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Abstract 8 

This paper conducts the buckling analysis of multi-span functionally graded (FG) beams 9 

reinforced by three-dimensional graphene foams (3D-GFs) restrained by elastic supports. The 10 

graphene foams are considered as graded variation in the thickness direction according to four 11 

different porosity distributions. The width and height of the non-uniform beams vary in the 12 

longitudinal direction in accordance with the power-law principle, and the multi-span beams 13 

consist of two types of optional beams. The governing equations of buckling behavior are derived 14 

based on the Timoshenko beam theory and the principle of virtual displacements, and solved by 15 

the discrete singular convolution (DSC) method. The purpose of this paper is to obtain the critical 16 

buckling load of FG 3D-GFs reinforced beams under the consideration of variable cross-section 17 

and multi-span beams with 2-4 spans. The effect of porosity coefficients, slenderness ratio, and 18 

spring constants on the buckling characteristic also are studied. The results suggest that the taper 19 

ratio of beams and the configuration of multi-span beams lead to remarkable changes in the critical 20 

buckling load of beams. 21 
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1. Introduction 25 

Advanced structures made of functional gradient materials (FG materials) acquire customizable 26 

properties via spatial hierarchy [1], which have been widely applied in automotive, marine, 27 

aerospace, and civil engineering fields for their light-weight and high-strength performance, 28 

superior energy-absorption capability [2]. While metallic or ceramic-based FG materials have 29 

been widely employed in engineering structures, there is increasing attention on FG materials 30 

reinforced by nanomaterials, particularly graphene due to their exceptional mechanical strength 31 

and remarkable flexibility, offering new opportunities for innovative applications in various fields 32 

[3-5]. To expand the capabilities of FG graphene reinforced structures under buckling load, the 33 

utilization of three-dimensional graphene foams (3D-GFs) is being explored as a novel and 34 

effective reinforcement, which can achieve extensive supportability in large-scale applications by 35 

overcoming the agglomeration of two-dimensional (2D) graphene sheets [6, 7]. Therefore, FG 36 

structures reinforced by 3D-GFs (FG 3D-GFs), as one of the inventive developments in 3D porous 37 

network structures, have gained growing interest in the fields of biomedicine [8], electronics [9] 38 

and energy absorption [10] for their significant material properties and optimized function 39 

achieved through adjusting the 3D-GFs reinforcement patterns. 40 

Beams are widely used in engineering industry, and the design and application of beams enable 41 

buildings, bridges, mechanical equipment, etc. to bear and distribute the loads [11-15]. In 42 

particular, beam structures are often subjected to axial compressive forces in engineering fields 43 

that can emerge in buckling phenomenon, which affects the stability and security of systems [16, 44 

17]. Therefore, the buckling behavior of beams remains a critical factor in assessing the beams 45 

bearing capacity, and some researches about buckling analysis have been reported in the available 46 

kinds of literature. Thai [18] investigated the buckling of nanobeams by utilizing a nonlocal shear 47 

deformation beam theory. Vo and Thai [19] analyzed the buckling behavior of arbitrary lay-ups 48 

by the refined shear deformation theory. Based on different constraint conditions, Li et al. [20] 49 

explored the critical buckling load of Timoshenko beams, and further highlighted the intrinsic 50 

correlations in buckling loadings between Timoshenko beams and Euler-Bernoulli beams. 51 

Meanwhile, many studies focused on FG beams, Lanc et al. [21] exhibited the buckling 52 

characteristic of FG sandwich box beams using the Euler-Bernoulli beam theory, they also 53 

discussed the effect of FG box beams material properties obeying power-law relationship on the 54 

buckling response. Similarly, under the premise that beams material followed the power-law 55 



  

principle, Nguyen et al. [22] investigated the buckling performance of thin-walled FG open-56 

section beams subjected to an axial force. Considering the effect of graphene nano-platelets (GPLs) 57 

reinforcement, Yang et al. [23] analyzed the buckling behavior of FG porous arch structures 58 

reinforced by GPLs under a stepwise applied load with rotationally restrained. Belarbi et al. [24] 59 

took FG carbon nanotubes reinforced beams as the research object and studied the buckling 60 

response of the beam experiencing diverse boundary conditions through the Hermite-Lagrangian 61 

finite element formulation to model the beams. However, the study about the buckling resistance 62 

of FG 3D-GFs reinforced beams is still lacking. 63 

Multi-span beams are known for their enhanced flexibility and notable stretchability, which are 64 

applicable in engineering fields like aerospace, navigation, bridges, and water conservancy. In 65 

comparison to single-span beams, their unique characteristic made them idea for addressing 66 

complex engineering challenges [25-28]. Moreover, taking into consideration the buckling load, 67 

the prediction and control of the buckling behavior of multi-span beams require to be 68 

comprehensively and systematically studied. For instance, Xie [29] produced the impact of 69 

localization factors on the buckling response of multi-span continuous beams. Besides, Nikolić 70 

[17] analyzed the buckling characteristic of multi-span beams by applying the modified 71 

segmented rod method. In the meantime, Liu et al. [30] investigated the influence of parameters 72 

such as the number of spans and the length of each span on the thermal buckling of multi-span 73 

sandwich beams with lattice cores. Avetisyan et al. [31] explored the stability of finite length 74 

multi-span beams based on the Bloch-Floquet’s method. Based on bidirectional FG material, 75 

Heydari and Shariati [32] presented the buckling behavior of FG Euler-Bernoulli nano-beams and 76 

discussed the effect of various circumstances including non-uniform section, distribution of 77 

material and boundary conditions like the multi-span beams. Despite such outstanding 78 

performance of FG 3D-GFs reinforced beams, the research on multi-span reinforced beams’ 79 

stability behavior is still very limited. 80 

Boundary conditions play a pivotal role in the investigation of FG 3D-GFs reinforced beams’ 81 

buckling behavior, as they can affect the stiffness of beams. However, achieving the idealized 82 

classical boundary conditions proves challenging for the uncontrollable support force, sliding and 83 

jumping friction of the supports [33]. These unpredictable conditions introduce new complexities 84 

to research, requiring approaches to accurately account for realistic boundary conditions of 85 



