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ABSTRACT

Dense stellar clusters are expected to house the ideal conditions for binary black hole (BBH) formation, both through binary
stellar evolution and through dynamical encounters. We use theoretical arguments as well as N-body simulations to make
predictions for the evolution of BBHs formed through stellar evolution inside clusters from the cluster birth (which we term
primordial binaries), and for the sub-population of merging BBHs. We identify three key populations: (i) BBHs that form in
the cluster, and merge before experiencing any strong dynamical interaction; (ii) binaries that are ejected from the cluster after
only one dynamical interaction; and (iii) BBHs that experience more than one strong interaction inside the cluster. We find that
populations (i) and (ii) are the dominant source of all BBH mergers formed in clusters with escape velocity vese < 30 kms™!. At
higher escape velocities, dynamics are predicted to play a major role both for the formation and subsequent evolution of BBHs.
Finally, we argue that for sub-Solar metallicity clusters with ves. < 100 kms™!, the dominant form of interaction experienced
by primordial BBHs (BBHs formed from primordial binaries) within the cluster is with other BBHs. The complexity of these
binary—binary interactions will complicate the future evolution of the BBH and influence the total number of mergers produced.

Key words: black hole physics —stars: black holes — stars: kinematics and dynamics — globular clusters: general — galaxies: star

clusters: general.

1 INTRODUCTION

In 2015, the Laser Interferometer Gravitational-Wave Observatory
(LIGO) observed, for the first time, a gravitational wave (GW)
from the coalescence of a binary black hole (BBH) system (Abbott
et al. 2016b). This detection marked a breakthrough in the field of
GW astronomy, and now nearly 8 yr later we have close to 100
confirmed observations of GWs from compact object (CO) mergers,
the majority of which are from BBH systems (Abbott et al. 2016a,
2021, 2023; The LIGO Scientific Collaboration 2021). With the
advent of the fourth LIGO observing run this year, we should expect
these numbers to at least double. However, the astrophysical origin
of these systems is still up for debate.

Presently, it is believed that these BBH mergers are coming from
two main sources; isolated evolution of massive stellar binaries in
the galactic field (e.g. Belczynski et al. 2010b; Mandel & de Mink
2016; Michaely & Perets 2019; Belczynski et al. 2020; Mapelli
2020; Broekgaarden et al. 2021), and formation through dynamical
encounters within the core of dense stellar clusters (e.g. Miller &
Lauburg 2009; Antonini & Rasio 2016; Rodriguez, Chatterjee &
Rasio 2016; Banerjee 2017, 2018, 2022; Hong et al. 2018; Di Carlo
et al. 2019; Chattopadhyay et al. 2022; Fragione et al. 2022; Mapelli
et al. 2022; Torniamenti et al. 2022; Arca Sedda et al. 2023a, b).

The galactic field mechanism describes an isolated binary forma-
tion channel where the binaries experience little to no interactions
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with other stars. Here, we have co-evolving massive stars in a binary,
which likely undergo some form of common envelope (CE) evolution
(Paczynski 1976; Ivanova et al. 2013) in order to shrink the orbit.
Once the separation is sufficiently small, and provided the binary
has not been disrupted by either of the binary components going
supernovae (SNe), the binary evolution becomes dominated by the
GW radiation which drives the binary to merge (e.g. Tutukov &
Yungelson 1973; Hurley, Tout & Pols 2002; Dominik et al. 2012;
De Mink & Belczynski 2015; Mandel & de Mink 2016; Spera
et al. 2019; Farmer et al. 2020; Mapelli 2020; Costa et al. 2021;
Qin et al. 2023). On the other hand, the dynamical channel forms
BBHs through dynamical encounters between both BHs and BH
progenitor stars in the cores of stellar clusters, such as nuclear
clusters, globular clusters, open clusters, and young clusters. When a
binary forms, it experiences further encounters and through these
many-body interactions, the binary hardens and is driven to the
regime where GW emission dominates the further evolution until
the merger (Quinlan 1996; Banerjee, Baumgardt & Kroupa 2010;
Ziosi et al. 2014; Antognini & Thompson 2016; Antonini & Rasio
2016; Mapelli 2016; Antonini, Gieles & Gualandris 2019; Di Carlo
et al. 2019; Anagnostou, Trenti & Melatos 2020; Arca Sedda et al.
2023c).

The distinction between these two formation channels can become
more complex when considering stellar clusters. Observations of
young open clusters demonstrate a high fraction of binaries (>
70 per cent) among massive O/B-type stars (Sana et al. 2012).
Previous work has also suggested that the fraction of these stars
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in higher multiplicity systems (triples, quadruples) is even larger
(Moe & Di Stefano 2017). Massive stars can evolve to form BHs
on a time-scale of 10° yr, thus having the potential to form BBHs
in the early stages of the host cluster’s evolution. These stellar
binaries which formed with the birth of the cluster are termed
‘primordial’ binaries; since they are not assembled by dynamical
interactions but by stellar processes, instead. Subsequent to their
formation, primordial binaries can experience dynamical encounters
with other cluster members that can change their orbital properties
(e.g. Samsing, MacLeod & Ramirez-Ruiz 2014). This can happen
either before or after the binary has evolved to form a BBH.
Therefore, we will have a combination of ‘isolated’ binary evolution,
which mostly sets the initial properties of the binary, and dynamics,
which can alter these properties before a BBH merger is produced.
This provides a blend of both formation channels.

In this work, we will focus on BBH mergers formed from primor-
dial binaries in dense stellar clusters. We investigate how they shape
the BBH population and consider their contribution to the merging
population. Thus far, they have been shown to be a main source of
BBHs mergers in low-mass clusters (~500-800 M) (Torniamenti
et al. 2022), and at sub-Solar metallicity young clusters (Di Carlo
etal. 2020). High primordial binary fraction among massive stars can
also lead to massive BH formation up to M = 300 M, which pushes
into the intermediate-mass BH range (Gonzalez et al. 2021, 2022).
It has also been shown that the existence of primordial binaries halts
the core collapse of a cluster much sooner than when they are not
included in the model (Trenti, Heggie & Hut 2007; Pavlik & Vesperini
2021). Although there can be primordial binaries across a range of
initial stellar masses, Wang, Tanikawa & Fujii (2021) showed that
low-mass binaries have almost no influence on the secular evolution
of the cluster until the BH population has been depleted. As such, it
is not necessary to consider the effect of the lower mass binaries on
the cluster evolution until after the BHs have been removed from the
cluster. Thus, in this paper we ignore any primordial binaries in the
smaller mass range, and only consider those binaries that can form a
BBH.

Previous studies have shown the importance of BHs on the
long-term evolution of a stellar cluster (Binney & Tremaine 1987;
Spitzer 1987; Wang 2020; Antonini & Gieles 2020a). Of particular
importance is the existence of BBHs which provide a crucial source
of energy to the cluster through interactions with surrounding BHs.
These encounters harden the BBHs and transfer energy to the
cluster which prevents complete collapse of the core. Since massive
primordial binaries would provide a source of many BBHs within
a cluster, the fraction of primordial binaries within a cluster is an
important parameter to consider. Currently, it is not clear if the
fraction we see within young stellar clusters can be applied across
all clusters, so it is beneficial to consider a range of initial binary
fractions, in particular looking at the two extreme ends (100 per cent
and O per cent). In this work, we assume that there is a 100 per cent
binary fraction only among the massive stars.

In Section 2, we look at the BBH distributions formed through
purely binary stellar evolution. Section 3 then assumes properties
of a simplistic cluster model, and attempts to make estimates
of the expected BH and BBH retention fraction in stellar clus-
ters. We then further investigate the BBH population retained by
clusters in Section 4, making estimates for the sub-population of
merging BBHs. This leads to a discussion on the importance of
binaries for dense stellar clusters in Section 5. Finally, Section 6
summarizes our findings and provides some discussion on the
results.
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2 ISOLATED BINARY POPULATION STUDY

We use the fast binary population synthesis code COMPAS (Stevenson
et al. 2017; Riley et al. 2022) to investigate the properties of the
BH and BBH population due to stellar evolution for different stellar
metallicities. It should be noted that this is only a simplistic model
as it does not take into account the dynamical interaction of binaries
with the rest of the cluster, nor does it consider the evolution of the
cluster itself. These are discussed in later sections. Comparing the
BH natal kicks against a range of escape velocities (1 to 2.5 x 103
km s~!), we start by investigating here the expected retention fraction
of BHs and BBHs within different clusters, owing just to stellar
evolution.

We consider a wide range of cluster escape velocities, which cover
open clusters, globular clusters, as well as nuclear clusters (Harris
et al. 2006; Antonini & Rasio 2016). It is important to note that,
realistically, the escape velocity is an evolving quantity dependent
both on the age of the cluster and the position within the cluster. For
the work in this paper, we are only concerned with the initial stellar
evolution forming BBHs and then the immediate consequences on
the BBH populations. Thus, it is suitable to only consider the initial
escape velocity of the cluster and assume that it is not time-dependent
during this early stage. In terms of position, all escape velocities are
treated as the cluster central escape velocity going to infinity unless
stated otherwise.

2.1 Initial conditions

We run thee models setting the metallicity to Z = 0.01, 0.001, and
0.0001, respectively. Throughout the paper we will refer to the Z =
0.01 model as an approximately ‘Solar’ metallicity model while the
other two models are considered ‘sub-Solar’ metallicity models. Each
model simulates 10° binaries, evolving the stars from the zero-age
main sequence (ZAMS) until CO formation, or until a Hubble time
has passed. The evolution model is broadly similar to the widely used
BSE population synthesis code (Hurley, Pols & Tout 2000; Hurley,
Tout & Pols 2002). We sample the primary stellar mass from a Kroupa
initial mass function (IMF) (Kroupa 2001) between 20 and 150 Mg
since this lower limit of 20 M, is approximately the minimum stellar
mass required to form a BH. The upper limit was left as the default
value used by COMPAS.

Once 10° primary masses have been assigned, the mass of the
secondary star is drawn from a uniform mass ratio (g) distribution
in the range 0.01-1 as found by Sana et al. (2012). Selecting the
secondaries in this manner allows the possibility for a secondary
mass less than the minimum primary mass of 20 Mg, in fact, &~
61 per cent of all systems have an initial secondary mass smaller
than 20 Mg, across all three models. In these systems, the secondary
star is unlikely to form a BH at the end of its evolution and so they
only contribute a single BH to the population.

