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GEOMETRIC STRUCTURES ON THE ORBITS OF LOOP DIFFEOMORPHISM GROUPS
AND RELATED HEAVENLY-TYPE HAMILTONIAN SYSTEMS. II

O. E. Hentosh,1 Ya. A. Prykarpatskyy,2,3 A. A. Balinsky,4 and A. K. Prykarpatski5 UDC 517.9

We present a review of differential-geometric and Lie-algebraic approaches to the study of a broad class
of nonlinear integrable differential systems of “heavenly” type associated with Hamiltonian flows on the
spaces conjugated to the loop Lie algebras of vector fields on the tori. These flows are generated by
the corresponding orbits of the coadjoint action of the diffeomorphism loop group and satisfy the Lax–
Sato-type vector-field compatibility conditions. The corresponding hierarchies of conservation laws and
their relationships with Casimir invariants are analyzed. We consider typical examples of these systems
and establish their complete integrability by using the developed Lie-algebraic construction. We also
describe new generalizations of the integrable dispersion-free systems of heavenly type for which the
corresponding generating elements of the orbits have factorized structures, which allows their extension
to the multidimensional case.

1. Multidimensional Systems of the Heavenly Type: Modified Lie-Algebraic Scheme

Let gDi↵±(Tn), n 2 Z+, be subgroups of the diffeomorphism loop group

gDi↵(Tn) := {C ⊃ S1 ! Di↵(Tn)}

holomorphically extended to the interior D1
+ ⇢ C and exterior D1

− ⇢ C of the central unit disk D1 ⇢ C1
,

respectively, so that

g̃(1) = 1 2 Di↵(Tn)

for any g̃(λ) 2 gDi↵−(Tn), λ 2 D1
−. The corresponding Lie subalgebras

gdi↵±(Tn) ' gVect±(Tn)

of the diffeomorphism loop subgroups gDi↵±(Tn) form vector fields on Tn that are holomorphic on the do-
mains D1

± ⇢ C1
, respectively, where, for any ã(λ) 2 gdi↵−(Tn), we have ã(1) = 0.

The Lie algebra gdi↵(Tn) can be split into the direct sum of two Lie subalgebras:

gdi↵(Tn) = gdi↵+(Tn)⊕gdi↵−(Tn).
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Its regular adjoint space gdi↵(Tn)⇤ with respect to the convolution:

(l̃|ã) := res
2C

(l(x;λ)|a(x;λ))H0 , (1.1)

where

(l(x;λ)|a(x;λ))H0 :=

Z

Tn

dxhl(x;λ), a(x;λ)i

is the ordinary scalar product in the Hilbert space H
0 := L2(Tn;Rn) for any elements l̃ 2 gdi↵(Tn)⇤ and ã 2

gdi↵(Tn) of the form

ã =
nX

j=1

a
(j)(x;λ)

@

@xj
:=

⌧
a(x;λ),

@

@x

�
,

l̃ =

nX

j=1

lj(x;λ)dxj := hl(x;λ), dxi,

can be identified with the Lie algebra gdi↵(Tn)⇤. Here,

@

@x
:=

✓
@

@x1
,

@

@x2
, . . . ,

@

@xn

◆|

denotes the operator of gradient in the Euclidean space (En; h·, ·i). The Lie commutator of any vector fields
ã, b̃ 2 gdi↵(Tn)can be found according to the rule

[ã, b̃] = ãb̃− b̃ã

=

⌧⌧
a(x;λ),

@

@x

�
b(x;λ),

@

@x

�
−

⌧⌧
b(x;λ),

@

@x

�
a(x;λ),

@

@x

�
.

In addition, we have the following identification of regular adjoint subspaces:

gdi↵+(Tn)⇤ ' gdi↵−(Tn), gdi↵−(Tn)⇤ ' gdi↵+(Tn),

where any l̃(λ) 2 gdi↵−(Tn)⇤ satisfies the condition l̃(0) = 0 .
We now construct the loop Lie algebra

G̃ := gdi↵(Tn)ngdi↵(Tn)⇤

as the semidirect sum of the Lie algebra gdi↵(Tn) and its regular adjoint space gdi↵(Tn)⇤ on which the Lie com-
mutator, for any pair of elements (ã1 n l̃1), (ã2 n l̃2) 2 G̃, is given by the rule

[ã1 n l̃1, ã2 n l̃2 ] := [ã1, ã2]n (ad⇤ã2 l̃1 − ad
⇤
ã1
2̃1), (1.2)
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where

ad
⇤
gdi↵(Tn)

: gdi↵(Tn)⇤ ! gdi↵(Tn)⇤,

(ad⇤ã l̃|b̃) := (l̃|[ã, b̃]) for l̃ 2 gdi↵(Tn)⇤ and any ã, b̃ 2 gdi↵(Tn),

is a standard coadjoint mapping of the Lie algebra gdi↵(Tn) on its regular adjoint space gdi↵(Tn)⇤ with respect
to convolution (1.1). On the Lie algebra G̃, we can introduce an ad-invariant nondegenerate scalar product in
the form

(ã1 n l̃1|ã2 n l̃2) := (l̃2|ã1) + (l̃1|ã2), (1.3)

where ã1 n l̃1 and ã2 n l̃2 2 G̃, which enables one to identify the regular adjoint space G̃⇤ with respect to (1.3)
for the algebra G̃ with this Lie algebra, i.e., G̃⇤ ' G̃.

We can split the Lie algebra G̃ into the direct sum of two subalgebras [1–3]: G̃ = G̃+ ⊕ G̃−, where

G̃+ := gdi↵(Tn)+ ngdi↵(Tn)⇤−, G̃− := gdi↵(Tn)− ngdi↵(Tn)⇤+.

This enables us to introduce a new Lie commutator on G̃ in the form

[w̃1, w̃2]R := [Rw̃1, w̃2] + [w̃1,Rw̃2],

where w̃1, w̃2 2 G̃, R := (P+ − P−)/2 is the standard R-operator homomorphism [10, 11, 15] on G̃ and,
by definition, P± : G̃ ! G̃± ⇢ G̃. Thus, we can apply the classical AKS (Adler–Konstant–Symes) theory to the
Lie algebra G̃ in order to construct Hamiltonian systems on the regular adjoint space G̃⇤ ' G̃ with the use of
hierarchies of Casimir invariants for the base Lie commutator (1.2).

To describe the corresponding Lie-algebraic scheme in detail, we determine the Casimir invariants h 2 I(G̃⇤).

