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Abstract 

AV a popXlaU meWhod foU modelling YiolenW fUee VXUface floZ, Whe incompUeVVible SmooWhed PaUWicle 
H\dUod\namicV (ISPH) baVed on Whe LagUangian foUmXlaWion haV aWWUacWed a gUeaW aWWenWion 
ZoUldZide. The LagUangian ISPH VolYeV Whe XnVWead\ NaYieU-SWokeV and conWinXiW\ eTXaWionV XVing 
Whe pUojecWion meWhod, in Zhich Whe pUeVVXUe iV obWained b\ VolYing Whe pUeVVXUe PoiVVon¶V eTXaWion 
(PPE) WhaW iV Whe moVW Wime-conVXming paUW in Whe ISPH pUocedXUe. In WhiV papeU, Whe ConYolXWional 
NeXUal NeWZoUk (CNN) iV combined ZiWh ISPH and XVed Wo pUedicW Whe flXid pUeVVXUe inVWead of 
VolYing Whe PPE diUecWl\. AlWhoXgh limiWed aWWempWV of XVing CNN foU VolYing Whe PPE in EXleUian 
foUmXlaWion (UefeUUed Wo aV Whe EXleUian CNN fUameZoUk) in meVh-baVed meWhodV aUe foXnd in Whe 
pXblic domain, Whe pUeVenW model iV Whe fiUVW ISPH model VXppoUWed b\ CNN in a LagUangian 
foUmXlaWion. The pUopoVed model oYeUcome VeYeUal challengeV aVVociaWed ZiWh combining CNN ZiWh 
ISPH, inclXding VelecWing Whe inpXW paUameWeUV, foUmXlaWing Whe objecWiYe fXncWionV, pUodXcing Whe 
WUaining daWaVeW and dealing ZiWh boXndaU\ condiWionV. TZo claVVic fUee VXUface pUoblemV, i.e. Whe dam 
bUeaking and Whe ZaYe pUopagaWion, aUe VimXlaWed Wo eYalXaWe Whe peUfoUmance of Whe pUeVenW model. 
QXanWiWaWiYe aVVeVVmenWV of Whe nXmeUical eUUoU in WeUmV of boWh Whe fUee VXUface pUofile and Whe 
pUeVVXUe field aUe caUUied oXW. The aVVeVVmenWV VhoZ WhaW Whe neZ model doeV noW onl\ giYe UeVXlWV 
ZiWh VaWiVfacWoU\ accXUac\, bXW alVo UeTXiUeV mXch leVV compXWaWion Wime foU eVWimaWing pUeVVXUe if 
Whe nXmbeU of paUWicleV iV laUge, e.g., 100 WhoXVandV paUWicleV WhaW iV XVXall\ UeTXiUed in Whe pUacWical 
ISPH VimXlaWion foU fUee VXUface floZ.   
Keywords: Lagrangian ISPH; PPE; machine learning; CNN; free surface flow 

1 Introduction 

The incompUeVVible SmooWhed PaUWicle H\dUod\namicV (ISPH) haV become a popXlaU meWhod foU 
modelling YiolenW fUee VXUface floZV (e.g., Shao and Lo, 2003; Lind eW al., 2012; Zheng eW al., 2014; 
GoWoh and Kha\\eU, 2014; Zhang eW al., 2018; Kha\\eU eW al., 2021; LXo eW al., 2021; Zhang eW al., 
2021, 2022). The ISPH XVeV paUWicleV, Zhich caUU\ field YaUiableV (e.g., Whe pUeVVXUe, denViW\ and 
YelociW\), Wo diVcUeWi]e Whe compXWaWional domain and VolYeV Whe incompUeVVible conWinXiW\ and 
NaYieU-SWokeV eTXaWionV XVing Whe pUojecWion appUoach, in Zhich a pUeVVXUe PoiVVon eTXaWion (PPE) 

ReYised manXscripW (clean Yersion)

mailto:q.ma@city.ac.uk


2 
 

iV deUiYed and VolYed Wo find Whe flXid pUeVVXUe. AlWhoXgh Whe ISPH modelV ZeUe deYeloped XVing boWh 
LagUangian paUWicleV WhaW moYe ZiWh Whe maWeUial YelociW\ and EXleUian paUWicleV WhaW aUe fi[ed, 
modelling Whe YiolenW fUee VXUface floZV UeTXiUeV paUWicleV Wo moYe Wo confoUm Wo Whe fUee VXUface and 
WhXV Whe LagUangian ISPH (e.g. Zhang eW al., 2021,2022) oU Whe h\bUid EXleUian-LagUangian ISPH (e.g. 
FoXUWakaV eW al., 2018a) aUe commonl\ XVed. CompaUed ZiWh Whe Zeakl\ compUeVVible SPH, ZheUe 
Whe pUeVVXUe iV eVWimaWed XVing Whe eTXaWion of VWaWe, Whe ISPH geneUall\ UeVXlWV in a VmooWheU pUeVVXUe 
field, UelaWiYel\ higheU conYeUgenW UaWe, laUgeU Wime VWep, beWWeU eneUg\ and YolXme conVeUYaWion, aV 
UeYieZed b\ Zhang eW al. (2022). HoZeYeU, VolYing Whe PPE in Whe ISPH ofWen dominaWeV Whe 
compXWaWional Wime.  
 
So faU, UeVeaUcheUV haYe been mainl\ ZoUking in WZo diUecWionV Wo acceleUaWe Whe ISPH compXWing.  
The fiUVW one iV Wo deYelop beWWeU nXmeUical VchemeV, e.g. Whe Laplacian and gUadienW diVcUeWi]aWion 
VchemeV, Wo impUoYe Whe UobXVWneVV of VolYing Whe PPE and WhXV Whe ISPH modelV. T\pical e[ampleV 
inclXde Whe high-oUdeU conViVWenW Vcheme pUopoVed b\ Shimi]X eW al., (2022), Whe conViVWenW TXadUic 
ISPH model deYeloped b\ Zhang eW al. (2022) and Whe pVeXdo-VpecWUa ISPH VolYeU pUopoVed b\ 
FoXUWakaV eW al. (2021). The applicaWionV of WheVe VchemeV UeVXlW in a beWWeU conYeUgence, compaUed 
ZiWh Whe claVVic ISPH model, e.g. Zheng eW al. (2014) and Zhang eW al., (2018), and conVeTXenWl\ 
UeTXiUe VmalleU nXmbeU of paUWicleV and VhoUWeU CPU Wime Wo achieYe UeTXiUed compXWaWional accXUac\.  
The Vecond one iV Wo deYelop maVViYel\ paUallel VchemeV VXppoUWing diVWUibXWed memoU\ and UXnning 
in high-peUfoUmance compXWeU clXVWeUV (HPC), VXch aV Whe meVVage paVVing inWeUface (MPI) 
paUalleli]aWion (GXo eW al., 2018; MonWeleone eW al., 2022) oU gUaphicV pUoceVVing XniW (GPU) 
compXWing (ChoZ eW al., 2018). TheVe deYelopmenWV alloZ pUacWical caVeV ZiWh millionV of paUWicleV 
Wo be VimXlaWed XVing HPCV Wo achieYe VaWiVfacWoU\ UeVXlWV in a UeaVonable Wime fUame. IW iV ZoUWh 
noWing WhaW h\bUid modelV, Zhich coXple LagUangian ISPH modelV ZiWh oWheU nXmeUical modelV VXch 
aV Whe fXll\ nonlineaU poWenWial (FNPT) model (Yan and Ma, 2017; FoXUWakaV eW al., 2018b) XVing Whe 
domain decompoViWion coXpling VWUaWeg\, haYe alVo demonVWUaWed WheiU effecWiYeneVV Wo impUoYe Whe 
oYeUall efficienc\.  
 
RecenWl\, Whe daWa-dUiYen appUoach XVing Whe machine leaUning (ML) WechniTXeV haV been incUeaVingl\ 
applied Wo Whe flXid VimXlaWion (KXW], 2017) Wo UeconVWUXcW Whe flXid field fUom daWa, e.g., leaUning Whe 
YelociW\ and pUeVVXUe field fUom YiVXali]aWion daWa (RaiVVi eW al., 2020). The ML WechniTXe haV alVo 
been XVed Wo Ueplace Whe challenging and/oU Wime-conVXming paUW of Whe conYenWional compXWaWional 
flXid d\namicV (CFD) modelV, VXch aV Whe WXUbXlence modelling, Wo VaYe Whe oYeUall compXWaWional 
Wime. FoU Whe machine-leaUning baVed WXUbXlence modelling, an ML algoUiWhm, e.g. Whe deep neXUal 
neWZoUk, iV WUained Wo pUedicW Whe Re\noldV VWUeVV aniVoWUop\ WenVoU (Ling eW al., 2016) and WXUbXlenW 
pUodXcWion WeUm (Zhang and DXUaiVam\, 2015) XVing Whe daWabaVe foUmed b\ high-fideliW\ nXmeUical 
VimXlaWion, e.g. diUecW nXmeUical VimXlaWion (DNS) oU Whe laUge edd\ VimXlaWion (LES). The WUained 
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algoUiWhmV aUe When fed inWo Whe Re\noldV AYeUaged NaYieU-SWokeV (RANS) modelling Wo Ueplace Whe 
WUadiWional WXUbXlence modelV. CompaUed ZiWh Whe DNS oU LES, Whe machine-leaUning VXppoUWed 
RANS VimXlaWion can laUgel\ UeVeUYe Whe WXUbXlence feaWXUe bXW UedXce Whe compXWaWional coVW 
VignificanWl\ (KXW], 2017). ThiV VXcceVVfXl UeVeaUch inVpiUed Whe pUeVenW ZoUk WhaW aimV Wo deYelop a 
LagUangian ISPH model acceleUaWed b\ Whe ML algoUiWhm foU pUedicWing Whe flXid pUeVVXUe inVWead of 
VolYing PPE.  
 
In liWeUaWXUeV, Whe aUWificial neXUal neWZoUk haV been WUained Wo pUedicW Whe flXid pUeVVXUe Wo Ueplace Whe 
Wime-conVXming pUocedXUe of VolYing Whe PPE in Whe pUojecWion-baVed NaYieU-SWokeV (Yang eW al., 
2016; Xiao eW al., 2018) oU EXleU eTXaWionV (TompVon eW al., 2017; Dong eW al., 2019) in meVh-baVed 
modelV adopWing fi[ed EXleUian gUidV. AlWhoXgh WheVe ML algoUiWhmV ma\ noW be diUecWl\ applied Wo 
Whe LagUangian ISPH model, UeYieZV on ke\ deYelopmenWV aUe giYen heUein. Yang eW al. (2016) WUained 
Whe aUWificial neXUal neWZoUk Wo pUedicW Whe gUoXnd WUXWh pUeVVXUe ZiWh Whe inpXWV of Whe pUeVVXUe aW Whe 
pUeYioXV fUame, YelociW\ diYeUgence and Whe boXndaU\ condiWionV aW Whe cXUUenW Wime VWep. TompVon 
eW al. (2017) inWUodXced Whe ConYolXWional NeXUal NeWZoUk (CNN) Wo handle Whe pUeVVXUe pUojecWion 
VWep, aiming Wo UeleaVe Whe dependence on Whe WUXe VolXWion aW Whe pUeYioXV fUame in Whe appUoach 
deYeloped b\ Yang eW al. (2016), and Wo minimiVe Whe objecWiYe XVing Whe VWandaUd deep-leaUning 
opWimi]aWion appUoach. BoWh Yang eW al. (2016) and TompVon eW al. (2017) pUopoVed Wo Ueplace Whe 
enWiUe pUocedXUe of VolYing Whe PPE b\ Whe WUained ML pUedicWion algoUiWhmV. Xiao eW al. (2018) WUained 
a CNN-baVed deep leaUning model foU VolYing Whe laUge-Vcale algebUaic eTXaWionV UeVXlWing fUom Whe 
diVcUeWi]ed PPE, pUoYiding Whe diVcUeWi]aWion VWUXcWXUe and Whe inWeUmediaWe YelociW\ field aV Whe inpXW.  
 