  

systems. Therefore, Butcher et al. [34] recommended using springs to represent the actual 86 

boundary conditions, referred to as elastic restraint. Li et al. [35] analyzed the stability of beams 87 

under simply-simply support, clamp-simply support, and elastic restraint at both boundaries by 88 

using the DSC method. Tam et al.[36] constrained the FG graphene nano-platelets reinforced 89 

beams with various stiffness elastic boundary conditions, and applied the finite element method 90 

to study the beam nonlinear static behavior. Besides, Raffo et al. [37] applied elastic restraints to 91 

intermediate locations of beam to analyze the mechanical behavior of beam. Zhang et al. [38] 92 

utilized the Euler-Bernoulli beam theory to explore the buckling response of a spring-supported 93 

double beam in the face of an axial force. Ariaei et al. [39] studied the dynamic behavior of multi-94 

span beams connected by elastic springs to adjacent span beams. Ghorbanpour-Arani et al. [40] 95 

studied the elastic effect of surrounded medium on the dynamic behavior of FG magnetostrictive 96 

sandwich nanobeams. 97 

Furthermore, the current body of research on buckling analysis predominantly focuses on 98 

uniform section beams, there is a dearth of research on the buckling analysis conducted by non-99 

uniform sectional beams as the subject of investigation, while the non-uniform beams hold great 100 

potential in meeting the unique functional demands in construction, robotics, aviation, and beyond 101 

[41-43]. Therefore, it becomes imperative to delve into the buckling analysis of non-uniform 102 

beams to ensure the stability of these applications. Li [44] investigated the buckling characteristic 103 

of multi-step non-uniform beams with the elastic restraint located in the beams’ end and 104 

intermediate points. Subsequently, Li [45] went on to study the buckling behavior of non-uniform 105 

beams with an arbitrary number of cracks. Rajasekaran and Khaniki [46] conducted the buckling 106 

behavior of small-scale tapered beams with non-uniform cross section according to Hamilton’s 107 

principle and gained the governing equations through the finite element method. For FG beams, 108 

Chen et al. [47] changed the beams section and solved the buckling problem of beams under 109 

compression stress wave, combining the differential element method and the principle of energy 110 

conservation. Considering the geometric defect including sine, global and local three modes, Lin 111 

et al. [48] obtained the critical buckling load of FG carbon nanotubes reinforced beams.  112 

This paper conducts the buckling responses of non-uniform FG 3D-GFs reinforced multi-span 113 

beams under elastic boundary conditions. The 3D graphene foams reinforcements are considered 114 

to be a gradient distribution across the thickness of beams and the material properties of beams 115 



  

are determined according to the four porosity distribution patterns. Followed by the power-law 116 

principle, two types of non-uniform single-span beams have been developed, and each cross 117 

section varies along the beams’ length. Furthermore, various form of multi-span beams are 118 

achieved by combining these two types of beams in diverse ways. The governing equations of 119 

buckling are derived from the Timoshenko beam theory and the virtual displacements principle, 120 

and then solved numerically based on the DSC algorithm. The effects of different system 121 

parameters and the configuration of multi-span beams are discussed in detail, which aims to 122 

enhance the structural stability and buckling performance of these beams. 123 

2. 3D-GFs reinforced beams with porosities 124 

(a) (b) (c) (d) 

    

    

Fig. 1 The schematic diagrams of four patterns porosity distribution 3D-GFs reinforced beams. 125 

(a) Pattern 1; (b) Pattern 2; (c) Pattern 3; (d) Pattern 4. 126 

3D graphene foams are distributed in different ways to form four patterns of FG beams, and 127 

their material properties gradients are distributed along beams thickness according to 3D-GFs 128 

reinforcement variation. The schematic diagrams of the four pattern beams are exhibited in Fig. 129 

1. 130 

Eq. (1) serves to characterize the mechanical properties, the elastic modulus E, shear modulus 131 

G, and material density   of Pattern 1 to Pattern 4 beams, and it is assumed that the Poisson’s 132 

ratio (v) remains constant throughout the material [49] for simplifying calculation and accurate 133 

predicting the buckling behavior of beams. 134 
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The 
maxE  , 

minE  ,
maxG  , and 

minG   can be utilized to derive the porosity coefficient 138 

0 min max min max 01 1 1)N E E G G N= − −= ( 0＜ ＜  and the porosity coefficient of mass density 139 

min max1 1)m mN N = − ( 0＜ ＜ . Based on the relationship between material density   and 140 

elastic modulus E given by Eq. (3), the correlation between N0 and Nm can be determined 141 

expressed as Eq. (4). 142 
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m 01 1N N= − −  (4) 144 

Moreover, beams with different porosity distributions possess identical total mass, therefore, 145 

the mass density porosity coefficient of uniform porosity distribution beams (
*

mN ) can be 146 

achieved according to the equivalence of total mass among the beams expressed by N0 and 147 

exhibited in Eq. (5) 148 
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As shown in Fig. 1 and Eq. (1), Pattern 1 beam has homogeneous foam distribution and 150 

consistent material characteristics. Pattern 2 beam shows a symmetric porosity profile confined 151 

to the middle region of beam thickness, whose foams density are highest at the top and the bottom 152 

surfaces, and steadily decrease during the thickness axis towards the lowest density at the center 153 

plane. Specifically, the outer surfaces of the beam have the 
maxE , 

maxG  and 
max , while the mid-154 

plane exhibits 
minE , 

minG  and 
min . On the other hand, the material properties of Pattern 3 beam 155 



