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Chapter

The Elastic Properties and Yield
Strengths of Low-Density
Honeycombs and Open-Cell Foams

Hanxing Zhu

Abstract

This chapter aims to briefly review the main theoretical and finite element simu-
lation results on the elastic properties and yield strengths of regular hexagonal honey-
combs, Kelvin open cell foams, random irregular Voronoi honeycombs and open-cell
foams, and discuss about their deformations mechanisms. The book chapter further
introduces the effects of other parameters such as the degree of cell regularity,
imperfection of defects, cell size, solid volume fraction and material distribution, on
the elastic properties and yield strengths of these cellular materials. Voronoi honey-
combs and open cell foams can be related to their mechanical properties.

Keywords: honeycombs, open-cell foams, elastic properties, yield strengths, size
effects

1. Introduction

Living natural materials are usually cellular materials, examples of which include
bones and wood. Such structures tend to use as little as possible solid material to provide
sufficient mechanical properties (e.g., strength, stiffness, and energy absorption capacity)
and the desired physical or biological functions. In general, open-celled cellular materials
can be classified into two types. The first type is honeycombs which are often treated as
2D materials in some studies, and the other type is open cell foams which are 3D materials
and are not suitable to be treated as 2D materials.

In practical applications, there are many different types of regular or irregular
honeycombs, open-cell foams and two-dimensional (2D) or three-dimensional (3D)
auxetic cellular materials. Numerous publications are relevant to elastic buckling,
plastic collapse and dynamic performance, which are involved in geometric
nonlinearity, material nonlinearity and strain rate effects. In most engineering appli-
cations, the strength and stiffness are the most important mechanical properties of
cellular materials, which are essential to ensure the structural integrity and to enable
the relevant physical functions. Due to the page limit, this chapter only briefly sum-
marizes the key theoretical and simulation research results on the static strength and
stiffness of low-density regular hexagonal honeycombs, Kelvin open-cell foams and
their random irregular Voronoi structures, and then briefly introduces the effects of
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some key factors on these properties. Sections 2 and 3 present the elastic properties for
the first type of open-cell cellular materials, i.e. honeycombs; Sections 4 and 5 present
the these properties for open-celled foams.

The honeycomb and open-cell foam structures could be used under different
environmental conditions such as varying and extreme temperature and humidity. In
these cases, as long as the honeycombs and open-cell foams are initially sufficiently
strong and stiff, their long-term structural integrity and mechanical performance
mainly depend on the solid material from which the honeycombs and the open-cell
foams are made.

2. The elastic properties of honeycombs

There are different types of regular honeycombs, for example, triangular honey-
combs and square honeycombs. In most relevant research works, honeycombs are
treated as 2D materials. To partition a two-dimensional domain into a cellular struc-
ture with z-identical cells, a regular hexagonal honeycomb has the smallest total cell
wall length. Many people have studied the in-plane elastic properties of regular hex-
agonal honeycombs with a low relative density and a uniform cell wall thickness [1-
4]. For low-density regular hexagonal honeycombs with a uniform cell wall thickness ¢
and a cell wall length [, their relative density is p = % Their in-plane elastic proper-

ties are isotropic, their in-plane Poisson’s ratio is approximately 1.0 and their in-plane
Young’s modulus is given as [1, 3].

E; = 1.5Egp3 (1)

where Es is the Young’s modulus of the solid material from which the honeycombs
are made.

Regular hexagonal honeycombs at different size scales have five independent
elastic constants and the analytical results of all these elastic constants are obtained
[4]. It has been found that when the cell wall thickness is small, these properties are
size-dependent due to the strain gradient effects at the micro-meter scale and the
surface effects at the nanometer scale [4]. In general, the smaller the cell size, the
stiffer the honeycombs. When the cell wall thickness is at the millimeter scale or
larger, the elastic constants of regular hexagonal honeycombs depend only on Es and
p, and are independent of the cell size or wall thickness [1-4]. It is noted in [4] that
when the out-of-plane dimension w (i.e., the width of the cell walls) of low-density
hexagonal honeycombs is much larger than the cell wall thickness ¢, their in-plane
Young’s modulus should be E; = 1.5Esp?/ (1 — vé) , instead of that given by Eq. (1),
where vg is the Poisson’s ratio of the solid material from which the honeycombs are
made.

