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Abstract— A strictly time-domain formulation of the log-
sensitivity of the error signal to structured plant uncertainty
is presented and analyzed through simple but representa-
tive classical and quantum systems. Results demonstrate
that across a wide range of physical systems, maximization
of performance (minimization of the error signal) asymptot-
ically or at a specific time comes at the cost of increased
log-sensitivity, implying a time-domain constraint anal-
ogous to the frequency-domain identity S(s) + T(s) =1.
While of limited value in classical problems based on
asymptotic stabilization or tracking, such a time-domain
formulation is valuable in assessing the reduced robust-
ness cost concomitant with high-fidelity quantum control
schemes predicated on time-based performance measures.

[. INTRODUCTION

In the realm of feedback control, traditional sensitivity
analysis of a closed-loop system to uncertain parameters is
accomplished in the frequency-domain. Standard definitions
for the sensitivity examine the derivative of the closed-loop
plant T'(s) to differential perturbations in a given element
K(s) given by 0T(s)/0K(s). As this measurement scales
with the units used to describe the plant and parameter, a
more useful formulation is the log-sensitivity of the closed-
loop plant to variations in a given element through [1]

OT(s)/T(s) _ oT(s) K(s)
OK(s)/K(s) 0K(s) T(s)’

While valuable from a frequency-domain perspective, this
method does not yield information about how the log-
sensitivity evolves with time, with time-domain considerations
often being grouped into performance measures such as rise
and settling times.

Some researchers have proposed methods for analyzing
the sensitivity of system performance in the time-domain,
though the methods tend to be system-specific. In [2] and [3],
methods for analyzing the sensitivity of the output transient
response of distributed transmission lines and microwave cir-
cuits are proposed. Additionally, [4] and [5] provide methods

(D

This research was supported in part by NSF Grant IRES-1829078.

SON and EAJ are with the Department of Electrical and Computer
Engineering, University of Southern California, Los Angeles, CA 90089
USA (email: seanonei@usc.edu, jonckhee@usc.edu).

SGS is with the Faculty of Science & Engineering, Swansea Univer-
sity, Swansea SA2 8PP, UK (e-mail: s.m.shermer@gmail.com).

FCL is with the School of Computer Science and Informatics, Cardiff
University, Cardiff CF24 4AG, UK (e-mail: frank@langbein.org).

CAW is with the Quantum Engineering Technology Laboratories,
University of Bristol, Bristol BS8 1FD, United Kingdom (e-mail:
c.weidner@bristol.ac.uk).

for computing time-domain sensitivity measures for active
and passive circuits. In particular, [5] convincingly demon-
strates the computational efficiency of analytic methods over
brute-force comprehensive perturbation analysis. While pro-
viding valuable methods for computing sensitivity in the time-
domain, the current research in this area does not provide a
predictive model relating sensitivity to performance metrics.
This requirement for a predictive, time-domain model to
gauge trade-offs in robustness and performance is becoming
increasingly important in the field of quantum technology.
Control problems in this field ranging from fast state transfer to
the implementation of quantum gates are fundamentally time-
based and not well-described by existing frequency-domain
methods [6], [7], [8]. Furthermore, the eigenstructure of closed
quantum systems is characterized by poles on the imaginary
axis that preclude application of common small-gain theorem-
based robustness analysis methods such as structured singular
value analysis [9], [10].

In this paper, we extend the concept of the log-sensitivity
from the frequency-domain analysis of transfer functions to
the time-domain analysis of a signal. In particular, we examine
the error signal e(t) = y(t) — r(t) of a Single-Input, Single-
Output (SISO) system to structured uncertainty in the system
parameters. We first demonstrate the methodology with two
classical systems and then extend the concept to quantum
systems where time-domain specifications, particularly read-
out time (i.e., the time at which the state of the system is mea-
sured), are crucial to system performance [11], [12], [13]. The
main contribution of this paper is to provide a characterization
of how the log-sensitivity of the error behaves as the output
approaches the desired reference input. We show that the log-
sensitivity of the error diverges to infinity as y(t) — r(¢).
Furthermore, the manner in which the log-sensitivity diverges
is characterized by the multiplicity and character (real versus
complex) of the dominant eigenvalue(s) of the closed-loop
system and structure of the uncertain parameters.

In Section II, we establish the paradigm for calculation of
the log-sensitivity of the error in terms of a classical SISO
system with full-state feedback. Here, the pole-placement
simultaneously meets design specifications and provides zero-
steady state error as in [14]. In Section III, we derive the
time-domain log-sensitivity of the error, prove that the limit
of the log-sensitivity diverges as the output approaches the
desired steady-state value, and characterize this divergence in
terms of the dominant eigenvalue(s) of the closed-loop system.
In Sections IV, V, VI, and VII we apply our analysis to both
classical feedback systems and quantum systems, one subject
to dissipation and one that evolves unitarily. This latter case
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is particularly interesting due to the difficulty of applying
classical robust control methods to closed quantum systems,
save for some special cases [15], [16], [17].

[I. PRELIMINARIES

We consider the general case of a SISO system with
multiple states and the control objective of tracking a step
input with zero error. The system is represented by

T = Ax + bu, )

Yy = cT.
Here, ¢ € R and b € R¥*1 gsince we consider a SISO
system. The matrix A € RV*N is given by A = A; 4+ S& +
S(§ — &). The nominal dynamics matrix is A; + S& and
& € [£1,&)] is an uncertain parameter with nominal value
& € [&1,&). This uncertain parameter enters the dynamics
additively through the matrix S.

Assuming the system is controllable, we use state feedback
to place the poles of the system in accordance with our design
specifications. Introducing the unit step reference signal r(t),
the system input is u(t) = —kz(t) + kor(t) where k € RN
is the vector of static feedback gains and kg is the scalar gain
used to scale the reference. Including the state feedback, we
have the closed-loop state matrix A = A—bk = A, —bk+ S¢
and the state equation becomes & = Ax+bkor(t). The nominal
state matrix with feedback is now Ag = (41 — bk) + S&.

