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ABSTRACT

In this paper, we show the phenomenon of negative reflection occurring in a mechanical phononic structure, consisting of a grating of fixed
inclusions embedded in a linear elastic matrix. The negative reflection is not due to the introduction of a subwavelength metastructure or
materials with negative mechanical properties. Numerical analyses for out-of-plane shear waves demonstrate that there exist frequencies at
which most of the incident energy is reflected at negative angles. The effect is symmetric with respect to a line that is not parallel to the
normal direction to the grating structure. Simulations at different angles of incidence and computations of the energy fluxes show that
negative reflection is achievable in a wide range of loading conditions.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0152603

An incident wave, impinging on an interface between two continu-
ous media at oblique incidence, generates refracted (or transmitted) and
reflected waves. The law, attributed to Snell and Descartes,1 establishes
the refraction and reflection conditions.2 First, the radian frequencies of
the transmitted (xT) and reflected (xR) waves must be equal to the
radian frequency xI of the incident monochromatic wave. Second, the
wave vectors of the transmitted (kT) and reflected (kR) waves must
belong to the plane of incidence generated by the incident wave vector
kI and the normal to the interface n, and the three wave vectors must
have the same component along the interface tangential direction t in
the plane of incidence (see Fig. 1), namely, kI � t ¼ kT � t ¼ kR � t.

This leads to the classical form of the Snell–Descartes law,

sin hI
cI
¼ sin hT

cT
; hI ¼ hR; (1)

where hI; hT, and hR are the angles of incidence, transmission, and
reflection, respectively, measured from the interface normal n, while cI
and cT are the phase velocities of the two media separated by the inter-
face. Accordingly, the rays representing the incident and transmitted
waves lie on opposite sides with respect to the line normal to the inter-
face at the point of incidence. In addition, the direction of the reflected
wave is mirrored with respect to the line normal to the interface,
namely, the angle hR is positive.

By changing the angle of incidence (up to the critical angle) and
the phase velocities, it is possible to modulate the amount of transmit-
ted and reflected energy and the phase of the corresponding waves.
However, hT and hR always obey the Snell–Descartes law (1).

The equality between the incidence angle hI and the reflection
angle hR does not hold in the vector problem of elasticity or for
anisotropic media. In the first case, the tensorial nature of the elas-
tic problem causes, for any incident wave, the generation of multi-
ple transmitted and reflected waves with longitudinal and
transverse polarizations3 and, for different polarizations of the inci-
dent and reflected waves, the angles hI and hR are different.
Furthermore, anisotropies can deviate wave vectors of transmitted
and reflected waves.2,4,5 In both previous cases, the angles of trans-
mission and reflection are constrained by the continuity conditions
along the interface.

If the interface between the two media is replaced by a straight
homogeneous interface of finite thickness, each single ray is shifted
(i.e., moved remaining parallel to its original direction) passing
through the interface and multiple reflections within the interface gen-
erate additional shifted transmitted and reflected waves. Nevertheless,
the angles of reflection and transmission continue to obey the laws
described above. The same qualitative effect is observed when the
interface is a layered structure of homogeneous media.6,7
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We emphasize that, in all the previously considered scenarios, it
is not possible to change the signs of the transmission and reflection
angles, which remain positive.

The possibility to obtain negative angles of refraction was postu-
lated in electromagnetism by Veselago,8 who showed that when both
electric permittivity and magnetic permeability are negative, the refrac-
tive index is also negative. This idea was exploited by Pendry9 to pro-
pose a first model of perfect lens based on negative refraction.

