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A B S T R A C T 

Dense stellar clusters are expected to house the ideal conditions for binary black hole (BBH) formation, both through binary 

stellar evolution and through dynamical encounters. We use theoretical arguments as well as N -body simulations to make 
predictions for the evolution of BBHs formed through stellar evolution inside clusters from the cluster birth (which we term 

primordial binaries), and for the sub-population of merging BBHs. We identify three key populations: (i) BBHs that form in 

the cluster, and merge before experiencing any strong dynamical interaction; (ii) binaries that are ejected from the cluster after 
only one dynamical interaction; and (iii) BBHs that experience more than one strong interaction inside the cluster. We find that 
populations (i) and (ii) are the dominant source of all BBH mergers formed in clusters with escape velocity v esc ≤ 30 km s −1 . At 
higher escape velocities, dynamics are predicted to play a major role both for the formation and subsequent evolution of BBHs. 
Finally, we argue that for sub-Solar metallicity clusters with v esc � 100 km s −1 , the dominant form of interaction experienced 

by primordial BBHs (BBHs formed from primordial binaries) within the cluster is with other BBHs. The complexity of these 
binary–binary interactions will complicate the future evolution of the BBH and influence the total number of mergers produced. 

Key words: black hole physics – stars: black holes – stars: kinematics and dynamics – globular clusters: general – galaxies: star 
clusters: general. 
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 I N T RO D U C T I O N  

n 2015, the Laser Interferometer Gra vitational-Wa ve Observatory 
LIGO) observed, for the first time, a gravitational wave (GW) 
rom the coalescence of a binary black hole (BBH) system (Abbott 
t al. 2016b ). This detection marked a breakthrough in the field of
W astronomy, and now nearly 8 yr later we have close to 100

onfirmed observations of GWs from compact object (CO) mergers, 
he majority of which are from BBH systems (Abbott et al. 2016a ,
021 , 2023 ; The LIGO Scientific Collaboration 2021 ). With the
dvent of the fourth LIGO observing run this year, we should expect
hese numbers to at least double. Ho we ver, the astrophysical origin
f these systems is still up for debate. 
Presently, it is believed that these BBH mergers are coming from

wo main sources; isolated evolution of massive stellar binaries in 
he galactic field (e.g. Belczynski et al. 2010b ; Mandel & de Mink
016 ; Michaely & Perets 2019 ; Belczynski et al. 2020 ; Mapelli
020 ; Broekgaarden et al. 2021 ), and formation through dynamical 
ncounters within the core of dense stellar clusters (e.g. Miller & 

auburg 2009 ; Antonini & Rasio 2016 ; Rodriguez, Chatterjee & 

asio 2016 ; Banerjee 2017 , 2018 , 2022 ; Hong et al. 2018 ; Di Carlo
t al. 2019 ; Chattopadhyay et al. 2022 ; Fragione et al. 2022 ; Mapelli
t al. 2022 ; Torniamenti et al. 2022 ; Arca Sedda et al. 2023a , b ). 

The galactic field mechanism describes an isolated binary forma- 
ion channel where the binaries experience little to no interactions 
 E-mail: barberj2@cardiff.ac.uk 

7  

P  

The Author(s) 2023. 
ublished by Oxford University Press on behalf of Royal Astronomical Society. Th
ommons Attribution License ( http:// creativecommons.org/ licenses/ by/ 4.0/ ), whic
rovided the original work is properly cited. 
ith other stars. Here, we have co-evolving massive stars in a binary,
hich likely undergo some form of common envelope (CE) evolution 

P aczynski 1976 ; Ivano va et al. 2013 ) in order to shrink the orbit.
nce the separation is sufficiently small, and provided the binary 
as not been disrupted by either of the binary components going
upernovae (SNe), the binary evolution becomes dominated by the 
W radiation which drives the binary to merge (e.g. Tutukov &
ungelson 1973 ; Hurley, Tout & Pols 2002 ; Dominik et al. 2012 ;
e Mink & Belczynski 2015 ; Mandel & de Mink 2016 ; Spera

t al. 2019 ; Farmer et al. 2020 ; Mapelli 2020 ; Costa et al. 2021 ;
in et al. 2023 ). On the other hand, the dynamical channel forms
BHs through dynamical encounters between both BHs and BH 

rogenitor stars in the cores of stellar clusters, such as nuclear
lusters, globular clusters, open clusters, and young clusters. When a 
inary forms, it experiences further encounters and through these 
any-body interactions, the binary hardens and is driven to the 

egime where GW emission dominates the further evolution until 
he merger (Quinlan 1996 ; Banerjee, Baumgardt & Kroupa 2010 ;
iosi et al. 2014 ; Antognini & Thompson 2016 ; Antonini & Rasio
016 ; Mapelli 2016 ; Antonini, Gieles & Gualandris 2019 ; Di Carlo
t al. 2019 ; Anagnostou, Trenti & Melatos 2020 ; Arca Sedda et al.
023c ). 
The distinction between these two formation channels can become 
ore complex when considering stellar clusters. Observations of 

oung open clusters demonstrate a high fraction of binaries ( >
0 per cent ) among massive O/B-type stars (Sana et al. 2012 ).
revious work has also suggested that the fraction of these stars
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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n higher multiplicity systems (triples, quadruples) is even larger
Moe & Di Stefano 2017 ). Massive stars can evolve to form BHs
n a time-scale of 10 6 yr, thus having the potential to form BBHs
n the early stages of the host cluster’s evolution. These stellar
inaries which formed with the birth of the cluster are termed
 primordial ’ binaries; since they are not assembled by dynamical
nteractions but by stellar processes, instead. Subsequent to their
ormation, primordial binaries can experience dynamical encounters
ith other cluster members that can change their orbital properties

e.g. Samsing, MacLeod & Ramirez-Ruiz 2014 ). This can happen
ither before or after the binary has evolved to form a BBH.
herefore, we will have a combination of ‘isolated’ binary evolution,
hich mostly sets the initial properties of the binary, and dynamics,
hich can alter these properties before a BBH merger is produced.
his provides a blend of both formation channels. 
In this work, we will focus on BBH mergers formed from primor-

ial binaries in dense stellar clusters. We investigate how they shape
he BBH population and consider their contribution to the merging
opulation. Thus far, they have been shown to be a main source of
BHs mergers in low-mass clusters ( ∼500–800 M �) (Torniamenti
t al. 2022 ), and at sub-Solar metallicity young clusters (Di Carlo
t al. 2020 ). High primordial binary fraction among massive stars can
lso lead to massive BH formation up to M = 300 M � which pushes
nto the intermediate-mass BH range (Gonz ́alez et al. 2021 , 2022 ).
t has also been shown that the existence of primordial binaries halts
he core collapse of a cluster much sooner than when they are not
ncluded in the model (Trenti, Heggie & Hut 2007 ; Pavl ́ık & Vesperini
021 ). Although there can be primordial binaries across a range of
nitial stellar masses, Wang, Tanikawa & Fujii ( 2021 ) showed that
ow-mass binaries have almost no influence on the secular evolution
f the cluster until the BH population has been depleted. As such, it
s not necessary to consider the effect of the lower mass binaries on
he cluster evolution until after the BHs have been removed from the
luster. Thus, in this paper we ignore any primordial binaries in the
maller mass range, and only consider those binaries that can form a
BH. 
Previous studies have shown the importance of BHs on the

ong-term evolution of a stellar cluster (Binney & Tremaine 1987 ;
pitzer 1987 ; Wang 2020 ; Antonini & Gieles 2020a ). Of particular

mportance is the existence of BBHs which provide a crucial source
f energy to the cluster through interactions with surrounding BHs.
hese encounters harden the BBHs and transfer energy to the
luster which prevents complete collapse of the core. Since massive
rimordial binaries would provide a source of many BBHs within
 cluster, the fraction of primordial binaries within a cluster is an
mportant parameter to consider. Currently, it is not clear if the
raction we see within young stellar clusters can be applied across
ll clusters, so it is beneficial to consider a range of initial binary
ractions, in particular looking at the two extreme ends (100 per cent
nd 0 per cent). In this work, we assume that there is a 100 per cent
inary fraction only among the massive stars. 
In Section 2 , we look at the BBH distributions formed through

urely binary stellar evolution. Section 3 then assumes properties
f a simplistic cluster model, and attempts to make estimates
f the expected BH and BBH retention fraction in stellar clus-
ers. We then further investigate the BBH population retained by
lusters in Section 4 , making estimates for the sub-population of
erging BBHs. This leads to a discussion on the importance of

inaries for dense stellar clusters in Section 5 . Finally, Section 6
ummarizes our findings and provides some discussion on the
esults. 
NRAS 527, 7363–7381 (2024) 

m  
 ISOLATED  BI NARY  P O P U L AT I O N  STUDY  

e use the fast binary population synthesis code COMPAS (Stevenson
t al. 2017 ; Riley et al. 2022 ) to investigate the properties of the
H and BBH population due to stellar e volution for dif ferent stellar
etallicities. It should be noted that this is only a simplistic model

s it does not take into account the dynamical interaction of binaries
ith the rest of the cluster, nor does it consider the evolution of the

luster itself. These are discussed in later sections. Comparing the
H natal kicks against a range of escape velocities (1 to 2.5 × 10 3 

m s −1 ), we start by investigating here the expected retention fraction
f BHs and BBHs within dif ferent clusters, o wing just to stellar
volution. 

We consider a wide range of cluster escape velocities, which cover
pen clusters, globular clusters, as well as nuclear clusters (Harris
t al. 2006 ; Antonini & Rasio 2016 ). It is important to note that,
ealistically, the escape velocity is an evolving quantity dependent
oth on the age of the cluster and the position within the cluster. For
he work in this paper, we are only concerned with the initial stellar
volution forming BBHs and then the immediate consequences on
he BBH populations. Thus, it is suitable to only consider the initial
scape velocity of the cluster and assume that it is not time-dependent
uring this early stage. In terms of position, all escape velocities are
reated as the cluster central escape velocity going to infinity unless
tated otherwise. 