We determine the time-domain state evolution as

t
z(t) = ez(0) +/ A Dbkor(7) dr
© 3)
= ez (0) + k:oeAt/ e A7h dr,
0

since r(¢) has unit magnitude. Without loss of generality and
to simplify the exposition, we set 2:(0) = 0. Constraining our
analysis to the zero-state response gives

z(t) = ko(e™ — 1) A~ b. 4)

The term —A~'b enters as the vector of steady-state values of
the step input-to-state response of the transfer function (sI —
A)~1b = G(s). This follows immediately from evaluation of
G(8)|s=0= —A1b.

Since our goal is to track a unity step input so that y(t) =
cr(t) = r(t) = 1, we ultimately want —kocA~b = ry = 1
or kg = —(cA~1b)~1. For simplicity, we write A~'b as the
vector 3. The output becomes

y(t) = ca(t) = koce™B — kocB = koce™B+1,  (5)
and we define the error signal as

e(t) =r(t) — y(t) = —koceB. (6)

[1l. LOG SENSITIVITY OF THE ERROR

With the time-domain error signal in (6), we define the
log-sensitivity of the error to differential perturbations in the
parameter £ as

de(t) & -

_ £
S(ﬁOat) - 85 e(t) e .

In general, the matrices A = A; — bk + S¢ and S do not
commute. As such, calculation of the derivative of e(t) with
respect to the uncertain parameter £ follows from [18] where

de(t) O (4 _vkrseyn
o koC@fe 8

t
= —kgc (/ e(tT)A“SeTA°d7'> 8.
0

To be precise, note that in the limit as A — 0, we define
the directional derivative of e in the direction of S as in [18],

®)

1

Dg(t, A) = Alggo 5(et(Al—b/k-&-S(&o-&-Aﬁ)) _ et(Al—bk+S§0))
1

_ ( t(Ag+SAE) tAO) , 9

A?EO A& € € ©)

where A¢ = £ — &. As shown in the Appendix, we can
express %e’“ = MX(t)M~! with X (t) defined in Eq. (60)
or (66). Here, M is the matrix of (generalized) eigenvectors
that induce the similarity transformation Ay = M JM ~1 with
J the Jordan normal form of Ag. Thus,

de(t)

% = —kocM X (t)M~15.

(10)

Dividing by e(t) while multiplying by &,, we produce the log-
sensitivity of the error

_ Oe(t) €

—1
s(Eo ) = _ SoeMX ()M~

cMeltM-1p

9 et)]e=g,

Now consider the log-sensitivity in the case of perfect
tracking when y(t — oo) — 1 (equivalently e(t — oco) — 0).
Given a controllable linear system, by state feedback we
guarantee convergence of e(t) to zero, but only asymptotically
as t — oo.

To determine whether the limit of s(£p,t) as ¢ — oo exists
or if it diverges, we examine the ratio of the numerator N (¢)
and denominator D(t) of the scalar s(&g,t). Our expression
for the log-sensitivity is now

5(&o,t) = delt) &

(1)

_N@®

9¢ elt) £=¢o - D(t)

For simplicity we introduce the following notation. Let cM =
2=l 2= zn] € CYN, where 2, = (c,vy), the
inner product of the row vector ¢ with the k-th (generalized)
eigenvector of Ag. Likewise, describing the rows of M ~! by
vy, we write the product M ~!f3 as the column vector w €
CN*1 with components wy, = (vg,3), and let 5,,, be the
elements of the matrix S = M ~1SM. Let the eigenvalues be
ordered in increasing order of the magnitude of their real parts.
An eigenvalue \,, is dominant if Re()\,;,) = max, Re(\,).
Eigenvalues \,,, with 5,,,,, = S, = 0 for all n can be ignored.

We now state the following main results of the paper:

Theorem 1: If Ay is diagonalizable with dominant, real
eigenvalue \; < 0 with algebraic multiplicity one, then the
log-sensitivity s(&o,t) = &511t + R(t), where lim;_, o R(?)
is finite, i.e., s(&o,t) diverges linearly as {3511t as t — oo if
511 # 0.

(12)
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Proof: N (t) and D(t) in (12) take the form

N
t) 260 Z mengmn(bmn(t)v

(13a)
m,n=1

N
= Z Zm Wy e (13b)

m=1

where
=t e A #£ A

mn(t) = Pnm(l) = Am = An " " 14
$mn(t) = Snm(?) { termt for Ay, = Ay, (14

and )\, are the eigenvalues of Ay = A; — bk + S&, in-
cluding repeated eigenvalues. Recall that all eigenvalues have
Re(A,) < 0, ensuring marginal stability at a minimum, and
orded in increasing order of the magnitude of their real parts
so \; is the dominant pole. Factoring e*'? from both N (t)
and D(t), and defining

(=210t _ (A —A1)t

) e for A\p, # A,
mn t = /\m—)\n " v 15
Pmn(t) { te(Am—=A1)t for A, = Ay, "
we write
N(t
6>\(1t) 50 Z men57rm¢rrm( ) (16)

m,n=1

Noting that ¢~>11(t) =1, q;ml(t), éln(t) contribute constant
terms and all other ¢,,,(t) only contribute terms that expo-
nentially decay to 0, we have

N(t _
é_ e(>\1)t = Z11U1811t + go +Nr(t) (17)
0
where N
zlwnsln ZmW1Sm1
= — _ 18
9o = Z PIE we (18)

and the terms in A/ (¢) that decay to zero as t — oo are

Z lensln (An—A1)t

melsml

A — A1

§ ZTVwaLSTTLn¢VVL7L

m,n=2
+Z

m=2

ePm =2t (19)

For the denominator we have

D(t)

oAt Am=AE = 2wy + Dy (t), (20)

N
= zijw + E zmwme(

m=2

where D, (t) likewise decays to zero. Now, for some T' > 0,
we have [N,.(t)|< Ny and |D,.(t)|< Do where Ny and D are
bounds at which the ratio of Ny and Dy to z;w; is negligible.
Finally, we have

&o (wiz1511t + go + Ny (1))

5(&o,t) = 21wy + D, (1) @D
= &oduit + R(1),
h
where R(t) = &0 (go + N (t) — D,«(t)gn). (22)

Z1W1 + Dr (t)

Since lim;_,oo R(t) is finite, if 517 # 0 then &y311t is the
dominant term of s(&g,t) as t — oo. [ |
Corollary 1: If Ay is diagonalizable with dominant, real
eigenvalue \; < 0 with equal algebraic and geometric mul-
tiplicity £ > 1, s(&,t) = &o(ao/bo)t + R(t), where R(t)
remains finite, i.e., for ag # 0, s(£o,t) again diverges linearly
as t — oo with slope &yag/by, where ag and by are given
by a linear combination of the coefficients associated with the

dominant, repeated eigenvalue A;.
Proof: N (t) and D(t) follow from (13a) and (13b).

