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Abstract

For all admissible values of the numerical parameters sharp sufficient conditions on the functional param-
eters are obtained ensuring the boundedness of the generalized Riesz potential from one general local
Morrey-type space to another one, which, for a certain range of the numerical parameters, coincide with
the necessary ones.
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Introduction

In this paper, we study the boundedness from one general local Morrey-type space to another one of the generalized
Riesz potential

n

(1) @) = / p(lx = yDf(dy, x € R”,

under certain assumptions on the kernel p. Our aim is to generalize the results obtained in [6] for the case of the classical
Riesz potential /,, in which p(¢) = 1*7",¢t > 0,0 < a < n. Some of the presented results were stated without proofs in [7].
Let F,G : AX B — [0, oo]. Throughout this paper we say that F is dominated by G uniformly in x € A and write

F < G uniformly in x € A
if there exists c¢(B) > 0 such that

F(x,y) £ c¢(B)G(x,y) for all x € A.
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(So ¢(B) is independent of x € A, but may depend on y € B.) Respectively, we say that F' dominates G uniformly in x € A
and write

F Z G uniformly inx € A
if there exists c¢(B) > 0 such that
F(x,y) > c¢(B)G(x,y) for all x € A.
We also say that F is equivalent to G uniformly in x € A and write
F = G uniformly inx € A

if F and G dominate each other uniformly in x € A.

Definitions and basic properties of general Morrey-type spaces

In this section we recall basic facts of the theory of general Morrey-type spaces.
Let, for a Lebesgue measurable set Q C R”, 9t(L2) denote the space of all functions f : Q — C Lebesgue measurable
on Q, and M*(Q) denote the subset of M(Q) of all non-negative functions.

Definition 2.1 Let0 < p,0 < coand let w € IM*((0, 0)) be not equivalent to 0. We denote by LM, .., the local Morrey-
type space, the space of all functions f € L})OC(R”) with finite quasinorm

”f”LM,,g,w(.) = fllw

POW(-

& = WOl 50,0 0,000

Definition 2.2 Let 0 < p, 6 < co. We denote by Q, the set of all functions w € M *((0, o0)) which are not equivalent to 0
and such that

Wl 2,100y < 00 2.1)

for somet > 0.

Lemma 2.1 [3-5]. Let O < p, 0 < oo and let w be a non-negative Lebesgue measurable function on (0, 00), which is not
equivalent to 0.

Then the space LM, .. is nontrivial if and only if w € €.
In the sequel, keeping in mind Lemma 2.1, we always assume that w € €, for the local Morrey-type spaces LM, (...
It is well known that the spaces LM, ., are Banach spaces if 1 < p, § < co and are quasi-Banach spaces if 0 < p < 1, or
0<@<1l,orboth0<p,0 < 1.

For further properties of general Morrey-type spaces, operators acting in such spaces and applications see, for example,
survey papers [1, 2, 12-16] and references therein.

L, and WL, estimates of generalized Riesz potentials over balls

Letn € N,0 <p < 00,Q C R"be a Lebesgue measurable set. Recall that the weak L -space WL, (2) is the space of all
Lebesgue measurable functions f : Q — C for which

1
“f”WLp(Q) = SU(I]”H)’ €Q : [f(|>1}]r < oco.
>
Here |G| denotes the Lebesgue measure of a set G C R”.

Remark 3.1 Let M > 0.1t follows directly from the above definition that, if fis equivalent to M on Q, then
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1
”M”WL,,(Q) = ”M”L/J(Q) = M|Q|»
and if f : Q — Ris such that f > M almost everywhere on €, then

1
”f”WL,,(Q) = M|Q|».
Definition 3.1 Letn € N. We say that p € S, if p € IM*((0, 0)) and

1) [y p("~'dt < oo for all r > 0,
2) for some ¢;, ¢, > 0,

c1p(t) < p(s) < cyp(0)

for all s, # > O satisfying the inequality é <s<2t
Remark 3.2 Letx € R",r > 0,y € B(x,r), z €°B(x,2r). Then
1
y—zl <ly—x[+x—z|<r+|x—z| < EIX—ZI +lx—z] <2fx -2
and
1 1
y—zl=zlx—zl=ly—x=x—z|-r>|x—z| - Elx—zl = Elx—zl~

Lets = |y — zland = |x — z|. Then by Condition 2) of Definition 3.1 we have

3) ¢plx—z]) < p(ly — 2|) < epp(lx —2)
forallx e R",r >0,y € B(x,r), z € “B(x, 2r).

Remark 3.3 If functions py, p, : (0, 00) — (0, 00) satisfy Condition 2) of Definition 3.1 with ¢, ¢;, > 0, ¢y, ¢, > 0,
respectively, then the product p, p, satisfies Condition 2) with ¢; = ¢;,¢,; and ¢, = ¢},¢,,. Indeed, it suffices to multiply
the inequalities

¢y pi(1) < pi(8) < cppi(D),

wheres,t>0,§ <s<2tandi=1,2.

Remark 3.4 If a function p, : (0,1] — (0, co) satisfies Condition 2) of Definition 3.1 with ¢, ¢;, > 0 and a function
Py & (1,00) = (0, c0) satisfies Condition 2) of Definition 3.1 with ¢,;, ¢,, > 0, then the function

o) = { pi(0), 0<1<1,

pr(), 1 <t <o

satisfies Condition 2) of Definition 3.1 with certain ¢, ¢, > 0.

Indeed, let s,z > 0, é <s<2t.Ifr < %, then s < 1, p(s) = p;(s), p(¢) = p,(¢) and Condition 2) of Definition 3.1 is sat-
isfied with ¢, ¢;, > 0. Respectively, if t > 2, then s > 1, p(s) = p,(s), p(t) = p,(t) and Condition 2) of Definition 3.1 is
satisfied with ¢,,, ¢y, > 0. Let% <t<L2, theni <s<4,

Ci1» i<s§1,
¢y, 1 <s<4

—_ =

Ch, ~<85<1,
< p(s) < { 12 < max{cy, €y},
€22,

min{c;;, ¢y} < {

<max{cyy,cpnl,

— =

1
. cy, = <t<1, Ciry
min{c;, ¢y} <4 12 <pn<q P
Cy, 1 <t <L2 Cyo,
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hence

min{c,;, ¢, }(max{cy, 5 )7 p(1) < p(s) < max{cyy, ¢y Yminfc,y, 7' p(0).

So, for% <t <2,- <s <2t,Condition 2) of Definition 3.1 is satisfied with

N~

c; =min{c;;, ¢y} max{cn,czz}_l, ¢, = max{c,, ¢y} min{c,y, ¢y, }_1.

The above inequality is satisfied for all s, # > 0,% <s <2t becausec;; <1< ¢y, 05 <1 < ey, hencec; < ¢y, L6y
Clp S €, Cp S 0y

Remark 3.5 If a function p : (0, c0) — (0, o0) satisfies Condition 2) of Definition 3.1, then for any y > 0 Cyys €, > Osuch
that for any t > 0

¢1,p(t) < p(yt) < ¢y, p(0).

Indeed, if % <y < 2, then this inequality follows by Condition 2) with s = y¢. Let 2 < y < 4, then by Condition 2) with
t =27,7 > 0and s = yz and the above inequality witht = zand y = 2

c1p(7) < ¢1p(27) < p(r7) < €2p(27) < 3p(2), T > 0,
because %(27) <y <2027).
Next, let 4 < y < 8 by Condition 2) witht =4z,7 > 0,s =y,
2an) <yr <2060),
then
¢ip(7) < 1p(27) < ¢1p(47) < p(r7) < p(47) < 5p27) < C5p(2), T > 0.
Furthermore, if 2! <y < 2¥ keN, k>3 o k= [E—;] + 1, then
chp(r) <7 p(27) < .. < p(yT) < 5p(27) < .. < SSp(7).

