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Summary

Modern cosmology is seeking to understand the mechanisms behind the Universe birth and evo-
lution, dynamics at limiting cases of both high energy quantum physics and the theory of gravi-
tation. Since the observation of the Cosmic Microwave Background, primordial light revealed at
the Universe’s creation, a technological push was made towards the precise detection of its subtle
variations, especially with regards to its polarisation states. Directly or not, the scientific impact
resulting from this effort is strong. Radio-antennas, optical component at the base of cosmology
telescopes, are commonly used for telecommunication purposes in cars, phones, computers, etc.
The detectors used in instruments for Cosmic Microwave Background observations are based on
superconductors, ground technology for Magnetic Resonance Imaging or quantum-computer qubits.
Metamaterials, a recent artificial media tunable to shape the light as desired, enabled microscopy
at nanometric scales for instance.
This thesis presents efforts to prove the concept of the MetaL, a focal optics made of metamaterial
surfaces. Details on the Cosmic Microwave Background current knowledge and considerations on
future experiments are discussed. Compliance with the requirements dressed for Cosmic Microwave
Background instrumentation is partly demonstrated through a full experimental characterisation of
a prototyped device. Excellent optical performances, similar to an existing optics counterpart, are
demonstrated in a warm setup. Further plans and preliminary results to prove the coupling with a
detecting element cold are laid out.
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Foreword

"Il y a deux réponses à cette question,
comme à toute les questions :

celle du poète et celle du savant.
Laquelle veux-tu en premier ?"

P. Bottero, Le Pacte des Marchombres, Tome
1 : Ellana, 2010

"There are two answers to this question,
as for any questions:

that of the poet and that of the scholar.
Which one would you like first?"

P. Bottero, The Pact of the Shadowwalkers,
Book 1 : Ellana, 2010

It was dark. As if awakened from a deep slumber, my ears slowly picked up on the sound of the
surrounding mountains, the wind rustling against the fabric of the tent and the rumbling of the
river stream. Despite the comfortable warmth my duvet was providing, I was driven to go out-
side, partly because, as they say in Wales, the Dragon needed to be released, but also because I
knew from the crisp cold biting my cheeks that the sky was clear and couldn’t skip the marvel-
lous spectacle that awaited outside. Minutes later, I stood there looking up, lost in a moment,
less than a grain of sand on a minuscule rock spinning around a slightly less minuscule and some-
what shiny thermonuclear reactor, lost in the Orion Spur of the Milky Way... My awareness of the
infinities we’re lost within arising just as the more immediate awareness of my surroundings did
when I woke up earlier. Funny how, with the correct instrument, we can look at the sounds the
Universe was making at its birth. How it grew from one infinite to the other in an unimaginably
small amount of time. A couple mosquito bites later, I was back asleep inside the tent.
Climbing summits over multiple days on your own is obviously exhausting. The muscle fatigue
builds up over hours marching, the prolonged loneliness takes on moral, rest is precarious... In a
sense, it is a very good mirror of one’s life where multiple factors, internal or external, takes their
toll. But then why carrying on climbing?
That’s where my very short and somewhat generic story comes to play. Those moments where the
mind can wonder freely in a blend of contemplation, curiosity and imagination are the driver. It
is my firm belief that as trying times as it may be, we need to preserve this dreamer side under
which science is inscribed, providing the answers of the "poet" through the "scholar" perspective.
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Inscribed in the effort carried by generations of researchers to give humanity an eye that can see
clearly the very origin of the Universe, this thesis present a humble contribution to the develop-
ment of a focal optics, the Metamaterial-based Lenslet (MetaL). The material constituting this
lenslet is essentially reshaping light as it travels through. The proof of concept for that device is
further progressed by coupling it to a new generation of detectors that can perceive the faintest
variations of primordial light yet achieved, very much like the human eye can distinguish more
shades of green than any other colour.
The developments carried through are decomposed as follows. The current scientific perspective
under which we describe the origin and evolution of the Universe will be explored first in Part I.
Here will be discussed the Cosmic Microwave Background (CMB), the image we can see of the
Universe near it’s origin, and what kind of instrument are used or currently being developed to
observe it, emphasising the potential role our MetaL could play in future instrumentation develop-
ments. The requirements set by the community on such telescopes will further be depicted in Part
II. Optical systematics, defects generating impurities in the desired CMB picture, will be defined.
Followed by the presentation of a method to investigate further the impact of a real lens such as
the MetaL on sky observations. To acquire a deeper understanding of this device, its operating
principle and design will then be depicted further in Part III. It will be discussed in details how
light is being remodelled through metamaterial-based filters, and how this technology has been
readapted to produce a MetaL. More practical concerns are looked upon in Part IV, where the
fabrication processes involved in the manufacture of a prototype is presented, and the discussion
is extended to inherent limitations for other types of design. The optical quality of the prototyped
lenslet, measured with a high precision setup, will then be compared with the analytical model
dressed so far and validated against the desired characteristics for CMB observations. With this
focal optics fully understood, the next concern to prove its concept is to properly transfer the light
from the prototyped device down to a detector set. Such pixel design is depicted in Part V. A dis-
cussion on the operating principle of the Kinetic Inductance Detector (KID), explaining how this
elegant detector responds to the requirements set for future CMB instruments. Understanding
both end of the light path, a solution is devised to couple them together. Namely, a broadband
planar antenna transfers the light focused by the lenslet to a microstrip architecture matching the
propagating signal to the KID. The current status and future plans for the experimental characteri-
sation of this now fabrication device will finally be discussed.
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Part I Outline
Beginnings. The starting point of something new, evocative of an epoch untainted by time. But
there is never such thing as a "clean" start. A child’s birth, for instance, is actually an utter mess,
predated by a fairly intense and relatively short period of cellular activity. Cosmology, literally
the study of (λογία-logía) the Universe (κόσμος-kósmos), modernised through the scientific dis-
coveries made during the XXth century, is humanity’s attempt at understanding the genesis of
the Universe and how it evolves. Very much like our own birth, inaccessible to us, the Universe’s
origins are currently blurry, and so are the dynamics involved. This view will be depicted in Sub-
section I.1.1 through a short discussion on the Big Bang paradigm, the current scientific consensus
born from recent observations of the CMB, the oldest light relic of our Universe, discussed in Sub-
section I.1.2.1. Further description of the polarisation states of this primordial trace will be given
in Section I.1.2.2, linking the Universe’s evolutionary model to its observables. Considerations will
be laid out in Subsection I.2 on how, to refine the current CMB picture, future observations will
be carried out, overviewing the design of the related instruments. By further discussing the current
technological options for Focal Plane Unit (FPU) designs, we will finally argue in Subsection I.2.5
why the MetaL is an attractive option that could be implemented there.
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I.1. A glimpse at the Primordial Universe

I.1.1 The Big-Bang Consensus
The Big Bang, a paradigm that depicts the Universe at its earliest time, was precursed by Al-
bert Einstein’s theory of general relativity, Niels Bohr’s efforts to push it towards a dynamic cos-
mological solution and Edwin Hubble’s discovery of nebulae as being other galaxies outside ours
[1]. The latter effectively underlined the Copernican principle, essential in Cosmology, stating in
essence that our place in the Universe is representative of any other. The detection of the CMB by
Arno Penzias and Robert Wilson in 1965 gave the Big Bang paradigm a final evidence and it grew
steadily in the end of the XXth century through the efforts of scientists like Yakov B. Zel’dovich
who tried to devise the origin and dynamics of the large scale structures observable on sky in the
Far Infra-Red (FIR) range [2]. In 1992, the first detailed map of the CMB is observed by the COs-
mic Background Explorer (COBE) mission [3], further enhanced by the Wilkinson Microwave
Anisotropy Probe (WMAP) mission in 2001 [4, 5] and finally by the Planck satellite in 2013. This
newly acquired cartography of our Universe helped shaping the Big Bang theory further, to the
chronology it has today.
Planck Era
The current consensus proposes that at the very origin, from 0 s to the Planck time 10−43 s, the
Universe was in a singular state regarding both the theory of general relativity and quantum
physics. At this time, the Universe was at the Planck Temperature 1.41 × 1032 K, 1019 times hotter
than the surface of the Sun. According to the Heisenberg uncertainty principle and considering the
wavelengths of concern, neither the primordial particles spin nor their probability density can be
predicted within the scope of quantum mechanics. Furthermore, the mass contained within this
region is of order of the Planck Mass 5.5 × 10−8 kg, which is 1015 times bigger than the mass of
hydrogen, resulting in a limiting case for general relativity [6]. The four fundamental interactions,
namely the strong nuclear interaction, electromagnetism, the weak nuclear interaction and gravity,
cannot be directly observed nor predicted in these limit conditions. At present, it is suggested that
they were unified under a single interaction.
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Figure I.1.1: Artistic impression of the Big Bang Chronology, from the radiation dominated epoch to
present times. Watercolour paint created and property of Mme Louise Betremieux.

Grand Unified Theory (GUT) Epoch
From 10−43 s to 10−36 s seconds, the Universe is thought to be dominated by photo-radiative energy.
The GUT proposes that pairs of proto-particles and their opposite anti-particles form and instantly
annihilates with one-another under suspected quantum gravitational interaction, decoupling from
the other unified interactions whilst the Universe grows.

Inflation
As will be seen in Subsection I.1.2.1, measurements of the CMB strongly suggests an inflationary
scenario where, from 10−36 s to 10−32 s, the strong nuclear force also decouples from the other uni-
fied interactions during the Universe’s growth, causing a sudden expansion of the Universe from
the Planck length up to roughly the size of a coin on modern scales. A less but still hot and dense
plasma of pre-baryonic matter and photons is spread out within these extended dimensions. The
expanded quantum fluctuations seeded a characteristic acoustic imprint which slowly triggered the
agglomeration of matter during later times.

Pre-baryonic Era
From 10−32 s to 10−22 s, the conditions settles for massless elementary particles to form as the
strong interaction decouples. The intense characteristics of the Universe at this stage maintain a
non-baryonic plasma where matter and anti-matter combines to cancel out, immersed in bath of
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highly energetic photons. Massive particles start forming as the electro-weak interaction decouples.
Baryogenesis & Baryosynthesis
Eventually, as the Universe continues expanding, an asymmetry between matter and anti-matter
causes the excess matter to form baryons as the conditions relaxed enough, somewhere between
10−22 s and 10−15 s.
Radiation Dominated Epoch & Nucleosynthesis
From 3 minutes to 20 minutes, nuclear fusion of some baryons triggers. Hydrogen, helium, deu-
terium and lithium nuclei form within the plasma whilst the Universe cools and becomes less
dense. This nucleosynthesis process sustains for 20 minutes. The Universe is still under extreme
conditions, where photons are continuously travelling through matter constituents, either ionising
the medium locally or bouncing off electrons through Thomson scattering as is depicted on the
top layer of Fig.I.1.1. The resulting photo-energy competes with gravity, causing perpetual den-
sity fluctuations in the media, direct result of the acoustic oscillations released during inflation.
The Universe carries on expanding and cooling, providing sufficient conditions to maintain this
baryonic plasma for the next 240000 years.
Decoupling/Recombination
The constituents of the baryonic plasma finally recombines into neutral atoms, a process that ends
approximately 380000 years after the Big Bang. In Fig.I.1.1, the deep blue pockets represents
highly dense and hot regions forming through recombination. Eventually, there is enough room for
the photons to decouple from the plasma and travel unhindered as gamma rays. The CMB is the
remanent picture of this surface of last scattering, shown as a clear transition from the baryonic
plasma to the more familiar darkness of the sky in Fig.I.1.1. The CMB depicts the last density
perturbation, result of the acoustic oscillations, distribution that subsequently seeded the Universe
structures. The Matter Era is entered, where gravity dominates over the other interactions on a
cosmic scale.
Dark Era
After full decoupling, up to 150 million years, the Universe is constituted of very diffuse gas mat-
ter that slowly gathers into large scale structures, pictured as diffuse white filaments in Fig.I.1.1.
Their formation is thought to result from gravitational imprints caused by dark matter.
Reionisation
From 150 million years to 1 billion years, local gravitational potential wells eventually gave birth
to the first quasars, an accretion of gas which dynamics causes highly energetic radiation. The
energy involved locally reionised matter into a baryonic plasma, shown as blue halos in Fig.I.1.1.
Star & Galaxy Formation and Evolution
Around 300 million years, the gravitation distribution combined with the expansion amplifies den-
sity anisotropies, leading to local concentration of ionised gas which eventually entered a new nu-
cleosynthesis cycle, resulting in the creation of the first supermassive stars. As time progresses,
those stars collapses into supernovae generating new, less massive stars whilst on a bigger scale,
matter conglomerates to form galaxies, attracting each other to form groups, clusters and super-
clusters. The Universe continues expanding whilst matter is pulled together to present days.
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I.1.2 The Cosmic Microwave Background

I.1.2.1 Temperature anisotropy
To acquire a proper understanding of the CMB, it is necessary to look further into the baryonic
plasma constituting the Universe during the Radiation Era it originates from. Within this plasma,
photons would continuously scatter off electrons and the latter would attract the ionised baryons
accordingly through Coulomb interaction. At a given time, the surrounding gravitational distribu-
tion, laid out from quantum fluctuations at inflation, presents potential wells where it compresses
the plasma by attracting the baryonic matter and peaks where matter rarefies and thus, where
the plasma is dilated. The now compressed plasma regions presents an excess of energy, in turn
radiated out by the photons. The displaced wells will then attract baryons again, and so on, result-
ing in a continuous acoustic oscillation of compressions and rarefactions in a dynamic equilibrium
happening on all scales, as depicted in Fig.I.1.2. These Baryonic Acoustic Oscillationss (BAOs)
were stretched out throughout expansion, eventually resulting in the decoupling of photons from
baryons, leaving a map of local density-temperature variations, homogeneously and isotropically
distributed [7, 8, 9, 10, 11]. All perturbations are mixed together in a cacophony of superimposed
waves at different scales. The temperature fluctuation component ∆T/T is effectively a spherical
cut of these propagating waves. On average, the the temperature component of the resulting sur-
face of last scattering, the CMB, was immensely hot. Its currently observed brightness, presented
in Fig.I.2.7 in Section I.2, matches that of a blackbody redshifted down to 2.725 K [12].