In WhiV papeU, Whe CNN model bXilW in Whe open-acceVV libUaU\ of ToUch7 (CollobeUW eW al., 2011) iV XVed 
aV a ML model. AfWeU being WUained, Whe CNN model iV When fed Wo Whe ISPH model (Zhang eW al., 2018) 
Wo Ueplace Whe pUocedXUe of VolYing Whe PPE, \ielding a CNN-VXppoUWed LagUangian ISPH, UefeUUed Wo 
aV ISPH_ML in Whe UeVW of Whe papeU. AV indicaWed aboYe, Whe nXmeUical fUameZoUkV in Yang eW al. 
(2016) and TompVon eW al. (2017) ZeUe deYeloped foU Whe EXleUian pUojecWion-baVed meWhodV and did 
noW conVideU Whe W\pical feaWXUeV of Whe pUeVenW ISPH modelling foU fUee VXUface floZ, inclXding Whe 
LagUangian naWXUe of Whe paUWicle moYemenWV, Whe VWabiliW\ of Whe ISPH (e.g. Vmall fUacWion of Whe 
denViW\ YaUiaWion WeUm inWUodXced in Whe PPE in Zhang eW al., 2018; 2021; 2022) and Whe fUee VXUface 
boXndaU\ condiWionV. In WhiV ZoUk, WheVe feaWXUeV Zill be conVideUed dXUing WUaining and implemenWing 
pUoceVVeV of Whe CNN model. The ISPH_ML iV When eYalXaWed b\ WZo benchmaUk caVeV, i.e. Whe dam 
bUeaking and Whe ZaYe pUopagaWion. IWV conYeUgenW behaYioXU and compXWaWional efficienc\ of Whe 
ISPH_ML aUe alVo inYeVWigaWed.   
 
IW iV poinWed oXW WhaW WheUe iV limiW ZoUk on ML VXppoUWed LagUangian meVhleVV meWhodV in UecenW 
liWeUaWXUe. Ladick\ eW al. (2015) deYeloped an appUoach Wo acceleUaWe Whe SPH XVing Whe UegUeVVion 
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foUeVWV. The\ WUained a UegUeVVoU Wo XpdaWe Whe paUWicle VWaWeV pUoYiding Whe infoUmaWion of Whe 
indiYidXal foUceV acWing on Whe paUWicle. WeVVelV eW al. (2020) deYeloped a NeXUal PaUWicle MeWhod foU 
Whe VolXWion of incompUeVVible fUee VXUface floZ goYeUned b\ Whe EXleU eTXaWionV, in Zhich YelociW\ 
and pUeVVXUe aUe appUo[imaWed b\ a neXUal neWZoUk. Bai eW al. (2021) pUopoVed a DaWa-DUiYen SPH 
(DDSPH) meWhod Wo implemenW h\dUod\namic modelling in Whe Zeakl\ compUeVVible SPH 
fUameZoUk. MaUinho (2021) pUeVenWed a machine leaUning appUoach Wo find Whe opWimal aniVoWUopic 
SPH keUnel, ZhoVe compacW VXppoUW conViVWV of an ellipVoid WhaW maWcheV ZiWh Whe conYe[ hXll of Whe 
Velf-UegXlaWing k-neaUeVW neighboUV of a VmooWhing paUWicle. AlVo baVed on Whe Zeakl\ compUeVVible 
SPH fUameZoUk, WoodZaUd eW al. (2021) pUeVenWed a leaUnable hieUaUch\ of paUameWeUi]ed and 
³ph\VicV-e[plainable´ SPH infoUmed WXUbXlenW floZV VimXlaWoUV XVing boWh ph\VicV-baVed paUameWeUV 
and neXUal neWZoUkV aV XniYeUVal fXncWion appUo[imaWoUV. On WhiV baViV of WoodZaUd eW al. (2021), 
CheUWkoY eW al. (2022) applied ph\VicV-infoUmed machine leaUning Wo deYelop LagUangian LaUge Edd\ 
SimXlaWion (L-LES) modelV deVcUibed b\ eTXaWionV geneUali]ing Whe Zeakl\ compUeVVible SPH 
foUmXlaWion ZiWh e[Wended paUameWUic and fXncWional fUeedom foU WXUbXlenW floZV. BaVed on Whe 
NeXUal PaUWicle MeWhod (NPM), Bai eW al. (2022) deYeloped a geneUal NeXUal PaUWicle MeWhod (gNPM) 
foU YiVcoXV h\dUod\namicV modeling. Li and FaUimani (2022) applied Whe gUaph neXUal neWZoUk Wo 
acceleUaWe Whe LagUangian flXid VimXlaWion. To Whe beVW of oXU knoZledge, Whe ISPH_ML iV Whe fiUVW 
CNN-VXppoUWed LagUangian ISPH meWhod.   
 

 
Fig. 1 FUameZoUk of CNN-VXppoUWed LagUangian ISPH (lefW: floZchaUWV of Whe claVVic LagUangian 
ISPH (Volid aUUoZV) and Whe ISPH_ML (daVhed aUUoZV); UighW: CNN WUaining and WeVWing pUocedXUe) 
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2. Numerical Framework for CNN-Supported Lagrangian ISPH 

AV indicaWed aboYe, Whe PPE foU VolYing Whe pUeVVXUe iV Ueplaced b\ an CNN baVed ML algoUiWhm in 
ISPH_ML pUopoVed in WhiV papeU. The fUameZoUk of ISPH_ML iV illXVWUaWed in Fig. 1, Zhich inclXdeV 
Whe floZchaUWV foU VolYing Whe flXid floZ and Whe pUocedXUe foU WUaining and WeVWing ML algoUiWhm.  
Each of Whe elemenWV in Whe fUameZoUk Zill be diVcXVVed beloZ. 
 
2.1. LagUangian ISPH  
The formulation of ISPH is well known and has been described in many references cited above. Only 
a brief discussion on it will be given here for completeness. Readers are referred to other references, 
e.g. Kha\\eU eW al. (2020), LXo eW al. (2021), Zhang eW al. (2022) and so on, for more details. The 
ISPH solves the incompressible NS equation and the continuity equation,  

    21D p
Dt

Q
U

 � � � � �
u g u ,                                                 (1) 

0� �  u ,                                                                 (2) 

ZheUe D/DW iV Whe maWeUial deUiYaWiYe folloZing flXid paUWicleV and ∇ iV Whe gUadienW opeUaWoU; 𝜌 iV Whe 
flXid denViW\; X iV Whe paUWicle YelociW\; p iV Whe pUeVVXUe; g

 
iV Whe gUaYiWaWional acceleUaWion; and 𝜈

 
iV 

Whe kinemaWic YiVcoViW\. On Whe Volid boXndaUieV, Whe folloZing boXndaU\ condiWionV aUe impoVed, 

𝐮 ∙ 𝐧 = 𝐔 ∙ 𝐧,             (3) 

𝐧 ∙ ∇𝑝 = 𝜌(𝐧 ∙ 𝐠 − 𝐧 ∙ 𝐔ሶ ),             (4) 

in Zhich n iV Whe XniW noUmal YecWoU of Whe Volid boXndaU\; U and 𝐔ሶ  aUe Whe YelociW\ and acceleUaWion 
of Whe Volid boXndaU\. On Whe fUee VXUface, Whe folloZing condiWion iV applied 

     0p   .                                                                                         (5) 

The goYeUning eTXaWionV and boXndaU\ condiWionV aUe VolYed XVing a pUojecWion meWhod. AVVXming 
Whe poViWion (𝐫𝑡) and Whe YelociW\ (𝐮𝑡) of flXid paUWicleV aW Wime W aUe knoZn, Whe pUeVVXUe, YelociW\ and 
poViWion of Whe flXid paUWicleV aW Whe neZ Wime VWep, 𝑡 + ∆𝑡, ZheUe ∆𝑡 iV Whe Wime VWep Vi]e, can be 
pUedicWed XVing WhUee VWageV,  

(1) PUedicWion (inWeUmediaWe) VWage: an intermediate temporal velocity 𝐮௜
∗  and position 𝐫௜

∗  of 
particle i are predicted using 

𝐮௜
∗ = 𝐮௜

𝑡 + ሺ𝐠 + 𝜈∇2𝐮௜
𝑡ሻ∆𝑡 ,                     (6) 

   𝐫௜
∗ = 𝐫௜

𝑡 + 𝐮௜
∗∆𝑡,                        (7) 

and the intermediate density 𝜌∗ aW Whe paUWicle i iV calcXlaWed b\ 

 𝜌௜
∗ = ∑ 𝑚௝𝑊(𝐫௜௝

∗ )ே
௝=1  ,                      (8) 

ZheUe N iV Whe nXmbeU of neighboXUing paUWicleV of Whe paUWicle i, mj iV Whe paUWicle maVV of Whe 
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local paUWicle j and 𝑊(𝐫௜௝) iV a keUnel fXncWion coUUeVponding Wo Whe poViWion YecWoU 𝐫௜௝ = 𝐫௜ −

𝐫௝. 
(2) PUeVVXUe pUojecWion VWage: Whe pUeVVXUe aW Whe Wime VWep 𝑝𝑡+∆𝑡 iV goYeUned b\   

   ∇2𝑝𝑡+∆𝑡 = 𝜌∇∙𝐮∗

∆𝑡
 ,                     (9a) 

Zhich iV obWained b\ inVeUWing ETV. (6) and (7) inWo ETV. (1) and (2).  
AccoUding Wo nXmeUical WeVWV pUeVenWed in Ma and ZhoX (2009) and alVo VXggeVWed b\ Zheng 
eW al. (2014), Whe beWWeU UeVXlWV foU YiolenW ZaWeU ZaYeV can be obWained b\ XVing a mi[ed WeUm 
on Whe UighW-hand Vide of ET. (9a).  FolloZing WhiV, an alWeUnaWiYe foUm (Zhang eW al., 2018; 
2021; 2022) iV applied Wo all inWeUnal flXid paUWicleV, 

   ∇2𝑝௜
𝑡+∆𝑡 = Ψ/∆𝑡 ,                                           (9b) 

ZheUe  Ψ = 𝛼 𝜌−𝜌∗

∆𝑡
+ ሺ1 − 𝛼ሻ𝜌∇ ∙ 𝐮∗  and 𝛼  is the blending coefficient. When 𝛼 = 0   ET. 

(9b) iV Whe Vame aV ET. (9a).  FolloZing Zhang eW al. (2018; 2021; 2022), 𝛼  iV Waken aV 0.01 
in WhiV ZoUk. On Whe Volid boXndaU\, ET. (4) iV impoVed. DiffeUenW VchemeV aUe aYailable Wo 
impoVe Whe Volid boXndaU\ condiWion. In WhiV ZoUk, Whe Volid boXndaUieV aUe UepUeVenWed XVing 
Whe Volid paUWicleV and Whe miUUoU paUWicleV geneUaWed aW each Wime VWep folloZing Whe moYemenW 
of Whe paUWicleV neaU Whe Volid boXndaUieV (Zhang eW al., 2018). ET. (5) aUe impoVed Wo Whe 
paUWicleV on Whe fUee VXUface, Zhich aUe idenWified XVing Whe WechniTXe deYeloped b\ Zheng eW 
al. (2014). 

(3) CoUUecWion VWage: Whe YelociW\ 𝐮௜
𝑡+∆𝑡 and Whe poViWion YecWoU 𝐫௜

𝑡+∆𝑡 of paUWicle i aW t t� '  aUe 
coUUecWed XVing  

   𝐮௜
𝑡+∆𝑡 = 𝐮௜

∗ − 𝟏
𝝆

∇𝑝௜
𝑡+∆𝑡∆𝑡  ,                         (10)  

   𝐫௜
𝑡+∆𝑡 = 𝐫௜

𝑡 + 𝐮೔
𝑡+𝐮೔

𝑡+∆𝑡

𝟐
∆𝑡 .                         (11) 

The h\bUid paUWicle VWabili]aWion Vcheme pUopoVed b\ Zhang eW al. (2018) iV alVo emplo\ed in WhiV 
papeU.  
 

