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Fitting Cylinders Computation with an Application to Measuring
3D Shapes

Jovisa Zuni¢ * and  Padraig Corcoran

Abstract

This paper observes a fitting cylinders problem for 3D shapes. The method presented defines
two cylinders that fit well with the shape considered. These cylinders are easy and fast to
compute. Would the 3D shape considered be digitized, i.e. represented by the set of voxels,
the computation is asymptotically optimal. Precisely, the time required for the computation is
O(N), where N is the number of voxels inside the shape.

Next, we show how these fitting cylinders can be used to measure 3D shapes. More precisely,
we define a new 3D shape measure that numerically evaluates how mach a shape given looks
like a cylinder. Interestingly, both fitting cylinders have to be used to define such a measure
- just one of them is not sufficient. The new measure is invariant with respect to translation,
rotation, and scaling transformations, and ranges over the interval [0; 1], and takes the value 1

if and only if the shape considered is a perfect cylinder. It is robust and simple to compute.

Key-words: Fitting 3D shapes, fitting objects by cylinders, 3D moments, invariants, object

fitting efficiency, 3D shape measure.

1 Introduction

This paper deals with shape fitting and shape measurement problems - two recurrent problems in
pattern recognition, image processing, and computer vision. More precisely, we deal with fitting
cylinders and cylinderness measure for 3D shapes. Being one of the basic shapes that appear

frequently in different domains, from medicine to the industry, a spectrum of the problems related
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to cylindrical shapes were already studied in the literature. Just to mention the cylindrical surface
fitting problems, [22, 23, 30, 32], segmentation problem [17], parameters estimation problem [7], or
the registration problem [2], for an illustration.

The research related to the 3D shape based object analysis was not so intensive at the beginning
of a usage of computers for manipulation and processing of image based data. It becomes more
important due to the developments in the 3D image technologies, and a 3D data availability.
Initially, the shape characterization based on the 3D moment invariants has been done — [14, 16, 28].
A study on an analogue of the famous Hu moment invariants [12, 16] that has resulted in designing
a compactness measure [36] for 3D shapes, and latter on recovering ellipsoidness measures [15, 35],
is another set of problems that have been considered. The cubeness [19], vesselness [8], rectilinearity
[13], Minkowski compactness measure [18], are other examples of the numerical characterizations
of the 3D shapes.

So far, most shape measures are developed related to a study of two-dimensional shape proper-
ties. Most popular shape properties have allocated multiple shape measures. Just to mention two
of them, ellipticity [1, 21, 29, 38] and circularity [10, 24, 34]. Of course, there are many more shape
properties that have been evaluated numerically: squareness [27], elongation [33, 37|, anisotropy
[25], bizarreness [3], and so on. There are also measures particularly related to the curve properties
[9], curve temperature [6], linearity [26], and many more.

In this paper we introduce a new 3D shape measure, herein named shape cylinderness measure.
This is a global shape descriptor, in sense that all the shape points are used for the computation —
not only the boundary ones. The 3D shape cylinderness measure evaluates how much the object
considered looks like a cylinder. The new measure ranges over the interval [0, 1], takes the value 1
if and only if the shape measured is a cylinder. Also, it is invariant with respect to the translations,
rotations, and scaling transformations. In addition, the new measure is simple to compute and is
robust.

The paper is organized as follows: The next section includes the basic notations and definitions
used in the paper. Section 3 establishes a theoretical framework for the definition of the new fitting
cylinders, for 3D shapes. It has turned out that our method leads to two fitting cylinders, for a
given 3D shape, for a small exception for almost spherical shapes. The computation is efficient,
and would voxlized data are used is asymptotically optimal.

In the Section 4, we use these fitting cylinders to design a new 3D shape measure, numerical
evaluation how much a given set looks like a cylinder'. A formal definition of the new measure is
given there, as well.

Experimental illustrations are in the Section 5. The same section includes a modification of

the cylinderness measure from the Section 4. Such a modification enables a simpler computation.

"Here in, by a cylinder we mean a 3D body, not a cylindrical surface.
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Concluding remarks are in the last section.

2 Notations and Definitions

We start with the basic notations and definitions, used in this paper.

e So called, geometric moments, my, 4(5), of a 3D region/shape S are defined as follows

Mpgr(S) = ///Sxpyqzrda:dydz. (1)

e The moments m,0,0(S), m1,0,0(5), mo,1,0(5), and mg,1(S) are used to define the shape

centroid, (z.(5), yc(5), z.(5)), formally defined as

(LUC(S),yC(S),ZC(S)) =
<m1,0,0(5) mo,1,0(5) m0,0,1(5)>
mo,0,0(S)" Mo,0,0(S)" mo0,0(S)

(2)
Obviously, if the shape in question is assumed to be of a unit volume, i.e. mggo(S) = 1, then

the point (m1,0,0(S), m0,1,0(5), mM0,0,1(5)) coincides with the centroid o S.

