GARDY ORCA - Online Research @
CARDY® Cardiff

This is an Open Access document downloaded from ORCA, Cardiff University's institutional
repository:https://orca.cardiff.ac.uk/id/eprint/164369/

This is the author’s version of a work that was submitted to / accepted for publication.
Citation for final published version:

Hao, Na, Zhu, Linfeng, Wu, Zhangming and Ke, Liao-Liang 2024. Nonlinear bending of unsymmetric
double-layer lattice truss core sandwich beams. Mechanics Based Design of Structures and Machines 52
(9), pp. 6462-6483. 10.1080/15397734.2023.2278673
Publishers page: http://dx.doi.org/10.1080/15397734.2023.2278673
Please note:

Changes made as a result of publishing processes such as copy-editing, formatting and page numbers may

not be reflected in this version. For the definitive version of this publication, please refer to the published
source. You are advised to consult the publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for publications made
available in ORCA are retained by the copyright holders.




Nonlinear bending of unsymmetric double-layer lattice truss core

sandwich beams

Na Hao?, Linfeng Zhu**, Zhangming WuP¢, Liaoliang Ke**

2 School of Mechanical Engineering, Tianjin University, Tianjin, 300350, China
® School of Mechanical Engineering and Mechanics, Ningbo University, Ningbo, 315211, China
¢ School of Engineering, Cardiff University, Cardiff CF24 3AA, UK

Abstract

This paper endeavors to study the nonlinear bending of unsymmetric double-layer lattice truss core
sandwich beams (LTCSBs). Five unsymmetric cases of the double-layer LTCSBs are considered by
varying different materials and geometric thicknesses in two layers. To establish a theoretical model for
the unsymmetric double-layer LTCSBs, Allen’s model and von Karman nonlinear theory are employed.
The present theoretical model for the double-layer LTCSBs is established by considering the midplane of
the mid-sheet as the reference plane. A theoretical model based on the Ritz method is applied to determine
the deflection for the nonlinear bending of the unsymmetric double-layer LTCSBs, and verified by the
finite element method (FEM). Finally, the effects of the loading direction, unsymmetric factors in material
property and structural geometry, and boundary conditions on the nonlinear bending behaviors of LTCSBs
are studied. This study reveals that, under certain boundary conditions, the nonlinear deflections of
unsymmetric LTCSBs will become different when the loading with the same magnitude applied from

different directions, and sometimes may exhibit softening-spring nonlinearity in one direction.
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1. Introduction

A typical lattice structure is comprised of two stiff face sheets and a lightweight sandwich core
between them to achieve high strength yet light weight (Li et al. 2022; Yang et al. 2020). The core often
possesses high porosity and is available in different typologies such as pyramidal, Kagome, tetrahedral,
and hourglass (Lou et al. 2013; Xu and Qiu 2013; Zhao, Wen and Li 2018; Guo et al. 2021). The porosity
of sandwich cores makes it possible to embed electric components enabling the lattice structures to
achieve functions of absorbing energy, reducing noise, and shielding electromagnetic radiation (Nasrullah,
Santosa, and Dirgantara 2020; Wadley et al. 2008; Evans et al. 2001). These prominent advantages and
multifunctional applications make the lattice structures become one of most promising materials in
engineering applications (Vinson 2005).