  

are opposite to the distribution of Pattern 2 beam. Moreover, Pattern 4 beam exhibits an 156 

asymmetrical variation, whose maximum material properties gradually decreases from the lower 157 

surface to obtain the minimum properties. 158 

(a) (b) 

  

(c) (d) 

  

Fig. 2 Two basal non-uniform sectional single-span beams. (a) The geometry of T1S1 beam; (b) 159 

The geometry of T2S1 beam; (c) The Cartesian coordinate system of T1S1 beam; (d) The 160 

Cartesian coordinate system of T2S1 beam. 161 

In addition, it is worth noting that two types of optional single-span FG beams reinforced by 162 

3D-GFs are discussed in this paper, namely Type1 (T1) and Type2 (T2) beams, which are 163 

simplified as T1S1 and T2S1 beams by combining the number of beam span. S indicates the 164 

number of spans, and the designations S2-S4 are assigned to represent two-span beams, three-165 

span beams, and four-span beams. Fig. 2 presents these two basal non-uniform sectional single-166 

span beams varying along the length direction under elastic support (E-E), where the beams are 167 

supported by axial, translational, and rotational springs at both ends.  168 

As seen in Fig. 2, T1S1 beam is represented by a gradually decreasing section from the 169 

beginning to the end. Conversely, T2S1 beam is obtained by rotating the T1S1 beam through 180 170 

degrees. Therefore, the initial section dimensions value of T1S1 beam are equivalent to the tail 171 

end dimensions value of T2S1 beam, which implies h0 (T1)=h (T2), b0 (T1)=b (T2). Their cross-172 

sectional height h(x) and width b(x) vary horizontally based on the power-law regulation, shown 173 

as Eq. (6) for T1S1 beam and Eq. (7) for T2S1 beam. 174 
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where b0 (T1S1)=b (T2S1)=1, L=1, the coefficient of height variation   and width variation   177 

can be described by Eq. (8), and can be all classified as taper ratio ( ) for convenient reference, 178 

and the default is   = = . 179 
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The beam is considered to have a uniform cross section when 0  = = = , and the linear 181 

profile represented by m=1 and n=1 is adopted in this paper. 182 

Moreover, this paper explores the buckling properties of various models multi-span beams 183 

based on the diverse combinations of Type1 and Tyep2 beams. Therefore, the cross-sectional 184 

dimensions of each span beam under multi-span beams still follow Eq. (6) and Eq. (7). The 185 

different model of non-uniform section multi-span beams for Pattern 3 porosity distribution are 186 

demonstrated in Fig. 3. Among them, T1 and T2 refer to the use of Type1 and Type2 beams, 187 

respectively, as the first span beam in the multi-span beams.  188 

(a) (b) 

  

(c) (d) 



  

  

(e) (f) 

  

Fig. 3 Different models of non-uniform section multi-span beams for Pattern 3 porosity 189 

distribution. (a) T1S2 beam; (b) T2S2 beam; (c) T1S3 beam; (d) T2S3 beam; (e) T1S4 beam; (f) 190 

T2S4 beam. 191 

3. 3D-GFs reinforced beams buckling analysis 192 

The resistance buckling ability of beams is a vital issue in engineering applications, therefore, 193 

the buckling analysis of FG 3D-GFs reinforced beams is required. Firstly, the buckling governing 194 

equations are derived by using the principle of virtual displacement combined with the 195 

Timoshenko beam theory, and then the derivative equations of the displacements are solved by 196 

the DSC method to obtain the final governing equation. 197 

3.1. Governing equation 198 

The principle of virtual displacements is employed to derive the governing equations of beams 199 

in this paper, and the following equation is shown as 200 

 0U W − =  (9) 201 

where U and W represent the strain energy and the work done by the external force Nx0 on the 202 

elastomer, respectively. They are solved by the Timoshenko beam theory in conjunction with 203 

displacement fields along the beam axes x and z which are given by the following expression.204 

 ( ) 0, ( ) ( )x xu x z u x z x= +  (10) 205 

 ( ) 0, ( )zu x z w x=  (11) 206 

where 
0 ( )u x  and 

0 ( )w x  are the longitudinal and transverse displacements along the x-axis and 207 



  

z-axis at the mid-plane (z=0) of the beam respectively, ( )x x   is the mid-plane rotation of 208 

transverse normal about the x-axis. The geometric and physical equations of the beam are  209 
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Substituting Eq. (12) into Eq. (13), the integral obtains the axial force (F) and bending moment 212 

(M) as 213 
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And the shear force (V) is expressed as 215 
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where    , 1,xx
A

F M z dA=   , s  is the shear correction factor. A11, A55, B11, D11 are the 217 

stiffness components obtained according to the differential principle, and they are shown as [50] 218 
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Therefore, the first-order variation of the strain energy of the beam is defined as 221 
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Besides, the first-order variation of the work done by Nx0 of the beam is  223 
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Substituting Eq. (18) and Eq. (19) into Eq. (9) gives 225 

 
2

0
0 0 020

( ) ( ) ( ) 0
L

x x

wF V M
u N w V dx

x x x x
  

   
+ − + − + = 

    
  (20) 226 



  

Since 
0u  , 

0w   and 
x   cannot be zero, the motion governing equations of the beam 227 

deduced by the virtual displacements principle can be expressed as 228 
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By substituting Eq. (14) and Eq. (15) into Eq. (21), the governing equations of motion are 230 

rewritten as 231 

 

2 2

0
11 112 2

2 2

0 0
55 02 2

2 2

0 0
11 11 552 2

0

0

x

x
s x

x
s x

u
A B

x x

w w
A N

x x x

u w
B D A

x x x







 

  
+ =

 
    

+ =  
   

    
 + − + = 

    