2.2. NXmeUical ImSlemenWaWiRn in ClaVVic ISPH  

NXmeUical diVcUeWiVaWion VchemeV aUe needed Wo implemenW Whe pUocedXUe. FoU WhiV pXUpoVe, Whe 
YelociW\ diYeUgence and Whe YiVcoXV VWUeVV WeUm aUe diVcUeWiVed aW Whe paUWicle i, UeVpecWiYel\, b\ 
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��  � � ��¦u u u r ,                                   (12) 
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1
8

N
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i i j i ij
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m W
d

Q Q
Q

U U H 

§ ·� �
� � �  ��¨ ¸¨ ¸� �© ¹

¦
u r

u r ,                                 (13) 

ZheUe 𝜖  iV a Vmall nXmbeU Wo aYoid Whe VingXlaUiW\ caXVed b\ 𝐫௜௝ = 0 ;  𝐮௜௝ = 𝐮௜ − 𝐮௝ .  TheVe 
eTXaWionV aUe commonl\ XVed in oWheU SPH applicaWionV, e.g. CleaU\ and Monaghan (1999) and 
Monaghan (2005). The pUeVVXUe gUadienW in Whe coUUecWion VWage and Whe lefW-hand Vide of Whe pUeVVXUe 
boXndaU\ condiWion (ET. (4)) aUe diVcUeWiVed b\ XVing Whe lineaU Vemi-anal\Wical finiWe diffeUence 
inWeUpolaWion Vcheme (Zheng eW al., 2018; Zhang eW al., 2021;2022). FoU 2D pUoblemV, iW UeadV 

∇𝑝௜ = ∑
𝑛೔

𝑥ೖ𝐵೔ೕ
𝑥𝑚−𝑛೔

𝑥𝑦𝐵೔ೕ
𝑥ೖ

𝑛೔
𝑥𝑛೔

𝑦−𝑛೔
𝑥𝑦𝑛೔

𝑥𝑦 ሺ𝑝௝ − 𝑝௜ሻே
௝=1,௝ஷ௜ ,                           (14) 

ZheUe  𝑛௜
𝑥𝑦 = ∑

ቀ𝐫ೕ
𝑥𝑚−𝐫೔

𝑥𝑚ቁቀ𝐫ೕ
𝑥ೖ−𝐫೔

𝑥ೖቁ

𝑑೔ೕ
2 𝑊(𝐫௜௝)ே

௝=1,௝ஷ௜  , 𝑛௜
𝑥𝑚 = ∑

ቀ𝐫ೕ
𝑥𝑚−𝐫೔

𝑥𝑚ቁ
2

𝑑೔ೕ
2 𝑊(𝐫௜௝)ே

௝=1,௝ஷ௜   𝐵௜
𝑥𝑚 =

∑
ቀ𝐫ೕ

𝑥𝑚−𝐫೔
𝑥𝑚ቁ

𝑑೔ೕ
2 𝑊(𝐫௜௝)ே

௝=1,௝ஷ௜  , 𝑥𝑚 = 𝑥  Zhen 𝑥௞ = 𝑦  oU  𝑥𝑚 = 𝑦  Zhen 𝑥௞ = 𝑥 , and  𝐫𝑥𝑚  iV Whe 

componenW of Whe poViWion YecWoU in 𝑥𝑚 diUecWion.  The Laplacian in ET. (9b) iV diVcUeWiVed aV 

∇2𝑝௜ = ∑ ସ𝑚ೕ

𝜌೔+𝜌ೕ

(𝑝೔−𝑝ೕ)𝐫೔ೕ

𝑑೔ೕ
2 +𝜖2 ∙ ∇௜𝑊(𝐫௜௝)ே

௝=1 .
 
                          (15) 

The ISPH implemenWed XVing ET. (9b) WogeWheU ZiWh ETV. (12) ± (15) iV UefeUUed Wo aV Whe claVVic ISPH 
(Zhang eW al., 2018) in Whe papeU foU Whe conYenience. The coUUeVponding floZchaUW iV illXVWUaWed b\ 
Whe Volid aUUoZV in Fig. 1.   

2.3 CNN-VXSSRUWed LagUangian ISPH  

AV VhoZn in Fig.1, Whe main diffeUence beWZeen Whe claVVic and ISPH_ML lieV in Whe Za\ Wo find Whe 
pUeVVXUe.  In Whe claVVic ISPH, Whe pUeVVXUe iV foXnd b\ VolYing ET. (9b), Zhile iW iV pUedicWed b\ a ML 
in ISPH_ML.  ThiV VecWion Zill diVcXVV Whe iVVXeV UelaWed Wo coXpling Whe ML ZiWh ISPH, WUaining and 
WeVWing Whe ML, and implemenWing Whe ML. The model foU ML iV baVed on CNN in WhiV papeU.   
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(a) CNN VWUXcWXUe 

 
(b) ConYolXWional opeUaWion 

 
Fig. 2 IllXVWUaWion of conYolXWional neXUal neWZoUk (CNN) 

 

2.3.1. CoXpling CNN ZiWh LagUangian ISPH  

The CNN, introduced by LeCun eW al. (1990), is inspired by the natural visual perception mechanism 
of the living creatures and has been shown to have extraordinary performance for dealing with many 
problems. The network is composed of four parts as shown in Fig. 2 (a): (i) input layer; (ii) 
convolutional layers; (iii) fully-connected layers and (iv) output layer.  The convolutional layers 
extract the main features of the input data. The fully-connected layers build the relations between the 
main features and output variables as done by a normal neural network.   
 
Each of the convolutional layers usually consists of convolution, activation (or application of 
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nonlinearity) and pooling. Convolution performs the convolutional operation (i.e., dot product of 
matrixes) between the input data and a set of learnable filters, which also called as kernels. A kernel 
is a square matrix of discrete numbers, with a typical size of 3 × 3, as illustrated in Fig. 2(b), which 
is also used in this paper.  Dot product of the kernel with corresponding elements in the input data 
gives one value representing a feature of data. With sliding the kernel over all the input data, a feature 
map is formed.  Performing the similar convolution for each of kernels, a number of the feature maps 
are obtained as seen in Fig. 2(a). A featured value at location (i, j) in the kth feature map of lth layer, 

, ,
l
i j kh , can be mathematically expressed as 

, , ,
l l T l l
i j k k i j kh b �w x                                                                                                                 (16) 

ZheUe l
kw  and l

kb  aUe Whe ZeighW YecWoU and biaV WeUm of Whe kWh keUnel of Whe lWh la\eU UeVpecWiYel\, 

and ,
l
i jx  iV Whe inpXW paWch cenWeUed aW locaWion (i  j) of Whe lWh la\eU. DXUing oU afWeU Whe conYolXWion, 

activation (or application of nonlinearity) is usually performed to introduce the nonlinearities. Among 
Whe poVVible acWiYaWion opWionV, Whe RecWified lineaU XniW (ReLU) fXncWion iV Whe moVW popXlaU and XVed 
in WhiV papeU, Zhich baVicall\ conYeUWV all Whe negaWiYe feaWXUe YalXeV inWo ]eUo. AfWeU conYolXWion ZiWh 
Whe acWiYaWion, the pooling may be applied to the feature maps, which basically means selecting 
representative features and discarding others. Often used method, also employed in this paper, for 
pooling is to select the maximum in a 2î2 VXbmaWUi[ of a feaWXUe map.  This part aims to reduce the 
dimension of the data, speeds up the process and eliminate the issue of overfitting.  
 
After performing one or more convolution layers, a number of features maps are extracted. On this 
basis, one or more fully-connected layers may be applied to establish the relation between the features 
(treated as inputs) and the output variables (which is the pressure values in this work), with learnable 
weights, in a way similar to a normal neural network.  
 
After training using the structure illustrate in Fig. 2(a), a relation (a kind of implicit function) between 
the input variables and the output is established, in which the relative importance of variables is 
reflected by weighting in the network coefficients (denoted as cp) that are determined in the 
convolutional and fully-connected layers. For convenience, the relation is named as fCNN hereafter.  
More information about CNN can be referred to Gu eW al. (2018) and Pinaya eW al. (2020).  
 
In the ISPH_ML, Whe WUained CNN model iV XVed Wo pUedicW Whe pUeVVXUe. The floZchaUW of Whe 
ISPH_ML haV been illXVWUaWed b\ Whe daVhed aUUoZV in Fig. 1. PUocedXUe foU coXpling CNN model 
ZiWh ISPH iV VXmmaUiVed beloZ ZiWh a VlighWl\ moUe deWailV Whan Whe figXUe:    

(1) Find Whe inWeUmediaWe YelociW\ 𝐮௜
∗  and position 𝐫௜

∗  of particle i using Eq. (6) and (7), 
respectively, after finding the solution at time t. 
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(2) CalcXlaWe Whe inWeUmediaWe denViW\ 𝜌∗  and YelociW\ diYeUgence ∇ ∙ 𝐮∗  XVing ET. (8) and ET. 
(12), UeVpecWiYel\; 

(3) IdenWif\ Whe fUee VXUface paUWicleV XVing Whe meWhod pUopoVed b\ Zheng eW al. (2014) and 
geneUaWe Whe inVWanWaneoXV Volid paUWicleV and coUUeVponding miUUoU paUWicleV XVing Whe meWhod 
deYeloped b\ Zhang eW al. (2018); 

(4)  PUedicW Whe pUeVVXUe 𝑝௜
𝑡+∆𝑡 aW flXid paUWicleV (e[clXding all Whe boXndaU\ paUWicleV) XVing Whe 

WUained CNN model ZiWh Whe pUeVVXUe aW Whe fUee VXUface paUWicle iV enfoUced Wo be ]eUo, i.e. ET. 
(5);  

(5) EVWimaWe Whe pUeVVXUe 𝑝௕
𝑡+∆𝑡 aW Volid boXndaU\ paUWicleV ZiWh poViWion YecWoU of 𝐫௕ XVing Whe 

pUeVVXUe aW Whe neighboXUing flXid paUWicleV b\ (Adami eW al., 2012), 

𝑝௕ =
∑ 𝑝ೕ

ಿ
ೕ=1 𝑊(𝐫್ೕ)−(𝐠−𝐔ሶ )∙∑ 𝜌ೕ(𝐫ೕ−𝐫್)ಿ

ೕ=1 𝑊ሺ𝐫್ೕሻ
∑ 𝑊ሺ𝐫್ೕሻಿ

ೕ=1  
,                        (17) 

in Zhich N iV Whe WoWal nXmbeU of flXid paUWicleV in Whe inflXence domain of PaUWicle b.  
(6) CoUUecW Whe YelociW\ 𝐮௜

𝑡+∆𝑡 and Whe poViWion YecWoU 𝐫௜
𝑡+∆𝑡 of all Whe paUWicleV aW t t� '  XVing ET. 

(10) and ET. (11), UeVpecWiYel\, ZheUe Whe pUeVVXUe gUadienW in ET. (10) iV eYalXaWed XVing ET. 
(14). 

 
CompaUed ZiWh Whe claVVic ISPH foUmXlaWed XVing ETV. (1) ± (15), Whe diVWingXiVhed feaWXUe of 
ISPH_ML iV Whe Za\ Wo eYalXaWe Whe pUeVVXUe  𝑝௜

𝑡+∆𝑡 i.e., SWepV (4) ± (5), XVing Whe CNN model Wo 
Ueplace diUecWl\ VolYing Whe PPE (ET. (9b)).   
  
