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Hydrodynamics and turbulence of free-surface flow over a backward-facing step

ABSTRACT
Three large-eddy simulations of open channel flow over a backward-facing step are performed to investigate the effect
of submergence on the turbulence, hydrodynamics, and water surface deformation downstream of the step. The
deformation of the water surface, the extent of the recirculation zone as well as the strength of the shear layer are a
function of relative submergence. All flows downstream of the step exhibit elevated levels of turbulent shear stress and
contain significant amounts of turbulent kinetic energy. The instantaneous flow features rollers immediately behind
the step and horseshoe-shaped vortices shed from the shear layer, the latter being advected towards the water surface
where they cause deformations. It is shown that these vortices can originate from any location along the dividing
streamline, however, they contain more energy the closer to the mean attachment location they originate.

Keywords: Backward-facing step; free surface; large-eddy simulation; relative submergence; turbulence

1 Introduction

The flow over a backward-facing step is a well-known representative of flow separation and reat-
tachment hydrodynamics. A large number of studies have been carried out on this flow due to its
geometrical simplicity yet complex hydrodynamics featuring flow separation, recirculation, adverse
pressure gradient, flow reattachment and boundary layer recovery. Similar flows to a backward-
facing step flow are ubiquitous in nature such as the flow over sand dunes or over natural beds with
large-scale geomorphological features (e.g. step-pool systems) or over hydraulic structures such as
broad-crested weir flows (Nakagawa and Nezu, 1987). Besides, the step-generated turbulence in
the flow brings strong spatial and temporal variability to the bed shear stress as well as elevated
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pressure fluctuations near the bed, which affects transport processes such as sediments, dissolved
oxygen, pathogenic microorganisms etc. Therefore, flows through a sudden geometric expansion
remain of fundamental research interest in hydraulics. Over the past decades, many experimental
studies of the flow over a backward-facing step have been carried out. For instance, Jovic and
Driver (1994) carried out an experiment in a wind tunnel with a double-sided symmetrical sudden
expansion, confirming that backward-facing step (BFS) flows are sensitive to step height Reynolds
number. In contrast to the aerodynamics community, BFS flows have received less attention in the
hydraulics community and only few studies of free-surface BFS flows exist. Nakagawa and Nezu
(1987) conducted a series of experiments of BFS open-channel flows for several expansion ratios
Er (defined as downstream-depth-to-upstream-depth-ratio), Reynolds numbers as well as Froude
numbers. They employed a highly-accurate laser-Doppler anemometer to measure the velocity and
provided extensive data sets including profiles of first- and second-order statistics at various lo-
cations. Clearly, the study of Nakagawa and Nezu (1987) is quite unique as it is one of the very
few studies that investigated the flows over a backward-facing step in open channel flow where the
water surface is the upper boundary. Ötügen (1991) investigated the effect of expansion ratio on
flow reattachment while keeping upstream velocity, turbulence intensity as well as boundary layer
thickness constant, showing that a larger expansion (i.e. lower submergence, where the submer-
gence S is defined as downstream-depth-to-step-height-ratio) leads to more pronounced turbulent
diffusion and consequently shorter reattachment.
Experimental studies have provided precious and comprehensive data sets which have been used

to validate numerical methods and models. For instance, Le et al. (1997) performed calculations of
turbulent flow over a backward-facing step in a duct via the method of direct numerical simulation
(DNS), and achieved an excellent agreement with the experimental data of Jovic and Driver (1994).
This DNS has served as a benchmark test case to the computational fluid dynamics community and
is one of the most cited DNS to date. Friedrich and Arnal (1990) investigated the same flow but at
a higher Reynolds number using large-eddy simulation, confirming the ability of LES to reproduce
the behaviour of the instantaneous flow in the shear layer and the reattachment zone. Aider et al.
(2007) examined the effects of upstream conditions using LES, demonstrating the necessity of
imposing realistic time-dependent inlet conditions particularly in large-eddy simulations. Hu et al.
(2016) employed their Improved Delayed Detached Eddy Simulation (IDES) technique and reported
on the reattachment of the separated backward-facing step flow as being three-dimensional and
highly unsteady.
Aforementioned research endeavours have been conducted to examine different aspects of

backward-facing step flows. In general, the flow downstream of the step is characterised by the
expansion ratio Er, step height Reynolds number Reh, or the state of the upstream boundary layer
and its thickness (Adams and Johnston, 1988), respectively. Many studies investigated the effects
of Er, Reh, or the upstream boundary layer characteristics on the reattachment length XR. The
wind tunnel study of Adams and Johnston (1988) at Er = 1.25 and Reh= 8, 000 (and higher)
demonstrated that the upstream-boundary-layer-thickness-to-step-height-ratio δ/h barely affects
XR/h as long as the upstream boundary layer is turbulent. The experiments of Nadge and Govard-
han (2014) showed that XR/h is constant for Reh> 36, 000 or when Er > 1.84 as long as upstream
boundary layer is turbulent.
Similar to the backward-facing step where a sudden expansion occurs in the vertical (i.e. wall-

normal) direction, the flow over lateral expansions (i.e. in spanwise) have also received significant
attention (Babarutsi et al., 1989; Han et al., 2017, 2020). Although the recirculation due to the
sudden expansion occurs in a different plane than their BFS counterpart their flows share similar
characteristics. BFS flows are generally confined in the vertical whilst the spanwise confinement is
negligible because of channel-width-to-step-height-ratio is usually greater than 10 (De Brederode,
1972). Lateral sudden expansions occur primarily in open channel flows for which the vertical
confinement cannot be neglected. The bed friction-generated vertical shear plays a prominent role
in the flow through sudden expansions (Han et al., 2020). In deep flows the bed friction has minor
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impact on the recirculation zone behind a lateral sudden expansion, and hence such flows are
comparable with BFS flows.
From the discussion above, it appears that the relative submergence S (or expansion ratio Er)

plays a significant role in the dynamics of flow separation and reattachment as well as boundary
layer recovery. Moreover, only few studies to date have revealed details of the flow field in terms of
first- and higher-order turbulence statistics at varying relative submergences while keeping the other
key factors unchanged. Besides, the vast majority of the numerical studies to date deployed a rigid
lid (i.e. free-slip condition) at a fixed water depth from upstream to downstream to approximate
free-surface open channel flow over a backward-facing step, yet as Nakagawa and Nezu (1987)
demonstrated there are time-averaged water surface deformations due to the sudden change in
bathymetry as well as instantaneous water surface deformations due to the distinct step-generated
large-scale turbulence. This paper reports on large-eddy simulations of open-channel free surface
flow over a backward-facing step at various expansion ratios. The goal of this study is to quantify
in high spatial resolution the effect of relative submergence on the hydrodynamics and turbulence
in the expansion section of the channel, as well as to elucidate the interplay between the step-
generated coherent structures and the surface deformations.

