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A B S T R A C T 

The distribution of dark matter halo masses can be accurately predicted in the lambda cold dark matter ( � CDM) cosmology. 
The presence of a single massive halo or galaxy at a particular redshift, assuming some baryon and stellar fraction for the 
latter, can therefore be used to test the underlying cosmological model. A number of recent measurements of very large galaxy 

stellar masses at high redshift ( z > 8) moti v ate an investigation into whether any of these objects are in tension with � CDM. 
We use extreme value statistics to generate confidence regions in the mass–redshift plane for the most extreme mass haloes 
and galaxies. Tests against numerical models show no tension, neither in their dark matter halo masses nor their galaxy stellar 
masses. Ho we ver, we find tentati ve > 3 σ tension with recent observational determinations of galaxy masses at high redshift from 

both Hubble Space Telescope and James Webb Space Telescope , despite using conserv ati ve estimates for the stellar fraction ( f � 
∼ 1). Either these galaxies are in tension with � CDM, or there are unaccounted for uncertainties in their stellar mass or redshift 
estimates. 

Key words: galaxies: abundances – galaxies: haloes – galaxies: high-redshift. 
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 I N T RO D U C T I O N  

n the lambda cold dark matter ( � CDM) paradigm, structure forms
ierarchically in a bottom-up fashion, whereby density perturbations 
n the matter distribution at the time of inflation collapse first, then
erge to form larger and larger structures. Within this framework, 

aryons fall in to virialized dark matter haloes and form galaxies 
Somerville & Dav ́e 2015 ). At late times ( z < 2), the largest
 v erdensities collapse to form galaxy clusters, > 10 14 M � haloes
osting a hot, X-ray emitting intracluster medium and hundreds, 
ometimes thousands of galaxies. At earlier times ( z > 2) clusters
ave yet to form; galaxies and their host haloes are the largest
irialized objects in the universe. 
In this standard ‘concordance’ cosmology, the predicted halo mass 

istribution is trivial to calculate. It can then be used to constrain
eviations from this concordance picture, for example the effect of 
on-Gaussian initial conditions (e.g . Matarrese, Verde & Jimenez 
000 ; Jimenez & Verde 2009 ). One approach e xploits e xtreme value
tatistics (EVS; Gumbel 1958 ; Katz & Nadarajah 2000 ), which seeks
o make predictions for the greatest (or least) valued random variable 
rawn from an underlying distribution. The power of EVS is that 
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t allows a test of the underlying cosmology from the observation
f a single extreme object. It also provides both upper and lower
imits on the mass of that object. Harrison & Coles ( 2011 ) applied
VS to the predicted halo mass function to generate the probability
ensity function (PDF) of the most massive halo at a given redshift.
he y e xtended this in Harrison & Coles ( 2012 ) to surv e y volumes

n order to assess whether any observed high redshift clusters (1
 z < 2) exceeded the maximum expected mass according to
 CDM, finding no tension between observations and theory (see 

lso Chongchitnan & Silk 2012 ; Waizmann, Ettori & Moscardini 
012 ). The approach has also been applied to the distribution of void
izes (Chongchitnan 2015 ; Sahl ́en, Zubeld ́ıa & Silk 2016 ). 

In order to extend this approach to higher redshifts we require
easurements of much lower halo masses than those hosting galaxy 

lusters. Unfortunately, such measurements are difficult, particularly 
t high redshift. Halo masses can be inferred from galaxy clustering,
hich has the benefit of not needing to assume the underlying
aryonic physics, but cannot be used to measure the masses of
ndividual objects. Abundance matching fixes the knee of the halo 

ass function to the knee of an observed luminosity function, but
his explicitly uses features of the dark matter model to infer the halo

asses. Another method is to measure the direct emission from the
aryonic components of a galaxy, and assume some scaling with the
otal mass, or use spectral energy distribution (SED) modelling to 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 

http://orcid.org/0000-0001-7964-5933
http://orcid.org/0000-0002-8224-4505
http://orcid.org/0000-0003-3903-6935
mailto:christopher.lovell@port.ac.uk
http://creativecommons.org/licenses/by/4.0/


2512 C. C. Lovell et al. 

M

e  

w  

o  

t
 

a  

m  

8  

t  

g  

2  

m
 

t  

w  

n  

M  

B  

z  

(  

e  

2  

U  

s  

m  

f  

l  

t  

o
 

a  

g  

t  

e  

c  

o  

c  

n  

g  

f  

u
 

t  

c  

t  

W  

v  

g  

s  

o  

v  

�

 

t  

l  

p  

W  

a  

f  

a  

(  

0

2
R

E  

t  

d  

f  

a  

v  

t  

g

�

B

�

w  

a  

v  

g  

t

f

F

w  

n

n

T  

a  

h
 

c  

d  

s  

B  

e  

s  

g  

m  

g  

A  

v  

p  

m  

H  

b  

e  

t  

1 For more details on the advantages of using the exact EVS statistics rather 
than those employing asymptotic theory (see Harrison & Coles 2012 ). 
2 It is impractical and unnecessary to integrate between infinite endpoints. We 
use conserv ati ve finite limits of 10 6 ≤ m ≤ 10 17 at all redshifts; the choice of 
these makes no difference to our results. 
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stimate the baryonic masses. These masses can then be combined
ith the cosmological baryon fraction, f b , and subsequent fractions
f the rele v ant components, e.g. the stellar mass fraction f � , to deri ve
he latent halo mass. 

