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Abstract 

The optimal dispatch of the integrated power and natural gas systems can increase the utilization rate of renewable energy and energy 

efficiency while decreasing operation costs. The common prediction errors of wind power and electric load have the potential to negatively 

impact the normal operation of the integrated power and natural gas systems. A two-stage data-driven dispatch strategy is proposed to reduce 

this effect, consisting of the day-ahead dispatch stage and the intraday rolling dispatch stage using stochastic model predictive control (MPC). 

In the day-ahead dispatch stage, the data-driven chance constraints of tie-line power and reserve of gas-fired generators are built, and the day-

ahead tie-line power is obtained and regarded as input parameters to the intraday dispatch stage. In the intraday dispatch stage, the data-driven 

chance constraints of tie-line power and reserve of gas-fired generators with the latest rolling prediction data are built, and the remaining 

control variables are obtained. The distribution characteristics of the stochastic prediction errors of wind power and electric load are captured 

and described by the variational Bayesian Gaussian mixture model with massive historical data. Then the original stochastic mixed-integer 

nonlinear programming problem is converted to a tractable deterministic one by the quantile-based analytical reformulation and convex 

relaxation technique. Finally, the proposed strategy is verified by the numerical experiments based on a modified IEEE 33-bus system 

integrated with a 10-node natural gas system and a micro hydrogen system. The numerical results demonstrate that the proposed strategy 

reduces the actual costs and decreases the violation rate caused by the stochastic prediction errors of wind power and electric load. 

Keywords: two-stage dispatch; chance-constrained programming; data-driven; stochastic model predictive control; integrated power and 

natural gas systems. 

 

1. Introduction 

1.1.  Background and motivation 

To obtain clean and sustainable energy and address the 

dilemma of the fossil energy crisis and climate change, the 

global green energy revolution is taking place all over the world 

[1]. An increasing proportion of renewable energy such as wind 

turbines and solar photovoltaic panels is being installed in 

power systems and integrated power and natural gas systems 

(IPGS) [2]. 

The actual output power of renewable energy is closely 

related to weather conditions. For example, the actual output 

power of wind turbines relies on wind speed, and the actual 

output power of photovoltaic panels depends on solar radiation 

[3,4]. The weather conditions are uncertain and changeable, and 

thus the actual output power of renewable energy is intermittent, 

volatile, and stochastic, making it difficult to utilize and 

dispatch renewable energy effectively. In addition, the actual 

electric load is also related to the weather conditions, which is 

stochastic too. As a result, the prediction errors occur as the 

actual stochastic output of renewable energy and electric load 

is usually not equal to their prediction values. To make matters 

worse, the normal operation of integrated power and natural gas 

systems may be affected by the stochastic prediction errors of 

wind power and electric load.  

The utilization rate of renewable energy and energy 

efficiency increase and the operation costs decrease with the 

coordinated and optimal dispatch of IPGS [5]. Therefore, the 

research on the dispatch of the IPGS is paid increasing attention 

around the world. IPGS contains numerous emerging multi-

energy conversion devices such as gas-fired generators, power-

to-hydrogen (P2H) devices, and various complex multi-energy 

flows such as electricity and natural gas, as well as stochastic 

renewable energy. Thus, making the dispatch of IPGS a 

complex and stochastic optimization problem [6]. As a result, 

further research is needed on the dispatch for the IPGS 

considering the stochastic prediction errors of wind power and 

electric load. 

1.2.  Literature review  

Currently, studies on dispatch for the IPGS are divided into 

two categories based on whether uncertainty is considered: 

deterministic dispatch and uncertain dispatch [7].  

In deterministic dispatch, all uncertainties from renewable 

energy and load are ignored, and prediction results are assumed 

to be completely perfect and accurate, with prediction errors 

being neglected [6]. However, such dispatch lacks robustness 

to stochastic wind power [3]. In uncertain dispatch, the day-

ahead prediction results of wind power are considered 

completely accurate, and the prediction errors of renewable 

energy are neglected. It is assumed that all wind power can be 

utilized easily, resulting in high adjustment costs and actual 

operation costs due to the stochastic prediction errors of 

renewable energy [9].  

However, the uncertain and changeable weather conditions 

make it impossible to obtain completely perfect and accurate 

prediction data in advance, making prediction errors of 

renewable energy and load common and inevitable [9,10]. The 

dispatch results of an IPGS with inaccurate prediction data can 

be inconsistent with the actual situation, which can easily lead 

to economic and security problems. As the proportion of renew- 
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Nomenclature 
, ,,ij t ij tP Q  Active/ reactive power of branch ij. 

Abbreviations  N N

, ,,j t j tP Q  Injection active/reactive power in node j at time t. 

CCSP chance chance-constrainedstic programming H H

, , 1,l t l tP P −  Operating power of P2H device l at time t/t-1. 

GMM Gaussian mixture model UR DR

, ,,g t g tP P  Upward/ downward reserve capacity of gas-fired generator g. 

IPGS integrated power and natural gas systems GF GF

, , 1,g t g tQ Q −  Output reactive power of gas-fired generator g at time t/t-1. 

MISOCP mix-integer second-order cone programming SVC CB

, ,,q t q tQ Q  Output reactive power of the SVC/ capacitor bank at time t. 

MPC model predictive control H H

, , 1,l t l tu u −  
Binary variable that is equal to 1 if P2H device l is ON at time 

t/t-1, and 0 otherwise. 

PCC point of common coupling On Off

, ,,g t g tU U  Start-up/ shut-down state of gas-fired generator at time t 

P2H power-to-hydrogen GF

,g tU  
Running state, binary variable that is equal to 1 if gas-fired 

generator g is ON at time t, and 0 otherwise. 

SVC static var compensator , ,,i t j tV V  Square of voltage of bus i/ j at time t. 

VBGMM variational Bayesian Gaussian mixture model H S

, ,,w t w tW W  
Consumed wind power by P2H/directly wind power consumed 

by distribution system at time t. 

Sets/Indices  
, ,,m t n t   Gas pressure in the node m/n at time t. 

CBΩ ( )d j  Set of capacitor bank connected to bus j. , ,i i i    Weight/ mean/ variance of component i. 

ELΩ ( )d j  Set of electric load connected to bus j. CB

,q tS  Switching times of capacitor bank units q at time t. 

GFΩ ( )g j  Set of gas-fired generator connected to bus j. Parameters  

GFΩ ( )g m  Set of gas-fired generator connected to gas node m. CBc  Cost coefficients of switching of capacitor bank units. 

GLΩ ( )i m  Set of gas load connected to gas node m. 
H,yc c  The price of natural gas/ hydrogen. 

GWΩ ( )j m  Set of gas station connected to gas node m. mnC  Constant of the Weymouth equation. 

SVCΩ ( )m j  Set of SVC connected to bus j. ,mn mnf f  Max/min permissible gas flow of the pipeline mn. 

p,inΩ ( )m m  Set of pipeline ingoing gas flow. ,W Wf f  Max/min permissible gas production of the city gas station. 

p,outΩ ( )m m  Set of pipeline outgoing gas flow. gap  Relaxation gap. 