The argument for the case 0 < y < % is similar.

Example 1 Let p() =t*",t > 0,0 < @ < n.Then p € S, because
/ 1l < 0o forall 0<r<oo ©@a>0
0

and, for any s, ¢ > 0 for whiché <s<21,

2a—np(s) — za—nsa—n — (2s)a—n

< p(t) =" < <%> - — pn-aga-n _ 2n—ap(s).

Example2 Let0 < a <n,—o0 < f;, f, < o0,

[ A+ |Inthh, 0<r <1,
Tﬂl,ﬂz(t) - { (1 +|1nt|)ﬂ2, l<t<o

and p(t) = t*7"W, , (1),1 > 0. Then p € §,,.
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Since the function p is continuous on (0, o) it suffices to prove Condition 1) of Definition 3.1 for r = 1. Recall that for
any € > 0 there exists C, > 1such that

1+ |Int| < C.r7*

forallt € (0,1].If g, <0, then

1 1 1
/p(r)zﬂ-ldtz/ t"_l(1+|lnt|)ﬂ1dt§/ “dr < .
0 0 0

If g, > 0, then

1 1 1
/p(t)t"_ldt=/ t"_l(1+|lnt|)ﬁldt§Cfl/ 1 <
0 0 0

if we choose € > 0 to be such that e, < a.

As for Condition 2) of Definition 3.1, by Remark 3.3 and Example 1, it suffices to prove that the function ¢, , satis-
fies this condition.

Lets,t > Oand% <s<2tIfs>1,hencet > %,then

I+ |Ins|<1+In2t=1+1In2+1Int <2(1 + |Int|)
and
14+ |Inf] £ 1+1In2 < 2(1 + |Ins]),

hence
%(1 +lIne) < 1+|Ins| <201 + | Int]).

For similar reasons this inequality also holds if s < 1, hence ¢ < 2. Therefore, for s < 1
270 + | Ine)? < (1 + | Ins)? <2811 + | Ine])?.
If t < 1, this means that
Al FINOES PO R FIN0)

If1 <t <2,then

2=18i1=151 <(+|In t|)ﬂ1(1 +|In tl)_ﬂz < 2|ﬂ1|+|ﬁ2|’
hence

27HAEIEN L 4 Iy < (14 |Insp? < 22PHIRIL 4+ | Ing|)”

which means that

2RI () < W, (5) < 2RI,

So, this inequality holds for all s < 1 and all ¢ satisfying the inequalityé <s <2t
For similar reasons, for all s > 1 and all ¢ satisfying the inequality % <s<2t

2—|ﬂ]|—2|ﬂ2|\ljﬂl’ﬂ2(t) < ‘Pﬁ.,ﬁz(s) < 2|ﬂ1|+2|ﬂ2|\Pﬂ],ﬂ2(Z‘).

Example3 Let0 < a < n,—o0 < f# < oo and
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0 = T 0<t <1,
PO= .1 <1 < .

Then p € §,,.. Indeed, Condition 1) is clearly satisfied. As for Condition 2), it is also satisfied by Remark 3.4, because
p1 () = 1*~" satisfies Condition 2) on (0, 1] by Example 1 and p,(f) = #* satisfies Condition 2) on (1, co) by an argument
similar to that of the proof of Example 1.

Note that ## can be replaced by any function p(¢) satisfying Condition 2) on (1, co).

Definition 3.2 For p € S, and f € IM(R")

o= [ ot =shroy

Lodo= [ ey
<B(x,r
and
L f@)= /B o=y

Lemma3.1 LetneN,pe S,,0<p < o0, x €R", 7> 0,f € MR"). Then' G = r;l’ <7p(_),2rlf|)(x).

”Ip(.)lfl “WL,,(B(x,r)) 2 re (ip(<),2rlf| )(x) 3.1
uniformly in x € R",r > 0 and f € M(R").

Proof By Property 3) of Remark 3.2 for any y € B(x, r)

Lol l0) 2 / p(ly = 2DIf (@)|dz

°B(x,2r)

> cl/ p(lx — zDIf (2)1dz,
¢B(x,2r)
hence, by Remark 3.1, we get

1,0, ”WLP(B(x,r)) 2 (Vnrn)’-’ / p(lx = zDIf (2)|dz

¢B(x,2r)

1
= vnp r;lp(-),Zrlfl(x)

! According to the definitions introduced in Introduction, this means that for any n € N,p € §,,,0 < p < oo there exists c(n, p, p) > 0 such
that

||I,;(,) lf' ”WLP(B(XJ)) 2 c(n, P,P)r; (I,;(A),zrlﬂ )(X)

forall x € R",r > O0and f € IM(R").
In this case A = {R", (0, 00), M(R"}, B={(n.p) : n€N,p € S,:[0,0|,F = Iy U i ey
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forall x € R",r > O and f € M(R"). Here v, is the volume of the unit ball in R".
Lemma3.2 LetneN,pe S,,0<p <o, x € R",r >0, f € IM(R"). Then
2oy e ey R Wy (112 M ey + 77 (Ip(»>,2rlf|>(x)
and
||1p(.)lf|||WL,,(B(x,r)) ~ ||Ip(<)(lf|)(ﬂ(x2r))”WL[,(B(x,r)) +re <1p(-),2rV|>(x)
uniformly in x € R",r > 0 and f € IM(R").

Proof According to the properties” of the spaces L,(€2) and WL, ()

G-D)
||Ip(-)lf| ”LP(B(x,r)) <2y (||Ip(~)(lf‘|XB('tvzr))”Lp(B(x,r)) + ”Ip(~)(lf‘|xLB(x'2’_))”Lp(B(xyr)))’

1
Wiy U Wl ey < 27 (||Ip<->(lf|13<x,z,>)|| Wi, Beer) + ||Ip(»>(lf|1m(x,z,))”WLp(B(x,r»>~

||Ip(.) 71 ”L’,(B(x,r)) 2 % < ”Ip(.)(lfljfBuvz,‘))lle(B(x,r)) + “Ip(.)(lfl)(L.B(Mr))”L/J(B(x,r)) >=
and
(1,0 [f1 ”LP(B(x,r))”Ip(-) vl WL, (BGir) 2 ||]p(.)(lf|)(3(x72r))|| WL, (B(x,r)*
Next,

oy (1o M, meery < Mooy (W12 ) W, B0

nt
- [/ </ P(|y—Z|)|f(Z)|dz> dy] -
B(x,r) “B(x,2r)

By Condition 3) of Remark 3.2

J <o

P 1 v
/ </ p(|x — Z|)lf(Z)|dZ> d)’] =2 Vp 17 <Ip(.),2rlf| )(x).
B(x,r) “B(x,2r)

Thus, by (3.4) and (3.5)
Mo U S Wy (12, Moy + 77 (T 1 )@
and

Mol Ut oy S W1ty vt s + 77 (T 1) 0

uniformly in x € R",7 > 0 and f € IM(R").

2 Belowa, =aifa>0anda, =0ifa <0.

771

(3.2)

(3.3)

34

3.5)

(3.6)

3.7)
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Also, by Condition 3) of Remark 3.2

Jza[/n (/’ MM—ZDV@wk>d4 =t v (Toa 1) .
B(x,r) “B(x,2r)

Hence, by (3.6)

Mo Ul e 2 WLty ity + 70 (T2 0

uniformly in x € R",7 > 0 and f € IM(R").
Finally, by adding inequalities (3.1) and (3.7), we get that

”Ip(,)lfl ”WLP(B(x,r)) 2 ”Ip(.)(lflxmur))”WLP(B(x,r)) + }"; (Ip(.),Zr lfl )('x)’
uniformly in x € R”,r > 0 and f € IM(R").

Lemma3.3 Let,forneN,pe S,,1 <p, <p, < o0, and

(i)
(pn,p,pl,pz([) = P(t)t ! > £ t > 05
where p' is the conjugate number to p;.