.1 Initial conditions 

e run thee models setting the metallicity to Z = 0.01, 0.001, and
.0001, respectively. Throughout the paper we will refer to the Z =
.01 model as an approximately ‘Solar’ metallicity model while the
ther two models are considered ‘sub-Solar’ metallicity models. Each
odel simulates 10 5 binaries, evolving the stars from the zero-age
ain sequence (ZAMS) until CO formation, or until a Hubble time

as passed. The evolution model is broadly similar to the widely used
SE population synthesis code (Hurley, Pols & Tout 2000 ; Hurley,
out & Pols 2002 ). We sample the primary stellar mass from a Kroupa

nitial mass function (IMF) (Kroupa 2001 ) between 20 and 150 M �
ince this lower limit of 20 M � is approximately the minimum stellar
ass required to form a BH. The upper limit was left as the default

alue used by COMPAS . 
Once 10 5 primary masses have been assigned, the mass of the

econdary star is drawn from a uniform mass ratio ( q ) distribution
n the range 0.01–1 as found by Sana et al. ( 2012 ). Selecting the
econdaries in this manner allows the possibility for a secondary
ass less than the minimum primary mass of 20 M �, in fact, ≈

1 per cent of all systems have an initial secondary mass smaller
han 20 M � across all three models. In these systems, the secondary
tar is unlikely to form a BH at the end of its evolution and so they
nly contribute a single BH to the population. 
With the binary masses chosen, the initial orbital period is drawn

rom a Sana et al. ( 2012 ) distribution, 

 p ( log 10 P ) = 0 . 23 × ( log 10 P ) −0 . 55 , (1) 

ith the minimum period log ( P min ) = 0.15 and the maximum period
et such that the distribution is normalized to 1 (Oh, Kroupa &
flamm-Altenburg 2015 ). The binary eccentricity is also drawn from

he Sana et al. ( 2012 ) distribution, 

 p ( e) ∝ e −0 . 45 , (2) 

etween 0 and 1. We assume the default COMPAS prescriptions for
ass transfer, CE evolution and Roche lobe o v erflow (RLOF); which
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re detailed in Table 1 . Finally, natal kicks of COs formed through
ore-collapse supernovae are drawn from a Maxwellian distribution 
ith σ = 265 km s −1 (Hobbs et al. 2005 ), and electron capture 

upernovae and ultra-stripped supernovae have a Maxwellian σ = 

0 km s −1 (Pfahl, Rappaport & Podsiadlowski 2002a ; Podsiadlowski 
t al. 2004 ). We assume a fallback kick prescription for the BH natal
icks (Fryer 1999 ), whereby we first calculate the neutron star (NS)
ick from the Maxwellian distribution, and then scale this by the 
raction of mass that falls on to the proto-CO (the fallback fraction)
 b . This gives a final BH kick as 

 BH = v NS (1 − f b ) , (3) 

here v NS is the drawn natal kick for an NS. Since the time-
cale of a typical SN is much shorter than the evolutionary time-
cales used in COMPAS , the SN are treated as instantaneous events
hich affect the binary orbital parameters (Riley et al. 2022 ). The

esulting binary parameters are calculated following appendix B 

f Pfahl, Rappaport & Podsiadlowski ( 2002b ) which accounts for
he natal kick, instantaneous mass-loss, interaction between the SN 

last wave and the binary companion, and finally any change to the
inary centre of mass (COM) velocity (Blaauw 1961 ; Hills 1983 ;
randt & Podsiadlowski 1995 ; Kalogera 1996 ; Tauris & Takens 
998 ; Hurley, Tout & Pols 2002 ). As described in Pfahl, Rappaport &
odsiadlowski ( 2002b ), the binary is only flagged as gravitationally 
nbound if the final eccentricity following the SN is greater than 1. 

.2 BBH properties 

n this section, we discuss the mass and orbital properties of the BBH
opulation in more detail. 

.2.1 Mass and orbital separation 

ne immediate result found from these simulations is that the 
raction of systems that form BBHs increases for lower metallicity 
odels; 2.4 per cent, 10.8 per cent, and 15.1 per cent for model
 = 0 . 01 , 0 . 001 , and 0 . 0001, respectively. This is in part due to

he stronger stellar winds produced in high-metallicity stars which 
ncrease the amount of mass-loss during the stellar evolution. This 
xtra mass-loss at Solar metallicities increases the minimum stellar 
ass required to form a BH and therefore the total number of BHs

ormed. In addition, the increased stellar mass loss leads to less
assive BHs forming in general (Belczynski et al. 2010a ), which 

hen receive higher natal kicks, since the fallback fraction is lower, 
hich can more easily disrupt the binary. 
The lower BH masses at higher metallicity are apparent in Fig. 

 , where we see that for the Solar metallicity model (bottom-left
anel) � 99 per cent of all primary BHs have masses ≤17.3 M �.
eanwhile, both sub-Solar metallicity models (top-left and centre- 

eft panels) have 50 per cent of primary BH masses exceeding 21.1
nd 22.9 M �, respectively. Table 2 summarizes the 50 per cent, 75
er cent, and 99 per cent percentiles of the primary and secondary
H mass distribution for all three models. Note that the binary 
omponents are characterized such that the primary BH is al w ays
he most massive BH. 

The right column of Fig. 1 shows the semimajor axis, a , dis-
ribution of the BBHs at formation, for each model. We see that
he range of separations does not vary significantly with metallicity, 
l w ays being between � 10 −2 and � 10 4 au. Ho we ver, there is a clear
i-modality in the distribution which becomes more pronounced for 
igher metallicities. The bi-modality of these distributions represents 
MNRAS 527, 7363–7381 (2024) 
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M

Figure 1. In the left column, we show the primary and secondary BH mass distributions. The right column shows the binary separation. We plot these 
distributions, for three metallicity values, Z = 0.0001 (top row), Z = 0.001 (middle row), and Z = 0.01 (bottom row). 

Table 2. 50 per cent, 75 per cent, and 99 per cent percentiles for the primary 
and secondary BH masses for each of the three metallicity models. 

Metallicity BH type 50 per cent 75 per cent 99 per cent 
(M �) (M �) (M �) 

0.001 Primary 22.9 33.1 44.0 
Secondary 18.4 26.5 43.7 

0.01 Primary 21.1 30.7 43.8 
Secondary 16.1 22.6 43.4 

0.01 Primary 17.0 17.2 17.3 
Secondary 15.5 17.1 17.3 
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Figure 2. Cumulative distribution of the BBH eccentricities for the three 
metallicity models described in the text. We can see that there is very little 
difference between the models. 
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he two possible pathways for forming a BBH from a primordial
inary (Wiktorowicz et al. 2019 ). BBHs at larger separations, � 10 2 

u are formed from initially wide stellar binaries where the individual
tars can evolve without much interference from each other. On the
ther hand, BBHs in the lower separation peak are predominantly
ormed following a CE evolution (Paczynski 1976 ). This latter form
f evolution occurs when one of the stars expands to such an extent
hat o v erflows its Roche lobe and be gins to donate material to its
ompanion. In the case where the receiving star is unable to accept
ll of the material a CE is formed, which surrounds both of the
inary components. A consequence of CE evolution is the shrinking
f the binary separation due to drag forces between the binary
omponents and the surrounding env elope. Pro vided the separation
oes not shrink to the point of the stellar cores merging, this can
esult in the formation of the tight BBHs seen in the lower peak
f the distribution (Livio & Soker 1988 ; Xu & Li 2010 ; Iv anov a
t al. 2013 ). It should be noted that it is possible for the stellar cores
o a v oid merger during the CE phase provided the envelope gets
jected before the cores have a chance to merge (Law-Smith et al.
022 ). 
NRAS 527, 7363–7381 (2024) 
.2.2 Eccentricity 

n Fig. 2 , we plot the cumulative distribution of the BBH ec-
entricity distribution at formation. We see that the BBHs are
redominantly low eccentricity with 50 per cent of BBHs having
n eccentricity below 0.187, 0.193, and 0.161 for metallicity models
 = 0 . 0001 , 0 . 001 , and 0 . 01, respecti vely. The lo w eccentricities
re a natural consequence of the circularizing that occurs when the
inary components interact through tides and mass transfer before
 BBH is formed. In addition, we find that the BBH eccentricity
istribution is mostly independent of the choice of metallicity.
lthough SN kicks may change the circularized binaries to become
ore eccentric, the fallback kick prescription ensures that most BBH
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Figure 3. Time delay distribution for each metallicity model. We find that 
metallicity has a large impact when it comes to the number of BBH that can 
merge in a Hubble time. Going from low metallicity to high metallicity, the 
fraction of BBHs with t delay ≤ 13.7 Gyr is 24 per cent, 12 per cent, and 2.5 
per cent. 
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rogenitors have much smaller natal kick magnitudes (than their NS 

ounterparts), preserving their smaller eccentricities. 

.2.3 Time delay 

t is now helpful to look at the fraction of BBHs that would merge
ithin a Hubble time, t H , based solely on the binary stellar evolution.
o calculate this merger time or ‘time delay’ ( t delay ), we numerically

ntegrate the merger time-scale given by Peters ( 1964 ). For a BBH
f m 1,2 , eccentricity e 0 , and semimajor axis a 0 in the population, 

 delay ( a 0 , e 0 ) = 

12 

19 

c 4 0 

β
×

∫ e 0 

0 
d e 

e 29 / 19 [1 + (121 / 304) e 2 ] 1181 / 2299 

(1 − e 2 ) 3 / 2 
, 

(4) 

here 

 0 = 

a 0 (1 − e 2 0 ) 

e 
12 / 19 
0 

[
1 + 

121 e 2 0 

304 

]−870 / 2299 

(5) 

nd 

= 

64 

5 

G 

3 m 1 m 2 ( m 1 + m 2 ) 

c 5 
. (6) 

ig. 3 shows the cumulative distribution of the GW time-scale for
he three metallicities, along with the Hubble time t H = 13.7 Gyr line

arked. We see that the higher the metallicity the lower the fraction
f BBHs that can merge within a Hubble time. In particular, we
nd that fractionally 24 per cent, 12 per cent, and 2.5 per cent have
 delay ≤ 13.7 Gyr for metallicity models Z = 0 . 0001 , 0 . 001 , and 0 . 01
espectively. 

 B H S  RETA INED  IN  CLUSTERS  

.1 Superno v ae kicks and escape velocity 

o investigate the effect of stellar evolution on the BH populations 
nside star clusters we split the population into three distinct groups;
ingle BHs, BBHs, and BHs in binaries in which the other component
s not a BH (i.e. it is either a star, a white dwarf, or an NS; we
enote these binaries as BH-else). We further categorize the BBH 

opulation into hard and soft binaries, where a hard binary has a larger
inding energy than the average kinetic energy of the surrounding 
tars. Thus, by interacting with surrounding stars and COs, a hard
inary will on average become harder, i.e. its binding energy will
ncrease. On the other hand, a soft binary will on average become
ofter and will eventually be dissociated by the encounters (Heggie 
975 ). 
As mentioned previously, the kicks received by binary components 

s a result of SN are the main source of binary disruption; and even
or those BBHs that remain bound a kick will still be imparted to
he binary COM and could be large enough to eject the binary from
ts host cluster. This is an important mechanism to consider since
t will set the rest of the binary’s evolution. If the binary is ejected
rom its cluster, then it would continue to evolve in the external
nvironment (e.g. the galactic field) without further dynamical 
nteraction. 