The structural geometry and material property of the lattice truss core in sandwich structures play a
key role on their mechanical properties, making them a subject of interest among many researchers who
aim to design and manufacture novel lightweight structures for various engineering applications. For
instance, Zhang et al. (2018) designed the shapes of free-form truss in Kagome lattice cores by optimizing
the critical buckling loads of sandwich panels, achieving 20.4% improvement of the critical buckling load
for an optimized 3D structure compared to a uniform Kagome lattice core sandwich structure with the
same mass. Xu et al. (2016) proposed a new method to fabricate graded corrugated truss core sandwich
structures and found that the graded form can significantly affect the bending behavior and failure mode of
structures. Yin et al. (2011) fabricated sandwich structures with hollow composite pyramidal lattice trusses
using a thermal expansion molding technique. Li et al. (2020) devised a multilayer lattice sandwich beam
and studied its vibrational characteristics. Yang et al. (2021) designed sandwich panels with a multilayer
gradient lattice core, demonstrating that the multilayer gradient lattice sandwich structure possessed higher
impact strength and better energy abortion ability than that of non-gradient structures. Ni et al. (2017)
discussed the ballistic protection performance of a double-layer metallic pyramidal lattice truss core
sandwich structure filled with ceramic prisms and epoxy resin. Wang et al. (2022) studied the compressive
properties and failure mechanisms of hierarchical lattice structures at high temperature through both
experimental and numerical methods.

In recent years, there has been increasing concerns regarding vibration, bending, and buckling
problems in many engineering fields (Xiong et al. 2014; Yuan et al. 2016; Fan, Meng and Yang 2006; Lou,

Ma and Wu 2012; Li et al. 2022). Chai et al. (2021) investigated the vibration characteristics of single-



layer pyramidal lattice sandwich plates using theoretical, experimental, and numerical methods. Zhang et
al. (2020) presented a study on the bending behavior of pyramidal lattice core sandwich panels, in which
they constructed the failure mechanism maps by analyzing the critical load of face sheet crashing, core
member crashing, core shear failure, and interlayer delamination. Xiong et al. (2011) studied the axial
compression of composite pyramidal truss core sandwich structure considering three failure modes, e.g.,
Euler buckling, face wrinkling, and face crushing. Chen et al. (2013) investigated the thermal buckling of
truss-core sandwich plates using an equivalent homogeneous method. Li et al. (2016) developed a solid-
element method based on the layerwise theory to analyze the static response and free vibration of multi-
layer core sandwich structure. Cao et al. (2017) investigated the out-of-plane compression behaviour of
multilayered corrugated core sandwiches using numerical and experimental methods.

Previous research works mainly focused on the linear behavior for the lattice truss core sandwich
structures. However, it is crucial to deeply understand the nonlinear performance of these structures
servicing in severe conditions. Nampally et al. (2019) investigated the global nonlinear bending of two-
dimensional (2D) sandwich beams with different lattice cores using both theoretical and numerical
methods. Zhang et al. (2022) examined the nonlinear vibration responses of lattice truss sandwich beams
with functionally graded material face sheets using an improved equivalent methodology. Chai et al. (2019)
analyzed the nonlinear flutter and thermal buckling of tetrahedral lattice truss core sandwich panel based
on the assumed mode method. Further, Chai et al. (2019) investigated the nonlinear vibration, bifurcations,
and chaos behaviors of lattice sandwich composite panels resting on Winkler-Pasternak elastic foundations.

It is important to note that the above research works primarily focused on the nonlinear behaviors of
single-layer sandwich structures. However, there has been limited research to study the nonlinear
behaviour of double-layer and multi-layer lattice truss core sandwich structures, or single-layer sandwich
structures with multi-layer cores. Li et al. (2020) conducted both numerical and experimental studies into
the nonlinear bending behaviors of the sandwich structure with multi-layer 3D auxetic lattice cores. Their
findings revealed that the auxetic core remarkably reduced the lateral deflections compared to non-auxetic
counterparts. Li et al. (2020) examined the nonlinear vibration of sandwich plates with multi-layer auxetic
3D lattice cores using experiments and full-scale nonlinear finite element simulations. Hao et al. (2023)
investigated the nonlinear vibration of the unsymmetric double-layer lattice truss core sandwich beams,
where they discovered the softening-spring nonlinearity phenomenon under certain boundary conditions.

