['] € HZ(pt; T), in which case v = B¥'] is
that cocycle.

Proof. We begin by proving part (a) for p-groups. Let p be any prime. Suppose for
contradiction that there exists a p-group G and a nontrivial class [¢)] € HZ(pt; T) such
that 8¥(g,h) = 1 whenever g,h € G commute. Without loss of generality we may
assume G has minimal order amongst such counterexamples. Being a p-group, G has
nontrivial centre Z = Z(G). Because Z < Cg(g) for all g € G, we can restrict Bl
Hg Cc(g) to a group homomorphism ¥ : G — 2, namely by 3%](g)(z) = s[,w] (2). But

B is identically 1, by hypothesis. By Theorem 4.3 of [63], there exists a 2-cocycle 1)’
cohomologous to v, such that ¥'(zg,2'¢") = ¥'(g,¢’) for all g,¢' € G, 2,2’ € Z. This
means ¢’ descends to a 2-cocycle on G/Z. But Y] = ¥l so ¢/ € Zé/z(pt;T) has
BT identically 1. Because G is by hypothesis a minimal counterexample (and Z # 1),

this means [#'] = 1 as a 2-cocycle of G/Z, which means it is also trivial as a 2-cocycle
of G. Hence [¢] itself is trivial, as desired.

Now we can do the general case of (a). Let G be any finite group, and [¢)] € H&(pt; T)
is nontrivial. Pick any prime p dividing the order of [¢)]. Then p will divide |G/, so let
P denote a Sylow p-subgroup of G. By transfer (see e.g. Theorem I11.10.3 of [15]),
the restriction res$ maps the p-primary part of HZ(pt; T) isomorphically onto the G-
invariant elements of H%(pt; T). In particular, the restriction of [¢)] to P is nontrivial.
By the argument of the previous paragraph, this means the restriction of %! to P will
be nontrivial, hence 81! certainly can’t be identically 1 on G, and we’re done.



14 D.E. Evans, T. Gannon / Advances in Mathematics 421 (2023) 109002

Now turn to the proof of part (b). Suppose G is abelian. We may write G = (g1) X
s X gty E Ly, X -+ X Lp, where ng|ng_1|- -+ |ny are the orders of gy, ..., g1 resp. Then
HZ(pt; T) =[]}, Zi-t, thanks to Kiinneth. This is isomorphic to the group AP(G),
as v € AP(G) is uniquely determined by its values v(gi, g;) = v(g;, 9:) for i < j, where
gi € G is a generator of the subgroup Z,,, and that value will be an n;th root of unity
(since nj|n;). But for any 2-cocycle 1, v¥ (g, h) := 65” (h) lies in AP(G), thanks to (2.13).
Thus the map [¢] — B¥], which is injective by part (a), must indeed be an isomorphism
onto AP(QG).

In particular, any pairing v € AP(G) is a normalised 2-cocycle. We need to determine
when v,v" € AP(G) lie in the same cohomology class. That is, we must identify the
functions f: G — T satisfying

Fg®) = £(9)*, fgh)® = f(9)*f()?*, f(ghk) f(g) f(h) f(k) = f(gh) f(gk) f(hk)

and f(g;) = 1 (we can assume f(g;) = 1, as dividing f by the character ¢ € G matching
the values f(g;) does not change the associated 2-coboundary). Then f? € G and is
trivial on all generators. Thus f : G — {£1}.

It is elementary to verify that such an f is uniquely determined by the values f;; :=
f(gigj) for i < j: indeed, f(g*h) = f(h) and f(gi, - - qi,) = H1§i<j§k fu.1;- Moreover,
for any 1 <i < j <t define f(@) : G — T by fi(;j) = —1 and all other fi(,i]j,) = +1; then

it is easy to verify that f(7) is a solution. This means that the number of solutions f is

L

2). It also means that the number of v € AP(G) lying in cohomologically

precisely 2(
distinct classes is precisely equal to the number of classes in H é(pt; T) which are perfect
squares. That each one of these classes does intersect AP(G), is clear from the map
7% (g, h) defined above. Indeed, it is trivial that ¥ € AP(G) for any 2-cocycle 1, and
that if [¢] = [¢], then v¥ = ~¥" as functions on G x G. Likewise, it is elementary that,
for finite abelian G, 2-cocycles ©(g, h) and ¥(h, g) lie in the same class.

It suffices to show that any 2-cocycle v with v¥ identically 1, must be coboundary.

We have ¥ (g,h) = ¢(h,g), and any cohomologous cocycle will likewise be symmetric.
Since H%n (pt; T) = 1, we may assume (g%, g?) = 1 for all 4,a,b (this only involves
the values f(gf), so we can do each (g;) separately). Now, assume there is a & > 1
such that ¥(gd" --- gi*, gb* - --g,l;"") = 1 for all a;,b;. Indeed, k& = 1 works. Induce on
k. By defining f(g7* ~ogg’“gf€’+1) appropriately, we can require 1(gy* ~~g,‘:’“,gz+1) =1.
The cocycle condition on %, for z = g¢i*---gp*,y = gll’1 ---g,l;’“,z = gy then says
»(g7? ~~g,‘;’€,gl1’1 'ug,l;’“ggﬂ) = 1, while the choice = g ---gp*,y = gZH,z = Gfs1
says 9 (g;* ~--g,‘:kg,’;+1,g,§+1) = 1. From these, the choice x = gi* ---gp*,y = g,Z_H,z =
gt g,cc’f:l1 then establishes the induction hypothesis for k + 1. Thus if v¥ is identically
1, ¥ must be coboundary. QED to Lemma 1

The following simple observation (which also follows from Pontryagin duality) will
also be useful.
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Lemma 2. Let Jy, Jo be finite abelian groups, and € : J; — L/]; be a pairing. Then there
exists a subgroup Jy < Jo such that ¢ € Jy is in the image of € iff ker¢ contains Jy.
Moreover, Jy/kere = Jo/Jy.

Proof. Fix any generators h; resp. h} of Ji resp. Ja. Define the (rectangular) matrix
E with entries E;; € Q defined by e(h;)(h}) = e*™*#5+. The entries are only uniquely
determined mod 1, but that isn’t important. Then, using Smith normal form over Z,
there exist integer matrices P, invertible over Z such that PEQ is diagonal, with
entries r1,72,...,7 € Q. What matters are the denominators n; of the r; (when the
r; are written in reduced form). Then the image of € is = Z,, X Z,, X ---. To see
the order ny generator, let u be the kth column of @, and v the kth row of P. Then
e(Xo; uihi) (32, vih) = e?™r% which has order ny, as desired.

Define ¢ : Jo — J; by €(g)(h) = e(h)(g). The treatment for € is similar. Its matrix
E, and its Smith normal form, is the transpose of that for E. Hence the image of € is
also X Zy,, X Zp, X - - -, for the same reason. Therefore Jy/ker € = J; /ker e. We find that
Jo = ker €, the common kernel of all the e(g)’s, works. QED to Lemma 2

2.5. Categories of bundles over groupoids

Consider a groupoid X//G, where both G and X are finite. By a bundle V over X//G,
or a G-equivariant vector bundle over X, we mean a choice of vector space V, over each
z € X, and an action of G on the total space V = @,cxV, such that g(V,) = V.,
and (g1g2)v = g1(g2v). We write V € K(X). Here, K. (X) = 0. Equivalently, a bundle
V € K(X) is a choice of vector space V,, for each orbit representative z € X, such that
V. carries a representation of the stabiliser of z in G.

Given a 2-cocycle v € Zg(pt;T), by a ¢-twisted bundle V over X//G we mean
(g192)v = ¥(g1,92)91(g2v), or equivalently to each orbit representative z € X, V,, carries
a projective representation of the stabiliser of = in G, with cocycle given by . By a
slight abuse of notation, we speak of bundles over X//,,G rather than ¢-twisted bundles
over X//G. We write V € YK(X). Again, YK} (X) = 0.

Direct sums of bundles are defined in the obvious way. A bundle is indecomposable
iff V, = 0 for all but one orbit, and for that orbit, V,, is an irrep of the stabiliser.

A morphism V' — W between bundles VW € YK2(X) is a set of linear maps
Breco Ve = BreoW, for each orbit O C X which commute with the G action. We write
Bun(X//4G) for the category of bundles over the groupoid X//,,G. When a twist 1 is
identically 1, or a group is trivial, we usually drop it from the notation.

Defining a multiplicative structure on the bundles is much more delicate, as the usual
ring structure isn’t correct. Here is a basic (though rather ad hoc) alternative. First,
we have the natural identification K&(X) x K2(X) — K&, (X x X), because K*
vanishes (X is finite). Embedding the diagonal subgroup A = {(g,9)} in Gx G gives the
restriction K¢, (X xX) = KQ (X x X). Now, suppose we have a map M : X x X — X
which is G-equivariant in the sense that M (g.x, g.y) = g.M (x, y). Suppose also we choose
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any subset Y C X x X stable under the action of Ag. Then this gives a wrong-way map
M, : Kgc (X x X) — K2(X) in K-theory, sending some bundle V on X x X to the
bundle on X whose fibre at x € X is @(y oyeynm—1(x) V(o ,a)- Composing all three
maps gives a product K&(X) ® K&(X) — KX(X) of bundles. We give examples of this
in section 5.5.

More generally, consider any X//G and any X'//,H. Suppose we have a group homo-
morphism ¢ : H — G and a function M’ : X x X’ — X’ which is H-equivariant in the
sense that M'(h.z, h.y) = h.M'(z,y) (where H acts on X through ¢). Take Y’ to be any
subset of X x X’ which is stable under the diagonal H action. Then the bundles over
X//G multiply those over X’//,, H, in an obvious modification of the previous argument.
We get a product K&(X) @ K% (X') — YK%(X').

Most of the axioms of fusion category and module category are automatically satisfied
by these categories of bundles. The exception is associativity of tensor products. More
specifically, for Bun(X//G) to be a fusion category, we require for each triple X,Y,Z
of bundles a specific choice of associator axy,z : (X ®@Y)®Z - X ® (Y ® Z) in our
category, which are required to satisfy

(Ix ®ayzw)axyezwlaxyz @ Iw) =axy.zewaxey,z,w

For Bun(X'//,H) to be a module category over Bun(X//G), we require an analogous
condition. In both cases, it suffices to consider indecomposable bundles. Certainly this has
no chance to work unless the G-orbits of M (M (z,y), z) and M (x, M (y, z)) coincide (with
a similar condition for M’). Situations where we do get fusion and module categories
through this approach are given in section 5.5.

For a simple example, let G be finite (and not necessarily abelian). Then the fusion
category Rep(G) is realised as bundles over the groupoid pt//G, where G fixes pt. Here,
M (pt x pt) = pt and Y = pt x pt. Indecomposable bundles correspond to irreps V;, of G.
The tensor product of bundles Vi ® V,, is simply their usual tensor product Vyg, as G-
representations, as the K-theoretic description mimics the usual coproduct. Associators
@ p can be taken to be 1. The indecomposable module categories of Rep(G) are in
bijection with pairs (H, [¢]) where H < G and [¢)] € HZ (pt; T). These categories can be
realised as bundles over the groupoid pt//,H. Here, M'(pt X pt) = pt and Y’ = pt X pt.
We find that for ¢ € Irr(G) and x € Irry(H), ¢ @ x = ¢|mx. Again, the associators are
all trivial.

3. Simple-currents

Amongst the most accessible and important modular invariants, are the simple-current
modular invariants. These are always sufferable. In this section we describe these, for
any choice of modular data, in a uniform way that makes the subsequent K K analysis
more straightforward. The result is remarkably similar to the classification of the module
categories of finite group doubles by Ostrik [62]: for the untwisted double of G, these are
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in bijection with pairs (H,[¢]) of subgroups H < G x G and classes [¢)] € H%(pt; T).
There is some overlap of our Theorem 1 with [54], although our proof is unrelated.

For an arbitrary modular tensor category, it is natural (though probably naive) to
hope for some correspondence as in section 2, between module categories and some sort of
cohomological data. This is known to happen for the 1-dimensional lattice theory v/2nZ
[11]: there the modular invariants are in one-to-one correspondence with the subgroups
of Z,,. In this subsection we generalise this characterisation to all simple-current modular
invariants for all modular data. (Recall that in that lattice case, all modular invariants
are simple-current ones.)

3.1. Simple-currents and modular data

As always, we let G denote the 1-dimensional representations. By definition, a simple-
current is an invertible object in a modular tensor category, or equivalently any primary
with Perron-Frobenius dimension 1. The simple-currents form a finite abelian group J
of the modular tensor category. The multiplication in this group is restriction of the
fusion product. The terminology simple-current is rather obscure and comes from the
CFT literature. The basic properties of simple-currents we need are proved in [44].

To each simple-current j € J are associated two things: a permutation of the primaries
® given by the fusion product, and a grading of the fusion ring coming from Verlinde’s
formula. More precisely, we have a faithful group homomorphism J — perm(®), and a
surjective grading Q : & — J: for any primaries a,b,c € ®, if ¢ appears in the fusion
product of @ and b, then Q,Q;, = Q.. In particular,

Qja = Qj Qa . (31)

Moreover, we have the reciprocity [44]

Q;(j") =Qy(h) Vj,j' €T (3.2)

Simple-currents respect modular data:

Sjaxb/Sj%O = Sb,ja/SO,ja = Qb(]) Sa,b/Sa,O s (33)
TjajaTa.a = Qa(§)T}.T0.0 (3.4)

2 .
(T35 T0.0)" = Q;(4) (3.5)

for all simple-currents j € J and primaries a,b € ®. (3.3) can be taken as the definition
of Qp(j). When the order of j is odd, T} ;7o 0 also has odd order. When the modular data
comes from a so-called unitary CFT (the case of interest in this paper), the denominators
Sija,0 and Sq o in (3.3) are equal and can be dropped; in nonunitary theories such as the
Yang-Lee model, they contribute a sign.
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For example, the group J(G//G) of simple-currents for the double of a finite group
G consists of all pairs (z,1) where z is in the centre of G and 1 is a 1-dimensional

representation of G = Cg(2): J = Z(G) x G/|G,G]. The action on @ is (z,¢)(g,x) =

(Zgan)' The grading is Q(g,x) (Z,’(/J) = X(Z)w(g)/X(l)’ and T(z,w),(z,zp) = ¢(Z)
For another example, every primary for the loop groups of tori twisted by an even

lattice L, are simple-currents: J = ® = L*/L, with group operation being addition,
O([u]) = e ™A1 and T[A]’[A]m = ™A For loop groups of compact simply-
connected groups G, the group of simple-currents is isomorphic to the centre Z(G) (with
one source of exceptions: Eg at level 2).

Incidentally, all abelian groups can arise as a group of simple-currents, even among
the fusion rings of simply-connected loop groups: e.g. Z(SU(ny) X -+ x SU(n;)) =
Ly X -+ X L,

For each j,j' € J, write q(j) = Tj,To,0 and (j,j') = Q;(j'). Together, (3.1)
and (3.2) say (,) is a symmetric pairing. (3.4), (3.5) then say q¢(—j) = q¢(j) and

(7,7 = q(1)q(i")q(j + j’). We define a quadratic form in section 4.1; this g(j) satis-
fies all properties of a quadratic form except possibly the non-degeneracy of ().

Proposition 1. [/4] Fix any modular data. Let J be its group of simple-currents, and let
Z be any modular invariant. Let j,j" € J be such that Z;; # 0. Then Zjq0 = Zap
for all a,b e ®, and Z,, # 0 only when Q;(b) = Q;(a).

3.2. Simple-current modular invariants

Call j € J quaternionic if Q;(j) has the same order in C* as j has in 7, and this
order is even. Equivalently (using (3.5)), j € J is quaternionic iff (T} ;T,0)°"4V) = —1
(that power is always either +1). We want to avoid these, for this reason (though they
do play a role in supersymmetric theories):

Lemma 3. Let J be a subgroup of the group of simple-currents. Then J contains no
quaternionic elements, iff there is a pairing € for J satisfying

QN e ey(i) =1 Vij €, (3.6)

€j(j) = TjJT0,0 VJ eJ. (37)

The set of all such € is in bijection with Hﬁ(pt; T) (provided J contains no quaternionic
elements).