 (22) 232 

3.2. Discrete singular convolution (DSC) method 233 

This paper utilized the discrete singular convolution (DSC) method as a computational 234 

technique to effectively solve the governing equations of buckling behavior for FG 3D-GFs 235 

reinforced beams, which was proposed by Wei in 1999 [51]. The DSC method allows the 236 

differential equations to be solved as a set of algebraic equations, where the values of functions at 237 

the nodes are achieved by discretising the nth-order derivatives of the formula using a discrete 238 

singular convolution [52]. The utilization of the DSC method was intended to address the 239 

computational implementation of singular convolutions encompassing Hilbert, Abel, and delta 240 

types, which can be extensively applied in practical science and engineering areas [53]. 241 

Particularly, the DSC method seamlessly combines the precision of global integration methods 242 

with the adaptability of local methods, enabling effective handling of intricate geometries and 243 

boundary conditions by correct choosing the parameters of the DSC kernel [53-57]. In DSC, the 244 

derivative of the function can be calculated as [58, 59] 245 
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where xk are a set of equally spaced grid points that surround the point x. 2M+1 is referred to as 247 



  

the calculation bandwidth, where N-1 is the maximum possible value of M, and N represents the 248 

total number of calculation nodes in each span beam exhibited in Eq. (24).  249 

 × ( 1)N Nn Ns Ns= − −  (24) 250 

where Ns is the number of segments where the beam is divided into, Nn is the calculation nodes 251 

in each segment. 252 

Besides, the nth derivative of the delta kernel of Dirichlet type, the Regularized Shannon’s 253 

kernel (RSK), and the discretization parameter r =  [59] are obtained in Appendix A. 254 

According to the governing equations, the superscript n in Eq. (23) take the values of 1 and 2, 255 

so that the function f(x) of DSC method are denoted in Appendix B. 256 

To remove the fictitious points located beyond the physical domain, the boundary conditions 257 

processing technique, known as Taylor series expansion [60, 61], are imposed in this paper. In 258 

regard to [62], the Taylor series expansion for f(x) and f(-x) at the point of x0=0 are as 259 
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In the case of satisfying the computation precision, the sum of Eq. (25) and Eq. (26) can be 262 

simplified as 263 

 (2) 2( ) ( ) 2 (0) (0)f x f x f f x− = − + +  (27) 264 

Likewise, f(x) and f(-x) at the point of xN-1=L can be rewritten as 265 

  (28) 266 

By means of Eq. (27) and Eq. (28), the fictitious points outside the beam are eliminated. The 267 

function f(x) of 1st- and 2nd-order derivatives based on Taylor series expansion can be 268 

demonstrated in Appendix B. Therefore, the governing equations of motion can also be procured 269 

in Appendix B. 270 

4. Assembly and solution methodologies 271 

In term of the multi-span beams considered in this paper, each span beam is defined as an 272 

element within the multi-span beams, so that the number of beam elements depend on the number 273 

of beam spans. After utilizing the boundary conditions and governing equations, the dimension 274 

of the stiffness matrix for each element is (3N+6)×(3N+6). Moreover, the continuity problem of 275 

(2) 2( ) ( ) 2 ( ) ( )( )f x f x f L f L x L− = − + + −



  

each single-span beam is critical to be taken into account. The following is an example of the two-276 

span beam, where each span beam has N calculation nodes from 0 to N-1, and the node labeled as 277 

N-1 in the first span beam serves as the common node connecting the two individual single-span 278 

beams. The displacements of node N-1 should be continuous and equal for the ends of two-span 279 

beams, i.e.    1 1 0N Nu u u
− +

− −= =
① ②

,    1 1 0N Nw w w
− +

− −= =
① ②

 and    1 1 0N N  
− +

− −= =
① ②

. By 280 

using springs with various stiffness to represent the elastic support, the boundary force equilibrium 281 

equations of the multi-span beams referred to [63] are as follows in Appendix C. 282 

Another point to consider the multi-span beams connection problem is that there are nine 283 

unknown degrees of freedom at the common node, 1Nu − , (2)

1Nu
−

−
  ①

, (2)

0u
+

  ②
, 1Nw − , (2)

1Nw
−

−
  ①

, 284 

(2)

0w
+

  ②
 , 1N −  , (2)

1N
−

−
  ①

 , (2)

0
+

  ②
 , respectively. Therefore, nine formulas are required and 285 

shown as follow in Appendix C. 286 

After combining the governing equations Eq. (22) with boundary conditions, the buckling 287 

equations of beams can be presented as the partitioned matrix shown below 288 

       0K V dP − =   (29) 289 

where  is the element stiffness matrix,  V  is the geometric stiffness matrix associated 290 

with the buckling load, and  is the different displacement components. They are given in 291 

Appendix D. 292 

After implementation of  bd , Eq. (29) can be rewritten in a matrix form as 293 

  K V aP d 0    − =    
 (30) 294 

where K 
   and V 

   are given in Appendix D. 295 

It is clear that the minimum eigenvalue calculated from Eq. (30) can receive the critical 296 

buckling load P. 297 

5. Numerical analysis 298 

A comprehensive parametric investigation is carried out to analyze the buckling behavior of 299 

FG 3D-GFs reinforced beams in this section. Various system parameters and the configuration of 300 

 K

 d



  

multi-span beams are considered in the subsequent portion. Besides, since T1S1 beams and T2S1 301 

beams have the same structural shape and exhibit an identically mechanical response, the 302 

parametric analysis of single-span beams is conducted by using T1S1 beams as the primary target 303 

of research. 3D-GFs reinforcement material properties are v=1/3, 
max 1020GPaE =  and 304 

3

max 2300kg/ m =  [64]. For simplicity, the dimensionless critical buckling load and the 305 

dimensionless spring constant factors are introduced in Appendix E. 306 

5.1.Convergence and validation 307 

The total number of calculation nodes N controls the manufacturing cost and time consumption, 308 

which consists of the number of segments (Ns) and the calculation nodes in each segment (Nn). 309 