L. Assume that p is such that the function @, , , ., is almost non-decreasing on (0, 00), that is for some ¢ > 0

@rppyp, (1) S €@, (1) forall 0 < 1) <1, < o0.

If1 < p, < p, < o, then
I, ( Iflx,.., ) I, e S Puppro, Wl B2
uniformlyinx € R",r > 0and f € L, (B(x,2r)).
Also, if py = 1,1 < py < o0, then
||Ip(-><lf|lg(x,z,) ) we,, Bery S Prpprp, OWNIL, B2y
uniformly in x € R",r > 0 and f € L(B(x,2r)).
2. Inequality (3.10) also holds for p; = 1and1 < p, < oo under the assumption
= n
| p(2)z > ”Lﬂz(o’r) S p(r)re:

uniformly inr > 0, replacing assumption (3.9).

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

3. Inequality (3.10) and hence inequality (3.11) also holds for1 < p; < o0 and 0 < p, < p, under the assumption

o Nl 0, S P

uniformly inr > 0, replacing assumption (3.9).

(3.13)
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4. Condition (3.13) is necessary for the validity of inequalities (3.10) and (3.11) for all 0 < p,,p, < .

5. Condition (3.13) is necessary and sufficient for the validity of inequalities (3.10) and (3.11) for all1 < p; < oo and
0<p, <p:

Proof 1.Letl <p, <p, <00, x€R", r>0,z€ B(x,r)and f € LPI(B(x, 2r)). Then

(1o (112,.,,) )@ = / oz = DOz, O)dy

R»

a(1—Lid V@)l)(hzr(y)
B / oIz = yDle — "5 5) —

B(x,2r) lz—yl" "

dy

<( swp )(pn,,,,pl,,,z(lz—y|>)(In(L_”(lfuM))(z>.

ZEB(x,r PP
YEB(x,2r)

Since the function ¢, 1P is almost non-decreasing on (0, o0) and, for z € B(x,r), y € B(x, 2r),
lz—y| <l|lz—x|+|x—y| <r+2r=3r,
we have by (3.9)

-4 L 1-L4+Ll
sup (lz=yD <co,,, ,0Gr = 3" h +l’2)p(3r)rn( ),

Prpp
sPP1sD
ZEB(x,r) 1

YEB(x,2r)
By Remark 3.5 with y = 3 it follows that

p(3r) < cy3p(r), r> 0.

Hence,
(1-++1)
SUP @y 5, (12 = V) S € 0p5 3T Ppprp, ()
zEB(x,r)
YEB(x.2r)
and
(Ip(A) ( lf|;{3(xlr) ) >(Z) S @n’p’pl’pz (l") (In<le—pL2) < lf|)(m2,_) ) )(Z) (3 14)

uniformly inx € R",r > 0,z € B(x,r)and f € LPI(B(x, 2r)).
Next, we apply the well-known inequalities for the Riesz potential. If 1 < p; < p, < oo, then

”I,,(L_L) Flllz, wy S Wllz, @) (3.15)

P12
uniformly in f € L, (R"). Also, if1 < p, < oo, then

”In(l_L)lleWLq(R") S ”f”Ll(R'l) (3.16)

P2

uniformly in L, (R").
If1 < p; < p, < o0, then, by (3.14) and (3.15), it follows that
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||Ip(‘)<lf|x8(k.27))”Lpz(RH) S qonaﬂ:l’l»l’z(r) | Ucle(.v,znllel(R")

= (Pn,p,pl,pz(")”f”Lp] (B(x,27r))

uniformly in x € R",» > 0and f € L, (B(x, 2r)), which is inequality (3.10).
Respectively, if 1 < p, < oo, then by (3.14) and (3.16) there follows inequality (3.11).
2.If p, =1land1 < p, < o0, then, by applying Young’s inequality for truncated convolutions, we get

12 = | =Dy
B(x,2r)

L,, (B(x.r)
S” P “LPZ(B(x,r)—B(x,Zr))”f ||LI(B(x,2r))

=l p ||L,)2(B(o,3r))||f ||L1(B(x,2r))

— n—1
=0, || p(t)tr ||Lp2(o,3r)||f Iz, B2y

where o, = nv, is the surface area of the unit ball in R".
By inequality (3.12) and Remark 3.5 with y = 3 it follows that

n—1 n n
P07 L, 030 PBIIT S P = @01, (),

which implies inequality (3.10).
3.If1 < p, = p; < o, then similarly to Step 2

[ I,,(_)(lf')(%_m) ”Lm(s(x,r))S” 14 ||L](B(x,r)_3(x,2r))”f ||L,,1(B(x,2r))

=0, | PO N0 1 f Il s -
By inequality (3.13) and Remark 3.5 with y = 3 it follows that
Il PO Nl1,030S PBOF S P = @, (),
which implies inequality (3.10).
If0 < p, <p;,1 <p,; < o0, then, by applying Holder’s inequality and inequality (3.10) with p, = p, we get

1_1
W Loy (12,0 Ny, ernS Gur™D72 0 LG (F Ly, o0 M, ey

(x,2r)

(%)
S p(nr \N Il f ”Lm(B(x’Z’)): (Pn,p,p],pz(”) Il f ||L1>|(B(X’2’))’
which is inequality (3.10).
4. Assume that for some 0 < p;, p, < oo inequality (3.10) and (3.11) is satisfied. If inequality (3.10) is satified, then ine-
quality (3.11) is also satisfied. Take in this inequality x = O and f = 1. Then for any y € B(0, r) we have B(y,2r) D B(0,r)
and
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1P(~) (’Yg(o,zr) ) (y) = /

B(0,2r)

> / p(w)du = o, / ()" dt.
B(0,r) 0

p(y —2)dz = / p(u)du
B(y,2r)

By Remark 3.1

n r
> re e ldt
|WL,,2(B(0,r)) ~ /0 p(0)

l|1p() (xg(()vzr) )

1
= (6,71, hence by (3.11
L, 60 (o, y (3.11)

and || y

B(0.2r)

[T n(L,+L> 2
m/ pF" e S p(ryr \"t 2
0

uniformly in » > 0, which implies inequality (3.13).
5. The last statement of Lemma 3.3 follows by Steps 3 and 4.

Remark 3.6 If1 < p, < p, < oo and
lim @, ,, 0 =0, (3.17)
then inequality (3.10) for 1 < p, <p, < oo and inequality (3.11) for I < p, < oo cannot hold for any f € L, (R"),
f € L;(R"), respectively, not equivalent to 0 on R”. Indeed, by passing to the limit as r — oo, in (3.10) and (3.11), it fol-
lows that || 7, lf] Il;,_&n= 0,1l L,,lf1 llwz,_wn= 0, hence, fis equivalent to 0 on R".
P2 : P2

Ifp(r) =1*",0 < a <nandl < p, < p,,then Condition (3.9) reduces to the condition @ > n(pi - pi), Condition (3.12)
1 2

reduces to the condition @ > n(1 — 1/p,) and Condition (3.13) is satisfied since @ > 0.

Corollary 3.1 Let the assumptions of Lemma 3.3 for n,p,p,,p, and the function @ppp, p, b€ satisfied. Then, for
l1<p <p,<oo,forp,=1,1<p, <o0,andforl <p, <00,0<p, <p,

Il 1,0, f1 ||Lp2(3(x,r))s (P,l,p,p1,p2(7’) Ilf ”L,,I(B(X,Zr)) +rr <]p(.),2rlf|)(x) (3.18)
uniformly in x € R",r > 0 and f € MR") (L, (B(x,2r)) and, for1 < p, < oo

Il 2, If1 ”WLFZ(B():,r))S Prptp, () W Wi,z +77 (Ip(.),Zrlf|>(x) (3.19)
uniformly in x € R", r > 0 and f € M(R") (| L,(B(x,2r)).