By definition, these invariants satisfy the relation

ad
⇤
rh(l̃;ã)

(l̃; ã) = 0,

which can be rewritten in the commutator form as follows:

⇥
rh(l̃; ã), ãn l̃

⇤
= 0, (1.4)

where

rh(l̃; ã) := rh
l̃
nrhã 2 gdi↵(Tn)ngdi↵(Tn)⇤ = G̃

is the gradient of the Casimir invariant h 2 I(G̃⇤) at the point (l̃; ã) 2 G̃⇤ ' G̃. Relation (1.4) is equivalent to the
system of differential-algebraic equations

[rh
l̃
; ã] = 0,

ad
⇤
rhl̃

l̃ − ad
⇤
ãrhã = 0.
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In the explicit form, these equations can be rewritten as follows:

hrhl, @/@xi a− ha, @/@xirhl = 0,

(1.5)
h@/@x,rhli l + hl, (@/@x)rhl)i − h@/@x, airha − hrha, (@/@x)ai = 0,

where

rh
l̃
:= hrhl, @/@xi , l̃ := hl, dxi ,

rhã := hrha, dxi , ã := ha, @/@xi .

The system of linear equations (1.5) for a given element ã n l̃ 2 G̃, which is singular as |λ| ! 1, can be
solved by using the asymptotic expansions

rhl ⇠
X

j2Z+

rh
(j)
l

λ
−j

, rha ⇠
X

j2Z+

rh
(j)
a λ

−j
, (1.6)

which enable us to get the infinite hierarchy of gradients

rh
(p)(l̃; ã) = λ

prh(l̃; ã) 2 G̃, p 2 Z+,

for the corresponding Casimir invariants h
(p) 2 I(G̃⇤), p 2 Z+. If the given element ã n l̃ 2 G̃ is singular

as |λ| ! 0, then the system of linear equations (1.5) can be solved by using the asymptotic expansions

rhl ⇠
X

j2Z+

rh
(j)
l

λ
j
, rha ⇠

X

j2Z+

rh
(j)
a λ

j
, (1.7)

which enable us to construct an infinite hierarchy of gradients

rh
(p)(l̃; ã) = λ

−prh(ã, l̃) 2 G̃, p 2 Z+,

for the corresponding Casimir invariants h
(p) 2 I(G̃⇤), p 2 Z+.

Further, we assume that the gradients

rh
(y)(ã; l̃) := λ

pyrh
(1)(ã, l̃) and rh

(t)(ã; l̃) := λ
pyrh

(2)(ã; l̃) 2 G̃

are found for two Casimir invariants h
(1)

, h
(2) 2 I(G̃⇤) (not necessarily different) with some integer py, pt 2 Z

satisfying Eq. (1.5). By using the classical AKS theory, we construct two commuting flows for the evolutionary
parameters y, t 2 R in the regular adjoint space G̃⇤ ' G̃ :

@

@y
ã = −

h
rh

(y)

l̃,+
, ã

i
,

@

@t
ã = −

h
rh

(t)

l̃,+
, ã

i
(1.8)

and

@

@y
l̃ = −ad

⇤
rh

(y)

l̃,+

l̃ + ad
⇤
ã

�
rh

(y)
ã,+

�
,

@

@t
l̃ = −ad

⇤
rh

(t)

l̃,+

l̃ + ad
⇤
ã

�
rh

(t)
ã,+

�
, (1.9)
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where

�
rh

(y)

l̃,+
nrh

(y)
ã,+

�
:= P+rh

(y)(ã; l̃) 2 G̃+ and
�
rh

(t)

l̃,+
nrh

(t)
ã,+

�
:= P+rh

(t)(ã; l̃) 2 G̃+

are the projections of the corresponding asymptotic expansions (1.6) and (1.7). For the chosen element ã n l̃ 2
G̃⇤ ' G̃ , flows (1.8) and (1.9) are caused by the Hamiltonian flows

@

@y
(ãn l̃) = {ãn l̃, h

(y)}R,
@

@t
(ãn l̃) = {ãn l̃, h

(t)}R (1.10)

generated by the R-deformed Lie–Poisson bracket [10–12, 15]:

{h, f}R :=
⇣
ãn l̃, [rh(l̃; ã),rf(l̃, ã)]R

⌘
(1.11)

in the regular adjoint space G̃⇤ ' G̃. Here, h, f 2 D(G̃⇤) are Fréchet-smooth functionals. The condition of
commutativity of these flows is equivalent to the following system of two equations:

h
rh

(y)

l̃,+
,rh

(t)

l̃,+

i
− @

@t
rh

(y)

l̃,+
+

@

@y
rh

(t)

l̃,+
= 0 (1.12)

and

ad
⇤
ãP̃ = 0,

P̃ = ad
⇤
rh

(y)

l̃,+

(rh
(t)
ã,+)− ad

⇤
rh

(t)

l̃,+

(rh
(y)
ã,+)−

@

@t
rh

(y)
ã,+ +

@

@y
rh

(t)
ã,+

for any element ãn l̃ 2 G̃.
Thus, the following statement is true:

Proposition 1.1. Hamiltonian flows (1.10) in a regular adjoint space G̃⇤ ' G̃ generate the systems of com-
muting evolutionary equations (1.8) and (1.9). The commutativity condition for the evolutionary equations (1.8)
is equivalent to the Lax–Sato compatibility condition (1.12) for a certain system of nonlinear partial differential
equations of the heavenly type.

We generalize the described scheme of construction of Hamiltonian flows in the regular adjoint space G̃⇤

as follows:

We parametrize the Lie algebra G̃ by using the point product G̃S1:=
Y

z2S1
G̃ and consider its central extension

by the Maurer–Cartan 2-cocycle !̃2 : G̃ ⇥ G̃ ! C :

!̃2(ã1 n l̃1, ã2 n l̃2) :=

Z

S1

[(l1, @ã2/@z)− (l2, @ã1/@z)],

where ã1 n l̃1, ã2 n l̃2 2 G̃. On the central extension G̃ := G̃ ⊕ C, the commutator is given by the rule

⇥
(ã1 n l̃1;↵1), (ã2 n l̃2;↵1)

⇤
:=

�
[ã1, a2]n (ad⇤ã1 l̃2 − ad

⇤
ã2
l̃1); !̃2(ã1 n l̃1, ã2 n l̃2)

�

for any pair of elements (ã1 n l̃1;↵1), (ã2 n l̃2;↵1) 2 G̃.
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For any smooth functionals h, f 2 D(G⇤), the R-deformed Lie–Poisson bracket (1.11) in the regular adjoint
space G̃⇤ has the form

{h, f}R :=
�
ãn l̃, [rh(l̃; ã),rf(l̃; ã)]R

�

+ !̃2

�
Rrh(l̃; ã),rf(l̃, ã)

�
+ !̃2

�
rh(l̃; ã),Rrf(l̃; ã)

�
. (1.13)