The CNN model iV WUained ZiWh Whe objecWiYe of minimiVing Whe diffeUence beWZeen Whe pUedicWed 
pUeVVXUe and Whe coUUeVponding daWa in Whe WUaining daWaVeW. HoZeYeU, dXe Wo Whe naWXUe of machine 
leaUning algoUiWhm, Whe pUeVVXUe pUedicWed b\ ML ma\ noW be e[acWl\ Vame aV Whe VolXWion obWained 
b\ diUecWl\ VolYing ET. (9b) (TompVon eW al., 2017). TheUe ma\ be man\ UeaVonV foU WhiV Wo happen.  
One of Whem iV UelaWed Wo implemenWaWion of boXndaU\ condiWionV: i.e. Whe fUee VXUface and Volid 
boXndaU\ condiWionV, WhaW pla\ a cUiWical Uole on Whe ZaWeU ZaYe pUoblemV. In Whe e[iVWing ZoUk (Yang 
eW al., 2016; HaVegaZa eW al., 2020; Peng eW al., 2021), Whe boXndaU\ condiWionV aUe inclXded in Whe 
WUaining pUoceVV and pUedicWion model. FolloZing Whe pUacWice, Whe infoUmaWion aboXW fUee VXUface 
paUWicleV iV inYolYed in boWh Whe WUaining and pUedicWion pUoceVV in oXU ZoUk. To do Vo, a flag denoWed 
b\ fV iV cUeaWed.  fV = 1 foU fUee VXUface paUWicleV and fV = 0 oWheUZiVe.  fV Zill be fed Wo Whe CNN model 
aV a paUW of inpXW paUameWeUV dXUing WUaining and pUedicWing pUoceVVeV. When pUedicWing Whe pUeVVXUe 
aW SWep (4), Whe pUeVVXUe aW all fUee VXUface paUWicle ZiWh fV = 1 iV enfoUced Wo be ]eUo. ThiV enVXUeV WhaW 
Whe fUee VXUface boXndaU\ condiWion, i.e. ET. (5), iV VaWiVfied. AV foU Whe Volid boXndaU\ condiWion foU 
pUeVVXUe, Ze WUied VimilaU Whing bXW Ze foXnd WhaW Whe laUgeU eUUoU ZoXld be obVeUYed if Whe NeXmann 
boXndaU\ condiWionV on Whe Volid boXndaU\ (ET. (4)) aUe impoVed dXUing WUaining and WeVWing VWage. 
To avoid this, the solid boundary is not imposed during the training/testing. When implemenWing Whe 
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WUained model Wo pUedicW Whe pUeVVXUe, the pUeVVXUe aW Whe paUWicleV on Whe Volid boXndaU\ aUe eVWimaWed 
diUecWl\ XVing ET. (17). ThiV doeV noW onl\ enVXUe a VaWiVfacWoU\ implemenWaWion of Whe Volid boXndaU\ 
condiWion (ET. (4)), bXW alVo aYoid inYolYing e[WUa inpXW paUameWeU Wo indicaWe Whe Volid paUWicleV and 
conVeTXenWl\, impUoYe Whe efficienc\ of Whe ML model. ThiV ma\ noW be peUfecW and need Wo be 
impUoYed in fXWXUe. HoZeYeU, Whe UeVXlWV pUeVenWed beloZ Zill VhoZ WhaW Whe WUeaWmenW iV VaWiVfacWoU\. 
 
The Vecond one iV WhaW Whe oYeUall accXUac\ of fCNN iV affecWed b\ Whe daWabaVe Wo be XVed foU WUaining 
and b\ Whe paUameWeUV inYolYed in deUiYing Whe fCNN. To pUodXce Whe daWabaVe ZiWh high accXUac\, Ze 
XVe Whe conViVWenW TXadUic ISPH (ISPH_CQ), deYeloped b\ Whe aXWhoUV of WhiV papeU (Zhang eW al., 
2022) and Wo be bUiefed in Whe folloZing VecWion. The meWhod haV TXadUic conYeUgenW pUopeUW\ and 
UeVXlWV in a VignificanWl\ higheU accXUac\ Whan Whe claVVic ISPH foUmXlaWed b\ ETV. (1) ± (15) VhoZn 
in Whe ciWed papeU. ThiV iV analog\ Wo Whe idea adopWed in Whe WXUbXlence modelling (Ling eW al., 2016; 
Zhang and DXUaiVam\, 2015) WhaW XVe Whe higheU-fideliW\ modelling VolXWionV (VXch aV Whe DNS and 
Whe LES UeVXlWV) Wo bXild a model XVed b\ loZeU-fideliW\ RANS VimXlaWion. The paUameWeUV foU 
deUiYing fCNN VhoXld UeflecW Whe h\dUod\namic chaUacWeUiVWicV, Zhich Zill be diVcXVVed in SecWion 2.3.4.   
 

2.3.2. TUaining and WeVWing daWabaVe 

AV indicaWed aboYe, Ze XVe Whe ISPH_CQ Wo pUodXce Whe nXmeUical UeVXlWV foU Whe WUaining and WeVWing 
daWabaVe. The goYeUning eTXaWionV, boXndaU\ condiWionV and pUocedXUe of Whe ISPH_CQ aUe Whe Vame 
aV Whe claVVic ISPH illXVWUaWed in Fig. 1, bXW Whe nXmeUical diVcUeWiVaWion VchemeV foU Whe gUadienW and 
Laplacian opeUaWionV aUe foUmXlaWed b\ Whe TXadUic SFDI (Yan eW al., 2020), Zhich aUe giYen b\ 

∇𝑝௜ = ∑ 𝚽௝௜
𝑔(𝑝௝ − 𝑝௜)ே

௝=1 ,                            (18) 

∇𝟐𝑝௜ = 𝑰୘ ∑ 𝚽௝௜
𝑠 (𝑝௝ − 𝑝௜),ே

௝=1                       (19) 

UeVpecWiYel\, ZheUe 𝑰 = ሾ1 1 1ሿ୘ and  

   𝚽௝௜
𝑔 = 𝑴1௤,௜

−1 (𝑊(𝐫ೕ೔)
𝑑ೕ೔

2 𝒒௝௜ − ∑ 𝑊ሺ𝐫ೖ೔ሻ
𝑑ೖ೔

2 𝒒௞௜
ே
௞=1 ቀ𝐫௞௜

ሺ2𝑐ሻቁ
୘

𝑴2𝑐,௜
−1 𝑊(𝐫ೕ೔)

𝑑ೕ೔
ర 𝐫௝௜

ሺ2𝑐ሻ −

                 ∑ ௪ೖ𝐼
𝑑ೖ೔

2 𝒒௞௜𝚷௞௜
୘ 𝑴2𝑠,௜

−1 𝚪௝௜
ே
௞=1 ) 

 
   (20) 

     𝚽௝௜
𝑠 = 2𝑴2𝑠,௜

−1 (𝚪௝௜ − ∑ ௪ೖ𝐼
𝑑ೖ೔

ర 𝚷௞௜𝑮௞௜
୘ 𝚽௞௜

𝑔ே
௞=1 ),                              (21) 

ZheUe 𝐫௝௜
ሺ2𝑠ሻ = [𝑥௝௜

2 𝑦௝௜
2 𝑧௝௜

2]
୘
 , 𝐫௝௜

ሺ2𝑐ሻ = ሾ𝑥௝௜𝑦௝௜ 𝑥௝௜𝑧௝௜ 𝑦௝௜𝑧௝௜ሿ୘  and dji iV Whe diVWance beWZeen 
paUWicle i and iWV neighboXUing paUWicle j. The definiWionV of maWUiceV in ET. (19) and (20), inclXding 
𝑴2𝑐,௜, 𝚷௝௜,   𝑴2𝑠,௜,   𝑮௝௜ ,  𝒒௝௜, 𝚪௝௜ and  𝑴1௤,௜, can be foXnd in Yan eW al. (2020) and Zhang eW al. (2021, 
2022). The YelociW\ diYeUgence and Whe YiVcoXV WeUm aUe diVcUeWiVed, UeVpecWiYel\, b\ 

∇ ∙ 𝐮௜ = ∑ 𝚽௝௜
𝑔 ∙ (𝐮௝ − 𝐮௜)ே

௝=1 ,                     (22)  

∇ ∙ ሺ𝜈௜∇𝐮௜ሻ = ∑ 𝜈௜𝚽௝௜
𝑠 ∙ (𝐮௝ − 𝐮௜)ே

௝=1 .                   (23)  
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FoU each fUee VXUface pUoblem conVideUed in WhiV papeU, a Uandom VelecWion of Whe WeVW condiWionV Zill 
be conVideUed. FoU e[ample, in Whe dam bUeaking pUoblem, Ze XVe diffeUenW YalXeV of Whe ZaWeU colXmn 
highW and ZidWh Wo foUm a VeUieV of caVeV foU Whe daWabaVe, Zhich aUe Uandoml\ VelecWed in a pUacWical 
Uange. Each caVe Zill be UXn b\ XVing Whe ISPH_CQ and Whe paUWicle poViWion YecWoU UW, YelociW\ 𝐮𝑡, 
inWeUmediaWe poViWion U*, inWeUmediaWe YelociW\ X*, inWeUmediaWe denViW\ 𝜌∗ and flXid pUeVVXUe 𝑝𝑡 aW 
Vpecific WimeVWepV Zill be UecoUded. FUom WheVe field daWa, one can poVW-pUoceVV oWheU paUameWeUV if 
UeTXiUed, e.g. Whe YelociW\ diYeUgence and Whe d\namic pUeVVXUe field 𝑝ො𝑡. The floZchaUW of WUaining and 
WeVWing Whe CNN model iV illXVWUaWed on Whe UighW colXmn of Fig. 1.  

 

 
Fig. 3 IllXVWUaWion of Whe BackgUoXnd MeVh and ISPH paUWicleV 

 

2.3.3 BackgUoXnd MeVh mapping paUWicle-baVed daWa ZiWh gUid-VWUXcWXUed CNN aUchiWecWXUe  

AV illXVWUaWed in Fig.2, Whe conYolXWion opeUaWion and Whe neXUal neWZoUkV in CNN aUe Vpecificall\ 
deVigned Wo ZoUk ZiWh gUid-VWUXcWXUed inpXWV Zhich inclXde VWUong VpaWial dependencieV in local 
UegionV of Whe gUid (Pinaya eW al., 2020).  HoZeYeU, in Whe LagUangian ISPH VimXlaWion, paUWicleV aUe 
moYing folloZing WheiU maWeUial YelociWieV and ma\ be aUWificiall\ VhifWed foU achieYing beWWeU paUWicle 
VWabiliVaWion and VaWiVfacWoU\ paUWicle diVWUibXWion. The aboYe-menWioned field daWa UeVXlWed fUom Whe 
ISPH VimXlaWion coUUeVpondV Wo Whe moYing paUWicle poViWionV Zhich aUe iUUegXlaUl\ diVWUibXWed 
geneUall\. SXch daWaVeW cannoW be diUecWl\ dealW ZiWh b\ Whe CNN model. To oYeUcome WhiV pUoblem, 
a backgUoXnd meVh (Fig.3) iV inWUodXced. The field daWa coUUeVponding Wo iUUegXlaUl\ diVWUibXWed 
paUWicleV Zill be mapped Wo WhaW aW Whe node of Whe backgUoXnd meVh b\ XVing an appUopUiaWe 
inWeUpolaWion. The laWWeU Zill be XVed in Whe CNN WUaining and UXnWime pUedicWion. The backgUoXnd 
meVh coYeUV Whe enWiUe compXWaWional domain and Whe meVh Vi]e iV Waken aV Whe iniWial paUWicle Vpacing 
d[. Once Whe backgUoXnd meVh iV eVWabliVhed in Whe iniWial Wime VWep, iW Zill noW be changed foU all 
oWheU Wime VWepV. One ma\ XVe high-oUdeU inWeUpolaWion, foU Whe conYenience of Whe ISPH 
implemenWaWion, Ze XVe Whe keUnel inWeUpolaWion. FoU an\ node I in Whe backgUoXnd meVh, Whe ph\Vical 
TXanWiW\ fg I iV eVWimaWed XVing 
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f𝑔,𝐼 = ∑ 𝑓𝑝,௝𝑊(𝒓𝐼௝)ே
௝=1 / ∑ 𝑊(𝒓𝐼௝)ே

௝=1                    (24)  

ZheUe N iV Whe nXmbeU of ISPH paUWicleV in Whe inflXence domain of Node I, Zhich iV a ciUcXlaU Uegion 
cenWUed aW I ZiWh a UadiXV of Ubm; 𝑓𝑝,௝ iV Whe coUUeVponding ph\Vical TXanWiW\ aW Whe ISPH paUWicle ZiWh 
a local paUWicle nXmbeU j. AfWeU Whe mapping, Whe CNN XVeV Whe field daWa coUUeVponding Wo Whe 
backgUoXnd meVh Wo pUoceed Whe leaUning and WUaining, UeVXlWing a WUained CNN fXncWion fCNN. DXUing 
Whe UXnWime pUedicWion, Whe WUained CNN model iV alVo e[pecWed Wo UeceiYe Whe Vame gUid-VWUXcWXUed 
daWa. AfWeU Whe pUeVVXUe aW all nodeV of Whe backgUoXnd gUid iV pUedicWed XVing Whe WUained CNN model, 
Whe keUnel-baVed inWeUpolaWion iV XVed again Wo giYe Whe pUeVVXUe aW Whe ISPH paUWicleV,   

f𝑝,௜ = ∑ 𝑓𝑔,௃𝑊(𝒓௜௃)ே
௃=1 / ∑ 𝑊(𝒓௜௃)ே

௃=1 ,                          (25) 