Proof. One direction is clear: if j € J is quaternionic, then the order of T} ;Tp o doesn’t
divide that of j, so € cannot be a pairing.
Now suppose J contains no quaternionic elements. Write J = (hy) X - -- x (hs), where

ng|ns—1|---|n1, the orders of hs, hs_1,...,h1. Write (4, j') = Q;(j") and ¢(j) = T} ;T0.0
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as in section 3.1. For any j,j' € J write j = Y . jih; and j' = >, jih,, for j;, ji € Z.
Define

s s—1
el (5') = [ [ athay? T (mi ), dthi) (3.8)
=1 i=1

where 7;(j) = >_,.5; jehx. This is manifestly a pairing, thanks to the absence of quater-
nionic elements in J. Moreover, it satisfies (3.6), (3.7) by the properties of {,) and ¢(j)
mentioned in section 3.1. So there is at least one solution.

Note that € is a pairing on .J satisfying (3.6), (3.7), iff ee” is an alternating pairing on
J. By Lemma 1(b), we get the bijection ¢ = 8l¥le’ with H2(pt; T). QED to Lemma 3

More precisely, the set of all such € forms a torsor over H%(pt; T) — the choice of
base-point €’ is arbitrary. The relevance of the equations (3.6), (3.7) will become clear
in the proof of Theorem 1.

For a € @, write staby(a) = {j € J : ja = a}. Given a subgroup J < J, we call
a € ® J-free if staby(a) = {0}, i.e. if the cardinalities || Jal|| = |J|.

Call the modular data sufficiently nonzero if for any v’ € J there exists a,be ®
with Q, =, Qp =¢’, and S, # 0. The modular data is sufficiently nonzero if for any
a € ® and ¢ € J with stab7(a) < ker), there exists b € & J-free such that Q, = ¢
and S, # 0. (If instead staby(a) was not a subgroup of ker, then any b € & with
Qp = 9 would necessarily have S, ;, = 0, thanks to (3.3).) To see why this implies the
sufficiently nonzero hypothesis, apply it twice: firstly to o’ = 0 to get a J-free b’ € ®
with Qp = 1, and secondly to a = b’ to get b € ® with the desired properties.

This notion of sufficiently nonzero is needed for the strongest results. As stated, it
is stronger than we need, but it is hard to find any examples of modular data which is
not sufficiently nonzero. For example, the only SU(n) level k modular data which is not
sufficiently nonzero, is SU(2) level 2. Torus modular data is always sufficiently nonzero,
as are the untwisted doubles of abelian groups and all (unitary or nonunitary) minimal
models except for the Ising.

In the following theorem, we parametrise modular invariants associated to simple-
currents, by subgroups J of simple-currents and 2-cocycles ¥. More precisely, the modular
invariants (in fact, module categories) associated to .J form a torsor over H3(pt; T).

Parts (a) and (b) in the following theorem are the important cases for us; their proof
is essentially the same as that of part (c), which perhaps is of independent interest.
It cannot be a coincidence that H2(pt; T) = H3(pt;Z) and H}(pt;Zo) = J/2J are
the standard twists for the K-group K%(pt).
gives module categories over Vectg, and [54],

Compare Example 9.7.2 of [25], which
which concerns simple-current modular
invariants in rational conformal field theory.

Theorem 1. (a) Let J be any subgroup of J containing no quaternionic elements, and
choose any class [¢] € H3(pt; T). Define the pairing e = BW¥le on J, where ¥ resp.
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¢’ is defined in (2.13) resp. (3.8). Let Jo < J be as in Lemma 2 for e. Then there is a
modular invariant Z = Z(J, [¢]) = Z(J,€) whose nonzero entries are

|Jol
Zoia = ——— 3.9
9= T Joal] (3.9)

for all j € J and a € ® satisfying Qq|; = €;.

(b) Any modular invariant constructed in (a) satisfies
Zap#0=>be Ja. (3.10)

Conwversely, suppose the modular data is sufficiently nonzero. Then any modular invariant
satisfying (3.10) equals Z(J, [¢]) for one and only one pair (J, [¢)]).

(c) There is an analogous classification of all matrices Z with nonnegative integer entries
and Zop,0 = 1, which commute with S, and triples (J, [¢], [¢]) where J and i are as in
(a), and [¢] € HY(pt;Zs) 2J/J? (interpret [¢] as a homomorphism J — {+1}, and
replace q(h;) in (3.8) with q(h;) [6](h;)).

Proof. Begin with part (a). For any subgroup J and pairing € as in the theorem, let
Jr, = Jo be as in Lemma 2, and define Jgz = kere. We will first show that (3.6),
(3.7) imply that the matrix Z = Z(J,¢) defined by (3.9) commutes with S and T
Commutation with T is trivial: by (3.4), it is equivalent to (3.7).

To show Z commutes with .S, first observe using (3.6) that Jr, the common kernel of
all ¢, equals {j' € J : Q|5 =€7}. Moreover, if j € J and ja = a for some a € ®, then
Q, is identically 1 thanks to (3.1), in which case j € Jy, iff j € Jg. Thus for all a € @,
[ 7zall = || Jrall

We compute directly from (3.3) that

_ Sajb i Qu(Jp) =1and Q| =€ for j' € J
(52)0s = 17 { 5% el =9 311
_ Siap i Qp(Jr) =1and Qs =¢; for jeJ
(£8)ap = |1l { 0 othermise , (312
since ||Jra| = ||Jral|. From Lemma 2 and (3.6) we see that Q,(Jr) = 1 iff there is

a j € J such that Q,|; = ¢;; likewise, Qy(Jr) = 1 iff there is a j/ € J such that
Q,|s = €. Hence, the commutation (SZ), = (£85)4, is the trivial 0 = 0, unless
Qa(Jr) = Q(Jr) = 1 in which case it reduces to S, ;5 = Sjap for Qul; = €; and
Q,rp| s = €7, which holds thanks to (3.6), (3.3).

Now turn to part (b). Consider any modular invariant Z satisfying (3.10), and assume
the sufficiently zero hypothesis. Define J;, = {j € J : Z;0 # 0} and Jp = {j € J :
Zo,; # 0}. Then it is elementary to see (equation (5.2c) of [44]) that Zj, j/p = Z4, for
all j € Ji,j’' € Jr and a,b € ®. This implies Jr, Jgp are both groups, and 2, ;; = 1
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for all j € Jr,j’ € Jr. Moreover (equation (5.2b) of [44]), Z,, # 0 implies Q,(JL) =
Qp(Jr) = 1, and conversely, Q,(Jr) = 1 implies there exist b € ® such that Z,; # 0.
Note that TZ = ZT implies that if Z, p, # 0, then by (3.4)

Th.nTo0 = Qa(h) - (3.13)

Choose any a € ® with Q,(J.) = 1; evaluating SZ = ZS at (a,0) says that each row
sum Y, 7, Zap equals |Jz| or equivalently that

> Zaha= el (3.14)

[hleT /IR HJRGH

This implies (taking a = 0) that |J| = |Jg|. It also implies that if such an a is Jg-free,
then there exists a unique class [hy] € J/Jgr such that Z,, = 05,6 J5h,a for all b.
Define

J={je T : 2,4 #0 for some Jp—free a € D}). (3.15)

Suppose for contradiction that for some a € ® (not necessarily Jg-free), there are h,h’ €
J such that both Z, p, # 0 and Z, pq # 0, for K’'h™ ¢ (Jg,stabja). Then there
exists some character ¢ of J/(Jg,stabya) such that ¥/(h') # ¥(h). By the sufficiently
nonzero hypothesis, there exists some J-free b € ® such that Q|; = 1. For this choice
we find by the triangle inequality and (3.14) [(£S5)a] < |JL||Sas|, Which contradicts
(S2)ap = |JL| Sap (since b is J-free). Thus for all a € & with Q,(Jy) = 1, there is a
unique class [hy] € J/Jg such that 2, = %%Rb,hhaa for all b. The argument with
left and right interchanged now forces ||Jpal|| = ||Jgal| for such a. Now Z5 = SZ reduces
t0 Shpa,hyp = Sap Whenever Qq(Jr) = 1 = Qp(Jr). As usual the sufficiently nonzero
hypothesis then leads to

On, (M) Qa(hs) Qb(ha) =1, (3.16)

for these a,b. For each j € J, (3.15) says there exists an a € ® such that Z, ;, # 0.
Defineamape: J — jby €; = Qq|s. This assignment ¢, is well-defined (i.e. independent
of a), because we can use (3.2) to rewrite (3.16) as Qq(hy) = Qn,p(ha), which tells us
that if Ay, Jp = he,JRr, then Q4 = Q,,. The same equation also tells us this € is a
homomorphism.

For this choice of €, Z is given by (3.9), and (3.16), (3.13) reduce to (3.6), (3.7). It
suffices to show that any e satisfying (3.6), (3.7) come from a 2-cocycle [¢)]. For this
purpose, let ¥(j,5") = €;(j")/€;(j") be the quotient of two solutions to (3.6), (3.7). Then
v € AP(G), so by Lemma 1(b) does indeed come from a 2-cocycle, and we’re done.

Now suppose Z(J,¢€) = Z(J',€'). If J # J', then there exists j € J, j ¢ J' (or the other
way around). By the sufficiently nonzero hypothesis, there exists a (j)-free a € ® such
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that Q, = €;. Then Z(J,€)q,j0 # 0 but Z(J’,€)q ;0 = 0, a contradiction. Thus J = J'.
If now ¢; # ¢ for some j € J, then for the same a, Z(J, €)a,jo # 0 but Z(J',€')a ja =0,
another contradiction. This means Z(J,e) = Z(J',€’) forces J = J',e = ¢’ as desired. Of
course, Lemma 3 tells us € = € is equivalent to [¢)] = [¢]. This completes the proof of
part (b).

Finally, turn to part (¢). Dropping the condition ZT = T'Z amounts to dropping (3.7).
Note that (3.6) for j = j’ reduces to the square of (3.7), thanks to (3.5). This means that
the values of €;(j) are determined only up to signs. These signs are arbitrary, provided
€ is a pairing. The possibilities for these signs are then captured by a homomorphism
J — {£1}, i.e. by a class in H}(pt; Z2). QED to Theorem 1

By definition, a simple-current modular invariant Z is any modular invariant of the
form (3.9). The modular invariants (3.9) all correspond to at least one module category
(see [43]). Different pairs J, ¢ can correspond to the same modular invariant (e.g. SU(2)
at level 2, J =1 and J = Zs both correspond to the identity matrix). But as explained
in the proof, the correspondence is one-to-one if, for every ¢ € j, there is a J-free a € ®
with Q, = 1.

For example, consider an (untwisted) finite group double G//G. There, the group of
simple-currents is Z(G) X GﬁC?G]. No simple-current j = (z,1) can be quaternionic
here. If we take Z’ to be a subgroup of Z(G), and an arbitrary ¢ € Z2,(pt; T), then in
Ostrik’s parametrisation this corresponds to subgroup H = Ag(1 x Z’) and ¢ lifts to ¢
on H by defining ¢ ((g1, g121), (92, g222)) = ¢(z1, 22) (this satisfies the cocycle condition
because Z’ is in the centre). On the other hand, if Z’ is a subgroup of GﬁC?GL and ¢ €
Z%,(pt; T), then H = Ag where Z' = 5/5, i.e. G' = Nyez-kery. Incidentally, when
G is abelian and the 3-cocycle w is trivial, Theorem 1 classifies all modular invariants,
and we can explicitly recover Ostrik’s parametrisation.

The fusion rules obeyed by modular invariants (more precisely, module categories)
was first explored in [35]. Here we can be very explicit.

Corollary 1. Given any two modular invariants Z2 = Z(J,[¢]), 2" = Z(J',[¢']), their
matriz product satisfies ZZ''" = nZ(J",[Y"]) for some admissible (J",[¢"]), where
n=|{a€® : both Zo,#0 and Z;, # 0}

Proof. Let Jr = {j € J : Z0; # 0} and Jp = {j € J : 2}, # 0} as usual. Then
Proposition 1 says Z, b = Z, and Z ;,, = Z; , for all j € Jg, j' € Jg, and a,b € ®.

a
In particular, Jg, Ji, are groups, and Zp ; =1 = Z(’),j, for all j € Jg, j' € Jp.
We compute (22" )00 = >, 20,0200 = |Jr N Ji|, which equals what we call n
above. Moreover, for any a,b € ® with (Z2''"),; # 0, there must exist jo € J, j, € J'

such that Z, . # 0 and Z;

b joa 7 0 where b = ji~'joa. In this case, jo € J and jj € J'
satisfy Q, = €;, on J and Qp = e;

Qu = Qj, (%) €. (jp) on J".

, on J'. Using (3.6), we can rewrite the latter as



D.E. Evans, T. Gannon / Advances in Mathematics 421 (2023) 109002 23

We learn from the proof of Theorem 1(b) that J” will be the set of all j € J such
that (Z2'""), jo # 0 for some a. The previous paragraph shows that such j can always
be written as jojg ' for some jo € J,j5 € J', i.e. J” C JJ'. So jojo ' € J”, for jo € J
and j{ € J', if there is some a € ® with Q, on J resp. J’ given as above. Those formulas
for Q, can be taken to define a. But there is a consistency relation: for all j € J N J’,
€jo(7) = Qj, (4) 6;(70) Putting this together, we get that

J" = LGojo i do € J, Go €Ty exldo)luns = €(Go)ans}-

Moreover, for any jojo ', jj' "t € J”,

"

et (33 = €50 (7) Qia5) € (50) -

Write Jg,, and Jg , for the groups containing j € Jg resp. j’ € Jp which fix a. Using
(3.9) and Proposition 1,

(Z22")ap = TR,alllTall (177 0 TRl TR0 0 TR all) = 2l TR0 TRl -

Thus all entries of ZZ'*" are divisible by n, as desired. Thus ZZ'" = nZ(J",¢") for
J",€" defined above. As in the proof of Theorem 1(b), such an €’ corresponds to a unique
class [¢"]. QED to Corollary 1

(This Corollary should be compared with section 3.3 of [54].) For the special case where
J=J and ¢ = ', we get J” = J and " = 1. Note that in general, Z(J, €)!" = Z(J,€'"),
where € (') = €j(4)-

4. Pointed modular tensor categories
4.1. Quadratic forms and pointed categories

As before, T denotes the complex numbers of modulus 1 and G denotes the 1-
dimensional irreps of G. Write &, = e2mi/m,

Let G be a finite abelian group (written additively). Recall the definition of non-
degenerate symmetric pairing from section 2.4. We will denote these by (-,-). Unless
otherwise stated, all symmetric pairings in this section are assumed to be non-degenerate.
A quadratic form on G is a map ¢ : G — T obeying q(—g) = ¢(g) for all g € G, such
that the formula

(g, h) == q(g)q(h)q(g+ h) (4.1)

defines a non-degenerate symmetric pairing (-, -) on G. We call two quadratic forms ¢, ¢’
on G equivalent, if there is a group automorphism « of G such that goa = ¢’. Lemma 4
explains to what extent the correspondence (,) <> ¢ is a bijection.
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Lemma 4. Let (-,-) be any non-degenerate symmetric pairing on G.

(a) (-,-) has precisely 2 associated quadratic forms, where 2 is the order of the largest
elementary 2-subgroup Zio X -+ X Zo of G.

(b) At most two of those quadratic forms will be inequivalent. All 2! of them will be
equivalent, unless there is an order J element g € G with (g, g)? = —1.

We prove this at the end of the subsection. We use Lemma 4 in section 5.2.
Given any quadratic form ¢ on G, define the matrices

Ton =2q(g) Sg.n ; (4.2)

Son =V1GI (g, h) (4.3)

where 2! is any cube root of \/@71 > rec 4(k). This defines a representation of SLy(Z)
called the Weil representation, through (? _01) — S and ((1) }) —T.

The pointed modular tensor categories (i.e. those whose simple objects are all simple-
currents) are described in section 8.4 of [25]. In particular, given a quadratic form g on
G, there exists a skeletal pointed unitary modular tensor category C(¢, G) with simple
objects g € G and modular data given by the Weil representation. Its fusion ring is

isomorphic to the group ring Z[G]. Here, x = e—mic/12

where ¢ is the central charge
(unique up to a shift by 8Z). Any pointed modular tensor category is braided tensor
equivalent to some C(g,G). Moreover, C(q,G) is braided tensor equivalent to C(¢’, G")
iff there is a group isomorphism ¢ : G — G’ (since the fusion rings are isomorphic)
such that ¢ = ¢’ o ¢ (since the T-matrices must match). Thus pointed modular tensor
categories are identified up to braided tensor equivalence by their modular data.