2 Numerical Framework

The open-source large-eddy simulation code Hydro3D is employed to perform the simulations. The
code has been validated successfully for and applied to a number of similar problems, such as
open-channel flows over rough beds (Liu et al., 2017; Nikora et al., 2019; Stoesser et al., 2015) and
flow in a compound channel (Chua et al., 2019) or in partially-filled pipes (Liu et al., 2022a,b).
The code solves the spatially filtered Navier-Stokes equations in an Eulerian framework reading:

∇ · u = 0 (1)

∂u

∂t
= −1

ρ
∇p− u · ∇u + ν∇2u −∇τSGS + f + g (2)

where u denotes the filtered resolved velocity field, p denotes the pressure, ν is the kinematic
viscosity, f represents the volume force exerted to the fluid by an external source and g is the
gravitational acceleration. The sub-grid scale stress tensor, τSGS , results from unresolved small scale
fluctuations, is approximated by the wall-adapting local eddy-viscosity (WALE) model (Nicoud and
Ducros, 1999) for all the cases presented in this paper. Hydro3D is based on finite differences with
staggered storage of three-dimensional velocity components and central storage of pressure on
Cartesian grids.
The governing equations (1) and (2) are advanced in time by the fractional-step method (Chorin,

1968). In the predictor step, convection and diffusion terms are solved via an explicit three-step
Runge–Kutta predictor. Fourth- and second-order central differences schemes are used to ap-
proximate convective and diffusive terms, respectively. In the corrector step the pressure and a
divergence-free velocity field are obtained by solving the Poisson equation via a multigrid iteration
scheme (Cevheri et al., 2016).
The water surface is captured by the level set method (LSM) proposed by Osher and Sethian

(1988). The LSM introduces a level set signed distance function ϕ:

ϕ(x, t) < 0 if x ∈ Ωgas (3a)

3
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ϕ(x, t) = 0 if x ∈ Γ (3b)

ϕ(x, t) > 0 if x ∈ Ωliquid (3c)

where Ωgas and Ωliquid represent air or fluid phases, respectively and Γ denotes the interface. The
movement of the interface is expressed in a pure advection equation of the form:

∂ϕ

∂t
+ u · ∇ϕ = 0 (4)

A multi-phase transition zone is accomplished via a Heaviside function to handle the numerical
instabilities brought by the density and viscosity discontinuities across the interface. In addition,
the re-initialization technique proposed by Sussman et al. (1994) is employed to maintain |∇ϕ| = 1
as time proceeds. A fifth-order weighted essentially non-oscillatory (WENO) scheme is chosen to
discretise the equation (4) to ensure stability and minimize numerical dissipation for this pure
advection equation. The validity of the LSM in the current code has been shown previously for
various applications including open-channel flow over a cube and square bars (McSherry et al.,
2017, 2018), and for flows past bridge abutments (Kara et al., 2015a,b).
Spatial-decomposition-based standard message passing interface (MPI) is used to accomplish the

communications between pre-allocated computational subdomains. Such a technique is necessary
to manage and balance the computational load to provide sufficiently fine grids in LES (Ouro et al.,
2019).

3 Computational Setups and Boundary Conditions

3.1 Validation experiments

The large-eddy simulation method is validated first using laboratory experiments undertaken by
Nakagawa and Nezu (1987). The experiment of Nakagawa and Nezu (1987) is considered for both
validation of the turbulence statistics and the water surface elevation and is the basis for exploration
of the effect of relative submergence S (downstream-depth-to-step-height-ratio, h2/h) on the free-
surface flow over a backward-facing step. In their experiment, an h = 2cm high backward-facing
step was placed 6.8m downstream of an 8m long, 30cm wide rectangular channel followed by a
sufficiently long outlet channel up to 60h downstream of the step, which is considered to be long
enough for the wake recovery behind the step. Two of the experiments are selected, which are ST1
and ST3, the flow conditions of which are provided in table 1. The step height Reynolds number Reh

is based on step height h and upstream spatially-averaged mean velocity Um1 (i.e., Reh= Um1h/ν),
whereas the Froude number Fr is based on water depth downstream of the step h2 and downstream
spatially-averaged mean velocity Um2 (i.e., Fr= Um2/

√
gh2). In these experiments the water surface

elevation was measured with a point gauge which offered 1/20mm-precision and velocity profiles
were measured using an LDA system at selected locations along the centre line of the open-channel
flume.