The practical implementation of a material with negative refrac-
tive index has been realized by developing designs of microstructured
interfaces, so that effective negative refraction is attained as a result of
a homogenization process.10 Several models leading to negative refrac-
tion have been proposed in different fields.11–17

While the problem of negative refraction has been studied exten-
sively in the literature, fewer contributions have discussed the existence
of negative reflection. For instance, in electromagnetism, anomalous
and negative reflections were observed by employing an anisotropic
coding metasurface;18 negative reflection was obtained in another
work19 by exploiting hyperbolic isofrequency contours produced by
hyperbolic phonon polaritons. In acoustics, a metasurface made of
tapered labyrinthine unit cells was designed to create apparent nega-
tive refraction and reflection as well as beam steering and conversion
from propagating wave to surface evanescent modes;20 for a similar
aim, an acoustic metasurface consisting of double-split hollow sphere
resonator arrays was proposed,21 without the possibility of refraction
however due to the introduction of rigid boundary conditions; appar-
ent negative reflection when the angle of incidence is beyond the criti-
cal angle, due to higher-order diffraction, was achieved by using an
acoustic gradient metasurface;22 anomalous reflection was also
attained with phase gradient metagratings23 or with a flat interface

characterized by inhomogeneous specific acoustic impedance.24 In
plates, negative reflection was demonstrated in a truncated chaotic bil-
liard and in a plate with randomly distributed holes.25

In elasticity, there are a few examples of systems leading to nega-
tive reflection. Here, we show that negative angles of reflection for out-
of-plane shear waves propagating in a homogenous elastic medium
can be achieved by inserting an interface made of a repetitive array of
fixed holes. We demonstrate the presence of negative reflection by per-
forming a series of numerical simulations, considering different angles
of incidence and frequencies. Furthermore, we explain why negative
reflection is attained at specific frequencies by studying the isofre-
quency contours of the dispersion surfaces at those frequencies. In
addition, we provide a quantitative analysis by determining the energy
flux at different angles of incidence. The Snell–Descartes law (1) is
based on the continuity of the accumulated phase across the interface.
A phase discontinuity at the interface leads to a generalization of Eq.
(1) by applying the Fermat’s principle,26 namely,

kR � t� kI � t ¼ nþ nG; n 2 Z ; (2)

where n is the phase gradient and G is the amplitude of the reciprocal
lattice vector. The phase gradient is conveniently induced by sub-
wavelength resonating metasurfaces.18,20,21,23 The term G appears
when the wavelength is of the same order of the lattice period and
beyond the critical incident angle.22 In this paper, by means of a pho-
nonic system we show strong negative reflection based only on higher-
order diffraction.

We consider the transmission of time-harmonic out-of-plane
shear waves through a grating interface consisting of a square distribu-
tion of fixed holes. The displacement vector is given by

u ¼
0
0

uðxÞ

0
@

1
A ; (3)

where uðxÞ is the out-of-plane component and x ¼ ðx1 x2ÞT denotes
the in-plane position vector. The dependence on the radian frequency
x is not indicated for ease of notation.

For a linear elastic, isotropic, and homogeneous medium, the
out-of-plane displacement u satisfies the classical Helmholtz equation,

DuðxÞ þ b2uðxÞ ¼ 0; (4)

where b ¼ x
ffiffiffiffiffiffiffiffi
q=l

p
is the frequency parameter, q is the mass density,

l is the shear modulus, and D is the Laplacian operator.
The interface is made of a regular square arrangement of fixed

holes, as shown in Fig. 1. Each hole has a circular shape of radius
R¼ 5mm; the centers of the holes have positions defined by

Yðh1; h2Þ ¼ h1a
ð1Þ þ h2a

ð2Þ; (5)

where að1Þ ¼ ðL 0ÞT and að2Þ ¼ ð0 LÞT are the lattice vectors, with
L¼ 1m. In addition, ðh1; h2ÞT is a multi-index vector,27 with
h1 ¼ 0; 1;…; 9 and h2 2 Z. Dirichlet conditions

uðY1 þ R cos h;Y2 þ R sin hÞ ¼ 0; 0 � h < 2p; (6)

are imposed on the boundaries of the holes.
In order to demonstrate negative reflection, we apply an incident

Gaussian beam28 that propagates with an incidence angle hI and given
by

FIG. 1. The mechanical model. The interface consists of a square distribution of
fixed circular holes with radius R¼ 5 mm. The square cells have side length
L¼ 1m. The angles of incidence hI , reflection hR, and transmission hT of the cor-
responding waves are indicated. The gray dotted line represents the contour
through which energy flux is evaluated.
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uIðxÞ ¼ U
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w0

wðm � xÞ

r
Exp

�ðp � xÞ2

w2ðm � xÞ � i k � x

"