Lemma3.4 Ler f € M(R") be a non-negative function and p be a non-negative, non-increasing, continuously differenti-
able function on (0, 00) such that lim,_, _  p(t) = 0. Then for any x € R" andr > 0

/ p(1x = YD)y = / ( / f(y)dy>|p'<r>|dr. (3.20)
CBler) r B(x,)\B(x,r)

For p(t) =7, ¢ > 0, f > 0 this lemma was proved in [3] (Lemma 3).

Proof By applying the Fubini theorem we get
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/ p(lx = yDf )dy =/| | p(lx = yDf )y
CBr) yilx=yl>r

- / ( / Ip’(t)ldt>f(y)dy
yilx=y|>r [x=yl

- / ( / . |p'<r>v<y>dy>dr
r yilx=y|>r,|x—y|<t

- / ( / f(y)dy>lp’(t)ldt-
r B(x,0)\B(x,r)

Definition 3.3 Letn e N,1 <p, < 00,0 <p, < 0. Then p € S if p € M*((0, 00)) and there exists a positive non-
increasing continuously differentiable function 5 : (0, c0o) — (0, o) such that

1) p(t) = p(¢) uniformly in # > 0,

2) lim 5() = 0,

3) ﬁle S,

&1 Tl
4) [t dt = oo, [ p(t"  dt < oo,
0 1
5) 17" @\t 2 p(¢) uniformly inz > 0,
6)if0 < p, < p,and1 < p; < oo, then

/ pnde S p(rr”
0
uniformly in 7 > 0,

T
7)if1 < p; < p, < o0, then the function ¢n,ﬁ,pL,p2(t) = ﬁ(t)tn("l n ) is almost non-decreasing on (0, co).

Moreover, if p; = land1 < p, < oo, thenp €S, , , if there exists a positive non-increasing continuously differentiable

function 5 : (0, c0) — (0, 00) such that Conditions 1)-3) and 5) are satisfied, Conditions 4) and 6) are satisfied for p; =1
and instead of Condition 7) the following condition is satisfied
8)

n—1 n
~ )_ < ~ —_
|6 || L, 00 S PP
uniformly in r > 0.

Remark 3.7 For the Riesz potential p(f) = t*",0 < @ < n, p = p. Condition 2) is satisfied because @ < n, Condition 3) is
satisfied because @ > 0, Condition 4) is satisfied if p; < coand @ < ,;i’ Condition 5) is obviously satisfied, Condition 6)

is satisfied because a > 0, Condition 7) is satisfied if « > n(1/p, — 1/p,, Condition 8) is satisfied if @ > n(1 — 1/p,).

Remark 3.8 Clearly, due to Condition 1), Conditions 2)-4), 6)-8) are equivalent to the conditions, obtained from them
by replacing p by p

Theorem 3.1 Letn € N,1 < p; < 00,0 < p, < 0.

LIfl1 <p; <p, <oorl <p, <coand0<p, <p,andp€S,, , . then

o f® 21
I 2L, (UFD 1 sy 7 / p(O" || f ”Lm(B(x”)) dt (3.21)
r

P2

uniformly inx € R",r > 0and f € L;)‘?C(IR").
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2.Ifp,=1and0 < p, < co0,and p € Sn,l,pz’ then
n o0
I Lo U1 lwe, ey @I Lo U1 L, e ® 772 /r PO NS Ny ey A (3.22)
uniformly in x € R",r > 0and f € LIIOC(IR”).
3.Ifpy=1landl <p, < oco,andp €S, . then
n o0
I 1,0, ”WLM(B(x,r))z re / p I f Il By 9t (3.23)
r

uniformlyinx € R",r > 0and f € LIIOC(R").
For p(t) = t*™", 0 < a < n, hence for the Riesz potential /,, this theorem is proved in [6] (Lemma 3.6 and Theorem 3.9).
Remark 3.9 If py =1and 0 < p, < 0 and p € S‘n’l,pz, equivalence (3.22) holds if Condition 6) of Definition 3.3 for
0 < p, < 1and Condition 7) of Definition 3.3 for1 < p, < oo are satisfied. If p(f) = t*™",0 < @ < n, then this means that
n(l—})i)+<a<n.
2

If py=1and1 <p, <ocoandp €S, , . equivalence (3.23) holds if Condition 8) of Definition 3.3 is satisfied. If

p(t) = 1,0 < a < n, then this means that n(1 — pi) <a<n.
2

In particular, for @ = n(1 — 1/p,) Statement 3 of Theorem 3.1 holds, while, as proved in Lemma 3.3 of [6], Statement
2 does not hold.

Proof Step 1 (proof of (3.21)). We apply equivalence (3.2).
1.1a. To the first summand in the right-hand side of (3.2) we apply Condition 2) of Definition 3.1 with p replaced by
7,5 by r, t by 2r and inequality (3.10) and get that

n

n [ -1
rr2 / p([)t/’l “ f ”LPI (Bx.1) dt
r

n

A =
> i / pr L e, s 9t
r

2r n
n -1
> rn / por | f “Lm(B(xJ)) dt
r

2r n
n -1
Z rr2 p(2l’)</ th dt) ”f “Lp] (B(x,r)
r

n n

2 prrn L f “Lp](B(x,r)): (Pn,ﬁ,p,,pz(’”) I/ ||L[,1(B(x,r))

Pd Iﬁ(,)(VIxB )L (B(x,r))Z” Ip(_)(lﬂ){m_m) ”Lpz(g(x,r)) (3.24)

(x.2r) P2

uniformly inx € R*,» > 0and f € Lll"c([R”).
1.1b (second proof of inequality (3.24)). To the first summand in the right-hand side of (3.2) we apply inequality (3.10)
and Condition 2) of Definition 3.1 with p replaced by p, firstly, s replaced by r and ¢ by 2r, secondly, s replaced by % and
t by 7, and we get that
I Ip(,)(lfU{B(x,zr)) ”L <B<x,r))5|l Iﬁ(,)(lﬂ)(B(x,zr)) “L (B(x,r))

P2 P2
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1 1

5 n(},+ ) - n(%ﬂ*—L)
Sp(ryr NI f ||LI)1(B(x,2r))S p2ryr N2 f ||L,)1(B(x,2r))
o ar =1 R N
<Sr PO de ) L f Ny, oS 772 ptLf Iz, ey 9
2 2r

n (s n o n
- L E AN = N
=D "\ ym / p(z)rf’l Il f ||th(3(x,r)) dr 5 r» / N | f ||L171(B(X’T)) dr
r r

o [ -1
Srﬂz/ p(T)N ||f||Lp](B<x.r)) dz
r

uniformly in x € R*, 7 > 0and f € L})"IC(IR").
1.2a. In order to estimate the second summand in the right-hand side of (3.2) we obtain an estimate for (ip(.)‘r[f|)(x).

First we note that

) 00 2k+1y
/ O I f Iz, By 9t = Z/ N f I, ey dt
2 k=172

r kr

Qk+1,

< . dt <
> Z k) | f I, B2ty ’/2k <= In2 Z ) Il f Il 824y
k=1 k=1

r

(s3]
~ ok
>1n2 Z P LS Nz, B2t i Be21)
i=1

Since by Condition 2) of Definition 3.1 5(2¥r) > ¢, 5(2¥"'r) and |x — y| > 2k!r for all y € B(x, 2%r) \ B(x, 2¢"17), it fol-

lows that

s ! dr > 5(2k1 d

I f ”LI(B()C,t)) < a( NIfldy
2r k=1 7 B(x,2kr)\B(x,2k1r)
>y / Alx = yDIFG)ldy = / Flx = YDIFOIdy = (T, D).
k=1 7 B(x,2kr)\B(x,2k1r) ¢B(x,r)
So,
QDS [ 50 17 Wi
2r
uniformly inx € R",r > Oand f € LIIOC(IR").
Hence, by applying Holder’s inequality, we get that
rn <ip(.),2r|f|>(x) Srn (iﬁ(,),zrlﬂ)(x) Srn A s f I, By dt

o f® 21 n f® A
Srn / pe || f ”Lpl(B(x,t)) dt5re / p(Ot" || f ”LPI(B()(J)) dt
4 ;

r

uniformly in x € R",r > O and f € Ll“(R").
Step 2 (proof of equivalences (3.22) and (3.23) for p; = 1). We apply equivalences (3.2) and (3.3).