The present study investigates the global nonlinear bending behavior of the unsymmetric double-layer



lattice truss core sandwich beams (LTCBs) using Ritz method and finite element method (FEM). Five
unsymmetric cases of double-layer LTCSBs possessing different materials or geometric thicknesses in two
layers are considered. A theoretical model for LTCSBs is established based on Allen's model and von
Karméan nonlinearity. The Ritz method is applied to determine the nonlinear deflections of double-layer
LTCSBs. A parametric study is performed to discuss the effects of boundary conditions and loading

directions on the nonlinear bending of double-layer LTCBs with five different unsymmetric cases.

2. Unsymmetric double-layer LTCSB
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Figure 1. Sketch of the unsymmetric double-layer LTCSB subjected to the uniformly distributed load.
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Figure 2. The unit cell in the top and bottom core layers.

Fig. 1 shows the unsymmetric model of a double-layer LTCSB subjected to uniformly distributed load

on the bottom face sheet. The structure comprises three face sheets and two cores with varying materials
and geometric thicknesses along the transverse direction. h,; and h,, represent the thicknesses of the face
sheets and cores, respectively, where the subscripts g=t, b and e=t, b, m. The subscripts s and ¢
denote ‘sheet’ and ‘core’, and the subscripts t, m, and b, represent ‘top’, ‘middle’, and ‘bottom’,

respectively. The total length and thickness of the beam are L and H (H =h +h, +h+h_+h,). Fig.

4



2 illustrates the pyramidal unit cell in the two core layers, where the unit cell width is d . The inclination

angle, length, and radius of the struts are denoted by «, L., and r, respectively. Note that the signs “+”
and “—" of ¢, indicate the directions of the external load. In other words, +q, represents the load that is

exerted on the bottom face sheet, while —q, indicates that the load is exerted on the top face sheet.

In this study, five unsymmetric cases are considered as follows:
Case I: The structural unsymmetry arises from the differences of material properties in sheets and cores.
The materials of the bottom sheet and bottom core are steel, and the material of the rest part is aluminum
(Al).
Case II: The structural unsymmetry is due to the thickness of top sheet is different from that of bottom
sheet (his and hys). The whole structure is made of Al.
Case I1l: The unsymmetric nature of the structure is due to the thickness of the top core that is different
with that of bottom core (h and hye). The whole structure is made of Al.
Case IV: The unsymmetric nature of the structure arises from the combination of material property and
structural geometry of sheets (Case | + Case II).
Case V: The unsymmetric nature of the structure is due to the combination of material property and
structural geometry of cores (Case | + Case IlI).

When analyzing the global behaviour of lattice truss core sandwich structures, it is a common practice
to substitute the lattice truss core with a continuum layer (Liu, Xiang and Kan 2015). The relative density

and equivalent shear modulus of pyramidal truss core are described in Liu et al. (2021)
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where « is the inclination angle of the struts, and E, represents the elastic modulus of the unit cell

material.

3. The mathematical model and solution process
In the theory analysis of sandwich structures, Allen’s model is applied. Allen’s model was specially
proposed for the sandwich structure composed of face sheets and cores. Compared with the incline line

form for axial displacement of Timoshenko beam theory and Euler-Bernoulli beam theory, Allen’s model
5



introduces the broken line form for the axial displacement (Allen 1969; Meng et al. 2020). It describes the
characteristics well for the sandwich structures whose face sheets are rigid and cores are soft. In the
Allen’s model, the face sheet is assumed as an Euler beam, and only transverse shear deformation is
considered for the core.

Fig. 3 illustrates the infinitesimal deformation for an equivalent model of the unsymmetric double-
layer LTCSB for the present model and our previous model (Hao et al. 2023). In our previous paper, we
studied the nonlinear vibration of the unsymmetric double-layer LTCSBs where the reference plane was
the geometric mid-plane of the whole structure as shown in Fig. 3(a). Due to the difference of rotation
angles between the face sheet and core, the displacement field for the five cases need to be divided two
situations according to the location of reference plane: (i) the reference plane locates at the mid-sheet for
the unsymmetric material property (structure geometry is symmetric), and (ii) the reference plane locates
on the bottom core for the unsymmetric structure geometry. However, the reference plane is fixed on the
midplane of mid-sheet in present model as shown in Fig. 3(b). The reason for using the mid-plane of mid-
sheet as the reference plane is because the displacement formulations for the five cases can be unified.