WTΩ ( )w j  Set of wind turbine connected to bus j. ,ij ijI I  Max/min current square of branch ij. 

d, q 
Index for power demand and the reactive power 

compensation device. 
CB CB

max,N N  The maximum groups/ switching times of capacitor bank units. 

m, n  Index for gas node m/ n. CB

maxN  The number of capacitor bank units. 

l, g, w 
Index for P2H device, gas-fired generator, and wind 

turbine. 
, ,w g EN N N  

Total number of wind turbine/ gas-fired generator/ Gaussian 

components.  

y, z, t Index for gas station/ gas demand/ time. e,tp  Time-of-use electricity price at time t. 

Variables  UR DR S, ,g g gp p p  
Cost coefficients of upward/downward reserve/ startup of gas-

fired generator g. 

DA ID ID TS

op op op op, , ,C C C C  
Day-ahead/ intraday/the executed operation costs/ 

two-stage operation costs. 
GF GF,g gP P  Max/min output power of gas-fired generator g. 

te  
Prediction errors of wind power and electric load at 

time t. 
GF GF

,up ,down,g gP P  
Max upward/downward ramping capacity of gas-fired 
generator g at time t. 

EL,te  Prediction errors of electric load at time t. EL EL,t tP P  Actual/Predicted output of the load. 

,w te  Prediction errors of wind power at time t. H H

,max ,min,l lP P  Max/min operating power of P2H device l. 

,E Ef F  
probability density function /cumulative distribution 

function  
max

subP  The maximum permissible value of the tie-line power. 

L GT

, ,,z t g tf f  Gas demand z/ gas-fired generator g at time t. CB

qq  The capacity of capacitor bank q.   

W

,y tf  Gas production of the gas station y. SVC SVC,q qQ Q  Max/min output power of SVC q.  

,gm tf , ,mn tf  Gas flow of the pipeline gm/ mn at time t.  ,PrUQ  Quantile/ Probability 

,l tH  The generated hydrogen by the P2H l at time t.  ,V V  Max/min voltage square of the bus. 

B, tH  The profit by selling hydrogen. ,ij ijr x  Resistance/ reactance of branch ij.  
W

,y tf  Gas production of the gas station y. T  Dispatch period, 15 minutes*96.  

,gm tf , ,mn tf  Gas flow of the pipeline gm/ mn at time t.  
, ,,a f

w t w tW W  Actual/Predicted output of the wind turbine w. 

,ij tI  Square of current of branch ij at time t. max

sub UR DR, ,    
The tolerance level for overload/ insufficient 

upward/downward reserve.  

CB CB

, , 1,q t q tN N −  
The running groups of capacitor bank units at time 

t/t-1. 
,   Max/min gas pressure of the node. 

EL EL

, ,,d t d tP Q  Active/ reactive power of electrical load d at time t. GFP

,

S ,, h th g   
The conversion efficiency of PEMEC/ SOEC, or gas-fired 

generator g at time. 

GF GF

, , 1,g t g tP P −  
Output active power of gas-fired generator at time 

t/t-1. 
Other notations are defined in the text. 

sub, sub,,t tP P  Actual/ Scheduled power of tie-line.   

-able energy and thermostatically controlled loads increases, 

the uncertainty of the IPGS also grows, making uncertain 

dispatch even more important. 

There is an acknowledged fact, that the prediction errors of 

renewable energy and electric load usually increase as the 

forecast time horizon prolongs [12]. A shorter forecast time 

horizon often means more accurate prediction data and lower 
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prediction errors [13]. As a result, the model predictive control 

(MPC) or rolling optimization method in a receding-horizon 

manner is gradually and widely applied to the dispatch of the 

IGPS to handle its uncertainty [12]. The latest prediction data 

of renewable energy and load is regarded as input data of the 

MPC method. Compared to the day-ahead deterministic 

dispatch, the intraday dispatch results based on MPC are closer 

to the actual situation. In Ref. [12], the rolling MPC method is 

used to handle the operational uncertainties of the distributed 

renewable energy and multi-energy load, and the re-scheduling 

cost is lower due to more accurate prediction data. However, 

the actual output of the wind power and solar power, and the 

load value are regarded as deterministic, and the rolling updated 

ultra-short-term forecasting data is input into the energy 

management system to handle the uncertainty [12]. The rolling-

horizon approach is used to alleviate the power deficit because 

of the wind power, but its operation and adjustment costs are 

still large [9].  

The MPC possesses a certain degree of robustness to the 

uncertainties of the renewable energy and load, but it is a 

deterministic dispatch in essence with the rolling latest 

prediction data [14]. This reference clearly stated that the 

deterministic formulation of MPC typically renders it 

inherently inadequate for systematically dealing with 

uncertainties. Specifically, The inherent deterministic 

characteristics of the MPC method limit its robustness to 

uncertainties. As a result, it cannot adapt to random changes in 

renewable energy and load in IPGS [14]. To address the above 

problems, the dispatch based on the stochastic MPC is proposed 

recently. In Ref. [15], the stochastic MPC is adopted to 

coordinate the optimal operation of a multi-energy microgrid, 

which can decrease the operation costs and guarantee the 

system security of the multi-energy microgrid. The stochastic 

prediction errors of wind turbines and photovoltaic panels are 

assumed to follow the classical Bata distribution, and the load 

is assumed to follow the Gaussian distribution. The stochastic 

scenario-based MPC dispatch is used to deal with uncertainties. 

In Ref. [16], the prediction errors of the wind turbines, 

photovoltaic panels, and load are assumed to follow the 

Gaussian distribution, and the stochastic MPC is used to handle 

the stochastic fluctuation of the voltage.  

Many previous studies on the dispatch of IPGS using 

traditional stochastic MPC have made a strong assumption 

about the stochastic prediction errors distribution of renewable 

energy and electric load, that they follow a common and 

relatively simple distribution such as Gaussian or Beta 

distribution [15,16]. It is a fact that the prediction errors in the 

different geographical regions may have unique characteristics, 

which cannot be described by the same and simple distribution. 

For instance, the stochastic prediction errors of renewable 

energy and electric load usually show multi-peak and 

asymmetry characteristics, but the Gaussian distribution is 

unimodal and symmetrical [17]. The dispatch results based on 

the inaccurate prediction data easily lead to uneconomical and 

unreliable operation of IPGS.  

Besides, those strong common parametric probabilistic 

assumption such as Gaussian distribution in the above previous 

stochastic MPC is only applicable to special scenarios, but it is 

not suitable for IPGS the stochastic renewable energy and load 

[18]. The common parametric probabilistic distribution has 

strong priori hypotheses, that its parameters are fixed and very 

limited. Numerous potential information of the historical 

prediction data and measured data has not been fully utilized, 

causing serious waste of the data resource of renewable energy 

and load. To better utilize those data and describe their 

distribution characteristic, the Gaussian mixture model (GMM) 

is adopted recently [11,12]. The GMM is a data-driven fitting 

method, which can utilize the historical data of the prediction 

errors and describe its distribution characteristic accurately. 

However, the describing or fitting effect of the GMM method 

relies largely on the appropriate number of the Gaussian 

component. The number of the Gaussian component is often 

selected by manual observation and trial, which can lead to 

overfitting or underfitting phenomena [19]. As a result, how to 

better describe the distribution characteristics of the stochastic 

prediction errors of renewable energy and electric load with full 

utilization of those data and integrate it into the stochastic MPC 

of the IPGS needs further research. 