To simplify theoretical derivations and without loss of generality, we will assume that all the

shapes considered will be translated such that their centroid coincides with the origin. Thus,
(xc(S),yc(S),zc(S)) = (07070) (3)
would be assumed even though has not been mentioned.

In our derivations we will use a well known quantity, J(S) [16], defined as

m2,0,0(5) + mo2,0(S) + mo,0,2(S5)

J(S) = ,
(%) mo,0,0(S)5/3

(4)

assuming that the centroid of S and the origin coincide. J(S) is invariant with respect to
translations, rotations, and scaling transformations. Actually, J(S) might be seen as a 3D
analogue of the first Hu moment shape invariant [12], commonly used in shape based object

analysis tasks.

By a cylinder C'(h,a) we mean a 3D body bounded by the two hyper-planes z; and z3, and a

circular oval w — all three cylinder bounding surfaces are defined as follows (for an illustration

a={enal-5}.

2= {@w sl =5 ).

w:{(x,y,z)]x2+y2:a2}. (5)

see Fig.1):

3
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In other words,

IN

h
Cha) = {(oa) | 1A < 5, 402

a2} . (6)
1

. In other words, C(h,a) is

If the cylinder C'(h, a) has the volume equal to 1, then a =
7'r .
dependent on a single parameter h. For a shorten denotation we will write C'(h), instead of

C(h,a). Thus,

C(h) = C(h,a) = C(h,a: \/737) (7)

The parameters h and a would be called the height and base radius, of the cylinder C(h,a),

respectively.

hi2

Y

Figure 1: A part of a cylinder, from the first octant, positioned as defined by their surface equations

given as in (5).

3 Fitting Cylinders for 3D Shapes

In this section, first we develop a theoretical framework needed to compute two fitting cylinders,
for a given 3D shape. A formal definition for these two cylinders follows easily from the theoretical
observations made. Experimental illustrations are in a separate subsection.

We start from the formulas for the volume Vol(C(a,h)) of the cylinder C(a,h) and for the

invariant J(C/(a, h)) (as given in (4)). These are as follows:

Vol(C(h,a)) =7 -a® - h,

1 h2 a2
TO) = s <12 + 2) .



s The expression for Vol(C(a, h)) is trivial, while a derivation of expression for J(C(h,a)) follows
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J(C
= h) —=7 ///C( " (2% + y* + 2%)dzdydz 9)

2T ra
= = 5/3///h/2 p° + p2? d¢dpdz (10)

h
2.1 h/2
= ha 5/3 //h/2 0’ +pz dpdz (11)
— 2.7 3
7T-h-a2 h?  a?
= 7&%‘&2)5/3 . (12 + 2> (13)
1 h?  a?
_ (w.h.a2)2/3'(12+2>' (14)

If we set the volume of C'(h, a) to be equal to 1, we have the following two equivalent equalities,

satisfied by J(C(h,a))
1 a? 1
J<C< B 7r-a2’a>> —o T

glo(ha= 1 _ 1 +h—2
=) T2 on 12

We will exploit the second equality from (15), and use the notations from (7), to receive the

(15)

following equality satisfied by h. form:
7-h¥—=12-7-J(C(h,a))-h+6 = 0. (16)

3D shape moment invariant J(.S) is a distinct and natural 3D shape characteristic. Looking at
the formula in (4), it can be concluded (for more details see [35, 36]) that J(.S) evaluates the average
squared distance of the points from S to the centroid of S. As such, the quantity J(S) is invariant
with respect to the translations, rotations, and scaling transformations. Thus, a use of isometric
transformations, to place the objects compared into a desirable position, is not necessary. This is
why we decide to exploit the invariant J(.S), and the related equation in (16), for the computation

of the shape fitting cylinders. More precisely, we start from
7-h3—12-7-J(S)-h+6 = 0 (17)

and compute the parameters h, that uniquely (up to isometric transformations) define the corre-

sponding unit volume cylinder C' | h,a = > . It turns out that, with small exceptions, there

1
vm-h

are two parameters h, satisfying the conditions above.
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The equation in (17) is a cubic equation in A. The number of solutions (roots) of (17) depends

on the, so called, discriminant A, as follows:
e if A >0, theequation in (17) has three real solutions;
e if A =0, theequation in (17) has one multiple real solution;
e if A <0, the equation in (17) has one real solution and two complex ones.