3.2 Large-eddy simulations

In total, three large-eddy simulations of free-surface flow over a backward-facing step are performed
and the computational details are listed in table 2. The step height is kept at h = 2cm in all cases.
LES1 and LES2 correspond to the deepest ST3 and the shallowest ST1 experimental cases of
Nakagawa and Nezu (1987), respectively. The spatially-averaged mean velocity Um1 upstream of

4
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the step is varied across the different cases to achieve similar Reh to the experiments, leading to
Fr≈ 0.2 for all cases. Upon successful validation, another simulation, LES3, is performed featuring
a greater submergence (of S = 2) than LES2 and at Reh = 5000 and Fr = 0.2 with the goal to cover
a wider range of relative submergence (i.e. h2/h, where h2 represents the water depth downstream
of the step and h represents the step height) investigating the effects of relative submergence
on the hydrodynamics and turbulence structure of such very shallow flows. The expansion ratio
Er = h2/h1 and the relative submergence S = h2/h are both used as non-dimensional parameter
to charaterise the flow, in the following only the relative submergence S is used.
The computational domains (see figure 1 for a sketch) are Lx = 24h long in the streamwise

direction, which ensures the full recovery of the flow downstream of the step. The spanwise width
Ly and wall-normal height Lz vary in accordance with the water depth upstream of the step, h1,
for different cases, where Ly ≥ 3h1, and Lz ≈ 2h1 to include the air phase. No-slip boundary
conditions are applied at the channel bed and the step surfaces. In order to eliminate the effects of
lateral flow confinement, the periodic condition is applied to the spanwise direction and hence the
computational domain needs to be wide enough to not lock-in spanwise vortices which could distort
the turbulence in the entire domain. Figure 2 presents u-velocity auto-correlations, Ruu, over half
of the domain width, at a selected location in the flow (i.e. above the reattachment point). The
Ruu curves drop to zero rather quickly, already after approximately 0.5 step height for LES2 and
LES3, while in LES1 the turbulence is uncorrelated after approximately 1h, suggesting that the
chosen width of the computational domains is adequate. The computational domain is discretised
using a uniform grid of 384 × 240 × 256 (= 2.4 × 107) points in the streamwise, spanwise and
wall-normal directions for the deepest case and further computational details are provided in table
2. The grid has an aspect ratio of 2:2:1, i.e. the spacings in the x- and y-direction are twice that of
the z-direction and the average spacings ∆x+, ∆y+, ∆z+ as provided in table 2 in dimensionless
wall units, which are calculated using the time-averaged pressure gradient that drives the flow.
Grid spacings of the precursor channel flows are around 5 in the horizontal directions and half of
that in the wall-normal direction. Hence the LES presented here can be considered well-resolved.
The near-wall grid spacing, ∆z+, downstream of the step is plotted in figure 3 for all cases. The
maxima, i.e. ∆z+ ≈ 3.5, are found towards the outlet where the boundary layer is nearly fully
recovered and inside the recirculation zone highlighting significant backflow near the wall, and are
well within the viscous sublayer and hence the simulations can be considered wall resolved. For
LES1-3, fully developed turbulent flow at successive time steps is imposed at the inlet boundary by
recording time series data of a certain cross-section plane from additional precursor simulations.
For simplicity the free-slip condition (i.e. plane rigid lid) is applied at the water surface of the
precursor channel. The precursor simulation is validated with direct numerical simulation data of
turbulent channel flow at Reτ = 590 from Moser et al. (1999), however for brevity this is not shown
here but can be found in Cevheri et al. (2016). Averaging of the flow quantities begins after 15
flow through periods, and continues for more than 20 further flow through periods to ensure that
the turbulence statistics are well converged for all three BFS simulations. Power spectral density of
the velocity fluctuation in LES1-3 are presented in figure 4, demonstrating that the LES covers a
significant portion of the inertial sub-range, where energy is transferred from large-scales to small-
scales over at least one decade. Energy transfer appears to be along the Kolmogorov -5/3 slope
suggesting physically realistic energy transfer between scales. A sharp drop-off is noticed at very
high frequencies, a result of the sub-grid scale model removing efficiently energy from the small
scales.

4 Validation

Two of the LES are validated using data of the open-channel BFS flow experiments of Nakagawa
and Nezu (1987), with the aim to confirm the adequacy of mesh size and boundary conditions of the
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simulations and the validity of the LES. LES-computed time- and spanwise-averaged streamwise
velocity profiles at different locations downstream of the step are plotted for LES1 and LES2 in
figure 5 as well as for the additional simulation LES3 (bottom row). All values are normalised by
the maximum time-averaged streamwise velocity, Umax of the upstream flow at x/h = 0.
Overall, LES2 (middle row) achieves very good agreement with the experimental data (open

circles) in terms of streamwise velocity in all profiles. Flow acceleration above and backflow inside
the recirculation zone is predicted accurately and so is the recovering boundary layer downstream
of the time-averaged reattachment point. However, in the deep case (LES1), sidewall effects in
the experiment may be responsible for the discrepancies between experimental data and LES1.
In the experiment, the velocities were measured along the centre line of the flume which had a
channel-width-to-depth-ratio of 2.8, suggesting the occurrence of not insignificant secondary flows
as well as the presence of sidewall effects. In LES, periodic boundary conditions are applied in
the spanwise direction and hence the experimentally-observed slightly higher streamwise velocity
in the centre of the channel is not reproduced in the simulation; the discrepancy between LES
and experimental profiles is particularly obvious at upstream of the step (x/h = −1), whereas an
almost perfect match is found in the numerical work of Yoo and Paik (2020) who decided to include
sidewalls to match exactly the experimental conditions of Nakagawa and Nezu (1987). Also, in the
experiment a ”velocity dip”, i.e. the highest streamwise velocity is not located at the water surface,
is observed, an indicator of secondary currents, and this velocity dip is naturally absent in the LES1.
Nevertheless, LES1 reproduces the recirculation and flow reattachment accurately. The profiles of
LES3, i.e. the shallowest flow, generally resemble those of LES2, however the recirculation bubble
of LES3 appears to be slightly longer and the velocity gradients along the dividing streamline,
i.e ψ = 0 (where the normalised streamfunction is defined as ψ =

∫ z
0 udz/(Umaxh)), are larger

in LES3 in comparison to LES2, suggesting a stronger shear layer above the recirculation zone.
Further analysis of the effect of relative submergence on the flow and turbulence is provided below.
Figure 6 plots computed and measured profiles of the skin-friction coefficient, Cf , along the

streamwise direction behind the step. The skin-friction coefficient is normalised by using the max-
imum inlet velocity as:

Cf =
τw

1
2ρU

2
max

(5)