The corresponding Casimir invariants h
(p) 2 I(G̃⇤), p 2 Z+, are determined by the standard Lie–Poisson

bracket as follows:

{h(p), f} = 0,

�
ãn l̃, [rh

(p)(l̃, ã),rf(ã, l̃)]
�
+ !̃2(rh

(p)(ã, l̃),rf(ã, l̃)),

(1.14)

for all smooth functionals f 2 D(G̃⇤). By using equality (1.14), we conclude that the gradients rh
(p) 2 G̃ of the

Casimir invariants h
(p) 2 I(G̃⇤), p 2 Z+, satisfy the equations

[rh
l̃
ã]− @

@z
rh

l̃
= 0, ad

⇤
rhl̃

l̃ − ad
⇤
ãrhã −

@

@z
rhã = 0

for any chosen element ã n l̃ 2 Ḡ⇤
. By using some of the obtained Casimir invariants h

(y)
, h

(t) 2 I(G̃⇤) and
relation (1.13), we construct the following commuting Hamiltonian flows in the regular adjoint space G̃⇤ :

@

@y
(ãn l̃) =

�
ãn l̃, h

(y)
 
R,

@

@t
(ãn l̃) =

�
ãn l̃, h

(t)
 
R, (1.15)

which are equivalent to the system of evolutionary equations

@

@y
ã = −

⇥
rh

(y)

l̃,+
, ã
⇤
+

@

@z
rh

(y)

l̃,+
,

@

@t
ã = −

⇥
rh

(t)

l̃,+
, ã
⇤
+

@

@z
rh

(t)

l̃,+
, (1.16)

and
@

@y
l̃ = −ad

⇤
rh

(y)

l̃,+

l̃ + ad
⇤
ã(rh

(y)
ã,+

) +
@

@z
rh

(y)
ã,+

,

@

@t
l̃ = −ad

⇤
rh

(t)

l̃,+

l̃ + ad
⇤
ã(rh

(t)
ã,+

) +
@

@z
rh

(t)
ã,+

.

(1.17)

The condition of commutativity of these flows is given by the following system of two equations:

h
rh

(y)

l̃,+
,rh

(t)

l̃,+

i
− @

@t
rh

(y)

l̃,+
+

@

@y
rh

(t)

l̃,+
= 0

and

@P̃

@z
+ ad

⇤
ãP̃ = 0,

P̃ = ad
⇤
rh

(y)

l̃,+

(rh
(t)
ã,+)− ad

⇤
rh

(t)

l̃,+

(rh
(y)
ã,+)−

@

@t
rh

(y)
ã,+ +

@

@y
rh

(t)
ã,+
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for any ã n l̃ 2 G̃. The first of these equations can be regarded as the Lax-type compatibility condition for the
evolutionary equations (1.16). As a consequence, we can formulate the following statement:

Proposition 1.2. The Hamiltonian flows (1.15) in the regular adjoint space G̃⇤ ' G̃ generate systems of
commuting evolutionary equations (1.16) and (1.17). The commutativity condition for the evolutionary equations
(1.16) is, in fact, the compatibility condition for the set of linear vector-field equations

@ /@y +rh
(y)

l̃,+
 = 0, @ /@z + ã = 0, @ /@t+rh

(t)

l̃,+
 = 0 (1.18)

for all (y, t;λ, z, x) 2 R2 ⇥ (C⇥ S1 ⇥ Tn) and the function  2 C
2(R2 ⇥ (C⇥ S1 ⇥ Tn);C); moreover, on the

orbits of coadjoint action of the Lie algebra G̃ it is reduced to a system of nonlinear partial differential equations
of heavenly type.

According to the Lie-algebraic approach described above, every Casimir invariant h
(j) 2 I(G⇤), j 2 Z+,

for the element ã n l̃ 2 G⇤ generates, in the regular adjoint space G⇤
, the following hierarchy of commuting

Hamiltonian flows:
d

dtj
ã = −[rh

(j)

l̃,+
, ã] +

@

@z
rh

(j)

l̃,+
,

d

dtj
l̃ = −ad

⇤
rh

(j)

l̃,+

l̃ + ad
⇤
ã(rh

(j)
ã,+

) +
@

@z
rh

(j)
ã,+

.

(1.19)

The hierarchy of flows (1.19) can be represented with the help of a generating vector field

@

@t
:=

X

j2Z+

µ
−j

@

@tj

as follows:
d

dt
ã(λ) = − µ

µ− λ
[rh

l̃
(µ), ã(λ)|+ µ

µ− λ

@

@z
rh

l̃
(µ) (1.20)

and
d

dt
(l̃(λ)|Ỹ (λ)) =

µ

µ− λ
(l̃(λ)|[rh

l̃
(µ)), Ỹ (λ)])

+
µ

µ− λ

�
rhã(λ)|[ã(µ), Ỹ (λ)]

�
− µ

µ− λ

✓
@

@z
rh

l̃
(µ)|Ỹ (λ)

◆

=
⇣
i µ
µ

rhl̃(µ)
dl̃(λ)|Ỹ (λ)

⌘
+

⇣
d i µ

µ
rhl̃(µ)

l̃(λ)|Ỹ (λ)
⌘

− µ

µ− λ
(hd/dx,rh

l̃
(µ)il̃(λ)|Ỹ (λ))− µ

µ− λ

✓
@

@z
rhã(µ)|Ỹ (λ)

◆

−
⇣
i µ
µ

ã(µ)drhã(λ)|Ỹ (λ)
⌘
+

⇣
d i µ

µ
ã(µ)rhã(λ)|Ỹ (λ)

⌘
, (1.21)

where Ỹ (λ) 2 G and µ 2 C is such that |λ/µ| < 1 as |λ|, |µ| ! 1. Here,

gdi↵(Tn) ' Γ̃(Tn) and gdi↵(Tn)⇤ ' ⇤̃1(Tn).
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For the generating element ã(λ)n l̃(λ) 2 Γ̃(Tn)n ⇤̃1(Tn), relations (1.20) and (1.21) can be rewritten in the form

d

dt
ã(λ) =

@

@z
K̃(µ,λ) (1.22)

and

d

dt
l̃(λ) =

µ

µ− λ
hd/dx,rhl(µ)il̃(λ) + L

Ã(µ,)rhã(µ) +
@

@z
rhã(µ)

:= div K̃(µ,λ) l̃(λ) +
d

dz
rhã(µ), (1.23)

where

d/dt := @/@t+ L
K̃(µ,), d/dz :=

µ

µ− λ
@/@z + L

Ã(µ,),

and also

L
K̃(µ,) = i

K̃(µ,)d+ di
K̃(µ,) and L

Ã(µ,) = i
Ã(µ,))d+ di

Ã(µ,)

are the Cartan expressions [11, 13, 14] for the derivatives along the vector fields

K̃(µ,λ) :=
µ

µ− λ
rh

l̃
(µ) =

µ

µ− λ

⌧
rhl(µ),

d

dx

�

and

Ã(µ,λ) :=
µ

µ− λ
ã(µ) =

µ

µ− λ

⌧
a(µ),

d

dx

�
,

respectively, where |λ/µ| < 1 as |µ|, |λ| ! 1, which are equivalent to the hierarchies of the Lax–Sato equations
[5, 6, 8, 9, 16–18] for the generating flows (1.23) and (1.22). These flows can be interpreted by using the classical
Lagrange–d’Alembert principle [13] in exactly the same way as in [4].