In the case observed here, the discriminant A is as follows
A = 108 7% (647 J(S)® —9). (18)

Of course, we are interested in the positive values of h, that are solutions of the equation in
(17). This is because h has a clear geometric interpretation — the cylinder height (see Fig.1).

The quantity J(S) is not bounded above (i.e. J(S) can be arbitrarily large) but reaches its
minimal possible value if S is a 3D ball (i.e. a shape bounded by a perfect 3D sphere) [35, 36].
The following estimate gives the best possible lower bound [35, 36]:

35/3

J(S) > —— =~ 0.2309 19

with the equality, in (19), if and only if S is a 3D ball [35, 36].
Thus, an immediate observation would say, the discriminant A (for an arbitrary shape S)

defined as in (18), is inside the interval

108 - 72 [ 6472 L/g 3—9
T ™ 5.(471_)2/3 , 00

4.3°
108 - 72 - _
|:087T (125 9),00)

~ [—1304.7, o0). (20)

So, observing the range of J(S) only, all three situations A > 0, A = 0, and A < 0, would be
possible.

Note 1 The lower bound for J(S), if S is a perfect cylinder is, of course, larger than the lower
bound in (19). If we start from the second equality in (15), we have

dJ(C(h,a)) -1 h
= -, 21
dh >n 126 1)
So, the equation dj(cc’i(:’&)) =0 has a single solution: h = i’/g Further, since
T

lim J(C(h,a)) = lim J(C(h,a)) = oo,
h—0 h—o0

6
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we deduce (taking into account the scaling invariance of J(S)) that the minimum value of the J(S),

if S is a perfect cylinder, is reached for h = { 3 and is calculated as follows
T

min{J(C(h,a)) | C(h,a) is a cylinder}

i) )

= J(C(h~ 0.9847,a ~ 0.5685))

3
——— =~ 0.2424. 22
4.3 72 (22)

Note 2 There is a short interval

1 372 5 0.2309, 0.2424 23
|5 U 4 ~ [0.2308, 02424 (@)

such that J(C(h)) ¢ I, for all h. The shapes S whose J(S) values are inside I are nearly spherical

and all of them are best matched (in terms considered here) by the cylinder J (C ( \6/;72, C %)) ,

as described in (22). This is not of a great importance for us now, since this work is aimed to

analyze more ‘elongated’ 3D shapes. For such, ‘not nearly spherical’, shapes J(S) is larger than

3
— =~ 0.2424.
4.3 72

So far, we have shown that there are just a finite number (up to three) candidates for the
cylinders that fit well with the shape considered. Next, we show even more, that the method does
offer exactly two fitting cylinders, for any shape S with J(S) ¢ I (see (23)). We show this in two

steps (the next two items).

e In the case of A < 0, not all the three solutions of the equation in (17) can be positive.

Indeed, if hy, ho, and hs, are roots of the equation in (17) then

7 h3—12-7-J(S)-h+6

= 7 (h—h1)-(h—ha)-(h— hs), (24)
and further
—hy —hy — hg =0,
hi-ho+ hy-hs+ hy-hs =—12-J(S),
—7m-hy-ha-hg=6. (25)
However, if hy > 0, ho > 0, and hg > 0 is assumed, then hq - hy + hy - hg + ho - hg > 0.

Consequently, the second equality hj - hg + hy - hg + ha - hs = —12- J(S), in (25), would
contradict to the fact that J(S) > 0, for any shape S.
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e Similarly to the above, we deduce a contradiction if we assume only one root, let say hq,
in (17) to be positive. Then, it must be hy - hs > 0. This further would contradict to
—7-hy-hy-hs =06, (from (25)), since the left part of the last equality would be a negative

number, i.e. cannot be equal to 6.

Thus, exactly two zeros of the equality in (17) are positive. More details are in the following note.

3
Note 3 If two zeros, let say hy and ha, in the polynomial in (24) are equal then hy = hy = </7 In
T
3
such a case, the third zero hs is negative and satisfies hg = —2- | —. In other words, this is the only
T

3 1
case where the fitting cylinders coincide. Such a fitting cylinder is C'| h = i’/;, a= ﬁ ,

i.e. the cylinder that has the minimal possible value of the 3D invariant J(S) (see Note 1 and
derivation of the equality in (22)).

Now, since we know that the number of solutions of the equation in (17) is exactly two, we give

the following definition of the cylinders fitting with a given 3D shape.