With the binary masses chosen, the initial orbital period is drawn
from a Sana et al. (2012) distribution,

fP(IOglo P) =0.23 x (logl() P)—O.SS’ (1)

with the minimum period log (Py,;,) = 0.15 and the maximum period
set such that the distribution is normalized to 1 (Oh, Kroupa &
Pflamm-Altenburg 2015). The binary eccentricity is also drawn from
the Sana et al. (2012) distribution,

fole) oc e, 2)

between 0 and 1. We assume the default COMPAS prescriptions for
mass transfer, CE evolution and Roche lobe overflow (RLOF); which
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are detailed in Table 1. Finally, natal kicks of COs formed through
core-collapse supernovae are drawn from a Maxwellian distribution
with ¢ = 265 kms~' (Hobbs et al. 2005), and electron capture
supernovae and ultra-stripped supernovae have a Maxwellian o =
30kms~! (Pfahl, Rappaport & Podsiadlowski 2002a; Podsiadlowski
et al. 2004). We assume a fallback kick prescription for the BH natal
kicks (Fryer 1999), whereby we first calculate the neutron star (NS)
kick from the Maxwellian distribution, and then scale this by the
fraction of mass that falls on to the proto-CO (the fallback fraction)
fo- This gives a final BH kick as

vgn = vns(1 — fp), 3)

where vyng is the drawn natal kick for an NS. Since the time-
scale of a typical SN is much shorter than the evolutionary time-
scales used in COMPAS, the SN are treated as instantaneous events
which affect the binary orbital parameters (Riley et al. 2022). The
resulting binary parameters are calculated following appendix B
of Pfahl, Rappaport & Podsiadlowski (2002b) which accounts for
the natal kick, instantaneous mass-loss, interaction between the SN
blast wave and the binary companion, and finally any change to the
binary centre of mass (COM) velocity (Blaauw 1961; Hills 1983;
Brandt & Podsiadlowski 1995; Kalogera 1996; Tauris & Takens
1998; Hurley, Tout & Pols 2002). As described in Pfahl, Rappaport &
Podsiadlowski (2002b), the binary is only flagged as gravitationally
unbound if the final eccentricity following the SN is greater than 1.

2.2 BBH properties

In this section, we discuss the mass and orbital properties of the BBH
population in more detail.

2.2.1 Mass and orbital separation

One immediate result found from these simulations is that the
fraction of systems that form BBHs increases for lower metallicity
models; 2.4 percent, 10.8 percent, and 15.1 percent for model
Z =0.01, 0.001, and 0.0001, respectively. This is in part due to
the stronger stellar winds produced in high-metallicity stars which
increase the amount of mass-loss during the stellar evolution. This
extra mass-loss at Solar metallicities increases the minimum stellar
mass required to form a BH and therefore the total number of BHs
formed. In addition, the increased stellar mass loss leads to less
massive BHs forming in general (Belczynski et al. 2010a), which
then receive higher natal kicks, since the fallback fraction is lower,
which can more easily disrupt the binary.

The lower BH masses at higher metallicity are apparent in Fig.
1, where we see that for the Solar metallicity model (bottom-left
panel) >~ 99 per cent of all primary BHs have masses <17.3 Mg.
Meanwhile, both sub-Solar metallicity models (top-left and centre-
left panels) have 50 per cent of primary BH masses exceeding 21.1
and 22.9 M, respectively. Table 2 summarizes the 50 percent, 75
percent, and 99 per cent percentiles of the primary and secondary
BH mass distribution for all three models. Note that the binary
components are characterized such that the primary BH is always
the most massive BH.

The right column of Fig. 1 shows the semimajor axis, a, dis-
tribution of the BBHs at formation, for each model. We see that
the range of separations does not vary significantly with metallicity,
always being between ~10~2 and ~ 10* au. However, there is a clear
bi-modality in the distribution which becomes more pronounced for
higher metallicities. The bi-modality of these distributions represents
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Table 1. Prescriptions assumed for mass transfer and common envelope evolution of the binary. Note that most of these are the default prescription for COMPAS; the full list of default settings is detailed in table 1

of Riley et al. (2022).

Fiducial parameter settings

Value/range

Description

See Vigna-Gomez et al. (2018), and references therein

¢-Prescription

Mass transfer stability criteria
Mass transfer accretion rate

Limited by thermal time-scale for stars (Vigna-Gémez et al. 2018; Vinciguerra et al. 2020)

Accretion rate is Eddington-limited for compact objects

Thermal time-scale

Eddington-limited

Based on Tauris, Langer & Podsiadlowski (2015), Tauris et al. (2017), Vigna-Gémez et al. (2018)
Instantly circularize to periapsis (see section 4.2 of Riley et al. 2022)

Based on Webbink (1984) and De Kool (1990)

Soberman, Phinney & Van Den Heuvel (1997), Tauris & Van Den Heuvel (2006)
See section 4.2.4 of Riley et al. (2022)

Massevitch & Yungelson (1975), Bhattacharya & van den Heuvel (1991)
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Figure 1. In the left column, we show the primary and secondary BH mass distributions. The right column shows the binary separation. We plot these

10-2 107! 10° 10! 102 103 10* 10°
a [AU]

distributions, for three metallicity values, Z = 0.0001 (top row), Z = 0.001 (middle row), and Z = 0.01 (bottom row).

Table 2. 50 per cent, 75 per cent, and 99 per cent percentiles for the primary
and secondary BH masses for each of the three metallicity models.

Metallicity BH type 50 per cent 75 per cent 99 per cent
Mo) Mo) Mo)
0.001 Primary 22.9 33.1 44.0
Secondary 18.4 26.5 43.7
0.01 Primary 21.1 30.7 43.8
Secondary 16.1 22.6 43.4
0.01 Primary 17.0 17.2 17.3
Secondary 15.5 17.1 17.3

the two possible pathways for forming a BBH from a primordial
binary (Wiktorowicz et al. 2019). BBHs at larger separations, =107
au are formed from initially wide stellar binaries where the individual
stars can evolve without much interference from each other. On the
other hand, BBHs in the lower separation peak are predominantly
formed following a CE evolution (Paczynski 1976). This latter form
of evolution occurs when one of the stars expands to such an extent
that overflows its Roche lobe and begins to donate material to its
companion. In the case where the receiving star is unable to accept
all of the material a CE is formed, which surrounds both of the
binary components. A consequence of CE evolution is the shrinking
of the binary separation due to drag forces between the binary
components and the surrounding envelope. Provided the separation
does not shrink to the point of the stellar cores merging, this can
result in the formation of the tight BBHs seen in the lower peak
of the distribution (Livio & Soker 1988; Xu & Li 2010; Ivanova
et al. 2013). It should be noted that it is possible for the stellar cores
to avoid merger during the CE phase provided the envelope gets
ejected before the cores have a chance to merge (Law-Smith et al.
2022).

MNRAS 527, 7363-7381 (2024)
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Figure 2. Cumulative distribution of the BBH eccentricities for the three
metallicity models described in the text. We can see that there is very little
difference between the models.

2.2.2 Eccentricity

In Fig. 2, we plot the cumulative distribution of the BBH ec-
centricity distribution at formation. We see that the BBHs are
predominantly low eccentricity with 50 percent of BBHs having
an eccentricity below 0.187, 0.193, and 0.161 for metallicity models
Z =0.0001, 0.001, and 0.01, respectively. The low eccentricities
are a natural consequence of the circularizing that occurs when the
binary components interact through tides and mass transfer before
a BBH is formed. In addition, we find that the BBH eccentricity
distribution is mostly independent of the choice of metallicity.
Although SN kicks may change the circularized binaries to become
more eccentric, the fallback kick prescription ensures that most BBH
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Figure 3. Time delay distribution for each metallicity model. We find that
metallicity has a large impact when it comes to the number of BBH that can
merge in a Hubble time. Going from low metallicity to high metallicity, the
fraction of BBHs with fgelay < 13.7 Gyr is 24 percent, 12 percent, and 2.5
per cent.

progenitors have much smaller natal kick magnitudes (than their NS
counterparts), preserving their smaller eccentricities.

2.2.3 Time delay

It is now helpful to look at the fraction of BBHs that would merge
within a Hubble time, 15, based solely on the binary stellar evolution.
To calculate this merger time or ‘time delay’ (Zgctay), Wwe numerically
integrate the merger time-scale given by Peters (1964). For a BBH
of m, 5, eccentricity ey, and semimajor axis gy in the population,

2 Cé e 629/19[] + (]21/304)62]1181/2299
Laelay (a0, €0) = EE X € (1 — e2)32 ’
o _
4)
where
. a(l —eé) 1 121e(2) —870/2299 .
0T T 304
and
_ 64 G mymay(my + mz). ©)

5 c3
Fig. 3 shows the cumulative distribution of the GW time-scale for
the three metallicities, along with the Hubble time gy = 13.7 Gyr line
marked. We see that the higher the metallicity the lower the fraction
of BBHs that can merge within a Hubble time. In particular, we
find that fractionally 24 percent, 12 percent, and 2.5 percent have
tdetay < 13.7 Gyr for metallicity models Z = 0.0001, 0.001, and 0.01
respectively.

3 BHS RETAINED IN CLUSTERS

3.1 Supernovae kicks and escape velocity

To investigate the effect of stellar evolution on the BH populations
inside star clusters we split the population into three distinct groups;
single BHs, BBHs, and BHs in binaries in which the other component
is not a BH (i.e. it is either a star, a white dwarf, or an NS; we
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denote these binaries as BH-else). We further categorize the BBH
population into hard and soft binaries, where a hard binary has a larger
binding energy than the average kinetic energy of the surrounding
stars. Thus, by interacting with surrounding stars and COs, a hard
binary will on average become harder, i.e. its binding energy will
increase. On the other hand, a soft binary will on average become
softer and will eventually be dissociated by the encounters (Heggie
1975).

As mentioned previously, the kicks received by binary components
as a result of SN are the main source of binary disruption; and even
for those BBHs that remain bound a kick will still be imparted to
the binary COM and could be large enough to eject the binary from
its host cluster. This is an important mechanism to consider since
it will set the rest of the binary’s evolution. If the binary is ejected
from its cluster, then it would continue to evolve in the external
environment (e.g. the galactic field) without further dynamical
interaction.