The sign of Cf divides the flow behind the step into three regions: (i) a small counter-clockwise
rotating secondary recirculation bubble with positive Cf and (ii) a clockwise primary recirculation
bubble expanding for approximately 5 to 7 step heights with negative Cf , depending on the relative
submergence of the step followed by (iii) a recovering boundary layer with positive Cf . Overall,
the distribution of Cf for all LES matches the general shape of the experimental data. However,
the large negative peak observed by Jovic and Driver (1994) (BFS with a similar expansion ratio
than LES1 but in a wind tunnel) is somewhat underestimated and the LES predicts larger values
of Cf than the ST1 experiment. The negative peak of Cf of LES1 is only around 60% of that of
Jovic and Driver (1994) and further tests with a finer grid (and substantially higher computational)
cost didn’t result in a considerable improvement of the peak Cf . The effect of grid resolution on
the magnitude of Cf has been reported previously by Toms (2015). In their BFS-LES the Cf was
generally poorly matched by the low-resolution LES; their medium-resolution LES was capable of
reproducing the distribution of Cf reasonably accurately with the exception of the negative peak;
the high-resolution LES on the other hand only slightly underestimates the peak Cf as observed by
Jovic and Driver (1994), however the recirculation length is shortened, and exactly this behavior
is also found for a finer resolution LES in the study reported here. It was shown that other factors
affect significantly the negative peak of Cf including the thickness of the upstream boundary
layer (Adams and Johnston, 1988), inflow conditions (Aider et al., 2007) and turbulence strength
(Ötügen, 1991). Regarding the magnitude of Cf of LES2 vs ST1, the discrepancy is most likely
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due to the way the skin-friction was computed. While in the LES the shear velocity is obtained
directly and unambiguously from the velocity gradient in the viscous sublayer, Nakagawa and
Nezu (1987) obtained their shear velocity from the van Driest curve under the assumption of the
validity of Prandtl’s mixing layer hypothesis in the recovering boundary layer which may or may
not be applicable. The distribution of the skin-friction coefficient of LES3 is similar to the other
open-channel flow cases, however LES3 features a longer recirculation zone and thus a prolonged
region of negative Cf . Also, in LES3 lower skin-friction than in LES1 and LES2 is observed in the
recovering boundary layer downstream of the recirculation zone.
Figure 7 plots a longitudinal profile of the wall pressure coefficient. Cp is computed from:

Cp =
P− P0
1
2ρU

2
max

(6)

where P0 is a reference pressure.
Overall, excellent agreement is achieved between computational and experimental results irre-

spective of the relative submergence. The recirculation zone features an adverse pressure coefficient
up to the point of reattachment from which a strongly favourable pressure gradient follows. The
Cp of the deepest flow, LES1, results in the smallest value of Cp, and with decreasing submergence
the coefficient of pressure increases suggesting increased energy loss due to pressure. The LES3
profile is somewhat shifted towards the downstream direction in comparison to LES1 and LES2,
which is due to its elongated recirculation zone.
Figure 8 presents profiles of streamwise velocity fluctuations and Reynolds shear stresses nor-

malised by Umax at four different downstream locations (for brevity wall-normal and spanwise
velocity fluctuations are not shown). For LES1, the fluctuations and stresses are generally under-
estimated compared to the experimental data, due to the aforementioned sidewall effect. For LES2
a convincing match between simulation and experiment is achieved, and here sidewall effects are
not as pronounced than in LES1 because the experimental channel-width-to-depth ratio is 5.2, at
which sidewall effects are expected to be insignificant. For all cases, the fluctuations and stresses
feature a marked peak above the recirculation zone, e.g. at x = 1h and z/h ≈ 1.0, which decays
only slowly towards the downstream direction while the peak of the profiles is shifted towards the
bed . Even at 10 step heights downstream of the step, the Reynolds shear stress is significantly
greater than near the wall. This peak suggests the generation of turbulence along the separating
streamline where ψ = 0 (Nakagawa and Nezu, 1987) and this aspect is discussed further below.
The streamwise turbulent fluctuation and shear stress profiles of LES3 are very similar to the
other profiles, however another peak is observed near the water surface, i.e. z/h ≈ 2, for the two
downstream profiles (x/h = 5 and x/h = 10). At these locations, the water surface deforms due
to its interaction with turbulent structures, which carry turbulent kinetic energy to the water-air
interface. This interaction is elucidated in section 5.2.
Figure 9 presents computed and measured profiles of the time-averaged water surface along the

streamwise direction as well as two theoretical profiles derived from energy gradient according to
Nakagawa and Nezu (1987). To the authors’ knowledge, the study of Nakagawa and Nezu (1987) is
the only experimental open-channel BFS flow study in which the water surface was measured. In
the experiment, the Froude number was similar for all configurations investigated. Therefore, there
is an increase in water depth in the streamwise direction and the variation of the water surface from
upstream to downstream is relatively small. Water levels were measured by a point gauge and the
increase of water surface elevation for the two cases considered here, i.e. ST3 and ST1, are 0.65mm
and 1mm, respectively (Nakagawa and Nezu, 1987). Figure 9 illustrates that LES1 and LES2 have
successfully captured the increase in water depth in the downstream direction, and LES-predicted
profiles match quite well with the measured and theoretical ones for LES1 and LES2. The flow
depth starts increasing rapidly around flow reattachment and stays constant after x/h ≈ 14 for
both LES1 and 2. Not surprisingly, the shallower the flow (the lower the relative submergence),
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the steeper the increase of water depth, nonetheless the increase in water depth of LES3 is nearly
ten times that of LES1.
The comparisons presented suggest that the large-eddy simulations are able to reproduce with

convincing accuracy first- and second-order turbulence statistics and time-averaged water surface
deformation irrespective of relative submergence. The focus of the following discussions is on the
hydrodynamics and turbulence of open-channel BFS flows and the interaction of step-generated
large-scale turbulence on the water surface.