Definition 1 Let a 3D shape, with J(S) ¢ I, be given. Then we define two fitting cylinders

C () =C <hl,as _ ﬁ) (26)

C(hy) = C (hs, o = ﬁ) (27)

for the shape S. The parameters h; and hs are solutions of the following equation (see (17)) %:
m-h®—12-7-J(S)-h+6 = 0.

We assume hy > hs (i.e. indicies | and s stand for ‘long’ and ‘short’, respectively).

3.1 Fitting Cylinders Examples

We proceed with several examples that include shapes selected randomly and their corresponded
fitting cylinders, computed based on the equation in (17). These examples are in Fig.2. Four 3D
shapes are selected randomly from the well known McGill 3D Shape Benchmark shape data set
[20]. They are displayed in the first row in Fig.2, and their names, as given in the data set [20],

are immediately below them. Their corresponding fitting cylinders are displayed below them?,

2This is a cubic equation, whose solutions can be given in an explicit (but slightly complicated) form, by using

Cardano’s result.
3Notice that the fitting cylinders, in Fig.2, are presented by their oval surfaces only — not as 3D closed bodies, as

they are. This has been done for a better visualization purpose.
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hi2 <z < hi2
h2 <z <hi2
h2 <z <hi2
hi2 <z < hf2

a<x<a T<y<r a<x<a r<ys<r ca<x<a TEYEI -a<x<a

h = 1.9859,

as = 0.4004

h = 2.7019,

as = 0.3432

h = 2.4681,

as = 0.3591

h, = 3.6180,

as = 0.2966

h
o = 3.9359

h
ol = 3.4363

h
o = 6.0988

h
ol = 2.4802

he =0.4027, a; =0.8891 | h, =0.2403, a; =1.1509 | h, =0.2814, a; =1.0636 | h, = 0.1404, a; = 1.5057
s = 0.2265 s = 0.1044 s =0.1323 s = 0.0466
ay ay ay ‘ay

Figure 2: Four shapes, selected randomly, from [20] data set are in the first row. Their fitting
cylinders are given below them, together with the positive zeros h; and hs, computed from the
related equality in (17). The parameters as = 1/v/m - hy, a; = 1/y/7 - hg, hi/(2- as), and hs/(2 - a;),

are also given, for better illustration purposes.
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together with the corresponding h; and hg values necessary for their computation. The larger,

positive zero h; of the equation in (17) determines a more ’elongated’ fitting cylinder, while the

smaller positive zero of the equation in (17) determines the cylinder that is less elongated. The
values a3 = ——— and aq; =

1
Ve hy NN

also given. The corresponding values

that correspond to the values h; and hg, respectively, are

and
. as . al
how much the fitting cylinders are elongated.

are also provided, in order to illustrate

At the moment, it seems reasonable to say that the first, second and third shape, in the first
row, are better fitted with the more elongated cylinder (determined by the bigger h value (i.e. by
the computed parameter h;). The fourth shape (in the first row) does look to be far away from a
cylindrical shapes. This is why is difficult to have a perception which of two computed fit cylinders
would be a better fit to the shape displayed. A method to evaluate numerically how good is fitting
between the shape considered and their related fitting cylinders, as well as properties of such the
method, will be discussed in the following section.

More shapes and their corresponding fitting cylinders can be found in the Fig.3-6. This time
the fitting cylinders are given by their unique parameters h; and hg, but they are not displayed, as
it has been done in Fig.2.

4 Cylinderness Measure for 3D Shapes

In this section we observe how a comparison between the shape given and its two fitting cylinders,
could lead a numerical evaluation of how much a shape given looks like a cylinder* Such a computed
quantity will be called the shape cylinderness measure.

As it has been shown, there are two solutions h; and hg of the equation in (17), and these

solutions define two fitting cylinders

1 1
Clhas=——)\ and C(hea=——]). 28
(1= ) w04 € (= ) .

There are many ways how two shapes can be compared. Herein we will employ a very general one,
that can applied to arbitrary pair of shapes. Such a shape comparison leads to two quantities,
Cqa(S) and Cy(S) (see Definition 2), and further to the new 3D shape cylinderness measure, as given
in Definition 3.

Later on, in the next section, we will describe a modified measure that simplifies the computa-
tion, still keeps nice measure properties, but slightly reduces the situations were it can be applied

directly (to the highly symmetric shapes, for example).

4Notice that a comparison with just one of these fitting cylinders does not lead to the measure satisfying the
desirable properties like those listed in the Theoreml. This is, for example, because Co(S) = Cp(S) = 1 cannot be
true for an arbitrary shape (cylinder) S. More precisely, Co(S) = C(S) = 1 would imply that S coincides with both

fitting cylinders corresponding to the parameters a and b. This is not possible.