¢ ‘

Setting ag = Z ZmWn 8mn, and bO = Z Zm Wi, WE have
m,n=1 m=1
N
At _
N(t) =& |agte™" + Z mensmn¢m7L(t) , (23)
m=1,n=~0+1
m=~+1,n=1

where the sum does not include repeats of the ordered pair
(m,n) and

N
D(t) = bpeM? + Z Zm Wime . (24)
m=~+1
Then (21) is modified as
S(fo, t) = §o(a0/b0)t + R(t), (25)
where R(t) again remains finite. [ |

Remark 1: Note that if Ay has a real dominant eigenvalue
A1 of matching algebraic and geometric multiplicity m, the
theorem extends to repeated eigenvalues \,, # Ay of arbitrary
multiplicity. Any terms that enter (17) and (20) generated by
some A, for n # 1 necessarily have |Re(A,,)| > |A1| under the
assumption of the dominant eigenvalue A;. If A, is a simple
root, upon factoring of A; from N'(¢) and D(t), such terms
are either constant or exhibit an exponential time dependence
e(Re(An)=A)t — o=0ont If X\ is a repeated root with non-
trivial Jordan block of multiplicity £ these terms take the form
tl=1le=ont 1In either case, such terms — 0 as ¢ — oo, are
subsumed in A.(¢) and D,.(t) and grouped into R(t). Any
constant terms contributing to A/(¢), remain finite as ¢ — oo
and are also included in R(t). The result of the theorem is
thus unchanged.

We now consider damped, complex conjugate eigenvalues.
In the remainder of the paper j is the imaginary unit.

Theorem 2: If the dominant eigenvalue of Ay = A; — bk +
S¢& appears in a complex conjugate pair —o £ jw, o > 0, then
5(€0,1) = (£7(t) + g(t) + N, (£)) /(h(t) + D, (1)) where f(2),
g(t), h(t) are periodic functions with period m/w and N.(¢),
D, (t) — 0 as t — oo with rate given by (Re()\3) + o). Thus,
5(&o,t) has no limit as ¢ — oo, periodically taking divergingly
large local maxima and local minima.

Proof: Following the same procedure as for Theorem 1,
denote the dominant complex eigenvalue pair as A\ 2 = —o +
jw. Factoring the real part of the dominant pole-pair gives

N (t)/€oe™ " = tzywi 511679 4 tzgwoFogel™!

>

(mn)#(1,1)
(m.n)#(2.2)

(26)

ZmWmSmn ngn (t)a
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where

Om+a)t _ Ontot
7 — /\'m_)\n
(bmn (t) te()\m,"l'a)t

The last term in (26) generates 2N — 4 terms of the form

for A\, # An,

27
for \,, = Ay 7

2(1,2)WnS(1,2)n , 4jor (An+o)t
—_ —e (28)
)\(1,2) )\n ( )
and 2N — 4 terms of the form
ZmW(1,2)Sm,(1,2) eAm+a)t _ jwt 29
S etIeh) (29)
along with the pair
W2S12 0 gt gty 22W1S21 et jut 30
)\1_)\2(6 e, )\2_)\1(6 e ). (30)

Recalling that Re()\¢) <
term of Eq. (26) as

21W2812  Z22W1821 jwt __jwt
<A1A2 A2A1>(e e

N _
lensln ZmW18Sm1 —q
§ _ - e ]Wt+
m—3 )\m - >\1

N _
zzwnsm, EmW28m2 juwt
§ _ Zh et +N,.(t 31
( )‘2 m=3 Am )\2>e 06y

where N,.(¢) contains all terms that decay to zero as t — 0.
Recalling that the eigenvalues are ordered in decreasing value
of Re(\g), we note that the dominant term in A.(¢) goes to
zero as e(*3T9)t Regrouping terms that do not decay to zero
in (26) and (31), yields

—o, Yl # 1,2, we rewrite the last

t21w1§116_3wt + tZnggggejw:

2 : lensln
n=

me18m1> —jwt | (22w1821 | Z1W2S12

" Z1W2812  Z2W1821
A=A A=)\

)\m_/\l /\2—/\1 /\1_)\2

20Wn S
2Wno2n
+ E 3 _
n=3 2 m=

ZmW2Sm2 piwt
3 A'm - >\2

+ Qe 7@t 4 ReI*t
(32)

= t21w1§1167]“’ + t22w2§22€‘7wt

=:tf(t) + g(t).
In the denominator, following the factoring of e =%, we have
N
= zywie It 4+ zowqedt + Z ZnWnerntot
n=3
= zywie It + zowqe™t + D,(t)

= h(t) + Dy (1).

Here, D,.(t) denotes the terms in denominator that go to zero
exponentially with dominant term e(*s+9)t For N = 2, the
denominator is given exactly by the expression in (33) with
D,(t) =0.