Therefore, in order to produce sufficiently accurate results at the lowest cost, it is necessary to 310 

determine the optimal Ns and Nn. The convergence study of Ns initiates firstly in Table. 1 and 311 

Table. 2 for T1S1 and T2S1 beams with Pattern 1 to Pattern 4 porosity distributions under the 312 

premise that Nn is equal to 100, which corresponds to a sufficient number of numerical nodes 313 

distributed appropriately within each beam segment. The boundary conditions of beams are E-E 314 

constraints, where the dimensionless spring constant factors are 
810LA RA = =  , 315 

210LT LR RT RR   = = = = . Table. 1 and Table. 2 convey that Ns=20 is the best choice, as the 316 

relative difference between its consequences and the results obtained by Ns=36 is less than 3%. 317 

After determining Ns=20, the convergence study of Nn for T1S1 and T2S1 beams are performed 318 

as shown in Fig. 4 and Fig. 5, where the dimensionless critical buckling load exhibit a steady trend 319 

when Nn=50 for four patterns porosity distribution. Therefore, for the subsequent analysis, a value 320 

of Nn=50 is employed. According to the dimensionless critical buckling load received from the 321 

convergence study, it is evident that the T1S1 and T2S1 beams indeed possess identical 322 

mechanical properties. 323 

Table. 1 Convergence study of Ns for T1S1 (×10-3). (L/h0 =10, 0.5 = , N0=0.5) 324 

Ns Pattern 1 Pattern 2 Pattern 3 Pattern 4 

2 4.573 5.510 4.734  4.667  

6 4.832 5.809 5.011  4.932  

10 4.760 5.724 4.936  4.858  

15 4.740 5.708 4.921  4.835  



  

20 4.757 5.690 4.909  4.974  

25 4.757 5.674 4.915  4.827  

30 4.792 5.718 4.905  5.419  

36 4.731 5.690 4.929 4.834 

Table. 2 Convergence study of Ns for T2S1 (×10-3). (L/h =10, 0.5 = , N0=0.5) 325 

Ns Pattern 1 Pattern 2 Pattern 3 Pattern 4 

2 4.573 5.510 4.734  4.667  

6 4.832 5.809 5.012  4.932  

10 4.760 5.724 4.936  4.859  

15 4.740 5.701 4.916  4.834  

20 4.736 5.693 4.908  4.828  

25 5.129 5.702 4.907  4.825  

30 4.727 5.697 4.913  5.276  

36 4.740 5.683 4.937 4.825  

 326 

Fig. 4 Convergence study for T1S1 beams with varying calculation nodes. (L/h0=10, 0.5 = , 327 

N0=0.5) 328 



  

 329 

Fig. 5 Convergence study for T2S1 beams with varying calculation nodes. (L/h=10, 0.5 = , 330 

N0=0.5) 331 

The accuracy analysis of the present study is exhibited in Table. 3 by comparing the results 332 

given by Kitipornchai et al [65], where FG beams were calculated as multi-layered beams, and n 333 

represents the number of layers. To conform with the prerequisites in the study by Kitipornchai 334 

and his colleagues, the pure metal foam material properties were set to 
max 130GPaE = , 335 

3

max 8960kg/ m = , and the slenderness ratio L/h was 20. Besides, the comparison is shown in 336 

Table. 4 by the result given by Sayyad et al. [66]. The material properties of FG nanobeam were 337 

based on the power-law principle, and the dimensionless critical buckling load was expressed as338 

2 3

012cr x mP L N E h= , where the slenderness ratio L/h was 10. Moreover, Table. 5 demonstrates the 339 

validation of the present results with the data of Thai et al.[67] discussed. As can be observed, 340 

there are good agreement between our study and the published results under different conditions. 341 

Hence, the numerical model adopted in this paper is considered accurate. 342 

Table. 3 Validation of the dimensionless critical buckling load of FG beams for Pattern 2 porosity 343 

distribution under clamp-clamp boundary condition (×10-3). 344 

Source n 
N0 

0 0.2 0.4 0.6 



  

present / 7.986 7.395 6.801 6.204 

[65] 
14 7.946 7.316 6.693 6.076 

10,000 7.986 7.362 6.745 6.135 

Error (%) / 0.000  0.446  0.823  1.112  

 345 

Table. 4 Validation of the dimensionless critical buckling load of FG nanobeams for power-law 346 

principle distribution under simple support. 347 

Source 
k 

0 0.5 1 5 10 

present 52.162  33.916  26.113  17.163  15.561  

[66] 52.240  33.968  26.142  17.077  15.498  

Error (%) 0.149 0.154 0.109 0.505 0.405 

 348 

Table. 5 Validation of the dimensionless critical buckling load of homogeneous beam under 349 

simple support. 350 

Source 
L/h 

5 10 20 100 

present 8.8328  9.5956  9.8075  9.8808  

[67] 8.9533 9.6231 9.8068 9.8671 

Error (%) 1.3460 0.2857 0.0074 0.1391 

5.2. Buckling analysis of FG 3D-GFs reinforced beams  351 

In this subsection, the effects of porosity coefficients, slenderness ratio, taper ratio, 352 

dimensionless spring constants, and multi-span beams under different boundary conditions on 353 

dimensionless critical buckling loads are discussed. 354 

5.2.1 The influence of porosity coefficients  355 

Fig. 6 presents the dimensionless critical buckling load of T1S1 beams variation curve with 356 

porosity coefficients (N0) for three taper ratio under elastic restraint. As expected, an increase in 357 

porosity coefficients leads to a decrease in the dimensionless critical buckling load, regardless of 358 

the porosity distribution and the taper ratio. This phenomenon demonstrates that the internal 359 

porosity of beam is related to the beam stiffness, with larger beam porosity resulting in smaller 360 