Let g1 resp. g2 be quadratic forms on Gy resp. Go. Then g1 x ¢ defined by (¢ X
q2)(91,92) = q1(g91) ¢2(g2) is a quadratic form on Gy x Ga. Moreover, C(q1 X ¢2, G1 X G3)
is braided tensor equivalent to the Deligne product C(q1, G1) XI C(g2, G2). An x for ¢1 X g2
is the product of z’s for ¢; and ¢o.

In e.g. [60] we learn that any quadratic form is a direct product of indecomposable
ones. These are:

type p*: G = Z, for p an odd prime and k € Z>1, and s = £1. Then ¢(¢) = f;}f for
¢ € G, where 2m is/is not a quadratic residue mod p, for s = +1 resp. —1. Here,
2% = sFe,n where €, =1 resp. —i for n =1 resp. —1 (mod 4).

type 28 : G = Zok, and m = +1,43, with q(¢) = {;’,ﬁ‘fl. Here, 23 = €, where
€n = —1 if both k& odd and m = £3, otherwise ¢, = +1.

type 2°2%: G = Zgr X Zor and q(¢,m) = &5 Here, 2% = 1.

type 2¥2% .. G = Zok X Zok and q(¢,m) = §§i+ém+m2. Here, 23 = (—1)*.
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Proof of Lemma 4. Write G = Z,,, X -+ X Z,, and let g; generate the Zml factor.

When m; is odd, put q(g;) = (gs,g:)™~D/2; when m; is even, let q(g;) = \/{gi, gi), for
either choice of square-root. Now define

a(3_ kigi) Hq H T (gngn)™

1<j

Then ¢ is well-defined, and is a quadratic form on G realising the given (,).

Suppose ¢’ is another quadratic form realising the same symmetric pairing. Define
¥(g) = ¢'(9)q(g). Then (4 1) implies ¢ € G. Moreover, ¥(g)2 = 1 for all g € G. Con-
versely, given any ¢ € G satisfying ¢2 = 1, ¢/(g) := ¥(g)q(g) will be a quadratic form
realising (,). Thus there are precisely 2! different ¢’ realising (,), where [ is the num-
ber of even m;. These correspond precisely to the different square-roots in the previous
paragraph.

Now turn to part (b). We know that ¢, ¢’ realise the same symmetric pairing iff ¢ = g
for some ) € G obeying 12 = 1. It thus suffices to consider 2-groups G.

Suppose first that g is type 252X, Write 1,,(¢,m) = (=1)*+™" When k > 2, the
quadratic forms ¢ and v, pq are equivalent, through the automorphism a(f,m) = (£ +
bm2k=1 m +af2F~1). Type 2¥2%,, when k > 2 is treated identically. When ¢ is type 22},
or 21214, g will also be elther type 2121, or 2121,

Finally, consider type 2, and ¢ is the unique nontrwlal choice. Then v q will be of type
2](€2k+1)m' But 2% + 1 is a perfect square mod 2**! (namely it equals (2= + 1)2) when
k > 3. Trivially, type 2}, coincides with type 2}, . ,. However, type 22, is inequivalent to
type 22 ., (to see this, note that the 7" matrices in the associated modular data (4.2)
will be different).

It thus suffices to consider products of type 22 quadratic forms for various m’s.
Note that type 22, x 2%, is equivalent to type 22 i X 2m /44, through automorphism
a(l,l') = (£ + 20,0 + 20). Using this, any product of type 22’s is equivalent to a
product of type 22,’s together with at most one of type 22;. QED to Lemma /

4.2. Lattices and reconstruction for pointed categories

We follow the notation and terminology of [19]. An even positive-definite lattice L is a
free Z-module of finite rank together with a positive-definite symmetric bilinear form u-v
on L, such that u-u € 2Z for all u € L. By the dual L* we mean {v € R®z L :v-L C Z}.
Then for L even, G, := L*/L is a finite abelian group, and for any classes [u], [v] € L*/L
the norm u-u is well-defined mod 2, and u-v is well-defined mod 1. Hence gr,([u]) := ™
is a (well-defined) non-degenerate quadratic form on Gp,.

Given an even positive-definite lattice L, we get a rational vertex operator algebra
V(L) (see e.g. sections 6.4,6.5 of [55]) and rational local conformal net A(L) [22], and
the category of modules for both is braided tensor equivalent to C(qr,Gp). For later
convenience, we’ll sketch some of this. As a vector space, V(L) is spanned by combinations
of the form
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WO KO ) o
where h() € C @z L = CY™ L (corresponding to the Heisenberg part of the VOA),
n; € Zso, and eV (for v € L) is the standard basis of the group ring C[L]. We may
demand ny > ns > -+ - > n,, and that each h() is taken from a basis of L. The conformal
weight of that combination is ). n; +v-v/2.

The main purpose of this subsection is to show that every category C(q,G) can be
realised through positive-definite even lattices in this way. Though often stated, a com-
plete explicit proof seems to be lacking in the literature (positive-definiteness is crucial
for the complete rationality of the VOA and conformal net).

Given any classes [u;] € Gp satisfying w; - u; € 2Z and w; - u; € Z, write
G = ([u1], [uz], .. .). Then L[G] := Up,jeq[v] is an even positive-definite lattice satisfying
L[G])/L = G and |L[G]*/L[G]| = |L*/L|/|G|*. This is called the gluing construction in
[19].

The following result should be well-known — see e.g. [46].

Lemma 5. Let L be an even positive-definite lattice. Then there exists an even self-dual
positive-definite lattice A, such that L is isomorphic to a sublattice of A. Then Lt =
{v e Alv-L = 0} is also an even positive-definite lattice, with a group isomorphism

v : G — Gro satisfying qro (p([u])) = qr([u]) for all [u] € GL.

Here, ‘isomorphic lattice’ means the isomorphism preserves the inner product. In fact
A can be taken so that the orthogonal direct sum LG LOLBOLBS LD LD L P L is finite
index in it, though which particular A is chosen is not important to us. This Lemma will
be used shortly in the proof of Theorem 2.

The main purpose of this subsection is reconstruction for pointed modular tensor
categories (see also Corollary 1.10.2 in [60]):

Theorem 2. Let C be a pointed modular tensor category. Then there is an even positive-
definite lattice L such that the lattice VOA V(L) and conformal net A(L) both have their
category of modules Mod(V(L)) and Rep(A(L)) braided tensor equivalent to C.

Conversely, it is certainly not the case that only lattice VOAs have pointed
Mod(V(L)). For example, the cyclic orbifold V = (V¥ ® V#)%2 of the Moonshine module
has category of modules Mod(V) tensor equivalent to the Drinfeld double D(Zs) [32],
which is pointed, but its associated Lie algebra V; is trivial so it cannot be a lattice
VOA (a lattice VOA V(L) has associated Lie algebra V(L); 2 C4mZL),

The remainder of this subsection is devoted to a proof of Theorem 2. It suffices to
show that any non-degenerate quadratic form ¢ on an abelian group G can be realised
as qr on G for some even positive-definite lattice L. We can restrict to the 4 types

of quadratic forms listed last subsection, as (¢,G) = (qr,Gr) and (¢, G") = (qr/,Gr/)
implies (¢ x ¢',G x G') = (qreor, Grer) where L & L’ denotes orthogonal direct sum.
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We begin by realising quadratic forms of type p* (p an odd prime). Consider first

primes p = —1 (mod 4) (so —1 is not a quadratic residue of p). Note that the root lattice
k

L = Ape_y has G = Z,, with generator [1] satisfying [1] - [1] = pp;1 (mod 2), so this

realises m = (p* — 1)/2, or equivalently m = —2. Letting L be as in Lemma 5, we can

also realise m = +2. Hence we have realised both s = + (again, —1 is not a quadratic
residue of p), and we're done type p* for those primes.

Next consider p = 1 (mod 4). Choose any prime p’ = —1 (mod 4) with Legendre sym-
bol (%) = s (there are infinitely many such p’). Then by quadratic reciprocity, (5) =s.
By the previous paragraph (because p’ = —1 (mod 4)), there is an even positive-definite
lattice L’ with G, = Z,, and with generator [v] satisfying v-y = —2p*/p’ (mod 2). Take
L to be the lattice gluing (1/2p'pkZ © L' &/2Z)([p'p"*,0,1],[2p*, 7, 0]), where [p'p*,0, 1]

1.k
and [2p*, v, 0] denote the cosets containing the dual lattice vectors (\/%, 0, %) resp.

(\/%,7,0). Then L is even (since [p'p*,0,1] - [p'p*,0,1] = plé’k + 3 = 0 (mod 2),
[2p%,~,0] - [2p%,7,0] = 2% - QPL,’C = 0 (mod 2), and [p'p*,0,1] - [2p*,~,0] = 0 (mod
1)) and positive-definite (since \/2p pkZ @ L' ® /27 manifestly is). Moreover, G, has
order (2p'p*)(p')(2)/(2p')* = p* and contains [2p’,0,0] (since [2p’,0,0] - [p'p*,0,1] =
0 = [2p,0,0] - [2p* ,’y,O] (mod 1)), so G = Z,x with generator [2p’,0,0] having
[2p',0,0] - [2p',0,0] = —k (mod 2). Thus L realises type p~.

Type 2% is now easy. First, L = V287 works for m = +1. To do m = 3, let L'
be a type 3! lattice for G = Z3 with generator [y] satisfying [y] - [y] = Qk% (mod 2)
(explicitly, we can take L’ to be the root lattice Ay resp. Eg if k is even resp. odd). Then
L= (V3 27 @L’)([Zk7 ~v]) is even positive-definite, and L* /L = Zor has generator [3, 0]
having [3,0] - [3,0] = 5
then takes care of m = —1 and m = —3.

(mod 2), i.e. realising m = 3. The L+ argument from Lemma 5

Now look at type 2¥2%.. Choose any L’ from case (ii) with G & Zox and m = —1,
and let [y] € G be a generator with -y = Z (mod 2). Let L= (2*Z ®2*Z & L' ®
L)[1,1,7,7]. Then L is positive-definite and even, and |G| = 2% /(2%)? = 22¥ with
generators a = [1,0,0,v] =: (1,0) and b = [0,—1,0,0,v] =: (0,1), so Gr = Zor X Zox,
and we recover the desired quadratic form.

Type 2¥2%., is similar Choose any L' from type 2* 5, and let [y/] € G/ be a generator
with 7/ -+ = 32 (mod 2). Let L = (2"Z ® 2*Z ® 2¥Z @ L')[1,1,1,7']. The desired
generators are [1,1,0,0] =: (1,0) and [1,0,1,0] =: (0,1), and we have recovered type
2k 2k

Incidentally, since V(L) has central charge d equal to the dimension of L, in all cases

—7id/4 (this recovers Milgram’s signature theorem).

we obtain that 23 =e
4.3. Chiral data associated to tori

Let T be a d-dimensional torus. Section 2.2 of [28] describes the possible twists
H3(T;Z) and H}(T;Zs), where T acts trivially on itself, while section 5.1 of [30]
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identifies the transgressed ones. In particular, transgressed (non-degenerate) twists 7,
correspond bijectively to even positive-definite d-dimensional lattices L.

Fix a positive-definite inner product v -v € R on R?. We interpret these L as d-
dimensional Z-submodules of R?, on which L-L C Z and u-u € 2Z Yu € L. As mentioned
last subsection, the dual L* contains L. If we realise the torus 7' by Ty, = R?/L, then
we get the natural identifications L = Hom(T,T) and L* = Hom(T, T).

Recall that 7 K<4(T) is naturally isomorphic to the group ring of L*/L, which is
isomorphic as a ring to Kg*/L(pt) (on the other hand, ™= K4™(T) = Ki*/L( t) = 0).
This can be understood through the calculation

"Kr(T) = Rr ®pgy. Kp-(T),

where T* is regarded as the quotient 7/L*, so that Ry« is naturally a subring of Rr,
together with the identification Kp«(T') = Z (on which Ry~ acts by dimension) coming
from [39], and the natural identification of Ry ®g,. Z with Rr/Rp- = Ry« /p.

As mentioned last subsection, the modular data corresponding to lattice L is given
by (4.2), (4.3), where G = L*/L, q([v]) = €™ and ([u], [v]) = Qpuj([v]) = e~ 2. The
tensor unit is [0]. In terms of VOAs and conformal nets, the torus theory T}, is captured
by the lattice VOA V(L) and the lattice conformal net.

The question of which lattices have quaternionic simples, is a little subtle. For example,
the root lattice L = Dg has L*/L = Z4 X Zo, but none of these 4 simples is quaternionic.
On the other hand, the root lattice L = A; @ E7 also has L*/L = Zy X Zs, but now 2
of its 4 simples are quaternionic.

There are two frameworks here, related by the short exact sequence

1= L*/L—T, =T = 1.

We will work first with the finite group framework, then switch to the toroidal one. These
two frameworks are elegantly related by [36] into C = (R? x L*)/L, where L embeds
diagonally in R? and L* (their IT resp. A are our L resp. L*). We would expect that
much of our work in this section can be rephrased in that language

Let G be a finite abelian _group, and H any subgroup. Then His naturally a quotient
of G: the projection G — His just restriction to H. Let K < G be the kernel of that
projection. Now suppose G has a non-degenerate pairing v : G — G (not necessarily
symmetric). Write H+ = y71(K): i.e.

L ={keG|y(k)(h) =1VYh e H} (4.4)

~
~ A

Then H = G/H*', so in particular |H+| = |G|/|H|. Of course we also have K = G//H,
i.e. H- =~ G/H. When 7 is in fact symmetric, then (H1)t = H.

Another little fact which can be useful: given/lzﬂices M O L of the same dimension,
there is a natural group isomorphism M/L = L*/M*, by m s e>™A™,



D.E. Evans, T. Gannon / Advances in Mathematics 421 (2023) 109002 29

4.4. A Galois correspondence and Jones tower for lattices

Let L C M be arbitrary lattices of equal dimension, and write G = M/L. There
is an elementary correspondence between intermediate lattices L C D C M, and sub-
groups H < G, through H = D/L and D = Up,eg[v]. Write My for the sublattice
corresponding to subgroup H. In the language of section 4.2, D is the gluing L[H].

When there is a non-degenerate pairing v on G, this becomes a Galois (contravariant)
correspondence using (4.4). More precisely, given a subgroup H < G, define M to be
the lattice My .. Then L C M¥ C M, M¥ /L = H+ and M/M*" = (M/L)/(M* /L)
G/H*+ = H. Moreover, when H < K < G, we have M# D> M¥X and M /MK
HY /Kt~ K/H.

This has a direct Galois interpretation. For any x € C ® L, define a map on the group
algebra C[M] by z.e’ = e>™@ve?. Note that z € M* acts trivially. Through the pairing,
we identify G = M/L with G = L*/M*, g € G [zg] € L*/M*. Then G acts on the
group algebra through z,. Now choose any subgroup H < G. Define K < G as at the
end of section 4.3, and interpret K < L*/M* as usual. Then the fixed-point subalgebra
C[M]¥ is naturally identified with C[Mp]. Choosing a different K would recover C[M ]
spot-on.

Indeed, this action of G on lattice group algebras plays a fundamental role in VOA

[ral

theory. Let L be any even positive-definite lattice of dimension d. Write G, := L*/L
and for each [v] € G put qr([v]) = €™, Recall the sketch of lattice VOAs offered
in section 4.2. The automorphism group of the VOA V(L) (cf. [21]) is generated by
isometries of the lattice, as well as automorphisms of the form «, for + € C ® L. An
isometry o of L sends e’ to e’ and each h() to o(h()), whereas a, fixes the h(")
and sends e to z.e” as above. The corresponding orbifolds behave very differently — in
particular, orbifolding by isometries o generally gives a nonlattice theory (see section 5.4),
whereas orbifolding by « € Q ®7z L always yields a lattice VOA. We need both kinds of
orbifolds in section 5, but in this subsection we consider only the latter.

Lemma 6. Let L be an even positive-definite lattice, and let Lo be a sublattice of L of finite
indez. Then the lattice VOA V(L) is a VOA orbifold of V(L), by a group G = L/Ly.

Proof. The automorphism «, is trivial iff z € L* so we are really only interested in z
mod L*. When z € Q®gz L, «, is finite order. Choose any finite set of 2, € Q ®z L; then
the group G’ generated by the automorphisms o is finite, and the orbifold V(L)G' is a
lattice theory V(L') where L' ={u € L : z; -u € Z Yi}.