In Fig. 3(b), the displacement field of unsymmetric double-layer LTCSBs is established with respect to
the mid-plane of the mid-sheet in the present model. According to Allen’s broken line model, the
transverse displacements of sheets and cores are the same, but their axial displacements, as well as rotation
angles, differ. Therefore, the axial displacements of different layers for the five cases are given as (Lou et

al. 2013; Meng et al. 2020)
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where u and w are the displacement components in the mid-plane of the mid-sheet; & represents the

rotation angle of core layers and ow/ox is the rotation of face sheets. u, and u, are the axial

displacements of face sheets and core layers, respectively.
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Figure 3. Deformation of equivalent model of the unsymmetric double-layer LTCSBs in xz-plane based
on Allen’s model: (a) previous model by Hao et al. (2023), (b) present model.

With the von Karman nonlinear geometric relationship, the strains of three face sheets and two core

layers are expressed as

2
ges = %+1[%) , (8)
oX 2\ ox
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where ¢, denotes the normal strain of the sheet, and y,. denotes the shear strain of the core layer.

Based on the linear elastic constitutive law, the normal stresses of face sheets and the shear stresses of
cores are expressed as
o,=E.&,, 7,,=G6 (10)

es es“es? “qc ch/qc'
The corresponding normal stresses o, o, o, , and shear stresses z,., 7, are expressed in terms of

displacements according to Egs. (8) - (10). The axial force and bending moment of the beam are given by,
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where B denotes the beam width.

The strain energy Q is expressed as Kitipornchai et al. (2009)

h h
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From Egs. (1) - (13), the potential energy Q (Q = Qe +Q ), axial force, and bending moment are

nonlinear

expressed as follows,
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A, =h’A +hS°A,, B,=B +B_ +B,, B,=hB.-nh-B,, D,=D,+D, +D,. Note that the total

energy Q is divided linear part Q. and nonlinear part Q according to the linear strain and

nonlinear

nonlinear term in Eq. (8) for the convenience. The unknown termsin A, A,, A,, A;, B, B,,and D

are expressed as Chen et al. (2016)
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The bending-extension coupling effect arises from the unsymmetry of material properties or structural
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geometry along the transverse direction, which then causes the non-coincidence of the reference plane and

neutral plane of the double-layer LTCSBs (Hao et al. 2023). The coefficient B,, plays an important role in
the bending-extension coupling effect. The work J done by the uniform load q, is given by

J=B IOL gowdx. (19)

The following transformations of variables and parameters are introduced to obtain dimensionless

equations,
g ww) e h
g_ti (U ,W)_ H ’ (P—e, Aio_".*h%*hbc—hbs Ebsdz, 4’1_?’
H c AR N S 1 Bes ' Des c S c * Nx
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Substituting Eg. (20) into Egs. (14), (15), and (19), the total energy of the unsymmetric double-layer

LTCSBs is expressed in the following dimensionless form as,

* *

= Q*Iinear +Q nonlinear J. (21)

The dimensionless form of axial force is

UL (WY 5 5 Ty OW
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where Au, Awz,and Buare the dimensionless forms of A,, A,,and B, .

The Ritz trial functions of the different boundary conditions including hinged-hinged (H-H), clamped-

clamped (C-C), and clamped-hinged (C—H) are given as Ke et al. (2010):

N

U(§)=2A¢ ([1-¢),

H-H: W(¢)=2.B¢' (1-¢), 23)

Cc-C: W(£)=2 B¢’ (1-¢), (24)




C—H: W(g):Zngi (1-¢), (25)

in which N represents the number of polynomial terms; A;, B;, and C,; denote unknown coefficients of

polynomial terms. Substituting one of boundary conditions into the dimensionless form of total energy
function, and applying a standard Ritz procedure, a set of nonlinear algebraic equations are derived (Liew

et al. 1998), as follows:

@:0, @:0, ﬂzo_ (26)
oA, OB, oC,

J

Finally, the nonlinear bending problem is expressed in a matrix form as
([KL]+[KNL1]+[KNL2])d:Vq' (27)

where d={{A} . {B} . {C;}'}, i=12..N;V, :{{O}T, {qO}T, {O}T} is the vector associated with

q

the external load, [K ], [Ky.]. and [K,,] are the linear stiffness matrix and nonlinear stiffness

matrices, respectively. [K,,] is a linear function of d while [K,,,] is a quadratic function of d .

After ignoring the nonlinear terms in Eq. (27), the linear bending problem of unsymmetric double-

layer LTCSB is reduced into the following matrix form,

[K ]d=V,. (28)

q
An iterative procedure is required to solve this nonlinear bending problem given by Eq. (27). The
linear algebraic equation (28) needs to be solved first to obtain initial values for the iterative procedure.

The specific steps are described as follows (Anirudh et al. 2020),

1. Solve the linear equation Eq. (28) for a given +q, or —q,, and obtain the linear deflection W, .
2. Substitute the linear deflection W, into the nonlinear stiffness matrices [K,,,] and [K,,,], the new

unknown coefficients d ={{A;}", {B;}", {C,}'} are updated from Eq. (27) to obtain new deflection W .

3. Repeat steps 1 and 2 until the relative error of the maximum deflection in two consecutive iterations is
less than 0.01%.

All elements in stiffness matrices and corresponding coefficients in dimensionless forms are given in
10



Appendix A.

4. Finite element simulation
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Figure 4. Finite element model and different boundary conditions of the double-layer LTCSB for case ll.

The Finite element method (FEM) is used to verify the prediction accuracy of the theorical model on
the linear and nonlinear bending deflections under different boundary conditions. The FEM model for case
111 double-layer LTCSB is established using Abaqus software, as shown in Fig. 4. This double-layer beam
consists of 50x3x 2 unit cells in total, which is generated by repeating the top and bottom unit cells 50
times and 3 times along the x and y directions, respectively. The cells of the double-layer LTCSB are
assembled by merging operations. The C-C, C-H, and H-H boundary conditions are considered in the
FEM analysis, and the displacements field of y-direction (U2) is restricted to be zero to make the 3D finite
element model close to the 2D theorical model (Radice 2012). The clamped (C) boundary condition
exerted on the three sheets’ ends is expressed as Ul=U2=U3=UR1=UR2=UR3=0 where U1, U2,
U3, UR1, UR2, and UR3 are the displacement degrees of freedom and rotational displacement degrees of
freedom along the x-, y-, z-directions, respectively. The hinged (H) boundary condition is constrained on
the ends of mid-sheet with U1=U2=U3=0 (Radice 2012).

In the FEM model, a combination of shell element (S4) and beam element (B32) is used for three
sheets and all struts in two core layers, respectively. Mesh convergence is achieved with 10 elements for
each strut and 20 elements for the side of each unit sheet. A uniform load is applied on the top or bottom
face sheet of the double-layer LTCSB. Note, the Nlgeom option is switched on for the nonlinear bending

analysis with geometric large deformations.

5. Results and discussions
11



This paper aims to study the nonlinear bending behavior of unsymmetric double-layer LTCSBs

subjected to uniform loading q, , which may be applied from different directions. Five different

unsymmetric cases of double-layer LTCSBs are considered. In cases I-lll, a single unsymmetric factor is
considered, e.g., either on material or structure geometry, whereas cases 1V and V consider a combination

of both factors. Table 1 lists the specific geometry parameters of the five cases of unsymmetric double-

layer LTCSBs. The material properties of steel and aluminum are: E_, =210 GPa, v

steel

=03,

steel

E, =70 GPa, and v, =0.33.

Table 1. Geometry parameters of double-layer LTCSBs in different cases (L=106.07 cm and B=6.36 cm).