  

beam stiffness. However, compared with other porosity distributions, the impact of the porosity 361 

coefficients on the stiffness of the Pattern 1 beam and Pattern 4 beam is more significant, as 362 

evidenced by the reduction magnitude in the dimensionless critical buckling load. 363 

5.2.2 The influence of slenderness ratio 364 

The influence of the slenderness ratio on the buckling performance of T1S1 beams with three 365 

taper ratio under elastic constraint are discussed in Fig. 7. Since the beam section in this paper is 366 

variable, the slenderness ratio is set as L/h0 for T1S1 beams. As shown, the increase in slenderness 367 

ratio results in a reduction of the beams dimensionless critical buckling load for four patterns 368 

porosity distribution. Particularly for slenderness ratio ranging from 5 to 15, the dimensionless 369 

critical buckling load of beams decline the most, while it decreases moderately for slenderness 370 

ratio between 15 and 25. Finally, when the slenderness ratio is 25 to 35, the dimensionless critical 371 

buckling load gradually tends to stabilize. 372 

 373 

Fig. 6 Dimensionless critical buckling load of T1S1 beams with varying N0. (L/h0=15) 374 



  

 375 

Fig. 7 Dimensionless critical buckling load of T1S1 beams with varying L/h0. (N0=0.5) 376 

5.2.3 The influence of the taper ratio 377 

With regard to the beam model analyzed in this paper incorporating the non-uniform section 378 

factor, it is necessary to explore the influence of taper ratio on the beam buckling load. Fig. 8 379 

depicts the dimensionless critical buckling load of T1S1 beams with the varying   and   380 

under the elastic boundary conditions. For these four patterns porosity distribution, the beam 381 

dimensionless critical buckling load decreases as   and   increase. However, when  =0 382 

and   is increasing, the effect on the beam stiffness is smaller than that when  =0 and   is 383 

increasing, which implies that the impact of height variation is much more significant than that of 384 

width variation on the beam buckling resistance. Furthermore, combined with the enlarged picture 385 

on the right, it can be seen that as the taper ratio increases, Pattern 2 beam obtains the maximum 386 

dimensionless critical buckling load, while the minimum dimensionless critical buckling load 387 

occurs at Pattern 1 beam. As for Pattern 3 and 4 beams exhibit similar critical buckling load which 388 

fall in the middle position. 389 



  

 390 

Fig. 8 Dimensionless critical buckling load of T1S1 beams with varying   and  . (N0=0.5, 391 

L/h0=20) 392 

5.2.4 The influence of the dimensionless spring constants 393 

The influence of the dimensionless spring constants is presented in this subsection. The curves 394 

of the dimensionless critical buckling load for T1S1 beams with changing the dimensionless 395 

spring constants under different taper ratio are shown in Fig. 9 below. The dimensionless axial 396 

spring constant (
A ) is 108, and the dimensionless transverse spring constant (

T ) is equal to the 397 

dimensionless rotational spring constant (
R ) for the elastic boundary. Based on observation, an 398 

increase in the dimensionless spring constants leads to an increase in the dimensionless critical 399 

buckling load, and the critical buckling load converge to a particular value as the spring constants 400 

reach to a certain threshold. This is due to the fact that as the spring constants increase, the elastic 401 

support will tend to clamp support, where the dimensionless critical buckling load will converge 402 

and attain the maximum value. Furthermore, with decreasing  , the change of critical buckling 403 

load of the beams before reaching the maximum value becomes more pronounced with an increase 404 

in spring constants for the reason that the greater stiffness of beams, the more sensitive they are 405 

to the alterations of boundary conditions. Equally important discovery is that the larger spring 406 

constants are required for the beams to attain the maximum buckling load which suggests that a 407 

higher spring stiffness is demanded to achieve the clamp support when   decrease. Moreover, 408 

it is obvious that regardless of the taper ratio, the dimensionless critical buckling load of Pattern 409 



  

2 beam approach to 0 when the spring constants are 0 which implies that the beam boundary 410 

condition is free-free support (F-F). This appearance displays that the buckling resistance of 411 

Pattern 2 beam under the free support boundary condition is smaller than that of other pattern 412 

beams. 413 

(a) (b) 

  

(c) (d) 

  

Fig. 9 Dimensionless critical buckling load of T1S1 beams with varying 
T  and 

R  under E-E 414 

boundary condition. (a) Pattern 1; (b) Pattern 2; (c) Pattern 3; (d) Pattern 4. (N0=0.5, L/h0=10)  415 

5.2.5 The influence of the configuration of multi-span beams 416 

This subsection investigates the buckling behavior of various models multi-span beams shown 417 

in Fig. 3, their cross-sectional dimensions and length value are related to the number of spans in 418 

this paper. Assuming that the number of span is Nsp, the total length of multi-span beams is L=1, 419 

the sub span length is L(x)= 1/ Nsp, and the largest width is 1/ Nsp. Table. 6 to Table. 8 express the 420 

value of dimensionless critical buckling load of multi-span beams for four patterns porosity 421 

distribution under different boundary conditions. Besides, bar charts for Pattern 2 porosity 422 

distribution beam shown in Fig. 10 (a), (b) and (c) are utilized to effectively illustrate the 423 



  

representative relationship between different configurations of multi-span beams. In terms of two-424 

span beams and four-span beams, various configurations of beams have certain differences in the 425 

dimensionless critical buckling load. But in general, two-span and four-span beams with Type2 426 

beam as the first span exhibit better buckling response than those with Type1 beam as the first 427 

span in various boundary conditions. Except for the subtle distinction in the buckling load under 428 

E-S-S-F boundary condition, T1S3 and T2S3 beams confirm similar buckling performance in 429 

other boundary conditions for the reason that those two types three-span beams have the same 430 

structural model. Based on the above conclusions, this subsection also takes Pattern 2 beam as an 431 

example to discuss the buckling load of multi-span beams with different number of spans and 432 