1.3.  Contributions  

A two-stage data-driven dispatch for integrated power and 

natural gas systems using stochastic MPC is proposed in this 

paper. The main contributions are summarized as follows: 

1) A two-stage dispatch strategy of IPGS is proposed, 

consisting of the day-ahead dispatch and intraday rolling 

dispatch by using the stochastic MPC. The stochastic MPC with 

the latest prediction data is used to deal with the uncertainty of 

wind power and electric load in IPGS effectively.  

2) A data-driven chance-constrained dispatch strategy is 

proposed to further mitigate adverse effects caused by the 

stochastic actual output and prediction errors of wind power and 

electric load. The variational Bayesian Gaussian mixture model 

(VBGMM) is adopted to accurately describe the distribution 

characteristic of the prediction errors of wind power and electric 

load [20]. Additionally, the tie-line power and the reserve 

capacity of gas-fired generators are modeled as chance 

constraints. 

3) A comprehensive evaluation index of the violation rate is 

proposed to assess the effectiveness of the proposed dispatch 

strategy. This index includes both the maximum violation rate 

and the cumulative value of the violation rate, which provides 

a more reasonable and intuitive measure of the violation 

probability. 

The rest of this paper is organized as follows. Section 2 

presents the two-stage dispatch strategy framework using 

stochastic MPC. The stochastic optimization of IGPS is 

described in Section 3. Section 4 outlines the solution method. 

Finally, conclusions are presented in Section 5. 

2. Two-stage dispatch strategy of IPGS 

This section starts by introducing the schematic of the IPGS. 

Next, a two-stage dispatch strategy for the IPGS is proposed, 

which includes both day-ahead and intraday dispatches by 

using the stochastic MPC. For the convenience of writing, “the 
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prediction errors wind power and electric load” is abbreviated 

as “prediction errors” in the following section. 

2.1.  The schematic of the IPGS 

In this work, the structure of the IPGS is schematically 

illustrated in Fig. 1. The IPGS is connected to the external grid 

through the point of common coupling (PCC) by a tie-line and 

connected to a gas station. It mainly consists of two subsystems, 

i.e., a power distribution system that integrates the P2H devices 

and a natural gas system. 

In many countries such as the U.K., the power and natural 

gas systems are operated and managed jointly by a single utility 

[21]. Therefore, we assume that the multi-energy operator is 

responsible for the energy management of the IPGS and 

dispatches the various energy conversion devices to meet multi-

energy demands. The power demand is met by the output power 

of the wind turbine and gas-fired generator, as well as the 

purchased power from the external power grid. The P2H 

devices consume wind power to generate hydrogen, which is 

then sold to external hydrogen buyers for profit. The gas-fired 

generator consumes natural gas, and the natural gas demand is 

met by the gas station.  

External Power grid

Gas Station

Wind Turbine

P2H

Power Demand

Gas Demand

Hydrogen Buyer

Gas-fired Generator
PCCTie-line

IGPS

Capacitor 

Bank
SVC

Power Natural Gas Hydrogen

Power Distribution System

Natural Gas System

 

Fig. 1  Structure of IPGS 

 

2.2.  Two-stage dispatch strategy 

In IGPS, the actual output of wind power is stochastic due to 

the changeable weather conditions, and the electric load is also 

stochastic. To address these uncertainties and mitigate the 

adverse effects of prediction errors, a two-stage dispatch 

strategy is proposed. The framework of the two-stage dispatch 

is shown in Fig. 2. 

The first stage, which we refer as day-ahead dispatch, 

determines the tie-line power and the number of capacitor bank 

units in advance [22,23]. The multi-energy operator needs to 

decide the day-ahead tie-line power in advance, and provide 

this value to the external power grid, which is beneficial for the 

external power grid to prepare the tie-line power and the 

economical operation of the external power grid. In return, the 

multi-energy operator can get a favorable day-ahead electricity 

price from the external power grid. Besides, the number of 

capacitor bank units in operation is usually decided as we 

assume the effect of prediction errors on the reactive power is 

ignored. The day-ahead dispatch is divided into 96 equal time 

(15-min interval), and the tie-line power and number of 

capacitor bank units will be adopted in the next stage. 

The second stage, which we refer as to intraday rolling 

dispatch by using stochastic MPC, determines the remaining 

control variables. The prediction of wind power generation and 

electric load in this stage is usually more accurate, and many 

devices are flexible to adjust their running state, so numerous 

remaining control variables are usually decided in this stage. 

The intraday rolling dispatch is divided into 96 equal time (15-

min interval). The rolling horizon TID is set as 4 hours (15 

mins*4*4) according to the latest prediction data four hours in 

advance, and the intraday dispatch will roll repeatedly 24 times 

(once an hour) in a day. In other words, the intraday rolling 

dispatch repeats every hour. However, considering the accuracy 

of the prediction data of the wind power and electric load, only 

the decision variables in the first hour (15 mins*4) in the rolling 

horizon will be adopted and executed. This procedure is 

presented in Fig. 2, the control variables in the first hour of the 

rolling horizon, denoted by the circle with bright green color 

will be executed. Besides, the remaining control variables in the 

last three hours of the rolling horizon, denoted by the circle with 

grey color will not be executed.  

2.2.1.  Day-ahead dispatch objective 

The day-ahead dispatch strategy is formulated according to 

the day-ahead prediction data of the wind power and load. The 

IGPS needs to purchase power from the external grid through 

the tie-line. To mitigate the adverse effects of fluctuating tie-

line power on the external grid, the power purchased from the 

external grid considers the uncertainty of the stochastic 

prediction errors, and the data-driven chance-constrained 

stochastic programming (CCSP) is adopted to handle the 

stochastic prediction errors which will be introduced in detail 

in the next Section 3.  

The objective function of the day-ahead dispatch is to 

minimize the operation costs of the multi-energy operator for 

the next day, which consists of the power and natural gas 

purchase costs, start-up and reserve capacity costs of the gas-

fired generator, profits from generating hydrogen, and 

switching costs of the capacitor bank units. This function is 

represented in Equation (1).  
g
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2.2.2.  Intraday rolling dispatch objective using stochastic MPC 

The intraday rolling dispatch strategy by using stochastic 

MPC is formulated according to the latest intraday rolling 

prediction data of wind power and electric load. Compared to 

the day-ahead prediction data, the accuracy of the latest 

intraday rolling prediction data of wind power and electric load 

is higher, so the remaining control variables are decided in this 

stage, which mainly refers to start-up and reserve capacity costs 

of the gas-fired generator, natural gas purchase costs, profits 

from generating hydrogen, 
g
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        (2) 
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The objective function of intraday rolling dispatch based on 

stochastic MPC is minimizing the operating costs of the multi-

energy operator in the rolling horizon, which consist of power 

and natural gas purchase costs, the start-up and reserve capacity 

costs of the gas-fired generator, and profits by generating 

hydrogen, as presented by (2).  