�i b ðp � xÞ
2

2Rðm � xÞ þ i
gðm � xÞ

2

#
: (7)

In Eq. (7), m ¼ ðcos hI sin hIÞT and p ¼ ð�sin hI cos hIÞT are the
direction of propagation and its orthogonal one, respectively, while
k ¼ bm is the wave vector; furthermore, by fixing the parameters
w0 ¼ 5m and x0 ¼ bw2

0=2, we have

wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

x0

� �2
s

; RðzÞ ¼ z 1þ x20
z2

� �
;

gðzÞ ¼ arctan
z
x0

� �
:

(8)

Moreover, U¼ 1mm defines the amplitude of the imposed
displacement.

The transmission problem is solved by constructing a finite ele-
ment model in Comsol Multiphysics (version 5.6). A finite domain con-
taining 70� 10 holes with fixed conditions on their boundaries is
implemented. The incident field uI is represented by the Gaussian beam
given in Eq. (7); as a result of the computations, the scattered field uS is
determined, so that the total field is u ¼ uI þ uS. In the simulations,
nonreflecting scattering boundary conditions are applied on the external
edges of the finite element rectangular domain (see also Fig. 1).

The amplitude of the total displacement field juj is illustrated in
Fig. 2. The results are a clear evidence of negative reflection.

By modulating the frequency through the parameter b, it is possi-
ble to detect a reflected and a transmitted beam with hR ¼ hT ¼ hI;
these waves are predicted by the continuum theory and are visible in
Fig. 2 as two beams with small amplitude. Additional effects at differ-
ent frequencies are scattering in multiple directions, shifting of the
beams due to the interface, propagation in the interface and negative
refraction. These are visible in the video included in the supplementary
material.

FIG. 2. Negative reflection. Displacement
amplitude juj (in mm) for a Gaussian
beam incident at an angle (a) hI ¼ 30�,
(b) hI ¼ �30�, (c) hI ¼ 60�, and (d)
hI ¼ �60�. The results shown are
obtained for a frequency parameter b
¼ 4:71 m�1.
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In the neighborhood of the two frequencies corresponding to
b ¼ 4:71 m�1 (Fig. 2) and b ¼ 9:24 m�1, a different reflected beam is
excited and becomes predominant in terms of scattered energy; this is
the one associated with negative reflection. In such a case, it is appar-
ent that most of the energy of the incident Gaussian beam is reflected,
and the reflected wave is localized within a beam that propagates back
with a reflection angle hR of opposite sign with respect to that pre-
dicted by the Snell–Descartes law.

The effect appears to be reciprocal, so that if the reflection angle
is hR ¼ �60� when the incidence angle is hI ¼ 30� [see Fig. 2(a)], the
reflection angle is hR ¼ �30� when the incidence angle is hI ¼ 60�

[see Fig. 2(c)].
Due to the symmetry of the model, the negative reflection phe-

nomenon is retrieved for the negative incidence angles hI ¼ �30�
[Fig. 2(b)] and hI ¼ �60� [Fig. 2(d)].

In the occurrence of negative reflection, it appears that the bisec-
tor line separating incident and reflected waves is not aligned with the
direction normal to the interface, but along a direction inclined by
approximately 45�, due to the inherent symmetry of the periodic
structure of the interface. This observation is further investigated in
Fig. 3, where a set of incident waves with hI ¼ 5�; 10�;…; 45� is con-
sidered. For all considered angles hI, negative reflection occurs with
the same bisector line at approximately 45�. It is also found that maxi-
mum reflection is attained at different frequencies: the frequency
parameter b, indicated in Fig. 3, decreases from b ¼ 5:78�1 for hI
¼ 5� to b ¼ 4:45m�1 for hI ¼ 45�.