We find that the two sub-Solar metallicity models have similar
disruption fractions, with 43 percent and 44 per cent of the initial
100000 binaries being disrupted due to the SN kicks. However, at
Solar metallicity, this fraction increases to 59 percent of binaries
being disrupted. This is due to the larger winds involved at Solar
metallicity which ultimately produce less massive BHs than at sub-
Solar metallicities; these smaller black holes then receive higher natal
kicks.

At the end of the simulation, we identify the BHs that are in still
bound binaries (either with another BH or a different types of stellar
object), and the BHs that are now single, after being disrupted from
their initial binary. For a range of potential cluster escape velocities
(0-2500 km s~ 1), we compare against the COM kick of binaries with
a BH or the component velocity of the single BH. We are then able
to estimate the fraction of retained bound BBHs and retained single
BHs.

In Fig. 4, we show the fraction of BHs retained by a range of
cluster escape velocities; with the BH found as either a BBH, a single
BH, or a BH-else. These are all normalized to the total number of
retained BHs. We see that in the Z = 0.0001 and Z = 0.001 models
(top and middle panels), the BBHs are the dominant form of retained
BHs up t0 vege ~ 40 kms™! and ve, ~ 20 kms™!, respectively, after
which the single BHs become dominant. The BH-else binaries are
a sub-dominant population at all values of vy, with them only
contributing between 10 percent and 15 percent of the retained
BHs. In the Z = 0.01 model, BBHs are the dominant population
only for escape velocities vese < 10 kms™!. Above this, the single
BHs are the dominant population, approaching 90 per cent of the
total population at the highest escape velocities. An important point
to note is that the relationship shown in Fig. 4 is only dependent
on the escape velocity of the cluster and can therefore be applied to
any cluster with that value of v, regardless of mass and size of the
cluster.

When considering the retention fraction of the total binary (BH-
BH and BH-else) and single populations, we see a similar trend in
the three models. Starting at the low escape velocities, the models
show that the majority of the retained BHs are found in the binary
population, with the single BH population becoming more dominant
at higher escape velocities. This cut-off shifts slightly with the
model’s metallicity, with ves. > 30 kms™! for the Z = 0.0001 model

and ves. = 10 km s~! for the Z = 0.01 model. Since we are only
dealing with stellar evolution in these models, this trend implies
that in the range where the binaries are dominant, the kick velocity
required to break up a typical binary is greater than the escape velocity

of the cluster.
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Figure 4. We show the fraction of BHs (fgy) retained as either single BHs
(fsing) or as part of a binary (fyin). We further split the binaries into the BBH
fraction (fggn) and the binaries containing only one BH (fgin gise). For the
BBH group, we also show the sub-fraction of hard BBHs (fgga,HARD) Where a
< ap, with ap, defined in equation (7). Finally, we show the expected number
of BBHs that would remain bound to the cluster following an interaction

(/BBH,HARD,Dynm)- The upper panel shows the metallicity model 0.001, the
middle panel 0.01, and the lower panel 0.1.
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4 BLACK HOLE BINARY POPULATIONS

We have discussed that for sub-Solar metallicities, the BH population
for clusters with ve,e < 50 kms™' is predominantly in the form of
BBHs, which is likely to affect the properties of the subset of merging
BBHs. In addition, since the evolution of a cluster is linked to its BH
subsystem (Breen & Heggie 2013; Chattopadhyay et al. 2022), the
dominant presence of BBHs could impact the long-term evolution
of the cluster. Thus, in what follows we investigate the properties of
these retained BBHs. We subsequently look at the entire population
of BBHs produced by the cluster, including ejected binaries, and
consider their contribution to the merging BBH population.

4.1 Hard binaries

A binary is considered to be ‘hard” when the binary binding energy is

greater than the average kinetic energy of surrounding stars (Heggie

1975). From this definition, we can find an expression for a cut-off

semimajor axis at the hard/soft boundary

ap = iI;« @)
o

where p = mymy/(m; + my) is the reduced mass of the binary and o
is the average velocity dispersion of the cluster. The average velocity
dispersion is initially proportional to the cluster escape velocity, with
the exact factor dependent on the density profile assumed. We adopt
the relation ve, &~ 4.770 (e.g. Antonini, Gieles & Gualandris 2019),
which mimics a cluster King model with Wy = 7.
It is important to consider that the definition of the hard/soft

boundary in equation (7) comes with some caveats. Notably, it is
dependent on the distribution of energy between the binaries and
singles within your cluster (Heggie 1975) and the mass distribution
of the single perturbers. Hence, we highlight that in equation (7),
we have assumed that the BBHs have reached equipartition with a
single mass population of field stars. Another approach includes a
factor of the average stellar mass of field stars 1/(m), which, given
the number of low-mass stars in a real cluster, would only increase

the number of hard binaries (since 1/(m) > 1 for typical stellar mass

distributions). However, this value is subject to change as the stars

and whole cluster evolve. Hence, for the remainder of this paper, we
will use the definition in equation (7) and classify a binary as hard if
a < ay, with the knowledge that our results assume a lower estimate
for the number of hard binaries.

‘We now consider the sub-population of hard BBHs that is retained
inside the cluster. We plot these as a subset of the retained BBHs and
as a function of the cluster escape velocity in Fig. 4. In all models, we
see that the majority of BBHs are hard for low v, and that the sub-
Solar model retains a high hard fraction for larger escape velocities
than for Solar metallicity. In particular, we see a > 50 per cent hard
fraction for vee < 24.1 kms~! in the Z = 0.01 model; whereas the
Z = 0.0001 model has > 50 per cent for ve,e < 106.9 km sl

The reason for the increased hard binary fraction in the sub-Solar
model can be explained simply by the separation distribution shown
in Fig. 1. We use equation (7) with m; = m, =20 Mg, and estimate a
typical value for the hard/soft boundary at v, = 100 km s~'; we find
ap = 20 au. For Solar metallicity, 34.4 per cent of the BBHs have
separations less than this and so are considered in the hard regime. On

the other hand, for the sub-Solar metallicity, 52.8 per cent of BBHs
have separations below 20 au. Clearly then, the sub-Solar models
contain a higher proportion of tight BBHs and thus retain a large
fraction of hard binaries at higher escape velocities. We also see this
from the separation plot shown in Fig. 1. Although both metallicity
models exhibit a bi-modality in the separation distributions, it is clear
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that the Solar metallicity is skewed more towards the second peak
(a > 20au). At veg = 400km s~!, while the fraction of BBH retained
levels out for both metallicities in Fig. 4, the hard BBH fraction
continues to decrease approaching zero. This is unsurprising, since
the parameter ay, scales as 1/v2_.

The results presented so far indicate that a significant fraction of
the BHs retained in a cluster will be found in binaries with another
BH and that a large fraction of these binaries will have separations
below the hard/soft boundary ay, (especially for clusters with veg. <
100 km s™"). Since hard binaries will on average become harder and
remain bound during interactions with singles (Heggie 1975), we
should expect that a number of them will eventually merge due to
energy loss by GW radiation. Hence, they will likely contribute to
the population of merging BBHs from a cluster. Moreover, they will
be important to the evolution of the cluster itself as they provide an
efficient energy source during the early stages of cluster evolution.

4.2 Binaries ejected after one dynamical encounter

The small separation of hard binaries makes the likelihood of
disruption due to binary—single interactions quite low. However,
their large binding energies mean that the relative recoil kick the
binary receives from strong three-body interactions can be quite
large. Through consideration of energy and momentum conservation
and by assuming that the average binary—single interaction increases
the binding energy of the binary by some fraction §, one finds an
expression of a recoil kick velocity on the binary COM (Miller &
Lauburg 2009).
G mymy

Ve = 03— ®)

where m 3 = m; + my + m3 with m3 the mass of the single perturber,
and g3 = m3/(m; 4+ m;) which we assume to be g3 ~ 0.5. The fraction
of energy given by the binary is typically averaged to § = 0.2 for
binary—single encounters (Quinlan 1996). By selecting the cases
where vk > Vese, We approximate the number of BBHs that would
receive a recoil kick large enough to remove them from a cluster
with escape velocity ves.. Within a globular cluster, we also expect
binary-binary interactions, which are more complex than binary—
single encounters and it is thus non-trivial to extend our recoil kick
expression to binary—binary interactions.

From equation (8), we see that the harder a binary (i.e. the smaller
is @) the larger the recoil kick experienced after an interaction. Thus,
the condition vk > Vesc 1S €quivalent to a condition on the semimajor
axis of the binary. By rearranging equation (8) for a and defining a =
@ej When Ve = Vesc, the final relation for the critical semimajor axis
value below which a binary is ejected is

ag = 01— "2 ©)

where a;; < ay by definition.

Given that the recoil kick is also dependent on the mass of the
perturber, we choose m; by randomly sampling the mass distribution
of the retained single BHs for each escape velocity and metallicity
model. In this way, we can further mimic the interactions that would
likely occur if these BH populations were situated within a real
cluster. The subset of hard BBHs that are retained after a single
interaction is shown in Fig. 4 as dotted lines.

Although the population of BBHs that are ejected after their first
encounter, are not going to play much of a role in the overall cluster
evolution, they still contribute to the population of merging BBHs.
Either they were already tight enough to merge and the interaction
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causes the merger to occur sooner (by reducing the separation), or the
decreased semimajor axis and newly drawn eccentricity caused by
the interaction, now place the binary in a regime where it can merge
within a Hubble time. This population would be of particular interest
as their binary properties will be set mostly by stellar evolution but
include some influence due to the single interaction which ejects
them. The longer a primordial binary remains in the cluster, the more
interactions it will experience and thus its orbital properties will
become more akin to a dynamically formed binary.

When we take into account the tight BBHs that are ejected after a
single interaction, we see in both metallicity models, the remaining
hard BBH population in low-mass clusters goes down significantly.
In the sub-Solar model, low-mass clusters with ve,. < 7 kms™!, we
see more than half of the retained hard BBHs get ejected after their
first interaction. As the escape velocity increases, fewer BBHs get
ejected due to their first recoil kick. This is in part because the higher
escape velocity requires an equivalently large recoil kick to eject the
binary; but also, as for higher escape velocities the parameter ay, gets
smaller, meaning fewer BBHs are hard and so the interaction is much
more likely to either widen the binary or disrupt it completely.