To bound |D(t)/e °%|, note that |D,(t)| achieves its
maximum for ¢ € [0,7/w). Furthermore, the complex

D(t)

efat

(33)

exponential terms in h(t) will vary between =+£2|zqwi].
Thus, the maximum value the denominator can attain is
|(2]z1w1]) + maxie(o,r/w) Dr(t)]-

To analyze the behavior of the ratio of N () to D(t), we
must examine the periodic behavior of D(t). Since z,, and w,,
are, in general, complex, we must find where |D(t)|= 0 or is a
minimum. This yields the following condition for |D(t)/e~ |
as an asymptotic minimum:

|z1w1 |2+ | z0ws |2 4+2 Re (2w 25 w3 ) cos(2wt)

—2Im(zywrzywy) sin(2wt) = 0. (34)

Recalling that v, and vy (the eigenvectors associated with the
dominant complex pole pair) are complex conjugates, we have
z1 = z5 and w; = w3. Combining the trigonometric functions

to a single cosine term yields the equivalent, simplified,
condition for the minimum of D(t):
cos (2wt — ¢p1) = —1, (35)
where
, Re(zywi2iw3) > 0,
(]501 = ¢ ( 1W1 i i) (36)
¢+, Re(znrwiziwd) <0,
and I .
6 = arctan | —mF1W1Z303) 37)
Re(z1w z5w3)

with arctan defined to be in the first or fourth quadrant. We
thus, expect the denominator to approach zero cyclically with
a period T = 7/w.

Thus, |D(t)| remains bounded from above, but approaches

zero periodically, which produces “spikes” in the log-
sensitivity characterized by

N(tn tnf(tn) + g(tn) + No(tn
R L e

where t,, = to + nm/w and ty is the first time at which D(t)
achieves a local minimum. In the case of N = 2, this is given
exactly by to = (7 + ¢o1)/(2w). [ ]

Corollary 2: If Ay contains m eigenvalues of the form
Am = 0 =+ jw,, with ¢ = r{\1in|Re An| and w,, = mwy (i.e.
the eigenfrequencies are comf;lensurate) the w of Theorem 2
determining the periodic behavior of s(p,t) is wo. W

Remark 2: If the {w,,} of Corollary 2 are rationally inde-
pendent so that ) fB,w, = 0 = 3, = 0, Vn the quasi-
periodic behavior of s(&g,t) of Theorem 2 is non-trivial and
determined by expansion of all purely oscillatory terms of (26)
n Wy,.

Theorem 3: If Ay has algebraic multiplicity ¢ in the dom-
inant eigenvalue \; with geometric multiplicity 1, s(&o,t)

diverges as a polynomial F(t) = (Z fn(t)t ) /(éfﬁﬁ.)
as t — oo.

Proof: Calculating the components of N (¢) = £z X (t)w
from the results of the Appendix yields the following:

Since X;(¢) is identical to the X(¢) of a diagonal-
izible matrix with ¢ repeated eigenvalues, zX;(t)w =
eMt (ta_gio(t) +a_pi1(t)) where a_pio(t) and a_piq(t)
are given by the terms in parentheses of (23) multiplying ¢
or not, respectively, after factoring of e*.
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Taking the products zXo(t)w and zX3(t)z updates (63)
and (64) to sums of scalar products with §,,,.21L,sw =
SmrzmWs and Sgm 21w = 540 2pWm. SO,

¢

2Xo(w = e > by g1 (LT, (39)
m=0
4
2Xs(w = e > empa (L, (40)
m=0

where b, (t) and ¢, (t) are composed of the terms in (63)
and (64) grouped by like powers in ¢ after factoring of e .
Note that the largest power of ¢ in the polynomials z X5 (¢)w
and zX3(t)w is £. Moreover,

20—1
2Xa(t)w =MD dyppr (T,

m=3

(41)

where d,,, () consists of those terms in powers of ¢ following
the factoring of A;. As such,

&)Ne(i)t =2 (X4(t) + X3(t) + Xo(t) + X1 (1)) w

20—1

fzt

dm—41(t) + Cm—e41(t) + b1 () +

20—1

)= > " fm-r41(t)
m=0

Note that for m > ¢, f,(t) = d,(t). Also, since Re(\,) <
Re(A) <0, Vn # 1, f,(t) consists of two types of terms:
(1) those that contain a factor of e(An=21)t and decay to zero
and (2) terms, which are constant or purely oscillatory and do
not decay to zero as t — oo.

The denominator has the more tractable expression

SIS SD o

p=1q=p+1

Am—o41( (42)

prq

(43)

The largest power of ¢ in D(t) is ¢ — 1 with coefficient
eMtziwg /(€ — 1)!. Taking the ratio of N(t)/&D(t) and

cancelling common factors of e** and =1 yields
20—-1 —2
Y Fmeea (O 3 g (7
m={—1 m=0

N — 4
Z t] EZ W, e()\ 7)\1 Z Z (pr3 t(q p+1— Z))
n=1 =1 g=p+1

20—1

S Fe e (DD L O
m=~£—1
= FrT 44)
s o)

where O(t71) — 0 as t — oo as 1/t or faster (i.e. with rate
t=" or en=A) TakingRe-indexing m for clarity we have

S (™ + O
m=0
D) o)

5(&0,t) = 50

4
> fm(@)E™

m=0
=¢ i + R(t) (45)
=1y
where R(t) — 0 as ¢ — co. Then, as ¢ — co, we have
>
m ()™
Nz
- Z1Wy - F(t)a (46)
D(t) Gy

so that s(&o,t) = &N (t)/D(t) — oo as a polynomial in ¢™.
Before concluding, note that we can lift the assumption of
distinct eigenvalues for \,, # A\;. By assumption, |Re \,| >
|[Re A1| for all n > 1 so that any terms in (44) generated by a
Jordan block not associated with \; decay as e(Re(An)—Re(An))t
and are subsumed in O(t~1) leaving the result of the theorem
unchanged. [ ]

Remark 3: Note that if the dominant eigenvalues are char-
acterized by Re A\; = 0, the results of this section still hold.
This is easily verified by noting that factoring of e*1* does not
change the leading terms of A/ (¢) or D(t) and any remaining
terms of the form e*** for £ > 1 decay to zero as t — 00
under the assumption of feedback stabilization from Section II.