The results in Figs. 2 and 3 are closely linked to the dispersive
properties of the homogeneous medium and the periodic system of
cavities. In the supplementary material, we discuss how the elastic
fields and, especially, the phenomenon of negative reflection can be

FIG. 3. Amplitudes of the total displace-
ment field for different incidence angles
hI , with 0� � hI � 45�, and for different
values of the frequency parameter b.
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predicted from the analysis of the isofrequency contours of the disper-
sion surfaces at different values of the frequency.

To provide a quantitative measure of the negative reflection phe-
nomenon, we show the diagram of the energy flux on the closed con-
tour c indicated by a dotted gray line in Fig. 1. The contour
encompasses 55 rows of holes and it consists of two half circles con-
nected by two straight segments passing through the interface.

The flux, averaged over a period T ¼ 2p=x, is29,30

/ ¼ 1
2
Re rn � n _u�½ � ¼ ixl

2
Im

@u
@n

u�
� �

; (9)

where r is the Cauchy stress tensor, n the inward normal vector to the
curvec, and � denotes the complex conjugate.

The variation of the flux amplitude j/j along the two half circles
of the contour c, shown in Fig. 4(a), evidence that the incident beam
at hI ¼ 30� is reflected and transmitted in three different directions. It
is clear that the energy content of the negative reflected beam is
strongly predominant in comparison with the positive reflected and

the positive transmitted ones, confirming the occurrence of the nega-
tive reflection phenomenon at this frequency.

The ratio between the total flux of the negative reflected beam
jUjNR and the total flux of the incident beam jUjI is reported in Fig.
4(b). The flux / in Eq. (9) is split by introducing the incident and scat-
tered contributions as follows:

/ ¼ ixl
2

Im
@ðuI þ uSÞ

@n
ðu�I þ u�SÞ

� �

¼ ixl
2

Im
@uI
@n

u�I þ
@uI
@n

u�S þ
@uS
@n

u�I þ
@uS
@n

u�S

� �
¼/I þ /M þ /S; (10)

where

/I ¼
ixl
2

Im
@uI
@n

u�I

� �
(11)

is the incident flux,

/S ¼
ixl
2

Im
@uS
@n

u�S

� �
(12)

is the scattered flux, and

/M ¼
ixl
2

Im
@uI
@n

u�S þ
@uS
@n

u�I

� �
(13)

is the mutual flux.
The total incident flux is obtained as

UI ¼
ðB
A

/I dl; (14)

where the integration is performed between the points A and B along
the contour c indicated in Fig. 1. We identify the total negative
reflected flux as

UNR ¼
ðB
A

/S dl: (15)

The results reported in Fig. 4(b) indicate that the relative negative
reflected energy is above 50% for incidence angles within 35� from the
bisector line at around 45�, reaching a maximum above 95% for
hI ¼ 40�.

In conclusion, we have demonstrated with a series of numerical
simulations that negative reflection can occur in a basic mechanical
system such as the one considered in this work, which is a phononic
structure made of a homogeneous elastic matrix with a periodic array
of fixed cavities. The amount of negative reflected energy is relatively
large and verified for a wide range of angles of the incident wave.
Negative reflection is an effect of higher order diffraction, yielded by
the term nG in (2), with n¼ – 1. The symmetry of the fields in Fig. 2
confirms that the phase shift n¼ 0.26 The proposed design can be use-
ful in many applications, such as beam steering and wave control
(with the aim, for example, of channeling waves to specific locations
for energy harvesting, or diverting waves back for protection pur-
poses), elastic imaging (to characterize the properties of different
materials), structural health monitoring (for the detection of cracks
and imperfections), and so on.

FIG. 4. Energy fluxes. (a) Normalized amplitude j/j=ðlxÞ (in m2) for hI ¼ 30�.
(b) Relative total flux amplitude jUNRj=jUIj of the negative reflected beam for differ-
ent incidence angles hI .
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See the supplementary material for the video “VideoNegative
Reflection.avi” showing the displacement amplitude field in the fre-
quency range 0 < b < 9:4m�1 for an incident angle hI ¼ 30�. The
isofrequency contours related to the study of the negative reflection
phenomenon are also reported in a separate file.
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