(3.25)

(3.26)
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2.1a. Under the assumption g € S'n)l’pz inequality (3.12) holds for p; = land 1 < p, < oo and inequality (3.13) holds for

p; = land 0 < p, < 1, therefore, Lemma 3.3 ensures the validity of inequality (3.10) with p; = 1 and we have

n o n B
Z -1 L Loy ]
re / pOr |1 f ”Ll(B(xJ)) dr 2 rr / pr |1 f ”L](B(x,t)) di
r r

2 (Pn,ﬁ,l,pz(r) ”f ”Ll(B(XJ))

I LU Lxsean) e eI oWl xseen) lwe, @or) (3.27)

P2 P2

uniformlyinx € R", r > 0and f € LIIOC(R") and we get the estimate above for the first summand in (3.22).
2.1b.If p € S, ., then condition (3.9) holds for p; = Tand1 < p, < oo, therefore, Lemma 3.3 ensures the validity of
inequality (3.11) and we, respectively, have

n

(o]
n -1
rl’z/ pMt I f ”LI(B(XJ)) dt
r

n

(o]
[ s
2 re / o | f ”Ll(B(XJ)) dt > (Pn,ﬁ,l,pz(”) Il f ||L1(B(x,r))
r

2L, L xpean) ||WL,,2 (BG,P) (3.28)

uniformly inx € R?, r > 0and f € Lll"c(lR") and we get the estimate above for the first summand in (3.23).
22a.Ifp e S’m 1p, and 1 < p; < 0, to the second summand in the right-hand side of (3.2) we apply inequality (3.25).
Equivalence (3.2) and inequalities (3.25) and (3.27) imply that

n ©
P -1
I 1,0, f1 ”WLpz(B(X‘r))S” L, ||Lp2(3(x’,))§ re2 / pOt I f ”LI(B(x,z)) dt (3.29)
r

uniformly in x € R",7 > 0and f € Lll"c(lR”).
2.2b. Accordingly, if p € Sp1py> P1 = land1 < p, < oo, then equivalence (3.3) and inequalities (3.25) and (3.28) imply
that

Il 1,0,lf1 “WLPZ(B(x,r))S re / pO I f I, By dt (3.30)
uniformly inx € R*,» > 0and f € L'1°°(IR”).

2.3. For all yeB(x,r) we have |y—z| <2r if z€B(,r) and |y—z| <2|x—z| if z€°B(x,r) (since
ly—z| <|ly—x|+ |x—z| £r+|x—z| <2|x - z|). Therefore, since g is non-increasing

LOWD) = /

B(x,r)

Ay — DI @)ldz + / Ay — DIFEdz

°B(x,r)

> p(2r) lf(2)|dz + / P(2lx — zDIf (2)|dz.
B(x,r)

B(x,r)
By Condition 2) of Definition 3.1 with s = 2¢ we have 5(2¢) > ¢, p(z) for any ¢ > 0, hence, by equality (3.18) uniformly in
x€R"r>0,y€Bxr) and f € LI(R")

Lo, (IFDO) 2 L;,(HG) 2 ¢ <ﬁ(r) [f()ldz + / A(lx — ZI)lf(Z)IdZ>
¢B(x,r)

B(x,r)
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=c (ﬁ(") lf(Z)IdZ+/ </ lf(Z)IdZ>|(ﬁ)'(t)|dt>
B(x,r) r B(x,H\B(x,r)
—a(o0 [ s [ ( / lf(z)ldz>|(ﬁ)’(t)ldt— < / I(ﬁ)’(t)ldt> [ ve)
B(x,r) r B(x,t) r B(x,r)

=c / ( lf(z)IdZ>I(ﬁ)’(t)|dt.
r B(x,1)

Consequently, by Remark 3.1 and by Condition 5) of Definition 3.3

” Ip(,)lfl “L (B(x,r))Z” Ip(,)lfl ”WL (B(x,r))Z” Ip“lfl ”WL (B(x,r))

P2 P2 P2

> v rn / ( U‘(z)ldz>l(/7)’(t)ldt
r B(x,r)

Zr”_Z/ PO My by der”_z/ PO L Ny peay 4t (3.31)
uniformly inx € R*,» > 0and f € L11°C(R”).

Step 3. Statement 1 of Theorem 3.1 follows by inequalities (3.24) and (3.26). Statement 2 follows by inequalities (3.25),
(3.27) and (3.31). Statement 3 follows by inequalities (3.25), (3.28) and (3.31).

Generalized Riesz potential and Hardy operator

Let M*((0, )) be the subset of M((0, 00)) consisting of all non-negative functions on (0, o). We denote by
Mt ((0, 00); |) the cone of all functions in it ((0, co)) which are non-increasing on (0, co) and we set

A={peM (O : limeo = 0}.

Let H be the Hardy operator

(He)(t) = / ()dr, 0 <1< oo
0

Moreover, let, for 0 < p < oo and a Lebesgue measurable function v : (0, c0) — [0, c0), Lplv(,)(O, o0) denote the space of
all Lebesgue measurable functions f : (0, ) — C for which

”f”Lm_)(o,oo) = HfV”Lp(o,oo) < 00.

Theorem4.1 Letn € N,1 <p; < 00,0 < p, £ 20,0 < 8, < o0, w, € ng, p be a positive continuous function on (0, co) and

g
[ oot de

———— >0, A.1)
7 e dt

Hipp, (1)
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v = wy (W) ) (W50, (r))"z D Y15, >0, 4.2)
8npp, @ = I, L, (bosiy o) 0. @3)
LIfl1<p, <p,<oorl <p <ooand0<p, <pandp€S,, ,.then
17 ()f”LM by in) ”Hgn,p,pl ||L92',.2(_)(0,oo) 4.4
uniformly in f € IM(R").
2.Ifpy=1and0 <p, < o0, and p € Sn’l’pz, then
Ll B WHEp 2, | 0,00 4.5)
uniformly in all non-negative functions f € IM(R").
3.0fpy=1landl <p, <oo,andp €S, ,,, then
Lof ||WLMp292M,2(,) ~ ||Hg, 1 ||L92‘v2(‘)(0,oo) (4.6)

uniformly in all non-negative functions f € IM(R").

]
Remark 4.1 pr(t)—t" n 1<p1<oo 0<p, < oo, 0<a<— then , ,, (r) =717, wherea—p——a ufwlg(r)—r v,

v =0c -5 wy(r~ g),» o 8npp, D= f ||L BOL) and Lemma 4.1 takes the form of Lemma 4.1 in [6].

Remark 4.2 Due to Condition 4) of Definition 3.3
Bm g, () = i 5, () = 00, lim p, . (1) = lim i, 5, (1) =0 @)
and y,, ,, is a strictly decreasing continuously differentiable function on (0, c0). Moreover,
lim =) (1) = co, lim y=) (r) = (4.8)

n,p.p; np.p

Proof 1. Let1<p1<p2<oo or 1 <p, <coand 0<p, <p;, and p €S

npy.py°
<c=</ (t)t‘”l dt) >

o [ LA
< P r
Wi Nin,, o S HWz(r)r 2 / P Ifll, (B(o,z))dt”%(o,oo)

r

= C“W2(V)"”_2 (—/ ”f”Lpl(B(o,t))dﬂn,p,p](f)>

C(”n,p,p,(t) =7,t= fzpl,); (1), hm 0 Hypp, = 0>

By inequality (3.21) we have

Ly, (0,00)

Hyp.py (1)

- »
C||W2(r)r 2 / ”f”LP] (B(Os”y(z._p].,);] (T))>d’l' ng(O,oo)

(=)
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= (Mg, ) = 0 7= 150 @), Timp () = 00, 1im g, () = 0)

= cfjwa (40, 00) (W0 @)

(uh ) [

Hopp

d
/ V1, (o o)

Ly, (0,00)

- CHVZ(M) (Hgn’p’p‘ )(u)”Lg (0,00) - C”Hg”’p’p‘ ”1‘924’2(')-(0’00)
(8

uniformly in f € IM(R").