ZheUe fp i iV Whe ph\Vical TXanWiW\, i.e. Whe pUedicWed pUeVVXUe, aW Whe paUWicle i, N iV Whe nXmbeU of 
backgUoXnd nodeV in Whe inflXence domain of Whe paUWicle i ZiWh a UadiXV of Ui; 𝑓𝑔,௃ iV Whe coUUeVponding 
YalXe aW Whe backgUoXnd node ZiWh a local nXmbeU J.  IW iV noWed WhaW Whe inWeUpolaWion VeemV Wo noW 
ZoUk Zell in Whe Uegion WhaW paUWicleV aUe diVpeUVed dXe Wo YiolenW moWion of Whe fUee VXUface, VXch aV 
VplaVhing. HoZeYeU, WheVe diVpeUVed paUWicleV Zill be jXdged aV fUee VXUface paUWicleV on Zhich 
pUeVVXUe Zill be impoVed Wo be ]eUo, and WhXV Whe accXUac\ of Whe inWeUpolaWion doeV noW acWXall\ affecW 
Whe UeVXlWV. The idea of XVing backgUoXnd meVh Wo aVViVW and VXppoUW Whe paUWicle meWhodV iV noW neZ. 
In Whe claVVic ISPH (Zhang eW al., 2018) and Whe ISPH_CQ (Zhang eW al., 2022), iW haV been XVed Wo 
aVViVW Whe paUWicle VeaUching. IW iV alVo XVed Wo enhance Whe į-SPH foU ocean engineeUing applicaWionV 
(YoX eW al., 2021). HoZeYeU, in Whe pUeVenW nXmeUical fUameZoUk and Whe ISPH_ML, iW iV an eVVenWial 
VWep Wo make VaWiVfacWoU\ daWa e[change beWZeen Whe ISPH and Whe CNN.   

 

2.3.4 InpXW paUameWeUV and pUedicWed pUeVVXUe 

Yang eW al. (2016) pUopoVed Wo XVe Whe pUeVVXUe aW Whe pUeYioXV Wime VWep and Whe inWeUmediaWe YelociW\ 

diYeUgence 
� �u  aW Whe cXUUenW VWep, WogeWheU ZiWh Whe Volid boXndaU\ condiWionV WhaW aUe UealiVed b\ 
a geomeWU\ field, aV Whe inpXW daWa. Tompson eW al. (2017) suggested to release the dependence on Whe 
VolXWion aW Whe pUeYioXV Wime VWep, aV iW ma\ caXVe accXmXlaWion of Whe eUUoU. The\ onl\ XVed the 

inWeUmediaWe YelociW\ diYeUgence 
� �u  and the geometry field as the input data. Despite the facts that 
Yang eW al. (2016) and Tompson eW al. (2017) designed the training for the PPE in the Eulerian mesh-
based methods, we select the input parameters based on their work.   
 

The intermediate velocity divergence 
� �u   in Yang eW al. (2016) and Tompson eW al. (2017) 

corresponds to the right-hand side of the PPE, i.e. 𝜌∇∙𝐮∗

∆𝑡
 in Eq. (9a). However, the PPE in the present 

ISPH model is written as a blended form, i.e. Eq. (9b), of which the right hand side is Ψ/∆𝑡 . The 
inWUodXcWion of Whe denViW\ YaUiaWion WeUm iV Wo impUoYe Whe nXmeUical VWabiliW\ of Whe ISPH.   
Analogically, we use Ψ aV one of Whe inpXW paUameWeUV. Following Yang eW al. (2016), Ze alVo conVideU 
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Whe pUeVVXUe aW Whe pUeYioXV Wime VWep aV Ze foXnd in oXU pUeliminaU\ WeVWV WhaW inYolYemenW of Whe 
pUeVVXUe aW Whe pUeYioXV Wime VWep can impUoYe Whe pUedicWion of Whe pUeVVXUe. The UeVXlWV Zill be 
diVcXVVed in Whe folloZing VecWion. FXUWheUmoUe, Whe ZaWeU ZaYe is driven by the gravity and the 
viscous effects may be significant in the case with breaking waves. These effects are taken into 

account through the calculation of the intermediate velocity, 𝐮∗, we also involve 𝐮∗ as one of input 

parameters. With this a better performance of the ISPH-ML can be achieved than without considering 
𝐮∗ as an input parameter. The geomeWU\ field iV noW needed heUe, Zhich aUe cUiWical in Yang eW al. (2016) 
and Tompson et al. (2017) to specify the solid boundary, since the pressure boundary condition is 
approximated using Eq. (17). However, as indicated above, the flag specifying the free surface 
particle is required to consider the free surface boundary condition.   

 
Unlike the existing works (Yang eW al., 2016; TompVon eW al., 2017; Xiao eW al., 2018; Dong eW al., 
2019), in Whe pUeVenW ZoUk, Whe d\namic pUeVVXUe pd inVWead of Whe WoWal pUeVVXUe iV leaUnW dXUing Whe 
WUaining phaVe and pUedicWed in Whe UXnWime pUedicWion. The WoWal pUeVVXUe iV When obWained b\ VXmming 
Whe pUedicWed d\namic pUeVVXUe and Whe VWaWic pUeVVXUe. The VWaWic pUeVVXUe can be diUecWl\ calcXlaWed 
XVing Whe paUWicle poViWion ZiWhoXW Whe need of pUedicWion. TheUe aUe WZo UeaVonV foU doing Vo. One iV 
WhaW Whe d\namic pUeVVXUe iV VignificanWl\ VmalleU Whan Whe WoWal pUeVVXUe in a laUge paUW of Whe flXid 
domain. IW dominaWeV onl\ neaU Whe fUee VXUface and dXUing a VhoUW dXUaWion of YiolenW impacW. 
HoZeYeU, Whe d\namic pUeVVXUe iV cUiWical foU achieYing a VaWiVfacWoU\ accXUac\ foU Whe gUaYiW\ dUiYen 
fUee VXUface floZ. TheUefoUe, a model WUained WoZaUd a minimi]ed eUUoU in Whe d\namic pUeVVXUe can 
UedXce Whe adYeUVe effecW of Whe pUedicWion eUUoU b\ Whe CNN. Secondl\, Whe VWaWic pUeVVXUe iV onl\ 
coUUelaWed ZiWh Whe poViWion of Whe paUWicleV and can be eYalXaWed e[acWl\.  If iW ZoXld be pUedicWed b\ 
CNN model, Whe eUUoU in eVWimaWing WhiV paUW ZoXld be XnneceVVaUil\ inWUodXced.   
 
BaVed on Whe aboYe diVcXVVionV, Whe field daWa of Ψ, 𝐮∗, fV and 𝑝𝑑

𝑡   aUe XVed aV Whe inpXW daWa in oUdeU 
Wo leaUn a model Wo pUedicW Whe d\namic pUeVVXUe 𝑝̂𝑑

𝑡+୼𝑡. The fXncWion fCNN fUom inpXW Wo oXWpXW b\ Whe 
CNN model can be UepUeVenWed aV folloZV: 

𝑝̂𝑑
𝑡+୼𝑡 = 𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑

𝑡 , 𝑓𝑠, 𝑐𝑝, 𝐼𝐶),                       (26) 

ZheUe 𝑐𝑝 iV Whe neWZoUk coefficienWV deWeUmined dXUing WUaining pUoceVV of CNN model aV diVcXVVed 
in SecWion 2.3.1. In ET. (26), IC iV Whe idenWificaWion chaUacWeU UepUeVenWing a Vpecific claVV of ph\Vical 
pUoblemV, VXch aV IC = µdam¶ indicaWing dam bUeaking pUoblemV Zhile IC= µVol¶ indicaWing VoliWaU\ 
ZaYe pUopagaWion. IC iV Vpecified b\ XVeUV, Zhich doeV noW diUecWl\ affecW Whe WUaining and oXWpXW of 
WUaining in WhiV papeU.     
 

2.3.5. ObjecWiYe fXncWion  

In Whe CNN model, Whe fXncWion fCNN iV eVWabliVhed dXUing Whe WUaining pUoceVV b\ minimiVing Whe eUUoU 
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beWZeen Whe WaUgeW and acWXal pUeVVXUe, Zhich iV UepUeVenWed b\ an objecWiYe fXncWion. DiffeUenW 
objecWiYe fXncWionV lead Wo diffeUenW meaVXUemenW of eUUoUV and peUhapV diffeUenW pUedicWion of Whe 
pUeVVXUe.  BaVed on oXU pUeliminaU\ WeVWV, Whe objecWiYe fXncWion 𝑓𝑜௕௝ XVed in WhiV ZoUk iV Whe VXm of 
VTXaUed L-2 noUm of Whe diffeUence beWZeen Whe pUedicWed d\namic pUeVVXUe and acWXal YalXeV, Zhich 
iV defined aV folloZV:  

𝑓𝑜௕௝ = ∑ (𝑝̂𝑑,௜ − 𝑝𝑑,௜)
2ே

௜=1  ,                                    (27) 

ZheUe 𝑝̂𝑑,௜  and 𝑝𝑑,௜  aUe Whe pUedicWed d\namic pUeVVXUe and Whe acWXal d\namic pUeVVXUe aW Whe 
backgUoXnd node i obWained fUom Whe WUaining daWabaVe. The objecWiYe fXncWion can alVo be Whe VXm 
of ZeighWed VTXaUed L-2 noUm of Whe diYeUgence of Whe pUedicWed YelociW\ aV XVed in Tompson eW al. 
(2017) oU Whe mXlWi-objecWiYe loVV fXncWion inclXding Whe diffeUence beWZeen Whe WaUgeW pUeVVXUe and 
acWXal YalXeV and Whe diYeUgence of YelociW\ aV in Xiao eW al. (2018). In addiWion, embedding Whe 
VaWiVfacWion of Whe ph\Vical laZ (PPE) inWo Whe objecWiYe fXncWion of Whe neWZoUk ma\ impUoYe Whe 
ph\Vical conViVWenc\ and accXUac\ of Whe WUained model. HoZeYeU, WheVe haYe noW been WeVWed in WhiV 
ZoUk bXW ma\ be aWWempWed in oXU fXWXUe ZoUk.  

3. NXmeUical SWXd\ 

In WhiV VecWion, WZo benchmaUk applicaWionV aUe conVideUed Wo inYeVWigaWe Whe peUfoUmance of Whe 
nXmeUical fUameZoUk foU modelling Whe fUee VXUface floZ, Zhich Zill be eYalXaWed b\ TXanWiWaWiYe 
compaUiVonV of Whe ISPH_ML UeVXlWV ZiWh Whe e[peUimenWal daWa and oWheU nXmeUical UeVXlWV.  