10
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Definition 2 Let a 3D shape S be given. Let the volume of S be equal to 1 and the centroid of S

be coincident with the origin. We define two auziliary quantities Co(S) and Cy(S) as follows:

B Volume (S(a) N C (hy,as))

Ca(S) = rg}(i}){ { Volume (C (hi,as)) } (29
_ Volume (S(a) N C (hs,ap))

Cb(S) - rél(i))( { Volume (C (hs, al)) } (30)

where

— hy and hs are zeros of the equation in (17), allocated to the shape S;

— 1 _ 1.
T ag = /ﬂ"hl7 ap = /mhs’
~ C(hy,as) and C(hs,a;) are cylinders defined as in (6); and finally,

— S(«) is a shape obtained by an arbitrary rotation of the shape S around its centroid.

Now, we are able to give a formal definition of the new cylinderness measure, denoted by C(S).

Definition 3 Let a shape S, whose volume is equal to 1 and whose centroid coincides with the

origin, be given. The 3D shape cylinderness measure, C(S), is defined as follows:
C(S) = max{Ca(5), Co(S5)} (31)
where Cq(S) and Cy(S) are as in (29) and (30), respectively.
The next theorem lists important properties of the measure C(S).

Theorem 1 The cylinderness measure C(S) has the following properties:
(a) C(S) € [0,1],  for all the 3D shapes S;
(b) C(S) =1 & S is a cylinder;

(c) C(S) is invariant with respect to the translations, rotations, and scaling transformations.

Proof. The items (a) and (c) follow from the definition. To prove (b) let us assume that Sp is a

unit volume cylinder C' (hg, ag), defined by the parameters h = hy and ag = \/wlTO’ as given in (6).

This further means

J(s) =~ 4l (32)
O T o he 12
based on (15). Entering the equality in (32) into (17), we get
h®—12.-7-h #Jrh—% +6 =0 (33)
m m 2.7 ho | 12 -

11
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The equality in (33) is equivalent to

w.(h—ho).<h.(h+ho)—wého> = 0. (34)

Thus, h = hg is the solution of the equation in (33), and the method offers the cylinder C' (ho, a= \/ﬂ’l-To
as one of the best fitted cylinders to the given shape Sy. Since Sp = C (ho, a= ﬁ) , this further
means that either C;(Sp) = 1 or C2(Sp) = 1, is true (see (29) and (30)). So, C(Sp) = 1 is proven,
due to the equality/definition in (37).

On the other side, if C(Sy) = 1 then it must be either C,(Sy) = 1 or Cp(Sp) = 1. Due to the
definitions in (29) and (30), the shape Sy must coincide with one of the fitting cylinders, C(hy, as)
and C'(hs, a;), where h; and hs are the solutions of the equation in (17). This establishes the proof.

O

5 Experimental Section

In this section, first, we give a modified version of the cylinderness measure established in the
previous section. Then, we provide several experiments in order to enable a better understanding
how the modified cylinderness measure behaves. All experiments also include the unique parameters
(h; and hg), necessary to reconstruct the fitting cylinders, related to the shapes considered. This

time the cylinders are not displayed, as this has been done in Fig. 2

5.1 A Modified Cylinderness Measure

Till now, all the theoretical framework was established by working in a continuous space. However,
in image processing and computer vision tasks, and more generally, in images technology based
object analysis procedures, we deal with computer images - i.e. in situations where real 3D objects
are presented with the sets of voxels inside the objects. Because of that, the maxima in (29) and
(30) can be only computed numerically. Of course, this always causes an inherent error. Such an
error is not large, in this particular case. This is because the volumes of 3D regions, as required
in (29) and (30), can be approximated efficiently just by enumerating the integer points (voxels)
inside the 3D region considered [4, 11].

A straightforward numerical computation of the maximums in (29) and (30), by using incre-
mental angles rotations around the object centroid, can be time consuming, particularly if the
objects considered are represented by a high 3D image resolution, i.e. if the objects consist of a
large number of voxels.

Because of the above, we will relax conditions in Definition 2, in order to preserve a simpler
computation. We propose efficient substitutes for the quantities C,(5) and Cy(5), and the cylin-

derness measure C(5), (see Definition 3), that can be computed without a use of any incremental

12
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optimizing procedure. More precisely, the shapes considered are oriented such that their principal
axes [5] coincide with the principal axes of their fitting cylinders, and all the necessary compu-
tations are done without any additional incremental rotations of the shapes measured. All the
theoretical observations and the statements made are analogue to those in the previous sections.
The key statements still remain valid for the modified measure, as in the case of the C(.S) measure.

Thus, the proofs are omitted.