2.Letp, =land0<p, <l,andp €S . By inequality (3.22) we have similarly to Step 1

n.py,py

n o0
= -1
s Mg = 20 [ o 00|

r

= csz(r)r”_2 <—/ |lf||Ll(B(0,t))d/4n,p,1(t)>

= c||v2(u) (Hg,., )(M)”La (000 CllHg, pillz, , ., ©0.00)
0.

L‘"z (0,00)

Ly, (0.00)

uniformly in all non-negative functions f € IM(R").
3.Letp; =landl <p, <co,andp €S, , . Equivalence (4.6) follows similarly to Step 2 from equivalence (3.23).

O

Theorem 4.2 Assume thatn € N,1 < p; < 00,0 <p, <00,0<6,,6, < 00, w; €Qy,w, €Qy, ,,, is defined by for-
mula (4.1),

)= w (K50 ) (4,0 ) [, >0, (4.9)

and v, is defined by formula (4.2).

l.Letl < p, <p,<oorl <p, <ooand0 <p, <p,andp €S

wp, .y Uf the operator H is bounded from Ly , (,(0, )
to L92,Vz(-)(o’ o0) on the cone A, that is

188, , 00 S 18N, 00 (4.10)
uniformly in g € A, then the operator 1, is bounded from LM, o ., . t0 LM, o ., .,
2.Letp, =1,0<p, <ocandp € Sn,l,pz' Then the operator 1., is bounded from LM,y ,, (10 LM, 4 ., ., if and only

if the operator H is bounded from Ly , (1(0,00)to Ly ., (0, 00) on the cone A.
3.Letp; =1,1<p,<coandp €S, , . Then the operator I, is bounded from LM,, o ., .,to WLM,, o ., ., if and only
if the operator H is bounded from L, , (,(0,00)to Ly ,, (0, 00) on the cone A.

-1
Remark 4.3 If we put r = p, , ., (#)in (4.9), then, taking into account that (yjljij)pl(r))’ = (ﬂnl . (yﬁll L)pl( ))) ,r>0,

we get
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1
>0

Vi (lunl,p,pl(t)> = Wl(t) M;pﬂxpl(t)

and

_L1
/ 0
Hypp O 75 1> 0,

V2 (i i, 1)) = Wo(D172

Lemma 4.1 Assume that0 < p,,p,,0,,0, < co,w; € le, p is a positive continuous function on (0, o) such that

1 g ) g
/p(t)t”l dt:oo,/ p(Dt" dt < oo,
0 1

and the functions Hnpp, vy, v, are defined by formulas (4.1), (4.3), (4.9), (4.2), respectively. Then

3 gﬂ,ﬂ»]’l’

”gn,p,pl ”Lﬁl"'l(') = IUC”LMlel,wl(-)

forall f € LM

plelgwl(.),for any measurable function ¢, : (0, 00) = (0,00)andt >0

”vld)l”Lol(OJ) = ||W1(”)¢1(ﬂn,p,pl (V))”Lgl (UG, (0).00)°
”V1¢l “L91 (to0) = ||Wl(r)¢]('u”v/’vpl(r))||Lg](0,M,(l__p],,),l )’
lv1e1llL,, (0,00) = llw1(r)d1(kn,p.p (r)l Ly, (0,00)

[Ivy ||L5](O,oo) = ||Wl ||L9](0,0<>)’

and for any measurable function ¢, : (0, 0) — (0, 00) andt > 0

||V2¢2“ng (0,0) = ||W2(r)rf’2 ¢2(”n,p,pl (r))”l‘ﬁz(”ft:?{l)’l (1),00)°
||V2¢2||L92(;,oo) = [lwy()re ¢2(/’ln,p,p1 (r))lngz(o,yf,;‘_},](t))’

lv2¢2ll L, (0,00) = llw2(r)7 72 $2(kin,p,p1 (1)l Ly, (0,00)

) — llw, e .
V2llz, 0.0 H 2(n) Ly, (0.00)

Proof 1. Indeed,

”gn,p,p1 “ngl(‘) = ”V1 (I)WHLPI (B(O,Mﬁ,;,l_,),] ")) ||L9 (0,00)
, O,

= (4D - — : (=D - : =1 -
= (M0 0= 1= a0, (), by @13) Tim 4D (0= oo, Tim u) (1)=0)

1
) 1
Vi (#n,p,p] () |, (I ”f“Lm (BO.5)

3, (0.00)

783

@11

4.12)

(4.13)

4.14)

(4.15)

(4.16)

4.16)

4.17)

(4.18)

(4.19)

4.19°)

(4.20)
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= ||f||LM

= [, won, oo
o

(We have used equality (4.11)).
2. Note that, by (3.10) and (4.7), for0 < 6, < 00,1 >0

1
4 0, ’ I
_ -1 6, ( (=D
vidillz, 00 = (—/0 w1</4,1,,,,‘,,](8)> $1(s) 1<;4,,,p,,,](s)> ds>
1

- <#£l’_f’1,l)71(s) = r) B </ N Wl(r)glqﬁl(”n,ﬂ,m(r))eldr>
u

-
n.p.p1 ®

= ”WI (r)d)l(/'ln,p,pl (r))”Lﬁ|1 (Mﬁ;{l))l (1),00)

and, similarly

||V1 ”I‘Hl (t,00) = ||W1(7’)¢1 (ﬂn,p,p] (r))”Lel (0’”’(1;1',))1 o)

These equalities also hold for §;, = oo, because, for example, by (4.9)

v, ”Lw(o,z) = le (#(_1) (S)>¢1(S)

n,p.py

L, (0,1

= esssup|w, <,u(_1) (S)>¢1(S)|

n.p,
0<s<t PP

= (u(‘” () =r,u ((0,0) = (MH) °°))

n,p.p; n,p.p) n.p.py’

= esssup |W1(V)¢1(#n,p,pl(”))| = ||W1(V)¢1(/4n,p,p1(”))”Lw( D (t)’w>~

Mfz,}{,l, (H)<r<oo e

Similarly, by (4.2), (4.7) and (4.12) for0 < 6, < 00,1 > 0

V2l 00 = [|wa(rre

Loy (50, 0:0)
and
V2l = o2 Ly, (0.5, )’
The proved equalities imply equalities (4.17) and (4.20) by passing to the limit as # — 0t or ¢ — +o0. O

Proof of Theorem4.2 1. Let1 <p, <p, <ocoorl <p; <ocoand0<p, <pjandp €S, , ,. Assume that the operator
H is bounded from L, , ,(0,00) to Ly , ,(0,c0) on the cone A. Since g, ,, € A, by Statement 1 of Theorem 4.1 and
formula (4.14) we have

“I”(')fHLM

P202.wa ()

= |lf||LM

Ly, 1y5(0.0) P10y w1 ()

S’ ||Hg":ﬂ:1’1

21

L 0 s gn.ﬂ.l’l
02"-2(.)( ,00)

uniformly in f € LM, 4 ,, (» hence the operator I, is bounded from LM, 4 ., ,t0 LM, 4 ., (.
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21.Letp;, =1,0<p, <ooandp € Sn,l,pz' If the operator H is bounded from L, ,, (,«0) 10 Ly, ,,(1(0, 00) on the cone A,

then by Statement 2 of Theorem 4.1 as in Step 1 it follows that the operator /. is bounded from LM, 4 , 10 LM, o . ..
2.2. Assume that I, is bounded from LM,, ,, (,to LM, 4 ., «,. Then by Statement 2 of Theorem 4.1 and formula