The proposed Lie-algebraic scheme can be used to construct a broad class of integrable multidimensional
systems of heavenly type on function spaces.

1.1. Example: New Modified Mikhalev–Pavlov Equation in the Four-Dimensional Space. If the generat-
ing element ãn l̃ 2 G̃⇤ of Hamiltonian flows in the regular adjoint space G̃⇤ is chosen in the form

ãn l̃ = ((ux + vxλ− λ
2)@/@xn (wx + ⇣xλ)dx), (1.24)

where u, v, w, ⇣ 2 C
2(R2 ⇥ S1 ⇥ T1;R), then the asymptotic expansions of coordinates of the gradient of the

corresponding unique functionally independent Casimir invariant h 2 I(G̃⇤) as |λ| ! 1 can be represented
in the form

rh
l̃
' 1− vxλ

−1 − uxλ
−2 − vzλ

−3 − (uz + vxvz − 2(@−1
x vxxvz))λ

−4

+ vyλ
−5 − (−uy − vxvy + 2(@−1

x vxxvy))λ
−6 + . . . ,
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rhã ' −⇣xλ
−1 − wxλ

−2 − ⇣zλ
−3 − (wz − ⇣xvz + 2vx⇣z + (@−1

x vx⇣x)z)λ
−4

+ ⇣yλ
−5 − (−wy + ⇣xvy − 2vx⇣y + (@−1

x vx⇣x)y)λ
−6 + . . . .

In the case where

rh
(y)

l̃,+
:= λ

4 − vxλ
3 − uxλ

2 − vzλ− (uz + vxvz − 2(@−1
x vxxvz)),

rh
(y)
ã,+ := −⇣xλ

3 − wxλ
2 − ⇣zλ− (wz − ⇣xvz + 2vx⇣z − (@−1

x vx⇣x)z)

and

rh
(t)

l̃,+
:= λ

6 − vxλ
5 − uxλ

4 − vzλ
3 − (uz + vxvz − 2(@−1

x vxxvz))λ
2

+ vyλ− (−uy − vxvy + 2(@−1
x vxxvy)),

rh
(t)
ã,+ := −⇣xλ

5 − wxλ
4 − ⇣zλ

3 − (wz − ⇣xvz + 2vx⇣z − (@−1
x vx⇣x)z)λ

2

+ ⇣yλ− (−wy + ⇣xvy − 2vx⇣y + (@−1
x vx⇣x)y),

the commutativity condition for the Hamiltonian flows (1.15) is reduced to the following system of equations:

uzt + uyy = −uyuxz + uzuxy − vyvxy + vzvxt − uzvyvxx + uyvzvxx

− v
2
xvzvxy + v

2
xvyvxz − 2euxy − 2suxz + 2et − 2sy + 2evyvxx + 2svzvxx,

vzt + vyy = −uyvxz + uzvxy − vyuxz + vzuxy

− 2evxy − 2svxz − 2vxvyvxz + 2vxvzvxy,

−uxy − uzz = uxuxz − uzuxx − uxxvxvz

+ uxvxzvx − uxvxxvz + (vxvz)z + 2uxxe− 2ez, (1.25)

−vxy − vzz = uxzvx − uzvxx − uxxvz + uxvxz − 2vxxvxvz + v
2
xvxz + 2vxxe,

−uxt + uyz = −uxuxy + uyuxx + uxxvxvy

− uxvxyvx + uxvxxvy − (vxvy)z + 2uxxs− 2sz,

−vxt + vyz = −uxyvx + uyvxx + uxxvy

− uxvxy + 2vxxvxvy − v
2
xvxy + 2vxxs,

ex = vxxvz, sx = −vxxvy.
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As a result of the reduction v = 0, we get a collection of independent differential relations obtained in [18–20],
namely, two four-dimensional (in the space variables) equations

uzt + uyy = −uyuxz + uzuxy (1.26)

and

−uxt + uyz = −uxuxy + uyuxx (1.27)

and one three-dimensional (in the space variables) equation

−uxy − uzz = uxuxz − uzuxx. (1.28)

In particular, in the case of reduction of independent space variables x ! y 2 R, t ! z 2 R, Eq. (1.27)
becomes trivial, while Eqs. (1.26) and (1.28) are reduced to the Mikhalev–Pavlov-type equation

uzz + uyy = −uyuyz + uzuyy. (1.29)

Proposition 1.3. The modified system of Mikhalev–Pavlov equations (1.25) admits a vector-field Lax–Sato
representation with a “spectral” parameter λ 2 C and the generating element ãn l̃ 2 G̃⇤ of the form (1.24).

The generating element (1.24) can be rewritten in the form

ãn l̃ :=
@⌘̃

@x

@

@x
n d⇢̃, ⌘̃ = u+ vλ− λ

2
x, ⇢̃ = w + ⇣λ, (1.30)

which is explicitly connected with the space of moduli of gauge connectedness for the coadjoint action of the
corresponding Casimir invariants. This enables one to construct multidimensional generalizations of system (1.30)
by choosing the generating element in the form

ãn l̃ := hr⌘̃,rin d⇢̃, (1.31)

where ⌘̃, ⇢̃ 2 ⌦0(Tn)⌦ C, n 2 N. Case (1.31) will be analyzed elsewhere.

1.2. Example: New Modified Martı́nez-Alonso–Shabat Equation in the Five-Dimensional Space. For a gen-
erating element ãn l̃ 2 G̃⇤ of the form

ãn l̃ = (((ux1 + cux2) + cλ)@/@x1 + ((vx1 + cvx2) + cλ)@/@x2)

n ((wx1 + cwx2)dx1 + (⇣x1 + c⇣x2)dx2), (1.32)

where u, v, w, ⇣ 2 C
2(R2⇥S1⇥T2;R), c 2 R\{0}, we obtain the following asymptotic expansions of coordinates

for the gradients of the corresponding two independent Casimir invariants h
(1)

, h
(2) 2 I(G̃⇤) as |λ| ! 1 :

rh
(1)

l̃
'

 
1 + (ux1 + cux2)λ

−1 − uzλ
−2 + . . .

c+ (vx1 + cvx2)λ
−1 − vzλ

−2 + . . .