In the Solar model, we similarly see that the higher the escape
velocity, the fewer BBHs are ejected due to the first interaction.
However, we see that for v.. < 28 kms™! more than half of the
BBHs are removed due to that first strong encounter while for veg >
160 km s~! none of the first recoil kicks are able to eject the BBHs.
This is slightly lower than the upper bound in the sub-Solar model
where we see a few BBHs still ejected due to the interaction, up to
an escape velocity ve,e = 280 kms™!.

In all of the models, there is a certain escape velocity above which
the fraction of retained BHs that are in BBHs levels out, while the
subset of those that are in hard BBHSs continues to drop; this is due to
the relation between the hard/soft boundary and the escape velocity
of the cluster, a, o< 1/v2, from equation (7). The semimajor axis
cut-off for a hard binary is getting larger still and thus fewer binaries
are considered hard as the escape velocity continues to increase.

It is clear that in both metallicities models, we should expect
low-mass clusters to eject a significant fraction of their hard BBH
population relatively early in the cluster’s evolutionary time-scale.
Since these ejected BBHs will typically have small separations, they
are likely to make a significant contribution to the BBH merger rate
for these clusters.

4.3 In-cluster binaries unaffected by dynamics

So far we have shown that for low-metallicity clusters, the BH
population due to stellar evolution and simplistic dynamics is
predominantly in the form of hard BBHs. Given these binaries are
tightly bound, it seems probable that some fraction of systems may
merge before the next strong interaction interferes with the system.
To investigate this, we compare the merger time-scale equation (4)
(Peters 1964) with the interaction time-scale for every hard BBH
retained within various combinations of cluster mass (M,,) and half-
mass radii (ry,).

4.3.1 Time-scales

To calculate the time-scale for the binaries to experience a first
encounter, we again make the assumption that the encounter removes
a fraction § of the binary binding energy. We then have the rate of
energy loss from the binary given by Eyi, = 8 Eyin/tin (Heggie &
Hut 2003), from which we have the interaction time-scale for a
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single binary (Antonini & Gieles 2020b)

Gmym; ._,
E_ . 10
2a bin ( )

We assume that the dynamical hardening of BBHs in the cluster
core drives the cluster heating and that every binary contributes
approximately the same amount of energy to the cluster. Then, we can
equate the binary hardening rate to the cluster heating rate Ny;, Epin =
E, where Ny, is the number of binaries in the cluster. From which
we can further relate to the heat generation to the global cluster
properties (Hénon 1961; Breen & Heggie 2013)
£ ¢ El

={—, (1)

Ith

tine = 8

where E =~ —O.2GMC2l /ry is the total energy of the cluster and ¢ =~
0.2 (Hénon 1961, 1965; Gieles, Heggie & Zhao 2011). The cluster
relaxation time is given by

Mclrlf 1

th = 0.138 —_—,
G (ma)¥InA

12)

where (my) = 0.809 Mg is set to the average stellar mass initially in
the cluster, which is calculated using a Kroupa (2001) IMF between
0.08 and 150 Mg, In A is the Coulomb logarithm which we set to a
constant In A = 10, and ¢ depends on the mass spectrum within the
half-mass radius. For a single-component cluster, ¥ = 1, but in what
follows, we adopt ¢ = 5. This takes into account that in the early
evolution of the cluster (first ~100 Myr) the mass function contains
more massive stars and ¥ is high.

Combining equations (10) and (11), we arrive at an expression for
the expected total time-scale between all interactions, f;,, in terms
of the cluster half-mass relaxation time (¢,;,)
mlrzzz %hmelrh . (13)

cl

e =~ 2568

We note that the derivation of equation (13) makes the assumption
that the cluster has undergone several relaxation times, such that it
has reached a state of balanced evolution (Hénon 1961; Breen &
Heggie 2013). Once in this state, we can relate the heat generation
due to BBHs in the cluster core to the global properties of the cluster
itself as in Breen & Heggie (2013). As before, we set § = 0.2 which is
the expected averaged value for binary—single interactions. However,
we note that § should be a distribution of values, and that the average
is expected to be somewhat higher for binary-binary interactions
(Zevinetal. 2019). Here, we ignore these complications and continue
with a fixed value.

It is important to consider that our assumption of all primordial
binaries contributing equally to the heating of the cluster all of the
time is likely not realistic. It is more feasible that only a fraction
of the primordial binaries are directly contributing to the heating at
any given time, and so our assumption is producing a conservative,
lower estimate for the interaction time-scale. As a comparison we
completed the analysis shown in the following section also assuming
that none of the primordial binaries reach the core and so the
interaction rate can simply be computed as (e.g. Spitzer 1987)

f 22 x 10707 B (L) 10 1/2
n 3 10 pc—3 30kms~! ms

( ; )_l e ) f 14
0.04au/ \20mMg) "

Here, we have the number density of the cluster, n, the average star
mass in the cluster, m,, and the constant { < 1 which parametrizes
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the difference from cluster equipartition (we set ¢ = 1 for this simple
check). Using this alternative approach to the interaction time-scale,
we found very little effect on the population fractions of the BBHs
defined in the following section (Fig. 5). Similarly, we only found
only slight differences in the merging population (Fig. 6). Since we
would draw the same conclusions on the BBH populations using
either approach for interaction time-scale, we continue this work
assuming i, as defined in equation (13).

4.4 Merging population

With the consideration made in the previous sections, we are able to
make the distinction between three distinct BBH populations. The
first population, Pop I, are the tightest binaries, and they experience
no dynamical encounters before they merge. These BBHs fall into
one of two categories. One possibility is that they are ejected from the
cluster by the SN kick of one of the binary components, continuing
to evolve in the galactic field until they merge within a Hubble
time. The other option is that the BBH remains in the cluster,
however, its GW time-scale is shorter than the typical interaction
time-scale of the cluster, hence it will merge before it can experience
a strong encounter that significantly affects the binary properties
(Section 4.3). Clearly, this population of merging BBHs should
closely resemble that of the isolated binary formation channel, since
its properties are solely dictated by the stellar evolution of the binary.

We define Pop II BBHs as those that will experience a single
strong interaction' that ejects them from the cluster, i.e. a < ag
(Section 4.2). Meanwhile, Pop III are the remaining hard BBHs that
will experience multiple strong encounters inside the cluster, i.e. a;
< a =< ay.

Fig. 5 shows the fraction of BBHs split into these populations
across a range of cluster escape velocities. It should be noted that
one extra population of BBHs that is not plotted here are the soft
BBHs, where a > ay, since these binaries are likely to be disrupted
and contribute to the single BH population. However, we know from
Fig. 4 that these become the dominant form of BBHs in very massive
clusters with high escape velocity. The definition of these populations
relies on the calculation of the cluster interaction time-scale, which
is dependent on both the cluster mass and the half-mass density.
Therefore, we are unable to simply plot against the cluster escape
velocity as we had previously done in Fig. 4. Instead, we show
relationship between the fraction of these populations against varying
cluster half-mass density with fixed cluster mass, My = 10° Mo
(left panels) and vice versa with fixed density of p = 1200M¢ pc~3
(right panels). For a given cluster mass and density, we also compute
the cluster escape velocity which is plotted on the main x-axis (with
the corresponding varying cluster mass and half-mass density shown
on the secondary x-axis).

It is possible for all three of these populations to contribute to the
sub-population of merging BBHs under slightly different conditions,
and thus we investigate how the contribution of each population
changes across the range of escape velocities used in Fig. 5. By
definition, Pop I BBHs all merge either before an interaction or
outside of the cluster after being ejected by the SN kicks, hence in
Fig. 6 we divide up the Pop I BBHs into outside and inside mergers.
For a sub-Solar metallicity model, Z = 0.0001 and fixed p (upper
right panel), we see that at low escape velocities, vese < 21.3 km s,
the Pop I mergers are dominated by outside mergers. Meanwhile, in

IWe note that for these COMPAS models we do not consider the effect of
three-body interactions prior to the BH formation.
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Figure 5. Here, we show the primordial BBH population split into three sub-populations based on the binary separation. Pop I are BBHs that experience no
interactions before they merge (either outside the cluster or before an encounter in the cluster). Pop IT are BBHs that experience one strong interaction that ejects
them from the cluster, and Pop III are hard BBHs that experience more than one encounter in the cluster. In addition, we show the overall retained BH-binary
(binary with at least one BH) fraction (dashed line) across the range of escape velocities. In the left panels, we fix the cluster mass at M = 10° M and vary
the cluster density from p = 1 to 107 Mg pc—3. The right panels show a fixed density of p = 1200 Mo pc—3 while varying the cluster mass from My = 103
to 108 M. We show the results for a sub-Solar metallicity model (Z = 0.0001) in the top panels, and for a Solar metallicity model (Z = 0.01) in the bottom
panels. Finally, the coloured points represent the corresponding populations as found in the N-body models and similarly the crosses are the retained BH-binary

fraction of the cluster.

the Solar model with fixed p (lower right panel), the outside Pop I
mergers remain dominant up to ve, = 191.5 km s~!, above which
point the mergers from Pop I become dominated by inside mergers.
This difference between metallicities is likely a result of the larger SN
kicks imparted on the BBHs at Solar metallicities. This means that
it is much easier for the Pop I binaries to be ejected at lower escape
velocities in the Solar metallicity case, thus leading to more outside
mergers. When the cluster mass is kept constant (left panels), we see
that in the Solar model (lower panels) the Pop I mergers are always
outside of the cluster. On the other hand, for the sub-Solar model
(upper left panels) the outside mergers are almost always dominant.