2.2.4. Total budgeted operation costs of the two-stage dispatch 

After obtaining the decision variables through optimization 

and calculation of day-ahead dispatch and intraday rolling 

dispatch, the total budgeted operation costs of the multi-energy 

operator in the two-stage dispatch can be calculated using 

equation (3). The budgeted operation costs consist of two parts: 

the switching costs of the capacitor bank units in day-ahead 

dispatch and the total executed operation costs in intraday 

rolling dispatch over 24 hours. It should be noted that the term 

"budgeted operation costs" refers to the costs estimated based 

on the day-ahead and intraday rolling prediction data of wind 

power and electric load, rather than the minimized objective 

functions like (1) or (2). 
Start
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Fig. 2  Two-stage dispatch framework 
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where the executed operation costs at hour t are equal to the 

operation in the first hour (15 mins*4) of the rolling horizon, 

which are calculated by (4). 
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3. The stochastic dispatch strategy 

3.1.  Data-driven chance constraints 

With an increasing proportion of wind power and 

thermostatically controlled loads in IGPS, the stochastic output 

of the wind power is easy to lead to the fluctuation of the tie-

line power, which affects the economic operation of the 

external power grid. To mitigate the adverse effects of the 

fluctuation of stochastic wind power and electric load, the data-

driven CCSP is built, which consists of two parts, stochastic 

chance constraints and data-driven distribution characteristic 

fitting method of prediction errors. In the above two-stage 

stochastic dispatch strategy, the data-driven CCSP is one of the 

vital constraints to handle stochastic prediction errors.  

3.1.1.  Chance constraints of tie-line and reserve capacity 

To reduce the adverse effect of stochastic tie-line power on 

the economic operation of the external power grid, the 

fluctuation of the tie-line needs to be limited [24]. Without loss 

of generality, assume the gas load is deterministic, and the 

influence of stochastic prediction errors on the change of 

network losses is negligible. The stochastic prediction errors 

consist of two parts, the prediction error of wind power and 

electric load. The actual output of the wind power equals the 

predicted wind power plus its stochastic prediction errors, 

which is presented in (5). Similarly, the actual value of the 

electric load is equal to the predicted value plus stochastic 

prediction errors, as shown in equation (6). The stochastic tie-

line power, which is affected by the stochastic prediction errors, 

is modeled as chance constraints and is presented in equations 

(7) and (8). 

, , ,

a f

w t w t w tW W e= +                         (5) 

EL EL
EL,tt tP P e= +                         (6) 

sub, sub,t t tP P e= −                          (7) 

max max

sub, sub subPr( ) 1tP P   −             (8) 

In addition, due to the stochastic output of the wind power 

and electric load, a reasonable reserve capacity of gas-fired 

generator is required for the power balance. The chance 

constraints of upward/downward reserve capacity of the gas-

fired generator are presented as (9) and (10) respectively. 
G W WN N N

UR s a H
EL,, , , , UR

1 1 1

Pr( ( ) ) 1tg t w t w t w t

g w w

P W W W e 
= = =

 − − +  −      (9)

G W WN N N
DR s a H

EL,, , , , DR

1 1 1

Pr( ( ) ) 1tg t w t w t w t

g w w

P W W W e 
= = =

 − + − −  −    (10) 

3.1.2.  Data-driven fitting method for the prediction errors 

As many advanced measurement devices are widely installed 

in the IGPS, there are numerous historical prediction data and 

measured data, but now its potential key statistic information 

has not been well mined and utilized. For example, masses of 

historical prediction data and measured data of the wind power 

and electric load have been accumulated, but parametric 

Gaussian distribution is still assumed as the exact distribution 

of stochastic prediction errors in many references, causing 

serious waste of data information resources [15,16]. To make 

matters worse, the inaccurate distribution characteristic of the 

stochastic prediction errors easily hurts the operational 

economy and safety of the IGPS [10,11]. 

The distribution characteristic of the stochastic prediction 

errors is accurately described and fitted by the VBGMM in this 

work. In theory, an arbitrary probability distribution can be 

fitted relatively accurately by the GMM if it adjusts its 

parameters, such as the number of components, weight, means, 

and covariance [10]. However, as it is hard to select a 

reasonable component number and parameters, the overfitting 

or underfitting problem is inevitable. Compared to the 

traditional Gaussian distribution and GMM method, the fitting 

effect of the VBGMM method is usually better as it can select 

the component number and parameters automatically. The 

VBGMM is a data-driven fitting method that utilizes the 

historical data to fit the distribution characteristic, and the 

utilization ratio of the historical data is improved. The 

VBGMM is a nonparametric Bayesian model based on the 

Dirichlet process, which can infer the number of Gaussian 

components of the prediction errors according to its historical 

data [25]. Besides, some remaining vital parameters are also 

inferred by the VBGMM such as the weight, mean, and 

variance. Once these parameters are obtained, the probability 

density function and cumulative distribution function of the 

stochastic prediction errors are also obtained, which are then 

introduced in the CCSP. The flowchart of the VBGMM method 

is presented in Fig. 3. 
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Fig. 3  Flowchart of the VBGMM method. 

 

For finite partitions θ1, …, θi in measure space Θ, if the 

distribution G obeys the rule (11), then G follows the Dirichlet 

process, which is presented by (12) [26]. The Dirichlet process 

G consists of two key elements, i.e., concentration parameter ϕ 

and the base probability measure G0. The base probability 
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measure in VBGMM is the Gaussian distribution.  

1 0 1 0(( ), ,( )) ( ( ), , ( ))i iG Dir G G             (11) 

0( , )G DP G                               (12) 

The stick-breaking process is one of the common methods to 

construct the Dirichlet process, and it is adopted in this work. 

The stick-breaking process is built in the following (13)-(16). 

The random sampling of the base probability measure is used 

to calculate the categorization weight of the component, and the 

computing formula of Dirichlet process G is shown (16). The 

hidden variables in VBGMM are presented in (17).  

( |1, )a av Beta v                              (13) 

1

1

(1 )
k

a a s

s

v v
−

=

= −                               (14) 

1

1a

a




=

=                                     (15) 

1

a a

a

G  


=

=                                    (16) 

1 1{ } , { }a a a av  

= ==  =                              (17) 

The accumulated historical data of the prediction errors 

1{ }B

b bE e == is considered a set of stochastic variables. Then the 

joint probability density function of prediction errors is 

obtained as denoted in (18) [16].  

11

( | , ) ( | , )
B

a a b a a

ab

f e N e   


==

=                (18) 

where
1{ }a aw 

== and
1{ , }a a a  

==  . 

The categories to which stochastic variables in the historical 

data of the prediction errors are classified by the binary 

indicator variable b

az . The conditional probability density 

function with indicator variable is denoted in (19) [19]. 
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azB

a b a a

ab

f e N e 


==

 =             (19) 

where ,

1, 1{ }b a b B

a a bz = =

= = = . 

Then the posterior distribution parameter of the hidden 

variable { , , , } =   is estimated by the variational 

Bayesian inference method [19]. The variational Bayesian 

inference method is implemented and coded based on sklearn. 

mixture package [20]. The inferred cumulative distribution 

function and probability density function of the prediction 

errors are presented in (20) and (21) respectively. Besides, the 

sum of the weights of all Gaussian components is 1. 
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3.2.  Operation constraints of P2H devices 

1)  Ramp constraints of P2H 

1

HH H

, ,up, ll t l tP PP −−                        (24) 

,dow

H

n

H H

, 1 ,l t l t lPP P− −                       (25) 

where (24) and (25) denote the ramp up and ramp down 

constraints of the P2H device. 