Silva et al [5] used finite element method to simulate the elastic properties of
non-periodic Voronoi honeycombs. Zhu et al., for the first time, defined the degree
of cell regularity for random irregular Voronoi honeycombs, and studied the
effects of cell regularity on the elastic properties of periodic Voronoi honeycombs
[6] and related their geometric properties of the irregular Voronoi cells [7] to the
elastic properties of irregular honeycombs. To partition an area A into z- identical
hexagonal cells, the distance between the cell centers of any two neighboring cells
is
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Figure 1.
Periodic honeycombs with 300 complete cells [6], (a) a = 0.1, (b) a = 0.4 and (c) a = 1.0.

do=|—= (2)
’ (n \/§>

To partition the same area into #» random Voronoi cells, the minimum distance
between the centers of any two neighboring cells can be obtained as §. Obviously, &

should be smaller than dy, otherwise, it is impossible to construct # random Voronoi
cells. The degree of cell regularity is thus defined in [6, 7] as

a = 5/d0 (3)

When § is 0, the corresponding honeycomb is a fully random Voronoi honeycomb;
when § equals dy, the corresponding honeycomb is a perfectly regular hexagonal
honeycomb [6, 7]. Figure 1 shows random Voronoi honeycombs with @ = 0.1 and
a = 0.4, and a perfectly regular hexagonal honeycomb with a = 1.0 [6].

Zhu et al. [6] used finite element method (ABAQUS Timoshenko beam elements)
and periodic random representative volume element (RVE) models, as shown in
Figure 1, to study the effects of relative density and cell regularity on the in-plane
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Figure 2.
Effects of cell irregularity on the in-plane Young’s modulus (a) and bulk modulus (b) of vandom irregular Voronoi
honeycombs with p = 0.01 [6].
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elastic properties (i.e., Young’s modulus, shear modulus, Poisson’s ratio, and bulk
modulus) of low-density random Voronoi honeycombs. They found that the elastic
properties are in-plane isotropic. The obtained effects of cell regularity on the in-plane
Young’s modulus and bulk modulus of Voronoi honeycombs with p = 0.01 are
presented in Figure 2, where the Young’s modulus has been normalized by 1.5 Esp? or
1.5Esp?/(1 — v}) depending on the value of #/w, and the bulk modulus has been
normalized by pEs. In addition, they [6] developed a springs-in-parallel model to
relate the geometric properties [7] to the elastic properties of random irregular
Voronoi honeycombs, and the predicted results agree very well with the finite element
computational results, as can be seen in Figure 2(a). The results in Figure 2 show
clearly that the smaller the degree of cell regularity, the larger the in-plane Young’s
modulus and the smaller the in-plane bulk modulus of the random irregular Voronoi
honeycombs.

It is noted that due to the effects of axial compression and transverse shear of the
cell walls, the normalized Young’s moduli and shear moduli of both regular hexagonal
honeycombs and Voronoi honeycombs decrease with the increase of the relative
density. This is because compared to the bending deformation of the cell walls, the
deformations caused by the axial compression and transverse shear are very small and
negligible when the honeycomb relative density is very small. However, they increase
with the honeycomb relative density and could become comparable if the relative
density is large, making the normalized Young’s moduli and shear moduli smaller with
the increase of the honeycomb relative density. Due to the strain gradient effect at the
micro-scale and the surface effect at the nano-scale, the thinner the cell walls, the
larger the in-plane Young’s modulus of the regular or random irregular Voronoi
honeycombs [4, 8]. For single-level nano-sized honeycombs or multi-level nano-
structured hierarchical honeycombs, both their elastic properties and geometric
properties could be controlled to vary over large ranges by applying an electric poten-
tial to change the surface stress of the nano-sized cell walls [4, 8]. At the micro- or
macro-scale, the out-of-plane elastic constants of both regular hexagonal and random
irregular Voronoi honeycombs with a uniform cell wall thickness are E3 = Egp, G3; =
%Ggp and v3; = vg, where Gg is the shear modulus of the solid material from which the
honeycombs are made.