Definition 4 Let a 3D shape S be given. Let the volume of S be equal to 1 and the centroid of S
be coincident with the origin. We define two following quantities C1(S) and Co(S) as follows:

_ Volume (S(B) N C (hy,as))

Gi(8) = I&%éc{ Volume (C (hy, as)) } (35)
_ Volume (S(8) N C (hs,a))

() = I&%éc{ Volume (C (hs,a;)) } (36)

where S(B) equals the shape S oriented such that its principal azes coincide with the principal axes
of the fitting cylinders C (hy,as) and C (hs,a;).

Now, we are able to give a formal definition of the measure C(S) that is a modification of the

C(S) measure.

Definition 5 Let a shape S, whose volume is equal to 1 and whose centroid coincides with the

origin, be given. The 3D shape cylinderness measure, C(S), is defined as follows:
C(S) = max{Ci(95), C2(5)} (37)
where C1(S) and C2(S) are as in (35) and (36), respectively.

Note 4 The time complexity of the initial method for the computation of the cylinderness measure
varies depending on the number of incremental rotations required (see Definition 2). It goes from
— an asymptotically optimal time complexity of O(N) (N is the number of shape points) if the
number of incremental rotations is fized;
to
— an unbounded complexity, if the number of incremental rotation used, is unbounded too.

Thus, the dominance of the modified method, compared to the one based on Definition 2, can be

stgnificant if the number of incremental rotations used is big enough.

The next theorem lists desirable properties of the measure C(S). These properties are analogue

to the properties of the C(S) measure (see Theorem 1).

®We still use the maximum operator in (35) and (36), but there are no more than 8 choices for 8. Just to mention

that the number of a values in (29) and (30) can be selected to be arbitrary large.
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Theorem 2 The cylinderness measure C(S) has the following properties:
(a) C(S) € [0,1], for all the 3D shapes S;
(b) C(S)=1 & S is a cylinder;
(¢) C(S) is invariant with respect to the translations, rotations, and scaling transformations.

We start our experiments with synthetics shapes. After that we use a relatively small collection
of shapes from the well know data set [20]. The results obtained are reasonable, and we may say,
fit well with human perception.

As it has been mentioned, in all the experiments we had to work on discretized data — i.e. on
the objects presented by the sets of voxels. This is why all computed values and parameters are

approximate ones, and given as decimal numbers.

5.2 Experiments on Synthetic Data

To illustrate the behavior of the new measure C(S) we have used a 3D cube stretched/shrunk for
different coeflicients, in direction of the coordinate axes. The results are given in Fig.3. Five objects
are considered. The first object, in the first row, is a regular cube. It has relatively high cylinderness
measure (C(S) = 0.8458). It is worth noticing that the corresponding values C;(S) = 0.8458 and
Co(S) = 0.7875 are relatively close. This can be explained by a relatively high N-fold symmetry
of a regular cube. The next two shapes, whose edge-length ratio differs essentially (i.e. these are
1x1x2and1x1x8) have almost the same computed cylinderness measure, 0.9093 and 0.9091,
respectively This is not a surprise taking into account that both measured 3D shapes have a square
as the base, instead of the circle. This is the only difference from a perfect cylinder.

Anyhow, once the shape S varies, its allocated fitting cylinders vary, as well (even though the
corresponded cylinderness measure may stay the same). Indeed, for the second and third shape,
in Fig.3 these cylinders are determined by the parameters, that differs very much, h; = 1.5846
and hs = 0.5616 (for the second shape), and h; = 3.8909 and hs = 0.1223 (for the third shape).
However, the comparison of the second shape with allocated fitting cylinder C'(h; = 1.5846) and
comparison of the third shape with the allocated fitting cylinder C'(h; = 3.8909) leads to almost
identical cylinderness measures (0.9093 and 0.9091 respectively). It might be worth noticing that
their comparison with the corresponding fitting cylinders C'(hs = 0.5626) and C'(hs = 0.1223) leads
to the essentially different scores of C2(.S) = 0.6562 and C2(S) = 0.1967, respectively.