In particular, choosing x; € L so they generate Lj/L* =: G, we obtain V(L)% =
V(Lop). As mentioned in section 4.3, L§/L* =2 L/Ly. QED to Lemma 6

Now let n be the exponent of G, so nG = 0. We have nL. C nMy C nM C L and both
nMp/nL = H and nM/nL = G, so we get intermediate lattices L and L satisfying
nLCLECCIL” cL, L)L =G, L/L" =2 H, and LY /LY = H*.
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We can also go in the other direction, though it is less natural. Find some m € Z~¢ for
which m~1L > M. Then m™'M/m~'L = G so there is a quotient (hence subgroup G’)
of the abelian group m~'M/M which is isomorphic to G. Let L’ be the lattice gluing
M[G'], so L'/M = G. Then for each subgroup H < G, we get as before the lattices
L' L' intermediate to M C L', with the desired quotients. We use this construction
in section 4.6.

Thus, given L C M, a non-degenerate pairing on G = M/L, and a subgroup H < G,
we get a tower

H H* H
- CM_oCM_ 3, C MyCM C---

such that My = L, M; = M, My = M, My /M1 = H+ and Moiq1/Msy; =2 H. In the
special case H = G, this is analogous to the Jones tower of subfactors corresponding to
the inclusions A® ¢ A C AxG.

This tower of lattices lifts to a tower of lattice VOAs, in the negative direction (in the
positive direction, it terminates when M; is no longer even). Note that not all VOAs can
belong to such a tower — e.g. any tower containing a Virasoro minimal model would
necessarily be finite.

4.5. The finite group framework

Let L be any even positive-definite lattice. The modular data associated to L is
described in section 4.3. Note that for this modular data, any modular invariant automat-
ically satisfies (3.10). Moreover, Sj,) 3 never vanishes and the simple-current stabiliser
of any [a] € ® is trivial. This means it is sufficiently nonzero, in the sense of section 3.2,
and Theorem 1 exhausts all modular invariants.

Theorem 3. (a) Let L be even and write G = L*/L. Let g and (-,-) denote the associated
quadratic form and symmetric pairing on G. The following are in bijection:

(i) the modular invariants M for L;
(i) all pairs (J,[¢]) where J < G containing no quaternionic elements, and [¢] €
H; (pt; T);
(iii) subgroups Dy of G with q|p, = 1, together with an isomorphism o : D+ /Dy —
DL /D_ satisfying q(k) = q(o(k)) for all k € D+;
(iv) subgroups Z of G x G with Z = Z+ and q2|z = 1, where on G x G we use the non-

degenerate pairing {(g,h),(¢’,h'))2 = (9,9'){g’, 1') and associated quadratic form
q2(9,h) = q(g)q(h).

(b) There is a one-to-one correspondence between all subgroups Z < G x G satisfying
Z+ = Z, and all triples (J,[1)], ¢) where J < G, no elements of J are quaternionic,
¢ € J/2J and [¢] € H3(pt; T).
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The notation D+ is defined in (4.4) where v(g)(h) = (g, h). In (iii), as explained in the
proof, we have that D > D4, and both the pairing and quadratic form of G restrict to
well-defined functions on D{/D., so we use the same symbols. The parametrisation of
(ii) is given in Theorem 1, and directly describes the nimrep as we’ll see. Part (iii) gives
the type 1 parents and permutation o appearing in (2.10). Part (iv) gives a geometric
interpretation of these modular invariants: they are the self-dual lattices lying between
the indefinite lattice L @ v/—1L and its dual. As we will see in the proof, the relation
between the subgroup Z of (iv) and the matrix Z of (i) is

gheZift Z,, =1, Vg,he G (4.5)

(the other entries Z, ;, all equal 0). There is a similar 4-part description for (b), but we
only list two.

Proof. The equivalence of (i) and (ii) is given by Theorem 1. The equivalence of (i) and
(iii) is given in Proposition 1(a) of [30]. We will complete the proof of Theorem 3(a) by
establishing the equivalence of (iii) and (iv).

First, consider any subgroup D C G with ¢(d) =1 for all d € D. Then (4.1) implies
that D+ D D, and also that the quadratic form ¢ (hence the pairing (,)) is well-defined
on D+/D. Hence any such D with quadratic form ¢ defines a possible extension (type 1
module category) for (G, q). As discussed in section 2.3, sigma-restriction is the branching
rules from the modular tensor category of (D,q) (with simples in D+ /D), to that of
(G, q). Sigma-restriction here is given by the correspondence

Z[D4]
Ny
] Z[G]

Z[D+/D

where we identify the K-group K (G) etc with the group ring Z[G], where 7 denotes the
obvious projection D+ — D+/D, and ¢ is inclusion D+ — G.

Let’s begin by showing that (iii) implies (iv). Let Dy and o be as in (iii). Then the
matrix product (2.10) is captured by the composition

Z|Dg] Z[DY]
Z[G) Z[D+/Dy] = Z[D+/D_] Ale]

of correspondences. This composition collapses (pulls back) to
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Z[Z]
» +/ N,
Z[C] Z[G]

where Z is the group

0—>D_—Z—Di—0

consisting of all (g1,9-) € Dt x D+ satisfying 7_(g_) = o(m4(g94)), and where
p+(9+,9-) = g+. This pullback defines the modular invariant matrix Z (as well as
the group Z) and we see (4.5) holds.

Conversely, let Z < G x G be as in (iv). Write Dy = {g € G|(g9,0) € Z} and
D_ ={g € G|(0,9) € Z}. Then q(D+) = 1 because q2(Z) = 1. Hence (g4+,9-) € Z
implies g+ € Df because Z+ = Z. Also, both (g,h), (g, h’) € Z only when h —h' € D_.
Thus |Z| is at most |D1||D+| = %. But Z1 = Z forces |Z| = |G|. Hence for every
g € Dﬂ; there is an h € D+ such that (g +d,,h+d_) € Z for all dx € Dy, and this
assignment o(g+ D) = h+ D_ defines an isomorphism D+/Dy — DX /D_. Of course
q2(Z) = 1 requires that q(g) = q(o(g)) for all g € D7

The proof of part (b) is similar. QED to Theorem 3

In terms of the parametrisation (iii), the full system is Z[G/D_ x G/Dz]. Alpha-
induction ay : Z[G] — Z[L*/D_ x L*/D7] are given by ay = (¢ omy,n1) and a_ =
(m—,0), where 7TJ+- G — G/Di— is the obvious projection. In particular, these ay are
linear, and so respect tensor products, and through (2.11) recovers the modular invariant
Z of (4.5). In terms of the parametrisation (iii), the Grothendieck group of the associated
module category is Z[G/J], and the action of the fusion ring Z[G] on it (called the
nimrep) is g.[h] = [g + h]. To see this, note that the exponents (i.e. the diagonal entries)
of the modular invariant are the j € J+ (all with multiplicity 1), so the complete list of
eigenvalues of the nimrep action of g is required to be (g, j) for all j € J*.

The relation between the (J, [¢)]) parametrisation of (ii), and the (D4, o) parametri-
sation of (iii), is as follows. Given any subgroup J < G and class [¢)] € H%(pt; T ), define
the homomorphism € : J — J as in Theorem 1. Let ¢ : G JJt — J be the isomorphism
o([9))(5) = (g, 7), and define e = ¢~ o€ : J — G/J*. From the proof of Theorem 1(a),
we find in this notation D_ = Jr = ker(¢) and Dy = Jo = {j € J|e(j) = —j +J1}. By
Lemma 2, the image of ¢ is D1 /J*, and thus ¢ gives an isomorphism J/D_ — D{/J+
is an isomorphism. Therefore, given any a € Di—, there is a unique class [j] € J/D_ such
that a 4+ J+ = £(j). Define o(a) = a + j + D_. We know that o is constant on each D
class, and that it defines an isomorphism D{ /D, = D /D_.

For example, the identity modular invariant Z[, ) = 6[,],[,) corresponds to J = 0.
More generally, the type 1 modular invariant (pure extension type) with Dy = D_ = D
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corresponds to J = D and e(j) = 0 (equivalently, ¢(j) = 1). ‘Charge-conjugation’
Zu],[v] = O[v],[—u] corresponds to J = 2G and £(j) = —j /2.

4.6. The toroidal framework

As warm-up for section 6, we should also reinterpret the previous subsection using
Dixmier-Douady bundles for the torus acting on the torus. Recall from [28] the con-
struction of this bundle. As mentioned in section 4.3, a transgressed (non-degenerate)
twist for the trivial action of a torus on itself can be identified with the choice of an
even d-dimensional lattice L. It is convenient to identify the torus 7" with T, = R¢/L.
Let 7 denote the regular representation of 77, on the Hilbert space H = L?(1%). For
any v € L* we have a character (1-dimensional representation) x. for Tp defined by
X~(t) = e?™7(®): we can extend it linearly to a functional on R?. As in [28,29], choose
any unitary U, satisfying U,7UJ = x,m. The bundle on T}, with fibres the compacts
K = K(H), is defined using the gluing conditions f(t) = U,f(t + O)U;, for all £ € L,
t € R%. We denote these bundles symbolically by T//T or just Ar.

By the K-group KT (T) we mean the K-theory of the C*-algebra of K-valued sections
of Ar. It is readily computed to be isomorphic to the ring Z[L* /L], which we recognise
as the fusion ring for the lattice theory of section 4.3.

Consider first a type 1 modular invariant, corresponding to a pair L. C D of even
lattices (i.e. they are both transgressed) and identity map o. Sigma-restriction here is
clear: it corresponds to the bundle map A; — Ap arising from the natural projection
T;, — Tp sending x + L to x + D. The associated modular invariant bb’, as an element
in KK(Ap, Ar), can be pulled-back to give the diamond

Ag

z““\

where D' C L satisfies L/ D’ = D/L (using the tower of section 4.4), and p is the obvious
projection Tp/ /L = T7,.

The other extreme, type 2, when Dy = L and ¢ is nontrivial, requires that we con-
struct a new bundle. Representations of T, can be regarded as projective representations
of the quotient T« = T, /L*, with twists given by ¢» € L* /L. This allows us to decompose
the compacts K = K(H(T1)) into the finite sum @,K¥. We get a vector bundle over T,
with components parametrised by ¢ € L*/L, with fibres K%, equivariant with respect

to Tr~, with sections in the ¢-component satisfying fy,(t + A) = Y(A)Ad Uy fy(t + A),
VA € L*, ¢ € L*/L. Call this bundle By, or T'//«T. We get a natural map ¢ : Ay, — By,
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which is basically the identity on the base with a projection 7 : Ty, — T, of the groups
of morphisms. Then the modular invariant corresponds to

Ar A

\ S

BrL BrL

where o permutes the components of the bundle.
The general modular invariant can be understood through the combination b,abﬁr as
the composition

Ar Ar
p+\ p/
Ap, Ap_
L\ L/

Bp, 2> Bp_

It is elementary to translate the alpha-induction given in the previous subsection, into
this language: e.g. the obvious projection 7+ on morphisms (and identity on base space)
sends the bundle corresponding to Tp, acting on 77, to the bundle corresponding to 17,
acting on Tp,, and corresponds to the right-way map 7y : Dy /L — L*/L (embedding)
and wrong-way map w4 : L*/L — D /L (projecting away cosets not in D) of K-
groups.

5. Tambara-Yamagami categories

The Tambara-Yamagami categories TYV4 (G, (,)) are parametrised by a finite abelian
group G, a non-degenerate symmetric pairing (-, -) on G, and a sign +. As shown in [65],
these are the only fusion categories whose primaries (equivalence classes of simples) are
[ag] (9 € G) and [p], and which obey the fusions (1.3).

These categories are pairwise distinct: TYVs(G, (,)) and T Vs (G, (,)’) are tensor equiv-
alent iff s = s’ and (g,h) = (p(9),¢(h)) Vg,h € G, where ¢ : G — G’ is a group
isomorphism. The Tambara-Yamagami categories are amongst the simplest examples of
near-group categories.

The sign + is not at all mysterious. Any fusion category with a grading by some
(not necessarily abelian) group K, can have its associativity isomorphisms twisted by a
cocycle in H3(G; T). This is the explanation for the H? twists [20] of the category of G-
graded vector spaces Vectq, and for the Z,, twists of the Kazhdan-Wenzl sl(n) quantum
group categories [53]. Each Tambara-Yamagami category has a Zs grading, where «
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has grading 0 and p has grading 1. Thus it can be twisted by H?(Zo; T) = Zo. This is
the source of the sign =+.

5.1. Tambara-Yamagami as a Potts model

Izumi (Example 3.7 in [50]) realised each TY4 (G, (,)) as a system of endomorphisms
on a Cuntz algebra (though in a somewhat ad hoc manner). In this subsection we re-
cover this in a calculation-free way, using the Potts model. This subsection, apart from
Theorem 4, is not used in the rest of the paper.

By the Cuntz algebra O,,, we mean the universal C*-algebra generated by n generators
S; (and their adjoints) satisfying S7.S; = 6; ; and 3, S;57 = 1. Fix a finite abelian group
G. We will label the generators of O\g| by S, for g € G (so S; Sy = dy.1 ete).

An excellent way to realise fusion categories is using endomorphisms on an algebra
A. Objects are algebra endomorphisms; given endomorphisms p and 7, by Hom(p, 7)
we mean the space of intertwiners {t € Altp(a) = 7(a)t, Va € A}. Tensor product
becomes composition, and direct sum is realised using e.g. Cuntz generators. When the
category is unitary and A is e.g. a C*-algebra (the situation considered here), then the
endomorphisms should be *-endomorphisms, and the dual of an object is given by its
adjoint. See e.g. [51,31] for details.

In particular, we say that a system of *-algebra endomorphisms ag, p on O\g| realises
the fusion category TV (G, (,)), if the compositions agoayp, agop, and poay, equal agip,
p, and p resp., up to conjugations by unitaries of O|g, and p(p(z)) = _, Sgay(2)Sy.

Theorem 4. [51] Each TYs(G, (,)) can be realised by the following system o, p of endo-
morphisms on O|g|: for each g € G, define ay(Sh) = Sg4n and

p(Sh) = U(h) = > SuU(h)’ (5.1)

keG

where U(h) = >, (h,k)Si S is unitary. Then

agan = agyn, U(gU(h) = U(g+h), Ulg)" =U(=9), ag(U(h)) = (g,MU(R),
agop=p, poag=AdU(9)op, p(U(9) = Su-gSi, p*(Sk) =Y SySe+nS;
h g

The subtle aspect here of course is the endomorphism p. In this subsection we see
that this can be derived from the high temperature - low temperature duality in the
Potts model just as the Ising fusion category is related to Krammers-Wannier duality in
the Ising model [27]. This can be regarded as a conceptual explanation for the p formula
(5.1).