For the in-plane uniaxial deformation of low-density regular and irregular honey-
combs at different size scales, cell wall bending is always the dominant deformation
mechanism. When a honeycomb undergoes in-plane deformation, the largest bending
moment usually occurs at the cell wall junction. Thus, material distribution along the
cell wall can significantly affect the in-plane Young’s modulus of honeycombs. By
properly increasing solid material along the cell wall from the middle to the junction,
the in-plane Young’s modulus can be remarkably increased [9, 10]. In addition,
imperfections such as inclusions and holes can sharply reduce the in-plane Young’s
modulus of honeycombs [11].

3. The yield strength of honeycombs

Many people [3, 10-14] have studied the yield strength of regular hexagonal and
random Voronoi honeycombs. For a low-density regular hexagonal honeycomb with a
uniform cell wall thickness and a small ratio of w/z, the initial in-plane uniaxial yield
strength can be obtained as [3].
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. 1
oy = 3 P20y (4)
If the same low-density regular hexagonal honeycomb is made of an elastic and
perfectly plastic material, its in-plane full yield strength is 50% higher than the initial

yield strength and given as [3].

1
Shy = 5070 (5)
In Egs. (4) and (5), oy, is the yield strength of the solid material from which the

honeycomb is made.
For a low-density regular hexagonal honeycomb with a uniform cell wall thickness
and a large ratio of w/z, the uniaxial in-plane initial yield strength of the honeycomb is

given as [10].
i 1 2 2
Oy = §p Gyf/\/ (1 — U5t U:) (6)

If the same low-density regular hexagonal honeycomb is made of an elastic and
perfectly plastic material, the full yield strength can be obtained as [10].

4 = %pz% @)

The in-plane initial or full shear yield strength of a low-density regular honeycomb
can be obtained by dividing the corresponding in-plane initial or full uniaxial yield
strength by 4/+/3. In general, random Voronoi honeycombs have a slightly lower in-
plane uniaxial yield strength than a perfectly regular hexagonal honeycomb [12]. The
in-plane yield strength of a perfectly regular hexagonal honeycomb is less sensitive to
the in-plane hydrostatic stress than a random Voronoi honeycomb. The lower the
degree of cell regularity, the smaller the in-plane uniaxial yield strength of random
Voronoi honeycombs. When a metal honeycomb is in-plane crushed, 90% of the
externally applied energy is absorbed by the plastic hinges [13]. Due to the strain
gradient effect at the micro-scale and the surface effect at the nano-scale, micro- and
nano-honeycombs have a larger in-plane yield strength than their macro-
counterparts. It is noted that with the increase of the relative density, the in-plane
yield strength of regular hexagonal honeycombs becomes increasingly smaller than
those given by Egs. (4)—(7) because of the effects of axial compression and transverse
shear of the cell walls [10]. Properly allocating the solid material along the cell walls
could significantly enhance the in-plane yield strength of honeycombs [10, 12], and
imperfection such as holes and missing cell walls could cause sharp decrease in the in-
plane yield strength of honeycombs [11, 12, 14].

When a regular hexagonal honeycomb made of an elastic and perfectly plastic
material is under out-of-plane uniaxial tension or compression (i.e., under uniaxial
tension or compression in direction 3), its initial plastic yield strength is the same as

the full yield strength, and is given as agy = agy = po,.. When the regular hexagonal

honeycomb is under out-of-plane pure shear in the direction parallel to some of the
cell walls, the plastic shear yield strength is 031y = % POy When the same regular
hexagonal honeycomb is under out-of-plane pure shear in the direction perpendicular
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to some of the cell walls, the plastic shear yield strength is slightly higher and given as
03y = \/ig PO Thus, the out-of-plane shear yield strengths of a perfectly regular hex-

agonal honeycomb are different in different directions. For a Voronoi honeycomb
with the same relative density and uniform cell wall thickness, its out-of-plane uniax-
ial tensile or compressive yield strength is the same as that of a regular hexagonal

. . . 1 1
honeycomb, its out-of-plane shear yield strength is between ; po,; and Z=po,,.

Nonuniform distribution of the solid material along the cell wall length reduces the
out-of-plane shear yield strength of the honeycombs and does not change the out-of-
plane tensile/compressive yield strength. Nano-sized honeycombs could have larger
out-of-plane tensile/compressive and shear yield strengths compared to their macro-
sized counterparts with the same relative density.