2)  Operation power constraints of P2H  
H H H H H

, ,,min , ax, ml ll t l t l tu PuP P                         (26) 

H H

, 1

On Off

, , ,l t l t l t l tU uU u− −− =                           (27) 

where (26)-(27) denote the operating power constraints of P2H 

device, respectively. 

5)  Conversion efficiency of P2H 
H

,,
H

l l tl tH P=                                  (28) 

where (28) denotes the conversion efficiency of the P2H device, 

respectively. 

6)  Hydrogen balance constraints 

H

, B,

( )

l t t

l l

H H


=                             (29) 

where (29) denotes generated hydrogen that is provided to the 

external hydrogen buyer. 

3.3.  Power distribution system constraints 

1)  Wind power allocation constraints 
s f H

, , ,w t w t w tW W W= −                      (30) 

H

,

(

HH

)

,l

l

tw t

l

W P


=                         (31) 

where (30) denotes the relationship between the wind power 

directly scheduled and consumed by the power distribution 

systems, wind power consumed by the P2H devices, and the 

predicted value of wind power. The total wind power consumed 

by the P2H device is described in (31). 

2)  Branch power flow constraints 

, , , ,

( )

N

ij t ij ij t j t jk t

k c j

P r I P P


− + =                           (32)

, , , ,

( )

N

ij t ij ij t j t jk t

k c j

Q x I Q Q


− + =                          (33) 

( ) ( )2 2

, , , , , , ,2j t i t ij t ij ij t ij ij t ij t ij tV V P r Q x r x I= − + + +           (34)

2 2

, , , ,i t ij t ij t ij tV I P Q +                                     (35) 

where (32)-(35) denote the branch power flow.  

3)  Nodal power balance constraints 

GT WT EL

GF s EL

, , sub, , ,

Ω ( ) Ω ( ) Ω ( )

N

j t g t t w t d t

g j w j d j

P P P W P
  

= + + −        (36)

GT SVC CB EL

GT SVC CB EL

, , sub, , , ,

Ω ( ) ( ) ( ) Ω ( )Ω Ω

+N

j t g t t q t q t d t

g j j j d jq q

Q Q Q Q Q Q
  

= + + −    (37) 

where (36) and (37) denote the nodal active and reactive power 

balance constraints, respectively. The nodal active power 

equals the sum of the output of gas-fired generator and wind 

power, substation (if any) minus the load; The nodal reactive 

power equals the sum of the output of gas-fired generator, SVC, 

capacitor bank, and substation (if any) minus the load. 

4)  Operation constraints of the gas-fired generator 
On Off GF GF

, , , , 1g t g t g t g tU U U U −− = −                      (41) 

On GF

, ,0 g t g tU U                               (42) 

Off GF

, 1 ,0 1g t g tU U−  −                           (42) 

where (38)-(40) denote the relations among start-up, shut-down, 
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and running indicators of gas-fired generator in two consecutive 

time intervals. And the ramp up/down constraints of gas-fired 

generator are presented as follows: 
GF GF GF

, , 1 ,upg t g t gP P P−−                       (41) 

GF GF GF

, 1 , ,downg t g t gP P P− −                      (42) 

The operating power constraints with the reserve of gas-fired 

generator are stated as follows: 
GF GF DRF

,

G

,, g gt tg g tU P P P −                      (43) 

GF GF DRF

,

G

,, g gt tg g tU P P P −                       (44) 

where (43) and (44) denote the upward/downward reserve. 

5)  Operation constraints of capacitor bank units[27] 
CB CB CB

, ,q t q t qQ N q=                                  (45) 

CB CB CB

, , 1 max

1

T

q t q t

t

N N N−

−

−                    (46) 

CB
CB

,0 q tN N                            (47) 

where (45) describes the nodal total reactive power generated 

by capacitor bank. (46) states the maximum total switching 

times of capacitor bank in the entire dispatch period. (47) state 

the maximum number of running groups of capacitor bank units.  

6)  Operation constraints of SVC 
SVC SVC SVC

,q q t qQ Q Q                           (48) 

where (48) describes the operating power range of SVC. 

7)  Operation constraints of the network 

,ij ij t ijI I I                                  (49) 

,i tV V V                                   (50) 

where (49) and (50) constrain the operating range of the branch 

current of the line and bus voltage.  

3.4.  Natural gas system constraints 

1)  Pipeline natural gas flow constraints 

The relationship between the flow of pipeline and the gas 

pressure of node is often denoted by the Weymouth equation, 

as shown in (51) [28]. 
2 2 2 2

, , ,( )mn t mn m t n tf C  = −                               (51) 

2)  Nodal natural gas flow balance constraints 

p, n(m) p,out( ) GW( ) GL( ) GT

W L GT

, , , , ,

( )i m m m

gm t mn t y t z t g t

m m y z g m

f f f f f
    

− + = +     (52) 

where (52) represents the gas flow balance at each node. 

3)  Operation constraints 

t                                  (53) 

,mn mn t mnf f f                            (54) 

,

W W W

y tf f f                            (55) 

where (53) and (54) constrain the operating range of node gas 

pressure and pipeline gas flow. where (55) denotes the 

operating range of gas station. 

4)  Natural gas consumption of the gas-fired generator [28] 

The natural gas consumed by the gas-fired generator is 

usually described by a linear conversion model, which is 

denoted by the following (56). 
GF GF GF
, , ,g t g t g tf P =                                    (56) 

4. Solution Method 

The day-ahead dispatch strategy is summarized as (57), and 

the intraday dispatch strategy is summarized as (58).  

DA
opmin

s.t.(5) (10), (20) (56)

C


− −

                    (57) 

ID
opmin

s.t.(5) (10), (20) (56)

C


− −

                    (58) 

where (5)-(10) denote chance constraints, (20)-(23) are the 

fitted probability density function and cumulative distribution 

function, (24)-(29) describe the operation constraints of P2H 

devices, (30)-(50) state the operation constraints of power 

distribution system, and (51)-(56) are natural gas system 

constraints. 

As massive prediction and measured data of renewable 

energy and electric load accumulated in IPGS, its prediction 

errors can be obtained easily according to (5) and (6), and these 

prediction errors are also stored in the historical data bank of 

IPGS. Then its distribution characteristics are inferred by 

VBGMM, as shown in the first step in (b) and (c) of Fig. 2.  

4.1.  Quantile-based analytical reformulation 

The chance constraints in (8)-(10) are nonconvex, which 

cannot be solved by the common commercial solvers. The 

stochastic 
,

a

w tW  in (9)-(10) are substituted by the (5) and (30), 

respectively. The quantile-based analytical reformulation is 

adopted, then the nonconvex chance constraints are converted 

to the tractable deterministic constraints, as shown in (59)-(61). 
max max

sub, sub sub( | )t U tP P Q e +                    (59)

GN
UR

, UR

1

( | )g t U t

g

P Q e
=

−                         (60)

GN
DR

, DR

1

(1 | )g t U t

g

P Q e
=

 −                         (61)where (59)-(61) are 

the tractable deterministic constraints of tie-line power, upwar

d reserve capacity, and downward reserve capacity. 