Regarding the fourth and fifth shape in the first row in Fig.3, we notice that the computed
cylinderness measures are obtained by comparing these shapes with the cylinders C'(hs = 0.3871)

and C'(hs = 0.2466). In other words, the method says that these shapes are more similar to the less

14
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Figure 3: Five shapes obtained by stretching a cube, for different coefficients, are in the first
row. The edge-length ratios are immediately below the shapes obtained. The parameters of the
corresponding fitting cylinders are also given, as well as the computed quantities C1(S) and Ca(S5),

for each of the shapes considered. The computed cylinderness measure values are in the last row.
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Figure 4: Five shapes from different classes in [20] are in the first row. The related parameters (h;,
hi/(2-as), C1(S), hs, hs/(2 - a;), and C2(S)) are displayed below the corresponding shapes. The

cylinderness measures C(.S) computed are in the last row.

elongated cylinders (in the sense of the hs/(2-as) and hg/(2-a;) ratios) than to the (more elongated)

cylinders determined by larger h; values (i.e. the cylinders C(h; = 2.0359) and C(h; = 2.6625)).
This might be understood as expected and intuitively clear outcome and confirmation that both

fitting cylinders have to be taken into account if we would like to compute the cylinderness measure

of of the shapes considered.

5.3 Experiments on a Known 3D Shapes Data-set Examples

In this subsections we have used shapes from the well-known data-set [20].

— Five shapes, in Fig.4, are selected randomly from different shape classes, and their cylinderness
measures are computed. The related parameters h; and hg, of the corresponding fitting cylinders,
the visualizations supporting ratios h;/(2-as) and hs/(2-a;), and related quantities C;(S) and Ca(S)
are also provided.

The obtained results might be understood as expected ones. The highest cylinderness measure

is computed for the first two shapes. The third shape is ‘bended’ slightly, which has caused a
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Figure 5: Three pairs of shapes, from the data set [20], are used to illustrate the C(S) behavior
under the shape deformation transformations. Immediately below the shapes are their names as
given in [20]. The related shape parameters and the quantities C;(S) and C3(S) are also provided.

The measured shape cylinderness values are in the last row.

decrease in the cylinderness measure computed. The lowest cylinderness measure is computed for
the pliers shape (the shape on the right). This is also in accordance with our perception. It might
be worth mentioning that the cylinderness measure for this pliers shape comes from the shape
comparison with the cylinder determined by the smaller computed h (i.e. hg) value. The rest of
the shapes, in Fig.4 fit better with the cylinder determined by the higher h (i.e. h;) value, computed
from the equation in (17).

— The behavior of the new cylinderness measure C(S) under the shape deformation transfor-
mations is illustrated by examples in Fig.5. Three pairs of shapes, from different classes in [20],
are considered. The second shape in each pair of shapes presented can be understood as the first
shape (in the related pair) subjected to certain level of a deformation transform. Depending on
the level of deformation applied, the computed C(S) values vary differently. The largest difference
is computed for two ’snake’ shapes (the last two shapes in the first row). The same could be said

for the related quantities C1(S) and C2(S) inside of each pair.
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5.4 Robustness under Erosion Transformation

In the next experiments we consider the robustness of the new measure, under erosion transforma-
tions. We have used a cylinder whose height is h = 20.02 the base radius is a = 4.2. As it has been
mentioned, herein we have to work with the discretized real objects. So, the cylinder observed is
represented by using the cubes/voxels of the size 1 x 1 x 1. In this particular case, the number of
voxels, whose centers belong to the cylinder observed, was 1092. The discretized/voxelized cylinder
is displayed on the left, in Fig.6. The voxel centers, in the shapes in Fig.6, are represented by the
dots. For such obtained voxelized data, the shape of the original cylinder shape is estimated to be
equal to the shape of a unit volume cylinder C(h = 2.0361) (i.e. with the parameter h; = 2.0361).
It has turned out, the estimated cylinderness measure was equal to 1. In other words, it has hap-
pened that all the scaled voxels, belonging to the normalized observed cylinder, were inside the
fitting cylinder C'(h; = 2.0361), as well. It is worth mentioning that for another choice of digitized
cylinder (whose parameters differ from h = 20.02 and a = 4.2.), the estimated cylinderness may
vary.

Next, we have removed a certain number of voxels from the original cylinder (i.e. its discretiza-
tion). These voxels are selected randomly. For the second, third, and fourth shape, in the first
row in Fig.6, the number of voxels removed were nearly 10%, 20%, and 40%, respectively. The
exact number of voxels, remaining to represent the initial shape, is given immediately below the
shapes related. Roughly speaking, the computed cylinderness measure C(S), of such eroded shape,
has been changed (decreased) accordingly to the percentage of the voxels removed. It is up to the
readers to judge is the presented robustness good enough for their possible applications.

We also have provided the data (i.e. h; and hg values) showing how do fitting cylinders (allo-
cated the shapes eroded) changes under such erosion transformations applied. Again, we leave the
judgment of the quality of the results obtained to the readers. Surely, the judgment would depend
on the application planned to be done.