Steinhardt et al. ( 2016 ) first explored this approach, assuming
 mass-to-light ratio measured at z = 4 and a fixed stellar–halo
ass relation, finding some tension with observations at 4 < z <

. Behroozi & Silk ( 2018 ) also implement this latter method, using
he cosmic baryon fraction as an absolute upper limit on the ratio of
alaxy stellar mass to halo mass ( f b ∼ 0.16; Planck Collaboration XIII
016 ), whilst also allowing for redshift evolution in the stellar–halo
ass relation. 
This relationship can be inverted to place an upper limit on

he halo mass for an observed stellar mass, and then compared
ith predicted halo mass functions. They found that, at the time,
o observed galaxies exceeded these conserv ati ve upper limits.
ore recently, Boylan-Kolchin ( 2022 ) used a similar approach to
ehroozi & Silk ( 2018 ) to test whether any recent high-mass, high-
 candidates disco v ered in the first James W ebb Space T elescope
 JWST ) data (Adams et al. 2022 ; Donnan et al. 2022 ; Finkelstein
t al. 2022 ; Harikane et al. 2022a ; Labbe et al. 2022 ; Naidu et al.
022a ; Rodighiero et al. 2022 ) exceed the limits set by � CDM.
niquely, they test both the number density of galaxies above some

tellar mass at early epochs, as well as limits placed on the stellar
ass density . They find strong tension, particularly with the latter,

or the candidates presented by Labbe et al. ( 2022 ) at z ∼ 10, but
ess tension with other studies. Menci et al. ( 2022 ) have also used
he abundance of high redshift JWST candidates to place constraints
n dark energy models. 
The EVS approach has a number of advantages o v er previous

pproaches. EVS mitigates the problem of the selection function in
alaxy surv e ys; the most massiv e object acts as a lower limit on
he most massive object one could have seen in a given survey. For
stimates using full samples, uncertainty in the selection function
an propagate into population measurements, e.g . the mean mass
f your sample. As mentioned abo v e, EVS also pro vides two-sided
onstraints (upper and lower limits) on the most massive object, and
aturally considers the uncertainty in the mass of that object for a
iv en surv e y volume/area. By combining with realistic functional
orms for the stellar and baryon fraction, EVS naturally incorporates
ncertainty in these parameters. 
In this paper, we use EVS to calculate the full PDF of the mass of

he most massive halo. We first compare to numerical simulations,
omputing the EVS PDF on fixed redshift hypersurfaces and compare
o individual snapshots taken from these simulations (Section 2 ).

e then proceed to calculate the statistics for observational surv e y
olumes, and compare to recent observational measurements of
alaxy masses, as well as make predictions for upcoming wide field
urv e ys with JWST , Roman, and Euclid (Section 3 ). Observations
f galaxy or halo masses significantly greater than the expected
alues for the most massive object would imply tension with
 CDM. 
Equally, by computing the full PDF with EVS, we can e v aluate

he minimum mass of the most massive halo or galaxy; if the
argest observed object has a mass significantly lower than that
redicted by EVS, this will place equally high tension on � CDM.
e discuss our results and present our conclusions in Section 4 . We

lso present a python package for computing confidence intervals
or arbitrary surv e y areas (github.com/christopherlo v ell/evstats). We
ssume a flat � CDM cosmology with Planck Collaboration XIII
 2016 ) parameters: �M 

= 0.309, �b = 0.0486, σ 8 = 0.816, and h =
.678. 
NRAS 518, 2511–2520 (2023) 
 EXTREME  VA LU E  STATISTICS  O N  A  FIXED  

EDSHIFT  HYPERSURFAC E  

VS (Gumbel 1958 ; Katz & Nadarajah 2000 ) is concerned with
he most extreme deviations from the median of a probability
istribution. Consider a sequence of N random variates { M i } drawn
rom a cumulative distribution function (CDF), F ( m ). There will be
 largest value of the sequence, M max ≡ sup { M 1 ... M N } . Assuming all
ariables are mutually independent and identically distributed (IID),
he probability all deviates are less than or equal to some value m is
iven by 

 ( M max � m ; N ) = F 1 ( M 1 � m ) ... F N ( M N � m ) (1) 

= F 

N ( M) . (2) 

y differentiating equation ( 2 ), we find the PDF of the distribution, 

 ( M max = m ; N ) = NF 

′ ( m )[ F ( m )] N−1 (3) 

= Nf ( m )[ F ( m )] N−1 , (4) 

here f ( m ) is the PDF of the original distribution ( f ( m ) = d F ( m )/ dm ),
nd � ( M max = m ; N ) is the exact extreme value PDF for N obser-
ations drawn from the known distribution F ( m ). 1 We apply this
eneral result to the case of the halo mass function, where n ( M ) is
he number density of haloes of mass M , and derive f ( M ) and F ( M ), 

 ( m ) = 

1 

n tot 

d n ( m ) 

d m 

, (5) 