Figure I.1.2: Section of a single-modded BAO and its surface of last scattering as observed on the
celestial sphere in a solid angle dΩ. The azimuth and elevation angles, θ and φ respectively, are defined in
a convenient manner for polarisation parameters. Figure made with Python and Inkscape by the author.

The temperature anisotropies produced from the density perturbations at last scattering, and ob-
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served in the coordinate system (θ, φ) of the celestial sphere depicted in Fig.I.1.2, can be expressed
as a series of spherical harmonics (I.1.1) [13, 14], weighed by their related expansion coefficients
aT

ℓm.

T (n̂) =
∑
ℓm

aT
ℓmYℓm(n̂) (I.1.1)

Separate sky projections of weighed Yℓm are given in Fig.I.1.3. The maps resulting from their suc-
cessive combination is shown in the bottom part of the figure, ultimately producing a temperature
distribution very similar to the observed CMB.

Figure I.1.3: Sky maps generated from Yℓm weighed by expansion coefficients aℓm for ℓ ∈ [0; 3] and
m ∈ [−ℓ; ℓ]. The top row shows single element maps and the bottom row presents their combination on the
left. The full expansion is finally given on the bottom right with ℓmax = 2500. Figure made with Python
and Inkscape by the author.

From the last map in Fig.I.1.3 it can intuitively be seen that the temperature fluctuations resemble
a white noise distribution. The cyan line in Fig.I.2.7a shows the corresponding CMB temperature
brightness Root Mean Square (RMS). A Gaussian distribution is overlaid, illustrating that the
CMB temperature seen on sky is accurately modelled as a rotationally invariant normal distribu-
tion [15]. In practice, some inflationary scenarios predict various levels of non-gaussianities in the
distribution of anisotropies, but this hypotheses is sufficient within the scope of this work. Under
these conditions, the temperature distribution can be fully described from its power spectrum CT T

ℓ ,
giving the variance in magnitude |aT

ℓm| of the expansion coefficients weighing each multipole modes
as a function of ℓ. CT T

ℓ , expressed in (I.1.2), can either be derived from an Fast Fourier Trans-
form (FFT) of (I.1.1) over a relatively small fraction of the sky, or calculated from the Boltzmann
equation for radiation transfer along n̂ [16].

CT T
ℓ = 1

2ℓ+ 1
∑
m

⟨aT †
ℓma

T
ℓm⟩ (I.1.2)

The cosmological parameters of the Λ Cold Dark Matter (ΛCDM) model, the contemporary frame-
work for Cosmology depicting the Universe constituents and dynamics, are fully constrained by
the Cℓ [17]. For instance, the first acoustic peak in the temperature power spectrum imposes limits
on the flatness, curvature and dark energy content of the Universe. The temperature map on its
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own provides limited information, insufficient to efficiently constrain the full set of ΛCDM param-
eters. This is especially true at large angular scales where the cosmic variance limits the precision
at which temperature signals can be measured. Namely, for a given multipole ℓ, the corresponding
random Gaussian temperature distribution is encompassed by (2ℓ + 1)Yℓm leading to a variance
(I.1.3) of order 2/(2ℓ+ 1), large for low ℓ. The polarisation map offers a useful complementary view
as the polarised signals are not limited by cosmic variance since they result from effects on the Yℓm.

δCℓ ≃ 4π
Ω

 2Cℓ√
(2ℓ+ 1)

 (I.1.3)

I.1.2.2 Polarisation
Polarisation initiates near recombination, where photons keep scattering off electrons in cold and
hot regions [18]. The plasma is subjected to density fluctuations as discussed previously, but also
to vorticity, causing electrons to scatter photons coming from surrounding hot and cold regions.
As is represented in Fig.I.1.4, showing a given mode of the BAO, electrons may be submitted to a
quadrupole anisotropy, scattering off the incoming photons in a linearly polarised wave. Gravita-
tional fluctuations overlays a specific imprint to those locally polarised waves. The mathematical
formalism of the ΛCDM model characterises density, vortical and gravitational fluctuations as
scalars, vectors and tensors respectively. Spin 1 perturbations would break isotropy as they have a
specific direction and are thus discarded in the ΛCDM model. Each perturbation result in a sym-
metrical set of quadrupole moments, encompassed through spin-2 spherical harmonics ±2Y2m of
order m = 0,±1,±2 for the case considered in Fig.I.1.4:

◦◦◦ The central case shows an electron sitting in a hot region, within a density perturbation. The
resulting scattering corresponds to ±2Y2±0. This type of symmetrical pattern has the same
handedness as that of an electric field between two particles charged oppositely and have
therefore been named E-mode.

◦◦◦ Vorticity corresponds to the left case, where the electron rolls between a hot and a cold re-
gion. A local Doppler effect within the vortex produces a ±2Y2±1 quadrupole pattern. Such
perturbations would have left vortical imprints on large scale structures in the later Universe,
which have not been observed. This type of perturbation is thus predicted to be negligible at
recombination [19].

◦◦◦ A passing primordial gravitational wave will distort the space locally, thus the scattered pho-
ton wavelength as shown in the right case. This ±2Y2±2 distortion has a handedness with
temperature. The resulting asymmetrical pattern is called a B-mode as it resembles a mag-
netic field surrounding two oppositely charged particles.
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Figure I.1.4: Electrons Thompson scattering photons in a single-modded BAO propagating along k.
The resulting ±2Y2±0 density-scalar and ±2Y2±1 vorticity-vectorial linear polarisations are pictured as the
combination of a virtually infinite number of photons being scattered. The ±2Y2±2 gravitational-tensor im-
print is depicted on the right hand side. The scalar case shows various photons coming from hot and cold
regions. Their displacement and polarisation states are materialised with the ν and p vectors. A virtually
infinite number of photons is scattered to form the ±2Yℓm. Scalar and tensor perturbations respectively
correspond to E and B modes. Figure made with Python and Inkscape by the author.

Since a virtually infinite number of photons are coming in, and as the process occurs on all scales,
or all acoustic modes, all polarisation states superimpose, expanding to higher ℓ. As for the tem-
perature map (I.1.2), the polarisation distribution can be Fourier decomposed with ℓ, matching the
various modes of oscillation, and transcribed into a power spectrum (I.1.4).

CXY
ℓ = 1

2ℓ+ 1⟨aX
ℓma

Y †
ℓm⟩ (I.1.4)

The CMB polarisation distribution can be described by the Stokes parameters Q and U (I.1.5) [20,
21], where, on the celestial sphere such as the one depicted by Fig.I.1.2, the first characterises the
preponderance of horizontally over vertically polarised light, and the second is the same rotated
π/4 [22]. The overlay of polarised light resulting from scalar, vector and tensor contributions, de-
composed into E (I.1.6) and B-modes (I.1.7), is described with the spin ±2 complex polarization
Q± iU expanded in terms of the spin-2 spherical harmonics ±2Ylm:

(Q± iU) (n̂) =
∑
ℓm

(Eℓm ∓ iBℓm) (n̂)∓2Yℓm(n̂) =
∑
ℓm

a±2,ℓm±2Yℓm (I.1.5)

E(n̂) =
∑
ℓm

aE
ℓmYℓm(n̂), where aE

ℓm = −a2,ℓm + a−2,ℓm

2 (I.1.6)

B(n̂) =
∑
ℓm

aB
ℓmYℓm(n̂), where aB

ℓm = i
a2,ℓm − a−2,ℓm

2 (I.1.7)

Appendix A shows CT T
ℓ , CEE

ℓ , CBB
ℓ and CT E

ℓ as released by the Planck and Dark Energy Survey
(DES) communities [23, 24]. The TT, EE and TE power spectra are well defined and allow the
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estimation of the cosmology parameters to a precision up to 1% with the exception of the tensor
to scalar ratio r of the density versus primordial gravitational wave fluctuations (I.1.8). The main
and secondary peaks in CEE

ℓ are respectively the fundamental and harmonic modes of the BAOs.
However, the B-mode polarisation signals are very faint, orders of magnitude below that of the
temperature map. Quantitatively, the amplitude At of the currently estimated CBB

ℓ spectrum
as given in Appendix A is approximately 2 to 3 orders of magnitude below that of the E-mode
spectrum As. The CMB maps are further affected by effects that occurred between last scattering
and the present times which needs to be compensated for.

r = At/As (I.1.8)

CBB
ℓ , a direct transcription of r (I.1.8), is expected to be orders of magnitude below CT T

ℓ and CEE
ℓ

since density perturbations are predicted to dominate the baryonic plasma. Future experiments
are trying to observe the B-mode polarisation signals of the CMB below ℓ = 100 with pristine
sensitivities which should provide r < 10−3. Reaching this goal would enable a decisive validation
of the inflationary scenario and the ΛCDM model within the Big Bang paradigm. Precision mea-
surements of the CMB over ℓ = 1100 should also provide information of the late time Universe
constituents and evolution, namely large scale structures seeding and formation. Such objective
presents considerable technological challenges. An instrument aiming at detecting such faint sig-
nals essentially requires high throughput in the bandwidths of interest, calling for pristine optics
offering optimal power coupling from the sky to the FPU whilst ensuring efficient out of band
rejection on one hand, and for a large number of densely packed, highly sensitive detectors on
the other hand. Relying on the cosmology context depicted here, insights on the instrumentation
perspective will be given in the next chapter, where the interest in providing an alternative focal
optics, the MetaL, will be underlined. A benchmark analysis designed to comparatively analyse
the performances of the MetaL option in the context of CMB observations is devised in Part II
and applied in Part IV. The associated method and results also necessitate a proper understanding
of the cosmological context depicted in this section.
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I.2. Cosmic Microwave Background
Instrumentation

I.2.1 Observing the sky

I.2.1.1 A brief history of telescopes

A modern telescope essentially aims at gathering the light from the sky onto a set of detectors,
converting the incoming photons into a signal that can be handled numerically and processed fur-
ther. To fully grasp how they are designed for CMB observations, an overview of the basics of
their design principle will be given in a chronological manner. Traces of early mirrors and lenses
are found as far back as in 3000-2000 B.C. in various parts of the world such as in Ancient Egypt,
Anatolia, Mesopotamia and still later in China and in the New World [25, 26, 27]. Understanding
the principle of optics was at all times a preponderate theme of research for mankind. The Op-
tica from Ptolemy dated from the IId century [28] and the premises of the theory of Geometrical
Optics from Euclides in the IVth century [29] were the main references for the work of Al-Kindi,
Ibn Sahl, and Ibn al-Haytham in the Xth and XIth centuries. The latter produced the Book of
Optics [30, 31], at the base of Roger Bacon studies three centuries later, which laid the founda-
tion for further developments in optical design [32]. Modern theories on geometrical optics, with
an emphasis on refraction, were deepened early on in the XVIIth century by René Descartes [33],
Willebrord Snellius (Snell) [34] and Isaac Newton [35], amongst others, ultimately resulting in the
creation of the first telescopes by the Dutch spectacle makers Hans Lippershey, Zacharias Janssen
and Jacob Metius early in the XVIIth century [36]. In the early times following their fabrication,
these devices were used as magnifiers for navigation or land surveys until Galileo Galilei success-
fully demonstrated a version of his own design capable of astrophysical observations [37], further
modified by Johannes Kepler a few years later [38]. Soon after, Isaac Newton, James Gregory [39],
Laurent Cassegrain [40] and others investigated the design of reflective telescopes. Both types are
represented in Fig.I.2.1.
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(a) Gregorian reflective telescope (b) Two-lens Keplerian refractive telescope
Figure I.2.1: (a) Reflective on-axis Gregorian telescope as per devised by James Gregory in 1663 [39].