For the other two populations, Pop Il and Pop III, we must calculate
what fraction of them will undergo a merger within a Hubble time
and thus how they will contribute to the merging population. Recall
that we define Pop II BBHs as binaries whose semimajor axis is

smaller than some cut-off value, a < a.j, where a; is defined by
equation (9) and describes the separation at which a single strong
interaction ejects the BBH from the cluster. Naturally then, for this
population to merge either the binary properties as set by the stellar
evolution place the BBH in a merging regime or the single strong
interaction adjusts the properties such that the BBH can now merge
in a Hubble time. Assuming either of these scenarios we set upper
and lower limits on the number of expected mergers from Pop II.
We first estimate the lower limit of mergers from Pop II by
assuming the interaction does not affect the binary properties and
so they are set solely by the SE. With these parameters we calculate
the GW time-scale from equation (4), and check how many would
merge within a Hubble time. For the upper limit, we account for
the effect the single strong interaction has on the binary. We assume
that the encounter reduces the binary binding energy by 20 per cent
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Figure 6. We show the fraction of merging BBHs normalized by the total number of BBHs, split between three populations (Pop I, Pop II, and Pop I1I) defined
in the text and caption of Fig. 5. For Pop I mergers, we show the number of mergers inside the cluster (dash—dotted lines), outside the cluster (dashed lines),
and the total number (solid lines). Since Pop II experience a single encounter which ejects them from the cluster, we compute two limits for the mergers. The
first a lower estimate assuming the orbital properties from the stellar evolution (SE merge, dash—dotted line), and the then an upper limit assuming a single
interaction which increases the binding energy by 20 per cent and produces an eccentricity kick which is drawn from a thermal distribution (Int merge, dashed
line). Between these limits we show the shaded region. Finally, for Pop III mergers we compute an upper estimate, assuming that the BBHs undergo multiple
interactions until the separation shrinks to aj. At which point we compute the effect of the interaction on the binary orbital properties. We show (in corresponding
colours) the results from our N-body simulations, including both the mergers that occur within the simulation time (1 Gyr), and those escaped systems that

would merge within a Hubble time according to equation (4).

and draw a new eccentricity by averaging 10 random samples from
a thermal eccentricity distribution. The upper limit for mergers can
then be found by how many merge within a Hubble time. We show
these limits in Fig. 6 (the bounds of the shaded region). Note that the
values shown in Fig. 6 are normalized by the total number of BBHs
across the simulation since the total fraction of merging BBHs is
dependent on whether you take the upper or lower limit for the
Pop II mergers. In the sub-Solar model, when the cluster mass is
kept constant, we see that the fraction of Pop II mergers gradually
increases until a maximum of 18 per cent at 76 km s~ after which is
rapidly drops towards zero. This increase in dominance is likely due
to the shortened interaction time-scale at higher densities. For some
of the tight binaries that remain in the cluster, this means that they are
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no longer able to merge before an interaction time-scale. Essentially
this is a shift from ‘inside’ Pop I mergers to Pop II mergers.

This is supported by the fact that we see the those ‘inside’ Pop I
mergers drop to zero at the same time as Pop II grows. However, this
growing number of Pop II mergers will always be turned around if
the density (and thus the escape velocity) continue to increase, since
Aej X é Therefore, since the a,; cut-off value decreases for larger
Vese the APop IT binaries close to ae; will fall into the Pop III group as
they no longer receive a large enough kick to escape the cluster on a
single interaction. When we instead keep the density constant (upper
right panel) we see that the fraction of Pop II mergers has a fairly
consistent slight downward trend up to 100 km s~! after which point
it drops quickly to zero. This difference with the fixed mass case
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discussed previously can likely be explained by the different trends
we see in Fig. 5. There we see that the fixed density case sees the
Pop II fraction simply start at 40 per cent of the BBH population
and then quickly fall to zero as the cluster mass increased. On the
other hand, the fixed mass case (upper left) sees the Pop II fraction
hover around 20 per cent of the BBH population across almost the
entire range of densities considered. Interestingly, this difference in
trend is not particularly seen in the Solar model (lower panels of
Fig. 5) where instead fixing either the cluster mass or the density
has negligible effect on the trend of the Pop II fraction. This then
is carried through to the mergers in the Pop II group, where we see
at Solar metallicity (lower panels of Fig. 6) the same distribution of
Pop II mergers when we fix density and mass, respectively.

In the case of Pop III mergers, they exist in the cluster for more
than a single interaction and since they are still hard binaries we
can assume that each successive interaction shrinks the semimajor
axis, until it reaches a; at which point the subsequent interaction
ejects the binary. In the process of the many encounters leading
to a.j, it is possible that one of the interactions leads to a merger
before the binary reaches a.j. However, it is difficult to consider this
as it is very dependent on each individual encounter. Thus, we opt
to compute a lower limit on the mergers. Assuming that all of the
Pop III binaries are able to shrink to a.; without merging earlier,
we then consider the final encounter in the same way as for Pop II
mergers, and see how many mergers occur within a Hubble time. It
should be noted that we do account for the number of interactions
that it will take to reach a.; from the binaries initial separation, and
this is factored into the time to merger. Although this population
originates from the primordial population, the longer they remain
within the cluster the more interactions they experience which will
change the binary orbital parameters. Over enough encounters the
orbital properties of the binary would more closely resemble that of a
purely dynamically formed BBH. However, this theoretical treatment
of potential interactions has a couple of caveats. First, we do not
consider three-body interactions on a binary until it has formed a
BBH. Secondly, we do not consider exchanges of binary components
from these encounters, which would in turn mean a change in the
component mass.

In Fig. 6, we also show the fraction of mergers coming from Pop
111, and we see that in both models (and in both variations of fixed
p and fixed M) this population does not contribute to the mergers
until &~ 25 km s~!. In the Solar models (lower panels), Pop III quickly
becomes the dominant contributor to the mergers (by ~ 40 kms™).
In addition, we see that at Solar metallicity, both when fixing density
and cluster mass, the contribution from Pop III eventually levels out
at~ 32 per cent of the initial BBHs formed. At sub-Solar metallicity
(upper panels), we see that while Pop III does eventually become the
dominant source of mergers there is still a significant amount of Pop
I and Pop II mergers.

4.5 Comparison to N-body simulations

So far we have assumed a simplistic cluster model where we only start
to consider the dynamics of the cluster after the stars have evolved
and formed the BH populations. This is useful to estimate the effect
of the stellar evolution on the BBH population and specifically on the
sub-population of merging BBHs. However, in reality, the dynamics
of the cluster during the period of stellar evolution may impact the
BH populations. To investigate this we utilize the high-performance
hybrid N-body code, PETAR (Nitadori & Aarseth 2012; Wang et al.
2020b), which allows us to populate a star cluster with some given
density profile, and evolve the stars (both single and those in binaries)
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while still considering the dynamical interactions of the surrounding
cluster. In comparison to direct N-body codes, PETAR combines the
particle—tree particle—particle method (Oshino, Funato & Makino
2011) and the slow-down algorithmic regularization method (Wang,
Nitadori & Makino 2020a) with parallelization using a hybrid parallel
method, the Framework for Developing Particle Simulator (FDPS)
(Iwasawa et al. 2016; Namekata et al. 2018; Iwasawa et al. 2020).
This allows the simulations to be much quicker than other direct
N-body codes while also giving us the option to simulate massive
star clusters with binary fractions approaching 100 per cent (Wang,
Tanikawa & Fujii 2021). Stellar evolution in PETAR follows the
updated single and binary stellar evolution packages (Hurley, Pols &
Tout 2000; Banerjee et al. 2020) where we choose all of the stellar
parameters to mimic those used in the COMPAS runs.

‘We run six different cluster models, three at the sub-Solar metal-
licity Z = 0.0001 and three at Solar metallicity, for three different
cluster masses; M = 10, 5 x 10*, and 1 x 10° Mg, For all these
models, we keep the density fixed at p;, &~ 1200 M, pc 3. Each cluster
is initialized with a King (1966) model where the concentration
parameter is set to Wy = 7 and the stellar masses drawn from a
Kroupa (2001) IMF with a range of 0.08-150 M. We then set the
initial binary fraction such that all stars M > 20 My are placed in
a binary, with the partner star randomly selected from a uniform g-
distribution between 0.1 and 1. We then adjust the binary period and
eccentricity according to the extended Sana et al. (2012) distribution
described in Oh, Kroupa & Pflamm-Altenburg (2015) which matches
the adjustment made for the binaries in the COMPAS models.

Each model is simulated for 1 Gyr which gives more than enough
time for all of the primordial binaries to either form a CO binary or
to be disrupted due to the interactions, and for the clusters to have
significantly evolved through dynamics. From the data, we extract the
binary information at the time that each BBH is formed and run the
same population tests as we did for the COMPAS models to separate
these BBHs into the same population groups. The key difference
here is that by using a self-consistent cluster model we can take into
account the dynamical interactions within the cluster, as well as the
evolution of the cluster itself before the formation of the BHs. This
allows us to get a more accurate picture of these populations in a more
realistic setting. The cluster mass and half-mass radii can simply be
read from the data at the time of the BBH formation; however, to
calculate the escape velocity for a specific binary at this time, we
must take into account its position within the cluster and find the
average velocity dispersion of the surrounding stars. From this we
can find the escape velocity of the cluster using the relation ves, =~
4.770 for a King density profile with W, = 7 (as used for the COMPAS
model).

We show the results of these N-body simulations as markers on
Figs 5 and 6. These markers are not in a one-to-one correspondence
with the COMPAS results, since the binary stellar evolution code used
is subtly different in PETAR compared to COMPAS. It is also important
to note that the uncertainty in the data for the smallest cluster we
simulated, at vee = 14 kms™!, is very large since we are dealing
with a relatively low number of statistics here, less than 10 binaries.
From Fig. 5, one of the key differences we see between the PETAR
results and the COMPAS results is the slight reduction in the number of
pop III binaries. This suggests some dynamical interactions during
the stellar evolution phase of the binaries, disrupt some of these wider
BBHs.

In order to better quantify the effect of dynamics on the binary
population during the period of stellar evolution, we use the inde-
pendent binary stellar evolution tool in PETAR to evolve a population
of binaries drawn from the same initial distributions as those used
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Figure 7. We compare the separation (upper panel) and eccentricity (lower
panel) distributions when considering only binary stellar evolution, and in the
context of a dynamical environment. We see that there is very little effect on
the eccentricity of the formed BBHs; however, the separation of the BBHs
is typically reduced when dynamics are introduced. These plots show results
only from the Solar metallicity models.

in the cluster simulations. We then compare the separation and
eccentricity distributions for the formed BBH in each case (with
dynamics and isolated); these comparisons are shown in Fig. 7.
From the comparison of the separation distributions it is clear that the
dynamical environment causes two main effects; most importantly,
the disruption of the wider binaries 2 10au and secondly, the
hardening of the tighter binaries. This results in the separation
distribution shifting to smaller aggy. The eccentricity distribution
is not overly affected by the introduction of dynamics.