Type2 beam as the first span under different boundary conditions, as illustrated in Fig. 10 (d). For 433 

the convenience of analyzing the buckling behavior of different multi-span beams, the simply 434 

support between each span beam are ignored, and the boundary conditions of multi-span beams 435 

are simplified as E-E, E-F and F-F. Combining the height gap between each bar in the chart, it 436 

can obviously see that the more spans, the more likely that the beams will be unstable under E-E 437 

and F-F boundary conditions. However, the buckling load of four-span beams are significantly 438 

greater than that of two-span and three-span beams in the E-F boundary condition. 439 

Table. 6 Dimensionless critical buckling load of the two-span beams for four patterns porosity 440 

distribution with varying boundary conditions (×10-3). (S expressed in the boundary conditions 441 

represents the intermedia support is simply supported) 442 

Boundary 

conditions 

Taper 

ratio 
Pattern 1 Pattern 2 Pattern 3 Pattern 4 

T1S2 beams 

E-S-E 

0 =  3.235 3.843 3.322 3.293 

0.3 =  1.699 2.016 1.743 1.729 

0.6 =  0.610 0.726 0.626 0.621 

0.9 =  0.041 0.050 0.042 0.042 

T2S2 beams 

E-S-E 

0 =  3.235 3.843 3.322 3.293 

0.3 =  1.929 2.298 1.982 1.964 

0.6 =  0.754 0.920 0.777 0.770 



  

0.9 =  0.061 0.076 0.063 0.063 

T1S2 beams 

E-S-F 

0 =  0.354 0.434 0.364 0.373 

0.3 =  0.127 0.156 0.131 0.134 

0.6 =  0.025 0.031 0.026 0.027 

0.9 =  0.001 0.001 0.001 0.001 

T2S2 beams 

E-S-F 

0 =  

0.3 =  

0.6 =  

0.9 =  

0.354 0.434 0.364 0.373 

0.247 0.303 0.254 0.259 

0.132 0.163 0.136 0.138 

0.016 0.020 0.017 0.017 

T1S2 beams 

F-S-F 

0 =  0.603 0.746 0.621 0.002 

0.3 =  0.220 0.000 0.227 0.001 

0.6 =  0.044 0.000 0.046 0.000 

0.9 =  0.001 0.000 0.001 0.001 

T2S2 beams 

F-S-F 

0 =  

0.3 =

0.6 =  

0.9 =  

0.603 0.746 0.621 0.002 

0.000 0.481 0.400 0.001 

0.000 0.227 0.189 0.000 

0.000 0.000 0.018 0.000 

Table. 7 Dimensionless critical buckling load of the three-span beams for four patterns porosity 443 

distribution with varying boundary conditions (×10-3). (S expressed in the boundary conditions 444 

represents the intermedia support is simply supported) 445 

Boundary 

conditions 

Taper  

ratio 
Pattern 1 Pattern 2 Pattern 3 Pattern 4 

T1S3 beams 

E-S-S-E 

0 =  2.672 3.242 2.750 2.733 

0.3 =  1.403 1.697 1.443 1.433 

0.6 =  0.499 0.605 0.513 0.509 



  

0.9 =  0.033 0.040 0.034 0.034 

T2S3 beams 

E-S-S-E 

0 =  2.672 3.242 2.750 2.733 

0.3 =  1.403 1.696 1.443 1.433 

0.6 =  0.499 0.605 0.513 0.509 

0.9 =  0.033 0.040 0.034 0.034 

T1S3 beams 

E-S-S-F 

0 =  0.356 0.440 0.366 0.369 

0.3 =  0.239 0.295 0.246 0.248 

0.6 =  0.124 0.153 0.128 0.128 

0.9 =  0.016 0.020 0.016 0.016 

T2S3 beams 

E-S-S-F 

0 =  

0.3 =  

0.6 =  

0.9 =  

0.356 0.440 0.366 0.369 

0.127 0.157 0.130 0.132 

0.025 0.031 0.026 0.026 

0.127 0.001 0.001 0.001 

T1S3 beams 

F-S-S-F 

0 =  0.269 0.332 0.276 0.285 

0.3 =  0.112 0.138 0.115 0.118 

0.6 =  0.023 0.028 0.023 0.024 

0.9 =  0.001 0.001 0.001 0.001 

T2S3 beams 

F-S-S-F 

0 =  

0.3 =

0.6 =  

0.9 =  

0.269 0.332 0.276 0.285 

0.112 0.138 0.115 0.118 

0.023 0.028 0.023 0.024 

0.000 0.001 0.001 0.001 

Table. 8 Dimensionless critical buckling load of the four-span beams for four patterns porosity 446 

distribution with varying boundary conditions (×10-3). (S expressed in the boundary conditions 447 

represents the intermedia support is simply supported)  448 



  

Boundary 

conditions 

Taper 

ratio 
Pattern 1 Pattern 2 Pattern 3 Pattern 4 

T1S4 beams 

E-S-S-S-E 

0 =  1.129 1.442 1.154 1.128 

0.3 =  0.167 0.060 0.051 0.183 

0.6 =  0.086 0.101 0.089 0.087 

0.9 =  0.013 0.017 0.014 0.020 

T2S4 beams 

E-S-S-S-E 

0 =  1.129 1.442 1.154 1.128 

0.3 =  0.601 0.846 0.934 0.648 

0.6 =  0.251 0.307 0.257 0.253 

0.9 =  0.017 0.020 0.017 0.017 

T1S4 beams 

E-S-S-S-F 

0 =  0.961 1.143 0.978 0.949 

0.3 =  0.100 0.496 0.022 0.217 

0.6 =  0.006 0.009 0.008 0.007 

0.9 =  0.019 0.000 0.019 0.000 

T2S4 beams 

E-S-S-S-F 

0 =  

0.3 =  

0.6 =  

0.9 =  

0.961 1.143 0.978 0.949 

0.462 0.640 0.626 0.491 

0.188 0.240 0.195 0.187 

0.017 0.019 0.017 0.017 

T1S4 beams 

F-S-S-S-F 

0 =  0.190 0.186 0.171 0.230 

0.3 =  0.083 0.142 0.153 0.061 

0.6 =  0.017 0.021 0.020 0.019 

0.9 =  0.000 0.000 0.001 0.000 

T2S4 beams 

F-S-S-S-F 

0 =  0.190 0.186 0.171 0.230 

0.3 =  0.136 0.020 0.309 0.128 

0.6 =  0.017 0.021 0.005 0.018 



  