In a Cassegrain arrangement, the secondary is a convex hyperbola, increasing the telescope focal length in
a compact manner. (b) Two-lens refractive on-axis Keplerian telescope, named after Johannes Kepler’s
redesign of its Galilean counterpart [38]. This arrangement uses a convex set of lenses instead of Galileo’s
concave ones, resulting in a higher magnification for the same focal length. Figures made with Inkscape by
the author.

I.2.1.2 Inherent optical aberrations and design evolutions
In an on-axis reflective arrangement, the secondary mirror is partially blocking the incoming light
which result in a reduction of coupled power and an increase in Signal-to-Noise Ratio (SNR) [41].
To remedy this defect, William Herschel built the first off-axis telescope in 1789, the largest instru-
ment meant for astronomical observations ever built at the time [42]. Apart from blockage, optical
aberrations are inherent to the reflector shapes required for such assembly, necessarily asymmet-
rical paraboloids or hyperboloids inducing astigmatism and coma [43, 41]. It was not until the
XXth century that improvements were made on such designs, as the mirror fabrication techniques
improved. For instance, the now classic Ritchey–Chrétien telescope invented early in the XXth cen-
tury by George Willis Ritchey and Henri Chrétien [44], offers a focal plane free of coma by using
an arrangement of two hyperbolic mirrors. Fig.I.2.2 shows a standard off-axis Gregorian design
suffering from astigmatism and coma.

(a) Coma (b) Astigmatism
Figure I.2.2: (a) Comatic aberration and (b) astigmatism both appear for incoming light rays striking

the primary mirror of a reflecting telescope off-axis, resulting in a distorted imaged source. In an off-axis
configuration, the sky viewed is inherently not in the Optical Axis (OA) of the first mirror. Stars thus
observed would seem to have a coma, as illustrated in the inserts, hence the name of the prior aberration.
Astigmatism appears as off-axis rays in a given plane containing the line of sight do not focus in the same
spot since they encounter a different mirror profile. Figures made with Inkscape by the author.
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Off-axis Gregorian designs can be modified in a similar manner to mitigate these defects, for in-
stance, coma is cancelled by making the primary slightly elliptical and the secondary a more ec-
centric ellipsoid [43, 45], as was done for Planck. In 1983, Corrado Dragone described a design
that cancels both aberrations on either Gregorian or Cassegrain systems and additionally offers
improved polarisation properties [46, 47, 48], especially if the focal optics are following a specific
angular position condition derived by Yoshikazu Mizuguchi [49], an attractive trait for CMB ex-
periments [50]. Coma and astigmatism are easily cancelled out in a suitably designed refractive
telescope by refining the optics geometry and tuning the secondary lens as to compensate for the
defects of the primary [43, 51]. Since such instruments rely on refracting elements, different wave-
lengths will not focus on the same focal point. This chromatic aberration becomes the main source
of defect for such assemblies but can be mitigated by adding a third refractor. To date, the cross-
Dragone and the on-axis refractive-only designs are the preferred choice for CMB instruments as
they provide the lowest aberration levels [41, 52].

I.2.1.3 Throughput, field-of-view and stray light
In the previous discussion, the light entering the telescopes was only partially depicted through
rays parallel to the OA of the concerned assemblies. In practice, all parallel rays incoming at any
angles from the instrument Line Of Sight (LOS) are picked up. A telescope Diffraction-Limited
Field Of View (DLFOV) is defined as the maximal angle θDLF OV at which such rays fully focuses
down to the focal plane in a diffraction limited manner, which subtend the solid angle Ω observ-
able on sky. For a focal plane of surface area A, the overall brightness the telescope can gather
from a source of intensity I over a bandwidth ∆ν is encompassed by its étendue E, or throughput
(I.2.1).

E = AΩI∆ν (I.2.1)
Smin = 1.22Fλ (I.2.2)

F = F0

D1
(I.2.3)

The diffraction limit corresponds to the spatial resolution of the telescope, namely, the admissible
separation Smin between two focused spots before they become indistinguishable from one another
(I.2.2) [53], as depicted by Lord John William Strutt Rayleigh in the XXth century based on the
work of Sir George Biddell Airy in the XIXth century [54, 55]. Two pixels of an image are resolved
when the central peak of one Airy spot lies on or outside the first minimum of the other, as shown
in Fig.I.2.3.
Effectively, the detector pixel size should be comparable to the focused Airy spot size for efficient
collection of energy from the observed source on sky. Fig.I.2.4 presents a cross-dragonian telescope
with these definitions overlaid.
Whilst the solid angle of observation is directly dependant of the telescope primary aperture diame-
ter, its resolution also depends of the instrument focal length F0. Any unresolved incoming bundle
of rays, or stray light, may fall down to the focal plane, over-illuminating the detectors, thus deteri-
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Figure I.2.3: Illustration of an over, optimally and under-illuminated focal plane. The middle case
shows the limiting Rayleigh criterion, minimum ∆θ from where the beams are resolved. Figure made with
Inkscape by the author.

Figure I.2.4: Cross-dragone configuration [46] observing the CMB at a solid angle Ω with a field of
view θDLF OV , resulting in an illuminated focal plane area A. Figure made with Inkscape by the author.

orating their performances by causing a decrease in SNR. This is encompassed through the optics
focal ratio F , or F-number (I.2.3). To mitigate this, telescopes may include an aperture stop, a
series of baffles between the successive optical elements and a field stop near the focal plane, de-
signed to minimise incoming stray light while maximising throughput [51]. A complementary Lyot
stop is often used at the entrance pupil, image of the physical aperture stop. These fore-baffles
were invented by Bernard Lyot in 1939 [56], who inherited the passion Nicolas Camille Flammarion
had for Astronomy. In refracting arrangements, the telescope tube may be coated with Radiation
Absorbent Material (RAM) to further absorb leftover vagrant rays.
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I.2.2 Imaging the Cosmic Microwave Background

I.2.2.1 Requirements

From an instrumental perspective, the best possible measurement of the CMB signals must be
taken with a maximised throughput in band and a full power rejection out of band [57]. The de-
sired bandwidth is conditioned by the brightness temperature RMS of the temperature and po-
larisation signals raising over the foregrounds contributions on one hand, and the lack of precise
measurements of the thermal dust emission from the reionisation era on the other, as depicted in
Fig.I.2.7 [12, 58]. The resulting set of power spectra Cℓ should be cosmic variance limited, mean-
ing essentially that systematic effects would have little to no impact on the measured signals. In
order to reach the scientific goals of future CMB experiments, an angular resolution of 1 arcmin or
better is desired at ℓ > 1000 [57], necessary to pick up the fine temperature anisotropies seeding
the large scale structures of the universe. At ℓ < 200, a 25 arcmin beam width ensures a global
view on large scales over a full sky map for r < 10−3 according to current models. As instrument
designs must reflect these conditions, it is worth comparing the arrangements previously depicted.
Reflective telescopes are well developed, their large mirrors can be fabricated with a high degree
of tolerance, but they are inherently off-axis which induces some degree of coma and astigmatism
often compensated by non-telecentric focal planes, as was the case with Planck. Their refractive
counterpart, while being on-axis, providing a telecentric focal plane, are limited to 2 m diameter
optics by current fabrication techniques. CMB experiments operate in the millimetre and sub-
millimetre wavelengths and require arcminute resolution on sky, calling for telescope apertures of
order 5 m to 10 m in diameter. To achieve a combination of high throughput and high resolution,
the current baseline consists of a combination of reflective fore-optics and refractive back-optics
when possible [41, 52].

I.2.2.2 Mapping the sky

The telescope effectively projects on sky the combined and magnified focal optics beams, encom-
passing a small fraction of the sky. Reconstructing the complete image necessitates scanning at,
or below, the proper spatial sample rate (I.2.4), as per depicted by the Shannon theorem [59, 60].
Namely, the digitizing sampler must utilize a sampling interval that is no greater than one-half the
size of the smallest resolvable feature of the optical image.

Rs ≤ ∆θR

2 = 0.61Fλ (I.2.4)

θF W HM ≃ λ

Dh

(I.2.5)

(I.2.6)

Focal optics will be discussed further in Section I.2.4 but one can grasp that the physical dimen-
sions of such devices may result in an under-sampled image. Horn antennas, a well understood
technology extensively used, in Planck for instance, can be cited as an example [61]. Such feed-
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horns give a tapered illumination of the telescope primary mirror, resulting in an ideal beam pro-
file on sky if suitably designed. The exact details of this optimal profile will be further discussed
in Part II where more details on beam characteristics can be found, in particular the description
of the Full Width Half Maximum (FWHM) (II.3.1). In the present scenario, the latter is directly
dependent on the horn aperture diameter Dh (I.2.5), also limiting the frequency range attainable
to those less than Dh/λ ≃ 1/Fλ [62]. 2Fλ spaced horns is an optimal focal plane arrangement
providing maximum illumination efficiency despite not resolving the sampled image fully. As de-
picted in Fig.I.2.5, jiggling the telescope pointing or scanning the concerned areas of the sky at the
appropriate angle, or the correct velocity, to provide the necessary overlap between beams allows
for a full acquisition at the cost of mapping speed.

(a) (b)

(c) (d)
Figure I.2.5: (a) Telescope observing windows corresponding to a set of seven 2Fλ spaced feedhorn

focal plane arrangement. (b) Associated beam characteristics: FWHM θF W HM , beam width at 90% power
θ−10dB

and separation s. The gaps between beams that can be seen in (a) underline how a (c) sweeping
or (d) jiggling scanning strategy needs to be adopted to fully sample the CMB picture observed by the
combined focal optics. Reservedly, a shorter separation, potentially available with a different type of focal
optics, would immediately allow a direct acquisition. Figures made with Python and Inkscape by the au-
thor.
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I.2.2.3 Foregrounds

I.2.2.3.1 Atmospheric windowing and ground pickup

A ground based instrument has to cope with atmospheric optical loading. The proportion of water
vapour contained in the atmosphere result in strong absorption of the incoming light at a large
range of frequencies, leaving a set of observing windows spanning ∼ 70 GHz to ∼ 250 GHz. An
example for the atmospheric transmission is given in Fig.I.2.6. It was generated with Atmospheric
TRANsmission (ATRAN) [63, 64] for a virtual observing site at 30◦N latitude and an altitude of
3000 m, with a water vapour content of 0 mm in green, 1 mm in blue and 3.5 mm in red, close to
the conditions found at the Mauna Kea observing site.

Figure I.2.6: Atmospheric transmission compiled in Python, using data generated with ATRAN [63,
64] for a water vapour content of 0 mm in green, 1 mm in blue and 3.5 mm in red. Aside the power ab-
sorption due to H2O, ATRAN models the impact of other atmosphere constituents such as O3, CO2, etc.,
resulting in noticeable drops in transmission as is the case at 120 GHz and 250 GHz.

In band the incoming photons excite the atmosphere constituents, the resulting optical load is
treated either by accurately modelling the effect and removing it in the post-processing, or by
a pair-differentiating technique [65, 66]. Similarly, the thermal emission of the warmer ground,
picked up on the far side of the beam and loading the detectors, is inherently difficult to filter out
but can be modelled accurately and removed in the post-processing [65]. Front baffles are often
used to partially remove the ground contribution to the signal but induce beam clipping.