Parameters Cases | Case Il Case Il Case IV Case V
hms (€M) 0.10 0.10 0.10 0.10 0.10
his (cm) 0.10 0.10 0.10 0.10 0.10
hps (cm) 0.10 0.30 0.10 0.30 0.10
h (cm) 1.50 1.50 0.60 1.50 0.60
hpe (cm) 1.50 1.50 2.40 1.50 2.40
d (cm) 2.12 2.12 2.12 2.12 2.12

r (cm) 0.20 0.20 0.20 0.20 0.20
Material Steel-Al Al-Al Al-Al Steel-Al Steel-Al

5.1 Convergence and comparison studies
Table 2 shows the convergence of the maximum linear deflections for case | with g, =+142300 N/m? .

With the increase of the number of polynomial terms N from 3 to 6, the maximum linear deflections are
convergent and match with FEM results for each boundary conditions.

Table 3 presents the convergence of the maximum nonlinear deflections with respect to the number of
polynomial terms N for case | with g, =+142300 N/m*. With the increase of polynomial terms N from 3

to 6, the maximum nonlinear deflections are convergent and agree well with the FEM results. Therefore,
the value N is selected as 6 in the Ritz model for the following analysis.

To validate the present Ritz model, Fig. 5 compares the nonlinear load vs. deflection curves of the
isotropic H-H beam with the results given by Mirzaei and Kiani (2015). The length to thickness ratio and
Poisson's ratio of the homogeneous isotropic beam are 20 and 0.32, respectively. The thickness and the
Young's modulus of the beam are 0.1 m and 210 GPa, respectively. From Fig. 5, it was observed that both

12



the present Ritz results and FEM results coincide well with the results given by Mirzaei and Kiani (2015).

Table 2. Convergence and comparison of maximum linear deflections (cm) of double-layer LTCSBs under

three different boundary conditions for case | (q0 =+142300 N/mz) .

N H-H C-H c-C
3 2.6383 1.6714 0.8408
4 3.4547 1.6717 0.8402
5 3.4637 1.6724 0.8418
6 3.4547 1.6721 0.8428
FEM 3.5350 1.6950 0.8627

Table 3. Convergence and comparison of maximum nonlinear deflections (cm) of double-layer LTCSBs

under three different boundary conditions for case | (q0 =+142300 N/mz) .

N H-H C-H c-C
3 2.7386 1.6143 0.8131
4 2.9145 1.6246 0.8193
5 2.9145 1.6311 0.8200
6 29121 1.6318 0.8223
FEM 2.9090 1.6570 0.8217
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Figure 5. Nonlinear load vs. deflection curves for an isotropic H-H beam.

In order to validate the FEM results obtained in this study, Fig. 6 compares the maximum deflections

obtained in present FEM simulation and the results given in Nampally et al. (2019) for C-C corrugated

core sandwich beams. The corrugated core sandwich beam consisting of 1x 30 cells, and its length is 15.9

13



=210 GPa, v,

steel

m. The material properties of steel are E =0.3. The uniform load is applied with a

steel
step increment of Ag, =50 N/m until a maximum load reaches 1000 N. It is observed that the present

FEM results agree well with Nampally et al.'s (2019) results.
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Figure 6. Linear and nonlinear maximum deflections of C—C corrugated core sandwich beam.

5.2 Effect of the loading direction

Fig. 7 shows both theorical results and FEM results on the positive maximum nonlinear deflections of
unsymmetric double-layer LTCSBs for cases I, 1l, and Ill. The differences between the two methods are
minor for most points, which validates the present theoretical model. However, as shown in Fig. 7(a), the
relative errors for C—C and C-H beams become significant under high load due to the occurrence of local
buckling. In this case, the results obtained by FEM are larger than those obtained by the theoretical model.