Comments similar to the comments above apply to the first shape in the second row, even
though the erosion level is very high (more than 50% voxels were removed). The last two shapes,
in the second row, are given to illustrate that the cylinderness measure C(S) can be applied to an
arbitrary set of 3D points (or voxels), not necessary to the point-sets that do suggest that they
represent connected 3D objects, or 3D objects of a specific class (in this case the digitized 3D

cylinders). Thus, very small C(.S) values, for the last two shapes, are not surprising.

6 Concluding Remarks

A theoretical framework has been established to solve a cylinder fitting problem for 3D shapes. It
has been turned out that the method established allocates two fitting cylinders for any of 3D shapes,
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h; =2.0361C, =1 hy =2.1096 C; = 0.9260 | h; =2.2153 C1 = 0.7922 | h; = 2.4396 C; = 0.6257

hs = 0.3871 C2 = 0.5522 | hs = 0.3657 C2 = 0.5050 | hs = 0.3377 C2 = 0.3029 | hs = 0.2871 C2 = 0.3629
c(s) =1 C(S) = 0.9260 C(S) = 0.7922 C(S) = 0.62579

500 voxels 300 voxels 100 voxels

hy =2.7632 C1 = 0.4540 | h; = 3.9895 C1 = 0.1900 | h; =4.7270 C; = 0.0700

hs = 0.2308 C2 = 0.2840 | hs = 0.1166 C2 = 0.1050 | hs = 0.0840 C2 = 0.0500
C(S) = 0.4540 C(S) = 0.1602 C(S) = 0.0700

Figure 6: The discrete point set in the first row on the left represents a cylinder discretized on
a regular 3D integer grid. The rest of the shapes are obtained by removing a certain number
of points from the shape on the left. The number of the points removed is immediately below
the shapes. The rest of voxels were used to approximate cylinderness measure C of such discrete
point sets, consisting of unit volume voxels/cubes. The values, given below the shapes, relate to
the estimated fitting cylinders (h; and hy), the computed quantities C; and Cy, and finally to the

computed cylinderness measures C.
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with small exception for nearly spherical 3D shapes. If the method is applied to the 3D voxelized
shapes it has an asymptotically optimal time complexity — i.e. it has the O(N) computational
complexity, where IV is the number of voxels that belong to the digitized shape considered.

Further, the fitting cylinders obtained are used to design a new 3D shapes measure. This
measure is named a cylinderness measure, since it gives a numerical evaluation of how much a 3D
shape given looks like a perfect cylinder. The new measure has the following desirable properties:
(i) It varies through the interval [0, 1]; (ii) The measure picks the value 1 if and only if the shape
measured is a cylinder; (iii) The measure is invariant with respect to the translation, rotation, and
scaling transformations. Being theoretically well founded, the behavior of the new measure can be
predicted to some extent, without verification experiments needed. This is always an advantage.

The initial method (described in Definition 2 and Definition 3) requires the incremental rotations
of the shape measured (see the role of the parameter « in Definition 2), for the computation of the
cylinderness measure. In order to avoid the required incremental rotations of the shape considered, a
modified method for the computation of the shape cylinders measure is introduced (see Definition
4 and Definition 5). The modified method uses principal axes, for the 3D shape cylinderness
computation. In this way incremental rotations are not needed. The fitting cylinders are the same
in initial method and its modification.

Notice that the computation of fitting cylinders, for a given shape .S, is a shape based one since it
is based on the (shape moments) invariant J(.S). The invariant J(S) is computable from low-order
moments, i.e. the moments whose order is upper bounded by two. Such a selection is made to
simplify the computation of the fitting cylinder parameters. The cylinderness measure established
uses a standard geometric approach, where the set difference between the shape considered and its
fitting cylinders is observed.

Several experiments on synthetic data/shapes and the shapes selected from the well-known
McGill 3D Shape Benchmark data set [20] are provided. The cylinders measure values obtained
may be understood as reasonable and expected ones.

Experiments on shapes subjected to deformation transforms, and eroded discretized shapes are
also provided. These show that the new measure is robust.

Despite the fact that all theoretical derivations and observations are made in a continuous
space, the new cylinderness measure is aimed to be applied to the computer manipulated 3D
images, or more generally 3D point sets. Thus, all the experiments are performed on discrete point
sets, obtained in a process of the voxelization of real objects. This always implies an inherent
computation error. A good thing here is that the measure is applied to the solid 3D shapes
— i.e. all the shape points are taken into account, not only the boundary ones, for example.
This further implies that all the parameters (the 3D moment invariant used, and volumes of the

shapes considered), needed for the computation of the cylinderness measure C(S), can be computed
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efficiently (within a small approximation error), as it is well known [4, 11] from the number theory.
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