 ( m ) = 

1 

n tot 

∫ m 

−∞ 

d M 

d n ( M) 

d M 

, (6) 

here n tot is a normalization factor giving the total (co-moving)
umber density of haloes 

 tot = 

∫ ∞ 

−∞ 

d M 

d n ( M) 

d M 

. (7) 

ogether, these equations can be used to estimate the EVS PDF for
 constant redshift co-moving volume V , where the total number of
aloes N = n tot V . 2 

The IID assumption will be broken where haloes are signifi-
antly clustred. Where the volume probed is sufficiently large the
istribution is essentially homogeneous. A number of studies have
hown that this volume limit is achieved above ∼(100 Mpc) 3 (Gelb &
ertschinger 1994 ; Power & Knebe 2006 ; Reed et al. 2007 ; Davis
t al. 2011 ). Another consideration when comparing to periodic
imulations is the impact of finite-volume effects on the abundance of
alaxies. In a given periodic volume there is a maximum fundamental
ode that can be represented, and large-scale power on scales

reater than the size of the simulation volume will not be captured.
dditionally, only discrete modes can be represented in periodic
olumes. These approximations can impact the halo mass function,
articularly at the high-mass end where the effect of these large
odes is more pronounced (Reed et al. 2007 ; DeRose et al. 2019 ).
o we ver, the volume at which these effects become pronounced has
een shown to be < (100 Mpc) 3 ; Luki ́c et al. ( 2007 ) show that the
ffect in boxes of this volume is < 10 per cent on the normalization of
he halo mass function ( < 0.05 dex), subdominant to statistical error.
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Figure 1. Halo mass function (solid lines; Behroozi, Wechsler & Conroy 
2013 ) in the range 0 ≤ z ≤ 20, in units Mpc −3 dex −1 . The PDF, calculated 
using EVS, for the highest mass halo on a fixed hypersurface with volume 
(100 Mpc) 3 at each redshift is shown as a dotted line. 
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Figure 2. Top : confidence intervals for the EVS PDF on a fixed redshift 
hypersurface, e v aluated at a range of redshifts, for haloes taken from a 
(100 Mpc) 3 volume. The most massive halo from each available snapshot 
in the fiducial EAGLE simulation (with identical volume) is shown in red. 
Bottom : as abo v e, but for the (550 Mpc) 3 ef fecti ve volume of FLARES , and 
showing the most massive halo at each available snapshot. 
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3 The choice of �z has negligible impact on the results. For a single bin, the 
maximum mass in this bin is the same as that measured o v er multiple bins; 
due to hierarchical and positive structure formation, this tends to be biased 
towards those objects at lower redshifts. 
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n this study, we only analyse simulated and observational volumes 
bo v e this limit. 

.1 Halo masses 

o calculate the EVS PDF, we must first assume a form for the halo
ass function. We use the Behroozi et al. ( 2013 ) halo mass functions,
hich are calibrated using N -body simulations to the redshift range 2
z ≤ 8 based on the Tinker et al. ( 2008 ) mass functions (themselves

erived from 0 < z ≤ 2.5 data). The redshift evolution of the halo
ass function parameters from Behroozi et al. ( 2013 ) has smoothed

ff at z > 8, so we assume it is safe to extrapolate to these redshifts; we
lso note that we have tested using other forms for the mass function,
nd found little impact on our conclusions. Fig. 1 shows the halo
ass function for a range of redshifts, along with the PDF for the

ighest mass halo on a constant redshift hypersurface, with volume 
100 Mpc) 3 , predicted by EVS. The peak of the PDF corresponds to
he most probable mass of the most massive halo in the volume at
hat redshift. 

A number of comparisons of the predictions of EVS with nu- 
erical simulations have been carried out in the past (Harrison & 

oles 2012 ; Watson et al. 2014 ), all showing consistency. To test our
esults, we compare to predictions for the most massive halo from
wo hydrodynamic cosmological simulations. The fiducial EAGLE 

imulation (Crain et al. 2015 ; Schaye et al. 2015 ) is a (100 Mpc) 3 

osmological v olume ev olving both dark matter and baryons self-
onsistently. The FLARES simulations (Lo v ell et al. 2021 ; Vijayan
t al. 2021 ) use the EAGLE physics model to resimulate zooms of a
ange of o v erdensities during the epoch of reionization, e xtending the
ynamic range o v er periodic cosmological volumes. Since FLARES 

s not a continuous periodic box, one must calculate the ‘ef fecti ve
olume’ of the combined zoom regions, which is dependent on the 
ass/luminosity of the selected galaxies. We use a fixed ef fecti ve

olume of (550 Mpc) 3 , which roughly corresponds to that for the
ost massive halo/galaxy at all redshifts. The underlying halo mass 

unction in both of these simulations is not identical to that presented
y Behroozi et al. ( 2013 ), but is in reasonably good agreement at the
edshifts shown. 