!
,
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rh
(1)
ã

'
 
(wx1 + cwx2)λ

−1 − wzλ
−2 + . . .

(⇣x1 + c⇣x2)λ
−1 − ⇣zλ

−2 + . . .

!
,

and

rh
(2)

l̃
'

 
1 + (ux1 − cux2)λ

−1 + λ
−2 + . . .

−c+ (vx1 − cvx2)λ
−1 + !λ

−2 + . . .

!
,

rh
(2)
ã

'
 
(wx1 − cwx2)λ

−1 + %λ
−2 + . . .

(⇣x1 − c⇣x2)λ
−1 + χλ

−2 + . . .

!
,

where

x1 + cx2 = −(uzx1 − cuzx2)

+ 2c(ux1ux1x2 − ux2ux1x1 + vx1ux2x2 − vx2ux1x2),

(1.33)
!x1 + c!x2 = −(vzx1 − cvzx2)

+ 2c(ux1vx1x2 − ux2vx1x1 + vx1vx2x2 − vx2vx1x2),

and

%x1 + c%x2 = −(wzx1 − cwzx2)

+ 2c(ux1wx1x2 − ux2wx1x1 + 2wx2ux1x1 − 2wx1ux1x2

+ vx1wx2x2 − vx2wx1x2 + wx2vx1x2 − wx2vx2x2 + ⇣x2vx1x1 − ⇣x1vx1x2),

χx1 + cχx2 = −(⇣zx1 − c⇣zx2)

+ 2c(vx1⇣x2x2 − vx2⇣x1x2 + 2⇣x2vx1x2 − 2⇣x1vx2x2

+ ux1⇣x1x2 − ux2⇣x1x1 + ⇣x2ux1x1 − ⇣x1ux1x2 + wx2ux1x2 − wx1ux2x2).

If

rh
(y)

l̃,+
:=

 
λ
2 + (ux1 + cux2)λ− uz

cλ
2 + (vx1 + cvx2)λ− vz

!
, rh

(y)
ã,+ :=

 
(wx1 + cwx2)λ− wz

(⇣x1 + c⇣x2)λ− ⇣z

!

and

rh
(t)

l̃,+
:=

 
λ
2 + (ux1 − cux2)λ+ 

−cλ
2 + (vx1 − cvx2)λ+ !

!
, rh

(t)
ã,+ :=

 
(wx1 − cwx2)λ+ %

(⇣x1 − c⇣x2)λ+ χ

!
,

then the commutativity condition for the Hamiltonian flows (1.15) is reduced to the following system of equations
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of heavenly type:

uzt + y = −uzx1− uzx2! + uzx1 + vzx2 ,

vzt + !y = −vzx1− vzx2! + uz!x1 + vz!x2 ,

uyx1 + cuyx2 = −(ux1 + cux2)uzx1 − (vx1 + cvx2)uzx2

+ (ux1x1 + cux1x2)uz + (ux1x2 + cux2x2)vz − uzz,

vyx1 + cvyx2 = −(ux1 + cux2)vzx1 − (vx1 + cvx2)vzx2

+ (vx1x1 + cvx1x2)uz + (vx1x2 + cvx2x2)vz − vzz,

utx1 + cutx2 = (ux1 + cux2)x1 + (vx1 + cvx2)x2

− (ux1x1 + cux1x2)− (ux1x2 + cux2x2)! + z,

(1.34)

vtx1 + cvtx2 = (ux1 + cux2)!x1 + (vx1 + cvx2)!x2

− (vx1x1 + cvx1x2)− (vx1x2 + cvx2x2)! + !z.

Thus, the following assertion is true:

Proposition 1.4. The constructed system of equations of heavenly type (1.34), (1.33) admits a vector-field
Lax–Sato representation with “spectral” parameter λ 2 C, which is connected with the element ã n l̃ 2 G̃⇤

in the form (1.32).

For v = u, ! = , and c = 1, system (1.34), (1.33) can be reduced to the following system:

uzt + y = −(uzx1 + uzx2)+ uz(x1 + x2),

x1 + x2 = −(uzx1 − uzx2)− 2((ux1ux2)x1 − (ux1ux2)x2).

(1.35)

The presence of additional constraints uz = ux1 + ux2 for Eqs. (1.35) leads to the following system:

(u
t̃x1

+ u
t̃x2

)− (uỹx1 − uỹx2) = ux1x2(ux1 − ux2)− ux1x1ux2 + ux2x2ux1 − ux1x2(u
2
x1

− u
2
x2
)

− ux1x1ux2(ux1 + ux2) + ux2x2ux1(ux1 + ux2)

− 2⇢ỹ + (ux1x1 + 2ux1x2 + ux2x2)⇢,

⇢x1 + ⇢x2 = (ux1ux2)x1 − (ux1ux2)x2 ,

where t̃ = 2t and ỹ = 2y, which can be regarded as a modification of the system of Martı́nez-Alonso–Shabat-type
equations of heavenly type [21].
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2. Multidimensional Systems of “Heavenly” Type: Generalized Lie-Algebraic Structures

For subsequent generalizations of the Lie-algebraic scheme connected with the loop group gDi↵(Tn) on the
torus Tn

, n 2 Z+, we can use the approach proposed in [5].
Since the Lie algebra gdi↵(Tn) is formed by elements of a loop group analytically extended from the circle

S1 := @D1
, which is the boundary of the central unit disk D1 ⇢ C, with the help of a complex “spectral”

variable λ 2 C, both to the interior D1
+ ⇢ C and to the exterior D1

− ⇢ C of the disk D1 ⇢ C, it is analytically
invariant under the diffeomorphism group of the circle Di↵(S1). This property enables one to consider the extended
Lie algebra

di↵(Tn ⇥ C) = gdi↵(Tn ⇥ D1
+)⊕gdi↵(Tn ⇥ D1

−)

of holomorphic vector fields on the Cartesian product Tn

C := D1
±⇥Tn whose elements are vector fields of the form

ā(x;λ) := a0(x;λ)
@

@λ
+

⌧
a(x;λ),

@

@x

�
=

nX

j=1

aj(x;λ)
@

@xj
,

where x 2 Tn
, a(λ;x) 2 E⇥ En are vectors on E⇥ En holomorphic in λ 2 D1

±, and in addition,

@

@x
:=

✓
@

@λ
,

@

@x1
,

@

@x2
, . . . ,

@

@xn

◆|

denotes the gradient operator in the Euclidean space E ⇥ (En; h·, ·i) with respect to the vector variable x :=

(λ, x) 2 Tn

C.