These N-body runs have shown us that, dynamical encounters
prior to the formation of BHs tend to slightly reduce the prevalence
of the wider Pop III binaries. However, these still account for at least
~ 20 per cent of the BBH population in our models (excluding the
single case of 0 binaries in the sub-Solar metallicity model in which
we are dealing with very low number statistics <5). Therefore, it still
seems that our method for splitting the BBH population is applicable
even when considering early dynamics in the cluster.

In addition, we investigate the number of actual mergers that
occur in the simulations until the final integration time of 1 Gyr, and
including those that occur within the ejected population in less than
the Hubble time. After identifying the mergers in the simulations,
we then look back to the time of BBH formation for each of these
binaries so that we can characterize them into the three populations.
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Table 3. A count of mergers found within N-body simulations that were ran
up to 1 Gyr. Here, the primordial binaries are separated in the three populations
based on their orbital parameters at BBH formation. We also give the number
of mergers among BBHs that form through dynamical interactions, and the
number of lone black holes remaining at the end of the simulation, Npg.

Metallicity Mass Primordial Dynamical ~ Npn

(Zo) Mp) PopI Pop Il Pop III

1 10000 2 0 0 0 1
50000 4 0 0 0 23
100000 12 2 0 4 50

0.1 10000 2 0 0 1 3
50000 10 1 0 3 29
100000 24 5 1 6 70

0.01 10000 4 0 0 1 2
50000 13 1 0 2 34
100000 20 4 1 6 95

In addition, for BBHs that still exist at the end of the simulation
and have escaped the cluster, we calculate the time delay using
equation (4), and check if they would merge within a Hubble time.
We plot these points on top of the COMPAS results in Fig. 6 normalized
to the initial number of BBHs that are formed from the primordial
population; and also quote the merger counts in Table 3. As was
the case for Fig. 5, the markers on Fig. 6 are not in a one-to-one
correspondence with the COMPAS.

We see a clear dominance of mergers from Pop I in every model,
especially for the most massive 10> M, cluster where the errors are
smaller. We also note that we find a significantly higher fraction of
Pop I mergers in the N-body runs than we had predicted from the
COMPAS models. Pop III mergers are non-existent within the Solar
metallicity models, and there is only a single merger found in the
most massive cluster at sub-Solar metallicities. Pop II mergers are
also very sub-dominant, always around five times fewer than Pop I
mergers.

In Table 3, we also show counts for the number of mergers from
the dynamical population. Note that this population includes binaries
formed through exchanges at any point in the stellar evolution. We
find that these are a minority of mergers compared to those from
the primordial population. The final column of Table 3 shows the
number of single BHs left in the cluster at the end of the simulation,
1 Gyr. These might still contribute to the dynamical population of
merging BBHs. If we assume that the remaining BHs will interact
dynamically to form BBHs and that these BBHs will merge within a
Hubble time, then we can estimate an upper limit for the number of
mergers we expect from the dynamical channel. This needs to take
into account, however, that a binary will eject approximately ~5
other BHs before merging (Breen & Heggie 2013). We can conclude
that the dynamical channel is still expected to produce fewer mergers
compared to the primordial channel.

We consider the future evolution of BBH populations we have
defined and conclude that it should be expected for dynamical
interactions to ultimately have a larger contribution to the formation
of BBHs, since a significant fraction of Pop III binaries will likely
experience an exchange at some time. This exchange will likely
manifest as a binary-binary interaction and will add to the number
of binaries that are formed through captures of the single BHs still
in the cluster. The dominance of dynamically formed binaries in
these clusters is consistent with previous studies (Di Carlo et al.
2020; Rastello et al. 2021; Torniamenti et al. 2022) where their N-
body simulations showed that the dynamical population was almost
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Figure 8. On the left panel, we compare the time delay distribution across three metallicities for the primordial binary population found in the N-body results
(solid lines). We only show the results from the 10° M, clusters at each metallicity. We also show the time delay distribution found using the PETAR code without
dynamics (dashed lines). Comparing the dashed and solid lines we can see how much of the difference the dynamical environment of the cluster makes on the
BBHs formed. We also note that these distributions differ from the time delay distributions that we previously showed for the COMPAS results (Fig. 3). We have

re-plotted the COMPAS distributions here in the right panel for ease of comparison.

always larger than the ‘original’ population,? typically by about a
factor of 3.

When we look at the merging population we find that the reverse
is true, dynamical interactions appear to be less important, with the
BBH mergers predominantly arising from the binary population that
is mostly unaffected by dynamical interactions. This is also consistent
with Di Carlo et al. (2020), Rastello et al. (2021), and Torniamenti
etal. (2022), who all find that the ‘original’ binaries are more efficient
at merging compared to BBHs formed through exchanges. It should
be noted that the prevalence of original BBH mergers in our N-body
models is even more pronounced which stems from a different time
delay distribution of the BBHs at formation (see the solid lines on
the left panel of Fig. 8). When we compare this plot against the
same made for the COMPAS results Fig. 3 (re-plotted on the right
panel of Fig. 8), we see that at every metallicity the proportion of
BBHs that merge within a Hubble time is larger than found using
COMPAS, with the difference more extreme for higher metallicities.
This explains why the N-body points shown in Figs 5 and 6 do not
match the fractions predicted from COMPAS. It is necessary to check
whether this difference in #4ejay is arising from the slightly different
stellar evolution routines of both codes, or simply from the dynamical
environment of the stellar cluster. Therefore, we also complete an
‘isolated’ run in PETAR, with the same initial stellar conditions as
the N-body runs but without the dynamics of the stellar cluster. The
resulting 4.1,y distribution is shown in the left panel of Fig. 8, with
the dotted lines showing the distribution for the isolated simulation
run. We see that the dynamical environment of the star cluster does
impact the Zqcay distribution compared to the isolated run; however,
the isolated run in PETAR is still not able to recover a distribution
similar to that found for COMPAS. Therefore, we conclude that the
main cause of the discrepancy between the N-body points and the
COMPAS lines shown in Figs 5 and 6 must result from the slightly
different stellar evolution routines.

2In these studies, primordial binaries are termed original, while dynamical
binaries are referred to as ‘exchange’ binaries.

Table 4. Stellar evolution variations compared to the previous
models shown above.

Model Variation

Modl  Standard parameters described above

Mod2  Chemically homogeneous evolution — optimistic
Mod3  Chemically homogeneous evolution — pessimistic
Mod4  BH kick prescription — no kicks

Mod5  BH kick prescription — reduced (equal momentum)

4.6 Varying stellar properties

We vary some of the stellar properties and rerun the analysis
performed above, Table 4 details all the different models that we
run.

We find very little difference between Modl, Mod2, and Mod3
suggesting that the choice of chemically homogeneous evolution
does not affect the population fractions of the BBHs. We also see
negligible variation for the BBH mass, semimajor axis, eccentricity,
and mass ratio distributions across Mod1, Mod2, and Mod3.

The choice of BH kick prescription has a dramatic effect on the
populations and the BH parameters, as can be expected; since the
size of the SN kicks is one of the main determinants of whether a
binary is (a) disrupted following stellar evolution and (b) if it remains
within the cluster following the BH formation. We investigated three
prescriptions for the BH natal kicks; first, the ‘fallback’ model, where
the BH kick is scaled by the amount of material that falls back on to
the BH. This is what has been used in producing the results up until
now. Secondly, we used the ‘reduced’ kick model, where we assume
that the BHs receive the same momentum kick as a typical NS, and
so the drawn kick magnitude is scaled by the ratio Mns/Mpy. Lastly,
we use a zero kick model, where the BHs receive no kicks from the
SNe, although it is still possible for them to experience some kicks
due to the mass transfer during the explosion.

‘We show the population fractions from these results in Fig. 9 where
we have set the metallicity to Z = 0.0001. When we assume the BHs
receive no natal kick (upper panels) we see that the fraction of Pop III
BBHs falls rapidly with increasing density and cluster mass which is
very different relation to what we had seen when using the fallback
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Figure 9. We show the BBH populations, described in the caption of Fig. 5, at metallicity Z = 0.0001 Zs, assuming different prescriptions for the BH natal
kicks. The upper panels show the case for zero natal kicks, the middle panels show the ‘reduced’ model where kicks are scaled by the mass ratio of the BH to a
typical NS. Finally, the lower panels show the ‘fallback” model which scales the kicks based on the amount of material falling on to the BH while it is forming,
this is characterized by a fallback fraction f;,. These populations are defined as described in the caption of Fig. 5. The right column of plots assumes a constant
density p = 1200M¢p pc3, whereas the left column assumes a constant cluster mass M = 10° Mg.

models previously (and in the lower panels). Meanwhile relationship
between the Pop I fraction and the Pop Il fraction with cluster density
and mass remain largely the same as in the fallback case, although
their respective fractions are slightly lower. This greater dominance in
the Pop III BBHs across the escape velocity range is most likely due
to the increased number of BBHs that can remain bound following
the BH natal kicks (since these are now zero). Although it is true
that the zero kicks should also mean that the number of Pop I and
Pop II BBHs should also be increased; Pop III will benefit the most
since they have larger separations and thus would be easier to disrupt
following a kick.

The reduced kick model (middle panels) is particularly interesting
since it has the most apparent change in relationship. In this case,
we the Pop III BBHs actually start as the minority population and
increase in fraction with increasing density and cluster mass. This is
contrary to what we see for the fallback kick and zero kick models
where the general trend is a decrease in Pop III dominance with
escape velocity. This difference is likely arising due to the fact that
the reduced prescription for kicks will generally produce larger BH
kicks compared to the fallback prescription. These larger kicks are
able to disrupt more of the wider Pop III BBHs than the fallback
model, and this is reflected in the lower contribution to the BBH
population. As the escape velocity increases, we have the Pop II/Pop
III cut-off value, ac; shrink and so the Pop II BBHs become classified
as Pop 111, this is the same as what we have discussed previously.

MNRAS 527, 7363-7381 (2024)

However, in this case since we have fewer wider BBHs (those with
separations close to the Pop I1I/soft BBH boundary ay,), Pop III gains
more members from Pop II than it loses as soft binaries. This explains
why we see this increasing trend of dominance in the Pop III with
reduced kicks compared to the opposite for the fallback and no kick
prescriptions.