3.1. Dam-break flow  

The dam-bUeak floZ iV a claVVical YalidaWion WeVW caVe foU LagUangian flXid VimXlaWionV. In WhiV WeVW, a 
UecWangXlaU colXmn of ZaWeU iV confined b\ a UecWangXlaU Wank aV VhoZn in Fig. 4. The ZidWh and 
heighW of ZaWeU colXmn aUe L and H, UeVpecWiYel\. D iV Whe lengWh of hoUi]onWal VecWion of ZaWeU Wank 
and a pUeVVXUe VenVoU P1 iV locaWed on Whe UighW Zall aW a YeUWical diVWance of h1 fUom Whe boWWom.   
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Fig. 4 SchemaWic YieZ of dam bUeak floZ  

 
In oUdeU Wo WUain Whe CNN model  𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑

𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚), a VeUieV of ISPH_CQ VimXlaWionV haYe 

been caUUied oXW. All YaUiableV and paUameWeUV aUe non-dimenVionaliVed XVing D.  TheVe caVeV foU WhiV 
pXUpoVe aUe VelecWed in VXch a Za\ WhaW Whe lengWhV and heighWV of Whe ZaWeU colXmn aUe Uandoml\ 
Vpecified in Whe UangeV of L/D = 0.2a0.5 and H/D = 0.2a0.5 ZiWh D = 2.0 m. AccoUding Wo Whe 
conYeUgenW inYeVWigaWion, Whe iniWial paUWicle Vpacing of 0.01 m and a Wime VWep Vi]e of 0.001 V aUe XVed 
in Whe ISPH_CQ VimXlaWion. IW iV Zell XndeUVWood WhaW Whe UichneVV of Whe daWa in Whe WUaining and 

WeVWing VeWV pla\V cUiWical Uole in VecXUing VaWiVfacWoU\ accXUac\ of  𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚). In Whe 

pUeliminaU\ ZoUk, WUaining/WeVWing daWa VeWV ZiWh diffeUenW nXmbeU of caVeV aUe conVideUed. Fig. 5 
illXVWUaWeV Whe Uandom YaUiaWionV of a WUaining VeW of 70 caVeV/VceneV and a WeVWing VeW of 30 caVeV/VceneV. 
FoU each caVe/Vcene, 128 fUameV ZiWh 0.006 V Wime inWeUYal aUe pUodXced foU Whe WUaining. TheVe fUameV 
coYeU Whe enWiUe pUoceVV fUom Whe iniWial condiWion Wo Whe occXUUence of Whe YiolenW impacW on Whe UighW 
Vide of Whe Wank.    
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Fig. 5 VaUiaWion of Whe heighWV and lengWhV of Whe ZaWeU colXmn XVed in WUaining daWa VeW and WeVW daWa 
VeW 

h1 
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(a)                                                        (b) 

    
(c)                                                         (d) 

Fig. 6 The particle distributions and pressure contour at t = 0. 45s for the cases ZiWh (a) ISPH_ML 
ZiWh 10 VceneV in WUaining VeW and 10 VceneV in Whe WeVWing VeW, (b) ISPH_ML ZiWh 20 VceneV in WUaining 
VeW and 20 VceneV in Whe WeVWing VeW, (c) ISPH_ML ZiWh 70 VceneV in WUaining VeW and 30 VceneV in Whe 
WeVWing VeW, and (d) ISPH_CQ (L= 0.25D,

 
H = 0.5D and D = 2.0 m) 

 
We fiUVW diVcXVV hoZ Whe nXmbeU of WUaining and WeVWing VceneV affecW Whe UeVXlWV. FoU WhiV pXUpoVe, 
Fig. 6 iV ploWWed, in Zhich Whe paUWicle diVWUibXWion and pUeVVXUe contour at t = 0. 45s for the cases with 
L= 0.25D,

 
H = 0.5D and D = 2.0 m aUe compaUed. These results  shown in Fig. 6 (a) ± (c) are obtained 

by using the ISPH_ML in which the dynamic pressure is predicted by 𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚) 

Zhich iV WUained/WeVWed XVing diffeUenW nXmbeUV of VceneV, i.e. 10 VceneV in Whe WUaining VeW and 10 
VceneV in Whe WeVWing VeW (Fig. 6a), 20 VceneV in Whe WUaining VeW and 20 VceneV in Whe WeVWing VeW (Fig. 
6b), 70 VceneV in Whe WUaining VeW and 30 VceneV in Whe WeVWing VeW (Fig. 6c). Fig. 6(d) VhoZV Whe 
coUUeVponding ISPH_CQ UeVXlW foU compaUiVon. AV can be Veen, ZiWh Whe incUeaVe of Whe nXmbeUV of 
VceneV in Whe WUaining/WeVWing daWa VeW, Whe pUeVVXUe diVWUibXWion becomeV VmooWheU and cloVeU Wo Whe 
coUUeVponding ISPH_CQ UeVXlW (Fig. 6d). DeVpiWe WhaW Whe accXUac\ of Whe ISPH_ML can be fXUWheU 
impUoYed b\ incUeaVing Whe YolXme of Whe daWabaVe, Ze Zill XVe Whe WeVW daWabaVe foUmed b\ Whe caVeV 
VhoZn in Fig. 6(c) foU fXUWheU inYeVWigaWion of ISPH_ML behaYioXUV.  
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(a) PUeVVXUe b\ Whe WUained model ZiWh inpXW paUameWeUV VimilaU Wo Tompson eW al. (2017)   

 
(b) PUeVVXUe b\ Whe WUained model ZiWh inpXW paUameWeUV VimilaU Wo Yang eW al. (2016) 

 
(c)  PUeVVXUe b\ Whe WUained model ZiWh inpXW paUameWeUV adopWed in Whe pUeVenW VWXd\ 

Fig. 7 Pressure contour at t = 0. 4s compXWed b\ the ISPH_ML with CNN models trained by using 
different input parameters for the case with L= 0.25D,

 
H = 0.5D and D = 2.0 m 

 
AV diVcXVVed in SecWion 2.3.4, Whe inpXW paUameWeUV pla\ an impoUWanW Uole on Whe peUfoUmance of Whe 
WUained fXncWion 𝑓𝐶ேே . To Vhed Vome lighW on Whe impUoYed peUfoUmance of Whe inpXW paUameWeUV 
choVen b\ Whe pUeVenW model, Whe inpXW paUameWeUV VimilaU Wo Yang eW al. (2016) and TompVon eW al. 
(2017) haYe alVo aWWempWed. The Vame daWa VeWV VhoZn in Fig. 5 aUe XVed foU WhUee diffeUenW opWionV.  
Fig. 7 compaUeV Whe pUeVVXUe conWoXU aW W = 0.4 V compXWed b\ Whe ISPH_ML ZiWh Whe CNN model 
WUained b\ XVing diffeUenW inpXW paUameWeUV foU Whe Vame caVe aV VhoZn in Fig. 6.  In WeUmV of inpXW 
paUameWeUV pUopoVed b\ TompVon eW al. (2017) (Fig. 6a) and WhoVe b\ Yang eW al., (2016) (Fig. 7b), 
Whe diffeUence iV WhaW Whe laWWeU inYolYeV Whe pUeVVXUe aW Whe pUeYioXV Wime VWep. CleaUl\, Whe pUeVVXUe 
diVWUibXWion VhoZn in Fig. 7(b) iV moUe UeaVonable and VmooWheU Whan WhaW VhoZn in Fig. 7(a). ThiV 
implieV Whe effecWiYeneVV of inYolYing Whe pUeVVXUe aW Whe pUeYioXV Wime VWep on impUoYing Whe 
peUfoUmance of Whe CNN model. CompaUed ZiWh Whe inpXW paUameWeUV VimilaU Wo Yang eW al. (2016) 
(Fig. 7b), Whe pUeVenW model haV addiWional inpXW paUameWeU 𝐮∗. A fXUWheU impUoYed peUfoUmance of 
Whe UeVXlW in Fig. 7c Whan WhaW in Fig. 7b VXggeVWV Whe neceVViW\ of inYolYing 𝐮∗ aV one of Whe inpXW 
paUameWeUV. IW ma\ be ZoUWh noWing WhaW Whe inpXW paUameWeUV pUopoVed b\ Yang eW al. (2016) and 
TompVon eW al. (2017) ma\ ZoUk Zell ZiWh EXleUian pUojecWion meWhod and diffeUenW objecWiYe 
fXncWionV. In Whe LagUangian fUameZoUk foU Whe ISPH applicaWion, Whe pUeVenW model haV VhoZn iWV 
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VXpeUioUiW\ in all caVeV conVideUed in oXU pUeliminaU\ VWXdieV. DXe Wo Whe lengWh limiW of Whe papeU, Ze 
onl\ pUeVenW Fig. 7 foU demonVWUaWion. IW iV alVo ZoUWh noWing WhaW Whe WUained fXncWion 

𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚) ma\ noW ZoUk Zell aW Whe iniWial VWage dXe Wo inYolYemenW of 𝐮∗ and Whe 

pUeVVXUe aW Whe pUeYioXV Wime VWepV. A Vimple Za\ Wo aYoid WhiV iV Wo implemenW Whe 

𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚) afWeU W=TML, ZheUe TML iV Vpecified b\ XVeUV.  BefoUe WhiV inVWanW, ET. (9b) 

iV XVed Wo find Whe pUeVVXUe like Whe claVVic ISPH. OXU WeVWV (noW pUeVenW heUe) VhoZV WhaW UeVXlWV aUe 
noW YeU\ VenViWiYe Wo Whe YalXe of TML aV long aV iW iV laUge enoXgh foU bXilding Xp Whe VXfficienW 
infoUmaWion foU 𝐮∗ and pUeVVXUe aW Whe pUeYioXV Wime VWepV. 
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Fig. 8 CompaUiVonV of dam bUeak floZ (a) ZaWeU fUonW; and (b) ZaWeU colXmn heighW ZiWh e[peUimenWal 
daWa (MaUWin and Mo\ce, 1952) in Whe caVe ZiWh L= 0.25D,

 
H = 0.5D and D = 2.0 m 

 
WiWh Whe aboYe-menWioned pUeliminaU\ VWXdieV, Whe pUeVenW ISPH_ML ZiWh 

𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚) iV XVed and iWV accXUac\ and conYeUgence aUe diVcXVVed beloZ. The fiUVW 

caVe conVideUed iV Whe Vame aV WhaW XVed in Fig. 6 and Fig. 7, i.e. L= 0.25D,
 
H = 0.5D and D = 2.0 m, 

Zhich haV been e[peUimenWall\ VWXdied b\ MaUWin and Mo\ce (1952). HoZeYeU, Whe iniWial paUWicle 
Vpacing and Whe Wime VWep Vi]eV aUe Waken aV 0.0083 m and 0.00083V UeVpecWiYel\, Zhich iV diffeUenW 
fUom Whe paUameWeUV foU geneUaWing Whe WUaining/WeVW daWa.  One UeaVon foU making Whe diffeUence iV foU 
demonVWUaWing WhaW Whe ISPH_ML can XVe a ZideU Uange of compXWaWional paUameWeUV once 

𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚)  iV WUained. TML =0.2V in WhiV caVe. Fig. 8 diVpla\V Whe ZaYe fUonW and 

ZaWeU colXmn heighW of dam bUeak floZ. FoU Whe pXUpoVe of compaUiVon, Whe coUUeVponding UeVXlWV of 
Whe claVVic ISPH (Zhang eW al., 2018), ISPH_CQ (Zhang eW al., 2022) and Whe e[peUimenWal daWa aUe 
alVo ploWWed. IW iV obVeUYed WhaW Whe ISPH_ML UeVXlWV agUee Zell ZiWh Whe e[peUimenWal daWa, eVpeciall\ 
Whe ZaWeU colXmn heighW VhoZn in Fig. 8 (b). The ISPH_ML UeVXlWV aUe almoVW idenWical Wo Whe 
coUUeVponding UeVXlWV b\ ISPH_CQ, Zhich iV XVed Wo pUodXce Whe daWa VeWV foU WUaining Whe 

𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑑𝑎𝑚). The UelaWiYe diffeUence beWZeen Whe ISPM_ML and ISPH_CQ UeVXlWV of 

ZaWeU fUonW and ZaWeU colXmn heighW in Fig. 8 aUe appUo[imaWel\ 1%.  MoUe diVcXVVion aboXW Whe 
diffeUence Zill be giYen in SecWion 3.3. 
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(a) ISPH  

   
(b) ISPH_ML 

     

(c) ISPH_CQ 
Fig. 9 The particle distributions with pressure contours at t = 0.5 s (left column) and t = 0.55 s (right 
column) (L= 0.25D,

 
H = 0.5D, D = 2.0 m and dx = 0.0083 m) obtained by using different ISPH 

models 
 
Attention is also paid to the pressure field at different time during the simulations. Fig.6 (c) and (d) 
have illustrated the results at t = 0.45 s, which represents a typical feature of pressure characteristics 
before the wave impact on the right-end wall, in the case with L= 0.25D,

 
H = 0.5D and D = 2.0 m. 