In this example, as well as in the sections below, we wish to show
he EVS PDF for a range of redshifts simultaneously. To do this,
e calculate the PDF for narrow redshift intervals ( �z = 0.2, where
he number of bins is chosen so that N bins > > N galaxies ). 3 Each bin
an be thought of as a Bernoulli trial, therefore there is a non-zero
robability of exceeding a given contour threshold; we have tested 
nd found that, for our chosen binning, this probability is negligible.
urther discussion on this effect is provided in Appendix A . We

nte grate o v er these PDFs to find the [1,2,3] σ confidence intervals,
nd plot these along with the median of each distribution. Fig. 2 shows 
he PDF of M 200 e v aluated at a range of redshifts, along with the value
f M 200 from the most massive halo selected from each available
imulation snapshot in EAGLE and FLARES . All of the simulated
aloes lie within the reasonably tight 3 σ confidence intervals. The 
evel of agreement is very good, and gives us confidence that our
MNRAS 518, 2511–2520 (2023) 
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Figure 3. Top : Parametric forms for the distribution of f � . Bottom : stellar 
mass EVS PDF as a function of mass for a fixed redshift hypersurface at z = 

10, assuming different parametric forms for f � . The halo mass PDF is shown 
by the grey dashed line. The black solid line shows the stellar mass PDF 
assuming f � = 1. 
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VS scheme is correctly able to produce realistic contours in the
alo mass–redshift plane, despite assuming a slightly different halo
ass function to that produced in the simulations. We now introduce

strophysical effects to predict the stellar mass distribution. 

.2 Stellar masses 

o convert our PDF for the halo distribution to a PDF for the galaxy
tellar mass, we must account for both the baryon fraction, f b , and
he stellar fraction, f � . The baryon fraction is set by our assumed
osmology ( f b = 0.16; Planck Collaboration XIII 2016 ). We assume
 fixed value, though we note that this v alue can v ary in dif ferent
osmic environments (e.g . lower than the universal value in local
alaxy clusters (Gonzalez et al. 2013 ). This is an effect that could
e accounted for by using a functional distribution for f b , though we
ote that at high redshifts deviations from the universal value are not
xpected to be as large, due to the shorter time for feedback effects
o have imprinted on baryon distributions. 

The stellar fraction is dependent on the astrophysics that converts
old gas into stars. A conserv ati ve upper limit is to assume all baryons
re converted into stars, f � = 1, and simply multiply the halo PDF by
he product of the baryon and stellar fractions 

 ( M ∗) = � ( M DM 

) f b f � . (8) 

he bottom panel of Fig. 3 shows an example of the halo EVS PDF,
s well as the stellar mass PDF obtained using a fixed stellar fraction
f unity. In reality, measurements of the stellar fraction suggest much
o wer v alues, particularly in the most massi ve haloes (e.g . Giodini
t al. 2009 ). To account for this, we assume a (truncated; 0 ≤ f � ≤ 1)
ognormal distribution of f � , 

 � = ln N ( μ, σ 2 ) , (9) 

here μ = e −2 and σ = 1. This simple model ignores the dependence
f the stellar fraction on redshift and halo mass, but incorporates
he range of values inferred from simple halo models (Tacchella,
renti & Carollo 2013 ; Tacchella et al. 2018 ) and observations (e.g .
arikane et al. 2016 , 2018 ; Stefanon et al. 2021 ). Ho we ver, it is worth
oting that in the pre-reionization epoch ( z > 10) high-star formation
fficiencies, close to the cosmic baryon fraction, have been predicted
rom theoretical models (Susa & Umemura 2004 ). We then calculate
he product of this PDF with the halo PDF, whilst assuming the same
xed baryon fraction. Fig. 3 shows the lognormal form of f � as well
s other parametric forms, and an example of the stellar mass PDF
btained using these different distributions. We also present upper
 σ limits based on assuming f s = 1 and applying directly to the halo
VS PDF, which can be interpreted as conserv ati ve upper limits. 
Fig. 4 shows the stellar mass PDF for a fixed redshift hypersurface,

ith volume (100 Mpc) 3 and (550 Mpc) 3 , assuming this lognormal
istribution of f � . The uncertainties are larger than for the halo PDF as
xpected. Results from the EAGLE and FLARES simulation are shown,
nd all lie within the uncertainties. There is a noticeable plateau in
he maximum stellar mass in EAGLE as we go to lower redshifts,
hich demonstrates the redshift and halo-mass dependent evolution
f f � , particularly at lo w- z. For no w we ignore this redshift and
alo-mass dependence, and assume a fixed distribution, ho we ver one
ould incorporate these effects. 

 E X TREM E  VA LU E  STATISTICS  F O R  A N  

BSER  VAT I O NA L  SUR  V E Y  VO LU ME  

n a galaxy surv e y, we do not observe galaxies at a fixed redshift, and
ust therefore take account of the change in volume with redshift in
NRAS 518, 2511–2520 (2023) 
n expanding universe, as well as the change in the number density
f haloes with redshift due to the growth of structure. The PDF and
DF for haloes in a fixed fraction of the sky, f sky , between redshifts
 min and z max is then given by 

 ( m ) = 

f sky 

n tot 

[∫ z max 

z min 

d z 
d V 

d z 

d n ( m, z) 

d m 

]
(10) 