5 Results and Discussion

5.1 Effect of relative submergence on turbulence statistics

Figure 10 shows the normalised streamfunction (ψ =
∫ z
0 udz/(Umaxh)) for the three BFS cases

LES1 (top), LES2 (middle) and LES3 (bottom). The time- and spanwise-averaged reattachment
length XR, determined by the locations of the dividing streamline ψ = 0, are 5.70h, 6.08h and 7.45h
for LES1, LES2 or LES3, respectively. Reh of all cases presented in this paper is around 5000. The
recirculation zone is clearly a function of relative submergence S = h2/h, the lower S the longer
the recirculation zone. LES3 exhibits a significantly longer recirculation zone than LES2, where
the water surface constrains the separation-reattachment process. This is consistent with Kuehn
(1980), Nadge and Govardhan (2014) and Nakagawa and Nezu (1987) who demonstrated that the
reattachment length increases with an decrease in relative submergence. Noteworthy, Ötügen (1991)
reported a decrease of normalized reattachment lengths with an decrease in relative submergence
at constant Re (based on free stream velocity and channel height upstream of the step is kept
constant and therefore Reh varies), albeit their wind tunnel featured a large step height compared
to the height and width of the inlet channel. De Brederode (1972) and Nadge and Govardhan
(2014) suggested that the channel-width-to-step-height-ratio, Ar, has a significant impact on the
reattachment length, which may explain the contrasting observations between Ötügen (1991) and
other studies as well as the present LES results in terms of S and XR/h. The Ar in Ötügen (1991) is
less than 10, indicating that their measured XR/h may be affected by the sidewalls (De Brederode,
1972). In contrast the Ar in Nakagawa and Nezu (1987) is 15 and infinite in the LES and sidewall
effects on XR/h are insignificant or absent, respectively.
Interestingly, the relationship between S and XR/h of the LES agrees well with that in open channel
flow with lateral expansions of Han et al. (2020). They showed that XR/h increases as Er increases
when Er < 2.86, which is consistent with the present LES. Figure 10 also shows that a secondary
bubble immediately behind the step exists in all cases. The secondary bubble extends to 1-2h in
the streamwise direction and is the shortest in the shallowest BFS open-channel flow. The latter
also features the strongest flow recirculation according to the contour levels.
Figure 11 presents contours of the spanwise-averaged normalised Reynolds shear stress for LES1,

LES2 and LES3. The highest peaks of −u′w′/U2
max are found in LES3, where the relative submer-

gence is the lowest and hence the deceleration of the flow is the greatest. In LES3 the region of high
shear stress occupies almost the entire water depth, in contrast, in the deepest flow, elevated levels
of the shear stress are found near the bed and remain below z/h = 3. The wake (elevated levels
of shear stress) in LES2 extends fairly far downstream, similar to LES3 suggesting that boundary
layer recovery is slower at shallower water depth. At the water surface the wall-normal component
approaches zero so naturally the shear stress approaches zero at the water surface in all cases.
Figure 12 depicts spanwise-averaged normal Reynolds stresses normalised by U2

max in streamwise,
spanwise and wall-normal directions. An identical sudden increase in the respective values in all
directions behind the step is observed due to the sudden deceleration of the flow and the presence
of the shear layer. Similarly to the shear stress, the highest normal stresses are found in the lowest
submergence case, LES3. The highest velocity fluctuations are observed in the streamwise direction,
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which carries the largest amount of kinetic energy. The spanwise velocity fluctuations are larger
than those in the wall-normal direction, particularly for LES3. The flow structures can expand in
the spanwise direction whereas they are quite a constraint in the wall-normal direction and hence
the velocity fluctuations in the spanwise direction carry more turbulent kinetic energy. This has
also been reported in Le et al. (1997) for their wind tunnel BFS flow.
Figure 13 presents contours of the spanwise-averaged normalised turbulent kinetic energy

TKE/Umax2 for the three simulations (TKE = 0.5((u′)2 + (v′)2 + (w′)2)). The largest values
of TKE are found in LES3, and the lowest in LES1, where the region of elevated levels of TKE
are concentrated near the bed, very similar to the turbulent shear stress. The turbulence in LES3
interacts with the water surface, and distinct elevated levels of TKE are observed immediately
after the rapid increase of the water surface, i.e. after x/h ≈ 6. Elevated near-surface turbulence
is also noticed in LES2, however a bit further downstream than in LES3, i.e. after x/h ≈ 13.
Large-scale turbulence structures are generated in the shear layer just downstream of the step,
which are then advected upwards towards the water surface where they break up and deform the
surface. The elevated levels of TKE at the water surface are the signature of the interaction of the
turbulence structures with the water surface.
The transport equation for the turbulent kinetic energy is given as:

∂K

∂t
= −ui

∂K

∂xi
− 1

ρ

∂u′ip
′

∂xi
− 1

2

∂u′ju
′
ju

′
i

∂xi
− u′iu

′
j

∂ui
∂xj

+ ν
∂2K

∂x2j
− ϵ (7)

From left to right, the terms refer to local derivative (equals zero in a time-averaged field), Ad-
vection, Pressure Transport, Turbulent Transport, Production, Viscous Diffusion and Dissipation.
Here, K is the turbulent kinetic energy, and its spanwise-averaged distribution in the domain is
plotted in figure 13. The pressure transport and the viscous diffusion are one (pressure transport)
or two (viscous diffusion) orders of magnitude lower than the other terms so they are not shown
for brevity.
The distributions of the main terms of the TKE transport equation are presented in figures 14

to 17. All cases, exhibit very similar contributions to the TKE transport equation, with LES1
having the lowest magnitudes of the respective transport terms and LES3 the highest. In general,
all terms have large values just downstream of the step which is where the turbulent kinetic energy
is greatest.
Figure 14 presents the first term on the right hand side of equation 7 and the highest values of

the transport of TKE by the mean velocity are found downstream of the step where the gradient
of the TKE is high. There is generally an upward trend in the TKE transport as a result of relative
submergence. The Transport is negative for increasing TKE and positive for decreasing TKE. The
flow in the spanwise direction is zero and hence v(∂K/∂y) is zero. The w(∂K/∂z) term is mainly
responsible for the positive advective transport within the reattachment area while each of the
terms u(∂K/∂x) and w(∂K/∂z) contribute around 50% to the negative advective transport that
originates at the step.
Figure 15 presents contours of the third term on the right hand side of equation 7, i.e. the