To display the local buckling intuitively, Fig. 8 displays the FEM results for case | under the C-C
boundary condition with q,” =+0.001. The local buckling occurs near the clamped ends of top face sheet

for C—C double-layer LTCSBs. A similar phenomenon was also observed by Nampally et al. (2019). Note
that FEM can capture the local buckling phenomenon, which cannot be predicted by the theoretical model.
Therefore, in the following discussion, the results that exhibit local buckling are obtained using FEM,
while other results are determined using the theoretical model.

Fig. 9 presents the negative and positive nonlinear load vs. deflection curves for cases I, Il, and Ill
double-layer LTCSBs under H-H, C—H, and C—C boundary conditions. For H-H and C—H beams, it was

found that the magnitudes of maximum nonlinear deflections are different corresponding to the applied

loads +qg and —q, in all three cases. However, for C-C double-layer LTCSBs, the loading direction has

14



no influence on the magnitude of maximum nonlinear deflection. This is due to the bending-extension
coupling of double-layer LTCSBs under H-H or C—H boundary conditions (Singh, Rao and lyengar 1995),
whereas there is no bending-extension coupling in double-layer LTCSBs under C-C boundary condition.
In present analysis, the bending-extension coupling originated from two factors: (1) the unsymmetric
material properties and structural geometry and (2) the reference plane is placed at the midplane of the

mid-sheet, which is not coincided with the neutral plane of the double-layer LTCSBs.
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Figure 7. Positive maximum nonlinear deflections for unsymmetric double-layer LTCSBs under +q, : (a)

case I, (b) case Il, and (c) case IlI.

Local buckling
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Figure 8. Local buckling of top face for case | under the C—C boundary condition with ¢,” = +0.001.
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Figure 9. Positive and negative nonlinear load vs. deflection curves of unsymmetric double-layer LTCSBs:
(@) case I, (b) case Il, and (c) case IlI.

Furthermore, Fig. 10 shows the positive and negative nonlinear deflection curves of the beam for the
cases I, II, and 111 subjected to the applied loads g, =+0.0006 . For C-C double-layer LTCSBs, the

positive and negative nonlinear deflection curves are the same, whereas the positive and negative
deflection curves are different for H-H and C—H beams. These results imply that the nonlinear deflections
are loading-direction dependent for unsymmetric double-layer LTCSBs with H-H or C-H boundary

conditions.
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Figure 10. Positive and negative nonlinear deflection curves of unsymmetric double-layer LTCSBs with
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5.3 Softening-spring nonlinearity

Fig. 11 shows the linear and nonlinear load vs. deflection curves of double-layer LTCSBs with the H-
H boundary condition for cases I, Il, and Ill. It is noteworthy that, for these three cases, the positive
nonlinear deflection may be larger than the linear deflection at low loads, which is referring to the
softening-spring nonlinearity. This phenomenon arises due to the strong bending-extension coupling effect.
As the load increases, the positive nonlinear deflection becomes smaller than the linear deflection,
resulting in a hardening-spring type of nonlinearity. A similar softening-spring nonlinearity phenomenon
was also observed in the nonlinear bending of composite plates (Singh, Rao and lyengar 1991) and

functionally graded beams (Tam et al. 2020). Nevertheless, the negative nonlinear deflections are

17



consistently lower than the corresponding linear deflection.
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Figure 11. Linear and nonlinear load vs. deflection curves of H-H double-layer LTCSBs: (a) case I, (b)
case Il, and (c) case IlI.

Figs. 12 and 13 present the linear and nonlinear load vs. deflection curves of cases I, I, and 111 double-
layer LTCSBs under C—H and C—-C boundary conditions. For C—H double-layer LTCSBs, it was found that
the positive nonlinear load-deflection curves have very slight softening-spring nonlinearity. However, for
C-C double-layer LTCSBs, both positive and negative nonlinear load-deflection curves exhibiting
hardening-spring nonlinearity. That is due to the clamped boundary condition, which can counterbalance
the bending-extension coupling effect. Note, the slop change in the positive nonlinear load vs. deflection
curve in Fig. 13(a) is caused by local buckling.