We find that the two sub-Solar metallicity models have similar 
isruption fractions, with 43 per cent and 44 per cent of the initial
00 000 binaries being disrupted due to the SN kicks. Ho we ver, at
olar metallicity, this fraction increases to 59 per cent of binaries
eing disrupted. This is due to the larger winds involved at Solar
etallicity which ultimately produce less massive BHs than at sub- 
olar metallicities; these smaller black holes then receive higher natal 
icks. 
At the end of the simulation, we identify the BHs that are in still

ound binaries (either with another BH or a different types of stellar
bject), and the BHs that are now single, after being disrupted from
heir initial binary. For a range of potential cluster escape velocities
0–2500 km s −1 ), we compare against the COM kick of binaries with
 BH or the component velocity of the single BH. We are then able
o estimate the fraction of retained bound BBHs and retained single
Hs. 
In Fig. 4 , we show the fraction of BHs retained by a range of

luster escape velocities; with the BH found as either a BBH, a single
H, or a BH-else. These are all normalized to the total number of

etained BHs. We see that in the Z = 0.0001 and Z = 0.001 models
top and middle panels), the BBHs are the dominant form of retained
Hs up to v esc ∼ 40 km s −1 and v esc ∼ 20 km s −1 , respectively, after
hich the single BHs become dominant. The BH-else binaries are 
 sub-dominant population at all values of v esc , with them only
ontributing between 10 per cent and 15 per cent of the retained
Hs. In the Z = 0.01 model, BBHs are the dominant population
nly for escape v elocities v esc ≤ 10 km s −1 . Abo v e this, the single
Hs are the dominant population, approaching 90 per cent of the 

otal population at the highest escape velocities. An important point 
o note is that the relationship shown in Fig. 4 is only dependent
n the escape velocity of the cluster and can therefore be applied to
ny cluster with that value of v esc regardless of mass and size of the
luster. 

When considering the retention fraction of the total binary (BH- 
H and BH-else) and single populations, we see a similar trend in

he three models. Starting at the low escape velocities, the models
how that the majority of the retained BHs are found in the binary
opulation, with the single BH population becoming more dominant 
t higher escape velocities. This cut-off shifts slightly with the 
odel’s metallicity, with v esc � 30 km s −1 for the Z = 0.0001 model

nd v esc � 10 km s −1 for the Z = 0.01 model. Since we are only
ealing with stellar evolution in these models, this trend implies 
hat in the range where the binaries are dominant, the kick velocity
equired to break up a typical binary is greater than the escape velocity 
f the cluster. 
MNRAS 527, 7363–7381 (2024) 
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Figure 4. We show the fraction of BHs ( f BH ) retained as either single BHs 
( f sing ) or as part of a binary ( f bin ). We further split the binaries into the BBH 

fraction ( f BBH ) and the binaries containing only one BH ( f Bin,Else ). For the 
BBH group, we also show the sub-fraction of hard BBHs ( f BBH,HARD ) where a 
≤ a h , with a h defined in equation ( 7 ). Finally, we show the expected number 
of BBHs that would remain bound to the cluster following an interaction 
( f BBH,HARD,Dynm 

). The upper panel shows the metallicity model 0.001, the 
middle panel 0.01, and the lower panel 0.1. 
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 BLAC K  H O L E  BI NARY  P O P U L AT I O N S  

e have discussed that for sub-Solar metallicities, the BH population
or clusters with v esc � 50 km s −1 is predominantly in the form of
BHs, which is likely to affect the properties of the subset of merging
BHs. In addition, since the evolution of a cluster is linked to its BH

ubsystem (Breen & Heggie 2013 ; Chattopadhyay et al. 2022 ), the
ominant presence of BBHs could impact the long-term evolution
f the cluster. Thus, in what follows we investigate the properties of
hese retained BBHs. We subsequently look at the entire population
f BBHs produced by the cluster, including ejected binaries, and
onsider their contribution to the merging BBH population. 

.1 Hard binaries 

 binary is considered to be ‘hard’ when the binary binding energy is
reater than the average kinetic energy of surrounding stars (Heggie
975 ). From this definition, we can find an expression for a cut-off
emimajor axis at the hard/soft boundary 

 h = 

Gμ

σ 2 
, (7) 

here μ = m 1 m 2 /( m 1 + m 2 ) is the reduced mass of the binary and σ
s the average velocity dispersion of the cluster. The average velocity
ispersion is initially proportional to the cluster escape velocity, with
he exact factor dependent on the density profile assumed. We adopt
he relation v esc ≈ 4.77 σ (e.g. Antonini, Gieles & Gualandris 2019 ),
hich mimics a cluster King model with W 0 = 7. 
It is important to consider that the definition of the hard/soft

oundary in equation ( 7 ) comes with some caveats. Notably, it is
ependent on the distribution of energy between the binaries and
ingles within your cluster (Heggie 1975 ) and the mass distribution
f the single perturbers. Hence, we highlight that in equation ( 7 ),
e have assumed that the BBHs have reached equipartition with a

ingle mass population of field stars. Another approach includes a
actor of the average stellar mass of field stars 1/ 〈 m 〉 , which, given
he number of low-mass stars in a real cluster, would only increase
he number of hard binaries (since 1/ 〈 m 〉 > 1 for typical stellar mass
istributions). Ho we ver, this v alue is subject to change as the stars
nd whole cluster evolve. Hence, for the remainder of this paper, we
ill use the definition in equation ( 7 ) and classify a binary as hard if
 < a h , with the knowledge that our results assume a lower estimate
or the number of hard binaries. 

We now consider the sub-population of hard BBHs that is retained
nside the cluster. We plot these as a subset of the retained BBHs and
s a function of the cluster escape velocity in Fig. 4 . In all models, we
ee that the majority of BBHs are hard for low v esc , and that the sub-
olar model retains a high hard fraction for larger escape velocities

han for Solar metallicity. In particular, we see a > 50 per cent hard
raction for v esc ≤ 24.1 km s −1 in the Z = 0.01 model; whereas the
 = 0.0001 model has > 50 per cent for v esc ≤ 106.9 km s −1 . 
The reason for the increased hard binary fraction in the sub-Solar
odel can be explained simply by the separation distribution shown

n Fig. 1 . We use equation ( 7 ) with m 1 = m 2 = 20 M �, and estimate a
ypical value for the hard/soft boundary at v esc = 100 km s −1 ; we find
 h = 20 au. For Solar metallicity, 34 . 4 per cent of the BBHs have
eparations less than this and so are considered in the hard regime. On
he other hand, for the sub-Solar metallicity, 52.8 per cent of BBHs
ave separations below 20 au. Clearly then, the sub-Solar models
ontain a higher proportion of tight BBHs and thus retain a large
raction of hard binaries at higher escape velocities. We also see this
rom the separation plot shown in Fig. 1 . Although both metallicity
odels exhibit a bi-modality in the separation distributions, it is clear
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hat the Solar metallicity is skewed more towards the second peak 
 a > 20 au ). At v esc � 400 km s −1 , while the fraction of BBH retained
evels out for both metallicities in Fig. 4 , the hard BBH fraction
ontinues to decrease approaching zero. This is unsurprising, since 
he parameter a h scales as 1 /v 2 esc . 

The results presented so far indicate that a significant fraction of
he BHs retained in a cluster will be found in binaries with another
H and that a large fraction of these binaries will have separations
elow the hard/soft boundary a h (especially for clusters with v esc < 

00 km s −1 ). Since hard binaries will on average become harder and 
emain bound during interactions with singles (Heggie 1975 ), we 
hould expect that a number of them will eventually merge due to
nergy loss by GW radiation. Hence, they will likely contribute to 
he population of merging BBHs from a cluster. Moreo v er, the y will
e important to the evolution of the cluster itself as they provide an
fficient energy source during the early stages of cluster evolution. 

.2 Binaries ejected after one dynamical encounter 

he small separation of hard binaries makes the likelihood of 
isruption due to binary–single interactions quite lo w. Ho we ver, 
heir large binding energies mean that the relative recoil kick the 
inary receives from strong three-body interactions can be quite 
arge. Through consideration of energy and momentum conservation 
nd by assuming that the average binary–single interaction increases 
he binding energy of the binary by some fraction δ, one finds an
xpression of a recoil kick velocity on the binary COM (Miller &
auburg 2009 ). 

 

2 
kick � δq 3 

G 

a 

m 1 m 2 

m 123 
, (8) 

here m 123 = m 1 + m 2 + m 3 with m 3 the mass of the single perturber,
nd q 3 = m 3 /( m 1 + m 2 ) which we assume to be q 3 ≈ 0.5. The fraction
f energy given by the binary is typically averaged to δ = 0.2 for
inary–single encounters (Quinlan 1996 ). By selecting the cases 
here v kick ≥ v esc , we approximate the number of BBHs that would

eceive a recoil kick large enough to remo v e them from a cluster
ith escape velocity v esc . Within a globular cluster, we also expect
inary–binary interactions, which are more complex than binary–
ingle encounters and it is thus non-trivial to extend our recoil kick
xpression to binary–binary interactions. 

From equation ( 8 ), we see that the harder a binary (i.e. the smaller
s a ) the larger the recoil kick experienced after an interaction. Thus,
he condition v kick ≥ v esc is equi v alent to a condition on the semimajor
xis of the binary. By rearranging equation ( 8 ) for a and defining a =
 ej when v kick = v esc , the final relation for the critical semimajor axis
 alue belo w which a binary is ejected is 

 ej = 0 . 1 
G 

v 2 esc 

m 1 m 2 

m 123 
, (9) 

here a ej < a h by definition. 
Given that the recoil kick is also dependent on the mass of the

erturber, we choose m 3 by randomly sampling the mass distribution 
f the retained single BHs for each escape velocity and metallicity 
odel. In this way, we can further mimic the interactions that would

ikely occur if these BH populations were situated within a real 
luster. The subset of hard BBHs that are retained after a single
nteraction is shown in Fig. 4 as dotted lines. 

Although the population of BBHs that are ejected after their first
ncounter, are not going to play much of a role in the o v erall cluster
volution, they still contribute to the population of merging BBHs. 
ither they were already tight enough to merge and the interaction 
auses the merger to occur sooner (by reducing the separation), or the
ecreased semimajor axis and newly drawn eccentricity caused by 
he interaction, now place the binary in a regime where it can merge
ithin a Hubble time. This population would be of particular interest

s their binary properties will be set mostly by stellar evolution but
nclude some influence due to the single interaction which ejects 
hem. The longer a primordial binary remains in the cluster, the more
nteractions it will experience and thus its orbital properties will 
ecome more akin to a dynamically formed binary. 
When we take into account the tight BBHs that are ejected after a

ingle interaction, we see in both metallicity models, the remaining 
ard BBH population in low-mass clusters goes down significantly. 
n the sub-Solar model, low-mass clusters with v esc < 7 km s −1 , we
ee more than half of the retained hard BBHs get ejected after their
rst interaction. As the escape velocity increases, fewer BBHs get 
jected due to their first recoil kick. This is in part because the higher
scape velocity requires an equi v alently large recoil kick to eject the
inary; but also, as for higher escape velocities the parameter a h gets
maller, meaning fewer BBHs are hard and so the interaction is much
ore likely to either widen the binary or disrupt it completely. 
In the Solar model, we similarly see that the higher the escape

elocity, the fewer BBHs are ejected due to the first interaction.
o we ver, we see that for v esc < 28 km s −1 more than half of the
BHs are remo v ed due to that first strong encounter while for v esc >

60 km s −1 none of the first recoil kicks are able to eject the BBHs.
his is slightly lower than the upper bound in the sub-Solar model
here we see a few BBHs still ejected due to the interaction, up to

n escape velocity v esc = 280 km s −1 . 
In all of the models, there is a certain escape velocity above which

he fraction of retained BHs that are in BBHs levels out, while the
ubset of those that are in hard BBHs continues to drop; this is due to
he relation between the hard/soft boundary and the escape velocity 
f the cluster, a h ∝ 1 /v 2 esc from equation ( 7 ). The semimajor axis
ut-off for a hard binary is getting larger still and thus fewer binaries
re considered hard as the escape velocity continues to increase. 