The Ising model can be generalised to a @-state standard Potts model, where Q = |G].
The transfer matrix formalism for the @Q-state Potts Hamiltonian
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H(U) = _Zi,j n<nJ6(0'757 Uj) (52)

on the two dimensional lattice Z? leads to the following algebraic set up. For each
g € G, define Q x @ matrices U, = diagc(9, k) and Vy by (Vy)n,k = Ok,g+n. Then both
assignments g — Uy, V, define @-dimensional unitary representations of G. Moreover,
ViUg = (g, h)UyV}, and together the Uy, V; generate the @ x @ complex matrix algebra
Mg = End(C®). For each g € G, define a sequence of unitaries W7 in Mo ® Mg ® Mg ®
.+ by

Wi =19 - 010U_,0U,01®-- (5.3)
with U, appearing as the (i + 1)th factor, and
We=10 - 10V,01®--- (5.4)
with V, appearing as the ith factor. Then

(WH9 =1, WIW/, = (g WL We, WIW=WW?, |i—j|>1. (55)

The symmetric group Sg acts on C® by permuting basis vectors and so induces a product
action on the UHF C*-algebra Fp = ®nMg. In particular, for each g € G there is a
G-action on Fy by @, Ad(Vy) =[], Ad(W4;). The Temperley-Lieb operators in Fg are
the spectral projections of W7 corresponding to eigenvalue 1, namely

e = % (Z Wﬁ) . (5.6)

In particular
€2i-1=1®---®1r7®1Q--- (5.7)

=10 - ®17ele--- (5.8)

where 7 (occupying the ith and (¢ + 1)th spots) and «’ (occupying the ith spot) are
projections in Mg ® Mg and Mg respectively given by

Q Q
7T:ZEii®Eii; = ZEU/Q (59)

i=1 ij=1

it {E;; 11,7 =1,2,...,Q} are matrix units for Mg. In the Ising case:

e2i = (1+00)/2, eay1=(1+0L0,)/2. (5.10)
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The transfer matrix for the two dimensional @Q-state Potts model is then (cf. Chapter 12
of [6]) described as

V =exp (K2 Z egi_H) , W = exp (Kf Zegi) (5.11)

with Kramers-Wannier duality being the shift p : e; — €;41. Here the family {e;} satisfy
the relations that non-nearest neighbours commute:

€iej = €5€; |’L —]| > 1 (512)
whilst nearest neighbours satisfy
€;€;+1€; = TE; (513)

where 77! = Q. The family {e;} is Sg invariant, and the {W?} generate the G fixed
point algebra of Fg. This formulation is related to that of generalised Clifford algebras
as follows. The formulae

rY = Wiwg...w¢, wW¢ = (T9_)7'1Y (5.14)

K3

is the generalised Jordan-Wigner transformation required between (5.5) and
9\Q — arh — 7, p\ThTY ; ;
I~ =1, I} =(g,MIT], i<j. (5.15)

We extend the endomorphism p on FSQ to F§ by Wi — W{,, ie V7 — UUY,,
and U; YUY, = V7. Next, extend p to Fq by U — VVy --- V. In particular U}
VZ. In the Cuntz algebra description of O, with generators Sy, this means that the
spectral projection corresponding to 1 namely SoS5 is taken to X, 5,5} /|G|. So one
could try as an ansatz to define an endomorphism p on Og by Sy — £(XxSh /\/@ ),
and similarly since S;S; is taken to Ad(U(g))(Xn,kShS) so we should take p(Sy) =
+Ad(U(9))(2rSh/+/|G]), on the Cuntz algebra. Here g + U(g) = Zp(g, h)SpS; is
basically the regular unitary representation of G in Og. Then indeed p is a well defined
endomorphism on the Cuntz algebra induced by high temperature - low temperature
duality. The sign choice + determines the two Tambara-Yamagami categories associated
to the same group and non-degenerate pairing. Denote by o the automorphisms on Og
defined by ay(Sr) = Sg+n. We have recovered the realisation of 7Y+ (G, (,)) given in
Theorem 4.

5.2. The double of Tambara-Yamagams

Fix any Tambara-Yamagami fusion category TYV,(G, (,)). Let ¢ be any quadratic form
on G realising (-,-) (Lemma 4(a) says that such ¢ always exist).
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TYs(G, (,)) is realised as a system of endomorphisms in a Cuntz algebra in Theorem 4
above. From this the modular data of its double can be computed (cf. section 3 of [51]).
We find there are precisely 4n + n(n — 1)/2 primaries (equivalence classes of simples),
which we will parametrise by 57, p%, 04,5 = on 4, where g,h € G, g # h, and i, j € {0,1}.
For each g € G, fix a square-root \/@ Then the modular data for the double is

T,Big,ﬁf = <g,g> Tpf,p? = (*1)i(iI3)71/2/v q(g), Tag,h,og,h = <ga h>7

2 [
(g, h) (g, h) (g, h+ k)
Sﬁf»ﬁh - T ? Sﬂf,p? = (_ ) 2\/_ Sﬁf,oh)k - n ’ o’g,hap?f = 07
_{g,W)(h,g") + (g, 9") (1, W) o (~Ditig?
Sounagn = n ’ Spwp] - 2”\/—\/72 (k—g—hk),

where z is defined in section 4.1.

Different choices of \/@ in the previous paragraph are absorbed into the choice of
which p! we call i =0 or i = 1.

Using Gauss sums, it is possible to evaluate the sum in S o pi more explicitly. In
particular, write (-,-) as a product of the indecomposables of sectlon 4.1. Then the sum
inS 02,0t will be the product of the corresponding sums for each indecomposable. These

sums for each indecomposable are readily computed: e.g. for type p* we obtain

—a = €yk 3 ska a
S -t = (5 ) TRV

whilst for type 2%, we compute

if k> 1and a odd
)]C (n/2,n/2) if k> 1 and a even
if k=1and a odd
if k=1 and a even

2k,1<£7a’€> _ (1 —i)em\/2—k

(=B CR O )
3

We compute (from Verlinde’s formula (2.9)) the fusions

+h k h+2
Bg q’*ﬂgg/ 7B *O0g,h = Og+k,h+k > 5 pe/*pgs’ga

_ _ gthtk | gthtk
Ogh " Og/.h = Ogtg' ,hth’ + Ogth/ htg s Tgh~ Py = Py +pZ ]
pg “Pst = Ok,g+h—k + sts’
[k]#[(g+h)/2] £,20=g+h

where the first sum in the p? - p”, fusion product is over the size-2 orbits of k <> g+h—k
(to avoid over-counting ¢’s), and the second sum is over the size-1 orbits £. On the right
side of the o, - 04 5 fusion product we use the convention oy, = 85 + 8*.
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Note that the Tambara-Yamagami categories depend on (-,-) and not ¢, but we de-
scribed the modular data of their doubles in terms of ¢q. As explained in Lemma 4,
different ¢ can correspond to the same (-,-). Is it clear that they will give rise to the
same modular data? This point is somewhat subtle. If ¢, ¢’ are equivalent, then so will
be the corresponding modular data. However, compare g of type 23 with ¢’ of type 22,
(these are inequivalent but correspond to the same pairing (, )). The T matrices using ¢
vrs ¢’ are identical, except for the 8 entries for p?: when s = +, using ¢ gives exactly 2
entries T)s ;9 equal to 1, whereas using ¢’ none equal 1. For s = —, these are reversed. We
find that if ¢ describes the modular data of the double of TYs(G, (,)), then ¢ describes
that of TY_s(G, (,)).

5.8. The Zo-crossed braiding of Tambara-Yamagami

There is a simpler way to associate to TV,(G, (,)) a modular tensor category (when
|G| is odd).

Given a group T', a T'-crossed category C (cf. [66,59,23]) is a modoidal category with
a T-action by automorphisms and a I'-valued grading @ such that (9X) = goX g~ .
A T-braiding on a I'-crossed category is a choice, for any objects A, u € C where A is
homogeneous, of an operator ¢y, € Hom (A, ® i \) subject to initial conditions

€idan = Exjida = 1,

and the naturality and braiding-fusing equations (which for later convenience we write
in the endomorphism language)

EurSA(t) = ‘”‘ta,u(s)s,\,u,
o

Expon = O (ENK)EN L 5 (5.16)

Exov,u = €A,6VM>\(€V7#)7

Y(ENL) = Ev (N >

whenever A\, p, v,k € C (with A\, v homogeneous), s € Hom(\,v),t € Hom(u, ), and
vyel.

If C carries an action of I, then the I'-equivariantization C' is a tensor category whose
simple objects are pairs (X, {u }yecr) where X is an orbit of I and w., for each v € I' is an
isomorphism in Hom(g(X), X) — see [59] for details. The point is that if C is I'-crossed
braided, then the I'-equivariantisation C'" will be braided [59,23].

Now, if we realise C as endomorphisms on a Cuntz algebra O (recall Theorem 4), then
any C*-algebra automorphism v extends to an automorphism of C: endomorphism p gets
mapped to Yp=~yopoyL.

For example, O,, has an order-2 automorphism ¢ sending S; to S_p. Then we find
Pag =a_g4, p(U(g)) =U(—g), and ?p = p: e.g.
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(9 (0) = ol ™ ($0) = AU ()~ 3 SR
keG

1 .
= U(MW 2 S_kU(=h)" = p(Sh)

Hence T' = (p) = Zs acts on any TYVs(G, (,)). The corresponding Zs-grading has p odd
and the a4 even.

Theorem 5. Any Tambara- Yamagami category TYs(G,{(,)) is Za-crossed braided. This
Zo-braiding is non-degenerate iff |G| is odd. In this case, the Zs-equivariantization
TYs(G, ()2 has primaries oy =0_4 (9 #0), B%, p*, and modular data

S”g’Uh = 2)‘(<g7 h>2 + <g7h>_2>7 Sﬁt,ﬂi’ = )‘7 Sag,pt = Sp‘,ag =0,
Sy = s(=1)ICE=D/8441 12 S, 50 = S g, = 2N, Sy g = Sgu e =1t'/2, (5.17)

ptp g

Trpo, =7(9,9), Tpt,pt =t/\/s52, Tge g =1,
where A=t = 2./|G| and x (corresponding to (G,{(,))) is defined in section j.1.

Proof. First we must verify the Zs-braiding, for the action and grading defined in the
paragraph before Theorem 5. As explained more generally in section 2.2 of [12], to do this,
it suffices to consider equivariance y(ex ) = €+(x),y(x) and the braiding-fusing relation

Eponp V(Enpu) 8 = A u(s) enp (5.18)

and its adjoint, for all v € T" and s € Hom(\, v o k), as k, A, s, ¥ run through representa-
tives of the equivalence classes of simples. In our case, we take those representatives to
be oy and p.

Our starting point is the realisation (Theorem 4) of Tambara-Yamagami as a system
of endomorphisms on the Cuntz algebra Og. We have Og-algebra endomorphisms p, a4
and intertwiners U(g), Sy, € Og, such that Hom(p, ayp) = C1, Hom(ay, p*) = CS,, and
Hom(p, pay) = CU(g). Taking adjoints, this implies Hom(a,p, p) = C1, Hom(p?, ay) =
CS;, Hom(payg, p) = CU(g)*.

The relevant intertwiner spaces are Hom(agzap,apay) = C1, Hom(ayp, poy) =
CU(g)*, Hom(pag,a_gp) = CU(—g), Hom(pp,pp) = >, CSySy, so that Zs-crossed
braidings would be €a,.a, = €g.nl, €pa, = €.9U(9)%, €a,.p = €g,,U(g), and €,, =

>k elgprkSZ, where €g 1, €54, €g.p) e’;p € T (since the category is unitary). The braiding-
fusing relations are then:

€g,h €9,k = €g.ht+k > €gk €hk = €gthk (5.19)

€g+hop = €g.p€hp(9s N) s €pgn = €p€pn(g5 N, (5.20)

(9,k)eg.p 6’;;)9 = e’;p =(g,k)ep,q 6%7‘,‘)’“, (5.21)
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€9k = (k. 9) (5.22)
€p—k €p ik, g+ k) =egk (5.23)
\/% D eﬁ,p€l;,p<€7 k—g)=1(g,k)eqg, (5.24)
while equivariance gives
€gh =€—g—h, €pg =€p—g,> €g.p =F€—gps e’;p = e;’;. (5.25)

Equation (5.22) says €45, = (g, h). Equation (5.20) and (5.25) say €, , = a(g) for some
quadratic form a associated to (-,-). Equation (5.21) and (5.25) force €, 5, = €,,. Then

(5.21) gives e’;p = eg,pa(k). The value of Eg,p is fixed, up to a sign, by (5.24): we find
eg’g = sz~ 3 where 2z is defined in section 4.1. It is readily seen that these values satisfy

all equations.

Now consider the Zs-equivariantisation 7Y, (G, (,))%2. Its simple objects are g =
0_y = ay+a_, (forany g € G with 2g # 0), p* = (p, £1), and Bif = (ap, £1) whenever
2h = 0. It is convenient to write oy = ﬂ; + B, when 2g = 0. Fusion products are (cf.
Definition 2.1 of [59])

logllon] = [ogn] + [og-n], [p'1log] = 2001, [01)0"] =D (B8] + D oy,
g]

h
[o]18h] = [og4n], [P118] = (0], [BLIBE) = 1BEw], (5.26)

for any t,t' € {£} (in the case of greatest interest here, when |G| is odd, the only
B,jf are 53:) Hence the categorical dimensions (which must equal the Perron-Frobenius
dimensions, since the category is unitary) of the simple objects 3}, o, and p' are 1, 2
and \/@ , respectively.

The braiding ¢, , on the Zs-equivariantisation is as follows (cf. Proposition 2.2 of
[59]). Choosing the obvious bases, we get

Cog,on = diag(eg,h, 6—g,h) = dla‘g(<gv h>7 <g7 h’>) € End(gg+h + Ug—h) (527)

coy pr, = (1Y) (5.28)
Cpe v = diag, (¢ ev ,a(g)) (5.29)
— o 0 ta(g)
Coy,pt = dlag(a(g)7a(g))a Cpt,og = (t(l(g) 0 > (530)
Ccr_q,@;t1 = <gah’> = cﬁfl,ag (531)
Cptaﬂ;'l, = t/ a,(h,) , Cﬁﬁ/vpt = a(h) (532)

For example, the difference between c,, ,« and ¢, ,, is due to the fact that the braidings
€2,y lie in Hom(z ® y,%%y ® x). Thus up to a global normalisation \, we obtain the
S-matrix:
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Soyon =A2((g,k)* + (g,k)"2), S Ly = Ay Sy = Att' sz =3 >-4(9:9) (5.33)
Sy st = St rs = A2, Syt = Spy =0, S Sa i = ()22 (5.34)

pt.BE =
For example, the extra \/@ in S pt gy comes from the dimension of p?, which enters
here through the trace of the identity endomorphism on p’. Also, note that (g, h)? =1
when 2h = 0. It is explained after equation (10) in [12] how to obtain the T" matrix
directly from the braidings — that the modular group normalisation is z for |G| odd
comes from the fact that the double of Tambara-Yamagami is the Deligne product of
the equivariantisation by the opposite of the metric group (G, (,)). The result is as in
the statement of Theorem 5.

Note that if 2 divides |G|, then the S matrix is degenerate. The reason is that only
the two p' rows have the possibility of distinguishing the 8% columns. If G is even order,
then there will be at least two h # 0 with 2k = 0, hence at least four such §}. The
calculation of S, . when |G| is odd requires that we compare 3 a(g) to >_, a(g)?.
Both of these are Gauss sums; their ratio equals the Jacobi symbol (I%I)’ which equals
(—=1)(IGF=1D/8 When |G| is odd, the invertibility of S follows from the calculation of the
double given in section 5.2. QED to Theorem 5

For |G| odd, the category will be a modular tensor category. In this case there will
be only 3§, which we will abbreviate to 8¢. The tensor unit is 37, and 3~ is a simple-
current. This modular tensor category corresponds to a Zs-orbifold of a lattice theory
associated to GG, as we see next subsection.

5.4. Reconstruction for Tambara- Yamagami

In this subsection we construct a strongly rational VOA V and conformal net A whose
representation theories Mod(V) and Rep(A) are both tensor equivalent to the double of
Tambara-Yamagami 7 Vs (G, (,)) (we also do the same for its Zs-equivariantisation when
|G| is odd). Being the double of a fusion category, we should be able to obtain V and A
from some sort of orbifold of a holomorphic theory (i.e. one with trivial representation
theory). However, the double of Tambara-Yamagami is manifestly not the double of a
group fusion category Vect (its quantum dimensions are not all integers). This implies
that we cannot obtain V and A directly from a holomorphic theory through a group
orbifold. However, we do the next best thing.

We obtain V and A by first performing an orbifold by G of a self-dual lattice theory
V(A) (which is necessarily holomorphic), resulting in a different lattice theory V(L), and
then orbifolding V(L) by an involution of L. Because the involution doesn’t descend to
an automorphism of V(A), we cannot combine these two orbifolds into a single group
orbifold.

For a simple example, first perform a Zg orbifold of the Eg lattice theory, giving the
As @ Fjg lattice theory, followed by an orbifold of either the Ay or Eg piece (which one
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depending on the choice of (-, -)) by the v — —v lattice isometry; the result is the double
of TYs(Zs, (,)) for one choice of sign s. (The construction we give below is necessarily a
little more complicated, in order that it also works for even |G|.)

Let L be any even positive-definite lattice of dimension d. We discussed the auto-
morphisms of the VOA V(L) in section 4.4, and Lemma 6 describes one class of VOA
orbifolds, namely by a, for x € Q ®yz L.