It is noted that the results on the in-plane and out-of-plane elastic buckling, plastic
collapse and dynamic behaviors are not included here due to the page limit.

4. The elastic properties of open-cell foams

Open cell foams are another type of cellular materials, and their typical geometric
structure can be seen in Figure 3(a) [15]. Taking strut bending as the sole deformation
mechanism and using dimensional analysis, Gibson and Ashby [3, 18] have obtained
the Young’s modulus and shear modulus for low-density three-dimensional open-cell
foams and their results are given as

E = C1p’Es and G = Cyp*Eg (8)

In Eq. (8), p is the relative density of the open-cell foams, C; and C; are constants
depending on the strut cross-sectional shape. In addition, they [3, 18] have experi-
mentally measured the Young’s modulus, shear modulus and Poisson’s ratio of low-
density open-cell foams, and found that their elastic properties are almost isotropic,
i.e., satisfy the relationE = 2(1 + v)G. By fitting the analytical results to the experi-
mentally measured data of low-density open-cell foams, they [3, 18] found that
Ci1=1,C,=3/8andv =1/3.

(a) (b) (c)

Figure 3.

Geometric structure and models of three-dimensional open-cell foams, (a) the actual structure of an open cell foam
[15], (b) tetrakaidecahedral (BCC or Kelvin) cell model [16], (c) a periodic random Voronoi model with 27
complete cells [17].
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Periodic unit cell structures or periodic representative volume elements (RVEs)
are often used to study the effective mechanical properties of cellular materials.
Taking strut bending, torsion and axial stretching/compression as the deformation
mechanisms, Zhu et al. [16] have used the tetrakaidecahedron (also called BCC or
Kelvin foam) structural model, as shown in Figure 3(b), to analyze the elastic prop-
erties of low-density open-cell foams, obtained the general expressions of the Young’s
modulus E;, shear modulus G1,, Poisson’s ratio v1; as well as the bulk modulus K, and
found that the elastic properties obtained from the tetrakaidecahedron model are
almost isotropic. According to the manufacturing process of polymer open-cell foams,
each of cell struts is shared by the three neighboring cells, thus the shape of the cell
strut cross-section is a plateau border. When the cell strut cross-section is a plateau
border, the Young’s modulus, shear modulus, Poisson’s ratio and the bulk modulus of
the Kelvin open-cell foam are predicted as [16]

~ 1.009p°Es
Bi=17 1.514p ©)
G1p~0.33p°Es (10)

1 1-—1.514p
il 11
Y275 11 1.514p (1)
1

K= 5 pEs (12)

Where the foam relative density p = %, [ and A are the strut length and strut

cross-sectional area of the tetrakaidekahedral cell.

The theoretical Young’s modulus given by Eq. (9) is exactly the same as Gibson and
Ashby’s experimental result E = p?Eg measured from low-density open-cell foams
[3, 18]. As the tetrakaidecahedron structure has cubic symmetry, it has only three
independent elastic constants, i.e., E1, G2 and v1y. For low-density Kelvin open-cell
foams, the Zener’s anisotropy factor is [16].

2(S11 —S12)  2(14+012)Gn2

A¥ = = ~0.98 (13)
Saa Eq

Thus, the elastic properties of the low-density tetrakaidecahedron (or BCC or
Kelvin) open-cell foams are almost isotropic (i.e., E1~2(1 + v12)G12). To partition a
space into n-identical cells, the tetrakaidecahedral cell has the smallest cell surface
area. If all the cell surfaces have the same thickness and the same tensile stress during
the foam manufacturing process, the foam structural system has the lowest energy.
Thus, the tetrakaidecahedron is the best regular cell structural model for analyzing the
mechanical properties of open-cell foams because of the two reasons: the mechanical
isotropy and the lowest energy state.

A real open-cell foam usually has a random irregular geometric structure. Thus, a
3D random Voronoi representative volume element (RVE) can more realistically
reflect the geometric structure and the mechanical properties of open-cell foams. Zhu
et al., for the first time, defined the degree of regularity for random irregular Voronoi
open-cell foams, and studied the effects of cell regularity on the elastic properties of
periodic Voronoi open-cell foams [17] and related their geometric properties [19] to
their elastic properties. To partition a space V into n-identical tetrakaidecahedral cells,
the minimum distance dy between any two neighboring cell centers is [17],
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Figure 4.
Effects of cell vegularity on the (a) Young’s modulus and (b) bulk modulus of random Voronoi open-cell foams

with p =0.01 [17].