It is clear that in both metallicities models, we should expect
ow-mass clusters to eject a significant fraction of their hard BBH
opulation relatively early in the cluster’s evolutionary time-scale. 
ince these ejected BBHs will typically have small separations, they 
re likely to make a significant contribution to the BBH merger rate
or these clusters. 

.3 In-cluster binaries unaffected by dynamics 

o far we have shown that for low-metallicity clusters, the BH
opulation due to stellar evolution and simplistic dynamics is 
redominantly in the form of hard BBHs. Given these binaries are
ightly bound, it seems probable that some fraction of systems may
erge before the next strong interaction interferes with the system. 
o investigate this, we compare the merger time-scale equation ( 4 )
Peters 1964 ) with the interaction time-scale for every hard BBH
etained within various combinations of cluster mass ( M cl ) and half-
ass radii ( r h ). 

.3.1 Time-scales 

o calculate the time-scale for the binaries to experience a first
ncounter, we again make the assumption that the encounter remo v es
 fraction δ of the binary binding energy. We then have the rate of
nergy loss from the binary given by Ė bin � δE bin /t int (Heggie &
ut 2003 ), from which we have the interaction time-scale for a
MNRAS 527, 7363–7381 (2024) 
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ingle binary (Antonini & Gieles 2020b ) 

 int � δ
Gm 1 m 2 

2 a 
Ė 

−1 
bin . (10) 

We assume that the dynamical hardening of BBHs in the cluster
ore drives the cluster heating and that every binary contributes
pproximately the same amount of energy to the cluster. Then, we can
quate the binary hardening rate to the cluster heating rate N bin Ė bin =
˙
 , where N bin is the number of binaries in the cluster. From which
e can further relate to the heat generation to the global cluster
roperties (H ́enon 1961 ; Breen & Heggie 2013 ) 

˙
 = ζ

| E| 
t rh 

, (11) 

here E � −0 . 2 GM 

2 
cl /r h is the total energy of the cluster and ζ ≈

.2 (H ́enon 1961 , 1965 ; Gieles, Heggie & Zhao 2011 ). The cluster
elaxation time is given by 

 rh = 0 . 138 

√ 

M cl r 
3 
h 

G 

1 

〈 m all 〉 ψ ln 
 

, (12) 

here 〈 m all 〉 = 0.809 M � is set to the average stellar mass initially in
he cluster, which is calculated using a Kroupa ( 2001 ) IMF between
.08 and 150 M �. ln 
 is the Coulomb logarithm which we set to a
onstant ln 
 = 10, and ψ depends on the mass spectrum within the
alf-mass radius. For a single-component cluster, ψ = 1, but in what
ollows, we adopt ψ = 5. This takes into account that in the early
volution of the cluster (first ∼100 Myr) the mass function contains
ore massive stars and ψ is high. 
Combining equations ( 10 ) and ( 11 ), we arrive at an expression for

he expected total time-scale between all interactions, t int , in terms
f the cluster half-mass relaxation time ( t rh ) 

 int � 25 δ
m 1 m 2 

M 

2 
cl 

r h 

a 
N bin t rh . (13) 

e note that the deri v ation of equation ( 13 ) makes the assumption
hat the cluster has undergone several relaxation times, such that it
as reached a state of balanced evolution (H ́enon 1961 ; Breen &
eggie 2013 ). Once in this state, we can relate the heat generation
ue to BBHs in the cluster core to the global properties of the cluster
tself as in Breen & Heggie ( 2013 ). As before, we set δ = 0.2 which is
he expected averaged value for binary–single interactions. However,
e note that δ should be a distribution of values, and that the average

s expected to be somewhat higher for binary–binary interactions
Zevin et al. 2019 ). Here, we ignore these complications and continue
ith a fixed value. 
It is important to consider that our assumption of all primordial

inaries contributing equally to the heating of the cluster all of the
ime is likely not realistic. It is more feasible that only a fraction
f the primordial binaries are directly contributing to the heating at
n y giv en time, and so our assumption is producing a conserv ati ve,
ower estimate for the interaction time-scale. As a comparison we
ompleted the analysis shown in the following section also assuming
hat none of the primordial binaries reach the core and so the
nteraction rate can simply be computed as (e.g. Spitzer 1987 ) 

 int ≈ 2 × 10 7 ζ−1 

(
n 

10 6 pc −3 

)−1 ( σ

30 km s −1 

)(
m ∗
m 3 

10 

)1 / 2 

( a 

0 . 04 au 

)−1 
(

m 12 

20 M �

)−1 

yr . (14) 

ere, we have the number density of the cluster, n , the average star
ass in the cluster, m ∗, and the constant ζ ≤ 1 which parametrizes
NRAS 527, 7363–7381 (2024) 
he difference from cluster equipartition (we set ζ = 1 for this simple
heck). Using this alternative approach to the interaction time-scale,
e found very little effect on the population fractions of the BBHs
efined in the following section (Fig. 5 ). Similarly, we only found
nly slight differences in the merging population (Fig. 6 ). Since we
ould draw the same conclusions on the BBH populations using

ither approach for interaction time-scale, we continue this work
ssuming t int as defined in equation ( 13 ). 

.4 Merging population 

ith the consideration made in the previous sections, we are able to
ake the distinction between three distinct BBH populations. The
rst population, Pop I, are the tightest binaries, and they experience
o dynamical encounters before they merge. These BBHs fall into
ne of two categories. One possibility is that they are ejected from the
luster by the SN kick of one of the binary components, continuing
o evolve in the galactic field until they merge within a Hubble
ime. The other option is that the BBH remains in the cluster,
o we ver, its GW time-scale is shorter than the typical interaction
ime-scale of the cluster, hence it will merge before it can experience
 strong encounter that significantly affects the binary properties
Section 4.3 ). Clearly, this population of merging BBHs should
losely resemble that of the isolated binary formation channel, since
ts properties are solely dictated by the stellar evolution of the binary.

We define Pop II BBHs as those that will experience a single
trong interaction 1 that ejects them from the cluster, i.e. a ≤ a ej 

Section 4.2 ). Meanwhile, Pop III are the remaining hard BBHs that
ill experience multiple strong encounters inside the cluster, i.e. a ej 

 a ≤ a h . 
Fig. 5 shows the fraction of BBHs split into these populations

cross a range of cluster escape velocities. It should be noted that
ne extra population of BBHs that is not plotted here are the soft
BHs, where a > a h , since these binaries are likely to be disrupted
nd contribute to the single BH population. Ho we ver, we kno w from
ig. 4 that these become the dominant form of BBHs in very massive
lusters with high escape velocity. The definition of these populations
elies on the calculation of the cluster interaction time-scale, which
s dependent on both the cluster mass and the half-mass density.
herefore, we are unable to simply plot against the cluster escape
elocity as we had previously done in Fig. 4 . Instead, we show
elationship between the fraction of these populations against varying
luster half-mass density with fixed cluster mass, M cl = 10 5 M �
left panels) and vice versa with fixed density of ρ = 1200 M � pc −3 

right panels). For a given cluster mass and density, we also compute
he cluster escape velocity which is plotted on the main x -axis (with
he corresponding varying cluster mass and half-mass density shown
n the secondary x -axis). 
It is possible for all three of these populations to contribute to the

ub-population of merging BBHs under slightly different conditions,
nd thus we investigate how the contribution of each population
hanges across the range of escape velocities used in Fig. 5 . By
efinition, Pop I BBHs all merge either before an interaction or
utside of the cluster after being ejected by the SN kicks, hence in
ig. 6 we divide up the Pop I BBHs into outside and inside mergers.
or a sub-Solar metallicity model, Z = 0.0001 and fixed ρ (upper
ight panel), we see that at low escape velocities, v esc < 21.3 km s −1 ,
he Pop I mergers are dominated by outside mergers. Meanwhile, in
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Figure 5. Here, we show the primordial BBH population split into three sub-populations based on the binary separation. Pop I are BBHs that experience no 
interactions before they merge (either outside the cluster or before an encounter in the cluster). Pop II are BBHs that experience one strong interaction that ejects 
them from the cluster, and Pop III are hard BBHs that experience more than one encounter in the cluster. In addition, we show the o v erall retained BH-binary 
(binary with at least one BH) fraction (dashed line) across the range of escape velocities. In the left panels, we fix the cluster mass at M cl = 10 5 M � and vary 
the cluster density from ρ = 1 to 10 7 M � pc −3 . The right panels show a fixed density of ρ = 1200 M � pc −3 while varying the cluster mass from M cl = 10 3 

to 10 8 M �. We show the results for a sub-Solar metallicity model ( Z = 0.0001) in the top panels, and for a Solar metallicity model ( Z = 0.01) in the bottom 

panels. Finally, the coloured points represent the corresponding populations as found in the N -body models and similarly the crosses are the retained BH-binary 
fraction of the cluster. 
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he Solar model with fixed ρ (lower right panel), the outside Pop I
ergers remain dominant up to v esc = 191.5 km s −1 , abo v e which

oint the mergers from Pop I become dominated by inside mergers. 
his difference between metallicities is likely a result of the larger SN
icks imparted on the BBHs at Solar metallicities. This means that 
t is much easier for the Pop I binaries to be ejected at lower escape
elocities in the Solar metallicity case, thus leading to more outside 
ergers. When the cluster mass is kept constant (left panels), we see

hat in the Solar model (lower panels) the Pop I mergers are al w ays
utside of the cluster. On the other hand, for the sub-Solar model
upper left panels) the outside mergers are almost al w ays dominant. 

For the other two populations, Pop II and Pop III, we must calculate
hat fraction of them will undergo a merger within a Hubble time

nd thus how they will contribute to the merging population. Recall 
hat we define Pop II BBHs as binaries whose semimajor axis is
maller than some cut-of f v alue, a < a ej , where a ej is defined by
quation ( 9 ) and describes the separation at which a single strong
nteraction ejects the BBH from the cluster. Naturally then, for this
opulation to merge either the binary properties as set by the stellar
volution place the BBH in a merging regime or the single strong
nteraction adjusts the properties such that the BBH can now merge
n a Hubble time. Assuming either of these scenarios we set upper
nd lower limits on the number of expected mergers from Pop II. 