Consider a semidirect sum

Ḡ := di↵(Tn ⇥ C)n di↵(Tn ⇥ C)⇤

of the loop Lie algebra di↵(Tn ⇥ C) and its regular adjoint space di↵(Tn ⇥ C)⇤ with respect to the convolution:

(l̄|ā) := res
2C

(l(x)|a(x))H0

for any l̄ 2 di↵(Tn ⇥ C)⇤ and ā 2 di↵(Tn ⇥ C). Here, each element l̄ 2 di↵(Tn ⇥ C)⇤ has the form

l̄ := hl(x;λ), dxi = l0(x;λ)dλ+

nX

j=1

lj(x;λ)dxj .

The commutator on the loop Lie algebra Ḡ for any its elements ā1 n l̄1, ā2 n l̄2 2 Ḡ is given by the rule

[ā1 n l̄1, ā2 n l̄2] := [ā1, a2]n ad
⇤
a1
l̄2 − ad

⇤
a2
l̄1.

By using the decomposition of the Lie algebra Ḡ into the direct sum of two Lie subalgebras: Ḡ = Ḡ+ ⊕ Ḡ−,

we can construct the R-deformed commutator as follows:

⇥
ā1 n l̄1, ā2 n l̄2

⇤
R
:=

⇥
R(ā1 n l̄1), ā2 n l̄2

⇤
+

⇥
ā1 n l̄1, R(ā2 n l̄2)

⇤
,

where ā1 n l̄1, ā2 n l̄2 2 Ḡ, R := (P+ − P−)/2, and P±Ḡ := Ḡ± ⇢ Ḡ.
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On the Lie algebra Ḡ, we can introduce an ad-invariant nondegenerate scalar product:

(ān l̄|r̄ n m̄) := res
2C

(ān l̄|r̄ n m̄)H0 ,

where, by definition,

(ān l̄|r̄ n m̄)H0 = (m̄|ā)H0 + (l̄|r̄)H0 (2.1)

for any pair of elements ān l̄, r̄n m̄ 2 Ḡ. By using this product, we can identify its regular adjoint space Ḡ⇤ with
the Lie algebra: Ḡ⇤ ' Ḡ.

For any smooth functionals f, g 2 D(Ḡ⇤), we can construct the following two Lie–Poisson brackets:

{f, g} :=
⇣
ān l̄|[rf(l̄; ā),rg(l̄; ā)]

⌘

and

{f, g}R :=
⇣
ān l̄|[rf(l̄; ā),rg(l̄; ā)]R

⌘
, (2.2)

where

rf(l̄; ā) := rf
l̄
nrfā ' hrf(l; a), (@/@x, dx)|i 2 Ḡ

and

rg(l̄; ā) := rg
l̄
nrgā ' hrg(l; a), (@/@x, dx)|i 2 Ḡ⇤

are the gradients of the functionals f, g 2 D(Ḡ⇤) with respect to the scalar product (2.1) at the point ānl̄ 2 Ḡ⇤ ' Ḡ.
Here,

rf
l̄
= hrfl, @/@xi, rfā = hrfa, dxi and rg

l̄
= hrgl, @/@xi, rgā = hrga, dxi.

Assume that a smooth functional h 2 I(Ḡ⇤) is the Casimir invariant, i.e.,

ad
⇤
rh(l̄,ā)(ān l̄) = 0 (2.3)

for a chosen element ā n l̄ 2 Ḡ⇤ ' Ḡ. Since, for any element ā n l̄ 2 Ḡ⇤ ' Ḡ and any smooth functional
f 2 D(Ḡ⇤), the coadjoint map has the form

ad
⇤
rf(l̄,ā)(ān l̄) = ([rh

l̃
, ã]n (ad⇤rhl̃

l̃ + ad
⇤
ãrhã),

we can rewrite condition (2.3) as follows:

[rh
l̃
, ã] = 0, ad

⇤
rhl̃

l̃ − ad
⇤
ãrhã = 0.

Moreover, the Casimir invariant h 2 I(Ḡ⇤) satisfies the system of equations

hrhl, @/@xi a− ha, @/@xirhl = 0,

(2.4)
h@/@x, ◦rhli l + hl, (@/@xrhl)i+ h@/@x, ◦airha + ha, (@/@xrha)i = 0.
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For any Casimir invariant h 2 D(Ḡ⇤), the system of equations (2.4) can be solved analytically. If the element
l̄ n ā 2 Ḡ⇤ has a singularity as |λ| ! 1, then, for every p 2 Z+, we determine this solution by using the
asymptotic expansion

rh
(p)(l; a) ⇠ λ

p
X

j2Z+

�
rh

(p)
l;j ;rh

(p)
a;j

�
λ
−j (2.5)

and substitute it in the system of equations (2.4). Hence, the asymptotic solutions of system (2.4) can be found
with the help of recurrence relations.

Further, we assume that, for some Casimir invariants h
(y)

, h
(t) 2 I(Ḡ⇤) involutive with respect to the Lie–

Poisson bracket (2.2), the generators of Hamiltonian vector fields can be chosen in the form

rh
(y)(l̄; ā)+ :=

�
rh

(py)(l̄; ā)
�
+
, rh

(t)(l̄; ā)+ :=
�
rh

(pt)(l̄; ā)
�
+
, (2.6)

where

rh
(y)(l̄; ā)+ :=

�
rh

(y)

l̄,+
nrh

(y)
ā,+

�
2 Ḡ+, rh

(t)(l̄; ā)+ :=
�
rh

(t)

l̄,+
nrh

(t)
ā,+

�
2 Ḡ+,

p
(y)
, p

(t) 2 Z+.

In view of the Lie–Poisson bracket (2.2), these invariants generate the commuting Hamiltonian flows

@

@y
(ān l̄) = −ad

⇤
rh(y)(l̄,ā)+

(ān l̄),

@

@t
(ān l̄) = −ad

⇤
rh(t)(l̄,ā)+

(ān l̄)

(2.7)

for any element ān l̄ 2 Ḡ⇤ ' Ḡ with respect to the evolutionary parameters y, t 2 R. The constructed flows (2.6)
can be represented in the form

@a/@y = −
⌧
rh

(y)
l

,
@

@x

�
a+

⌧
a,

@

@x

�
rh

(y)
l

,

@a/@t = −
⌧
rh

(t)
l
,
@

@x

�
a+

⌧
a,

@

@x

�
rh

(t)
l

(2.8)

and

@l/@y = −
⌧

@

@x
,rh

(y)
l

�
l −

⌧
l,

✓
@

@x
rh

(y)
l

◆�

+

⌧
@

@x
, a

�
rh

(y)
a +

⌧
a,

✓
@

@x
rh

(y)
a

◆�
,

@l/@t = −
⌧

@

@x
,rh

(t)
l

�
l −

⌧
l,

✓
@

@x
rh

(t)
l

◆�

+

⌧
@

@x
, a

�
rh

(t)
a +

⌧
a,

✓
@

@x
rh

(t)
a

◆�
.