 ( m ) = 

f sky 

n tot 

[∫ z max 

z min 

∫ m 

−∞ 

d z d M 

d V 

d z 

d n ( M, z) 

d M 

]
, (11) 

here 

 tot = f sky 

[∫ z max 

z min 

∫ ∞ 

−∞ 

d z d M 

d V 

d z 

d n ( M, z) 

d M 

]
. (12) 

e can then use these with equation ( 4 ) to find the halo EVS for
 given survey. As in Section 2 , we assume the Behroozi et al.
 2013 ) halo mass functions, a fixed baryon fraction, f b = 0.16, and a
runcated lognormal distribution for the stellar fraction. 

art/stac3224_f3.eps
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Figure 4. Top : the stellar mass EVS confidence intervals on a fixed redshift 
hypersurface, e v aluated at a range of redshifts, for galaxies taken from a 
(100 Mpc) 3 volume. The dashed line shows the 3 σ upper limit assuming a 
stellar fraction of unity. The most massive galaxy from each available snapshot 
in the fiducial EAGLE simulation (with identical volume) is shown in red. 
Bottom : as abo v e, but for the (550 Mpc) 3 ef fecti ve volume of FLARES , sho wing 
the most massive galaxy at each available snapshot from all resimulations. 
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.1 Eddington bias 

o compare our theoretical mass functions with observations, we 
eed to correct for Eddington Bias (Eddington 1913 ). For haloes, the
teepness of the mass function means there are significantly more 
ow-mass haloes than high mass, so there is greater upscatter of
ow-mass halo measurements than down scatter of higher mass halo 
easurements, boosting the apparent number of higher mass haloes. 
he same effect applies to galaxy stellar masses. We correct using

he following: 

n M edd = ln M obs + 

1 

2 
ε σ 2 

ln M 

, (13) 

here ε is the local slope of the underlying halo mass function, and
ln M 

is the uncertainty in the halo/stellar mass estimate. We choose 
o correct the observations, using quoted uncertainties on the stellar 
ass. For stellar masses, we derive ε from the halo mass function, but

se the halo mass given by the observed stellar mass multiplied by
he inverse baryon fraction. The true steepness of the galaxy stellar

ass function is known to be steeper at low- z due to AGN feedback,
ut this effect is expected to be less extreme at the high redshifts
onsidered here. 

.2 Obser v ational comparison (pre- JWST ) 

 number of recent studies have presented estimates of galaxy stellar
asses at high redshift ( z > 8). Tacchella et al. ( 2022b ) present an

nalysis of a number of bright galaxies selected from HST CANDELS 

elds, with associated Spitzer /IRAC fluxes (Finkelstein et al. 2021 ).
hey use the PROSPECTOR (Leja et al. 2017 ; Johnson et al. 2021 )
ayesian SED fitting code to obtain stellar mass estimates from 

he photometric data, then present an analysis of the likelihood 
f the stellar mass estimates in � CDM using the methodology
f Behroozi & Silk ( 2018 ). They probe down to some limiting
umber density � > 10 −6 Mpc −3 , approximately that expected for
 similar surv e y area, and assume a baryon fraction f b = 0.16 and a
onserv ati ve stellar fraction of unity, f � = 1. Two galaxies in their
ample are in tension with these constraints, COSMOS-20646 and 
DS-18697, at 3 σ and 4.6 σ , respecti vely. Ho we ver, they argue that

osmic variance (Trenti & Stiavelli 2008 ), observational uncertain- 
ies (particularly the contribution of near neighbours contaminating 
he IRAC photometry), and measurement uncertainty (related to 
ED modelling assumptions, such as the choice of prior on the star
ormation history) reduce this tension significantly. 

Here, we repeat their analysis using the EVS framework. The 
op panel of Fig. 5 shows the galaxy stellar mass EVS PDF for
he combined surv e y area of Finkelstein et al. ( 2015 ), with the stellar

ass estimates for the selected galaxies from Tacchella et al. ( 2022b )
fter correcting for Eddington bias. The majority of the galaxies 
re within the 3 σ uncertainties, ho we ver the same two galaxies
dentified in Tacchella et al. ( 2022b ) lie outside these bounds, even
fter correcting for Eddington bias. They lie on the 3 σ upper limit
ssuming a stellar fraction of unity. 

Recently, Harikane et al. ( 2022b ) presented two bright galaxy
andidates, HD1 and HD2, from Hyper Suprime-Cam, VISTA, 
nd Spitzer observations of the COSMOS and SXDS fields. Their 
hotometry suggests redshifts of z = 15 . 2 + 1 . 2 

−2 . 1 and 12 . 3 + 0 . 4 
−0 . 3 , and one

f the sources (HD1) additionally has a tentative detection of [O III ]
8 μm, giving a spectroscopic redshift of z = 13.27. Estimates
f physical properties for these sources are not well constrained; 
o we v er, the y quote stellar masses in the range 10 9 –10 11 and
0 9 . 8 –10 11 M � for HD1 and HD2, respectively. These ranges bound
he stellar masses obtained using the M � –M UV relation at z = 8 from
ong et al. ( 2016 ). 
The bottom panel of Fig. 5 shows the galaxy stellar mass EVS

DF for the combined surv e y area (2.3 deg 2 ), as well as the stellar
ass estimates for HD1 and HD2 after correcting for Eddington bias.
e show HD1 using both the photometric and spectroscopic redshift 

stimates. The stellar mass correction due to Eddington bias is quite
arge due to the significant uncertainties in the stellar masses, which
rings the estimates within the 3 σ contours for both objects. 