We first estimate the lower limit of mergers from Pop II by
ssuming the interaction does not affect the binary properties and 
o they are set solely by the SE. With these parameters we calculate
he GW time-scale from equation ( 4 ), and check how many would
erge within a Hubble time. For the upper limit, we account for

he effect the single strong interaction has on the binary. We assume
hat the encounter reduces the binary binding energy by 20 per cent
MNRAS 527, 7363–7381 (2024) 
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Figure 6. We show the fraction of merging BBHs normalized by the total number of BBHs, split between three populations (Pop I, Pop II, and Pop III) defined 
in the text and caption of Fig. 5 . For Pop I mergers, we show the number of mergers inside the cluster (dash–dotted lines), outside the cluster (dashed lines), 
and the total number (solid lines). Since Pop II experience a single encounter which ejects them from the cluster, we compute two limits for the mergers. The 
first a lower estimate assuming the orbital properties from the stellar evolution (SE merge, dash–dotted line), and the then an upper limit assuming a single 
interaction which increases the binding energy by 20 per cent and produces an eccentricity kick which is drawn from a thermal distribution (Int merge, dashed 
line). Between these limits we show the shaded region. Finally, for Pop III mergers we compute an upper estimate, assuming that the BBHs undergo multiple 
interactions until the separation shrinks to a ej . At which point we compute the effect of the interaction on the binary orbital properties. We show (in corresponding 
colours) the results from our N -body simulations, including both the mergers that occur within the simulation time (1 Gyr), and those escaped systems that 
would merge within a Hubble time according to equation ( 4 ). 
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nd draw a new eccentricity by averaging 10 random samples from
 thermal eccentricity distribution. The upper limit for mergers can
hen be found by how many merge within a Hubble time. We show
hese limits in Fig. 6 (the bounds of the shaded region). Note that the
 alues sho wn in Fig. 6 are normalized by the total number of BBHs
cross the simulation since the total fraction of merging BBHs is
ependent on whether you take the upper or lower limit for the
op II mergers. In the sub-Solar model, when the cluster mass is
ept constant, we see that the fraction of Pop II mergers gradually
ncreases until a maximum of 18 per cent at 76 km s −1 after which is
apidly drops towards zero. This increase in dominance is likely due
o the shortened interaction time-scale at higher densities. For some
f the tight binaries that remain in the cluster, this means that they are
NRAS 527, 7363–7381 (2024) 
o longer able to merge before an interaction time-scale. Essentially
his is a shift from ‘inside’ Pop I mergers to Pop II mergers. 

This is supported by the fact that we see the those ‘inside’ Pop I
ergers drop to zero at the same time as Pop II gro ws. Ho we ver, this

rowing number of Pop II mergers will al w ays be turned around if
he density (and thus the escape velocity) continue to increase, since
 ej ∝ 

1 
v 2 esc 

. Therefore, since the a ej cut-off value decreases for larger
 esc the Pop II binaries close to a ej will fall into the Pop III group as
hey no longer receive a large enough kick to escape the cluster on a
ingle interaction. When we instead keep the density constant (upper
ight panel) we see that the fraction of Pop II mergers has a fairly
onsistent slight downward trend up to 100 km s −1 after which point
t drops quickly to zero. This difference with the fixed mass case
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iscussed previously can likely be explained by the different trends 
e see in Fig. 5 . There we see that the fixed density case sees the
op II fraction simply start at 40 per cent of the BBH population 
nd then quickly fall to zero as the cluster mass increased. On the
ther hand, the fixed mass case (upper left) sees the Pop II fraction
o v er around 20 per cent of the BBH population across almost the
ntire range of densities considered. Interestingly, this difference in 
rend is not particularly seen in the Solar model (lower panels of
ig. 5 ) where instead fixing either the cluster mass or the density
as negligible effect on the trend of the Pop II fraction. This then
s carried through to the mergers in the Pop II group, where we see
t Solar metallicity (lower panels of Fig. 6 ) the same distribution of
op II mergers when we fix density and mass, respectively. 
In the case of Pop III mergers, the y e xist in the cluster for more

han a single interaction and since they are still hard binaries we
an assume that each successive interaction shrinks the semimajor 
xis, until it reaches a ej at which point the subsequent interaction 
jects the binary. In the process of the many encounters leading 
o a ej , it is possible that one of the interactions leads to a merger
efore the binary reaches a ej . Ho we ver, it is dif ficult to consider this
s it is very dependent on each individual encounter. Thus, we opt
o compute a lower limit on the mergers. Assuming that all of the
op III binaries are able to shrink to a ej without merging earlier,
e then consider the final encounter in the same way as for Pop II
ergers, and see how many mergers occur within a Hubble time. It

hould be noted that we do account for the number of interactions
hat it will take to reach a ej from the binaries initial separation, and
his is factored into the time to merger. Although this population 
riginates from the primordial population, the longer they remain 
ithin the cluster the more interactions they experience which will 

hange the binary orbital parameters. Over enough encounters the 
rbital properties of the binary would more closely resemble that of a
urely dynamically formed BBH. Ho we ver, this theoretical treatment 
f potential interactions has a couple of caveats. First, we do not
onsider three-body interactions on a binary until it has formed a 
BH. Secondly, we do not consider exchanges of binary components 

rom these encounters, which would in turn mean a change in the
omponent mass. 

In Fig. 6 , we also show the fraction of mergers coming from Pop
II, and we see that in both models (and in both variations of fixed

and fixed M cl ) this population does not contribute to the mergers
ntil ≈ 25 km s −1 . In the Solar models (lower panels), Pop III quickly
ecomes the dominant contributor to the mergers (by ≈ 40 km s −1 ). 
n addition, we see that at Solar metallicity, both when fixing density
nd cluster mass, the contribution from Pop III eventually levels out 
t ≈ 32 per cent of the initial BBHs formed. At sub-Solar metallicity 
upper panels), we see that while Pop III does eventually become the
ominant source of mergers there is still a significant amount of Pop
 and Pop II mergers. 

.5 Comparison to N -body simulations 

o far we have assumed a simplistic cluster model where we only start 
o consider the dynamics of the cluster after the stars have evolved
nd formed the BH populations. This is useful to estimate the effect
f the stellar evolution on the BBH population and specifically on the
ub-population of merging BBHs. Ho we ver, in reality, the dynamics 
f the cluster during the period of stellar evolution may impact the
H populations. To investigate this we utilize the high-performance 
ybrid N -body code, PETAR (Nitadori & Aarseth 2012 ; Wang et al.
020b ), which allows us to populate a star cluster with some given
ensity profile, and evolve the stars (both single and those in binaries)
hile still considering the dynamical interactions of the surrounding 
luster. In comparison to direct N -body codes, PETAR combines the
article–tree particle–particle method (Oshino, Funato & Makino 
011 ) and the slo w-do wn algorithmic regularization method (Wang,
itadori & Makino 2020a ) with parallelization using a hybrid parallel
ethod, the Framework for Developing Particle Simulator (FDPS) 

Iw asaw a et al. 2016 ; Namekata et al. 2018 ; Iw asaw a et al. 2020 ).
his allows the simulations to be much quicker than other direct
 -body codes while also giving us the option to simulate massive

tar clusters with binary fractions approaching 100 per cent (Wang, 
anikawa & Fujii 2021 ). Stellar evolution in PETAR follows the
pdated single and binary stellar evolution packages (Hurley, Pols & 

out 2000 ; Banerjee et al. 2020 ) where we choose all of the stellar
arameters to mimic those used in the COMPAS runs. 
We run six different cluster models, three at the sub-Solar metal-

icity Z = 0.0001 and three at Solar metallicity, for three different
luster masses; M = 10 4 , 5 × 10 4 , and 1 × 10 5 M �. For all these
odels, we keep the density fixed at ρh ≈ 1200 M � pc −3 . Each cluster

s initialized with a King ( 1966 ) model where the concentration
arameter is set to W 0 = 7 and the stellar masses drawn from a
roupa ( 2001 ) IMF with a range of 0.08–150 M �. We then set the

nitial binary fraction such that all stars M > 20 M � are placed in
 binary, with the partner star randomly selected from a uniform q-
istribution between 0.1 and 1. We then adjust the binary period and
ccentricity according to the extended Sana et al. ( 2012 ) distribution
escribed in Oh, Kroupa & Pflamm-Altenburg ( 2015 ) which matches
he adjustment made for the binaries in the COMPAS models. 

Each model is simulated for 1 Gyr which gives more than enough
ime for all of the primordial binaries to either form a CO binary or
o be disrupted due to the interactions, and for the clusters to have
ignificantly evolved through dynamics. From the data, we extract the 
inary information at the time that each BBH is formed and run the
ame population tests as we did for the COMPAS models to separate
hese BBHs into the same population groups. The key difference 
ere is that by using a self-consistent cluster model we can take into
ccount the dynamical interactions within the cluster, as well as the
volution of the cluster itself before the formation of the BHs. This
llows us to get a more accurate picture of these populations in a more
ealistic setting. The cluster mass and half-mass radii can simply be
ead from the data at the time of the BBH formation; ho we ver, to
alculate the escape velocity for a specific binary at this time, we
ust take into account its position within the cluster and find the

v erage v elocity dispersion of the surrounding stars. From this we
an find the escape velocity of the cluster using the relation v esc �
.77 σ for a King density profile with W 0 = 7 (as used for the COMPAS

odel). 
We show the results of these N -body simulations as markers on

igs 5 and 6 . These markers are not in a one-to-one correspondence
ith the COMPAS results, since the binary stellar evolution code used

s subtly different in PETAR compared to COMPAS . It is also important
o note that the uncertainty in the data for the smallest cluster we
imulated, at v esc = 14 km s −1 , is very large since we are dealing
ith a relatively low number of statistics here, less than 10 binaries.
rom Fig. 5 , one of the key differences we see between the PETAR

esults and the COMPAS results is the slight reduction in the number of
op III binaries. This suggests some dynamical interactions during 
he stellar evolution phase of the binaries, disrupt some of these wider
BHs. 
In order to better quantify the effect of dynamics on the binary

opulation during the period of stellar evolution, we use the inde-
endent binary stellar evolution tool in PETAR to evolve a population
f binaries drawn from the same initial distributions as those used
MNRAS 527, 7363–7381 (2024) 
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Figure 7. We compare the separation (upper panel) and eccentricity (lower 
panel) distributions when considering only binary stellar evolution, and in the 
context of a dynamical environment. We see that there is very little effect on 
the eccentricity of the formed BBHs; ho we ver, the separation of the BBHs 
is typically reduced when dynamics are introduced. These plots show results 
only from the Solar metallicity models. 
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Table 3. A count of mergers found within N -body simulations that were ran 
up to 1 Gyr. Here, the primordial binaries are separated in the three populations 
based on their orbital parameters at BBH formation. We also give the number 
of mergers among BBHs that form through dynamical interactions, and the 
number of lone black holes remaining at the end of the simulation, N BH . 