More results at different time instants after the occurrences of the impact in the same case are shown 
in Fig. 9. As observed from Fig.9, the pressure distribution results from the ISPH_ML is almost as 
smooth as other conventional ISPH results. The free surface location and the formation of the 
breaking jet in the ISPH_ML simulation are visually comparable to the corresponding results from 
the ISPH and ISPH_CQ. Quantitatively, the pressure time histories recorded at the pressure 
monitoring point P1, which is placed on the right end wall and 0.1 m (h1 = 0.1 m) above the tank bed, 
are displayed and compared in Fig. 10. The results from all ISPH models exhibit a typical feature of 
violent wave impact, i.e. a sharp rising of pressure. Taking the ISPH_CQ result as the reference value, 
the present ISPH_ML slightly overestimate the peak pressure, whereas the classic ISPH 
underestimate the peak pressure. The relative errors of the ISPH_ML and the classic ISPH in terms 
of the peak pressure are at a similar level, i.e. approximately 5%, which is acceptable for violent wave 
impact problems. It is also interesting to observe that there is much less fluctuation in the pressure 
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time history produced by the ISPH_ML.  
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Fig. 10 Time histories of the pressure recorded at P1 in the cases with different ISPH models (L= 
0.25D,

 
H = 0.5D and D = 2.0 m; h = 0.1 m)  

  

 

     
(a) ISPH 

     
(b) ISPH_ML 

     
(c) ISPH_CQ 

Fig. 11 Particle distributions with pressure contours at t = 0.55 s (left column) and t = 0.6 s (right 
column) (L = 0. 5D,

 
H = 0.25D and D = 3.0 m) obtained by using different ISPH models 
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Fig. 12 Time histories of the pressure recorded at P1 in the cases with different ISPH models (L = 
0.5D,

 
H = 0.25D and D = 3.0 m; h1 = 0.1 m)  

 
The case shown in Figs. 8-10 falls in the range of the training/testing data sets, although iW iV noW 
idenWical Wo an\ WUaining/WeVWing caVeV (Fig. 5). HeUe, Whe ISPH_ML iV applied Wo anoWheU dam bUeaking 
caVeV WhaW iV VlighWl\ be\ond Whe main Uange of Whe WUaining/WeVWing daWa VeWV. In WhiV caVe, L = 0. 5D,

 
H 

= 0.25D and D = 3.0 m. The paUWicle diVWUibXWionV and pUeVVXUe conWoXUV aW diffeUenW Wime VWepV aUe 
VhoZn in Fig. 11. Like ZhaW haV been Veen in Fig. 9, Whe agUeemenWV beWZeen Whe ISPH_ML UeVXlWV 
and Whe UeVXlWV fUom oWheU ISPH modelV aUe alVo good. The coUUeVponding Wime hiVWoUieV of Whe 
pUeVVXUe UecoUded aW P1 aUe compaUed in Fig. 12. IW iV foXnd WhaW Whe ISPH_ML and Whe claVVic ISPH 
UeVXlW in VimilaU peak pUeVVXUe WhaW aUe VlighWl\ loZeU Whan Whe ISPH_CQ UeVXlW. ThiV implieV Whe 
pUeVenW ISPH_ML can deliYeU VaWiVfacWoU\ UeVXlWV foU a dam bUeaking caVe be\ond Whe main Uange of 
WUaining/WeVWing daWa VeWV, VXggeVWing iW haV a poWenWial Wo be made moUe geneUal.   
 
In order to further validate the ISPH_ML, another dam breaking case studied experimentally by 
Lobovský et al. (2014) is considered, where the dimensions L

 
= 0.37 D , H

 
= 0.37 D  and D

 
= 1.61 

m are used. The particle size and time step in this case are taken as the same as the case for the results 
in Fig. 8 and 10. Fig. 13 illustrates the particle distributions by using different ISPH methods at two 
instants. Again, one can see that overall particle distributions and pressure fields computed by 
ISPH_ML as shown in Fig. 13(b) are similar to the results from ISPH_CQ in Fig. 13(c). The time 
histories of pressure at P1 with height h1 = 0.08 m computed by different ISPH methods are compared 

with the experimental data of Lobovský et al. (2014) in Fig. 14. The relative error of the ISPH_ML 
in term of the peak pressure is about 5.3% as compared with the experimental peak pressure.  
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(a) ISPH    

   
(b) ISPH_ML 

            
(c) ISPH_CQ 

Fig. 13 Particle distributions with pressure contours at t = 0.3 s (left column) and t = 0.36 s (right 
column) ( L

 
= 0.37 D , H

 
= 0.37 D  and D

 
= 1.61 m) obtained by using different ISPH models 
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Fig. 14 Time histories of the pressure recorded at P1 in the cases with different ISPH models ( L
 
= 

0.37 D , H
 
= 0.37 D  and D

 
= 1.61 m; h1 = 0.08 m, d[ = 0.0083m) 
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3.2. Solitary wave propagation  

The second benchmark problem considered here is the solitary wave propagation. The schematic 
diagram of the wave tank to perform the test is shown in Fig. 15, in which h is the solitary wave 
height, D is the water depth and L is the length of the wave tank. The wave is generated by the 
wavemaker on the left end of the tank using the approach in Ma and Zhou (2009). The right end of 
the tank is a vertical wall.  Before the wave reflected from the right end wall, the free surface can be 
described by the Boussinesq equation (Lee eW al., 1982). The problem has been investigated in our 
previous work using the classic ISPH and ISPH_CQ (Zhang eW al., 2021; 2022).  
 

 
Fig. 15 Schematic wave tank for solitary wave  

 
In WhiV benchmaUk WeVW, Whe CNN model 𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑

𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑠𝑜𝑙)  iV WUained XVing a neZ VeW of 

WUaining/WeVWing daWa alVo geneUaWed b\ Whe ISPH_CQ. The lengWh of Whe Wank iV Waken aV 10 m. All 
WUaining and WeVWing caVeV aUe Uandoml\ Vpecified XVing h Uanging fUom 0.2D Wo 0.4D, ZheUeaV diffeUenW 
YalXeV of 0.25 m, 0.275 m and 0.3 m aUe aVVigned foU D. AccoUding Wo Whe pUeliminaU\ VWXd\, 40 
WUaining caVeV/VceneV and 20 WeVWing caVeV/VceneV aUe XVed. Each caVe pUodXceV 256 fUameV of daWa 
ZiWh a Wime inWeUYal of 0.0125 V. AccoUding Wo Whe conYeUgenW WeVW, Whe iniWial paUWicle Vpacing and Whe 
Wime VWep Vi]e XVed b\ Whe ISPH_CQ Wo geneUaWe Whe daWaVeW aUe 0.0125 m and 0.00125 V, UeVpecWiYel\. 

The WUained CNN model 𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑠𝑜𝑙) iV When incoUpoUaWed ZiWh Whe ISPH_ML model 

foU pUedicWing Whe pUeVVXUe in VimXlaWing Whe caVeV ZiWh diffeUenW VoliWaU\ ZaYe heighWV. The 
coUUeVponding UeVXlWV aUe compaUed ZiWh Whe oWheU ISPH UeVXlWV and Whe VolXWion fUom Whe Boussinesq 
eTXaWion (Lee eW al., 1982).   
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Fig. 16 PaUWicle diVWUibXWionV and pUeVVXUe contour obWained b\ Whe ISPH_ML in Whe caVe of VoliWaU\ 
ZaYe ZiWh h = 0.2D aW (a) t= 2.6 s; (b) t= 3.2 s and (c) t= 3.6 s (D = 0.25 m, L = 8 m, the orange line 
is the results from the Boussinesq equation, Lee et al., 1982) 
 

 

 

 

 

Fig. 17 PaUWicle diVWUibXWionV and pUeVVXUe contour obWained b\ Whe ISPH_ML in Whe caVe of VoliWaU\ 
ZaYe ZiWh h = 0.28D aW (a) t= 2.6 s; (b) t= 3.2 s and (c) t= 3.6 s (D = 0.25 m, L = 8 m; the orange line 
is the results from the Boussinesq equation, Lee et al., 1982) 
 
Fig. 16 and Fig. 17 illXVWUaWe Whe pUeVVXUe contour obWained b\ Whe ISPH_ML in Whe caVeV ZiWh h = 
0.2D and h = 0.28D, UeVpecWiYel\. In WheVe caVeV, Whe ZaWeU depWh D = 0.25 m and the tank length L = 
8 m. FoU Whe pXUpoVe of compaUiVon, Whe ZaYe pUofile pUedicWed XVing Whe BoXVVineVT eTXaWion (Lee 
eW al., 1982) aUe alVo ploWWed WogeWheU (Whick line on Whe fUee VXUface). AV indicaWed aboYe, Zhang eW al. 
(2021, 2022) haV compaUed Whe nXmeUical UeVXlWV b\ Whe claVVic ISPH and Whe ISPH_CQ ZiWh Whe 
BoXVVineVT VolXWion, and VaWiVfacWoU\ agUeemenWV haYe been demonVWUaWed. FoU claUiW\, Whe 
coUUeVponding UeVXlWV aUe noW VhoZn in Fig. 16 and Fig. 17, bXW Zill be diVpla\ed in Whe folloZing 
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VecWion. TheVe figXUeV do noW onl\ demonVWUaWe a VmooWh pUeVVXUe diVWUibXWion bXW alVo confiUmV a 
good agUeemenW in pUedicWing Whe ZaYe pUofileV. The relative errors between the ISPH_ML and the 
BoXVVineVT solution in terms of the solitary wave height are about 2.8% for h = 0.2D and 4.3% for h 
= 0.28D. While Whe UelaWiYe eUUoUV in ZaYe heighW ZiWh h = 0.28D aUe aboXW 2.3% foU ISPH and 1.2% 
foU ISPH_CQ. 
 

0 1 2 3 4 5
1.8

1.9

2

2.1

2.2

 

 

t(s)

 Theoretical value
 ISPH
 ISPH_ML
 ISPH_CQ

V(
m

2 )

 
Fig. 18 Time histories of the volume of the fluid in the case of solitary wave (h = 0.28D m and dx = 
0.0125 m) 
 
Mass/volume and energy conservation are other important criteria to assess the performance of a 
numerical method. Fig. 18 depicts the time histories of the fluid volume (equivalent to the mass with 
a little change fluid density) of the whole domain in the solitary wave case with h = 0.28D. It is 
observed that ISPH_ ML exhibits a satisfactory performance in volume conservation, although its 
result is slightly larger than the theoretical value. The maximum error of the volume, defined by 

max( ) /m i t tErr V V V �  ZheUe Vi   iV Whe YolXme YalXeV fUom nXmeUical UeVXlWV aW diffeUenW Wime VWep 

and VW iV the theoretical value, iV aboXW 0.53% foU ISPH_ML, 0.27% foU ISPH and 0.19% foU ISPH_CQ 
in Fig 18. On the other hand, the performances of the ISPH models in terms of energy conservation 
are also examined. Fig. 19 depicts the time histories of the total energy for the same case as that 
shown in Fig. 18. In this case, the wavemaker feeds the energy into the fluid and, consequently, the 
fluid energy increases until the wavemaker stops. During the wavemaker moves, all models give 
similar results, which increase with the time. After the wavemaker stops, the energy in the tank is 
expected to remain as a constant. Taking the ISPH_CQ result from t = 2.0 s to t = 5.0 s in Fig 19 as 
the reference, the average error of the total energy iV aboXW 0.067% foU ISPH_ML and 0.046% foU 
ISPH. GeneUall\, the total energy of the fluid in the ISPH_ML simulation is well reserved after the 
wavemaker stops.  
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Fig. 19 Time histories of the total energy in the case with solitary wave propagation (h = 0.28D) 
 