IV. CLASSICAL EXAMPLE — SPRING-MASS SYSTEM

We first examine the case of an undamped spring-mass
system we wish to position at 7 f;nq; = 1 m with an actuating
force on the mass that provides the step-input. Taking the
spring as the uncertain variable with nominal value of k =
& = 4N/m?, the state-equation for the nominal system is:

)= e o ] [

Here, x is the mass position, and x5 is the velocity. We choose
x1 as the measured output, so ¢ = [1 0].

Variations about the nominal value of the spring constant
enter the dynamics additively through the structure matrix as

(A€)S where § = L ol

(47)

A. Real Dominant Eigenvalue

We first choose real, distinct eigenvalues for rapid conver-
gence with no oscillation. Choosing A\; = —2 and Ay = —5
produces a step response with zero overshoot, rise time of
1.23s, and settling time of 2.21s. The resulting limiting
behavior of |s(&g,t)| is shown in Fig. 1. In accordance with
Theorem 1, the log-sensitivity diverges linearly with a slope
given by [§o511]=4/3.

B. Complex Dominant Eigenvalue Pair

We now choose eigenvalues of —1 + jm/5 to yield a
system with lighter damping and oscillatory dynamics. This
provides a more gentle response with an overshoot of 0.67,
rise time of 2.24 s, and settling time of 3.52s. For the log-
sensitivity of the error, we first note that Re(zwiziw3) =
—0.197 and Im (z;w123w3) = —0.409. Not considering the
additional factor of 7 in ¢g; produces an erroneous first zero
crossing time of ¢y = 1.61s. Taking into account the sign
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Fig. 3. RLC circuit with three states consisting of the two capacitor
voltages and single inductor current. The input is a voltage stepatt = 0
and the output is the capacitor voltage x1 (t) in the rightmost branch.

x3(t) ——x1({t) =y(t)
2H T 1F

S

Fig. 1. Spring-mass system with Ay = —2, A2 = —5, &g = 4, and
511 = —1/3. Note the linear divergence of |s(&o, t)| with a slope of
4/3.
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Fig. 2. Divergence of |s(&o,t)| for the spring-mass system with a
complex eigenvalue pair at s = —1 &+ j= /5. The top plot shows both,
e(t) and |s(&o, t)|, on alinear scale, and the bottom plot shows both on
a log-scale. Note that s(&o, t) displays local maxima every w/w = 5s
as the error periodically goes to zero.

of Re(z1wyz3w3) agrees with the expected periodic behavior.
Specifically, tg = (7 + ¢o1)/(2w) = 4.107s with expected,
asymptotic recurrence times of ¢,, = to + (7/w) n as stated in
Theorem 2. The results are shown in Fig. 2. Note that the local
maxima for |s(€p, ¢)| and local minima for e(t) correspond to
the values of ¢,, predicted by Theorem 2.

V. CLASSICAL EXAMPLE—RLC CIRCUIT

Extending the procedure to a slightly more complex sce-
nario, we consider an RLC circuit as depicted in Fig. 3.

The voltage source provides a step input of 1 V. The control
objective is tracking this step input voltage at the capacitor
voltage in the rightmost branch. The inductance in the system
is the uncertain parameter with a nominal value of 2 H. This

80 T T T T 1
\
| 108
60 |
1
= | 0.6
Fao) S
= ‘ °
- 7 0.4
Iy
; Is(e, | 02
le®)l
0 = ' ! ! ' 0
0 10 20 30 40 50
Time (s)
Fig. 4. Divergence of |s(&o, t)| for the third order circuit with Ay = —1,
A2 = —2,and A3 = —4. As predicted, the log-sensitivity of the error

diverges linearly with time.

provides the following state-space set-up

1:1 -1 1 -1 I 0
T2 =11 -2 0 To| + (1] w. (48)
,’f3 6 0 —f I3 0
The nominal inverse inductance is {; = 1/2 and we have
0 0 0
S=1(0 0 O (49)
1 0 -1

The current through the inductor is taken as x5 and the voltage
across the output capacitor is z;. Since we measure x; as the
output, the output vector is c=[1 0 0].

A. Real Dominant Eigenvalue

We first consider real eigenvalues and a dominant eigenvalue
of \y = —1. The system response has a rapid rise time
of 0.49s and a large overshoot of 30%. This overshoot
is attributable to the negative residue of Ay = —2 which
generates a non-monotonic convergence of y(t) to the steady
state yis = 1. The behavior of the log-sensitivity with time
is shown in Fig 4. In accordance with Theorem 1, the log-
sensitivity diverges with slope |{p511|= 0.5(—3.167)| = 1.58.
Contrasted with this long-term behavior, we note a local
maximum of |s(¢,&,)| at ¢ = 0.701s when the step response
passes through y(t) = 1, attributable to the transient dynamics.

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441



442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471

x10° ]
10 |
= |
< 5 05 F
2 \ ‘ -
oL\ A A ‘ ‘ 0
0 10 20 30 40 50
Time (s)
T T T 0
%. 10 J T k J 1\ =
o \ R IN N A0 §
2l N Y Y 2
£ R~ | 7 7 — l :
: : : : -100
0 10 20 30 40 50
Time (s)
Fig. 5. |s(&o,t)| diverging over time for a third-order circuit with

dominant complex eigenvalue pair A1,2 = —2 + j=/10. The top
panel displays |s(&o, t)| and e(t) on a linear scale, and the lower panel
displays the same on a log-scale. Note the periodic maxima of |s(&o, t)|
and corresponding minima of e(t) with period 10s.

B. Complex Dominant Eigenvalue Pair

Next, we choose complex eigenvalues of A1 = —2 +
jm/10. As seen in Fig. 5, |s(&p,t)| does not approach a
limiting value as ¢ — co, but grows unbounded with periodic
local maxima at a period of 7/w = 10s, in accordance
with Theorem 2. We also note a first spike in |s(&p, )| at
t = 0.350s when y(t) passes through 1 during the transient
response. The next local maximum occurs at the predicted
time of to = (7 + ¢01)/(2w) = 10.49s. The subsequent
local maxima in |s(&p,t)| follow at the expected times of
tn, = (to + (7r/w)n) = (10.49 + 10n)s.