Metallicity Mass Primordial Dynamical N BH 

( Z �) (M �) Pop I Pop II Pop III 

1 10 000 2 0 0 0 1 
50 000 4 0 0 0 23 

100 000 12 2 0 4 50 
0.1 10 000 2 0 0 1 3 

50 000 10 1 0 3 29 
100 000 24 5 1 6 70 

0.01 10 000 4 0 0 1 2 
50 000 13 1 0 2 34 

100 000 20 4 1 6 95 
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n the cluster simulations. We then compare the separation and
ccentricity distributions for the formed BBH in each case (with
ynamics and isolated); these comparisons are shown in Fig. 7 .
rom the comparison of the separation distributions it is clear that the
ynamical environment causes two main effects; most importantly,
he disruption of the wider binaries � 10 au and secondly, the
ardening of the tighter binaries. This results in the separation
istribution shifting to smaller a BBH . The eccentricity distribution
s not o v erly affected by the introduction of dynamics. 

These N -body runs have shown us that, dynamical encounters
rior to the formation of BHs tend to slightly reduce the pre v alence
f the wider Pop III binaries. Ho we ver, these still account for at least

20 per cent of the BBH population in our models (excluding the
ingle case of 0 binaries in the sub-Solar metallicity model in which
e are dealing with very low number statistics < 5). Therefore, it still

eems that our method for splitting the BBH population is applicable
ven when considering early dynamics in the cluster. 

In addition, we investigate the number of actual mergers that
ccur in the simulations until the final integration time of 1 Gyr, and
ncluding those that occur within the ejected population in less than
he Hubble time. After identifying the mergers in the simulations,
e then look back to the time of BBH formation for each of these
inaries so that we can characterize them into the three populations.
NRAS 527, 7363–7381 (2024) 
n addition, for BBHs that still exist at the end of the simulation
nd have escaped the cluster, we calculate the time delay using
quation ( 4 ), and check if they would merge within a Hubble time.
e plot these points on top of the COMPAS results in Fig. 6 normalized

o the initial number of BBHs that are formed from the primordial
opulation; and also quote the merger counts in Table 3 . As was
he case for Fig. 5 , the markers on Fig. 6 are not in a one-to-one
orrespondence with the COMPAS . 

We see a clear dominance of mergers from Pop I in every model,
specially for the most massive 10 5 M � cluster where the errors are
maller. We also note that we find a significantly higher fraction of
op I mergers in the N -body runs than we had predicted from the
OMPAS models. Pop III mergers are non-existent within the Solar
etallicity models, and there is only a single merger found in the
ost massive cluster at sub-Solar metallicities. Pop II mergers are

lso very sub-dominant, al w ays around five times fewer than Pop I
ergers. 
In Table 3 , we also show counts for the number of mergers from

he dynamical population. Note that this population includes binaries
ormed through exchanges at any point in the stellar evolution. We
nd that these are a minority of mergers compared to those from

he primordial population. The final column of Table 3 shows the
umber of single BHs left in the cluster at the end of the simulation,
 Gyr. These might still contribute to the dynamical population of
erging BBHs. If we assume that the remaining BHs will interact

ynamically to form BBHs and that these BBHs will merge within a
ubble time, then we can estimate an upper limit for the number of
ergers we expect from the dynamical channel. This needs to take

nto account, ho we ver, that a binary will eject approximately ∼5
ther BHs before merging (Breen & Heggie 2013 ). We can conclude
hat the dynamical channel is still expected to produce fewer mergers
ompared to the primordial channel. 

We consider the future evolution of BBH populations we have
efined and conclude that it should be expected for dynamical
nteractions to ultimately have a larger contribution to the formation
f BBHs, since a significant fraction of Pop III binaries will likely
 xperience an e xchange at some time. This e xchange will likely
anifest as a binary–binary interaction and will add to the number

f binaries that are formed through captures of the single BHs still
n the cluster. The dominance of dynamically formed binaries in
hese clusters is consistent with previous studies (Di Carlo et al.
020 ; Rastello et al. 2021 ; Torniamenti et al. 2022 ) where their N -
ody simulations showed that the dynamical population was almost
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Figure 8. On the left panel, we compare the time delay distribution across three metallicities for the primordial binary population found in the N -body results 
(solid lines). We only show the results from the 10 5 M � clusters at each metallicity. We also show the time delay distribution found using the PETAR code without 
dynamics (dashed lines). Comparing the dashed and solid lines we can see how much of the difference the dynamical environment of the cluster makes on the 
BBHs formed. We also note that these distributions differ from the time delay distributions that we previously showed for the COMPAS results (Fig. 3 ). We have 
re-plotted the COMPAS distributions here in the right panel for ease of comparison. 
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Table 4. Stellar evolution variations compared to the previous 
models shown abo v e. 

Model Variation 

Mod1 Standard parameters described abo v e 
Mod2 Chemically homogeneous evolution – optimistic 
Mod3 Chemically homogeneous evolution – pessimistic 
Mod4 BH kick prescription – no kicks 
Mod5 BH kick prescription – reduced (equal momentum) 
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l w ays larger than the ‘original’ population, 2 typically by about a
actor of 3. 

When we look at the merging population we find that the reverse
s true, dynamical interactions appear to be less important, with the 
BH mergers predominantly arising from the binary population that 

s mostly unaffected by dynamical interactions. This is also consistent 
ith Di Carlo et al. ( 2020 ), Rastello et al. ( 2021 ), and Torniamenti

t al. ( 2022 ), who all find that the ‘original’ binaries are more efficient
t merging compared to BBHs formed through exchanges. It should 
e noted that the pre v alence of original BBH mergers in our N -body
odels is even more pronounced which stems from a different time 

elay distribution of the BBHs at formation (see the solid lines on
he left panel of Fig. 8 ). When we compare this plot against the
ame made for the COMPAS results Fig. 3 (re-plotted on the right
anel of Fig. 8 ), we see that at every metallicity the proportion of
BHs that merge within a Hubble time is larger than found using
OMPAS , with the difference more extreme for higher metallicities. 
his explains why the N -body points shown in Figs 5 and 6 do not
atch the fractions predicted from COMPAS . It is necessary to check
hether this difference in t delay is arising from the slightly different 

tellar evolution routines of both codes, or simply from the dynamical 
nvironment of the stellar cluster. Therefore, we also complete an 
isolated’ run in PETAR , with the same initial stellar conditions as
he N -body runs but without the dynamics of the stellar cluster. The
esulting t delay distribution is shown in the left panel of Fig. 8 , with
he dotted lines showing the distribution for the isolated simulation 
un. We see that the dynamical environment of the star cluster does
mpact the t delay distribution compared to the isolated run; ho we ver,
he isolated run in PETAR is still not able to reco v er a distribution
imilar to that found for COMPAS . Therefore, we conclude that the
ain cause of the discrepancy between the N -body points and the

OMPAS lines shown in Figs 5 and 6 must result from the slightly
ifferent stellar evolution routines. 
 In these studies, primordial binaries are termed original, while dynamical 
inaries are referred to as ‘exchange’ binaries. 
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.6 Varying stellar properties 

e vary some of the stellar properties and rerun the analysis
erformed abo v e, Table 4 details all the different models that we
un. 

We find very little difference between Mod1, Mod2, and Mod3 
uggesting that the choice of chemically homogeneous evolution 
oes not affect the population fractions of the BBHs. We also see
egligible variation for the BBH mass, semimajor axis, eccentricity, 
nd mass ratio distributions across Mod1, Mod2, and Mod3. 

The choice of BH kick prescription has a dramatic effect on the
opulations and the BH parameters, as can be expected; since the
ize of the SN kicks is one of the main determinants of whether a
inary is (a) disrupted following stellar evolution and (b) if it remains
ithin the cluster following the BH formation. We investigated three 
rescriptions for the BH natal kicks; first, the ‘fallback’ model, where
he BH kick is scaled by the amount of material that falls back on to
he BH. This is what has been used in producing the results up until
ow . Secondly , we used the ‘reduced’ kick model, where we assume
hat the BHs receive the same momentum kick as a typical NS, and
o the drawn kick magnitude is scaled by the ratio M NS / M BH . Lastly,
e use a zero kick model, where the BHs receive no kicks from the
Ne, although it is still possible for them to experience some kicks
ue to the mass transfer during the explosion. 
We show the population fractions from these results in Fig. 9 where 

e have set the metallicity to Z = 0.0001. When we assume the BHs
eceive no natal kick (upper panels) we see that the fraction of Pop III
BHs falls rapidly with increasing density and cluster mass which is
ery different relation to what we had seen when using the fallback
MNRAS 527, 7363–7381 (2024) 



7376 J. Barber, D. Chattopadhyay and F. Antonini 

M

Figure 9. We show the BBH populations, described in the caption of Fig. 5 , at metallicity Z = 0 . 0001 Z �, assuming different prescriptions for the BH natal 
kicks. The upper panels show the case for zero natal kicks, the middle panels show the ‘reduced’ model where kicks are scaled by the mass ratio of the BH to a 
typical NS. Finally, the lower panels show the ‘fallback’ model which scales the kicks based on the amount of material falling on to the BH while it is forming, 
this is characterized by a fallback fraction f b . These populations are defined as described in the caption of Fig. 5 . The right column of plots assumes a constant 
density ρ = 1200 M � pc −3 , whereas the left column assumes a constant cluster mass M cl = 10 5 M �. 
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odels previously (and in the lower panels). Meanwhile relationship
etween the Pop I fraction and the Pop II fraction with cluster density
nd mass remain largely the same as in the fallback case, although
heir respective fractions are slightly lower. This greater dominance in
he Pop III BBHs across the escape velocity range is most likely due
o the increased number of BBHs that can remain bound following
he BH natal kicks (since these are now zero). Although it is true
hat the zero kicks should also mean that the number of Pop I and
op II BBHs should also be increased; Pop III will benefit the most
ince the y hav e larger separations and thus would be easier to disrupt
ollowing a kick. 

The reduced kick model (middle panels) is particularly interesting
ince it has the most apparent change in relationship. In this case,
e the Pop III BBHs actually start as the minority population and

ncrease in fraction with increasing density and cluster mass. This is
ontrary to what we see for the fallback kick and zero kick models
here the general trend is a decrease in Pop III dominance with

scape velocity. This difference is likely arising due to the fact that
he reduced prescription for kicks will generally produce larger BH
icks compared to the fallback prescription. These larger kicks are
ble to disrupt more of the wider Pop III BBHs than the fallback
odel, and this is reflected in the lower contribution to the BBH

opulation. As the escape velocity increases, we have the Pop II/Pop
II cut-of f v alue, a ej shrink and so the Pop II BBHs become classified
s Pop III, this is the same as what we have discussed previously.
NRAS 527, 7363–7381 (2024) 

c  
o we ver, in this case since we have fewer wider BBHs (those with
eparations close to the Pop III/soft BBH boundary a h ), Pop III gains
ore members from Pop II than it loses as soft binaries. This explains
hy we see this increasing trend of dominance in the Pop III with

educed kicks compared to the opposite for the fallback and no kick
rescriptions. 