.3 Obser v ational comparison ( JWST first results) 

n the short time since the first data from JWST was released there
ave been a number of studies estimating the redshifts and stellar
asses of high-redshift galaxies (e.g . Adams et al. 2022 ; Donnan
MNRAS 518, 2511–2520 (2023) 
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Figure 5. Top : The stellar mass EVS confidence intervals for an obser- 
vational surv e y volume with area 850.7 arcmin 2 , e v aluated at a range of 
redshifts. Stellar mass estimates from Tacchella et al. ( 2022b ) for galaxies 
selected from the HST /CANDELS fields (Finkelstein et al. 2021 ), are 
sho wn in yello w, after correcting for Eddington bias. Grey points show the 
uncorrected stellar mass estimates. The dashed line shows the 3 σ upper 
limit assuming a stellar fraction of unity. Bottom : as abo v e, but showing an 
observational surv e y volume with area 2.3 de g 2 , and observational results 
from Harikane et al. ( 2022b ) converted to a stellar mass estimate using a 
linear scaling relation. 
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t al. 2022 ; Finkelstein et al. 2022 ; Harikane et al. 2022a ; Labbe et al.
022 ; Naidu et al. 2022a ; Rodighiero et al. 2022 ). Many of these have
roposed candidates that lie at the extremes of the redshift–stellar
ass plane. Here, we test using the EVS framework whether any of

hese candidates are in tension with � CDM. 
Labbe et al. ( 2022 ) presented seven > 10 10 M � candidates at 7
 z < 11 in a 40 arcmin 2 area, taken from the CEERS program,

sing EAZY and PROSPECTOR for the photometric redshift and stellar
ass estimates, respectively. The top left panel of Fig. 6 shows these
NRAS 518, 2511–2520 (2023) 
andidates on the stellar mass–redshift plane, with the EVS PDF for
n identical surv e y area. 5 out of the 7 candidates lie abo v e the 3 σ
pper limits assuming a stellar fraction of unity. Since they do not
rovide error estimates on the stellar masses we cannot e v aluate the
ffect of Eddington bias, but if we assume 0.3 dex errors this relieves
he tension with 3 of these candidates, leaving only 2 outside of the
 σ contours assuming a lognormal stellar fraction. 
A particularly e xciting disco v ery in the early data is a potential

 ∼ 17 candidate, also identified in the CEERS data (40 arcmin 2 ),
rst presented by Donnan et al. ( 2022 ). There is some debate as to

he accuracy of this photometric redshift estimate (e.g . Zavala et al.
022 ), with a z ∼ 5 solution potentially also capable of explaining
he observed photometry. Naidu et al. ( 2022b ) provide stellar mass
nd photometric redshift estimates for two potential z ∼ 5 solutions,
s well as the z ∼ 17 solution; we present the higher redshift solution
n the top left panel of Fig. 6 . This solution is in significant tension
ith the EVS PDF, even after accounting for stellar mass errors and

he resulting Eddington bias. We have checked the lower redshift
olutions, and found that these are not in tension. 

Harikane et al. ( 2022a ) also identify galaxies out to z ∼ 17 in the
RO and ERS programs, co v ering a total area of 90 arcmin 2 . They
se PROSPECTOR for photometric redshift and stellar mass estimates,
nd find good agreement in the stellar mass estimates for most
f the objects from other studies that identified the same objects
Donnan et al. 2022 ; Finkelstein et al. 2022 ; Naidu et al. 2022a ). The
ain exception being the z ∼ 17 source mentioned abo v e, for which
arikane et al. ( 2022a ) and Donnan et al. ( 2022 ) predict lower stellar
asses (by ∼−0.7 dex) than those obtained by Naidu et al. ( 2022b ).
he top right panel of Fig. 6 shows these candidates compared to our
redicted EVS PDF; all objects lie within the contours, even at the
ost extreme redshifts. 
Finally, in the bottom panel of Fig. 6 we show a selection of high-
ass candidates from Rodighiero et al. ( 2022 ) o v er the 10 arcmin 2 

rea co v ering the SMACS0723 cluster. The y particularly target those
bjects that are dark in UV–optical rest-frame wavelengths, which
hey cite as evidence for high levels of dust obscuration. We plot
 number of their candidates, the majority of which are consistent
ith our EVS predictions. Ho we ver, one candidate, at z ∼ 10, is in

ignificant tension. We additionally plot the 3 σ upper limits, for a
tellar fraction of unity, assuming a whole sky survey, and show that
his candidate is even in tension with this highly conservative limit. 