VI. OPEN QUANTUM SYSTEMS EXAMPLE — TWO
QUBITS IN A CAVITY

A. System Description and Problem Formulation

We now examine how the postulated long-term behavior
of the log-sensitivity applies to non-classical systems. We
consider a simple, open quantum system with a globally
asymptotic steady state, as detailed in [19]. This asymptotic
convergence facilitates similarity with the behavior of classical
systems.

Consider two qubits (quantum mechanical two-level sys-
tems) collectively coupled to one another via a lossy cavity,
as originally detailed in [20]. As an open quantum system,
the dynamics are governed by the time-dependent Liouville
equation

%p(t) = [H,p(t)] + ‘C(V"/>p(t)7 (50)
where the cavity has been adiabatically eliminated [20], H is
the Hamiltonian that determines the evolution of the system,
V, a constant dissipation operator, p(t) the density operator
that encodes the state information, and [, -] the matrix com-

mutator. For this specific two-level system, we have [19]

0 ay o 0 0 72 m O
. O[; Ay 0 a1 . 0 0 0 7
H= Off 0 Al (65 ’ V’Y o 0 0 0 Y2
0 Of{ Oé; Al + AQ 0 0 0 0

(5D

The terms oy and as represent the driving fields of the qubits,
and A; and A, represent the detuning parameters, i.e., the
difference between the driving field frequency and the qubit
resonance frequency for qubits 1 and 2, respectively. The
terms ; and <y in the matrix V., provide the strength of the
decoherence acting on the first and second qubit, respectively.
We take the nominal values of «,, and v, as 1, A; as —0.1,
and Ay as 0.1.

We consider the following perturbations to these parameters
in accordance with [19] and the associated structure matrices
where 0,,,, denotes a 4 X 4 matrix with a one in the (m,n)
location and zeros elsewhere:

o Perturbations to oy with S7 = d13 + 31 + dog4 + d40,

o Perturbations to ag with Sy = 012 + 21 + 034 + 43,

o Perturbations to Ay with S35 = d33 + 044,

o Perturbations to As with Sy = 699 + d44.

The equations of motion do not readily lend themselves to
analysis in the common state-space formalism, but we can
use the Bloch formulation to accomplish this. We choose an
orthonormal basis of the N x N Hermitian matrices {c,}
where the first N2 — 1 elements are traceless, and o2 =
(1/v/N)Iy> with N the dimension of the system. We define

Apin = Tr(jH[om, o)), (52a)
1

Lin = Te(VionVyo, — 51/; Voilom,on}),  (52b)

T (t) = Tr(omp(t)). (52¢)

With N = 4, this yields in 7(¢) = (A + L)r(t) with A, L €
R6>16 and r(t) € RC. Together with ry = r(0), we have the
standard equations that represent an autonomous state-space
system with free response r(t) = e!(ATE)pg.

The system has a single zero eigenvalue, and the nullspace
of A+ L provides the steady-state associated with this zero
eigenvalue, denoted as 7. We define the output as the scalar
y(t) = rLr(t) where 0 < y(t) < 1, and y(t) represents the
overlap of the current state with the steady-state. We define the
overlap error as 1—y(t) = 1—rLr(t). Noting that for any state

p(t), ry2 = Tr ((1/\/N)p(t)> = 1/v/N as a consequence
of the constancy of the trace for density matrices, we have
1 = r¥r(t), where r; is a vector of all zeros save for the N2-
th entry, which is v/N. We can then simplify the expression
for the error as (r1 — rg)Tr(t) = cr(t) where ¢ € RN X1
consisting of ¢, = —rg, forn =1,...,N? — 1 and cy2 =
%. Specifically for this case we have ci4 = %

Perturbations S; through S; map linearly to the Bloch
formulation [21], [22], [23], [24] via (52a) to produce a
structure matrix S € R'6*16_ Thus, a differential perturbation
of the form AES, for n € {1, 2, 3, 4} in (50) maps to
A£S, and we have the following perturbed form of the time
evolution of the overlap error:

e(t) = cet(A+L+A§§)r0. (53)
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Fig. 6. Divergence of |s(&o,t)| for perturbations to the driving fields

a2, with slope given by |£€0522| = [(1)(0.00344)| = 0.00344.

This allows us to compute the derivative of e(¢) with respect
to perturbations in £ structured as S in accordance with ©))
and (11).
Before proceeding to the behavior of s(&p,t) we note:
1) In contrast to the two classical examples, there is no full-
state feedback that modifies the dynamics of the system.
The control is accomplished through the driving fields
o, and detuning A,, to modify the evolution of the state
in an a priori manner.
2) As opposed to the classical case studies, we do not
assume a zero initial state. The probability that the two-
qubit ensemble is in some state at t = 0 requires a
non-zero pg or equivalently o # 0.
Despite these differences, the mathematical form of e(t) is
identical to the classical formulation and amenable to the same
results derived in Section III.

B. Log-Sensitivity of the Error

In accordance with (9) and (11), we calculate the derivative
of the error to perturbations in « and A by

de(t) . L L4+A+Aed) | t(A+L)
o~ Am, agcle ST sy
= Ds(t, A+ L).

The two dominant eigenvalues of A+ L are A\; = 0, followed
by a purely real eigenvalue of Ao = —0.0035. The 5;1; term is
zero for all perturbations considered and does not contribute
to the sum for s(&p,t). Thus, in accordance with Theorem 1,
we anticipate that the behavior of s(&o, t) is dominated by Ao
and the associated structure term 552, and we expect the slope
of the divergence to be equal to |£p3a2].

The result for a differential perturbation in the driving fields
a1 or ao is illustrated in Fig. 6. With a nominal value of
a1 = & = 1 and 590 = 0.00344, the predicted slope of
0.00344 is borne out by Fig 6. A perturbation to o with
structure Sy yields the same result.