 I M P O RTA N C E  O F  BIN  A RY – B I N  A RY  

N T E R AC T I O N S  

hus far, we have shown that a significant fraction of the retained BHs
re found in BBHs, the latter being the majority source for low v esc 

lusters. This abundance of binaries in the cluster will in turn lead to
 higher chance that any specific BBH experiences a binary–binary
ncounter during its lifetime in the cluster. These interactions are
omplex with a variety of possible outcomes, including exchanges
f binary components and complete disruption of one or both binaries
Antognini & Thompson 2016 ; Zevin et al. 2019 ). All of which would
aturally have implications on the properties of the BBH population.
herefore, we show the importance of binaries by quantifying the
umber of potential binary interactions we would e xpect giv en the
opulation evolved with COMPAS , and making some assumptions
egarding the host cluster. 

We loosely follow the method shown in Atallah et al. ( 2023 ) to
alculate the interaction rate between a target binary and a projectile
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Figure 10. The ratio of the total number of binary–binary interactions to 
binary–single interactions, integrated over the entire hard BBH and single BH 

populations found using COMPAS (see Section 3 ). We show this ratio across 
three metallicities ( Z = 0 . 01 , 0 . 001 , and 0 . 0001) and for two states of the 
cluster, energy equipartition and a state of equal velocity dispersion between 
BHs and stars. We also mark the boundary line of � B,tot / � S,tot = 1 below 

which binary–single interactions become the dominant form of encounter. 
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species’, which we define as the binary or single population 
s required. First, we set up some relationships for the cluster 
nvironment where we are to place our BHs. We assume a double
ing ( 1966 ) cluster sphere model where the inner sphere is a scaled-
own version of the outer sphere. The inner sphere is taken as the BH
ub-cluster which results from the BH mass se gre gation e xpected to
orm in these dense stellar environments (K ̈upper et al. 2011 ; Breen &
eggie 2013 ). The outer sphere we take as the primary cluster which
e assume to contain only one Solar mass stars, such that the average

tellar mass for the cluster is 〈 m ∗〉 = 1 M �. The two spheres are
efined to be uncoupled so that they maintain independent velocity 
ispersion profiles. Under this assumption, the deviation from energy 
quipartition between the outer (primary) and inner (BH) cluster at 
 = 0 is defined by 

= 

〈 m BH 〉 σ 2 
BH (0) 

〈 m ∗〉 σ 2 
cl (0) 

, (15) 

here 〈 m ∗〉 and 〈 m BH 〉 are the average masses in the primary and BH
lusters. The choice of η determines the energy shared between the 
wo clusters, with η = 1 once full equipartition of energy is reached.
n this state, the ratio of the velocity dispersion for each cluster scales

ith the ratio of the average masses 
σ 2 

BH 
σ 2 ∗

= 

〈 m ∗〉 
〈 m BH 〉 . Alternatively, we 

an set η = 

〈 m BH 〉 
〈 m ∗〉 which is a state where the BHs have the same

elocity dispersion as the stars. 
In a similar vein to Atallah et al. ( 2023 ), we assume that the

nteraction between a target binary and the projectile species (singles 
r binaries) occurs within the BH sub-cluster. Then, by assuming 
quipartition between the target and projectile we can relate their 
espectiv e v elocity dispersions by 

p = σBH , 

σt = 

√ 

〈 m p 〉 
m t 

σp . (16) 

e finally define the relative velocity dispersion in the relative motion 
rame as in Binney & Tremaine ( 2008 ). 

rel , p = 

√ 

σ 2 
t + σ 2 

p = σBH 

√ 

1 + 

〈 m p 〉 
m t 

. (17) 

e define the escape velocity from the core of both clusters v esc ( ∞ ),
ith the total potential at the core 
 tot (0) = 
 cl (0) + 
 BH (0). 

 esc ( ∞ ) = 

√ 

−2( 
 cl (0) + 
 BH (0)) , (18) 

here the potential at infinity goes to 0. From King ( 1966 ), we
an relate the central potential to the W 0 parameter by 
 (0) =
W 0 σ

2 . Setting W 0 = 7 and substituting the velocity dispersion’s
rom equation ( 15 ) with 〈 m ∗〉 = 1 M � yields 

 esc ( ∞ ) = 

√ 

14 

(
1 + 

η

〈 m BH 〉 
)

σ∗. (19) 

Now we adapt the general interaction rate between a target binary 
nd a projectile species, such that we integrate the interactions o v er
ur hard BBH and BH populations: 

� s ∝ 

N s ∑ 

i= 0 

a 2 t σrel , s 

[ 

1 + 

G ( m t + m s , i ) 

2 a t σ 2 
rel , s 

] 

 b ∝ 

N b ∑ 

i= 0 

( a t + a b , i ) 
2 σrel , b 

[ 

1 + 

G ( m t + m b , i ) 

2( a t + a b , i ) σ 2 
rel , b 

] 

, (20) 

here a t and a b,i are the target and projectile binary separations and
rel,b and σ rel,s is the relative velocity dispersion assuming binary 
nd single projectiles, respectively. We can further integrate over 
he target binary semimajor axis and mass, which simply includes 
 second summation in equation ( 20 ) o v er a t,j and m t,j . In doing
his, we can estimate the total interaction rates for every BBH in
he population with every other BBH and with every single BH in
he population. The ratio of these two rates can give us a measure
f the dominant form of interactions given our BH populations. 
ig. 10 shows the ratio of the total interaction rate for every
inary–binary ( � b,tot ) and binary–single ( � s,tot ) encounter in our
opulation against the cluster escape velocity. We plot this curve 
t three metallicities Z = 0.01, 0.001, and 0.0001 and distinguish the
oundary line at � b,tot / � s,tot = 1 below which single interactions
ecome more dominant in the population. In addition, we consider 
wo possible states of the cluster; a state of energy equipartition

here 
σ 2 

BH 
σ 2 ∗

= 

〈 m ∗〉 
〈 m BH 〉 and a state where the velocity dispersion of the

Hs and stars is equal. One would expect that as a stellar cluster
volves, it moves towards a state of energy equipartition. 

Concentrating first on the case where the cluster has reached 
nergy equipartition; the trivial tak eaw ay from Fig. 10 is that binary–
inary interactions dominate the BBH encounters at low v esc . As the
scape velocity increases and we begin to retain more single BHs
ithin the cluster the number of potential binary–single encounters 
rows. In addition, the velocity dispersion of the cluster increases and
s such the hard–soft boundary for the BBHs ( a h ) decreases and so
oes the number of hard binaries which can undergo a binary–binary
ncounter. The combination of these two effects leads to the ratio
f � B,tot / � S,tot decreasing as the escape velocity increases. We see
hat the escape velocity where � B,tot / � S,tot becomes less than one is
ependent on the metallicity of the cluster, with the lower metallicity
lusters maintaining a majority of binary–binary interactions for 
igher escape velocities. We also see that the escape velocity of the
ransition point, ∼100 km s −1 for the sub-Solar metallicity model, 
s larger than the escape velocity at which the single BH population
ecomes more numerous than the hard BBH population, 30 km s −1 

or the same model. This tells us that this transition point is not only
ependent on the number count of single BHs to BBHs. For each
nteraction, we have a cross-section for the interaction � int ∝ k ( a t 
MNRAS 527, 7363–7381 (2024) 
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M

Figure 11. For our three metallicity models Z = 0 . 01 , 0 . 001 , 0 . 0001, we 
assume five cluster escape velocities, v esc = 5 , 10 , 50 , 100 , and 500 km s −1 

and then generate 10 000 target binaries drawing their separations from the 
range of semimajor axis in the retained hard BBH population. We then 
calculate the ratio of binary–binary and binary–single interaction rates for 
each target binary, integrating over the retained hard BBH and single BH 

populations. We finally show this ratio against the target semimajor axis for 
all three metallicities and all five escape velocities, in addition to plotting the 
boundary line at � B / � S = 1 below which the binary–single interactions are 
dominant. 
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 a p ) 2 with a p = 0 when the projectile species are single BHs and
 = 2 so that we include only strong interactions with the target
inary . Naturally , the interaction cross-section for a binary–binary
nteraction is larger than for a binary–single interaction. Thus, for
he binary–single interactions to become dominant, they not only
eed to outnumber the binary–binary interactions but outnumber
hem to such a degree that the extra encounters can make up for their
ower cross-section. To better understand this cut-off, we investigated
ow the binary fraction, N bin /( N bin + N singles ), evolves with v esc . We
nd that for every metallicity model the binary–single interactions
ecome dominant below a binary fraction of 30 per cent , which is
onsistent with recent work on the topic (Mar ́ın Pina & Gieles 2023 ).

For each metallicity model in Fig. 10 , we also consider the case
here σ BH = σ ∗. We see that in this scenario the transition point

o dominant binary–single interactions is pushed to lower escape
elocities for all models, while the general shape of the relationship
etween � B,tot / � S,tot and v esc remains almost unchanged compared to
he equipartition case. 

To investigate how the ratio � B,tot / � S,tot depends on the properties
f the target binary, we run further analysis and calculate the
nteraction rates for a given target BBH with our hard BBH and
ingle BH populations. Starting first by fixing the target BBH mass
o the average BBH mass from our population, 〈 m BBH 〉 = 44 M �,
nd fixing the escape velocity, we draw 10 000 target separations
niformly across the range of hard BBH semimajor axis in our
opulation. For each target binary, we calculate the averaged ratio
f the interactions � B / � S , repeating this for five different values of
 esc and also for each of our metallicity models. Fig. 11 shows these
esults plotted against the semimajor axis of the target binary ( a t ),
gain with the cut-off value � B / � S = 1 marked. 

We see that for a given metallicity and escape velocity, the ratio
f interactions increases for a smaller target separation, with the

elationship at low a t scaling proportional to 
(

1 + 

〈 a b 〉 
a t 

)
. Looking to

he other extreme of large a t , at all escape velocities and metallicities
NRAS 527, 7363–7381 (2024) 
he ratio of interactions levels out. It can be shown that in this regime 

� B 

� S 
� 

N B 

N S 

σrel , B 

σrel , S 
, (21) 

here we assume that the target separation is much larger than the
verage separation of the projectile binaries. Note that since here
e are fixing the escape velocity of the cluster, equation ( 21 ) is

onstant and so in the high a t regime the k ey f actor determining
hether binary–single or binary–binary interactions are dominant

omes down to which population is more numerous at this v esc . This
xplains why for low escape velocities, v esc = 5 km s −1 and v esc =
0 km s −1 where we are retaining many more hard BBHs than single
Hs, the single interactions are never dominant, even at large a t . 
As the cluster escape velocity increases, and so, in turn, does the

elocity dispersion, we know that a h for any given binary decreases
hich both limits the maximum separation of the target binary and

owers the number of hard BBH to be used as projectiles. In addition,
he cluster retains more single BHs at higher escape velocity which
aturally increases the binary–single interaction rate of the target
inary. All of these aspects can be seen in Fig. 11 , when comparing
urves at increasing v esc . The key point here is that for a given
arget binary, the separation at which the binary–single interactions
ecome dominant becomes smaller as the escape velocity of the
luster increases. In particular, for a metallicity Z = 0.0001, binary–
inary interactions are the dominant form of encounter in clusters up
o v esc = 100 km s −1 for almost any target binary separation. 