The cumulative distribution function of the stochastic 

prediction errors in (21) can be regarded as a nonlinear equation. 

The quantile value of the stochastic prediction errors is the root 

of the cumulative distribution function in the corresponding 

confidence level α, and many root-finding methods for the 

nonlinear equation can be used to find the root such as the 

Newton method [10]. As the fzero function can find the root 

fast and accurately, it is adopted to find the root of cumulative 

distribution function (quantile value) [29], as shown in the 

second step in (b) and (c) of Fig. 2. 

4.2.  Convex relaxation technique 

The absolute value in (56) is nonconvex which can be 

handled by the linear equivalent substitute with auxiliary 

variables 
,q tN + and

, 1q tN −
−

, as shown in (62)-(66) [27]. 
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CB
, , 1 max

1

( )
T

q t q t

t

N N N+ −
−

−

+                         (62) 

CB
, , 1 max

1

( )
T

q t q t

t

N N N+ −
−

−

+                         (63) 

CB CB
, , 1 , , 1q t q t q t q tN N N N+ −

− −− = −                     (64) 

, ,0, 0q t q tN N+ −                              (65) 

CB CB CB
, , , 1q t q t q tS N N −= −                         (66) 

The nonlinear Weymouth equation (62) is converted into the 

following cone constraints (67) by the second-order cone 

programming technique. However, this cone relaxation 

technique is not our contribution and focus, and more detailed 

descriptions are discussed in [30].  
2 2 2 2 2

, , , ,mn ave t mn n t mn m tf C C +                   (67) 

Then the original mixed-integer nonlinear programming 

problem is converted into a tractable deterministic mix-integer 

second-order cone programming (MISOCP) problem based on 

the above quantile-based analytical reformulation and convex 

relaxation technique. It is easy for common commercial solvers 

to solve this MISOCP problem. The flowchart of the solution 

method is presented in Fig. 2. After the two-stage optimization 

dispatch, the values of all decision variables are obtained, and 

the IGPS is in optimal operation state, and its total budgeted 

operation costs are calculated by (3) and (4).  

4.3.  Solution error analysis 

The potential solution errors or gap may occur because of the 

above quantile-based analytical reformulation and the convex 

relaxation technique. The default termination tolerance of the 

fzezo function is eps, 2.2204e–16, so its calculation gap can be 

ignored [29]. As a result, the potential error of quantile-based 

analytical reformulation is also neglected.  

As for the second one, convex relaxation, consists of two 

parts, absolute value and second-order cone relaxation. The 

relaxed linear equations with auxiliary variables are completely 

equivalent to their original ones, and the relaxation gap is zero. 

As for the potential errors due to the cone relaxation technique, 

and the following equation is used to calculate the maximum 

relaxation gap of the pipeline mn [31]. The solution in the 

relaxed MISOCP model can be regarded as exact if the 

relaxation gap obtained from the following equation is small 

enough. 
2 2 2 2 2

, , ,

2

,

max{ , , }
mn m t mn n t mn t

mn t

C C f
gap t T mn

f

 − −
=      (68) 

where gap is the maximum relaxation gap. 

5. Case Study 

5.1.  Case description  

The programs of the proposed two-stage dispatch strategy are 

written in Julia/ JuMP [32] environment and executed on a 

laptop with AMD R7-4800U (1.8 GHz) processors and 16 GB 

RAM. The day-ahead dispatch and intraday rolling dispatch are 

solved by the commercial solver Gurobi (ver. 9.0.3) in which 

the relative optimality gap is set at 0. 

The proposed strategy is tested on the IPGS shown in Fig. 4, 

which is based on the modified IEEE 33-bus system [33] 

integrated with a 10-node natural gas system [34] and a micro 

hydrogen system. As for the power distribution system, the base 

value of power is 1 MVA, and voltage deviation limits are set 

to be ± 5% of the rated level (4.16 kV). Bus 1 represents the 

substation, connecting to the external power grid through a tie-

line. Bus 31 installs one wind farm, one PEMEC, and two 

SOECs. Capacitor bank units are installed at bus 19 and bus 23, 

respectively. Besides, the SVC is located at bus 16 and bus 33. 

There are two gas-fired generators located at bus 3 and bus 6. 

The 10-node natural gas system includes one natural gas station 

in node 1, and node 2 and node 6 are responsible for supplying 

natural gas to gas-fired generators. The maximum permissible 

value of the active power of the tie-line is set as 6.8 MW. The 

tolerance level for stochastic risks in chance constraints is set 

as 5%. The historical data of the actual prediction data and 

measured data of wind power are taken from the Belgian’s 

electricity system operator, Elia [35].  
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Fig. 4  Test System 

 

To evaluate the effectiveness of the proposed strategy, five 

cases are designed for comparison, as shown in Table 1. The 

dispatch results in five cases are presented in Fig. 5- Fig.7. The 

results of the maximum relaxation gap of the pipeline are 8.2e-

5, and its value is small enough, so the relaxed MISOCP model 

is regarded as exact. The details of the five cases are described 

as follows: 

Case 1: The single-stage day-ahead deterministic dispatch 

strategy by using the day-ahead prediction data is formulated 

for IPGS. Besides, stochastic prediction errors are not 

considered. 

Case 2: The two-stage deterministic dispatch strategy with 

the latest intraday rolling prediction data by using deterministic 

MPC is formulated. Besides, stochastic prediction errors are not 

considered. 

Case 3: The two-stage dispatch strategy with the latest 

intraday rolling prediction data by using stochastic MPC is 

formulated. Besides, stochastic prediction error are considered 

to follow traditional Gaussian distribution. 

Case 4: The two-stage dispatch strategy with the latest 

intraday rolling prediction data by using deterministic MPC is 

formulated. Besides, the traditional GMM method is utilized to 

fit the distribution of stochastic prediction error. 

Case 5: The two-stage dispatch strategy with the latest 

intraday rolling prediction data by using stochastic MPC is 

formulated. Besides, the VBGMM method is utilized to fit the 

distribution of stochastic prediction errors. 
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Table 1 

Five Different Cases 

Case 
Single-

Stage 

Two-

Stage 

Prediction 

Errors 
Gaussian GMM VBGMM 

1 √ × × √ × × 

2 × √ × √ × × 

3 × √ √ √ × × 

4 × √ √ × √ × 

5 × √ √ × × √ 
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Fig. 5  Dispatch results of the tie-line power in five cases 
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Fig. 6  Dispatch results of total upward reserve capacity of the gas-fired generators in five cases 
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Fig. 7  Dispatch results of total downward reserve capacity of the gas-fired generators in five cases 

Table 2 

Comparison of Dispatch Results in Five Cases 

Case 
Wind Power (MWh) 

Electric Load 

(MWh) 
Operation Costs ($) Overload 

Times 
Predicted Actual Predicted Actual Budgeted Adjustment Actual 

1 32.28 24.06 166.81 177.39 34397.742 3569.91 37967.652 29 

2 27.65 24.06 172.05 177.39 35821.612 1691.84 37513.452 29 

3 27.65 24.06 172.05 177.39 35738.006 1361.19 37099.196 2 

4 27.65 24.06 172.05 177.39 35733.478 1367.01 37100.488 2 

5 27.65 24.06 172.05 177.39 35722.529 1366.00 37088.529 2 
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Fig. 8  Active power of the tie-line in five cases 

5.2.  Comparison of costs and times of overload 

The comparison of dispatch results in five cases on a typical 

day is shown in Table 2. The day-ahead predicted wind power 

in case 1 is larger than the intraday value and actual value. 