The case for a perturbation to the detuning parameters is
illustrated in Fig. 7. As predicted by Theorem 1, we observe
a slope of |£p3a2| = |(20.1)(0.0351)| = 0.00351.
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Fig. 7. Divergence of |s(&o,t)| for perturbations to the detuning pa-
rameters A1 2 with slope given by |€0522| = |(—0.1)(—0.0351)| =
0.00351.

VIl. CLOSED QUANTUM SYSTEM EXAMPLE — PERFECT
STATE TRANSFER

A. System Description and Problem Formulation

Consider a system designed to facilitate perfect state transfer
in a chain of N particles characterized by spins [25], [26].
Though the procedure is generally applicable to multiple
excitations, for simplicity we restrict our attention to the case
of transfer of a single excitation without dissipation. This is
the so-called single excitation subspace.

As in [25], we represent the state of the system as a column
vector ¢ € CV with a one in the n-th entry to denote a
single excitation is associated with the n-th spin. The design
goal is to transfer the single excitation from spin 1 (Y =
1 0 0 0]") to N (Wour = [0 0 1]") ata
finite time T = 7 /. Here, X is a parameter chosen to regulate
the speed of the transfer. By engineering the nearest-neighbor
couplings in accordance with J, = A/2/n(N —n) where
Jn 1s the coupling between spins n and n + 1, we create a
Hamiltonian with .J,, in the (n,n+1) and (n+ 1, n) positions
forn=1,2,..., N — 1 and zero otherwise.

The dynamics governing the system are given by the au-
tonomous system

B(t) = —jHY(t), p(0) = ¢

with solution (t) = e~/Hty)yy. Since the overlap 11 (t)
is complex, we transform this to the Bloch formulation to
retain congruence with the previous sections and ensure a real
fidelity and complementary error.

We use the generalized Gell-Mann basis [27] of traceless,
Hermitian N2 x N? matrices for o through ox2_; with o2
as described in Section VI. Applying (52a) and (52c) to the
system of (55), we get

(55)

7(t) = Ar(t), r~=r(0), (56a)
r(t) = e*r, (56b)
e(t) = cr(t). (56¢)
rin is the Bloch-transformed version of piv = |[¢iN) (¥IN]s

rour is the transformed version of pour = |Your) (Youtl, ¢
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Fig. 8. Plot of |s(&0,t)| and |e(t)| on a linear scale for a two-chain

with perturbation on the J; coupling.

produces the error from the current state in the same manner
as Section VI, and A is the Bloch-transformed Hamiltonian.

B. Log-Sensitivity of the Error

With the purely coherent dynamics of (55), perturbations
of the Hamiltonian map linearly to the Bloch formulation
via (52a). For an N-chain we consider the N — 1 possible
perturbations to coupling strengths. These are structured as
Sn, an N x N matrix with zeros everywhere save for ones in
the (n+1,n) and (n, n+ 1) positions. This is then mapped to
an N2 x N2 matrix in the Bloch formulation via (52a) with
S interchanged with jH.

In the Bloch formulation, the matrix A has N eigenvalues
at zero and the remaining N? — N eigenvalues in purely
imaginary complex conjugate pairs. In accordance with The-
orem 2, we expect the log-sensitivity to exhibit oscillations of
increasing magnitude that achieve local maxima with a period
given the fundamental frequency of the set {w,, }; more general
chains would show aperiodicity [28].

Given that A is a normal matrix, we decompose it as A =
VAV where VVT = I. Retaining the same notation as in
Section III, we have z, = (¢, v,) and w; = <UZT, ro) where vy,
is the n-th column of V' and vlT is the conjugate transpose of
the {-th column of V. We then compute s(&p, ¢) in accordance
with (9) and (11).

In Figs. 8 and 9 we show the behavior of a two-chain with
A = 7/5 and perturbation on the coupling between the two
spins with nominal value J; = 7/10. Fig. 10 depicts the same
for a chain of three spins and perturbation on the 2-3 coupling
with nominal value J, = +/27/10. In both cases, s(&o,t)
does not have a defined limit, demonstrates the periodic spikes
at times of perfect state transfer, and grows with time in
accordance with Theorem 2 and the accompanying corollary.

Additionally, there is no contradiction with the assertion
of earlier work [7], that under the conditions for perfect
state transfer (superoptimality) the senmsitivity of the error
goes to zero. Though, [7] states this characteristic holds
for rings, we can see that it also holds for the chains
engineered for perfect state transfer considered here. For
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Fig. 9. Plot of |s(&o0,t)| and |e(t)| on a log scale for a two-chain with
perturbation on the J; coupling.
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Fig. 10. Plot of |s(&o,t)| and |e(¢)| on a log scale for a three-chain

with perturbation on the J2 coupling.

N = 2, calculation of the output matrix in accordance
with Section VI yields ¢ = [0 0 L %} with (t) =
T
[O % sin(Z1) % cos(Et) % . The resulting error is
e(t) = cr(t) = 3 (1+cos(%t)), and the sensitivity is
Oe(t)/0¢ = tsin(mw/5t). Thus, de(t)/0¢ = 0 if t = ¢, =
5(2n + 1). Regarding the log-sensitivity, we have
Oe(t) ¢ 0

TS e(t)LU “0 G

Applying L'Hopital’s rule to this indeterminate form yields

- 7 (sin(Zt) + Zt cos(Ft) _ m(2n+1)
=iy, — 75 sin(Z+t) 0o

(58)

which is consistent with the expected result for the log-
sensitivity. A similar argument holds for the case of N = 3
with perturbation on the 2-3 coupling. For this scenario,

82(5) = fgtsin (%t) + gtsin <2;t) ,

(t) — § + 1 (It) 1 2—ﬂ-t
e = 3 5 COs 5 3 COs 5 .
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TABLE |
FIDELITY VS LOG-SENSITIVITY FOR TWO- AND THREE-CHAINS AT FIRST
FIDELITY MAXIMUM t = 5 UNDER COUPLING PERTURBATION.