I.2.2.3.2 Galactic and extra-galactic foregrounds

Foregrounds affecting the temperature and polarisation maps are of various types. An interesting
and complementary effect occurs at reionisation [67], where primordial photons scattered again
through locally ionised gases, resulting in a uniform diffusion of power for the temperature spec-
trum along with lower redshifts z and a cross-correlation between E and B-modes leaving a char-
acteristic peak in their spectra at low ℓ and redshift z. As can be seen on Fig.I.2.7, galactic fore-
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grounds contributes strongly to the polarised signals observable through free-free, synchrotron,
spinning dust and thermal dust emissions. The latter, still difficult to fully account for, is currently
estimated to affect polarisation imprints up to 5%. Gravitational lensing caused by large scale
structures along the light trajectory also causes characteristic E-to-B leakage. The impact result-
ing from the Sunyaev-Zeldovich (SZ) effect at smaller scales in galaxy clusters is mildly similar.
Reionisation signals may be more difficult to constrain below r = 0.01 because of these foreground
contributions, whilst imprinting various effects on the CMB power spectra. They can be removed
through their frequency dependence for the galactic foregrounds and extra-galactic point sources,
or via the different angular dependence of their power spectra for the cosmological sources such as
gravitational lensing. As for ground pickup, galactic foregrounds may also be limited by adding a
front baffle, inherently clipping the beam.

(a) High-elevation sky brightness temperature RMS
for the temperature signal as measured by Planck,
borrowed from the 2015 results [12].

(b) High-elevation sky brightness polarisation
signals RMS for the measured E-mode. Expected
B-mode levels are also given for r = 10−2 and
r = e−4. Figure readapted from [58].

Figure I.2.7: Brightness temperature RMS of the CMB for (a) the temperature and (b) the E and B-
mode signals as a function of frequency. The foregrounds are overlaid, namely: spinning dust, synchrotron
and thermal dust in yellow, green, blue and red, respectively. Their summed thermal brightness RMS is
represented in black dashed lines. Typical observational bandwidths are shown in grey bands. Expected
B-mode levels are also given for r = 10−2 and r = e−4.

I.2.2.4 Instrumental systematic effect on polarisation detection
At low ℓ, the cosmic variance of a B-mode power spectrum with a lower limit in amplitude of order
10−3 µK2 is around 10−4 µK2 (I.1.3). Instrumental systematic effects can induce spurious and ro-
tated polarised signals on the detectors, which may result in contributions to the measured power
spectrum going off the desired cosmic-variance limit. Effectively, such systematics transcribes
themselves into a raise in the absolute magnitude of the polarised signal detected, mainly induced
by differential gain, polarisation rotation and cross-polarisation [41], further depicted in Part II.
Any other spurious signal is usual stable over scanning and can be removed in the post-processing
analysis as an overall offset. The requirement on the differential gain is set below 0.1%, necessary
for the power leakage from temperature anisotropy to be below 10% of the predicted CBB

ℓ spec-
trum with r = 10−3. To limit spurious signals raising from polarisation rotation to a factor of 10
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below the lensed B-mode signal, they should not deviate more than 0.3◦ from the incident direc-
tion [16, 66].
Polarization modulation by motion of an optical element in the light path constitutes a consistent
method of identification and separation of such spurious signals. The modulator can be installed
either at ambient temperature on the front-optics level, or inside the cryostat if special care is
taken on the heat management of the required driving mechanisms. The rotation of a Half-Wave
Plate (HWP) based on a crystalline or a metamaterial structure [68, 69, 70], or the translation of
a mirror in front of a polariser, the Variable-delay Polarization Modulator (VPM) [71], are among
the standard techniques to achieve such modulation.
Forecasting and removing consistent systematics from the future data acquired in the coming
decades is of primary importance. Dedicated pipelines are now a standard to evaluate the perfor-
mances of an upcoming instrument on sky [72, 73, 74, 75], borne from the experience built with
Planck [76, 77, 21], Background Imaging of Cosmic Extragalactic Polarization (BICEP)2 [66], and
others. Such end-to-end analysis may be conducted on a partial or full sky, suitably projected onto
the instrument Field Of View (FOV) accordingly to its scanning strategy. The signal contributions
from the various foregrounds depicted previously are also overlaid. Each optical components of the
telescope and their modelled systematics is integrated down to the pixels constituting the focal
plane. As depicted further in Section II, two main approaches are taken for such analysis, either
Time Ordered Datas (TODs) detector signals are projected on sky and the resulting map gives the
observed power spectra, or maps are generated from input spectra, convoluted with the telescope
window function and converted back for comparison.

I.2.3 Contemporary and future CMB instruments
A selection of next generation CMB experiments is currently in development or being deployed
to reach the precision measurements awaited by the community. Emphasis will be made on the
Simons Observatory (SO), a ground based telescope currently being assembled in the Atacama
desert in Chile, and on the Lite satellite for the study of B-mode polarization and Inflation from
cosmic background Radiation Detection (LiteBIRD) space telescope in its preliminary develop-
ment phase, led by the Japan Aerospace Exploration Agency (JAXA). The SO consists of a Large
Aperture Telescopes (LATs), concerned with high ℓ measurements, and Small Aperture Telescopes
(SATs), complementarily observing at large angular scales. As shown in Fig.I.2.8, both telescopes
are based on a reflector-refractor combination.
The scanning strategies one may select for ground based experiments are limited by the inherent
position of the telescope on Earth and the reachable bore-sight angle. Space telescopes do not
suffer from restrained scanning strategy and are not limited in frequency by the atmospheric win-
dows, but they come with their own constraints. In a nutshell, they must remain compact and
lightweight in order to be launched, positioned in orbit and maintain for a sufficiently long period.
Their operation timescale is inherently shorter than ground based telescopes, which can be main-
tained and upgraded. To match the lightweight and compactness required, LiteBIRD is planned to
be constituted of a fully refractive telescope for the low frequency range and a set of fully reflective
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(a) Receiver module (b) Low Frequency Telescope (LFT)
Figure I.2.8: (a) SO LAT telescope cutaway rendering with the Large Aperture Telescope Receiver

(LATR) installed. (b) The receiver encloses 13 Optics Tubes (OTs), cooled down from 300 K to 100 mK at
the detector plane for their good operation. As will be discussed further in Subsection I.2.2.3, filtering is
applied to reject out of band signals as well as instrument thermal loading. Images reused from [78].

tubes for medium and high frequencies. LiteBIRD LFT, Medium Frequency Telescope (MFT) and
High Frequency Telescope (HFT) are shown in Fig.I.2.9, where images are reused from [79, 80, 81].

(a) Receiver module (b) LFT (c) MFT & HFT
Figure I.2.9: LiteBIRD (a) receiver module, surrounded by V-grooves baffles, and containing (b) the

fully reflective LFT. This instrument is constituted of the front hood, stopping the incoming light to avoid
spillover on the primary mirror. The latter combines with the secondary mirror to focus the light onto the
FPU. The fully refractive (c) MFT and HFT are also contained in the receiver module, both embedded in
a cryostat. Similarly to the reflective alternative, the two lenses focus the incoming light, Lyot stopped,
down to the FPU. Images reused from [79, 80, 81]

The expected design characteristics of SO SATs and LATs [82, 83, 84, 85, 79, 78, 86] are sum-
marised in Table I.2.1 and LiteBIRD LFTs, MFTs and HFTs [87, 88, 89, 80, 81] in Table I.2.2. A
definition of the beam FWHM is given in Chapter II.3. It directly sets the pixel size, constrained
by the fore-optics dimensions.
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Table I.2.1: Design characteristics of SO: operating frequency range f ± ∆f/2, beam FWHM, pixel size,
number of detectors, array Noise Equivalent Temperature (NET) and temperature sensitivity sT . The data
are extracted from [82, 83, 84, 85, 79, 78, 86].

FPU f [GHz] ∆f [GHz] (Ratio) θF W HM [arcmin] Pixel size [mm] # detectors NET [µK
√

Hz] sT [µKarcmin]
LAT 27 6 (0.222) 8.4 13.4 222 28.6 52

39 18 (0.462) 5.4 13.4 222 16.0 27
93 35 (0.376) 2.0 5.3 10320 6.6 5.8
145 40 (0.276) 1.2 5.3 10320 6.8 6.3
225 60 (0.267) 0.9 4.0 5160 12.5 15
280 45 (0.162) 0.8 4.0 5160 30.0 37

SAT 27 6 (0.222) 91 13.4 1050 10.00 35
39 18 (0.462) 63 13.4 1050 6.24 21
93 35 (0.376) 30 5.3 23000 15.17 2.6
145 40 (0.276) 17 5.3 23000 38.73 3.3
225 60 (0.267) 11 4.0 12000 130.4 6.3
280 45 (0.162) 11 4.0 12000 176.07 16

Table I.2.2: Design characteristics of LiteBIRD: operating frequency range f ± ∆f/2, beam FWHM,
pixel size, number of detectors, array NET and temperature sensitivity sT . The data are extracted from
[87, 88, 89, 80, 81].

FPU f [GHz] ∆f [GHz] (Ratio) θF W HM [arcmin] Pixel size [mm] # detectors NET [µK
√

Hz] sT [µKarcmin]
LFT 40 12 (0.30) 70.5 32 48 18.50 53.4

50 15 (0.30) 58.5 32 24 16.54 32.3
60 14 (0.23) 51.1 32 48 10.54 25.1
68 16 (0.23) 41.6 16 144 9.84 19.6
68 16 (0.23) 47.1 32 24 15.70 19.6
78 18 (0.23) 36.9 16 144 7.69 15.3
78 18 (0.23) 43.8 32 48 9.46 15.3
89 20 (0.23) 33.0 16 144 6.07 12.4
89 20 (0.23) 41.5 32 24 14.22 12.4
100 20 (0.23) 30.2 16 144 5.11 15.6
119 20 (0.23) 26.3 16 144 3.80 12.6
140 20 (0.23) 23.7 16 144 3.58 8.3

MFT 100 23 (0.23) 37.8 11.6 366 4.19 15.6
119 36 (0.30) 33.6 11.6 488 2.82 12.6
140 42 (0.30) 30.8 11.6 366 3.16 8.3
166 50 (0.30) 28.9 11.6 488 2.75 8.7
195 59 (0.30) 28.0 11.6 366 3.48 6.7

HFT 195 59 (0.30) 28.6 6.6 254 5.19 6.7
235 71 (0.30) 24.7 6.6 254 5.34 8.6
280 84 (0.30) 22.5 6.6 254 6.82 19.0
337 101 (0.30) 20.9 6.6 254 10.85 21.9
402 92 (0.23) 17.9 5.7 338 23.45 52.3

The interest in making both space and ground-based observations lies in the trade-off between
aperture size versus mapping speed, atmospheric and ground contributions to the signal. Ground
based experiments have the advantage of reaching very large aperture sizes, enabling the observa-
tion of small angular scales on sky, as can be gathered from comparing the FWHM reached by SO
LATs against LiteBIRD telescopes. Space missions can however scan at high mapping speed by
spinning fast and are free from ground pickup and atmospheric windowing.
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I.2.4 Focal Plane Units