(2.9)
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The commutativity condition for the flows (2.6) is equivalent to the system of equalities

h
rh

(y)

l̄,+
,rh

(t)

l̄,+

i
− @

@t
rh

(y)

l̄,+
+

@

@y
rh

(t)

l̄,+
= 0 (2.10)

and

ad
⇤
āP̄ = 0,

P̄ = ad
⇤
rh

(y)

l̄,+

(rh
(t)
ā,+)− ad

⇤
rh

(t)

l̄,+

(rh
(y)
ā,+)−

@

@t
rh

(y)
ā,+ +

@

@y
rh

(t)
ā,+,

where ānl̄ 2 Ḡ. In addition, equality (2.10) is the compatibility condition for the following three linear vector-field
equations:

@ 

@y
+rh

(y)

l̄,+
 = 0, ha, @/@xi = 0,

@ 

@t
+rh

(t)

l̄,+
 = 0, (2.11)

for some function  2 C
2(R2 ⇥ Tn

C;C), all y, t 2 R, and any x 2 Tn

C. The obtained results can be formulated as
the following statement:

Proposition 2.1. Let h(y), h(t) 2 I(Ḡ⇤) be Casimir invariants for the loop Lie algebra Ḡ with respect to the
scalar product (·, ·) at a point ā n l̄ 2 Ḡ⇤ of the regular adjoint space Ḡ⇤ ' Ḡ of this Lie algebra. Then evolu-
tions (2.7) on Ḡ⇤ are commuting Hamiltonian flows equivalent to the system of evolutionary equations (2.8), (2.9).
The commutativity condition for the evolutionary equations (2.8) is the condition of compatibility of three linear
vector-field equations (2.11).

Note that, in the case where the generating element ā n l̄ 2 Ḡ⇤ is singular as |λ| ! 0, the asymptotic
expansion (2.5) should be replaced by the formula

rh
(p)(l̄, ā) ⇠ λ

−p
X

j2Z+

rh
(p)
j

(l̄, ā)λj

for every p 2 Z+. The corresponding commuting Hamiltonian flows for the chosen integers py, pt 2 Z+ have
the form

@

@t
(ān l̄) = ad

⇤
rh(t)(l̄,ā)

(ān l̄),

@

@y
(ān l̄) = ad

⇤
rh(y)(l̄,ā)

(ān l̄),

where

rh
(y)(l̄, ā)− := λ(λ−py−1rh

(py)(l̄, ā))−,

rh
(t)(l̄, ā)− := λ(λ−pt−1rh

(pt)(l̄, ā))−,

and y, t 2 R.
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As in Sec. 3, we consider the central extension of the point product ḠS1:=
Y

z2S1
Ḡ of the holomorphic loop

Lie algebra Ḡ by the Maurer–Cartan 2-cocycle !̄2 : Ḡ ⇥ Ḡ ! C of the form

!̄2(ā1 n l̄1, ā2 n l̄2) :=

Z

S1

⇥
(l̄1, @ā2/@z)1 − (l̄2, @ā1/@z)1

⇤
,

where ā1 n l̄1, ā2 n l̄2 2 Ḡ.
For any smooth functionals h, f 2 D(Ḡ⇤) on the regular space Ḡ⇤ adjoint to the centrally extended holomor-

phic loop algebra Ḡ := Ḡ ⊕ C, the R-deformed Lie–Poisson bracket has the form

{h, f}R :=
�
ān l̄, [rh(l̄, ā),rf(l̄, ā)]R

�

+ !̄2

�
Rrh(l̄, ā),rf(l̄, ā)

�
+ !̄2

�
rh(l̄, ā),Rrf(l̄, ā)

�
. (2.12)

The corresponding Casimir invariants h
(p) 2 I(Ḡ⇤), p 2 Z+, are determined by the standard Lie–Poisson bracket

as follows:

{h(p), f} :=
�
ān l̄, [rh

(p)(l̄, ā),rf(l̄, ā)]
�
+ !̄2

�
rh

(p)(l̄, ā),rf(l̄, ā)
�
= 0

for any smooth functional f 2 D(Ḡ⇤).

It follows from equality (1.18) that the gradients rh
(p) 2 Ḡ of the Casimir invariants h

(p) 2 I(Ḡ⇤), p 2 Z+,

satisfy the equations

[rh
l̄
, ā]− @

@z
rh

l̄
= 0, ad

⇤
rhl̄

l̄ − ad
⇤
ārhā −

@

@z
rhā = 0

at the point ān l̄ 2 Ḡ⇤
.

For some Casimir invariants h
(y)

, h
(t) 2 I(Ḡ⇤), we use the Lie–Poisson bracket (2.12) to construct the com-

muting Hamiltonian flows on Ḡ⇤ :

@

@y
(ān l̄) = {ān l̄, h

(y)}R,
@

@t
(ān l̄) = {ān l̄, h

(t)}R. (2.13)

These flow are equivalent to the evolutionary equations

@

@y
ā = −

⇥
rh

(y)

l̄,+
, ā
⇤
+

@

@z
rh

(y)

l̄,+
,

@

@t
ā = −

⇥
rh

(t)

l̄,+
, ā
⇤
+

@

@z
rh

(t)

l̄,+

(2.14)

and

@

@y
l̄ = −ad

⇤
rh

(y)

l̄,+

l̄ + ad
⇤
ā(rh

(y)
ā,+

) +
@

@z
rh

(y)
ā,+

,

@

@t
l̄ = −ad

⇤
rh

(t)
l,+

l̄ + ad
⇤
ā(rh

(t)
ā,+

) +
@

@z
rh

(t)
ā,+

.

(2.15)
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The commutativity condition for these flows is equivalent to the system of equations

h
rh

(y)

l̄,+
,rh

(t)

l̄,+

i
− @

@t
rh

(y)

l̄,+
+

@

@y
rh

(t)

l̄,+
= 0 (2.16)

and

@P̄

@z
+ ad

⇤
āP̄ = 0,

P̄ = ad
⇤
rh

(y)

l̄,+

(rh
(t)
ā,+)− ad

⇤
rh

(t)

l̄,+

(rh
(y)
ā,+)−

@

@t
rh

(y)
ā,+ +

@

@y
rh

(t)
ā,+

for any ān l̄ 2 Ḡ.
Hence, the following statement is true :

Proposition 2.2. The Hamiltonian flows (2.13) on the regular adjoint space Ḡ⇤ generate systems of com-
muting evolutionary equations (2.14), (2.15). The commutativity condition for the evolutionary equations (2.14) is
equivalent to the Lax–Sato representation (2.16) for some system of nonlinear partial differential equations of the
heavenly type and coincides with the condition of compatibility of three linear vector-field equations

@ 

@y
+rh

(y)

l̄,+
 = 0,

@ 

@z
+ ha, @/@xi = 0,

@ 

@t
+rh

(t)

l̄,+
 = 0

for all (y, t, z; x) 2 (R2 ⇥ S1)⇥ Tn

C and some function  2 C
2((R2 ⇥ S1)⇥ Tn

C;C).