Moreover, the day-ahead predicted value of electric load is 

lower than its intraday value and actual value. As a result, the 

actual value of prediction errors in day-ahead dispatch stage is 

the largest. Compared with single-stage dispatch (case 1), the 

latest intraday rolling predicted wind power and electric load in 

case 2 to case 5 are closer to the actual value, so the value of 

prediction errors is lower. Wind power costs are assumed to be 

zero in many references [8,11]. The budgeted operation costs in 

single-stage day-ahead dispatch (case 1) are lower because the 

predicted wind power is overestimated and assumed to be fully 

utilized to supply electric load, and the electric load is 

underestimated. Similarly, the budgeted operation costs in two-

stage dispatch by using deterministic MPC are larger because 

of the more accurate and lower value of intraday predicted wind 

power and electric load.   

As shown in Table 2, the first two columns present that when 

the single-stage day-ahead dispatch is conducted, 32.28 MWh 

of wind power is predicted to be available, but only 24.06 MWh 

of wind power is actually available, meaning that there is an 

8.22 MWh deficit of wind power. Besides, only 166.81 MWh 

of electric load is predicted to be met, but 177.39 MWh of 

electric load actually needs to be met, meaning that there is 

10.58 MWh surplus electric load. The total prediction errors in 

single-stage day-ahead dispatch are 18.8 MWh.  

As the single-stage day-ahead deterministic dispatch does not 

consider the potential adverse effect of the stochastic prediction 

errors, the tie-line power in the 9th to 13th hour (15-min interval 

29-52), and 18th hour to 19th hour (15-min interval 73-76) is 

very close to the maximum permissible value of the active 

power of the tie-line (6.8 MW). To cover the deficit of wind 

power and the surplus of electric load, multi-energy operator 

needs to purchase more power from the external power grid 

through the tie-line, resulting in the actual power of the tie-line 

exceeding its maximum permissible value (6.8 MW), as shown 

in Fig.8. The tie-line experienced overload 29 times in case 1.  

As for the two-stage dispatch, 27.65 MWh of wind power is 

predicted to be available, but only 24.06 MWh of wind power 

actually is available, meaning that there is 3.59 MWh deficit of 

wind power. Similarly, 172.05 MWh of electric load is 

predicted to be met, but 177.39 MWh of electric load actually 

needs to be met, meaning that there is 5.34 MWh surplus of 

electric load. The value of prediction errors in two-stage 

dispatch is 8.93 MWh. The total amount of prediction errors is 

lower than the day-ahead one because of the more accurate 

intraday rolling prediction data of wind power and electric load. 

The two-stage dispatch by using the deterministic MPC in case 

2 is similar to single-stage day-ahead one, but its actual 

overload power of the tie-line is lower, as shown in Fig.8. The 

total times of overload of the tie-line in case 2 is twenty-nine. 

By contrast, the dispatch by using the stochastic MPC in case 3 

to case 5 considers the potential adverse effect of the stochastic 

prediction errors, so its tie-line power in 8th to 13th, and 18th 

to 19th hour is lower. The actual power of tie-line is not easy to 

exceed the maximum permissible value (6.8 MW). The tie-line 

experienced overload twice in case 3 to case 5. 

As mentioned above, the multi-energy operator needs to 

purchase more power from the external power grid through the 

tie-line to cover the deficit of wind power and meet the surplus 

of power demand and pay adjustment costs. In this work, the 

following assumptions about the adjustment price are made, 

that the adjustment price is the time of use price if the actual 

power of the tie-line does not exceed the maximum permissible 

value, otherwise, the adjustment price is the peak load price 

(230 $/MWh). Then the adjustment costs are equal to the value 

of overload multiplies by the corresponding adjustment price. 

As a result, the actual operation costs are equal to the budgeted 

operation costs plus its adjustment costs. The total overload 

power in single-stage deterministic dispatch (case 1) is the 

largest, so its adjustment costs are 3569.91 $, the largest in the 

five cases, then the actual costs, in this case, are the largest. 

Compared to the single-stage day-ahead deterministic dispatch, 

the total overload power in two-stage dispatch with intraday 

rolling prediction data by using deterministic MPC decreases 

obviously, so its adjustment costs and actual operation costs are 

also lower, illustrating the benefits of the two-stage dispatch by 

using MPC.  

Then the adjustment costs and actual operation costs of the 

two-stage intraday dispatch by using stochastic MPC in case 3 

to case 5 are lower than the adjustment costs and actual 

operation costs in case 2, illustrating the benefits of considering 

the uncertainty of stochastic prediction errors. Especially, 

compared to the Gaussian distribution in case 3 and GMM in 

case 4, the budgeted costs and actual operation costs with 

VBGMM in case 5 are the lowest, illustrating the benefits of the 

data-driven chance constraints.  

5.3.  Comparison of reserve capacity 

Many references only consider the uncertainty of electric 

load and set the reserve capacity according to the proportion of 

the maximum prediction value of electric load. As a result, the 

deterministic dispatch in case 1 and case 2 without considering 

the potential adverse effect of the prediction errors of wind 

power, and the multi-energy operator only sets the basic fixed 

load reserve (5 % of the maximum value of load), as shown in 

Fig.6 and Fig. 7. The total reserve capacity of the gas-fired 

generators in the first two cases cannot reflect the actual 

operation conditions and meet actual reserve capacity demand.  

However, according to the data analysis of Elia in Section 5.2, 

the actual output of wind power tends to be lower and the actual 

demand for electric load tends to be larger. As a result, it is more 

reasonable for the multi-energy operator to set more upward 

reserve capacity and less downward reserve capacity. The 

single basic fixed load reserve capacity in case 1 and case 2 has 

two significant limitations, too radical for upward reserve 

capacity and too conservative for downward reserve capacity. 

By contrast, the dispatch by using the stochastic MPC in case 

3 to case 5 considers the potential adverse effect of the 
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stochastic prediction errors. The multi-energy operator set more 

upward reserve capacity and less downward capacity to 

mitigate the impact of these uncertainties. The reserve capacity 

in case 5 is more reasonable in the last three cases because it 

uses a data-driven CCSP method, and the benefits of this 

approach will be discussed in the next section 5.4.  