N = 2, 1-2 Coupling N = 3, 2-3 Coupling
Fidelity [s(&o,t)] Fidelity [s(&o0,t)|
1.0 66664.00 1.0 24998.00
0.9999 311.95 0.9999 220.72
0.99899 97.271 0.99899 69.195
0.98999 29.264 0.98996 21.079
0.90001 7.4949 0.90008 5.6196

Applying the same procedure as (57) and (58) to the equations
above yields the same result: the sensitivity ag(;) — 0 as
t — t,,. However, the log-sensitivity goes to infinity at each
i, determined by the fundamental frequency w = % of the
pair {%,%°

Furthermore, we note the trade-off between the error and
the log-sensitivity — the periods of near-zero error (near perfect
fidelity) correspond to those with the greatest log-sensitivity.
Table I shows the trade-off between log-sensitivity and fidelity

numerically.

VIII. DISCUSSION AND CONCLUSIONS

We have shown that the log-sensitivity of the error can be
reliably computed from a time-domain perspective. More im-
portantly, this robustness measure is applicable to a spectrum
of classical and quantum systems and exhibits the same key
characteristic: as performance increases (error gets smaller)
the measure of performance is more sensitive to parameter
variation.

Within the context of previous work on the robustness of
energy landscape shaping, we begin to see the pattern of
results regarding error versus log-sensitivity unified under this
time-domain specification. In [7], we demonstrate that when
conditions for superoptimality prevail in a ring, the sensitivity
to parameter variation vanishes. As shown here in Section VII
we obtain the same for chains. More importantly, while the
sensitivity vanishes, the log-sensitivity diverges at the instants
of perfect state transfer, as predicted by the theory. In [29], the
trend of lower fidelity controllers exhibiting lower sensitivity
to decoherence was observed by calculating the derivative
of the error through a finite difference approximation, in
agreement with the analytical methods presented here. While
the overall trend suggested discordance between lower error
and lower sensitivity, the trend was far from uniform. In
the present paper, the sharp roll-off of the log-sensitivity
in the range of peak fidelity seen in Table I suggests a
justification for this variability of log-sensitivity for extremely
high-fidelity controllers. Taken together, this indicates that
designing controllers with an acceptable error and guaranteed
robustness margin is possible.

Next, we note that the methodology of this paper is ap-
plicable to both open and closed quantum systems. Previous
work on the application of classical robust control techniques
to quantum systems has focused on open quantum systems
(i.e., those with dissipative behaviors that produce left-half
plane poles), such as the p-analysis of [19] or a classically-
inspired stability margin [30]. While [15], [16], [17], [31]

apply H*° methods with great success to a specific class of
optical systems described as linear quantum stochastic dif-
ferential equations, dissipation is still a necessary component
to ensure application of the bounded real lemma. While [32]
concludes that a tradeoff between performance and robustness
is necessary in closed quantum systems, the approach is purely
stochastic, based on the expected value versus the variance of
the optimization functional.

In terms of future work, while we have shown a classical
trend between the error and log-sensitivity, we have not shown
any guaranteed robustness bounds along the lines of the
identity S(jw) + T'(jw) = I. Secondly, the behavior of the
log-sensitivity at the transition from complex to repeated, real
eigenvalues still requires attention. Furthermore, to bolster
applicability to quantum networks, extension to non-linear
and non-autonomous systems with time-varying controls and
non-linear performance measures such as concurrence [33] to
measure entanglement is necessary.
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APPENDIX

We use the Jordan decomposition to derive a general
formula for the matrix derivative. Any square matrix A of
dimension N over the field of complex numbers is similar
to a Jordan normal form A = MJM™!, where J is the
direct sum of ¢ Jordan blocks, each with dimension n,, so
that Zﬁq:l N, = N [34]. There are two cases. If all Jordan
blocks have dimension 1 then A is said to be diagonalizable. If
there are eigenvalues whose geometric multiplicity is smaller
than their algebraic multiplicity then the Jordan decomposition
has nontrivial Jordan blocks. Since the diagonalizable matrices
form an open and dense subset in the space of matrices, this
case is generic.

A. Generic Case: Diagonalizable A

When A, is diagonalizable, Ay = MAM™!, efot =
MetMM~" where A is a diagonal matrix of eigenvalues \,,
We then have [18]

9 at _

¢ M(S®o(t)M~,

(59)

where S = M~1SM, ® is the Hadamard product, and the
elements ¢,,, (t) of ®(t) are as defined in (14). Let {é,,} €
RY be the set of natural basis vectors for R with a 1 in
the m-th position and zeros elsewhere. Define a basis for the
N x N space of linear operators on RN as I, = emeT
Then 06 = MX(t)M~" with

t) = Z gmn¢mn (t)Hmn =

)\ . >\ t eAnt
Z St o+ Y S L (60)
m,n
/\,,W\ Am#FAn

where 5,,, is the element in the m, n position of S.

B. Non-Generic Case: Non-Trivial Jordan Decomposition

Consider the case of algebraic multiplicity ¢ in the dominant
eigenvalue \; with geometric multiplicity 1 and the remaining
N — ¢ eigenvalues distinct. Note that application of the
following is restricted to the case where a versal deformation
of the Jordan normal form J in terms of ¢ does not admit a
bifurcation in the spectrum of A [35], [36], which would break
the degeneracy and default to the generic case of Section A.
Write the matrix exponential Me”* M~
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p=1qg=p+1

t(a—p)
)|Hpq

Mt

(61)
Let A\, = A1 for m = 1 to ¢ so that the first eigenvalue not
identical to A; is Agy1. In accordance with Eq. (8), we have
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= M [X1(t) + Xo(t) + Xa(t) + Xa()] M. (62)

Calculation of M U =1 Selmdr| M
lowing:

Firstly, fo X1(T)dr = X;(t) produces the same result
as a fully dlagonahzable matrix with ¢ repeated eigenvalues

A1 with solution given by the term in parentheses in (23).
Secondly,

~! produces the fol-
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Likewise,
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Integrating on Xy (t) provides

) SgmIpm = X3(t).  (64)

Xy(T)dT
0
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We thus have 25 = MXM~" with
4

m=1
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