I.2.4.1 Detector coupling

The telescope angular response, polarisation properties, bandwidth and temperature sensitivity
are of the highest importance to measure CMB signals accurately and are strongly defined by the
FPU. It was previously mentioned in Section I.2.2.4 that instrumental systematic effects can in-
duce spurious polarised signals on the detectors, which may result in contributions to the measured
power spectrum, possibly pushing it off the cosmic-variance limit. Considering that the B-mode
polarisation signals are of order 10−4 µK for r = 10−1, laid against the temperature anisotropies sig-
nal with an average temperature of 2.725 K, it is clear that the detectors populating the FPU must
have incredibly high sensitivity, thus high SNR, or low NET, where the NET is the temperature
signal giving SNR = 1 when integrated over 0.5 s. These detectors would ideally be photon-noise-
limited, suffering only from the noise induced by incident photons and not from the detector itself
or other sources. Further definition of these characteristics will be given in Section V.1.2 but it is
worth mentioning that current detector technologies for CMB observation, namely Transition Edge
Sensors (TESs) bolometers and KIDs, are superconductor devices, photon-noise limited by design.
A TES bolometer is made of a superconducting thin film of critical temperature Tc sunk in a
colder bath. When biased by the relevant voltage, the light sensor operates in its transitional state
and small temperature variations are transcribed into a large change in the TES resistance. The
detector stays stable in temperature as the technology relies on a strong electrothermal feedback
that linearizes its response, expands its bandwidth, and ensures a direct relation between observed
TES current and incident power [90]. The latter is monitored by a Time-Division Multiplexing
(TDM) or Frequency-Division Multiplexing (FDM) readout technology relying on Superconducting
Quantum Interference Devices (SQUIDs) [91].
KIDs are LC resonators incorporating akinetic inductance sensitive to photo-absorption [92, 93,
94, 95]. Incoming photons with energies greater than the superconducting gap of the break Cooper
pairs change the density of quasiparticles in the device, modifying its kinetic inductance. Individ-
ual detectors are driven at their natural resonant frequency through a simple RF line. The changes
in the amplitude and phase of such probe tone resulting from the modification of the film prop-
erties by the absorbed photons are monitored as resonant frequency shifts. Tens of thousands of
these detectors can be packed in a single wafer, resulting in a multichroic array with a high Multi-
plexing (MUX) ratio.
The optical power drastically reduces through the telescope as the light is absorbed, diffracted or
scattered away. The atmosphere and the constituents of the instrument load the detectors, raising
the photon-noise level, overtaking the CMB levels. Observing time may be limited depending on
the weather conditions on site, the cryostat cycles, the components calibrations, and so on. Con-
sidering a virtual instrument sensitive to r < 10−3 scanning for ℓ < 50, with a single photon-noise
limited pixel mapping the sky [96], and considering the constraints mentioned above, its observa-
tion times would span ∼ 5 years for a space mission to ∼ 200 years for a ground based experiment.
To reach the desired sensitivity in r at such large scales in a reasonable observational timescale
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[57], such instrument would need hundreds of thousands of such pixels. Multichroic detectors can
be employed to further improve the mapping speed. A large instrumental bandwidth, ideally of
10 : 1, is indeed necessary to remove fore-ground contribution of any kind, occurring at closer red-
shifts, although current instruments can reach 3 : 1 ratios. Designing an array of highly sensitive,
diffraction-limited multichroic pixels providing a suitable FOV necessitates the optimisation of two
competing factors: detector count and aperture illumination efficiency, essentially function of the
focal optics beam diameter.

I.2.4.2 Optics Tubes
In essence the optics tube consists of a set of fore-optics refractors gathering the incoming light
onto the FPU, comprising tightly packed arrays of antenna-coupled detectors. Direct coupling is
also an option. Superconducting detectors necessitates cooling down to sub-Kelvin temperatures.
In order to avoid any excess noise on the detectors, the cryostats are staged at decreasing tempera-
tures and each stage comes with a set of filters, rejecting the optical and thermal load out of band.
A rotating HWP is a standard choice to select the CMB polarised signals by modulation over spu-
rious signals added from foregrounds for instance. The SO OTs, typical of current and future CMB
instruments, are shown in Fig.I.2.10 where images are reused from [78].

(a) LAT optics tube (b) SAT optics tube
Figure I.2.10: Detailed view of the Computer Assisted Design (CAD) modelled SO (a) LAT and (b)

SAT fully refractive optics tubes, using a 3 lens system.
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I.2.4.3 Focal Optics
Current technological developments are made to reach the desired precision, namely, directly cou-
pled detectors [97, 98, 99], coherently summed hierarchical arrays [100, 101, 102], platelet horns
[103] and antenna coupled lenslets [104, 105], which will now be discussed in details.

I.2.4.3.1 Filled array of directly coupled detectors

A filled array of directly coupled detectors advantageously occupies the focal plane area entirely.
Immediate consequences of directly illuminating such arrays are that the focal plane effective area
increases, the gathered power is not diluted by any focal optics, and the number of detectors is the
largest reachable, resulting in a higher sensitivity and thus, high throughput. Another consequence
is that the FOV is fully sampled since pixel size is minimised and spacing can thus reach the re-
quired 0.5Fλ Nyquist spatial sampling rate. This results in high mapping speed. Since no focal
optics are required, the fabrication costs and complexity are kept low.

(a) (b)
Figure I.2.11: (a) Exploded view of a single TES bolometer as designed for (b) the Q&U Bolometric

Interferometer for Cosmology (QUBIC) focal plane array. The photon absorbing layer, made of Lead,
couples thermally to the Silicon Nitride thermometer operating in its transitional state via a voltage bias.
Any absorbed photon results in a change in the resistance of the thermometer, inductively coupled to the
superconducting Aluminium line of the amplifier SQUID and further read out. Images are reused from
[106, 107].

However, the combination of smaller detectors and lower power shined upon them induces much
lower SNRs, giving a factor of 2 drop in sensitivity compared to other FPUs alternatives [62]. The
pixel beams are also inherently broader and the devices inevitably mix stray light with the CMB
signals. Characterisation of the integrated Primordial Inflation Polarization Explorer (PIPER)
Backshort Under Grid (BUG) kilopixel TESs arrays was recently conducted for the balloon-borne
mission pre-flight validation [111]. The detectors shown sufficient Noise Equivalent Power (NEP)
to map the CMB B-mode signals for ℓ < 300 down to r < 0.007. On the ground, NIKA2 has
been successfully deployed and commissioned, and realised a first successful science verification
run in April 2017 [108]. Whilst PIPER aims at observing large angular scales, this instrument is
concerned with high ℓ, relying on a total of 2900 KIDs distributed over four arrays scanning the
150 GHz and 260 GHz bands. The direct detection is accomplished via a Hilbert fractal inductive
meander, sensitive to both polarisation by design. Both type of detectors offer a very similar NET
response. The QUBIC instrument relies on directly illuminated arrays used in conjunction with
re-imaging fore-optics, typical of interferometers [112]. The signal from the sky enters the cryo-
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(a) (b)
Figure I.2.12: (a) A single KID, part of (b) the Néel IRAM KIDs Array (NIKA2) focal plane array.

The Hilbert pattern of the inductor allows for the detection of both polarisations. When it absorbs incom-
ing photons, the natural frequency of the lithographed LrCr circuit, fed by the microstrip line at the bottom,
is shifted off as the kinetic inductance Lk changes. This effect is fed through the microstrip line via a
coupling capacitor CRL. A simple comparison by demodulation of the input and output signals allows a
high MUX readout. The photographs are reused from [108, 109, 110].

stat through High Density Poly-Ethylene (HDPE) window, a rotating half-wave plate modulates
the polarised CMB signals, and a polarizing grid selects one of the two linear polarization compo-
nents. An array of back-to-back corrugated horns collects the radiation and re-images it onto a
dual-mirror optical combiner that focuses the signal onto two orthogonal TESs bolometers focal
planes, each constituted of 256 pixels adding up to 1064 in total. A dichroic filter placed between
the optical combiner and the focal planes selects the two operating frequency bands, centred at
150 GHz and 260 GHz. The technical demonstrator was successfully tested and is currently being
installed on the observation site [113].

I.2.4.3.2 Coherently summed hierarchical arrays of sub-wavelength antennas

Alternatively, the detectors can be coupled to a microstrip network architecture coherently com-
bining the signals received from a phased antennas array. The focal planes of the Suborbital Po-
larimeter for Inflation Dust and the Epoch of Reionisation (SPIDER) balloon, which recently
landed safely after its second flight, uses such coherently summed hierarchical arrays [100, 101,
102]. A similar FPU arrangement is also adopted at the BICEP2 and Keck array telescopes in
the South pole [114]. This focal plane is operating as follows: the incoming optical power is cou-
pled via two co-located, orthogonally polarised planar antenna arrays, namely slots patterned in a
ground plane lithographed on a Silicon wafer, separated to spatially sample the acquired light. For
a given polarisation orientation, the received signals are coherently combined through a microstrip
summing architecture to synthesize a single equivalent antenna. The result is band-pass filtered
before being acquired by the TES bolometer. The BICEP collaboration summarised the perfor-
mances reached for BICEP2, the Keck array and the SPIDER instruments in a report, stating that
the cameras are reaching 20% to 30% bandwidth at 95 GHz, 150 GHz and 230 GHz, the typical
cross-polarisation is about 0.5% and the optical efficiency attains 35% at worst. There are roughly
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2500 detectors populating the FPU of each instrument, with a higher limit on sensitivity reaching
∼ 300 µK

√
Hz, although ∼ 10 µK

√
Hz sensitivities were consistently measured over the arrays at

150 GHz. The synthesized beam has −12 dB sidelobe levels, further cut down by the integration of
a cold stop in the OTs. The antenna array chip is directly compatible with the detector plane as
they both rely on lithography techniques applied to Silicon wafers for their fabrication, an inher-
ently scalable and cost-effective manufacturing process. The free-space to dielectric mismatch is
mitigated by a λ/4 Quartz Anti-Reflection Coating (ARC), resulting in an overall design immune
to differential thermal contraction and misalignment. Stray light coupling remains a challenge,
accounting for 3% to 4% of the total optical power received.

(a) (b)
Figure I.2.13: (a) Photograph of one of the four BICEP2 arrays incorporated onto (b) a focal plane

wafer, being scrutinised under the microscope [114, 115, 116]. The large pack of antennas is clearly vis-
ible on the top, with their combining lines weaved around. At the edges, the lines are running through
microstrip filters selecting the bandwidth of observation of a given set of antennas. The bolometers are
sitting in the bottom of the array.

I.2.4.3.3 Horn antenna arrays

Instead of combining the beams of coherently summed hierarchical arrays of sub-wavelength re-
ceivers, larger antennas can be used. In particular, feedhorns have been widely employed in radio
astronomy and are a well demonstrated technology. For instance, the various FPUs populating
the constitutive instruments of the Planck satellite where based on directly illuminated bolometers
coupled with corrugated horn antennas [61]. LiteBIRD MFT, HFT and SO FPUs will also rely
on directly machined feed-horns coupled to TES bolometers [87].These devices defines the angular
response of a pixel and in the current designs, the use of an Ortho-Mode Transducer (OMT) is
preferred to separate both polarisations and subsequently couple the divided power to the detec-
tors, placed at the end of a microwave circuit after on-chip signal processing. Corrugated horns
allows high control of the beam profile and ensures low cross-polarisation levels but necessitates a
larger aperture diameter than other type of horns by design [103]. An comparable alternative is
the smooth-walled multi-flare angle horn [117]. This type of antenna can be more closely packed in
an array, offering an elegant trade-off between beam coupling efficiency and beam systematics con-
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trol. The Planck High Frequency Instrument (HFI) had 36 pixels in total, as CMB instruments re-
quire a number of detectors orders of magnitude above, the scalability of the horn arrays becomes
a challenge. Machining the block in Aluminium 6601 and gold plating is the most straightforward
and cost-effective approach but the manufacturing process present low tolerances. The thermal
contraction differential between the metal and the Silicon detector wafer also becomes a concern at
such large scales. Alloys could potentially be used as an alternative [118] although specialist tools
are then required and the process becomes more time consuming. Alternatively, stacked platelets
of metallised Silicon can be used, resulting in a direct compatibility with the detector plane. The
consecutive apertures are either reactive ion or laser etched, then the metal is lithographed. The
second option is a promising manufacturing method, still in development, as it largely reduces cost
and machining time compared to the Reactive Ion Etch (RIE) [103]. As was mentioned in Section
I.2.2.2, horn antenna arrays present optimal optical quality but inherently limit the mapping speed
due to a lower F and a larger aperture size [62]. Whilst the band coverage of such antenna could
reach 10 : 1 bandwidth or higher, the OMT is limited to a 2.3 : 1 ratio. Mismatch between the two
elements may further result in cross-polarisation leakage, reduction of power efficiency and loss in
bandwidth [119, 120]. The Atacama Cosmology Telescope (ACT)POL instrument comprises 2043
detectors [121] fed by OMT-coupled horns, operating with an optical efficiency of 50% to 70% over
the 75 GHz − 110 GHz and 125 GHz − 175 GHz bands [121]. The LiteBIRD collaboration reported
70% optical efficiency on all four bands, narrowed down due to an OMT to horn block mismatch
[122]. The SO collaboration also presented experimental characterisation of the focal planes giving
an average optical efficiency of 77% for the 200 GHz − 240 GHz and 270 GHz − 320 GHz bands [120].

(a) (b)
Figure I.2.14: (a) CAD model of a corrugated platelet horn array and (b) the successive fabricated

layers [123]. OMTs are stacked under the feedhorns, separating the polarisation signals and transferring
the power to the detectors. A λ/4 backshort couples the power radiated on the back to the OMT.