3.3. Convergent behaviour and Computational Efficiency  

The diVcXVVionV in SecWion 3.1 and 3.2 focXV mainl\ on Whe accXUac\ and Whe VmooWhneVV of Whe 
pUeVVXUe field. The compaUiVonV VhoZn aboYe confiUm a VaWiVfacWoU\ accXUac\ of Whe ISPH_ML, 
compaUed Wo e[peUimenWal daWa, WheoUeWical and oWheU nXmeUical UeVXlWV. In addiWion, Whe conYeUgenW 
behaYioXUV and Whe compXWaWional efficienc\ aUe e[WUemel\ impoUWanW foU an\ nXmeUical meWhod. The 
e[iVWing CNN VXppoUWed VolYeUV in EXleUian fUame b\ Yang eW al. (2016), TompVon eW al. (2017), Xiao 
eW al. (2018), Dong eW al. (2019), and oWheU machine leaUning VXppoUWed paUWicle meWhodV b\ Ladick\ 
eW al. (2015), WeVVelV eW al. (2020), Li and FaUimani (2022), all VhoZed Whe VignificanW impUoYemenW 
of Whe compXWaWional efficienc\, bXW did noW inYeVWigaWe Whe conYeUgence behaYioXU. Onl\ Li and 
FaUimani (2022) bUiefl\ compaUed Whe ML UeVXlWV foU diffeUenW Wime VWep Vi]eV. In WhiV VecWion, Whe 
conYeUgence pUopeUW\ of Whe ISPH_ML and iWV compXWaWional efficienc\ aUe diVcXVVed.  
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Fig. 20 Particle distributions and pressure contour for a case about dam breaking from ISPH_ML 
ZiWh diffeUenW paUWicle Vi]e: (a) dx = 0.02m; (a) dx = 0.0167m; (c) dx = 0.0125m and (d) dx = 0.01m 
at t = 0. 6s (L= 0.25D,

 
H = 0.5D and D = 2.0 m) 
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Fig. 21 AYeUaged eUUoUV EUUa (L-2 noUm) of nXmeUical UeVXlWV of ISPH_ML in Whe caVeV ZiWh diffeUenW 
iniWial paUWicle VpacingV (L= 0.25D,

 
H = 0.5D and D = 2.0 m; ISPH_CQ UeVXlWV aUe Waken aV Whe 

UefeUence YalXeV) 
 
The first case demonstrated here is the dam breaking case shown in Figs. 8 ± 10, i.e. L= 0.25D,

 
H = 

0.5D and D = 2.0 m. DiffeUenW iniWial paUWicle VpacingV Uanging fUom 0.0083 m Wo 0.02 m aUe XVed. FoU 
all WheVe caVeV, Whe Wime VWep Vi]e iV deWeUmined b\ (dW/d[) = (dW0/d[0), ZheUe dW0 = 0.001 V and d[0 = 
0.01 m aUe Whe Wime VWep and iniWial paUWicle Vpacing XVed b\ ISPH_CQ Zhich haV been WeVWed Wo be 
appUopUiaWe. Fig. 20 illXVWUaWeV Whe paUWicle diVWUibXWionV and pUeVVXUe conWoXU fUom ISPH_ML ZiWh 
diffeUenW iniWial paUWicle VpacingV. IW iV foXnd WhaW deVpiWe Whe XVe of coaUVe paUWicle UeVolXWion, Whe 
pUeVVXUe diVWUibXWion iV UeaVonabl\ VmooWh; Whe fUee VXUface pUofile VeemV noW be diffeUenW VignificanWl\, 
e[cepW foU Whe aUea neaU Whe oYeUWXUning jeW.  
 
Due to limited availability of the experimental data, we use the results from ISPH_CQ simulation 
with dx = 0.0083 m as the reference values. The averaged errors are defined by, 
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where \i,n iV Whe UeVXlWV (ZaWeU colXmn heighW, ZaWeU fUonW oU Whe pUeVVXUe aW P1) aW diffeUenW Wime VWepV 
obWained b\ Whe pUeVenW ISPH_ML and the \i,f denotes the corresponding results from the ISPH_CQ 

simulation, N iV Whe WoWal nXmbeU of Wime VWepV in Whe dXUaWion of VimXlaWion,  𝑡ඥ𝑔/𝐻 = 0.0 Wo 1.7. 
The errors of different variables estimated in this way for different initial particle spacing are shown 
in Fig. 21. As shown by the figure, the averaged errors of the ISPH_ML are reduced as the particle 
spacing decreases, largely following a linear rate (paUallel Wo Whe lineaU Vloping line maUked µk=1¶), 
the same rate as the classic ISPH (Zhang et al., 2021; 2022).  
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Fig. 22 CompaUiVonV of VoliWaU\ ZaYe pUofileV aW W = 3.2 V beWZeen anal\Wical and ISPH_ML UeVXlWV 
ZiWh initial particle spacings (h = 0.07 m) 
 
In the 2nd demonstration case, we consider the solitary wave propagation with h = 0.28D m (Fig. 17). 
Different initial particle spacings ranging from 0.008 m to 0.0208 m is used in the convergence 
investigations with the time step determined by (dt/dx) = (0.00125/0.0125). Fig. 22 illustrates the free 
surface profiles at t = 3.2 s (Fig. 17b) obtained by ISPH_ML model and the corresponding analytical 
solution of the Boussinesq equation (Lee et al., 1982). It is observed that aV Whe iniWial paUWicle Vpacing 
UedXceV, the numerical result becomes closer to the analytical solution. In order to further investigate 
the convergence property of the ISPH_ML model, the corresponding errors of the free surface profiles 
with initial particle spacings are given in Fig. 23. The errors in this case are also estimated by Eq. (28) 
but \i,n and \i,f  are taken as the wave elevation at i-th particle recorded from the numerical simulation 
and that calculated by the Boussinesq equation; N is the total number of particles in the sub-domain 
specified by x = [2.6 4.6] m as seen in Fig. 22, around the wave crest. For the purpose of comparison, 
the corresponding results from the classic ISPH and ISPH_CQ are also plotted together. To assist the 
evaluation of the convergent rate, two slopping lines representing linear (k = 1) and quadric 
convergent rates (k = 2) are also plotted. It is found that the ISPH_CQ exhibits a quadric convergent 
rate when the particle resolution is coarse and reduces to a slower convergence, significantly 
improved compared with the classic ISPH, which is linear. This further justified the reason why the 
ISPH_CQ is used to produce the training/testing data sets, in addition to the evidence given in our 
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previous publication (Zhang et al., 2022). More importantly, the ISPH_ML and the classic ISPH show 
a clear linear convergence rate towards a similar accuracy when the particle spacing is small enough. 
It firmly concludes that the ISPH_ML with properly trained CNN model can lead Wo Whe Vame 
accXUac\ aV Whe claVVic ISPH.  
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Fig. 23 AYeUaged eUUoUV EUUa (L-2 noUm) of nXmeUical UeVXlWV in Whe VoliWaU\ ZaYe pUopagaWion caVeV 
ZiWh diffeUenW paUWicle Vpacing (h = 0.28D)  
 
Table 1: CaVe configXUaWionV foU Whe VoliWaU\ ZaYe pUopagaWion 
CaVe  D (m) L (m) d[ (m) N 
1 0.25 10 0.01 25,000 
2 0.25 40 0.01 100,000 
3 0.25 80 0.01 200,000 
4 0.5 80 0.01 400,000 
5 0.5 160 0.01 800,000 

 
To VhoZ Whe efficienc\ of Whe ISPH_ML, Whe CPU Wime VpenW b\ Whe pUeVVXUe pUedicWion XVing Whe 

𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑
𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑠𝑜𝑙)  in Whe ISPH_ML iV compaUed ZiWh WhaW XVed foU diUecWl\ VolYing Whe 

coUUeVponding PPE in Whe ISPH model. FoU WhiV pXUpoVe, Whe caVe of VoliWaU\ ZaYe iV conVideUed ZiWh 
diffeUenW compXWaWional paUameWeUV giYen in Table 1. All WheVe caVeV aUe UXn on a ZoUkVWaWion ZiWh 
InWel Xeon E5-2667 CPU aW 3.3 GH], 16.0 GB RAM and NVIDIA GeFoUce GTX 1070 ZiWh 8 GB of 
RAM. Fig. 24 compaUeV Whe aYeUage CPU Wime XVed in one Wime VWep foU pUedicWing Whe pUeVVXUe XVing 
CNN model 𝑓𝐶ேே(Ψ, 𝐮∗, 𝑝𝑑

𝑡 , 𝑓𝑠, 𝑐𝑝, 𝑠𝑜𝑙)  in Whe ISPH_ML and foU diUecWl\ VolYing Whe PPE in Whe 

claVVic ISPH. ThiV figXUe cleaUl\ demonVWUaWeV a VignificanW Vpeed-Xp of Whe ISPH_ML compaUed Wo 
Whe claVVic ISPH aV Whe nXmbeU of paUWicleV iV higheU Whan 100k, Zhich iV YeU\ popXlaU VcenaUio in 
pUacWiceV. FoU e[ample, aW 800k paUWicleV, Whe CPU XVed b\ Whe ISPH_ML iV aboXW one eighWh of WhaW 
XVed b\ Whe claVVic ISPH.   
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Fig. 24 AYeUaged CPU Wime XVed foU pUeVVXUe pUedicWion peU VWep foU Whe caVe of VoliWaU\ ZaYe 
pUopagaWion 

4. Conclusion 

The paper presents a CNN-supported ISPH model, ISPH_ML, for simulating the free surface flow.  
In this model, the pressure projection part in the classic ISPH, i.e. solving the PPE, is replaced by the 
trained CNN model. Although the CNN technique has been widely used in literature, this paper makes 
several original contributions to combine it with ISPH, including the selection of the input parameters, 
implementation of the boundary condition, mapping the particle-based field data to gUid-VWUXcWXUed 
CNN aUchiWecWXUe. To Whe beVW of oXU knoZledge, WhiV iV Whe fiUVW CNN-VXppoUWed ISPH model in 
liWeUaWXUe.  
 
The deYeloped ISPH_ML iV applied Wo WZo claVVic benchmaUk pUoblemV, i.e. Whe dam-bUeaking floZ 
ZiWh YiolenW impacW and Whe VoliWaU\ ZaYe pUopagaWion. The accXUac\, conYeUgence and Whe 
compXWaWional efficienc\ of Whe ISPH_ML aUe diVcXVVed in deWail. IW iV conclXded WhaW (1) Whe 
ISPH_ML e[hibiWV a lineaU conYeUgence, Whe Vame aV Whe claVVic ISPH; (2) boWh Whe ISPH_ML and 
Whe claVVic ISPH conYeUge Wo a VimilaU accXUac\; and (3) Whe paUWicle kinemaWicV and Whe pUeVVXUe 
diVWUibXWion obWained b\ Whe ISPH_ML aUe YiVXall\ compaUable Wo Whe coUUeVponding UeVXlWV b\ Whe 
claVVic ISPH. SXch capaciW\ of ML VXppoUWed ISPH in UepUodXcing Whe Ueal ph\VicV haV noW been foXnd 
in liWeUaWXUe, Wo Whe beVW of oXU knoZledge.    
 
MoUe impoUWanWl\, inYeVWigaWion of Whe compXWaWional efficienc\ of Whe ISPH_ML VXggeVWV WhaW 
pUeVVXUe pUedicWion XVing Whe WUained CNN model VhoZ a VignificanW VXpeUioUiW\ in WeUmV of CPU Wime 
oYeU diUecWl\ VolYing Whe PPE Zhen Whe nXmbeU of paUWicleV e[ceedV 100k, Zhich iV XVXall\ UeTXiUed 
foU modelling YiolenW fUee VXUface floZ, and WhaW Whe moUe paUWicleV aUe inYolYed, Whe moUe CPU Wime 
iV VaYed.  
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HoZeYeU, Whe model beaUV Vome limiWaWionV and can be impUoYed in fXWXUe ZoUk. FoU e[ample, onl\ 
one Vpecific objecWiYe fXncWion iV conVideUed in Whe papeU; oWheU appUopUiaWe objecWiYe fXncWionV, e.g., 
inclXding Whe VaWiVfacWion of Whe ph\Vical laZ (PPE), ma\ fXUWheU impUoYe Whe geneUali]aWion and 
accXUac\ of Whe WUained model. In addiWion, WhiV papeU haV conVideUed onl\ Whe CNN model; oWheU 
machine leaUning modelV ma\ be aWWempWed, Zhich mighW be beWWeU Whan Whe CNN model. FXUWheUmoUe, 
WhiV papeU aWWempWV onl\ WZo-dimenVional pUoblemV; iWV capaciW\ foU WhUee-dimenVional pUoblemV 
VhoXld be e[ploUed.        
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