V6 [V \?
=% (75) .

To construct a random irregular Voronoi tessellation with # cells in space V, the
distance 6 between the centers of any two neighboring cells must be smaller than d;
otherwise, it is impossible to construct z cells. Thus, the regularity degree of a 3D
Voronoi tessellation is defined as [17, 19],

a=— (15)

For a regular lattice with identical tetrakaidecahedral cells, § equals dg and a = 1.
For a completely random irregular Voronoi tessellation, 6 equals 0 and a = 0.

Zhu et al. [17] developed a computer code to construct periodic 3D random irreg-
ular Voronoi open-cell foams as shown in Figure 3(c), and then used ABAQUS
Timoshenko beam elements and periodic boundary conditions to study the effects of
relative density and cell regularity on the Young’s modulus, shear modulus, Poisson’s
ratio and bulk modulus of Voronoi open-cell foams. Figure 4 shows the effects of cell
regularity on the Young’s modulus and bulk modulus of low-density open-cell foams
with p = 0.01, where the Young’s modulus has been normalized by p?Es and the bulk
modulus has been normalized by pEs. As can been seen from Figure 4, low-density
irregular random Voronoi open-cell foams have a much larger Young’s modulus and
much smaller bulk modulus than those of a perfect Kelvin foam; the lower the degree
of cell regularity, the larger the normalized Young’s modulus (Figure 4(a)) and the
smaller the normalized bulk modulus (Figure 4(b)). The elastic properties of low-
density Voronoi open-cell foams are isotropic, and their Poisson’s ratios are very close
to 0.5 [17]. Zhu et al. [17] found that both the Poisson’s ratio and the normalized
Young’s modulus of Voronoi open-cell foam reduce significantly with the increase of
the foam’s relative density due to the effects of the axial compression and transverse
shear of the cell struts, and the tangent modulus of Voronoi open-cell foams decreases
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substantially with the increase of the foam compressive strain. Gibson and Ashby

[3, 18] have experimentally found that the normalized Young’s moduli of random
irregular open-cell foams are close to 1.0 and in general much smaller than those given
in Figure 4(a). The reasons may be the effects of the foam relative density (i.e.,
p>0.01), the boundary condition and the compressive strain in the experimental
measurements. It is noted that Christenson [20] and Warren and Kraynik [21] have
analyzed the bulk modulus for low-density open-cell foams and obtained a result of
pEs/9, which is the same as that of a perfect Kelvin foam [16], but larger than those of
random irregular Voronoi open-cell foams, as can be seen in Figure 4(b).

Zhu et al. [17] also developed a springs-in-parallel model to relate the geometric
properties [19] to the elastic properties of 3D random irregular Voronoi open-cell
foams, and to qualitatively predict how cell regularity affects the Young’s modulus of
the random irregular Voronoi open-cell foams, as shown by the predicted results in
Figure 4(a). Although the springs-in-parallel model could well predict the trend of
the cell regularity effects, the predicted Young’s moduli exhibit large deviations from
the exact results obtained from the finite element simulations. This model is just an
attempt to qualitatively explain the reason why an irregular open-cell foam has a
larger Young’s modulus than a more regular open-cell foam. So far, there is no avail-
able analytical model that could accurately predict the effects of cell regularity on the
elastic properties of irregular open-cell foams.

For low-density open-cell foams with p < 0.1, strut bending and torsion are the
dominant deformation mechanisms, although strut axial compression and transverse
shear play an important role in the deformation and can significantly affect the elastic
properties [16, 17]. As the largest bending moment usually occurs at the strut junc-
tions, allocating more solid material near the strut junctions could remarkably increase
the Young’s modulus of low-density open-cell foams [22-24]. In addition, defects
could significantly reduce the stiffness of open-cell foams [25]. Due to the strain
gradient effect at the micro-scale and the surface effect at the nano-scale, for open-cell
foams with the same relative density, the thinner the cell struts, the larger the Young’s
modulus and shear modulus [26, 27]. For single-level nano-sized open-cell foams or
multi-level nano-structured hierarchical open-cell foams, both their elastic properties
and geometric properties could be controlled to vary over large ranges by applying an
electric potential to change the surface stress of the nano-sized cell struts [27].