I.2.4.3.4 Planar antennas coupled to lenslet arrays

A final pixel design approach consists of coupling the detector pair to a dual-polarisation sensitive,
broadband planar antenna fed by an hyper-hemispherical lenslet. Sinuous antennas are favoured
for such application as they are log-periodic structures. Their operational frequency bandwidth
is set by the radially evolving metal pattern: the largest and smallest features of the antenna re-
spectively set the lowest and highest frequency accessible. The hyper-hemispherical lenslet going
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atop the antenna is constituted of an extended hemisphere made of Silicon or any other dielectric
approaching its electrical characteristics. Such profile approximates an ellipse, which would fully
focus an incoming plane wave [124, 125, 126]. The overall design is fully embedded in Silicon, en-
suring a straightforward scalability and full compatibility with the detector plane. The antenna is
suspended on a membrane so that the energy fully transits through the overlaid dielectric. The ge-
ometry of the overall focal optics scales down with the dielectric refractive index, and the lenslets
have high F compared to horns. This result in an attractive trade-off between pixel spacing, F
and optical efficiency allowing for high mapping speeds.

(a) (b)
Figure I.2.15: (a) The complete Polarization of Background Radiation (POLARBEAR)2 focal plane,

mounted on its cryogenic assembly structure. The full pack of hyper-hemispherical lenslets is clearly
visible. (b) The focal optics are coupled to dual-polarised planar sinuous antennas feeding the subsequent
detectors. As for the coherently summed hierarchical antennas, the broadband nature of the sinuous neces-
sitates the use of microstrip filtering to select the band of interest before feeding the signal to the detectors,
as shown on the insert. Both pictures are reused from [125].

Based on the latter advantages, the LiteBIRD collaboration considers using sinuous antenna cou-
pled lenslet arrays in conjunction with TESs bolometers to fully fill the LFT FPU [87], where 12
bands could be covered by 2 pixel sizes. However, the minimum feature size that can be patterned
for the antenna, coupled with the need of and ARC to match the lenslet to free-space significantly
limit the bandwidth attainable by such pixel design to ratios of order 1.2 : 1 to 2 : 1, compara-
ble with other focal optics. On the larger wafer sizes required for the coming CMB experiments,
the thermal contraction differential between the ARC layer and the lenslets coupled to their non-
planar profiles could result in partial mismatches or even delamination. As for previous designs,
since the detector plane is not encased, stray light is picked up by the lenslets. To mitigate this
issue, an absorbing resistive layer can be added in between the chip and the lenslet array, but hin-
ders hindering the detector performances [127]. The POLARBEAR2 collaboration implemented
this type of focal optics array for 7588 pixels in the South Pole, and found cross-polarisation levels
of 4.6% and 2.2% at the 77.5 GHz − 102.5 GHz and 130 GHz − 170 GHz operational bands, re-
spectively. Simon´s array will expand on POLARBEAR with two more 3.5 meter telescopes to be
deployed at the James Ax Observatory, each of which should incorporate ∼ 10000 detectors. The
South Pole Telescope (SPT) was another experiment successfully deployed in the austral summer
of 2016–2017 with a full focal plane of 2690 pixels covering the 80 GHz−110 GHz, 135 GHz−167 GHz
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and 190 GHz − 245 GHz bands on a 1 arcmin resolution on sky, with an optical efficiency of 25%,
44% and 26.5%, providing ∼ 9 µK

√
Hz, ∼ 8 µK

√
Hz and ∼ 28 µK

√
Hz NETs respectively.

I.2.5 MetaLs as a focal optics alternative
Inspired by the existing hyper-hemispherical lenslets, MetaL are a new technology under develop-
ment [128, 129]. Metamaterials offer pristine control over the amplitude, phase and polarisation
states of light waves [130, 131]. Additionally, the thin film fabrication techniques involved in their
manufacturing enables scalability of the planar metamaterial-based surfaces, which can serve as a
base for various quasi-optical designs [132, 133]. A lenslet design based on such technology, embed-
ded in Silicon, should enable finer engineering of the sidelobe levels, cross-polarisation, and other
beam properties of the focal optics whilst being directly transferable to the detector plane. A fully
embedded option would scale down with the refractive index of Silicon, resulting in an attractive
mix of compactness due to a low pixel spacing and high optical efficiency, increasing the mapping
speed. Whilst ARC is still required on the image side, the device is flat and the incoming field is
effectively a plane wave, allowing for an equally plane coating layer. Several ARC options are cur-
rently under development [134, 135, 136, 137] to be applied to hyper-hemispherical lenslets or the
larger fore-optics. These can be made in a planar design and applied to a MetaL, relaxing the fab-
rication constraints and minimising the potential mismatches defects. Preliminary investigations
are ongoing to prove the MetaL concept [138]. Inscribed in this effort, the present work thoroughly
analyses the MetaL air-gapped prototype shown in Fig.I.2.16 by presenting a full beam characteri-
sation conducted both in a set of electromagnetic simulations, and experimentally on a dedicated,
systematics limited test bed, warm. To further prove the MetaL concept, the preliminary stages
of a cold beam holography measurement are further drawn, in particular, the design and fabrica-
tion of a complete pixel, sensitive to a single polarisation and fully matched to free space, where a
MetaL made in Cardiff University is coupled to a sinuous antenna feeding a set of KIDs.

Figure I.2.16: Photography of a phase-engineered, air-gapped MetaL prototype, taken by the author.
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Part II Outline
To characterise the suitability of the proposed lenslet for CMB applications, it is necessary to
define its inherent beam characteristics and explore its impact as if it was integrated in an instru-
ment FPU. Various CMB analysis techniques are in preparation to process the data gathered by
future instruments [72, 73, 74, 75]. Currently these tools can be used to predict the missions out-
come relying on an end-to-end pipeline approach where each telescope constituents is integrated
and its systematics considered throughout.
Whilst scanning, the CMB map is recorded as the overlapping combination of timed detector re-
sponses reorganised in TODs. A map making analysis [139, 140, 77, 72] is traditionally run to
determine a maximum likelihood of what the sky map should be over the entire bandwidth, tak-
ing into account beam systematics, rotation on sky while scanning, pixel-to-pixel correlations and
noise contributions. Future datasets are expected to be much larger and considering the sensi-
tivities required, the community focuses on optimising the current methods. Amongst the main
requirements lies the realistic characterisation and incorporation of beam systematics. Tools such
as Fast Effective Beam Convolution in Pixel space (FEBeCoP), developed for Planck [141], esti-
mates an effective beam for each pixels, reconstructed from input beam parameters, polarisation
angles, cross-polar leakage, etc. The resulting beams are then combined and convolved with the
desired regions of the sky at selected time spans, allowing for full sky convolution. This operation
is computationally more efficient if done in Fourier space, where the beam may again be expressed
as a window function decomposed in spin weighed spherical harmonics [142].
In this part, a review of the main characteristics of a beam will be conducted in Chapter II.3 and
its systematics will be further described. These definitions will enable an deeper understanding of
the beam profile, mentioned a number of times in the discussion on CMB instrumentation given
in Part I. The characteristics presented here will further be inspected during the design and ex-
perimental study of the performances of the MetaL prototype lenslet in Part III and Part IV. An
elementary map based analysis will then be presented in Chapter II.4 where the compiled CBB

ℓ of
a sky map will be convolved with an ideal Gaussian beam. This method will be of ulterior use in
part IV, where the non-ideal beams of a hyper-hemispherical lenslet and the MetaL device will be
compared.
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II.3. Beam Characterisation &
Systematics

To prove the concept of MetaLs in the context of modern and future CMB experiments, a proto-
type device is analytically and experimentally characterised in the present work. Its beam will be
simulated, then measured and compared against a simulated hyper-hemispherical lenslet counter-
part. The comparison is extended to a benchmark analysis where the beam of both devices are
projected on sky and their effect, compared. The preliminary design, fabrication and experimental
plan of a pixel assembly resembling that of a CMB FPU, where the lenslet is coupled to a sinu-
ous antenna feeding detectors will further be discussed. This chapter gives preliminary definitions
which will be referred to throughout the rest of this work, starting by a few general characteristics
and systematics of a beam.

II.3.1 Laguerre-Gaussian Beams
The aperture size of focal optics under consideration for CMB experiments is generally the same
order of magnitude as the operating wavelengths, as can be seen in Table I.2.2 and Table I.2.1. It
follows that the propagated field can be described as a Laguerre-Gaussian Beam (LGB) Eκ (II.3.7)
[143], constituted of a superposition of Laguerre-Gaussian modes Ep (II.3.8). The MetaLs and
hyper-hemispherical counterpart of concern for the present proof of concept are designed with a
5 mm radius and are therefore suited for such beam decomposition. The feeding elements they are
coupled with similarly present wavelength sized apertures.
Classic characteristics for a beam propagating in free-space along an OA orientated in the z di-
rection are shown in Fig.II.3.1a. In this figure, the source radiates a beam from the phase centre
Cϕ, which may be offset from the physical centre of the device and show a Gouy phase shift ϕ0.
At this origin, the beam has a waist w0 (II.3.1), increasing along with the distance from the beam
origin on the OA z (II.3.8), where it is noted w. At any given distance z, the normalised intensity
decreases, ultimately falling down to 1/e2 where the beam reaches its limit extent, the beam width
we (II.3.9).

35



w0 = λ
√

2 ln 2
2π tan θ0

(II.3.1)

w = w0

√√√√1 +
(
λz

πw2
0

)2

(II.3.2)

we = w√
2 ln 2

(II.3.3)

A radius of curvature Rb can be established at any given surface of constant phase, or equiphase.
The beam will eventually diverge asymptotically along a cone defined by the angle Θ. The Rayleigh
length (II.3.4) is the distance from the phase centre at which the beam waist is equal to

√
2w0. It

is a good approximation of the range of focus of the source. Going past the Rayleigh range, the
wavefront curvature stabilises, thus the source radiates in the far field region.

zR = πw2
0/λ (II.3.4)

(a) (b)
Figure II.3.1: (a) Gaussian beam propagating along z and its characteristics. The E-field intensity

along a given equiphase is shown for cuts at various z projected on a plane parallel to the Gaussian source
aperture for clarity. (b) Co and cross-polarisation far field patterns in dB originating at Cϕ and the
related spherical coordinates: elevation φ and azimuth θ. Figures made with Inkscape by the author.

To a first order the far field intensity profile of a diffraction limited device of diameter Dc and op-
erating at the wavelength λ is depicted by the Fourier transform of an Airy profile, integrated over
its aperture (II.3.5) at the distance of observation z. In practice, a realistic antenna far field will
incorporate diffraction contributions by design, as shown in Fig.II.3.6 for instance. This radiation
profile corresponds to the near field pattern of the device, integrated as explained before [144, 145],
where the near field itself is compiled from the local currents via Maxwell equations. Electromag-
netic simulation software such as ANSYS High Frequency Structure Simulator (ANSYS-HFSS),
extensively used in the present work, are relying on this approach to depict the currents and fields
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of a modelled optics.

I(z) = I0

(
2J1(z)
z

)2

(II.3.5)

z = πDc sin θ
λ

(II.3.6)

The far field can be summarised through the E, D and H-plane cuts, where the E and H-planes
are containing the E and H-field directions respectively, whilst the D-plane is the median plane.
Describing a beam radiated by a device in these three planes procures an immediate description of
its properties, defined in Section II.3.2. This beam representation, also illustrated in Fig.II.3.6, will
be used throughout the present work.
Comparatively to the integrated Airy pattern, a finer representation of a focal optics beam is given
by a LGB decomposition. The normalised form of the κth order LGB is transcribed in cylindrical
coordinates by (II.3.7). Each LGB mode is expressed by (II.3.8), where the Lp are the ordinary
Laguerre polynomials. The complex amplitudes Ap of each mode have an analytical solution when
the field at the aperture is known, as is the case for feed horns or simple apertures [146, 147]. This
decomposition was encoded in Python for further use in Part IV and is available in Appendix B.
For situations where the field at the aperture cannot be derived, as is the case for lenses, they may
be simply replaced by a generic complex number of amplitude αp and phase ϕp (II.3.9). Figure
II.3.2 presents the five first LGB modes normalised and three beam profiles for κ = 0, 2 and 5.
Higher order modes, optically noticeable as they add a non-negligible amount of side lobes, as per
shown in Fig.II.3.2b, are effectively contaminating the beam. The gaussicity, further defined in
Section II.3.2, primarily defines the quality of the Gaussian beam radiated by a focal optics.