“4.14) with p; =1

”Hg,,.,,,l SWllear, o = (180 (4.22)

N ”I”(')f”LM

Lez.vz(-)(o"’o) 262w ()

L‘"] V1)

uniformly in all non-negative functions f € LIIOC(R”).
Let g € A be continuously differentiable on (0, o0). Consider the positive Lebesgue measurable function 4 on (0, co)
defined uniquely up to equivalence by the equality

-1
Mf,‘ ”j (0

8@ = Al - DIl g0 40y = Un/ h(z)e"'dz, >0
n.p, 0

&g =0, 0) h(p"0) (1 0)" > 0

n,p,1 n,p,1 n,p,1

& h(r) = 0,8 (py 1 (DM, (P r > 0.
If we take in (4.22) f(x) = h(|x|), then by (4.3) |U‘||LI(B(O,M’<;1;(I))) = g(t) and by (4.21)
||Hg||1‘92y2(_>(0,oo) S ”g”LGI-VI(-) (4.23)

uniformly in all g € A which are continuously differentiable on (0, co0).

Finally, if g is an arbitrary function in A, then there exist functions g, € A, k € N, which are continuously differentiable
on (0, co) and such g, < g1,k € N, and klim 8x = g on (0, o0). Therefore, by passing to the limit in (4.23), with g replaced
by g;, as k = oo, it follows that (4.23) holds for all g € A.

3.Letp,=1,1<p,<oo0andp €S In this case the argument is similar to that of Step 2, only Statement 3 of

n,1,p,*
Theorem 4.1 should be used and the space iM ,0,.,( Should be replaced by the space WLM,, o ., (). O

Hardy’s inequality on the cone of monotonic functions

Necessary and sufficient conditions for the boundedness of the operator H from one weighted Lebesgue space
Ly, ,,+(0, o) to another one Ly, (0, o0) on the cone A are knows for all values of 0 < 8, 6, < co. We present below
these results which are corollaries of more general statements contained in the survey by A. Gogatishvili and V.D.
Stepanov [10] (Theorems 2.5, 3.15 and 3.16). See also the survey by M.L. Goldman [11].

Theorem 5.1 Let 0 < 6, 0, < o, v, v, be non-negative Lebesgue measurable functions on (0, ). Then the operator H
is bounded from L, , (,(0,00) 10 Ly, , 1(0, o0) on the cone A if and only if

(a)ifl <0, £0, < x, then

1

t o é t 0 o
Ay, i=sup </ s02v22(s)ds> </ vl‘(s)ds> < 00,
>0 \Jo 0

and
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o

® 9 i TR AN )
A :=sup< / v;(r)df> ( / i / v (s)ds) vl‘(z)dz> < co,
>0 t 0 0
(b)if0< 0, < 1,0, <, < o, then

. ' 0, _% ® : 0,6, B
A, :=sup v, (s)ds min{s, 1}"2v,*(s)ds < 00,
0 0

>0

(0)ifl <6, <0,0<0, <86, <0, then
1

Ay = ( / ) < / v‘l’l(f)df> " < / s92v§2(s)ds> § tezvgz(t)dt>r
0 0 0

< o0,

1

r

and
0,
vz'(t)dt> < 00,

=~

Ay 1= </°° </°° ng(s)dS> " </ _gé'{(/‘Y v‘?l(r)d‘lf)_elv?l (s)dS)
0 t 0 0
1

1_1_1
Where; = "
@if0<0,<0, <1, ,then Ay :=A; < ooand

1

-

o0 s -1 # [Se]
Ap :=< /0 <sup s91< /O vfl(f)d1> > < / v§2(z)dz> v§2(r)dr> < o0,

O<s<t

ER

(e)if0< 0, <1,60, = o0, then
1
t 0 _a
Ag 1= sup (/ vl‘(s)ds> <ess sup min(t,y)vz(y)> < 00,
>0 0 y>0

(N ifl <0, < 0,0, = 0, then
L
9

s s y -1 9;
Ag :=ess sup vz(s)< / < / < / v?‘ (z)dz) dy> vi)‘ (t)dt) < o0,
o \Jr 0

>0

(8) if6, = 0,0 < 8, < oo, then

[e's] X dy 92
A; = — ) d.
7 (A C“”oewsw w@> O <o

0<z<y

() if 8, = 6, = oo, then
X dy

A, t= ess swp @) -

g = e€ss sup (Vz(x)/o ess sup V1(2)> >

x>0
0<z<y
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Conditions, ensuring boundedness of the generalized Riesz potential

In order to obtain sufficient conditions and necessary and sufficient conditions for p; = 1 on the weight functions wy,
w, ensuring the boundedness of 1, ) from LM, , ., yt0 LM, o ., forl <p; <p, <ooorl <p; < o, it, clearly, suffices
to apply Theorems 4.2 and 5.1.

In order to make these conditions have a simpler form we shall carry out certain changes of variables and apply equalities
(4.15)—(4.20) proved in Lemma 4.1.

Theorem 6.1 Assume that 0 < 6,6, < co,w; € Qy ,w, € Q.

l. Let1 <p; <p,<oorl<p <ooand 0<p,<o0,and p€S,, . Then the operator I, is bounded from

LM, g v, 10 LM, o ., . if the following conditions are satistied.

(a) If1 <0, <0, < oo, then

1

o0 p ) é o0 0 7
B, = SfB(F)) /t wzfn,pz(x)ﬂnfp’p] (x)dx /t w, ! (x)dx < o0,

1
1 0 ra
g wl e Wl Om,, @ |
By, :=sup Wap (x)dx — 0 x| <co.
>0 \Jo " e (7w (s)ds)”

where w, ,, , (x) = W, (X)x72.

and

B)If0<6, L1,0, L6, < 0, then

1

<) o o ] o
B, :=sup < / w?l (x)dx> < / wz’zn’pz(x) min{u, ,, (0), ,u,,,p,p](x)}%dx) < oo.
' 0

>0
(©If1<0, <»,0<6, <0, <o,then

r

© 0, 0, o

o [2WE, O, @)
By 1= / L g RN Wl ul,, (di| < oo,

0 ft w,' (x)dx b .
and
e o0 i 6 0, - 1
0 Mplpp (DIW () 7 ;
By, := </ </wz’2n’p2(x)dx> (/ofp'—lidr> 1wg?n,pz(z)dz> < oo,
0 z z < f w?’ (u)du)

1
where - = — — —.
r 0.

@If0<6,<0, <1, then B, := By < ooand

By, :=<

£y r y

T o :
/ sup yn’p’pl(z)r< / wf‘(s)ds) < / wan’pz(x)dx> wg!zn,pz(y)dy> < o0.
: y<z<oo s

Z
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() If0 < 0, < 1,0, = co, then
©0 _L

) ’ .
Bs :=sup </w1‘(x)dx> €ess sup W2,n,p2(x) mln{yn’p’p (1), Hnpp @)} < .
>0 x>0 ! !
t

(f)]f‘l <01 <00,92=00,then

[Se] Z (8] —1
By ::esssupwz’n’m(z)(/ </ (/ l(s)ds> p(u)uf'l a’u)
>0

(©) If6, = 0,0 < 0, < oo, then

) 1
o P dz \" \*
B, = </ <w2np2( )/ e sup wl(s)> dr) < 0.

7<s<oo

9/

! (x)dx) " < 00.