5. The yield strength of open-cell foams
Many people [3, 18, 22, 23, 25, 28-30] have studied the plastic collapse strength of
different types of open-cell foams. For low-density open-cell foams, the plastic col-
lapse strength is given by [3, 18].
o, = 0.3p°c), (16)

or
6, = 0.23p> (1 n p1/2> oy (17)

As strut bending and torsion are the dominant deformation mechanisms and the
largest bending moment usually occurs at the strut junctions, allocating more solid
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material near the strut junctions could increase the yield strength [22, 23]. In addition,
defects could significantly reduce the yield strength of open-cell foams [25]. It is
found that low-density random irregular Voronoi open-cell foams are stiffer and
stronger than Kelvin open-cell foams for compressive strain up to 0.15 [31] and have a
larger yield strength than Kelvin open-cell foams [22]. In addition, it has been exper-
imentally found that for Au open-cell foams with the same relative density and the
size of the cell struts at the nanometer scale, the smaller the cell struts, the larger the
yield strength of the nano open-cell foams [32].

6. Conclusions

There are thousands of publications on the mechanical properties of honeycombs
and open-cell foams. Theoretical analyzes are usually based on specific geometric
models, and many different types of geometric models have been proposed and
analyzed for honeycombs and open-cell foams. Regular hexagonal honeycomb, which
has five independent elastic constants, is the best structural model for regular honey-
combs [1, 3], and regular Kelvin foam, which has three independent elastic constants,
is the best structural model for regular open-cell foams [16]. Natural honeycombs and
open-cell foams, however, always have a certain degree of irregularity. Thus, random
irregular 2D [6, 7] and 3D [17, 19, 31] Voronoi tessellations with different degrees of
cell regularity are the most ideal geometric models for the analyzes of the mechanical
properties of honeycombs and open-cell foams.

Due to the page limit, this chapter just briefly reviews/introduces the generally
recognized knowledge about the elastic properties and yield strength of honeycombs
and open-cell foams. The mechanical properties of both honeycombs and open-cell
foams strongly depend on their relative density, and the larger the relative density, the
stiffer and stronger the honeycombs and open-cell foams. In addition to the effects of
relative density, their Young’s modulus, shear modulus and yield strength are propor-
tional to those of the solid material from which the honeycombs or open-cell foams
are made. It has been found that defects could significantly reduce the strength and
stiffness of honeycombs [11, 12] and open-cell foams [25].

For the in-plane deformation of low-density honeycombs, cell wall bending is the
dominant deformation mechanism, although the axial compression and transverse
shear of the cell walls also play an important role [1-6]. Low-density random irregular
honeycombs have larger in-plane Young’s modulus, smaller in-plane yield strength
and bulk modulus, and the same out-of-plane Young’s modulus and yield strength
compared to the same density regular hexagonal honeycombs [6, 12]. For low-density
open-cell foams, strut bending and torsion are the dominant deformation mecha-
nisms, although the axial compression and transverse shear of the cell struts also play
an important role [16, 17, 31]. In general, random irregular open-cell foams have
larger Young’s modulus and yield strength, and smaller bulk modulus than those of
the same density regular Kelvin open-cell foam [16, 17, 31].

As the largest bending moment usually occurs at the cell wall or cell strut
junctions, allocating more solid material near the cell wall or cell strut junctions could
significantly increase the stiffness and yield strength of honeycombs and open-cell
foams [9, 10, 12, 22-24]. Due to the strain gradient effects at the micro-scale and the
surface effects at the nanometer scale, the thinner the cell walls or cell struts, the
stiffer and stronger the honeycombs or open-cell foams with the same relative density
[4, 8, 26, 27, 32]. For nano-sized single-level or nano-structured multi-level
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hierarchical honeycombs and open-cell foams, their mechanical and geometric prop-

erties could be controlled to vary over a large range by application of an electric
potential [4, 8, 26, 27].
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