0.9 =  0.000 0.000 0.000 0.002 

 449 

(a) 

 

   

(b) 

 

   

(c) 

 

   
 

(d) 



  

 

   

 Fig. 10 Dimensionless critical buckling load of multi-span beams with Pattern 2 under 

different boundary conditions. (a) two-span beams; (b) three-span beams; (c) four-span 

beams; (d) T2S2, T2S3 and T2S4 beams. 

6. Conclusions 450 

The buckling behavior of FG 3D-GFs reinforced beams has been utilized by employing the 451 

DSC method for four patterns of reinforcement porosity distribution. The multi-span beams are 452 

formed by the diverse combinations of Type1 and Tyep2 beams, and spring restraints of various 453 

stiffness express the boundary conditions. Numerical investigation on the critical buckling load 454 

of such beams with different porosity coefficients, slenderness ratio, taper ratio, spring constants, 455 

and the configuration of multi-span beams. Based on the results discussed above, the following 456 

are the main contributions of this study: 457 

 458 

According to the governing equation of buckling behavior, the increase of porosity coefficients 459 

decreases the critical buckling load, with the largest reduction load in Pattern 1 and Pattern 4 460 

beams. Similarly, increasing the slenderness ratio reduces the critical buckling load for FG beams 461 

with four patterns of 3D-GFs reinforcement. Moreover, the larger the taper ratio (height variation, 462 

width variation), the smaller the beam stiffness, where the height change significantly affects the 463 

beam stiffness than that of width change. Overall, the critical buckling load is ranked in decreasing 464 

order for Pattern 2, Pattern 3, Pattern 4, and Pattern 1 beams. 465 

Considering the actual application conditions, the smaller taper ratio is, the more sensitive the 466 

beam is to the spring stiffness for different constraints. Besides, while the boundary condition is 467 

free-free support, the beams with Pattern 2 porosity distribution exhibit the worst buckling 468 



  

response. Meanwhile, the selection of the type and the number of spans of the multi-span beams 469 

have a vital impact on the application of multi-span beams, for the reason that two-span and four-470 

span beams with Type 2 beam as the first span exhibit superior buckling performance, while T1S3 471 

and T2S3 beams present similar buckling response due to their same structural model. 472 

Furthermore, the more spans, the beams are more likely to buckle under E-E and F-F boundary 473 

conditions.  474 
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Appendix A. 487 

The nth derivative of the delta kernel of Dirichlet type: 488 
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The Regularized Shannon’s kernel (RSK): 490 
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The discretization parameter r: 492 

4.61r B （ - ）＞ , 4.61M r ＞  (A.3) 493 

where   is the calculation parameter,   is the spacing between two calculation nodes. 494 

Appendix B. 495 

The function f(x) of DSC method: 496 
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where the symbols Ak and Bk represent the weighting coefficients associated with the first and 499 

second derivatives with respect to x, respectively.  500 

The function f(x) based on Taylor series expansion: 501 
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where 
ikA  and 

ikB  are the weight coefficients for the 1st and 2nd derivatives respecting to x 504 

following the elimination of the degrees of freedom pertaining to fictitious points. 505 

The governing equations of motion: 506 
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where D1( ) and D2( ) represent the first and second derivatives of the three displacement 508 

components, and their expression are 509 
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Appendix C. 512 

The boundary force equilibrium equations of the multi-span beams: 513 
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where FA, FT and FR are the spring forces in the axial direction, transverse direction and rotational 517 

direction expressed by the spring coefficients 
A , 

T  and 
R . The spring forces expression are 518 

given as 519 
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 (C.4) 520 

where 
LA , 

LT  and 
LR  are the spring coefficients corresponding to the elastic support located 521 

at the left end of two-span beam in the axial direction, transverse direction and rotational direction. 522 

A , T  and R  are the spring coefficients related to the intermediate elastic support. Similarity, 523 

RA , 
RT  and 

RR  indicate the spring coefficients of the two-span beam right end elastic support. 524 

It’s worth mentioning that the classical boundary conditions can be achieved by adjusting the 525 

spring coefficients. Besides, 0 and N-1 indicated by the superscript are the initial node and the tail 526 

node of each span beam, ‘–’ combined with ① mean the end of the first span beam and the left 527 



  

side of the shared node, and ‘+’ in conjunction with ② signify the beginning of the second span 528 

beam and the right side of the shared node. 529 

Nine formulas to obtain the degrees of freedom at the common node: 530 
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where F , V  and M  denote the external axial load, external shear load, and external 532 

bending moment exerted at the connection. 533 

Appendix D. 534 

The expression of the partitioned matrix 535 
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where  aaK  and  abK  are the global DSC weighting coefficient matrices,  baK  and  bbK  537 

are the boundary conditions matrices,  ad   is the points in the interior domain,  bd   is the 538 

points at the boundary. 539 

The expression of the rewritten partitioned matrix: 540 
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Appendix E. 542 

The dimensionless critical buckling load and the dimensionless spring constant factors: 543 
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where A110 is the value of A11 for the pure 3D-GFs reinforcement beam. 545 

  546 
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