transport of TKE by turbulent fluctuations. Peaks of positive turbulent transport are on the edges
of the shear layer, i.e. where the gradients of TKE are greatest and turbulent fluctuations are
significant. In between is a region of large negative turbulent transport and areas coincide with
very high levels of the shear stress −u′w′ which is dominated by quadrant two and four events, i.e.
negative streamwise fluctuations and positive wall-normal fluctuations (Q2) and vice versa (Q4).
Figure 16 shows contours of the production of TKE by shear and the peaks of the Production

are the result of high levels of the shear stress and a positive velocity gradient in the wall-normal
direction, i.e. the dominance of u′w′(∂u/∂z). There are very small patches of negative Production
near the wall, i.e. where the flow recirculates (i.e. negative velocity gradient), however there is
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very little shear near the wall because the velocity gradient is weak and the shear stress is small
compared to the high values inside the shear layer (around the dividing streamline). Turbulent
production is in general the term that has the largest magnitude of all the terms. Noteworthy is
the fact that turbulence is produced over the entire water depth in LES3, whilst it is confined to
a thin band near the lower wall (and barely above the step height) in LES1.
Figure 17 shows contours of ϵ, i.e. the dissipation of TKE and the largest values are on the fringe

of the shear layer. The dissipation is an (almost) equal counterpart to the shear production, i.e.
generally of the same order of magnitude but with opposite sign. Large values of the Dissipation
are found near the flow reattachment zone which is where gradients of the turbulent fluctuations
are large and in the shear layer. The dissipation of turbulent kinetic energy is limited to the lower
third of the flow depth in the deep case, however is observed throughout the water depth in LES2
and LES3. High gradients of the turbulent fluctuations reach the water surface shortly after flow
reattachment in LES3, whereas this takes place a bit further downstream in the LES2 case.
In general, the magnitudes of Advection, Turbulent Transport, Production and Dissipation are

all in reasonable agreement with the DNS of Le et al. (1997) and the experimental study of Piirto
et al. (2003).
The state of turbulence in a flow can be quantified using eigenvalues of the stress tensor, here

obtained at selected locations (a, b, c, d, e, f as denoted in figure 18 (a) and then plotted inside the
Lumley triangle in figure 18 (b)). Only one set of points, sampled in location “d”, is found near the
“oblate” side of the triangle. The location is just above the mean flow reattachment point and here
the turbulence attains a disc form, i.e. structures are dominated by fluctuations in the streamwise
and spanwise directions due to the proximity of the wall. Most of the other points are found towards
the right hand side of the triangle, where turbulence is due to vortex stretching and the turbulence
state is very similar for all three flows along the dividing streamline as well as in the recirculation
zone. The flow inside the recirculation zone tends towards isotropic however due to the quasi-2d
geometry of the flow there is a bi-directionality. Similarly, near the water surface, the turbulence
state of the three flows is similar, however the turbulence structures of LES3 are more energetic
(higher TKE) and deform more the water surface than LES1 and LES2 and hence structures
appear to be able to maintain a prolate-shape instead of being forced to 2-component turbulence
by the water-air boundary. The biggest deviation in the turbulence structure between LES1 and
LES2/LES3 is observed at location “e”, i.e. at mid-depth downstream of the recirculation zone.
Whilst in LES2 and LES3 the points lie towards the right, i.e. the prolate (elongated, stretched)
side of the triangle, the point of LES1 lies towards the oblate side, suggesting that the flow of
LES1 at half depth appears more isotropic however with a limited amount of vertical fluctuations
as the turbulence structures are approaching the water surface. In contrast, the flow at half depth
in LES2 and LES3 is still inside the turbulent wake due to the limited water depth and distinct
longitudinal vortex stretching takes place, almost until 1-component turbulence is attained.

5.2 Step-generated coherent structures and water surface deformation

The location of the water surface affects the flow separation-reattachment process downstream
of the step and large-scale turbulence structures are generated in the shear layer downstream of
the step. These are then advected towards the water surface where they break-up and deform
the surface. This section focuses on discussing the interaction between step-generated coherent
turbulence structures and water surface deformation.
Figure 19 visualises the instantaneous water surface for all three open-channel BFS cases. The

water surface increase from upstream to downstream is appreciated in these plots. It also shows that
the lower the relative submergence, the more significant the water surface deforms, especially when
comparing LES1 with LES3. In LES1 only a few mild water surface waves are observed whereas
in LES3 clear deformations due to the turbulence underneath the water surface are noticed.
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Figure 20 presents isosurfaces of the Q-criterion and contours of the normalised instantaneous
vorticity magnitude in a longitudinal plane at an arbitrary instant in time for the three free-
surface flows. The images show the features of the coherent turbulence generation (due to the
Kelvin–Helmholtz instabilities) in the shear layer of the instantaneous recirculation and their
transport (advection) by the ambient flow. The interaction of a substantial amount of coherent
flow structures with the water surface is visible in LES3, whereas fewer vortices are observed in
LES1 and LES2. In LES3 the vortices reach the surface approximately ten step heights downstream
of the step, to be identified by an area of high vorticity at the water surface at the instant depicted.
In LES1 the vortices generated at the step don’t appear to be reaching the water surface over the
distance shown in the figures, whilst in LES2 some interaction of vortices with the water surface
occurs, albeit further downstream than in LES3, at x/h ≈ 15, and with less vorticity/strength.
These visualisations are clearly reflected in the water surface plots of figure 19.
Coherent turbulence structures are depicted better with isosurfaces of pressure fluctuations in

figure 21 (only LES2 is shown for brevity). Various types of turbulence structures can be identified.
Near the step there are rollers, i.e. quasi 2D structures that rotate about the y-axis, which are the
result of flow separation and shear layer roll-up. These structures are advected with the ambient
flow, generally along the dividing streamline, and their fate varies between break-down, tearing,
pairing and amalgamation (Hu et al., 2016). Some structures are transported towards the water
surface during low momentum ejections whereas others travel towards the bed as the flow expands.
The largest turbulence structures are found past the mean reattachment point, here, the so-called
“kolk-boils” emerge from near the bed. Kolk-boils represent coherent structures associated with a
strong upward motion and effectively transport low momentum from the bed to the water surface
(Rodi et al., 2013). The kolk-boils generally appear to be taking the shape of inclined horseshoe
vortices, probably due to up-lifting and stretching of rollers. Other vortices found in the shear
layer vary in size, smaller ones are remains of a broken-up roller, others are legs of torn horseshoe
vortices and larger ones are amalgamated or paired vortices and they are elongated due to shear
layer stretching.
Based on the observations made from figures 19, 20 and 21, it is worthy to highlight the necessity