The other class of orbifolds we need are by isometries of L. The most familiar of
these corresponds to the isometry 6 : v — —v, and orbifolding by it is denoted V(L)™.
The resulting VOA V(L)" is known to be rational, and its irreducible modules are
(see [1]): the simple-currents B[f] for each [v] € G with 2[v] = [0]; the dimension-2
simples op,) = o[, for each [v] € G with 2[v] # 0; and pX for each x € R/2L,
where R = {v € L : v-L D 2Z} (these come from twisted V(L)-modules). We have

—mid/8

Tﬁ[i] gt = qr([v]))e~m4/12 = Topyomy a0d Tpx x = Fe . The Frobenius algebra

PX,
A describing the (simple-current) extension of V(L) to V(L) is ﬁ[‘g] + Blg)- As always
with type 1 systems, there are two equivalent alpha-inductions, so choose one of them.
Then it sends B[f] to the (local simple) V(L)-module [g], o, to the local V(L)-module
[v] + [—v], and each pX to a twisted V(L)-module pX. We use this orbifold to reconstruct
below the equivariantisation 7Y (G, (,))%2. For the double, when |G| is even, another

isometry is needed.

Theorem 6. Consider any Tambara-Yamagami category TYVs(G,(,)). Then both the dou-
ble of TY(G,(,)) (for any G) and the Zo-equivariantization TYs(G, (,))2> (when |G|
odd) are realised as Mod(V) and Mod(V'), for certain completely rational VOAs V and
V' which are Zy-orbifolds of lattice VOAs.

Proof. Let L resp. L’ be any positive-definite even lattices realising the pointed modular
tensor category C(q, G) resp. C(q, G), as promised by Theorem 2. So G = G, and ¢ = qy..
Define L to be the lattice gluing (L& L®L' ®L){[(g, g, g, 9)]gec) (recall the discussion in
section 4.2), where we identify each g € G with the corresponding coset in G, and Gy .
Then L is even and positive-definite, and Gz = G'x G has elements [g, h] := (g+h,0, g, h),
for all g,h € G. We find that L has quadratic form q;i (lg,h]) = (g, h).

Now, it is manifest that L has an isometry 7 sending any (a, b, c,d) € L to (a,b,d,c).

So 7 sends [g,h] € G} to [h,g]. Then (see [4,22]) T lifts to an order-2 automorphism
of the VOA or conformal net V(L) resp. A(L) (a priori the order could also be 4, a
complication due to the 2-cocycle implicit in the construction of V(L), but for our 7 the
order is 2). We claim that the orbifold A(L)™ has category of representations Rep(A(L)™)
which is braided tensor equivalent to the double of TYs(G, (,)) for some choice of sign.

To see this, let’s first note (using [22]) that the modules 8, oy 5, p% for A(L)™ match
those for TYs(G, (,)). The nontrivial check is the twisted or solitonic modules p%: the
twisted A(L)-modules are in bijection with 7-invariant classes in G, i.e. the [g,g] for
g € G, and when restricted to A(E)T each of these splits into what we call p% + p?..
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A third conformal net is relevant here. Consider the lattice gluing A = L{([g, 0]) geq: it
is also even and positive-definite, and is self-dual. Thus the corresponding conformal net
A(A) is holomorphic, i.e. its category of representations is Vect. These three conformal
nets are related by the conformal inclusions

A(L)™ c A(L) C A(A)

These two inclusions correspond to Frobenius algebras 615 = ,63 @ B0 and by = ®g4lg, 0],
respectively. The algebra 63, governing the extension A(L)™ C A(A), is determined
shortly. To identify Rep(A(L)™) with the Drinfreld double D(TYs(G,(,))) for some

~

sign, we will identify the full system, i.e. Rep(A(L)7)s,, (of course the local modules are
Rep(A(L)7)}¢ = Rep(A(Lqa)) = Vect).

As always, there are two different inductions, corresponding to using the braiding or
its reverse, but in this type 1 (pure extension) setting they are equivalent, so choose either
one. First consider alpha-induction from A(L)™ to A(L). Then clearly Ind 8% = [g, ],
Indo, , = [g,h] @ [h, g] and Ind p%. = p9, the A(L)-twisted sectors.

Hence the Frobenius algebra governing the A(Z)T C A(A) extension is 013 =
BY & B° @ Byr004,0. We compute dim Hom(Ind 37, Ind th) = dim Hom (s} @ 613, 8)') =
1, so Ind 3/ is a simple object in the full system which we’ll call a, (these are
also the twisted sectors for A(L) C A(A)). Because alpha-induction is a tensor
functor, we have ay ® a, = ogyp. Likewise, dimHom(Indoy,Indoy ) = 2 and
dimHom(IndﬁfJndagﬁ) = dim Hom(®¢£00k+4,k,0g,h) = Ok,n + Ok,g, 50 Indog ) =
ag + ay. Finally, dim Hom(Ind p¢, Ind pé‘) = dim Hom (@ 4 pk, P;Z) =1, so let p denote
this common simple object Ind p% in the full system. Again, using the fact that alpha-
induction respects fusions, we find ay ® p = p = p® oy and p ® p = B4ay. Thus the
full system must be TYs(G, (,)’) for some symmetric pairing (-,-)’ on G. By Corollary
4.8 in [13], the modular tensor category Rep(A(L)7) must be braided tensor equivalent
to the double of TYs(G, (,)’). By comparing T-eigenvalues, we find that (-,-) = (-, -}, as
desired. Thus the full system must be TY;(G, (,)) for some sign s.

To get the other sign, consider instead the lattice I'=La® Fg and the automorphism
(7, 00,) where v = ([1],[1]) € A} @ E3 C 3Es. Then V(L ® Eg)(™*) is a simple-current
extension of V(L)™ ® V(A; & E7). Again, the full system is a Tambara-Yamagami cate-
gory for G. We determine the pairing and sign from the modular data: in particular, we
find that this Es trick changes the T-eigenvalues for the twisted modules p¥. by a factor
of 4, i.e. the sign s has changed.

Now restrict to odd-order G. Similar considerations show that the conformal embed-
ding A(L)* C A(L) has full system 7Y (G, (,)). This means (Corollary 4.8 in [13])
that the double of that Tambara-Yamagami is braided tensor equivalent to the Deligne
product Rep(A(L)") X Rep(A(L))°PP (here ‘opp’ means the category with the opposite

braiding ¢, = (cy,x)™"). So

Rep(A(L)*) BIC(G,q) = Z(TV+(G, () = TY+(G. ()" K C(G,9)



D.E. Evans, T. Gannon / Advances in Mathematics 421 (2023) 109002 45

where the second tensor equivalence comes from the previous subsection. Now, let C
resp. C’ be the full subcategory of Rep(A(L)T) X C(G,q) resp. TV (G, (,))?* X C(G,q)
generated by all objects which are invertible of odd order. Both C and C’ can be identified
with the C(G,q) factors. Then the subcategories commuting with C resp. ¢’ must be
tensor equivalent. Thus we obtain Rep(A(L)T) = TV, (G, (,))%?, as desired. The other
sign is obtained from the Ejg trick, as done previously. QED to Theorem 6

5.5. K-theory of Tambara-Yamagami and its orbifold

Until now, the examples we’ve studied K- and K K-theoretically are classical, either
coming directly from finite groups or Lie theory. In this subsection we realise the fusion
category of TY(G,(,)) as a fusion category of bundles over a groupoid. This allows
us to likewise identify the modular tensor category of its double and (when |G| is odd)
its Zs-equivariantisation, as modular tensor categories of bundles over groupoids. We
explain how to realise their module categories using bundles. We hope in the future to
find such geometric interpretations of other exotic fusion categories.

Let G be a finite abelian group as before. Fix a non-degenerate symmetric pairing
(,+) on G. Using it, we can identify G as a group with @, its group of irreps, through
g §:=(g,%x) € G. Likewise, we’ll write ¢ for the element in G corresponding via (,)
to Y € G.

Our first task is to capture the fusion ring (1.3) using groupoids. Recall the discussion
in section 2.5. Let X = G Upt. Consider the equivariant K-group K% (X), where G acts
on G C X by left translation, and fixes pt € X. There are two orbits in X: G with
trivial stabiliser, and pt with stabiliser G. The indecomposable bundles with support
pt are in natural bijection with ¢ € G — call them ay (we can use (,) to parametrise
these by g € G if we like). There is only one indecomposable bundle with support G
(corresponding to the trivial representation of the trivial group), which we shall call
p. Thus as an additive group, K&(G U pt) = KZ(GY) & K&(pt) = Z & R¢, whilst
KL(GUpt) =0.

Recall the discussion of product of bundles in section 2.5. Consider the map M :
X x X — X defined by M(g,pt) = M(pt,g) = g, M(pt,pt) = pt, and M(g,h) = pt
(this choice is necessary in order to recover the Tambara-Yamagami fusions). Then M
is G-equivariant. We need to modify slightly the generic product defined in section 2.5.
The tensor product V. ® W of bundles carries naturally an action of G x G as mentioned
there; use the pairing to identify this group with G x @, and restrict this action to the
diagonal A, = {(g,9) | g € G}. For the union of orbits Y take

Y =pt xpt Upt x G UG xptUAL
which we identify with a subset of X x X in the obvious way, again using the pairing.

Consider first the product p ® p. It will be a bundle over the orbit M (0,0) = pt,
namely Ind{(C ® C) = @y, the regular representation of G, where the superscript
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G is the stabiliser of pt, where the subscript 1 denotes the stabiliser of 0 € G C X in
G, and we take the tensor product of the fibres over 0. Thus we recover the formula
(] - [p] = >_,lag] in (1.3). Shortly, we will need to understand this more explicitly: we
can naturally identify the tensor product C[G] ® ¢ C [G] of bundles with both C[G] and
C[G], as we now show. Indeed, the representation ¢ € G is isomorphic to the submodule
C> 2, ¥(9)g® g of C[G]®¢ C[G); likewise the basis element ¢, € C[G] is identified with
en =3, 9(h)ey ® ¢5 € C[G] ®¢ C[G).

The product ¥ ® p will be a bundle over the orbit of M(0,pt) = 0, namely C ®
Resf(z/)) = C. More explicitly, the total space C¥ ® V), has basis vy ® e4, which maps
G-equivariantly to 1 (g)e,, a basis for C[G]. Thus ¥ ® p = p.

Likewise, the product p ® ay will also be a bundle over the orbit of M (0,pt) = 0,
namely C ® Resf(w) 1. More explicitly, e, ® vy maps equivariantly to €y Thus
again p® ay = p. It will be important in the following though that although the bundles
CY ®g V, and V, ® C? are equivalent, they are certainly not equal.

Fmally, the product oy ® ag will be a bundle over the orbit pt, with Af,-module
CY¥eC? naturally identified with G-module C¥? (or equivalently (CW’) Thus, oy @y =
Qepp-

Thus for this choice of M etc, we obtain a ring structure on K2(X) isomorphic to the
fusion ring (1.3) of the Tambara-Yamagami category TV,(G, (,)), or equivalently that
of TYs(G, (,)). But much more is true. As we know, this ring structure is independent of
the sign and choice of pairing on G. The point of introducing the pairing, and of tweaking
the product of section 2.5, is to recover the full fusion category of Tambara-Yamagami.
To do this, we need to identify the associators.

Consider first the associator ay , 4. First note that (C¥ ® p) ® C?® maps equivariantly
to p through (vy ® e4) ® vy — ¥(g)e s, whereas C¥ ® (p ® C?) maps to p through
Uy @ (g ® vg) > w(gqg)egé. Thus the natural map (C¥ ® p) @ C? = C¥ ® (p® C?) is
multiplication by w(qg) = (1, ). We choose this to be the associator a . ¢

For comparison, consider the associator ay 4 ,. Then (C¥Y®C?)®p maps to p through
(v @) ey = P(9)P(g)ey, whereas C¥ @ (C? ® p) maps to p through vy, ® (v ®ey) —
¥(g)#(g)ey. Thus the natural map (C¥®@C?)®@p — C¥ @ (C?®@p) (hence the associator
ay.¢.p) is multiplication by 1. Likewise, ay.¢., = 1 = a¢ ¢/ ¢/ -

Consider next the associator a, .. Since (p®@ay) ®p =37, ag = p®(ay @p), apy,p
is a vector with |G| components, each component indexed by some ¢ € G. First note that
eg X €5 € M~ (pt) N'Y contributes the vector €5 @ €5 t0 (p®ay) ®pand Y(g)ey ® e

to p® (ap ® ,0) hence contributes to the ¢-component the terms /|G| 71¢ g@)egd; ® eg

and \/ﬁ ¢ eg ® e4, respectively. Thus the ¢-component of the associator is
multiplication by w( %) = (16, ¢). On the other hand all |G| components of the associators
Qp.pp a0d Gy p , are 1.

Finally, consider the associator a, , ,. Since (p®@ p) ® p = |Glp = p @ (p R p), appp
is a |G| x |G| matrix with rows and columns indexed by 1 € G. The associator is the
change of basis matrix from the natural basis by (g) = weg of the multiplicity space of
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(p®p)@p, to the natural basis c4(g) = e, of the multiplicity space of p®(p®p). We find

1 =
that ¢, corresponds in the second basis to the Fourier transform /|G| = >_, ¢(g99)

-1
and thus the change of basis matrix is a, ,, = /|G| (1, ¢) 7.
By comparison with [65], we find that these associators match spot on with the as-

€94

sociators of TV4 (G, (,)). Thus the category of bundles of X//G form a fusion category
tensor equivalent to 7V, (G, (,))- It would be interesting to recover the s = —1 analogue
as a groupoid. As mentioned earlier, s = + corresponds to the twist of the associator
coming from H? of the grading Zs of Tambara-Yamagami, and so only appears in Gp.p.p
(as a sign change).

Our groupoid picture also constructs with ease some module categories. The module
categories for TYs(G, (,)) were classified by [57], and come in two classes. The first class
is parametrised by a subgroup H < G and any v € H2(H,T). Recall the treatment of
the module categories for Rep(G) at the end of section 2.5. The irreducible -twisted
bundles V' over X//,,H, where H acts on X = G Upt as usual, correspond to a plg) for
each coset [g] € H\G (with support on [g] and trivial stabiliser) and each x € Irry(H)
(with support on pt). Define M’ = M and Y/ =Y as before. We compute ¢®@x = ¢| g X,
PR plg) = plggp POX = Z[k]eg/H k] and p@® prg) is the regular representation erﬁ X-

Consider further the case [¢] = [1] for simplicity. Note that the module categories
Bun(X//H) and Bun(X//H=) are equivalent: through the isomorphisms H = G/H*
and HL = @ /H given by the pairing (,), the indecomposable bundles ¢ € H for X //H
correspond to the bundles py of X//H L whilst the pig) of the former groupoid corre-
spond to x € HL. Generalising this to arbitrary 1 recovers Lemma 30 of [57].

The other class is much more complicated to describe, and exists only for very special
G (e.g. /|G| must be integral); it is testament to the K-theory method that it provides
these with an elegant formulation. Suppose for instance that G = A x A with pairing
((a,a), (b,b)) = a(b)b(a). Then we can reinterpret the groupoid Xg//G as one copy
of A acting on the left and the other copy acting on the right. The reason for this
is that it gives another expression for the product of bundles: as before, first identify
Ko ar (X)X Kz ar(X) with Kz gr sz« ar (X x X). Then restrict to the subgroup
AT %1 x 1 x AR, If we now have a map M : X x X — X which is G-equivariant in the
sense that M(za,y) = M(z, ay), then the wrong-way map composed with the other two
produce a multiplication K gz ar(X) X Karyar(X) = Kz 4r(X). In terms of the
notation in section 2.5, choose the same M and Y as before, except that A, is replaced
with (A4 x 1) x (1 x A). In this equivalent formulation of TV, (G, (,)), the oy correspond
to pairs (¢, a) where ¢ € Aandac A, with the obvious product.

Given any subgroup B < A, we can interpret 1@ as the subgroup of ¢ € A with
kernel ker(¢)) > B. The point is that for any subgroup B < A, the category Bun(pt// B x
m) naturally forms a module category for the fusion category Bun(X//A x A) =
TY(G,(,}), for any subgroup B < A, where now we choose the constant map M’ :
Xxpt — pt,and Y’ = ptxthBxA//E. The module category has simples (x, a’ B) where
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X € B and a/B € A/B; the nimrep is (¢,a).(x,a'B) = (¢|sx,ad’B) and p.(x,a'B) =
> v.avp(X's " B) where the sum is over all x € Bandall a'B € A/B.