.4 Predictions for future sur v eys 

s well as comparing to results from existing surveys, we can also
ake predictions for a number of planned upcoming surv e ys. 
There are a number of relatively wide area surv e ys planned with

WST Fig. 7 shows predictions for the full COSMOS Web surv e y area
0.6 deg 2 ; Kartaltepe et al. 2021 ), as well as the combined medium
nd deep surv e y areas in the JADES surv e y (136 arcmin 2 ; Rieke
t al. 2019 ). JWST ’s limited surv e y area is not e xpected to identify
he rarest objects at lower redshifts, but its exceptional depth may be
apable of disco v ering e xtreme objects in the epoch of very first star
nd galaxy formation ( z ≥ 15), as shown in Section 3.3 . 

Wider field surv e ys are more likely to disco v er e xtreme objects
hat may challenge our cosmological and galaxy evolution models.
he Roman High Latitude Wide Area Surv e y (HLWAS), consisting
f spectroscopic and imaging components (Wang et al. 2022 ), will
o v er an area of 1700 deg 2 ; stellar mass EVS PDF predictions for
uch a surv e y are shown in Fig. 7 . Euclid will also carry out a wide
pectroscopic surv e y with the aim of constraining models of dark
nergy (1500 deg 2 ; Eulcid Collaboration XVII 2022 ), as well as two

art/stac3224_f5.eps
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Figure 6. As for Fig. 5 , but showing the latest high- z candidates from JWST . Top left : an observational surv e y volume with area 40 arcmin 2 . Observational 
results from Labbe et al. ( 2022 ) at z ∼ 10 are shown, as well as the Donnan et al. ( 2022 ) candidate, with stellar mass and redshift solutions at z ∼ 17 derived by 
Naidu et al. ( 2022b ) shown. Top right : an observational surv e y volume with area 90 arcmin 2 , with stellar mass estimates from Harikane et al. ( 2022a ). Bottom : 
stellar mass estimates from Rodighiero et al. ( 2022 ), assuming an observational surv e y with area 10 arcmin 2 . The dashed–dotted black line shows the 3 σ upper 
limit, assuming a stellar fraction of unity, for a whole sky surv e y. One of the Rodighiero et al. ( 2022 ) candidates exceeds even this most conserv ati ve upper limit. 
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eep fields; we show the stellar mass EVS PDF for the planned Wide
nd Deep Field North (20 deg 2 ) surveys. 

Fig. 7 also shows the galaxy stellar mass EVS for a whole sky
urv e y ( f sky = 1). Whole sky surveys at these high redshifts are
nconcei v able with current observ ational capabilities, ho we ver such
 comparison a v oids any possible a posteriori effects of region
election. 

To enable the EVS approach to be applied to arbitrary sur-
 e ys, we hav e made a python package, EVSTATS , available at
ithub.com/christopherlo v ell/evstats, where interested users can 
nd a simple to use Jupiter notebook detailing how to cre- 
te your own confidence intervals in the stellar mass–redshift 
lane for a giv en surv e y area. We also provide output files
n ECSV format for the future surv e ys presented in Fig. 7 at
ithub.com/christopherlo v ell/evstats/tree/main/e xample/data. 
 DI SCUSSI ON  A N D  C O N C L U S I O N S  

e have used EVS to predict the stellar mass of the most massive
alaxy in a flat � CDM universe at high redshift ( z > 5). Our results
re as follows: 

(i) Assuming some form for the halo mass function, we calculate 
he EVS PDF for the most massiv e halo on a fix ed-redshift hypersur-
ace. The most massive halo in the EAGLE and FLARES simulations is
ithin the predicted 3 σ confidence intervals. 
(ii) We model the stellar fraction as a log-normal distribution, 

nd combine with a fixed baryon fraction to translate our halo mass
VS PDF into one for stellar mass. The most massive galaxy in the
AGLE and FLARES simulations is within the predicted 2 σ confidence 
ntervals. 
MNRAS 518, 2511–2520 (2023) 
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Figure 7. Predicted EVS PDF of the galaxy stellar mass distribution for a number of upcoming surv e ys. Clockwise from top left: the combined JADES medium 

and deep surv e ys ( JWST ), the COSMOS Web surv e y ( JWST ), Roman HLWAS, the theoretical prediction for a whole sky survey, Euclid Wide Survey, Euclid 
Deep Field North. The dashed line shows the 3 σ upper limit assuming a stellar fraction of unity. 
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(iii) We calculate the stellar mass EVS PDF for an obser-
ational surv e y volume, and compare to recent pre- JWST ob-
ervations of galaxies at z > 8. We find tension with pre-
icted stellar masses for two objects from Tacchella et al.
NRAS 518, 2511–2520 (2023) 
 2022b ), though no tension with results from Harikane et al.
 2022b ), mostly due to the significant uncertainties in the stel-
ar mass estimates, which translate into a large Eddington bias
orrection. 
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(iv) We also compare to recent high redshift candidates from the 
rst JWST data, and find significant tension with certain stellar mass
stimates of a z ∼ 17 candidate from Donnan et al. ( 2022 ), Harikane
t al. ( 2022a ), and Naidu et al. ( 2022b ), as well as z ∼ 10 candidates
resented in Labbe et al. ( 2022 ) and Rodighiero et al. ( 2022 ). 
(v) Finally, we present the stellar mass EVS PDF for a number of

pcoming surv e ys from JWST , Euclid , and Roman between 2 < z <

0. 