5 IMPORTANCE OF BINARY-BINARY
INTERACTIONS

Thus far, we have shown that a significant fraction of the retained BHs
are found in BBHs, the latter being the majority source for low veg.
clusters. This abundance of binaries in the cluster will in turn lead to
a higher chance that any specific BBH experiences a binary—binary
encounter during its lifetime in the cluster. These interactions are
complex with a variety of possible outcomes, including exchanges
of binary components and complete disruption of one or both binaries
(Antognini & Thompson 2016; Zevin etal. 2019). All of which would
naturally have implications on the properties of the BBH population.
Therefore, we show the importance of binaries by quantifying the
number of potential binary interactions we would expect given the
population evolved with COMPAS, and making some assumptions
regarding the host cluster.

We loosely follow the method shown in Atallah et al. (2023) to
calculate the interaction rate between a target binary and a projectile
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‘species’, which we define as the binary or single population
as required. First, we set up some relationships for the cluster
environment where we are to place our BHs. We assume a double
King (1966) cluster sphere model where the inner sphere is a scaled-
down version of the outer sphere. The inner sphere is taken as the BH
sub-cluster which results from the BH mass segregation expected to
form in these dense stellar environments (Kiipper et al. 2011; Breen &
Heggie 2013). The outer sphere we take as the primary cluster which
we assume to contain only one Solar mass stars, such that the average
stellar mass for the cluster is (m,) = 1 M. The two spheres are
defined to be uncoupled so that they maintain independent velocity
dispersion profiles. Under this assumption, the deviation from energy
equipartition between the outer (primary) and inner (BH) cluster at
r =0 is defined by

_ (mpn) Uén(o)
(m.) og(0)

where (m.) and (mpgy) are the average masses in the primary and BH
clusters. The choice of 1 determines the energy shared between the
two clusters, with n = 1 once full equipartition of energy is reached.
In this state, the ratio of the velocity dispersion for each cluster scales

15)

(m)

2
with the ratio of the average masses ”UB—ZH = Tnay Alternatively, we

can set n = % which is a state where the BHs have the same
velocity dispersion as the stars.

In a similar vein to Atallah et al. (2023), we assume that the
interaction between a target binary and the projectile species (singles
or binaries) occurs within the BH sub-cluster. Then, by assuming
equipartition between the target and projectile we can relate their
respective velocity dispersions by

Op = OBH,

Y (16)

nmy

We finally define the relative velocity dispersion in the relative motion
frame as in Binney & Tremaine (2008).

m
Orel,p = \Jo? +sz =opuy/1+ (mp>' 17)
t

We define the escape velocity from the core of both clusters veg.(00),
with the total potential at the core @, (0) = ®(0) + Ppu(0).

Vese(00) = /—2(®c1(0) + Ppu(0)), 18)

where the potential at infinity goes to 0. From King (1966), we
can relate the central potential to the W, parameter by ®(0) =
—Wyo?. Setting W, = 7 and substituting the velocity dispersion’s
from equation (15) with (m,) = 1 Mg yields

n )o*. (19)

{(mpw)

Vesc(00) = 14 (1 +

Now we adapt the general interaction rate between a target binary
and a projectile species, such that we integrate the interactions over
our hard BBH and BH populations:

N,
: G(m+my;)
Iy a’o, s |1+ ——————
; L 2ato'rzel.s
il G(m¢ + my ;)
b.i
Th o Y (@ + api)oeip |1 + = (20)
; ' v 2(a; + ab,i)orzel,b

where a; and ay,; are the target and projectile binary separations and
Orep and o 1s the relative velocity dispersion assuming binary
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Figure 10. The ratio of the total number of binary-binary interactions to
binary—single interactions, integrated over the entire hard BBH and single BH
populations found using COMPAS (see Section 3). We show this ratio across
three metallicities (Z = 0.01, 0.001, and 0.0001) and for two states of the
cluster, energy equipartition and a state of equal velocity dispersion between
BHs and stars. We also mark the boundary line of I'g tot/I's ot = 1 below
which binary—single interactions become the dominant form of encounter.

and single projectiles, respectively. We can further integrate over
the target binary semimajor axis and mass, which simply includes
a second summation in equation (20) over a; and my;. In doing
this, we can estimate the total interaction rates for every BBH in
the population with every other BBH and with every single BH in
the population. The ratio of these two rates can give us a measure
of the dominant form of interactions given our BH populations.
Fig. 10 shows the ratio of the total interaction rate for every
binary-binary (I'yi) and binary—single (I'ss) encounter in our
population against the cluster escape velocity. We plot this curve
at three metallicities Z = 0.01, 0.001, and 0.0001 and distinguish the
boundary line at I'y /"5t = 1 below which single interactions
become more dominant in the population. In addition, we consider
two possible states of the cluster; a state of energy equipartition

where ?iz” = % and a state where the velocity dispersion of the
BHs and stars is equal. One would expect that as a stellar cluster
evolves, it moves towards a state of energy equipartition.
Concentrating first on the case where the cluster has reached
energy equipartition; the trivial takeaway from Fig. 10 is that binary—
binary interactions dominate the BBH encounters at low ve. As the
escape velocity increases and we begin to retain more single BHs
within the cluster the number of potential binary—single encounters
grows. In addition, the velocity dispersion of the cluster increases and
as such the hard—soft boundary for the BBHs (ay,) decreases and so
does the number of hard binaries which can undergo a binary—binary
encounter. The combination of these two effects leads to the ratio
of I'poi/I's ot decreasing as the escape velocity increases. We see
that the escape velocity where I'g o/I's 1ot becomes less than one is
dependent on the metallicity of the cluster, with the lower metallicity
clusters maintaining a majority of binary—binary interactions for
higher escape velocities. We also see that the escape velocity of the
transition point, ~100 km s~! for the sub-Solar metallicity model,
is larger than the escape velocity at which the single BH population
becomes more numerous than the hard BBH population, 30 kms™!
for the same model. This tells us that this transition point is not only
dependent on the number count of single BHs to BBHs. For each
interaction, we have a cross-section for the interaction X, o k(a,
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Figure 11. For our three metallicity models Z = 0.01, 0.001, 0.0001, we
assume five cluster escape velocities, vesc = 5, 10, 50, 100, and 500 km g1
and then generate 10000 target binaries drawing their separations from the
range of semimajor axis in the retained hard BBH population. We then
calculate the ratio of binary—binary and binary—single interaction rates for
each target binary, integrating over the retained hard BBH and single BH
populations. We finally show this ratio against the target semimajor axis for
all three metallicities and all five escape velocities, in addition to plotting the
boundary line at 'g/I"s = 1 below which the binary—single interactions are
dominant.

+ a,)? with @, = 0 when the projectile species are single BHs and
k = 2 so that we include only strong interactions with the target
binary. Naturally, the interaction cross-section for a binary—binary
interaction is larger than for a binary—single interaction. Thus, for
the binary—single interactions to become dominant, they not only
need to outnumber the binary-binary interactions but outnumber
them to such a degree that the extra encounters can make up for their
lower cross-section. To better understand this cut-off, we investigated
how the binary fraction, Nyin/(Npin + Niingles), €volves with ve,.. We
find that for every metallicity model the binary—single interactions
become dominant below a binary fraction of 30 per cent, which is
consistent with recent work on the topic (Marin Pina & Gieles 2023).

For each metallicity model in Fig. 10, we also consider the case
where oy = o,. We see that in this scenario the transition point
to dominant binary—single interactions is pushed to lower escape
velocities for all models, while the general shape of the relationship
between I'p or/I"s 1ot and veg remains almost unchanged compared to
the equipartition case.

To investigate how the ratio I'g (ot/I"s (ot depends on the properties
of the target binary, we run further analysis and calculate the
interaction rates for a given target BBH with our hard BBH and
single BH populations. Starting first by fixing the target BBH mass
to the average BBH mass from our population, (mgpy) = 44 M,
and fixing the escape velocity, we draw 10000 target separations
uniformly across the range of hard BBH semimajor axis in our
population. For each target binary, we calculate the averaged ratio
of the interactions I'g/I"s, repeating this for five different values of
Vese and also for each of our metallicity models. Fig. 11 shows these
results plotted against the semimajor axis of the target binary (a,),
again with the cut-off value I'g/I"s = 1 marked.

We see that for a given metallicity and escape velocity, the ratio
of interactions increases for a smaller target separation, with the

relationship at low g, scaling proportional to (1 + <‘;—‘l’>) . Looking to
the other extreme of large ay, at all escape velocities and metallicities
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the ratio of interactions levels out. It can be shown that in this regime

& ~ NB Orel,B
s Ns Orls

@n

where we assume that the target separation is much larger than the
average separation of the projectile binaries. Note that since here
we are fixing the escape velocity of the cluster, equation (21) is
constant and so in the high g, regime the key factor determining
whether binary—single or binary—binary interactions are dominant
comes down to which population is more numerous at this ves. This
explains why for low escape velocities, vee = 5 kms™ and v, =
10 km s~ where we are retaining many more hard BBHs than single
BHs, the single interactions are never dominant, even at large a;.

As the cluster escape velocity increases, and so, in turn, does the
velocity dispersion, we know that a;, for any given binary decreases
which both limits the maximum separation of the target binary and
lowers the number of hard BBH to be used as projectiles. In addition,
the cluster retains more single BHs at higher escape velocity which
naturally increases the binary—single interaction rate of the target
binary. All of these aspects can be seen in Fig. 11, when comparing
curves at increasing v.s.. The key point here is that for a given
target binary, the separation at which the binary—single interactions
become dominant becomes smaller as the escape velocity of the
cluster increases. In particular, for a metallicity Z = 0.0001, binary—
binary interactions are the dominant form of encounter in clusters up
10 Vese = 100 kms™! for almost any target binary separation.