Now turn to the Zo-equivariantisation 7Y, (G, (,))%2. Here, G must be odd order. We
wish to identify its fusion ring with the equivariant K-group Kp.(X), where D¢ is the
generalised dihedral group GxZs (Z2 acts on G by taking inverse) and X = G U pt as
before. D¢ fixes pt. The additive group structure is again easy:

Kpg (X) = KZz (0) ® Kpg (pt) = RZz ® Rpg

(More precisely, what should appear is Rp_, which we identify with Dg using (,) as
usual.) We identify p1 with RZZ , 80 these correspond to bundles at 0 € G. The irreducible

representations of E; consist of two one-dimensional representations, which we identify
with $%, and for each 1 € @, ¥ # 1, we have the two-dimensional representation
oy = oy We identify o4 = 0_g with oy.

To recover the multiplicative structure, use the same M as before. To compute the
products, use Indgf:t = Bt + Zw oy and oy ® oy = Oyyr + Oy Otherwise the
calculation is as for Tambara-Yamagami. Note that the category Bun(X//D¢) naturally
possesses a fusion category (in fact modular tensor category) structure, by applying the
Zs-equivariantisation procedure to the category Bun(X//G).

A large class of module categories for the Zs-equivariantisation are Bun(X//yH),
where H < G and [¢] € H%(pt; T). The indecomposable bundles, as we know, are
¥ € H and pper)- The nimrep is 8.4 = ¢, 8. pem) = prny, 090 = dlu + §lav,
Og-PrH) = Pl(g+k)H] T Pltk—g)H] PE0 = Dy Pikrr) and p=.pipay = 3, 4. The modular
invariant is given by the correspondence

X//Dg X//Da

N A

X//G pt//Z X//G

NN N

pt//G pt//G

where notation is taken from section 4.5 (in particular Z depends on H, ) or is otherwise
clear. These module categories correspond to first extending both sides by the simple-
current 87, resulting in the lattice theory of Theorem 6. The type 1 parents are thus
lattice theories. The most important of these choices is G = H and ¥ = 1, with modular
invariant |yg+ + x| + 2 > agz0 [Xoy |2. It undoes the Zs-orbifold of Theorem 6.

We also get a groupoid interpretation of the double of TY;(G, (,)), namely the bundles
over GU{pt}//(Gxa)xz., where Zy here permutes (g, h) <+ (h, g). (9,h,0) € (GXG)XZy
sends v € G to g+ v — h whilst (0,0, 1) sends v to —y. Module categories can be easily
constructed as we just did for the Zs-equivariantisation.
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5.6. Tambara- Yamagami and grafting

In [29] the authors introduced the notion of grafting, and used it to generalise the
modular data of e.g. the double of the Haagerup subfactor. The key ingredient there is
the notion of Zs-laminated modular data. In [29], the modular data for the Haagerup
double was constructed from the loop group LSpin(13) at level 2 together with the double
D(S3).

Based on the work of this section, a much more natural approach suggests itself. First,
note that any Zs-equivariantisation, e.g. that of TV (G, (,)), is Zz-laminated. Moreover,
the double of the Haagerup can be obtained from grafting TYV,(Zs x Zs,(,))?* and
TV (Z13,(,))?? for certain choices of signs and symmetric pairings. This generalises to
all known examples D°Hg,, in the Haagerup-Izumi series. Namely, replace Z3 with Z,
and Z3 with Z,2 4. Here v can be any odd positive integer.

Grafting the Haagerup-Izumi series from the Zs-equivariantisations of two Tambara-
Yamagami categories seems much more natural and promising than the suggestion of
[29], which proposed grafting finite group doubles to the loop group categories at level
2.

Recall that the Zs-equivariantisation of TV, (Z3x Zs, {, )) has simple objects o4, where
a € 73 x Zs and a ~ —a # 0, simple-currents ¥ generating Zo, and twisted fields p*
(‘twisted’ is in reference to the Zs-orbifold of the lattice theory, given in Theorem 6). Its
fusions are given in (5.26).

The fusion rules for the double of the Haagerup can be read off from section 3.2 of
[29]. They can be written in a more coherent (and general) form as follows. The grafted
fusion rules amalgamate the simple-currents 8+ of the Z, x Z, and Z 24 theories into
simples called 0 and b in [29], amalgamate the orbifold fields o, from the Z, x Z, and
twisted fields p” from the Z,2 4 called ¢,, and amalgamate the orbifold fields o, from
the Z,2,4 and the twisted fields p” from the Z, x Z, called 9,, to obtain the elegant
fusion rules (first announced in Oberwolfach in a March 2015 talk by the first author)
(we write ¢ =0+ b and 9g = 0 — b):

B2=0+b+> cat» d=R, cady=R-0=R_,
CQCB =R_ +c0¢+ﬁ+ca—ﬂ7 Daab =R_ _aa-‘rb_aa—ba
beo =R 4 ¢q s bo, =R_ —0,.

Instead of calling ¢, and 0, amalgamations, perhaps we should say the twisted fields of
Z, X Z, and Z,2, 4 are dropped as being non-local.

6. Loop groups

The final important example for us is the loop group LG at level k € Z~, where G
is a compact, connected, simply-connected Lie group. We write Fusi(G) for its fusion
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ring and P (@) for its primaries ®. For G of rank r, we can identify A € P¥(G) with the
affine highest-weight A = (Ag; A1,..., ) € Z’;gl where > aY)\; = k for certain positive
integers a; (the co-labels) depending only on G. For all G, ay = 1 and (k;0,...,0)
denotes the fusion unit 0. Fus,(G) can be expressed as Rg/I(G) for some ideal Ij(G)
of the representation ring Rg called the fusion ideal, and primary A is associated to
class [py] € Rg/Ix(G) where py is the G-irrep with highest-weight A = (A1,...,\.). For
example, for G = SU(n), we have all a} = 1, there are n simple-currents (namely the A
with some component A\; = k), and charge-conjugation A — A* is nontrivial iff n > 2.

The Dixmier-Douady bundles were constructed in [28]. Let us review that construc-
tion. Recall the construction of bundles for tori in section 4.6. Let G be a compact
semi-simple Lie group of rank r of A-D-E type, e.g., G = SU(r + 1). Fix a maximal
torus T =2 R"/QY of G (QV is the coroot lattice). The orbits of G acting adjointly on
itself are the conjugacy classes of (G, which are parametrised by the Stiefel diagram,
which is an affine Weyl chamber. More precisely, remove from the Cartan subalgebra
R” = R ®z Q" the hyperplanes fixed by a Weyl reflection r,, as well as the translates
of those hyperplanes by elements of QY. The Stiefel diagram S is the closure of any
connected component. Any orbit of the adjoint action intersects S in one and only one
point. Points in the interior of S correspond to generic (so-called regular) elements of G
and have stabiliser T', but points on the boundary have larger stabiliser.

Consider G = SU(2) for concreteness. We can identify its maximal torus with the
circle R/Q where Q = /27 is the (co)root lattice and a Stiefel diagram S with half a
fundamental domain of T, i.e. 0 < x < 1/v/2. The Hilbert space is # = L?(G), and
the fibres will be the compacts (). We want to associate a unitary U, to any weight
v € Q* = ZAy (A is the fundamental weight). For any subrepresentation o in L?(G),
define “o ®~” as follows: restrict o to T (i.e., write its weight-space decomposition), and
in the Weyl-image wS C T act like the character qu(e%it) = e2mwy()  Apply this to
the regular representation 7 in ‘H. Then thanks to infinite dimensionality, 7 ® v ~ 7 as
both a representation of 7" and the Weyl group, so let U, be the unitary defining that
equivalence. We can cover G ~ S3 with two G-equivariant patches: D; about the scalar
matrix I and Dy about the scalar matrix —I. The bundle for G on G with level k € Z
is defined by the following G-equivariant gluing condition: for x € T'N D1 N Dy identify
(grg~1, c) in Dy with (gzg™?, Ad(ng,{wg’l)c) in Dy for any g € G, ¢ € K, where k = k42
and we abbreviate Uy, to U,. We call U, the twisting unitary. The consistency condition
for these bundles is then that when gzg™' = z, then Ad(myU.m, 'U; ") should be the
identity, i.e., ﬂgU,.Jrg’l = A\gU, for some character (i.e., one-dimensional representation)
g — Ag of the stabiliser C¢(x).

The construction for general G is similar; there K = k + hY where hY = >0_ aY
is the dual Coxeter number. Denote this bundle symbolically by G//,G or just A
when G is understood. Here, the group G acts on the base G by conjugation, and
Kk € Z = HZ(G;7Z) is the twist. The K-group *K§ (G) is the K-theory of the C*-algebra
of K-valued sections of A,,. The theorem of Freed-Hopkins-Teleman (Theorem 1 of [40])
is that "K§(G) =2 *K&™ Y (@A) is isomorphic as a ring to the fusion ring Fusy(G).
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We expect that (dual) Dirac operators can be used to construct the matrix units
for this bundle G//,G. More precisely, [38] explain how to obtain elements of twisted
equivariant K-theory using families of Dirac operators. Section 3 of [39] describes how
to do this for "K(G). They obtain (for each integrable representation of the centrally
extended loop group (LG)") a family of Dirac operators parametrised by the affine
space of connections (this has underlying vector space given by the loop algebra Lg).
The connections correspond bijectively to the splittings of 0 — Lg — f/g — iRyt = 0
or the linear splittings of the surjection (Lg)® — Lg. This family of Dirac operators
is equivariant with respect to (LG)". This gives an element in the (LG)"-equivariant
K-theory on the space of connections, or equivalently on the x-twisted G-equivariant K-
theory on G. In [41], the fusion category of the integrable lowest-weight representations
of the loop group LG of a compact Lie group G, regarded only as a linear category, is
identified with the twisted, conjugation-equivariant curved Fredholm complexes on the
group G: namely, the twisted, equivariant matrix factorisations of a super-potential built
from the loop rotation action on LG.

These Dirac families define elements in the K K-group KK (A,,pt), which can be
identified with "K%(G). We would like to construct (in the spirit of Kasparov [52])
the dual Dirac family. This will lie in KK (pt, A.) = "KZ(G). We expect that the
composition of these will be a matrix unit in KK (G//.G, G//.G), while the composition
in the other direction will be dy , € KK (pt,pt) = Z & 0. We plan to return to this in a
future publication.

The generic module categories for the loop group modular tensor categories C(G, k)
are now known [47] to be built in standard ways from symmetries of the extended Dynkin
diagram of G: for any G, there is a bound K (growing cubically with the rank) such that
any module category for C(G, k), when k > K, is generic in that sense. In the remainder
of this section we give the K-theoretic description of these generic module categories. It
would be very interesting to do the same for the known exceptional module categories
— see section 6 in both [28] and [30] for work in this direction.

6.1. Outer automorphism modular invariants

The most obvious modular invariant Z, other than the identity I, is charge-
conjugation Z = S2. In the loop group LG setting, charge-conjugation corresponds
to an outer automorphism of G. More generally, see [30] where the K-theoretic interpre-
tation of the nimrep, alpha-induction etc for the modular invariants associated to any
outer automorphism of G is developed and given in more detail.

Let G be as above and write K = k + h" for some level k € Z>( as before. The group
of outer automorphisms of G is naturally identified with the group of symmetries of
the Dynkin diagram of GG, and as a permutation of these vertices also permutes highest
weights of G in the usual way. More precisely, pick an outer automorphism w of G, and
define w(A) to be the weight whose ith component is A,; (w fixes Ag). Through this, w
permutes the level £ primaries A € P_{f(G). For example, an automorphism of G = SU(n)
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realising the charge-conjugation automorphism is taking the complex conjugation of the
unitary representations.

The modular invariant Z% corresponds to the K K-element coming from the bundle
map A, — A, associated to the automorphism w : G — G. The full system is the fusion
ring, and alpha-induction is ay = w and o = id.

On the other hand, inner automorphisms are invisible as they act trivially on Pf(G)7
so from this point of view can be ignored.

6.2. Simple-current modular invariants

The other generic source of modular invariants for the loop groups are the simple-
current modular invariants. These correspond to strings living on non-simply-connected
groups G/Z where Z is some subgroup of the centre Z(G) of G.

Recall the discussion of simple-current from section 3.1. The group of simple-currents
for G x H is the direct product of those for GG and for H, so it suffices to consider simple
G. All of these simple-currents correspond to extended Dynkin diagram symmetries,
with the single exception Fuss(Eg) which we will ignore as it does not yield a modular
invariant (module category) for Fg. For any G and k, the simple-currents and outer
automorphisms together generate all symmetries of the extended Dynkin diagram.

For example, the group of simple-currents for Fus,(SU(n)) is cyclic of order n, gen-
erated by J = (0;k,0,...,0) which permutes P} (SU(n)) through (Ao; A1,..., Ap—1) —
(An—1:20: A1, -+ Ap_2). Then the grading is Qx(J%) = €924 ™ and Tya suToo =

kd(n=d) " where we write &, = 2™/,

The K-theoretic treatment of simple currents was developed in [30]. Restrict to G,, =
SU(n), the most interesting case. Fix any divisor d|n and level k, and write n’ = n/d
and £ = k + n. The simple-current modular invariant Z, ;. exists (i.e. there are no
quaternions in (J™)) iff n’(n + 1)k is even. Write Z for the order-d subgroup of the
centre Z(G,) = Z,,. The corresponding nimrep has Grothendieck group " K& (G,,/Zq) =~
TK%*Za(@,,) for some twist 7, with the module structure coming from the pushforward
of the obvious multiplication G, x (G,,/Z4) = Gn/Z4 of the bases. The type 1 parents
have fusion ring TlKg;"/Zd’ (Gn/Zy) for some subgroup Zg of Z4 and twist 7/. The full
system should be Rz, ®z T”K(? w2 (G,), where the product is component-wise, with
the second component product coming from the pushforward of multiplication on G,,.
The appropriate twists 7,7, 7 are given in section 5 of [30]. These K-homology groups
all vanish in degree 1.

Let G be any simply-connected, connected, compact Lie group G. For such G, mul-
tiplication by the centre Z(G) should correspond naturally to the action of the simple-
currents in the fusion ring *K&™ ¢ (@G), in the following sense. The primaries \ € P_,’f (GQ)
are identified with certain conjugacy classes — this yields a geometric picture of Fusy(G)
dual to the usual representation ring description R¢/Ii. Now, Z(G) permutes these con-
jugacy classes by multiplication, and this permutation agrees with the simple-current
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action on primaries. For example, for G = SU(2), the level k primaries are A = (k—A1; A1)
for integers 0 < A1 < k; this corresponds to the conjugacy class intersecting the Stiefel di-
agram S (half of the maximal torus T') at diag(exp[27i(A1+1)/2k], exp[—27i(A1+1)/2K])
for k = k 4+ 2. By multiplication, the central element z = —I sends the A\; conjugacy
class to the A\; +  one, which the Weyl group identifies with k — Ay — 2. This matches
the action of the simple-current.

The relation between the centre of G and the simple-currents is part of CFT folklore.
The generalisation of this calculation to all simple simply connected connected compact
G is central to what follows. To each element z of the centre of G, we obtain an invertible
bundle map A, — A, given by multiplication of the base space by z, and hence an in-
vertible element J, € KK(G//..G,G//xG). [30] conjectured that this should correspond
directly to the multiplication of the simple-current in the fusion ring. We can now prove
it:

Proposition 2. For each central element z of G and each level k € Z~q, there exists
a simple-current j, € Ft" K%(Q) such that the map J, : " K5(G) — ¥ KX (G)
corresponds to the fusion product by j.. Moreover, provided (G, k) # (Es,2), this map
zZ > j, 1S a group isomorphism.

The easiest way to reduce this to a familiar calculation from CFT, is perhaps
Theorem 4.13 of [56], which builds **"" K§(G) up from the conjugacy classes cle of
prequantised elements exp(£) at level k. If we let u = B’(k€) denote the associated
weight, then the pushforward of the inclusion cl¢ < G sends the fundamental class
[cl¢] € K§ (cle, Cl(Tele)) (where CI(TCe) is the Clifford bundle on the conjugacy class)
to the element [x,] € Rg/I = kR KE(@). If we restrict to & from the level k alcove,
this gives a natural basis for kthY K§(G). Then J, acts on conjugacy classes by sending
Clexp(e) 1O €l;exp(e) = ZClexp(e)- Then zexp(&) is also prequantised at level k, and it is
known that its weight is j,u for some simple-current j,. This defines an injective group
homomorphism from Z(G) to the level k simple-currents of G. The latter was computed
in [42], and it is found that except for Fg at level 2, the group of simple-currents is the
same (finite) size as that of Z(G). The obvious analogue of Proposition 2 holds when G
is no longer simple.