The use of extreme value statistics is a powerful means of
nderstanding the likelihood of the most massive objects in the 
niv erse, complementing e xisting approaches (Steinhardt et al. 
016 ; Behroozi & Silk 2018 ; Boylan-Kolchin 2022 ). Already a
umber of objects detected in recent years (pre- JWST ) are in tension
ith the predicted distributions (Tacchella et al. 2022b ), assuming 
 ven conserv ati ve limits on the conversion of baryons into stars,
nd a number of the first candidates from early JWST data are also in
ignificant tension (Donnan et al. 2022 ; Labbe et al. 2022 ; Naidu et al.
022b ; Rodighiero et al. 2022 ). We stress, ho we ver, that it is entirely
lausible that these objects are not in tension with � CDM, and that
nstead there are unaccounted for uncertainties in their redshift or 
tellar mass estimates. 

Redshift estimates of high-redshift sources are often multimodal, 
eaving the possibility that many high redshift candidates are, in fact, 
ow-redshift interlopers (see Zavala et al. 2022 ) and the understand- 
ng of the necessary JWST instrument calibration is evolving (Adams 
t al. 2022 ). With re gards to stellar mass, estimates are sensitiv e to
 number of modelling assumptions during the SED fitting process, 
uch as the assumed initial mass function (IMF) and stellar population
ynthesis (SPS) model. A clear example of this is the z ∼ 17 object
nalysed by Donnan et al. ( 2022 ), Harikane et al. ( 2022a ), and Naidu
t al. ( 2022b ); the estimates from these different studies, using a
ariety of different modelling assumptions, co v er almost 1 dex in
tellar mass. 

At the highest redshifts, it is possible that Population III star
ormation may contribute up to 3–4 times the number of UV photons
Harikane et al. 2022a ), boosting nebular emission in the rest-frame
ptical, which can bias stellar mass and SFR estimates. These first
tars are also expected to have a significantly top heavy IMF, which
an complicate their interpretation using standard SPS models. The 
ssumed prior on the star formation history can also have a large effect
n derived stellar mass estimates (Whitler et al. 2022 ; Tacchella et al.
022a ; Tacchella et al. 2022b ). Models suggest high redshift galaxies
ave rising star formation histories (Finlator, Oppenheimer & Dav ́e 
011 ; Wilkins et al. 2022 ); using incompatible functional forms
an lead to significant biases (Carnall et al. 2019 ). Steinhardt et al.
 2022 ) recently highlighted the impact of using templates calibrated 
r derived from lower redshift conditions, leading to offsets in 
tellar mass estimates of high-redshift sources of up to 1–1.6 dex. 

ason, Trenti & Treu ( 2022 ) estimate the maximal UV luminosity
ssuming all gas in a halo is converted into stars over a time-scale
hat maximizes the UV emission ( ∼10 Myr), and found that the
pper limit derived is higher than that measured in recent HST &
WST results (Bouwens et al. 2021 ; Donnan et al. 2022 ). AGN
ontamination can also bias both stellar mass and redshift estimates 
see Inayoshi et al. 2022 ), and may be a particularly pertinent
ontaminant in the analysis presented here; it is in the most massive
aloes that the most massive central black holes are expected to 
eside. Ho we ver, the EVS formalism presented here does allow us
o place wide priors on these processes, producing self-consistent 
DFs that take into account many of these uncertainties. As our 
nderstanding of the physics of galaxy formation at high redshift 
mpro v es, these priors can be narro wed, allo wing for more precise
imits on the maximum halo and stellar mass at a given redshift to
e made. 
We do not take account of the effect on our predictions of surv e ys

aken from multiple areas of the sky. Behroozi & Silk ( 2018 ) argue
hat such a surv e y approach increases the chance that a single
urv e y will contain an outlier. Ho we ver, we note that the effect of
bservational errors leading to Eddington and Malmquist bias has 
 much larger effect on the predicted probabilities. Including this 
osmic v ariance ef fect within the EVS frame work is left for future
ork. 
With upcoming wide field surv e ys a number of galaxies will be

etected that may potentially be in tension with predictions from 

 CDM, or require extreme conversion rates of baryons into stars.
e hope the predictions presented here, and the publicly accessible 

ode (github.com/christopherlo v ell/evstats), will present a means 
f producing confidence intervals for any given survey, and allow 

bservers to quickly e v aluate the probability that a given source is in
ension with a given cosmology. 
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PPENDI X  A :  REDSHIFT  B I N N I N G  

hen drawing the confidence intervals plotted in e .g . Fig. 2 , we
ample multiple PDFs for each redshift slice. This is equi v alent
o carrying out N Bernoulli trials. There is therefore a non-zero
robability of x events being above some threshold, which we can
ork out by calculating the binomial probability, 

 x = 

(
N 

x 

)
p 

x q N−x , (A1) 

here p is the chosen probability threshold. We have tested this for
he two objects from the Tacchella et al. ( 2022b ) sample shown in
he top panel of Fig. 5 , and find that, for our fiducial bin spacing, the
robability of exceeding the 3 σ contour threshold is P x < 3 σ . These
bjects are therefore statistically unlikely to exceed this limit due to
he number of trials, and are therefore still significant outliers. 
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