.1 Probability of at least one binary–binary encounter 

hile within the cluster, a hard BBH will undergo multiple encoun-
ers until it is either disrupted or ejected from the cluster. Although
nteractions with other binaries can cause some chaotic outcomes, it
s typical to assume strong encounters with single BHs will result in
he binary giving up about 20 per cent of its energy, thus shrinking
ts semimajor axis. This tightening of the binary will continue with
uccessive encounters until its separation reaches a ej as defined in
quation ( 9 ) at which point the next single interaction will eject the
inary from the cluster (Antonini & Rasio 2016 ). Ho we ver, when
he cluster starts with a non-zero binary fraction, we can expect that
here are many other BBHs (see Fig. 4 ) in the cluster which will
omplicate the simple picture abo v e, since at any point along this
hain of interactions, the target binary may interact with another
inary. Strong binary–binary interactions will typically result in a
reater change in the binding energy of one of the binaries, compared
o a typical binary–single encounter. In addition to the increased
ffect of hardening, binary–binary interactions can also lead to
xchanges of the binary components which results in essentially
 new, dynamically formed, binary (Zevin et al. 2019 ). 

Given our populations of BHs and BBHs formed solely from
inary stellar evolution, we calculate the probability that a target
inary interacts with at least one other binary before it can shrink
ts separation to a ej (equation 22 ). Here, P int ( All Singles ) is the
robability that the target binary receives only N single interactions,

here N = log 
(

a h 
a ej 

)
/ log 1 . 2 is the number of single interactions to

each a ej from the initial separation a init 

 int ( Binary ) = 1 − P int ( All Singles ) . (22) 

Using the interaction rates in equation ( 20 ), we can define the
robability for the next interaction to be with a single BH, given the
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Figure 12. Probability to experience at least one binary–binary encounter 
in the chain of successive interactions, a target binary undergoes before its 
separation reduces to a ej . The probability is computed as 1 − P (All Singles), 
where P (All Singles) is the probability that the binary only interacts with 
singles. We show this probability by taking three values for the initial 
separation of the target binary in terms of the hard/soft boundary, a h , 0.1 a h , 
and 0.01 a h . We also compute the probability of the next encounter being a 
binary for a target binary with separation a = max [ a GW 

, a ej ], where a GW 

is 
the separation at which the binary energy loss is dominated by GW radiation. 
Finally, we perform the abo v e analysis assuming two states for the o v erall 
cluster: a state of energy equipartition, and a state with the BH velocity 
dispersion equal to the stellar velocity dispersion. The upper panel shows 
results for Z = 0.0001, while the lower panel shows for Z = 0.01. 
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urrent separation of the target binary 

 int ( single ) = 

� S 

� S + � B 
. (23) 

e then calculate this P int (single) N times as the target binary’s sep-
ration shrinks to a ej . The product of these probabilities then gives us
he probability of only interacting with single BHs, P int (All Singles),
hich we put into equation ( 22 ) to find the probability of at least
ne binary interaction. We perform this calculation for three distinct 
arget binaries, all with M tot = 44 M �, and separations as fractions of
he hard/soft boundary, 0.01 a h , 0.1 a h , and a h . Fig. 12 takes the data
rom the Z = 0.0001 model and plots this probability for a range of
luster escape velocities, also taking the two possible assumptions 
bout the cluster state, equipartition and equal velocity dispersion. 
e see that for low v esc clusters the probability of encountering 
 binary before being ejected is ≈1, while as the escape velocity
ncreases this probability drops off quite rapidly. Ho we ver, the
robability of at least one binary encounter for a target binary initially
t a h remains almost certain up to a v esc � 10 3 km s −1 . Calculating
he number of single interactions required for a binary to shrink from
 h to a ej , we find that it takes ∼30 encounters. Since a h and a ej both
cale with 1 /v 2 esc , this number of encounters is independent of the
luster. Thus, even at the highest escape velocities, it would still
ake 30 encounters to reach a ej and so even if every interaction in
hat chain had a 90 per cent chance of being with a single BH, the
robability of all 30 being encounters involving a single BH is still
nly 4 per cent. 
When the cluster escape velocity increases, the target binary enters 

 regime with a ej < a GW 

, where a GW 

is defined as the separation at
hich the GW radiation dominates the energy loss of the binary

Antonini & Rasio 2016 ) 

 GW 

= 0 . 05 

(
M tot 

20 M �

)3 / 5 (
q 

(1 + q) 2 

)1 / 5 

(
σrel 

30 km s −1 

)1 / 5 (10 6 M � pc −3 

ρ

)1 / 5 

au . (24) 

nce in this regime, the number of single interactions that the binary
xperiences start to decrease with increasing v esc . Since a GW 

is
nly weakly dependent on cluster properties σ rel and ρ compared 
o the binary hard/soft boundary and so a h rapidly approaches a GW 

s v esc increases. The BBH now needs to experience fewer single
ncounters before it eventually reaches a GW 

and then merges before 
nother interaction. Thus, the total probability that at least one of
he interactions is with another binary decreases. We see this at
he high v esc regime of Fig. 12 , with the probability of each target
inary eventually decreasing. In Fig. 12 , we have also calculated the
robability that the next encounter would be with a binary if the
arget binary has a separation a = max ( a GW 

, a ej ). 

 C O N C L U S I O N S  

n this work, we have used the binary population synthesis code,
OMPAS (Stevenson et al. 2017 ; Riley et al. 2022 ) to characterize the
opulation of BBHs that form by stellar processes in star clusters.
nlike dynamically formed BBHs, the properties (e.g. component 
asses, orbit) of such primordial binaries are set mostly by stellar

volution processes. After their formation, however, they can undergo 
ynamical interactions that change their orbit and their likelihood 
f becoming a detectable source of GW radiation. These binaries 
epresent therefore a hybrid population, in the sense that they can be
ignificantly affected by both stellar and dynamical processes. 

We have presented simple analytical arguments together with bi- 
ary evolution models and N -body simulations to study the formation
nd evolution of primordial BBHs in dense star clusters. These 
odels represent a baseline for understanding their contribution to 

he population of merging BBHs detectable by LIGO–Virgo–Kagra. 
e briefly investigate how the choice of stellar ZAMS metallicity 

ffects the binary properties of the BBHs that are formed. We then
ocus our efforts on investigating the effect of placing the BBH and
ingle BH populations in simplistic cluster models. We compare the 
icks received during the SN; as well as the expected kicks due to
any-body interactions, against a range of cluster escape velocities. 
rom this, we estimate the fraction of BBHs and single BHs that
ould be retained within different-sized clusters, as well as the sub-
opulation of merging BBHs both inside and outside the cluster. 
inally, we study the type of interactions these binaries are likely
MNRAS 527, 7363–7381 (2024) 
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o experience when evolving in the dynamical environment of their
arent cluster. The key conclusions we find are as follows: 

(i) In clusters with escape velocity v esc � 100 km s −1 , BHs are
redominantly found as BBH, with a significant fraction also being
ategorized as ‘hard’ binaries. We expect therefore that primordial
inaries might have a significant impact on the merger rate of BBHs
ormed in open and globular clusters. On the other hand, we expect
heir contribution to be smaller in higher velocity dispersion clusters
uch as nuclear star clusters. 

(ii) The retained BBH population can be further split into three
istinct groups based on the binary separation compared to the
jection separation a ej , defined as the separation below which a
ynamical interaction will eject the binary from the cluster. 

(a) Pop I: These are binaries with a < a ej that are so tightly
bound that they either merge inside the cluster before an
encounter can interfere with them, or they are ejected by the
SN kick and merge outside the cluster. 

(b) Pop II: These binaries also have a ≤ a ej , ho we v er, the y
will experience a single interaction which ejects them from the
cluster. This group may also merge in a Hubble time though is
not defined to do so. 

(c) Pop III: The final population are hard binaries with a > a ej 

and will experience more than one interaction inside the cluster.
This group has the most uncertain future as it could eventually
be disrupted, become ejected or even merge. 

(iii) When further constraining Pop II and Pop III to those
otentially merging in a Hubble time, we see that mergers in a
luster with v esc � 100 km s −1 are predominantly Pop I and Pop
I. Meanwhile, the Pop III mergers become dominant in the higher
 esc clusters. 

(iv) When using an N -body simulation code to evolve realistic
luster models, we find that the Pop I mergers are dominant with
espect to the other two populations. Our models suggest that in
lusters with escape velocity v esc ≤ 30 km s −1 dynamics play a
econdary role in the production of BBH mergers. 

(v) Interactions within the cluster are dominated by binary–binary
ncounters for cluster sizes up to v esc � 100 km s −1 for Z = 0.0001,
p to v esc � 40 km s −1 for Z = 0.001, and up to v esc � 10 km s −1 for
olar metallicity. This is of particular importance to Pop III BBHs
hich experience multiple interactions. For these, it becomes almost

ertain that at least one of the interactions they experience will be
ith another hard BBH. 

In addition, we tested models with varied stellar evolution param-
ters to investigate how these new populations are impacted by the
hoice of evolution. Of particular note, we varied the BH natal kick
rescription between a zero kick, fallback and reduced kick models.
e find that in the zero kick case, Pop III becomes the dominant

roup down to v esc = 4 km s −1 . Whereas, in both the fallback and
educed kick models, Pop II become more significant at the small
 esc regime, with Pop III only rising to dominance at v esc = 80 km s −1 

ith the reduced kicks, and v esc = 14 km s −1 for the fallback model.
Our results indicate that primordial binaries can have a significant

mpact on the population of merging BBHs produced in dense star
lusters. The initial BH population in clusters with sufficiently low
scape velocities, v esc � 30 km s −1 , can be entirely in the form
f hard BBHs that originate by stellar processes. The properties
f the merging BBHs produced in these clusters are expected to
e determined mostly by stellar evolution, with little or no effect
rom dynamics. An implication is that the enhancement of the
erger rate due to dynamics is expected to be negligible in these
NRAS 527, 7363–7381 (2024) 
ystems. In clusters with higher escape velocities, the primordial
inary population becomes progressively less important. However,
n the range v esc � 100 km s −1 , more than 10 per cent of all BHs
re still in hard binaries. A large fraction of these are so tight that
hey are ejected from the cluster after one dynamical interaction
nd then merge in the field. This population is of particular interest
s their binary properties are set mostly by stellar ev olution, b ut
an include some influence due to the single interaction that ejects
hem. Finally, in higher escape velocity clusters, the single binary
opulation becomes dominant as most of the binaries formed by
tellar processes are soft and quickly disrupted. 
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