Fix any subgroup Z of the centre Z(G) and write G for G/Z. The embedding Z < G
of groups and of the fixed-point pt= 1 into the space G, yields the K-theory map
(restriction) "K§&(G) — K (pt) = Ry. This is how we recover here the fact (recall
section 3.1) that the fusion ring Fus,(G) carries a grading a — Q, by representations of
Z: Fus,(G) = @deZFusk(G)@”.

To understand the modular invariants which aren’t type 1, note that G has a well-
defined adjoint action on G since the centre of G on G acts trivially. Now, H%(G; 7) =
Z®Ryz,where Z = H*(G;Z) and Ry = H%(pt; 7), as is easily verified using the spectral
sequence associated to the fibration G — (Eg x G)/G — Bg. To help identify levels
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etc, we find that H%(é; Z) = H*(G;Z), transgression H%(pt; Z) — H*(G;Z) is xn for
SU(n), and H3(G;Z) — H3(G;Z) is x2 or x1 depending on n and d.

Now, any representation A of G projects to a projective representation of G = G/Z,
with multiplier ¢ given by the restriction Q|7 of the representation to the abelian group
Z (more precisely, a G-irrep p restricts to p|z, which will consist of dim p copies of the
same irrep v, € 2) Indeed, H%(pt; T) = Rz parametrises the projective equivalence
classes of projective representations of G. Mimicking the construction of G//.G, we can
construct a bundle G//,G with components (subbundles) for each 1 € Z. We denote
these subbundles by G// ;) G, or simply AY.

We have proved:

Proposition 3. Let G be compact, connected and simply-connected, of dimension d. Fix
any subgroup Z of the centre Z(G) and nonzero level k, and write s = k+ h". Then the
fusion ring "K&(G) = Fusk(G) is graded by restriction to Z: Fusy(G) = @wEZFuSk(GW.
For each level k and ¢ € Z, (””Z’)Kg,/Z(G) =~ Fusy(G)Y (as an abelian group) and
“ORELG) = 0.

We get something analogous when G/Z acts on G/Z for Zy < Z < Z(G) — in fact
this is used at the end of this subsection.

Let’s turn now to the modular invariants. Let G be as above. Recall the parametri-
sation of simple-current modular invariants in Theorem 1, given by a subgroup J and
group homomorphism € : J — J. The subgroup J there is our subgroup Z < Z(G).
More precisely, we have the isomorphism z — j, of Proposition 2, from the centre Z(G)
to the group of simple-currents. For convenience, we’ll write €, and ¢(z) in place of €;,
and Tj. ;. To,0- When Z is cyclic (which is automatic for all simple G except Spin(4n)),
1 =1 and € is completely determined by the value ¢(z) for a generator z € Z.

Consider first a type 1 module category (Z,v) (i.e. one of extension type). This
requires ¢(z) = 1 for all z € Z, and ¢ = 1. Write G = G/Z. As before, we can define
a bundle G// /G (as usual throughout this subsection we largely suppress the subtleties
of the twists, but these are addressed in section 5.2 of [30]), and as before this falls
into subbundles .,Tlf/ parametrised by ¥ € Z. Sigma-restriction is the obvious projection
T Ag — 71,1{/, which kills any A € P¥(G) unless Qx|z = 1, in which case it sends A to
its Z-orbit. This type 1 modular invariant is the correspondence

A Ay
N
A

Writing H = Ag(1 x Z), we can pull this back to a bundle of type H//H, formally
reminiscent of (1.1).
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Consider next the type 2 module categories (Z,1) (i.e. those of pure automorphism
type). This requires € : Z — 7 to be an isomorphism; in the case where Z = (z) is cyclic,
this is equivalent to demanding that ¢(z) is a primitive |Z|-root of unity. The associated
K K-element is then

Ay A

~ A

Xz
Drcz AL D.cz A

(6.1)

where the diagonal maps act on morphisms by projecting G — G/Z, and . lifts pro-
jective G-representations to ordinary G-representations. Explicitly, = puts A € P§(G)
into the component A? where ¢ = Q,; unlike the type 1 =, its kernel is trivial. The
horizontal map is multiplication of the subbundle A% by z (recall Proposition 2). This
recovers the modular invariant which Theorem 1(a) associates to (Z, ).

Using the preceding two paragraphs, it now is easy to find the K K-element cor-
responding to any (Z,). Write Zr for the kernel of ¢, and Z; for the kernel of
the transpose of €, as in the proof of Theorem 1(a). Then € yields an isomorphism
€: Z/Zp — Z//—Z\L The two type 1 parents are ﬂ}“ = (G/Z1)// (s, ,1)(G/ZL) and
Z,lm = (G/ZR)// (kr,1)(G/ZR), and they are linked by €

A Ay

Ny o
A

KL

N A

Xz

©rez/z, A, ®.ez/z2, A,

(6.2)

where we write .,ZﬁL and jﬁR for the obvious subbundles of (G/Z)//x,(G/Z) (where
¢ € Z//Z\L) and (G/Z)//x,(G/Z) (where ¢ € Z//Z\R) In particular, 7, kills A € P¥(G)
unless 95|z, = 1, in which case 7} sends the Zp-orbit of A to .ZﬁL with ¢ = Q\|z €
Z//Z\L. The horizontal map is as before.

Combining simple-current modular invariants with outer automorphisms is trivial
here: compose (multiply) the correspondence for (Z, ) with that for w.

7. Modular data reinterpreted

It would be highly desirable to interpret K-theoretically the modular group repre-
sentation p associated to these fusion rings K% (G). For instance, this would allow us
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in principle to understand intrinsically (i.e. in the K K- or K-world) why the modular
invariants are invariant under the action of SLa(Z). It suffices to focus on the genera-
tors S :=p ((1) Bl) and T := p ((1) }) However, these matrices S, T in the Verlinde (i.e.
primary) basis are complex — more precisely cyclotomic — and never integral. So that
means we need to realise them in the complexification C ®z KK (G//;G,G//+-G). This
suggests to use (twisted equivariant) Chern characters, which is a ring isomorphism from
complexified K-groups to cohomology rings.

In this section we consider the Chern character maps. At least for the cases in which
we are interested, the target of these maps (some cohomology space) comes with a
preferred basis, and in terms of this basis the Verlinde (fusion) product is diagonal. This
change-of-basis may make the matrices S, T look messier.

7.1. Finite groups and cyclic homology

As warm-up, let’s begin with the Chern character for the G//G groupoid, where G is
finite.

The primaries for G//G are pairs [g, ¢], where g labels conjugacy classes and ¢ €
Irr(C(g)), and form a basis for the complexified fusion ring C ®z Fus. Another basis,
called the monomial basis, is parametrised by equivalence classes [(g, h)] of commuting
pairs g, h € G, up to simultaneous conjugation (g, h) ~ (g*, h*). In terms of the monomial
basis, the SLg(Z)-action is especially simple:

("7) Ao m)] = ("R g°h )] (7.1)

The change-of-basis between the primary basis {[g,¢]} and the monomial basis
{[(g, h)]}, involves the character tables of the centralisers Cg(g). We will show here
that this change of basis can be interpreted naturally using equivariant Chern charac-
ters. Our treatment of Chern characters follows [5], which describes these for G finite. We
will specialise their discussion to the case where G acts on itself by conjugation (which
we write as a right-action, to match [5]).

Write ep(G) = {(g,7) € G x G : gy = g} for the set of all commuting pairs. G
acts on ¢p(G) by simultaneous conjugation: (g,v)k = (k 1gr, x tyk). Let G7 = Cg (7).
Then ¢p(G) can be regarded as the disjoint union U,ccG?, where G7 denotes all g € G
fixed by this action of . The target for the Chern map is

HP'(G//G) & HPY(G//G)=H}(ep(G)/G; C)=Hy (ep(G); ) = (B1eaHZ (GV5 C))

where HP* denotes periodic cyclic cohomology and H, denotes Cech cohomology. Be-
cause the base space of G //G is 0-dimensional, HP'(G//G) = H%%(cp(G); C)¢ = 0 while
HPY(G//G) = H (ep(G); C)C can be identified with all C-valued maps f from the set
of commuting pairs, which are constant on the G-orbits: f(g",v*) = f(g,7).
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Take some G-equivariant bundle over G: £, 4) where h € G is a representative of a
conjugacy class and ¢ is an irrep of Cg(h). Then v acts on the fibre (&, 4))4, whenever
g commutes with ~. This fibre is 0O-dimensional unless ¢ is conjugate to h, in which case
the fibre carries an action of Cg(g) = Cq(h) equivalent to ¢. Diagonalise that action by
v o(y) 2 V1@ @V, where V; is the eigenspace of dimension d;, with eigenvalue \;.
Define

chi(Eng)) = > Aich(E"), (7.2)
=1

where ch(E?) is the usual (non-equivariant) Chern character of the d;-dimensional trivial
bundle over C (7). We can think of ch(E?) as diey ], where [g,7]¢ denotes the G-orbit
(acting by simultaneous conjugation), and eg, for S a set, is the characteristic function
of S written formally as es = ) g e®. Packaging these together,

cha(En,g)) = Brecchs(Eng)) - (7.3)

So for finite groups at least, the Chern character maps to functions on commuting
pairs. The ring homomorphism property tells us that the fusion ring structure is the
usual tube algebra one (cf chapter 12 of [34]), so in terms of the cohomology basis,
the fusion product has been diagonalised. Theorem 1.19 of [5] tells us chg : K&(G) ®z
C — HP°(G//G) is an isomorphism of C-vector spaces. (Of course in odd degree, both
vanish.) Any field in which the relevant eigenvalues live, would have worked in place of
C, so we could have used e.g. the cyclotomic field Q[£] in place of C, if we had wanted.

Our point is that not only the fusion product has a simplified interpretation in
the cohomology basis. We can think of the SLy(Z)-representation as living in bivari-
ant cohomology HP*(G//G,G//G). The homology group of the torus is of course
Hy(T?;Z) = 72. The set of all group homomorphisms f : Ho(T?;Z) — G are in natural
bijection with pairs (g, h) € ¢p(G), namely f(1,0) = g and f(0,1) = h. The group G acts
naturally on itself by conjugation, and hence likewise on these maps f(m,n) by conju-
gation. This recovers the G-action on ¢p(G) given above. The modular group SLo(Z) of
the torus acts naturally on homology Ha(T?;7Z) (as change of basis), and hence likewise
on the f(m,n), and hence HP*(G//G).

This SLy(Z)-action can be worked out explicitly. For each u = (‘; Z) € SLq(Z),
construct a correspondence

G//G G//G

(GxG//GxG,P,)
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where P, is the element of H P°(G'x G //GxG) with fibre 0 everywhere except for C above
the point (g,7; g%, g°v%) € cp(G)?. Then the combination of pullback, multiplying by
P, and pushforward is the map sending (g,7) to (g%7¢, g°7%).

The Chern character in the presence of a 3-cocycle w is not much different. The target
will consist of maps ¢p(G) — C which are covariant with respect to a G-action which
twists C by a factor coming from w. The resulting SLy(Z)-action is (7.1) with phases
thrown in.

7.2. The torus

Determining the Chern character for twisted equivariant K-theory such as "K%(G)
for G compact is the main purpose of [37]. We specialise to the case of the torus here
and give the more general result next subsection.

Recall a transgressed twist of T acting trivially on itself is given by an even lat-
tice L C R?. The Chern character of = Kx(T) should localise to conjugacy classes,
i.e. elements p + L € T for all 4 € L*, where T is identified with R?/L. We obtain
"KEH(T) ®z C = ®pyjer+/n™ HF(T), where " H3(T) is C or 0 depending on whether
or not x = d. Thus we can regard the vector space *K7.(T') ®z C as having a ‘Chern’
basis parametrised by classes [i] € L*/L, which we can embed into the C?¢ algebra as
(1] > (e2mimAad o e2milAa)) where \; is some basis of L*. That this is a ring homo-
morphism, means the Chern character diagonalises the fusion product, as with the last
subsection.

A natural guess is that, at least for the torus, the SLa(Z)-action on the (complexified)
fusion ring is related to Mukai’s projective SLo(Z)-action on the derived category for
abelian varieties. We sketch how this should go in the following, which is a twisted version
of [48].

Suppose that G is a (commutative) torus 7. Then in the standard (non-equivariant)
T-duality one takes

T T*
\ /
T x T* 5)

where T* is not the Pontryagin group dual of T' (relevant to the usual Fourier transform)
but the dual torus. In the equivariant case, one takes

T//.T T /) 1+ T*

/

(T xT")//Lxr-(T xT*), P)
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where P is the Poincaré bundle, which can be thought of as the equivariant T'x T bundle
P on T x T* which lives on (g, 7) with representation (7, —g). The (equivariant) Fourier-
Mukai functor S : Dy(T) — Dh.(T*) is a triangulated category equivalence between
those derived categories, built from P. This map is defined over K-theory on Z. Fix a
non-degenerate line bundle L over T (this will correspond to a choice of ‘level’). Then we
get a projective SLa(Z)-action on the complexification of the K-group of D4(T), where
the modular matrix T),,q corresponds to multiplying a K-class by L and the modular
S matrix corresponds to ¢7, oS, for ¢ : T — T™ an isogeny. These matrices can be
computed using the pre-quantised points which carry the K-theory, as in the proof of
Proposition 2 in section 6.2 above. This action is merely projective because S} acts as
degree shifts (rather than the identity); put another way, we are missing the e~ Tic/12
factor (here a 24th root of 1) in the matrix Tp. This projectivity is similar to what
happens in a modular tensor category, and isn’t significant. Apart from it, this should
match the SLy(Z)-representation (4.2), (4.3) at the appropriate level. This action then
descends to the Grothendieck group K (D5 (T)) = LK(T).

7.3. G compact connected simply-connected

Consider finally the (most interesting) case of the loop group of compact connected
simply-connected G. Understanding the (twisted equivariant) Chern character here is the
main point of [37]. There, " K¢ (G)©zC is identified with @47 H7 (GY; 7 L(g)), where the
sum is over conjugacy class representatives modulo the Weyl group. All but finitely many
of those twisted cohomology groups are trivial; the only g that contribute are when g lies
in the conjugacy classes exp(2mi(A + p)/(k + hY)) as A runs through the level k highest
weights Pﬂ which each contribute 1-dimension when x equals the rank(G). For SU(2)
these conjugacy classes have representatives diag(fé( Kt2)) 52_(2 +2)) wherel =1,...,k+1
and &, = €*™/. We should think of the direct sum of those twisted cohomology groups
as the space spanned by the characters of G evaluated at those special g. That is how
to think of the Chern characters here: as a vector-valued map (one component for each
special conjugacy class g). As it must be, this is a ring homomorphism. One can think
of this as the map associating primary A to the vector (S,\’H/SO,#)#GPi. Although this
is a ring homomorphism, it is simpler to drop the denominators, and re(gard this as

a map A — (Sx,)uep,. In either case, SLy(Z) doesn’t act any simpler: again

-10
corresponds to S and ((1J }) goes to STS* =T*S*T*. So the image of ((1) }) is no longer
10
11

to T. So although we haven’t simplified the SLy(Z) action, we are now in a complex

diagonal. However, the matrix corresponding to ( ) will be diagonal, and correspond
vector space, and we have diagonalised the fusion products.

The expectation here is that we can derive the SLa(Z) action from that of the maximal
torus, equivariantised over the (finite) Weyl group W. In particular, Atiyah [2] proved
that the restriction map from K¢ (X) — K7 (X) has a natural left inverse, so K (X)
is a direct summand of K7(X), contained in the W-invariant part. This W-action on
K%(X) can be realised by K K-elements. Presumably this extends to Z3-twists. We're
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interested in X = G, and then we project Kx(G) — LK% (T), where L = (k + hY)Q",
through the inclusion of the space T into G. The latter is the fusion algebra of the
torus, with a basis parametrised (if we like) by theta functions (which carry the SLy(Z)
action corresponding to its modular data), and because of Kac-Peterson we know we can
identify the characters of the loop group with alternating sums over W of those theta
functions, divided by some anti-symmetric denominator. It all sounds like we should
be able to recover not only the loop group modular data, but in fact the characters
themselves by reducing it to the maximal torus and (anti)-symmetrising over W in the
appropriate way.
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