Eκ(r, z) =
κ∑

p=0
ApEp(r, z) (II.3.7)

Ep(r, z) =
√

2
πw2 Lp(u) exp

[
−u

2 − j

(
kz + πr2

λrb

− (2p+ 1)ϕ0

)]
(II.3.8)

Ap = αpe
−jϕp (II.3.9)

u = 2r2

w2 (II.3.10)

ηp = |Ap|2 (II.3.11)

ϕ0 = arctan
(
λz

πw2
0

)
(II.3.12)

II.3.2 Optical Properties & Systematics
As was depicted in Part I, within a given instrument, a source radiating a beam with a similar
profile as the one shown in Fig.II.3.6 would be coupled to the fore-optics on one hand and the
detector plane on the other hand. In a similar manner, the MetaL characterisations conducted in
Part IV and Part V necessitate to combine the lenslet with a source probe, namely a waveguide
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(a) (b)
Figure II.3.2: (a) Normalised intensity |I| of the p = 0 to 5 LGB modes. (b) LGB for κ = 0, 2 and 5,

in dB. κ = 0 is a perfectly Gaussian beam. Figures made with Python and Inkscape by the author.

transition and a sinuous antenna for the warm and cold measurements, respectively. To establish
the efficiency of such coupling the following properties must be checked:

Gaussicity η0

Fraction of the power contained in the beam main lobe corresponding to the 0th order optical
mode of a LGB beam decomposition. It is expressed as a percentage of power, obtained from
(II.3.11) with p = 0. A low gaussicity implies losses to higher order modes which must be avoided
when designing a focal optics. If only the main lobe of the beam of a CMB instrument is consid-
ered, then since at low ℓ, the cosmic variance is typically of order 5% (I.1.3), η0 > 95% is a good
first order approximation on the gaussicity requirement for a proper reconstruction of the power
spectra.

Differential Gain ∆g

The absolute value of the difference between the maximal peak directivity of the beam in the E
and H-planes (II.3.13), gE and gH respectively, expected to be 1% or lower in typical CMB instru-
ments [66, 148, 149] to avoid contaminations of the B-mode signal.

∆g = |gH − gE|
(gH + gE)/2 (II.3.13)

Beam Ellipticity E

Square of the numerical eccentricity of the beam (II.3.14), where wE
0 and wH

0 are the beam waist
in the E and H-planes. Elliptical beams [66, 150, 151] generates spurious spherical harmonics
resulting in E to B leakage, but for E < 10%, this defect can be identified and removed post-
processing.

E =

∣∣∣wH
0 − wE

0

∣∣∣
wH

0 + wE
0

(II.3.14)

38 II.3.2 Optical Properties & Systematics



Cross-polarisation Beam Shapes

The cross-polarisation is defined as per [152] and effectively describes a leakage from one opti-
cal polarisation to the other. For axi-symmetrical optics radiating a linearly polarised wave, the
cross-polarisation shapes presents a quadrupole symmetry near the optical axis, transforming to
a dipole-like symmetry off axis which can be derived in the limit case of a circular aperture [153].
A deviation from this pattern transcribes into an E to B leakage. The maximal cross-polarisation
level must be kept below 1% for CMB experiments [154, 151].

Coupling efficiency ηC

Ratio Pt/Pi of the total power Pt transmitted through the optics, integrated above the aperture
of the device in the sky direction, over the input power Pi contained in the section of the source
beam illuminating the aperture of the device. If both beams are Gaussian and properly aligned,
the efficiency calculation reduces to that of a power coupling coefficient for two axially aligned
beams of width w1 and w2 (II.3.15). ηC is directly affecting the throughput of a given instrument
as the fraction of source brightness observed at the detector plane. Namely, each optical compo-
nents will have a given efficiency which can be factorised in (I.2.1). Coupling efficiency, or optical
efficiency, is often used to depict the performances of any given FPU, and standard values were
given for the focal optics options reviewed in Part I.

ηC = 4
(w1/w2 + w2/w1)2 (II.3.15)

Bandwidth BW

Frequency coverage for which the focal optics radiates a nearly Gaussian beam with sufficiently low
cross-polarisation level and minimal attenuation at focus.

Strehl Ratio SR

Ratio materialising the phase centre offset and, in the case of focal optics, LGB higher order con-
tributions to the beam when compared with a diffraction limited focusing system (II.3.16). This
characteristic is often used for larger fore-optics components, where the Gaussian description of
the beam is traditionally replaced by a combination of physical and geometrical optics. The Strehl
ratio is effectively described as the exponential of the negative RMS difference between an ideal,
diffraction limited optics of equivalent effective aperture size (II.3.5), and the field of the actual
device (II.3.16) [53].

SR = e
−
(

∆ϕ2−∆ϕ
2
)2

(II.3.16)

A practical view of SR is shown in Fig.II.3.3, where the ideal beam of a diffraction limited aperture
of R = 5 mm is plotted against two LGBs profiles. The wavefront offsets ∆ψ correspond to the
area between the Airy profile, in red, and the near Gaussian or non-Gaussian beam, in green and
purple respectively. Clearly, the Strehl ratio portrays optical deviations in a similar manner as
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gaussicity, both providing close results. The latter will be the criteria of choice through this work
as it gives a quantified loss of power to higher order optical modes but it should be noted that the
SR can be more easily related to aberrations through an adequate wave decomposition [53, 155,
156].

Figure II.3.3: Description of the Strehl ratio by comparison of an An Airy profile, ideal far field
radiation pattern of a 5 mm, plotted in red, with a nearly Gaussian beam and a non-Gaussian beam, in
green and purple respectively. The wavefront offsets ∆ψ are given for both in dashed lines and corresponds
to the areas underlined in matching colours. Figures made with Python and Inkscape by the author.

Common Pointing σχ

Relative distance offset in the average position of the beam centroids of the A and B polarization
at focus.

Differential Pointing σχd

Relative angular offset at focus, induced by the focal optics, between the E and H polarised beam
centroids in units of the nominal beam width.

Polarisation Rotation θd

Non-orthogonality of the two polarization directions x and y within the focal optics.

Beam truncation T

Ratio of the beam width wt (II.3.3) of the source probe at the truncating distance F0 over the
diameter of the coupled optics Dc (II.3.17). Fig.II.3.4 shows a truncation T = 1, where the width
at the optics aperture matches its size, wt = Dc.

T = w

Dc

(II.3.17)

The edge taper Te describes the effect caused by a stop of diameter Dc on a beam of width wt at a
distance F0 from its phase centre Cϕ (II.3.18). The fractional power of a Gaussian beam that falls
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outside the aperture radius is effectively equal to the edge taper of the beam at that radius.

Te = exp
[
−2

(
R

wt

)2]
T dB

e = −10 log Te (II.3.18)

When coupling a lenslet of thickness tl to an antenna or a waveguide transition for instance, the
truncating distance is the effective focal length F0 (II.3.19), where the phase centre displacement
from the aperture zδϕ

is negative in the forward direction.

F0 = ztl + zδϕ
+ tl

2 (II.3.19)

Figure II.3.4: Truncation of the beam of a feed from a device at a distance F0 (II.3.19). Figure made
with Inkscape by the author.

Truncating the beam may result in a drop of power, caused by clipping if the optics aperture is
over illuminated, or through spillover from higher order optical mode contributions when under il-
luminated instead. The separating distance ztl will also affect where maximal power is transmitted
as the beam broadens out. Fig.II.3.5 shows that an efficient truncation corresponds to a trade off
between the separation and the size stopping the incident beam.

(a) (b)
Figure II.3.5: (a) Normalised transmitted power PT as a function of the truncation ratio T (II.3.17).

The smaller and the closer the aperture, the more clipped the beam is, resulting in lower PT . (b) Nor-
malised transmitted power PT as a function of truncation ratio T for a R = 5 mm aperture. The optimal
truncation is reached for T = 0.78. Figures made with Python and Inkscape by the author.
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The notations and definitions given above will be used extensively for the MetaL and feeding an-
tennas analysis conducted in Part IV and Part V.

Figure II.3.6: Beam characteristics depicted on the E, D and H-plane cuts. Figures made with Python
and Inkscape by the author.

Investigations are ongoing to identify and mitigate the impact of instrumental beam systematics
based various end-to-end pipeline analysis. Within this effort, evaluating the performances of the
multiple FPUs under development is of primary importance. Some of the systematics defined
above may have a lesser impact on B-mode detection [41]. For instance, it was demonstrated that
through adequate scanning strategies, suppression of spurious B modes generated by differential
gain and pointing was possible. The impact on the reconstructed Cℓ was further established for
ellipticity and cross-polarisation, systematics that would still impede the measurements [157, 158,
159, 160, 148]. Non-Gaussian beams do not generate spurious B signals from the temperature
or E-polarised counterparts, but a fraction of the power is lost to higher order LGB modes since
they feed a portion of the power contained in the main lobe. With an adequate truncation of the
beam by a Lyot stop and further baffling, the sidelobes are strongly limited. However, they couple
directly with strong foreground emissions from diffuse galactic components, the ground signals,
etc. producing a significant source of contamination [161]. Thus, it becomes clear that for a focal
optics, a near-perfect Gaussian far field is desired.
With these considerations in mind, a comprehensive experimental characterisation of a focal optics
component can be conducted by measuring its co-polarisation and cross-polarisation patterns in
the E,H and D-planes and extracting the relevant optical properties from the previously estab-
lished list, as will be done to prove the MetaL concept in Part IV. If integrated to an experiment,
insights on the performances of a FPU for CMB applications could further be established by run-
ning a full instrument analysis. In the present work, a benchmark analysis will be conducted in-
stead, based on map-making analysis techniques. The goal will be to compare the impact of the
MetaL beam on CBB

ℓ with that of a comparable hyper-hemispherical lenslet, using an ideal Gaus-
sian beam as a reference.
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II.4. Map Making Benchmark

Precise characterisation of each systematic impact is necessary in the context of an instrument
design. However, to prove the MetaL concept, it was instead chosen to benchmark the perfor-
mances of a prototyped lenslet against a hyper-hemispherical equivalent. Relevant results that
instrument designers can use will be given in Part IV, where the beam characteristics and their
optical systematics will be compared. But the discussion can be extended to the sensitivity in r

(I.1.8) in the context of a simplified experiment through a benchmark analysis. The latter is ac-
complished by convolving an ideal beam with the sky on one hand and the realistic beams of the
optics components to be compared on the other. Then the resulting power spectra for each optics
can be retrieved and compared against one-another. If their order of magnitude for a given r is
maintained, their systematic impact is arguably similar. Hereafter, the method is presented for the
reference beam only for simplicity and will be extended to the hyper-hemispherical lenslet and the
MetaL in Part IV.
For the sake of simplicity and to keep the focus on the sensitivity in r, this implementation disre-
gards a number of otherwise important elements. The rest of the instrument, its scanning strategy,
the noise contributions and its inherent systematics are not considered, thus, it does not repre-
sent a realistic view of its optical performances. For instance, a Lyot stop would be installed in
an instrument to cut-off sidelobes, the fore-optics would reshape the beam, scaling it up to reach
the desired observing angular scale, possibly reducing its cross-polarisation level or extending the
beam ellipticity, etc. The impact of foregrounds, astrophysical signals emitted between the CMB
photon decoupling and the instrument, is also neglected. It comprises galactic foregrounds, namely
thermal emission from galactic dust, synchrotron radiation, and so on, particularly relevant for
B-modes science, as well as extragalactic signals, such as cosmic infrared background, SZ effects,
radio and infrared point sources, and so on. Similarly, accurately modelling and decorrelating
instrumental, atmospheric and photon noise is a difficult tasks [162], unnecessary for such bench-
mark analysis. To mimic a telescope FOV, the beams have been rescaled to the relevant FWHM.
Whilst not being overly realistic, this benchmark approach should give a feel of the suitability of
the MetaL technology by means of comparison with existing and already demonstrated focal optics.
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In fact, with such simplifications, this method will provide dramatically bad result by incorporat-
ing spurious polarisation signals that would usually be compensated for by the scanning strategy,
the use of baffles, stops, absorbers, polarisation modulators, and so on.
The techniques used for this approach are based from codes introduced during a map making
analysis workshop in 2022 [163], with re-adaptations such as the incorporation of any input 2D
beam maps in an array format and its scaling to any desired FWHM, the calculation of δCℓ for
each spectra and the generation of input spectra with Code for Anisotropies in the Microwave
Background (CAMB). The written code can be made available upon request to the author.