of using a (deforming) free-surface boundary condition rather than a rigid-lid-free-slip boundary
condition. Step-generated coherent structures carry a significant amount of energy to the water
surface which was are seen to generate water surface boils and this is most pronounced in the
shallowest case, LES3. If a rigid-lid-free-slip condition was imposed, these energetic turbulence
structures would “bounce off” from the rigid lid, the normal (to the water surface) velocity fluctua-
tions would be set to zero and the energy carried by the coherent structures would be redistributed
(rather artificially) into streamwise and spanwise normal stresses, leading to an over-prediction of
these stresses close to the water surface (Stoesser, 2014). A deforming water surface on the other
hand produces secondary vorticity, which alters the near-surface turbulence (Shen et al., 1999).
In order to track the generation and fate of shear-layer-induced turbulent structures behind the

step, auto-correlation functions are obtained. Here the spanwise auto-correlation function, Rvv is
chosen, which is calculated as:

Rvv(xr, zr,∆x,∆z) =

t∑
v′(xr, zr, t)v

′(xr +∆x, zr +∆z, t)(
t∑
[v′(xr, zr, t)]2

)0.5( t∑
[v′(xr +∆x, zr +∆z, t)]2

)0.5 (8)

For brevity only contours ofRvv are shown, where contours ofRuu andRww show exactly the same
features. Four reference locations are chosen along the time-averaged dividing streamline (ψ = 0)
indicted in figure 22. Velocity signals are collected at every fourth grid point in the x-z plane
and at a few planes in the y-direction, covering 280 flow-throughs. Figure 22 presents contours of
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Rvv, here for LES2, clearly illustrating that coherent flow structures originate at various locations
along the recirculation zone, owing to the intermittency of the flow and the spatial variability
of flow separation and reattachment. At each of the chosen locations, the trajectory of the shed
vortices is approximately 45 degrees. It is interesting to observe that the later the vortex travels
upwards, the longer it maintains its coherence. The grey area around the reference point at the
mean reattachment location, Figure 22 (d), is the largest and extends the furthest in the streamwise
direction. This is the afore-mentioned kolk-boil vortex which has been found to be dominant in
such flows.
Figure 23 presents contours of Rvv for the deep flow, LES1, and the shallow flow, LES3. Similar

observations can be made for LES3, however the contours of Rvv remain dark grey and in a narrow
envelope until the water surface is reached whereas in LES1, Rvv shows the vortices lose coherence
quickly and the turbulence is spread over a wider area. When using a reference point closer to
the step, the values of Rvv drop below zero before the water surface is reached, corroborating the
observations of LES2 that structures are less coherent and energetic when being shed closer to the
step. Figure 23 provides quantitative evidence that step- (or better shear-layer) induced turbulence
structures have limited impact on the water surface at high relative submergence compared to those
at low relative submergence, which is also reflected in the water surface plots of figure 19.
The behaviour of the shear-layer-induced coherent structures visualised and discussed above can

also be appreciated by the dominant frequency in the frequency spectra of velocity signals at
x = 5h, z = 1h (which corresponds to the reference location in figure 22 (c) and figure 23) plotted
in figure 4. A significant peak (marked with an arrow in figure 4) is observed at low frequency
for all cases, corresponding to a Strouhal number (st = fh/Umax) of 0.074, 0.045 and 0.023 for
LES1, LES2 and LES3, respectively. The Strouhal numbers found here are comparable to those
previously reported by Le et al. (1997) and Wee et al. (2004), and quantify the oscillation of the
recirculation zone (the streamwise and vertical movement of the shear layer in time) and therefore
the shedding of the shear-layer-induced coherent structures.

6 Conclusions

Large-eddy simulations (LES) of free-surface flows over a backward facing step have been car-
ried out for various relative submergences, ranging from deep to shallow flows. In a first step,
the LES method has been validated using experimental data confirming the adequacy of the se-
lected discretisation schemes, the mesh size, subgrid-scale model as well as boundary conditions.
Comparisons of LES-computed first and secondary turbulence statistics, as well as distributions of
the coefficients of friction and pressure, showed convincing agreements with measured data. The
data of two open-channel flow experiments included mean water surface deformation for the deep
(LES1) and a medium-depth (LES2) flow over a step and the LES reproduced these deformations
rather well. Upon successful validation, a shallow flow has been added to the analysis and the mean
streamfunction plots revealed that the recirculation increases with the reduction of water depth
(i.e. decrease in relative submergence). As the flow separates from the edge of the step, a strong
shear layer is formed around the dividing streamline and the shallower the flow (i.e. the lower the
relative submergence), the stronger this shear layer. This is also manifested in the contours of the
turbulent shear stress or the turbulent kinetic energy (TKE), respectively. The quantification of
the main contributing terms of the transport of turbulent kinetic energy revealed that the two
dominating terms are shear production and TKE dissipation, both terms attain their maxima (ap-
proximately equal in magnitude but of opposite sign) in the shear layer behind the step. Turbulent
and advective transport are both found to be significant around the dividing streamline and are of
similar magnitude to the production and dissipation. A Reynolds stress tensor analysis, including
the Lumley triangle, pointed out areas of turbulence anisotropy in this shear layer together with
the obligatory vortex stretching near wall and water surface boundaries. The area near the mean
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reattachment is characterised by two-component oblate turbulence structures, as separated flow
splats onto the bed. The three instantaneous flows have been visualised with isosurfaces of the Q-
criterion and pressure fluctuations, and these have revealed the presence of rollers initially (as the
shear layer rolls up) which deform into horseshoe or hairpin-type structures, the most prominent
one springing off the shear layer close to flow reattachment, known as the kolk-boil vortex. However,
two-dimensional auto-correlations in space have demonstrated that such vortices can originate at
(almost) any location along the dividing streamline, yet the one shed closest to flow attachment
appears to feature the greatest coherence. These vortices are advected towards the water surface
where they deform the water surface being most pronounced for the shallowest flow, whereas the
turbulence-structure-water-surface interaction is quite weak for the deep case.
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Notation