5.1 Probability of at least one binary-binary encounter

While within the cluster, a hard BBH will undergo multiple encoun-
ters until it is either disrupted or ejected from the cluster. Although
interactions with other binaries can cause some chaotic outcomes, it
is typical to assume strong encounters with single BHs will result in
the binary giving up about 20 per cent of its energy, thus shrinking
its semimajor axis. This tightening of the binary will continue with
successive encounters until its separation reaches a.; as defined in
equation (9) at which point the next single interaction will eject the
binary from the cluster (Antonini & Rasio 2016). However, when
the cluster starts with a non-zero binary fraction, we can expect that
there are many other BBHs (see Fig. 4) in the cluster which will
complicate the simple picture above, since at any point along this
chain of interactions, the target binary may interact with another
binary. Strong binary-binary interactions will typically result in a
greater change in the binding energy of one of the binaries, compared
to a typical binary—single encounter. In addition to the increased
effect of hardening, binary-binary interactions can also lead to
exchanges of the binary components which results in essentially
a new, dynamically formed, binary (Zevin et al. 2019).

Given our populations of BHs and BBHs formed solely from
binary stellar evolution, we calculate the probability that a target
binary interacts with at least one other binary before it can shrink
its separation to a. (equation 22). Here, P, (AllSingles) is the
probability that the target binary receives only N single interactions,

where N = log (Z—“) /log 1.2 is the number of single interactions to
ej
reach a.j from the initial separation a;p;

Py (Binary) = 1 — Py, (All Singles). 22)

Using the interaction rates in equation (20), we can define the
probability for the next interaction to be with a single BH, given the

$20z Asenuer g0 uo Jasn suonsinboy Aq 0100V 2/S9EL/E/LZS/3101e/SBIuW/WOod dNo"dIWape.//:sdly Wol) PaPEOjUMO(]



1.0 ———=—
5§08
=1
o
o
3
£ 0.6
> —— Equipartiiton
.E """ Obinary = Osingle
ﬂ 0.4
A Target Binary a
el —— 0.01ay
o
QL_ 0.2 0.1lap
— an
00l — max[acw, aej]
10° 10! 10? 10° 10
Vesc [km 5_1]
1.0 /
508
k9] LY
© i
g :
£0.6 i
> —— Equipartiiton !
E """ Opinary = Osingle I}
0.4 :
N Target Binary a ".‘
= — 0.01a,
202 0.1ap
— ap
00l — max[acw, aejl AN
10° 10! 102 103 104

Vesc [kms™!]

Figure 12. Probability to experience at least one binary—binary encounter
in the chain of successive interactions, a target binary undergoes before its
separation reduces to a.j. The probability is computed as 1 — P(All Singles),
where P(All Singles) is the probability that the binary only interacts with
singles. We show this probability by taking three values for the initial
separation of the target binary in terms of the hard/soft boundary, ay, 0.1ap,
and 0.01a,. We also compute the probability of the next encounter being a
binary for a target binary with separation a = max [agw, dej], Where agw is
the separation at which the binary energy loss is dominated by GW radiation.
Finally, we perform the above analysis assuming two states for the overall
cluster: a state of energy equipartition, and a state with the BH velocity
dispersion equal to the stellar velocity dispersion. The upper panel shows
results for Z = 0.0001, while the lower panel shows for Z = 0.01.

current separation of the target binary

Is
s+ g’

We then calculate this Py (single) N times as the target binary’s sep-
aration shrinks to a.;. The product of these probabilities then gives us
the probability of only interacting with single BHs, Pj,(All Singles),
which we put into equation (22) to find the probability of at least
one binary interaction. We perform this calculation for three distinct
target binaries, all with M., = 44 M, and separations as fractions of
the hard/soft boundary, 0.01ay, 0.1ay, and ay,. Fig. 12 takes the data
from the Z = 0.0001 model and plots this probability for a range of
cluster escape velocities, also taking the two possible assumptions
about the cluster state, equipartition and equal velocity dispersion.
We see that for low v clusters the probability of encountering

Py (single) = (23)
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a binary before being ejected is ~1, while as the escape velocity
increases this probability drops off quite rapidly. However, the
probability of at least one binary encounter for a target binary initially
at a, remains almost certain up to a ve,. >~ 10° kms~!. Calculating
the number of single interactions required for a binary to shrink from
ap to agj, we find that it takes ~30 encounters. Since a;, and ae; both
scale with 1/v2_, this number of encounters is independent of the
cluster. Thus, even at the highest escape velocities, it would still
take 30 encounters to reach a.; and so even if every interaction in
that chain had a 90 per cent chance of being with a single BH, the
probability of all 30 being encounters involving a single BH is still
only 4 per cent.

When the cluster escape velocity increases, the target binary enters
a regime with a.j < agw, where agw is defined as the separation at
which the GW radiation dominates the energy loss of the binary
(Antonini & Rasio 2016)

acw = 0.05 [ Mot P "
W\ 20Mg (1+¢)?

1/5 6 —3\ /5
- 10° M
( ‘”71> ( QPC) au . 24)
30kms 0

Once in this regime, the number of single interactions that the binary
experiences start to decrease with increasing ves. Since agw is
only weakly dependent on cluster properties o, and p compared
to the binary hard/soft boundary and so ay, rapidly approaches agw
as Ve increases. The BBH now needs to experience fewer single
encounters before it eventually reaches agw and then merges before
another interaction. Thus, the total probability that at least one of
the interactions is with another binary decreases. We see this at
the high v, regime of Fig. 12, with the probability of each target
binary eventually decreasing. In Fig. 12, we have also calculated the
probability that the next encounter would be with a binary if the
target binary has a separation a = max (agw, dcj)-

6 CONCLUSIONS

In this work, we have used the binary population synthesis code,
COMPAS (Stevenson et al. 2017; Riley et al. 2022) to characterize the
population of BBHs that form by stellar processes in star clusters.
Unlike dynamically formed BBHs, the properties (e.g. component
masses, orbit) of such primordial binaries are set mostly by stellar
evolution processes. After their formation, however, they can undergo
dynamical interactions that change their orbit and their likelihood
of becoming a detectable source of GW radiation. These binaries
represent therefore a hybrid population, in the sense that they can be
significantly affected by both stellar and dynamical processes.

We have presented simple analytical arguments together with bi-
nary evolution models and N-body simulations to study the formation
and evolution of primordial BBHs in dense star clusters. These
models represent a baseline for understanding their contribution to
the population of merging BBHs detectable by LIGO-Virgo—Kagra.
We briefly investigate how the choice of stellar ZAMS metallicity
affects the binary properties of the BBHs that are formed. We then
focus our efforts on investigating the effect of placing the BBH and
single BH populations in simplistic cluster models. We compare the
kicks received during the SN; as well as the expected kicks due to
many-body interactions, against a range of cluster escape velocities.
From this, we estimate the fraction of BBHs and single BHs that
could be retained within different-sized clusters, as well as the sub-
population of merging BBHs both inside and outside the cluster.
Finally, we study the type of interactions these binaries are likely
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to experience when evolving in the dynamical environment of their
parent cluster. The key conclusions we find are as follows:

(i) In clusters with escape velocity ve, < 100kms~!, BHs are
predominantly found as BBH, with a significant fraction also being
categorized as ‘hard’ binaries. We expect therefore that primordial
binaries might have a significant impact on the merger rate of BBHs
formed in open and globular clusters. On the other hand, we expect
their contribution to be smaller in higher velocity dispersion clusters
such as nuclear star clusters.

(ii) The retained BBH population can be further split into three
distinct groups based on the binary separation compared to the
ejection separation d.j, defined as the separation below which a
dynamical interaction will eject the binary from the cluster.

(a) Pop I: These are binaries with a < a.; that are so tightly
bound that they either merge inside the cluster before an
encounter can interfere with them, or they are ejected by the
SN kick and merge outside the cluster.

(b) Pop II: These binaries also have a < a.j, however, they
will experience a single interaction which ejects them from the
cluster. This group may also merge in a Hubble time though is
not defined to do so.

(c) PopIII: The final population are hard binaries with a > a.;
and will experience more than one interaction inside the cluster.
This group has the most uncertain future as it could eventually
be disrupted, become ejected or even merge.

(iii) When further constraining Pop II and Pop III to those
potentially merging in a Hubble time, we see that mergers in a
cluster with ve. < 100 kms™' are predominantly Pop I and Pop
II. Meanwhile, the Pop III mergers become dominant in the higher
Vesc Clusters.

(iv) When using an N-body simulation code to evolve realistic
cluster models, we find that the Pop I mergers are dominant with
respect to the other two populations. Our models suggest that in
clusters with escape velocity ve,e < 30kms~!' dynamics play a
secondary role in the production of BBH mergers.

(v) Interactions within the cluster are dominated by binary—binary
encounters for cluster sizes up to v S 100 kms™! for Z = 0.0001,
Up to Vese S 40 kms™! for Z=0.001, and up to ves. S 10 kms~! for
Solar metallicity. This is of particular importance to Pop III BBHs
which experience multiple interactions. For these, it becomes almost
certain that at least one of the interactions they experience will be
with another hard BBH.

In addition, we tested models with varied stellar evolution param-
eters to investigate how these new populations are impacted by the
choice of evolution. Of particular note, we varied the BH natal kick
prescription between a zero kick, fallback and reduced kick models.
We find that in the zero kick case, Pop III becomes the dominant
group down to vese = 4 km s~!. Whereas, in both the fallback and
reduced kick models, Pop II become more significant at the small
Vese regime, with Pop III only rising to dominance at v, = 80 km s~
with the reduced kicks, and ves. = 14 kms™! for the fallback model.

Our results indicate that primordial binaries can have a significant
impact on the population of merging BBHs produced in dense star
clusters. The initial BH population in clusters with sufficiently low
escape velocities, vese S 30 km s~!, can be entirely in the form
of hard BBHs that originate by stellar processes. The properties
of the merging BBHs produced in these clusters are expected to
be determined mostly by stellar evolution, with little or no effect
from dynamics. An implication is that the enhancement of the
merger rate due to dynamics is expected to be negligible in these
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systems. In clusters with higher escape velocities, the primordial
binary population becomes progressively less important. However,
in the range ve,e < 100kms™!, more than 10 percent of all BHs
are still in hard binaries. A large fraction of these are so tight that
they are ejected from the cluster after one dynamical interaction
and then merge in the field. This population is of particular interest
as their binary properties are set mostly by stellar evolution, but
can include some influence due to the single interaction that ejects
them. Finally, in higher escape velocity clusters, the single binary
population becomes dominant as most of the binaries formed by
stellar processes are soft and quickly disrupted.
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