(W) If6, = 0, = o, then

-1
0 A d
Bg :=ess sup (/ M)“’z,n,pz(f) < 0.
T

>0 ess sup w(s)
z<s<oo
2.Letp, =1,0<p, <ooandp € S’n!l’pz. Then the operator 1, is bounded from LM, 4 ,, (10 LM,, 4 ., . if and only if
conditions (a) - (h) with p, = 1 are satisfied.
if and only

3.Letp; =1,1<p, <ooandp €S, , .Then the operator 1, is bounded from LM, 4 ., ,to WLM,

if conditions (a) - (h) with p, = 1 are satisfied.

P2,02,w2()

Proof 1t sufficies to prove by using Lemma 4.1 and the appropriate changes of variables that, for 4, , , , v| and v, defined
by formulas (4.1), (4.9), (4.2), respectively, Ay = B11 A, = Blz, A, =B,, Ay = By, Ay, = By, Ay = B4, As = Bsand

-1
Ag = cBg, A, = cB;, Ag = cBg, where ¢ = (/ P dt)
() If1 < 6, £ 6, < oo, then according to Theorem 5.1 and by (4.15) with ¢; = 1and (4.18) with ¢,(s) = 5, we get

o 1 Y 1

A11=su(1))< / o (DHY, (r)dr>2< / wf‘(r)dr> 1

1) 1)
Hnppy (D Hnppy (D

(s 0=+)

(o]

= S,]iIo) (/ an (r)'unzl)p (r)dr) ’ (/wfl(r)dr> l =By

T
and

~1
Hopy, () 1

o, ; , =6
A12=sup< / W (x)dx> < / z"l( / 9‘(r)dr> w) (z)dz)
>0 e
0

D
0 Hnppy (@)
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Next, by (4.16) with

/ 0 _9] E
¢,(2) (z“’l< / wl‘(r)dr> ) ,
Hypp, ()
we get
lli,ﬂl,);l(t) 1 ) 0 , 1
0y 0/ {
A, = S,Eg( / wzfnypz(x)dx> ,um‘p!pl(x)< / ‘(r)dr> l(x)dx)
oy

(. 0=)
,

T n97 i [So] 0/ [so] , -0 , #
= sup 2(x))c n dx Hnlp.p, (X) w,' (r)dr w,' (x)dx = B),.
>0
0 T X

(b)If0< 0, <1,60, <0, < oo, then by (4.15) with ¢p; = 1 and by (4.19") with ¢,(s) = min{z,s}, s > 0, we get

-1
® 01 o ® 0, : 6. b2
A, = sup w, (r)dr Wap (r) min{z, yn’p’pl(r)} 2dr
>0 -1 (f) 0 2

n.p.py

(u,,, O =1)

npp

1
® o ® . 62
= sug < / wf‘(r)dr> < / wgfn’pz(r)mm{ﬂn’p’pl(r), yn!p!pl(r)}ezdr> =B,.
> T 0

(©)Ifl1 <6, < 0,0< 86, <0, < oo, then by (4.15) with ¢, = 1, (4.18) with ¢, = s and by (4.19”) we get

A31=< / < / wi)‘(x)dx>91< / Wy O (x)dx>€]t02v§2(t)dt>r
0 =1 (=1

H H

np.py (1) n.p.p1 (1)

[e3) r oo r 1

= (/ </wf‘(x)dx> 1</ 2np (x)unpp (x)dx> Mo, (z)wznp (z)a’z)r = By,
0 4

and
© Mgy P ; i
o SG; T v
Ay = </< / wzfn’pz(x)dx> </ 1(s)ds> 2(t)dt>
0 0 0 ( / w 1(u)du)

ﬂn‘,,,,,l (s)
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(=1
.y (O 1

L e o 0, s
Hppp, (TIW ' (7) 7
o) ([ ) o)
”l(xpli))] o (/w?l (u)du) 1

Il
/N
0\ o
/

3] 1

e i ® 9 0, - 1

Hnapp, (TIW 1 (T) 7

= </ (/ anz(x)dx> (/o:pl—lg/d7> l 2nP (Z)dz> = By.
0 z 4 </wf‘(u)du) I

(d)If0 < 0, < 0, <1, then by (4.15) with ¢, = 1, by (4.19) with ¢, = 1, we get

-1
Hnppy (D) o 1

01 r
Ay = (/ sup r’< / wf'(u)du) < / (x)dx> 2(t)dt>
O<z<t
0 UG, (@) 0

© © s y s 1
) 4] ) 0y r
w,' (s)ds wy  (x)dx 2 dy ) .

/ O<T<anpl r J 1P B!

Hnppy (T)

(r = flpll),l(z)>

© © s y s 1
0 0
= ( / ess sup ,un,p’pl(z)’< / w?‘(s)ds) < / Wan,,,z(x)dx> ptn,p,pl(x)gz(y)dy> = By,.
y<z<oo
0 z 0

(e)If0 <6, <1,0, = x, then by (4.15) with ¢, = 1 and (4.19°) with ¢(y) = min{z,y}, y > 0, we get

~ 1=

(o

-4
As = sup < / wf‘ (x)dx) ess sup w,., (x)minfz, p,, ,, (X)}
>0 x>0
Hirppy (D

() () =1)

P,

o3 1

0 h .
= By,. = sup </w1‘(x)dx> ess sup wy,., () min{u,,, (7). 4, ,, (X} = Bs.
>0 x>0

(HIf1 < 6, < o0, 6, = 0, then by (4.15) with ¢, = 1 and by the same formula with

K oo _1 %
$,() = ( / < / wfl(s)ds> dy>
)

and, finally, by (4.19”) with 8, = oo and
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(s s (o) 1

won( [ (J (] om) )t

1) 1)
Hp &) Hnop D 4D ()

we get
0 - % 0 #
Ag =esssupv2(s)</ </< / wl‘(s)ds> dy> vl‘(t)dt>
s>0
N )
o0 s (o] —1 91 L’
=ess supvz(s)< / < / < / w?l(s)ds> dy) ‘(r)dr> 1
>0
B ) Huom @ WD 3
w ten@ RN a
=esssupw2(z)zf’_2</< / < / wf‘(s)ds) dy) ‘(r)dr>l
0
< z Hippy ) /4;_/1[,);1 o)
O = Hypp, W)
o0 z 3 _1 0 eL’
0 1
= cBg, = ess S(l)lp wz’n,pz(z)</ </ </w](s)01ds> |(,unypypl(u))’|du> wll(r)dr>
g Z r u
where

(s

. -1
c= </p(t)t”_'1 1dt> .
1

X

(g)If0, = 00,0 < 0, < oo, then by using formula (4.15) with ¢; = 1 and formula (4.19") with ¢,(x) = [ = su?
0 A r>u( by »
n.p.p|

we get

X 1

0 dy 0, 5
A7 = </ <v2(x)/ ess sup wl(r)> dx)
0

(G0

r>”npp1 )
Y Hnppy (7) 0 1
w dy zdr ”
2, (7 ess sup  w(r)
0 Ul )

( o )= z)

791

wy(r)
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-1 I 1
P2 N
c</ (W2np2( )/ess Sup wl(r)dz> d1> =cB;.

Z<r<oo

|-

(h) If 6, = 0, = oo, then in Ag according to (4.10) and (4.2)

vl(x)=w1( oo (x)) vz(x)=w2( D (x))< D (x)) x> 0.

Hopp, Hopp,

By using formula (4.15) with y = 1 and by carrying out the following changes of variables: y = u, ,, (z), z> 0, and,
finally, ¢ (7), 7 > 0, we get

B 'L =D (=1
Ag—essts:ép </0 Fr— wl(s)> (nppl()>( in())

-1
S>Hnppy )

£-1
0 A
2)T
= c ess sup / Ldz ( 5[ D ())( ; D (t))ﬁz
>0 Ky, (1) €S8 SUP wy(s) PP P2
- 5>z

= ﬂ":ﬂspl

®  p@h
=cesss e — ¢B..
¢ T>uop </1 ess sup w;(s) Z>W2,H,P2(T) Chby

7<s<00
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