To explain the physical mechanism of the softening-spring nonlinearity in the nonlinear bending, Fig.

14 plots the nonlinear axial forces N«* of H-H double-layer LTCSBs for case Il under the positive load.
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For a smaller positive load (+qo* =0.0001 and +q0* =0.0005), it is clearly observed that the in-plane

force NX* iS compressive (NX* <0) near the two ends of unsymmetric double-layer LTCSBs. The in-

plane compressive force resulting from the bending—extension coupling effect can reduce the stiffness of

structures, and then increases the deflection of unsymmetric double-layer LTCSBs (Fallah and Nosier

2008; Karimi and Fallah 2021). However, when the load is increased to +q0* =0.0009, the in-plane force

becomes tensile (NX* >(0) at the whole beam. The in-plane tensile force caused by the large deflection

provides additional bending rigidity to reduce transverse deflection. That is the reason why the nonlinear

deflection smaller than the linear deflection under a large load (Nosier and Fallah 2009; Sun and Chin

1988).
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Figure 12. Linear and nonlinear load vs. deflection curves of C—H double-layer LTCSBs: (a) case I, (b)
case I, and (c) case IlI.
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5.4 The combined effect of material and geometry

The above analysis revealed that the positive and negative nonlinear deflections differ from beams
with H-H or C—H boundary conditions due to the bending-extension coupling effect. Moreover, a slight
softening-spring nonlinearity was observed for the C-H LTCSBs, while it is more prominent for the H-H
LTCSBs. This subsection considers the combined effect of material properties and structural geometry, i.e.,
cases IV and V, which exhibit a stronger bending-extension coupling effect than cases I, 11, and Ill. Only
the H-H and C—H boundary conditions are discussed since the special softening-spring nonlinearity does

not occur under C—C boundary conditions.
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Figure 15. Linear and nonlinear load vs. deflection curves for case 1V: (a) H-H and (b) C-H.
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Figure 16. Linear and nonlinear load vs. deflection curves for case V: (a) H-H and (b) C-H.

Figs. 15 and 16 display the linear and nonlinear load vs. deflection curves for cases IV and V,
respectively. The combined effect of material properties and structural geometry leads to a greater

difference between positive and negative deflections for both H-H and C—H beams than that in cases I, Il,
21



and Il1. Furthermore, the softening-spring nonlinearity for cases IV and V is more pronounced than that in
cases I, 11, and Ill. This is because the combined effect of material properties and structural geometry

further strengthens the bending-extension effect in the unsymmetric LTCSBs.

6. Conclusions
This paper presents a study of the nonlinear bending behavior of unsymmetric double-layer LTCSBs.

The theoretical model is established based on Allen’s model and von Karman nonlinearity. The nonlinear

bending deflections of double-layer LTCSBs with different boundary conditions are obtained using the

Ritz method and FEM. The effects of different load directions on the nonlinear bending behavior of the

unsymmetric double-layer LTCSB are discussed in details in this paper. The findings of this study reveal

that:

(1) The positive and negative nonlinear deflections of unsymmetric LTCSBs with H-H and C-H
boundary conditions exhibit different behaviour for all cases. Moreover, the difference between these
two deflections increases significantly in cases IV and V.

(2) Both the H-H and C-H unsymmetric double-layer LTCSBs may exhibit softening-spring nonlinearity
at low loads, following by a transition to hardening. Moreover, the softening-spring nonlinearity in
cases 1V and V is more pronounced than that in cases I-III.

(3) The positive and negative nonlinear deflections of C—C unsymmetric double-layer LTCSBs remain
constant for the same magnitude load, exhibiting only hardening-spring nonlinearity in each case.

(4) The nonlinear deflections of C—C unsymmetric double-layer LTCSBs may be larger than the linear
deflections at large load due to the occurrence of local buckling in top face sheets, which cannot be

captured by the theorical model.
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Appendix A

Rewrite the form of trial functions including the boundary condition as
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