2.1. Example: New Generalized Mikhalev–Pavlov Equation in the Four-Dimensional Space. If the gen-
erating element ān l̄ 2 Ḡ⇤ has the form

ān l̄ =
�
(ux − λ)@/@x+ vx@/@λ

�
n (wxdx+ ⇠xdλ), (2.17)

where

u, v, w, ⇠ 2 C
2(R2 ⇥ (S1 ⇥ T1);R),

then the asymptotic expansions for the coordinates of gradients of the Casimir invariants h
(p) 2 I(Ḡ⇤), p 2 Z+,

as |λ| ! 1, take the form

rh
l̃
' λ

p

0

@
1− uxλ

−1 + (−uz + (p− 1)v)λ−2 + (uy + (p− 2)(−uxv + ))λ−3 + . . .

−vxλ
−1 − vzλ

−2 + (vy − (p− 2)vxv)λ
−3 + . . .

1

A ,

rhã ' λ
p

0

@
−wxλ

−1 − wzλ
−2 + (wy − (p− 2)(wv)x)λ

−3 + . . .

−⇠xλ
−1 − (⇠z + (p− 1)w)λ−2 + (⇠y − (p− 2)(−uxw + v⇠x + !))λ−3 + . . .

1

A ,

where p 2 Z+ and, in addition,

x = vz + uxvx, !x = wz − uxwx − vx⇠x. (2.18)
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In the case where

rh
(y)

l̃,+
:=

 
λ
2 − uxλ+ (−uz + v)

−vxλ− vz

!
,

rh
(y)
ã,+ :=

 
−wxλ− wz

−⇠xλ− (⇠z + w)

!

and

rh
(t)

l̃,+
:=

0

@
λ
3 − uxλ

2 + (−uz + 2v)λ+ (uy − uxv + )

−vxλ
2 − vzλ+ (vy − vxv)

1

A ,

rh
(t)
ã,+ :=

0

@
−wxλ

2 − wzλ+ (wy − (wv)x)

−⇠xλ
2 − (⇠z + 2w)λ+ (⇠y + uxw − v⇠x − !)

1

A ,

the commutativity condition for the Hamiltonian flows (2.13) is reduced to the following system of evolutionary
equations:

uzt + uyy = −uyuzx + uzuxy − uxyv − uzzv − uxz,

vzt + vyy = vv
2
x − v

2
z − vvxy − vvzz − uyvxz + uzvxy − uzv

2
x − vxz,

−uxy − uzz = uxuxz − uzuxx + uxxv,

−vxy − vzz = v
2
x + vxxv + uxvxz − uzvxx,

−uxt + uyz = −uxuxy + uyuxx + uxzv + uxx,

−vxt + vyz = −uxvxy + uyvxx + uxv
2
x + vxzv + vxx + 2vxvz.

(2.19)

For v = 0, we again arrive at system (1.29).
Thus, the following statement is true:

Proposition 2.3. The generalized Mikhalev–Pavlov system (2.19), (2.18) admits a vector-field Lax–Sato rep-
resentation (2.16) with “spectral” parameter λ 2 C generated by an element ān l̄ 2 Ḡ⇤ in the form (2.17).

Element (2.17) can be rewritten in the form

ãn l̃ :=

 
@⇠̃

@x

@

@x
+

@⇠̃0

@λ

@

@λ

!
n

✓
dx⇢̃+

@⇢̃0

@λ

◆
,

⌘̃ = u− λx, ⌘̃0 = λvx, ⇢̃ = w, ⇢̃0 = λ⇠x,

where d := dx + d, connected with the geometry of the space of moduli of gauge connectedness corresponding
to the coadjoint actions of the Casimir invariants.
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By using an element ãn l̃ 2 Ḡ⇤ of the form

ãn l̃ :=

✓
hrx⌘̃,rxi+

@⌘̃0

@λ

@

@λ

◆
n

✓
dx⇢̃+

@⇢̃0

@λ

◆
,

where ⌘̃, ⌘̃0, ⇢̃, ⇢̃0 2 ⌦0(Tn) ⌦ C, n 2 N, N > 2, we can get a Lax–Sato integrable multidimensional analog of
the generalized Mikhalev–Pavlov system (2.19), (2.18) in the (n+ 3)-dimensional space, where n > 2. This case
will be considered elsewhere.

3. Conclusions

We present a review of differential-geometric and Lie-algebraic approaches to the construction of Lax–Sato
integrable differential systems of equations of heavenly type based on the development of the Adler–Konstant–
Symes structure and the R-operator structures associated with this structure. We propose the generalization of this
structure to the case of central extensions of the loop Lie algebras G̃ := gdi↵(Tn)ngdi↵(Tn)⇤ and their holomorphic
extensions

Ḡ := di↵(Tn ⇥ C)n di↵(Tn ⇥ C)⇤.

Within the framework of the developed approach, the corresponding systems of equations of heavenly type
follow from the condition of commutativity of two Hamiltonian flows on regular spaces adjoint to these Lie al-
gebras as one-parameter orbits of the coadjoint action of holomorphic group of diffeomorphisms. In particular,
in numerous cases, the solutions of these systems can be found by using the corresponding version of the method
of inverse scattering problem [7]. The proposed approach enables us to obtain the Lax–Sato integrable modified
and generalized heavenly Mikhalev–Pavlov systems in the four-dimensional space, a modified Martı́nez-Alonso–
Shabat heavenly system in the five-dimensional space, and the corresponding hierarchies of conservation laws.
It becomes also possible to consider the problem of construction of their integrable analogs in the spaces of higher
dimensions. In addition, on the basis of the proposed approach, it is possible to find the Hamiltonian representa-
tions for the constructed heavenly systems as a result of reduction of the R-deformed Lie–Poisson bracket to the
phase space of the generating element. This will be done elsewhere.

The authors are deeply grateful to M. Błaszak, E. Tseslins’kyi, and B. Szablikowski for useful discussions of
the results obtained in this paper during the symposium on Integrable Systems (June 29–30, 2018, Poznań (Poland))
and to J. Goldin and A. Odzijewich for constructive comments and remarks during the XXXVIIth International
Seminar on Geometric Methods in Physics (June 30–July 7, 2019, Białowieża (Poland)).
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