Ar = channel-width-to-step-height-ratio (–)
Cf = skin-friction coefficient (–)
Cp = pressure coefficient (–)
Er = expansion ratio (–)
Fr = Froude number (–)
f = frequency (Hz)
f = volume force from immersed boundary points (N m−3)
g = gravitational acceleration (m s−2)
h = step height (m)
h1 = upstream depth (m)
h2 = downstream depth (m)
K = turbulent kinetic energy (m2 s−2)
Lx = computational streamwise length (m)
Ly = computational spanwise width (m)
Lz = computational wall-normal height (m)
p = pressure (Pa)
Re = bulk Reynolds number (–)
Reh = step height Reynolds number (–)
Reτ = friction Reynolds number (–)
Ruu = u-velocity auto-correlation (–)
Rvv = v-velocity auto-correlation (–)
S = submergence (–)
st = Strouhal number (–)
t = times (s)
u = filtered resolved velocity field (m s−1)
u = time-averaged streamwise velocity (m s−1)

−u′w′ = time-averaged Reynolds shear stress (m s−2)
Umax = maximum time-averaged streamwise velocity (m s−1)
Um1 = upstream spatially-averaged mean velocity (m s−1)
Um2 = downstream spatially-averaged mean velocity (m s−1)
XR = reattachment length (m)
Γ = interface between gas and liquid domains (–)
ϵ = turbulent kinetic energy dissipation (m2 s−3)
ν = kinematic viscosity (m2 s−1)
ρ = density of liquid (kg m−3)
τSGS = sub-grid scale stress tensor (–)
τw = wall shear stress (Pa)
ϕ = level set distance function (–)
ψ = normalised streamfunction (–)
Ωgas = gas domain (–)
Ωliquid = liquid domain (–)
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Table 1 Flow conditions of the two experiments used for validation of the
LES method

Case Type h2/h1 h2/h Reh Fr

Nakagawa and Nezu (1987)-ST1 Exp 1.53 2.9 4334 0.22
Nakagawa and Nezu (1987)-ST3 Exp 1.23 5.3 5448 0.19

Table 2 Computational details of the three LES simulations

LES Corresponding Experiment h2/h Reh Fr Domain size Grid Points Grid Spacing

1 ST3 5.3 5180 0.21 24h×15h×8h 384×240×256 5.05×5.05×2.53
2 ST1 3.0 4380 0.19 24h×6h×4h 384×96×128 4.40×4.40×2.20
3 - 2.0 5000 0.20 24h×6h×3h 384×96×96 4.27×4.27×2.14
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Figure 1 Sketch of computational setup

Figure 2 Auto-correlation function of the streamwise velocity fluctuation as a function of distance in spanwise direction.

Symbols denote the locations where the time series are recorded and gathered in spanwise

Figure 3 Wall-normal grid spacing of the three LES simulations

19

Page 20 of 56

URL: http://mc.manuscriptcentral.com/jhr Email: TJHR-peerreview@journals.tandf.co.uk

Journal of Hydraulic Research

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



July 12, 2023 Journal of Hydraulic Research output

Figure 4 Power spectral density of streamwise velocity fluctuations obtained at x=5h, y=0.5h, z=1h. Dashed line exhibits

Kolmogorov’s slope (-5/3); Arrows indicate the frequency of the shedding of the shear-layer-induced coherent structures

Figure 5 Profiles of the time- and spanwise-averaged streamwise velocity at various locations along the streamwise direction.
blue lines: LES; open symbols: experimental data
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Figure 6 Wall skin-friction coefficient as a function of streamwise distance from the step

Figure 7 Pressure coefficient as a function of streamwise distance from the step
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Figure 8 Profiles of normalised turbulence intensity (u′/Umax) and shear stress (-u′w′/U2
max); Solid blue lines: LES u′/Umax;

dashed blue lines: LES -u′w′/U2
max×10; closed symbols: experimental u′/Umax; open symbols: experimental -u′w′/U2

max×10
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Figure 9 Water surface elevation as a function of streamwise distance from the step

Figure 10 Time-averaged streamfunction of LES simulations
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Figure 11 Contours of the normalised shear stress -u′w′/Umax
2

Figure 12 Contours of the normalised normal Reynolds stress u′u′/Umax
2, v′v′/Umax

2 and w′w′/Umax
2
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Figure 13 Contours of the normalised turbulent kinetic energy TKE/Umax
2
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Figure 14 Distributions of advection in turbulent kinetic energy budget
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Figure 15 Distributions of turbulent transport in turbulent kinetic energy budget
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Figure 16 Distributions of production in turbulent kinetic energy budget
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Figure 17 Distributions of dissipation in turbulent kinetic energy budget
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Figure 18 Lumley triangles analysis. (a) Sketch of selected locations; (b) Lumley triangle of different cases

Figure 19 Instantaneous free surface (x:y:z=1:1:10)
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Figure 20 Isosurfaces of the Q-criterion (Q=-600 and Q=600) and contours of the normalised instantaneous vorticity magnitude

in a longitudinal plane at an arbitrary instant in time
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Figure 21 Isosurfaces of pressure fluctuations (contoured by normalised instantaneous streamwise velocity)

Figure 22 Distributions of auto-correlation function of LES2 with reference coordinates lies along the dividing streamline.
Reference points are at (a) x=2h,z=1h, (b) x=3h,z=1h, (c) x=5h,z=1h and (d) x=6h,z=0.25h
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Figure 23 Distributions of auto-correlation function at reference coordinate at x=5h,z=1h. Left:LES3; Right:LES1
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