5.4.  Comparison of violation rate 

The violation rate is a vital index to reflect and evaluate the 

quality of dispatch strategy in chance-constrained programming 

problems. The average violation rate is usually used to reflect 

and evaluate the quality of dispatch strategy, but it has a big 

defect, in that the extremely large or small violation rate is 

easily hidden. However, the maximum violation rate should be 

paid more attention to and alleviated by the multi-energy 

operator [36]. The IGPS with a high violation rate may not 

operate safely and economically. The average violation rate can 

result in a misleading interpretation of the performance of 

dispatch results and risk level. For example, the average 

violation rate of “1 % plus 9 %” and “4.9 % plus 5.1 %” are 

5 %, but the former is worse if the tolerance level for risks is set 

as 5%. More importantly, the large violation rate should be paid 

more attention to and eliminated. As shown in Table 3, the 

average violation of each chance constraint in the first two cases 

(deterministic dispatch) is the largest, about 20 %. Its value is 

too large, so the dispatch in the first two cases may not operate 

safely. The average violation in the last three cases is relatively 

small, showing the benefits of considering the uncertainty 

stochastic prediction errors. Specifically, the value of the 

average violation in the last three cases is very close, and the 

maximum value is only 1.08 times of the minimum value, so 

the numerical differentiation of the average violation is not 

obvious. More seriously, a little higher average violation does 

not mean it is not good. For instance, the average violation rate 

of “1 % plus 9 %” is 5 %, and the average violation rate of “4.9 % 

plus 5.15 %” is 5.025%. However, the latter one is definitely 

better in CCSP. The violation rate of overload in case 3 is too 

small, and its violation rate of insufficient downward reserve is 

too large, so its average violation rate is smaller. However, it 

should not think the dispatch results, in this case, are better. It 

is all the fault of the misleading interpretation of the average 

violation rate. Besides, the comparison results of operation 

costs in Table 2 also prove this point.  

To evaluate the quality of the dispatch strategy and its 

robustness for the stochastic prediction errors better, a 

comprehensive evaluation index of the violation rate is 

proposed, which consists of two parts, the maximum violation 

rate and the cumulative value of the violation rate.  

According to the definition of chance-constrained 

programming, the tolerance level α is a predefined value, which 

denotes the tolerance level of the multi-energy operator for the 

stochastic risks. Ideally, the violation rate should be less than or 

equal to the tolerance level. However, due to real stochastic data 

or inaccurate fitted probability density function, the actual 

violation rate may surpass the tolerance level. Still, an excessive 

violation rate exceeding the tolerance level (>5% in this paper) 

is undesirable. Therefore, the maximum violation rate is 

proposed, which denotes the maximum value of the chance 

constraint in the whole dispatch period, as shown as follows: 

max( ) 1, ,, t TMVR   ==                           (69) 

where MVR denotes the maximum violation rate.  denotes 

the actual violation rate. 

Similarly, the total violation rate of the above three chance 

constraints in the whole dispatch period should not be too large 

in the whole dispatch period (15 mins*96), so the cumulative 

value of violation rate (>5%) is proposed, as shown follows. 

The violation rate results based on the real historical data of the 

prediction errors are presented in Table 3. 
max
sub, UR, DR,

1

( 5%) ( 5%) ( 5%)
T

t t t

t

CVR   
=

 = − + − + −
  


 (70) 

where CVR denotes the cumulative value of the violation rate. 
max

sub,t denotes the maximum actual violation rate of overload of 

the tie-line power that exceeds 5% at time t. UR,t and DR,t

denote the actual violation rate of insufficient 

upward/downward reserve that exceeds 5% at time t. 

The cumulative value of the violation rate and maximum 

violation rate of insufficient upward reserve capacity in first 

two cases (deterministic dispatch) is the largest in five cases, as 

shown in Table. 3. The cumulative value of the violation of the 

two-stage dispatch by using deterministic MPC in case 2 is 

lower than the single-stage day-ahead deterministic dispatch, 

illustrating its benefits. The results of the cumulative value of 

the violation rate also show, that the dispatch results in case 1 

and case 2 may not operate normally and safely in reality as 

their maximum violation rate and the cumulative value of the 

violation rate are too large and their robustness for the 

stochastic prediction errors is weak. 

Compared to the above deterministic MPC in case 2, the 

cumulative value of violation rate and maximum violation rate 

considering the uncertainty in case 3 to case 5 decreases 

obviously, are lower than those value in case 2, illustrating the 

benefits of stochastic MPC.  

The actual maximum violation rate of overload of the tie-line 

power of the Gaussian distribution in case 3 is 4.61%, much less 

than the predefined tolerance level (5%), which indicates the 

fitted probability density function with this method is 

inaccurate and the chance constraints of the tie-line, in this case, 

are more conservative than the actual requirement (5%). 

Besides, the actual maximum violation rate of insufficient 

upward reserve of the Gaussian distribution in case 3 is 5.99 %, 

more than the predefined tolerance level (5%), which indicates 

the fitted probability density function with this method is 

inaccurate and the chance constraints of upward reserve 

capacity in this case are more radical than the actual 

requirement. Similar conclusions can be drawn in case 4 (GMM 

method), and the cumulative value of the violation rate 

decreases because of the more accurate fitted probability 

density function.  

In contrast, the maximum violation rate of overload and 

insufficient upward/downward reserve is relatively low and 

reasonable, very close to the predefined tolerance level (5%). 

Besides, the cumulative value of the violation rate is the lowest. 

The low maximum violation rate and the cumulative value of 
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the violation rate also indicate the fitting effect of the VBGMM 

method is accurate, and it exhibits the strongest robustness 

among all cases against stochastic prediction errors. 

Compared to the above average violation rate, the numerical 

differentiation of the cumulative value of the violation rate in 

the last three cases is more obvious. More importantly, the more 

concerned index by the multi-energy operator, the total 

violation level that exceeds the tolerance level during the entire 

dispatch period (24 hours), is more clearly presented by the 

proposed index in this paper.  

 

Table 3 

Comparison of Violation Rate in Five Cases 

Case 

Maximum Violation Rate  

Average Violation Rate 
Cumulative Value of Violation Rate (>5%) 

(Lower is Better) Overload 
Insufficient Upward 

Reserve 

Insufficient Downward 

reserve 

1 89.53% 39.67% 0.88% 20.31% 56.776 

2 89.53% 39.67% 0.64% 19.43% 49.549 

3 4.61% 5.14% 5.99% 3.63% 0.587 

4 5.36% 5.36% 5.99% 3.81% 0.509 

5 4.99% 5.24% 5.86% 3.94% 0.344 

6. Conclusions 

This work presents a two-stage data-driven dispatch strategy 

by using stochastic MPC. The key findings can be summarized 

as follows:  

(1) Compared to the single-stage day-ahead dispatch, the 

actual operation costs and cumulative value of violation rate of 

the two-stage dispatch by using deterministic MPC are lower. 

This is due to the more accurate latest intraday rolling 

prediction data utilized in the dispatch strategy.  

(2) The use of stochastic MPC in the two-stage dispatch leads 

to a significant decrease in actual operation costs and violation 

rates. This is because stochastic MPC takes into account the 

potential adverse effects of stochastic prediction errors. 

(3) The proposed comprehensive evaluation index of the 

violation rate offers a clearer evaluation and presentation of the 

violation rate in five cases compared to the traditional single 

average violation rate index. 

(4) The data-driven dispatch strategy by using stochastic 

MPC can reduce the potential adverse effect of stochastic 

prediction error. Furthermore, the fitting effect of the VBGMM 

method is the best, resulting in the lowest actual operation costs 

and cumulative violation rate values.  
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