II.4.1 Producing CMB maps
The procedure is initiated by making CMB maps of N pixels along one direction using a set of
input power spectra Cinit

ℓ generated with CAMB [164] from a set of realistic cosmology parameters
[165], with a given multipole step size δℓ and a maximum multipole ℓmax, effectively setting a
lower limit on the angular pixel size ϑpix. Fig.II.4.1a presents a B-mode power spectrum for r =
0.001, where it can be seen that CAMB outputs Dℓ spectra, which are effectively Cℓ rescaled by
(ℓ + 1)ℓ/2π. Dℓ are a standard in cosmology, independent of ℓ for scale invariant fluctuations. As
the systematic effects considered are related to beams of widths on the degree or sub-degree scales,
small compared to the observed areas at low ℓ, the flat sky approximation is used [166], in other
terms, spatial deformation and homogeneous photo illumination is assumed in the FOV.
As illustrated in Fig.II.4.1b, the power spectra are rotated in Fourier space, where ℓ = 0 is at the
centre of rotation and a pixel is scaled to the size of a multipole in Fourier space (II.4.1), with the
spatial pixel size ϑpix in arcmin.

ℓpix = 2π/[(ϑpix/60)(π/180◦)] (II.4.1)

The FFT of a random Gaussian density map of unit variance is then multiplied with the spectrum.
It was previously explained in Part II that a Gaussian distribution closely fits the CMB brightness
temperature and polarisation maps. The real component of the Inverse Fast Fourier Transform
(IFFT) provides a CMB map corresponding to the spectrum of concern. Fig.II.4.2 provides an
example of this procedure. A bias in amplitude is introduced but this will be corrected during the
power spectrum reconstruction.
The final maps are obtained applying an IFFT on the resulting rotated spectra, producing realistic
outputs as shown in Fig.II.4.3.
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(a) (b)
Figure II.4.1: (a) DBB

ℓ spectrum (blue trace) generated with CAMB using the cosmology parameters
derived by the Planck community [165] and the related cosmic variance δCℓ (light blue area of uncertainty).
(b) Rotation of the spectrum in harmonic space. Figures made with Python and Inkscape by the author.

(a) (b)
Figure II.4.2: (a) FFT of the random Gaussian field of normalised intensity in angular space. (b)

The same field masked by the power spectrum input. Note that the power spectrum is not null at higher ℓ,
causing a blue hue over the rest of the map. Figures made with Python and Inkscape by the author.
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Figure II.4.3: Realistic CMB B-mode sky map made from an input power spectrum generated with
CAMB. Figure made with Python and Inkscape by the author.
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II.4.2 Beam convolution & apodization
As discussed in Section II.3, an idealised beam is perfectly Gaussian and, without adequate scan-
ning in place, axi-symmetric. To easily compile such beam pattern, the 0th order mode (II.3.8) is
reduced to a simpler form (II.4.2), where θF W HM is the beam FWHM. in Section I.1.2.2 and in
Section I.2, it was underlined CMB observations require beams of angular waist θ0 = 25′, 3′ and
1′ to reach the large angular scales necessary to detect primordial gravitation on one hand, and
the medium and high scales needed to acquire better knowledge of large scale structures on the
other hand. A θF W HM = 25′ beam is presented in Fig.II.4.4, where R is the spatial radius from
(0 arcmin, 0 arcmin).

E0(R) = e− 1
2(R

σ )2

σ = θF W HM

2
√

2 ln 2

(II.4.2)

(a) (b)
Figure II.4.4: (a) H-plane cut of the 0th order mode Gaussian beam normalised intensity. (b) Corre-

sponding map in real space. Figures made with Python and Inkscape by the author.
The convolution is then done by multiplying the CMB map with the beam in Fourier space and
IFFT back in real space. This part is disregarding the scanning strategy that an instrument would
otherwise conduct. Taking into account the latter would require to look at the TOD which is com-
putationally expensive and out of the scope of this analysis. Fig.II.4.5 shows a raw map and its
convolved result with the above beam. The corresponding Q and U maps are also given, directly
aligned with the polarisation directions of the beam, θ = 0◦ and φ = 0◦ respectively. It is worth
noting that the mean temperature of the convolved map may drop by up to a few orders of mag-
nitude, indicating a bias caused by the beam which will need to be corrected when reconstructing
the power spectra. In the case of an instrument, rotations would be included as they could po-
tentially impact E to B leakages [157, 158, 159, 160, 148]. As only the beam systematics are of
concern in the present benchmark analysis, this is not considered.
The generated maps are defined in a limited angular space. FFTs are effectively integrations of
the maps over an infinitely repeated real space, generating spurious effects from mismatch at
the actual angular boundaries. To prevent this, an apodization with a window function is done,
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(a) (b)

(c) (d)
Figure II.4.5: Convolved Q (a) and U (b) maps of the initially raw B-mode sky (c), convolved with a

25′ beam (d). Such a broad beam clearly blurs the fine angular details but is sufficient to reach ℓ < 500.
Figures made with Python and Inkscape by the author.

corrected to avoid E to B leakage [167] to the convolved map. Such apodization is illustrated in
Fig.II.4.6.

Figure II.4.6: Apodized and convolved CMB B-mode sky map. Figure made with Python and Inkscape
by the author.

The power spectra are compiled by using an FFT on all convolved and apodized maps of a given
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signal, TT, EE, TE or BB, then taking the average of the square of the absolute value of each
binned pixel in harmonics space and IFFT the result to the final spectra. This is equivalent to
wrapping up a rotated spectrum that varies per angle along the radius, the reverse calculus than
the one made to create the maps initially.
As stated above, the convolved and apodized signals have a reduced amplitude from the beam and
the apodization, a defect corrected via the instrument transfer function T (II.4.3). The numerical
error is finally given by calculation of the RMS. Fig.II.4.7 shows The input B-mode power spec-
trum for r = 0.001, alongside a reconstructed one compiled through the method depicted in this
section, for 64 realisations of a sky mapped with a perfect Gaussian beam. δD̂BB

ℓ is the numerical
dispersion of the binned maps around D̂BB

ℓ and δDBB
ℓ,init is the square root of the cosmic variance as

defined in (I.1.3).

Ĉℓ = TCℓ,init (II.4.3)

Figure II.4.7: Reconstructed B-mode power spectrum D̂BB
ℓ , corrected by T to account for signal re-

duction D̂BB
ℓ while scanning a ∼ 36◦ square sky with a perfect Gaussian beam. The maps were generated

from the initial power spectra DBB
ℓ,init compiled with CAMB. Figure made with Python and Inkscape by the

author.

The transfer function T fully compensate any deviation caused by the Gaussian beam windowing
from the input spectrum. This reference function will be applied for both the hyper-hemispherical
lenslet and the MetaL in Part IV. The same set of 64 maps will also be used for this comparative
benchmark analysis, opening the discussion that will be conducted at the end of Part IV with
regards to the analytical and experimental study of the beam radiated by the prototype MetaL
under scrutiny in the present work.
As was mentioned previously, this method is overly simplified. It was however primarily taken from
the focal optics designer perspective. Indeed, the incorporation of additional optical components
such as the fore-optics lenses, the mirrors, the HWP, etc. comes with the incorporation of their
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own systematics, which may overtake or amplify the ones caused by the optics of concern. Sim-
ilarly, whilst a given scanning strategy may relax B-mode contamination by e-modes due to the
beam ellipticity, its inclusion to such analysis also prevents the evaluation of a design requirement
on the axi-symmetry of the beam. To summarise, optical requirements can only be produced from
full end-to-end analysis and are thus completely determined by the concerned experiments. In the
present work, a prototype device is studied, which is independent of any instrument. This coarse
estimation in the sensitivity in r is thus simply a preliminary benchmark approach to estimate the
suitability of the MetaL concept for CMB observation. A way forward may be to incorporate the
lenslet beam in place of an existing, analysed FPU, in a more complete software, such as Time
Ordered Astrophysics Scalable Tools (TOAST) [73] or BeamConv [72], and compare the perfor-
mances in a relevant context.
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Part III Outline
Instrumentalists are the ophthalmologists and optometrists who try to adjust for the currently
blurry CMB picture. The MetaL development inscribes itself in the community’s effort to decipher
the details of the origin and evolution of the Universe. The said lenslet is made of metamateri-
als, a media consisting of an arrangement of wavelength or sub-wavelength patterns carved in, or
printed on a selected dielectric to modify its intrinsic properties. The material permittivity and
permeability is then tuned through the geometry of the constitutive shapes [168, 131]. Premises
of the modern metamaterials were theorised in the late XIXth century, soon after James Clerk
Maxwell unveiled the "Dynamical Theory of the Electromagnetic Field" [169]. Jagadish Chandra
Bose then worked on the refraction of millimetre waves, notably in chiral media of his own design
[170]. Such material eventually offered views on a wide range of applications, from identification
of the presence of various polarisation dependant specimens of interest for medical purposes to
electro-steerable beam of use in telecommunications. In the mid-XXth century, Winston Kock
designed and realised a variety of lenses [171] based on periodic structures, noticing the optical
properties of a media could be tuned using a variety of geometrically varying metallic shapes. Vic-
tor Veselago extended the concept to negative refractive index materials [168], eventually fabri-
cated in the end of the century by John Pendry [172]. A super-lens design was proposed shortly
after, a device at the surface of which the refracted sub-wavelength waves propagates with a pos-
itive refractive index, allowing the focus of an object in the near field, an attractive feature for
microscopy. The XXIth century has seen a gradual interest in metamaterials, one can think of the
famous optical invisibility cloak [173, 174]. With a device relying on such materials and their ca-
pability to modify the electrodynamics of a given dielectric, an optics designer can optimise the
beam characteristics, depicted in Part II, to match the requirements set within the context of any
given CMB experiment. In order to reach the required sensitivities, that is, the scalability needed
to incorporate tens of thousands of detectors on the FPUs of modern and future instruments, a
metamaterial based technology would ideally be embedded in Silicon. Preliminary developments in
MetaLs are currently made to achieve this goal [138, 135]. The aspiration of the present work is to
help in proving the concept of this promising technology. A fully embedded lenslet would indeed
be compact whilst preserving optical efficiency. Inherently flat, its integration to FPUs would be
straightforward, with little to none alignment defects. Whilst ARC is still required, it would be
laid on a flat surface, simplifying its fabrication.
In this part the MetaL device is presented, relying on the use of metamaterials to shape the light
in accordance the the contemporary needs for Cosmology. Primarily, the modelling of a dielectric
medium is presented. A preliminary discussion on metamaterials, further illustrating their capa-
bility to modify the media they are embedded in. The focus is then made on a specific type of
such materials, the Frequency Selective Surfaces (FSSs) at the heart of the MetaL design. Finally,
the phase engineering procedure is depicted and applied to the design of an air-gapped prototype.
Mention is then made of improvements and other routes to design similar lenslets.
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III.1. Shaping the light

III.1.1 Enhancing Dielectric Materials

III.1.1.1 Electromagnetic wave in a dielectric

III.1.1.1.1 Dielectric properties

Metamaterials are enhancing the properties of the dielectric they rely on. It is thus of interest to
depict what constitutes a dielectric and what its characteristics are. Qualitatively, such media has
electromagnetic properties sitting in between those of metals and gases. Whilst photons are trav-
elling freely in vacuum, in a given material, they collide with electrons, bound or not to baryons.
In particular, in metals, each atom of the crystalline structure has free unbound electrons. When
sat in an applied electromagnetic field, this electronic lattice is instantly polarised. In a dielectric,
some or all electrons are bound to the baryons, thus, when submitted to an electromagnetic field,
several mechanisms are at play: bound electrons may drift from the baryons they are bound to,
molecules will orientate themselves along the field direction in an orientational mechanism, ionic
bounds will either compress or stretch and depending on the dielectric’s constituents, some pho-
tons may be absorbed. Three principal electric properties are used to define the comportment of
such material. Its conductivity σ essentially depicts a material capability to conduct electric cur-
rent induced from an applied electric field. It is function of the electrical resistance of the material
as defined by Ohm’s Law, its volume and electronic density. The effective permittivity ϵ (III.1.1)
describes how efficiently the electronic lattice of a material polarises under an applied electric field.
ϵ′, ϵ′′ and ϵ′′′(f) = σ(f)/f indicates how refractive, absorptive and conductive the material is,
respectively.

ϵ(f) = ϵ′(f) − j (ϵ′′(f) + ϵ′′′(f)) (III.1.1)

Finally, the loss tangent tan δ (III.1.2) determines the Ohmic losses due to conduction tan δc, typi-
cal of conductors, and refraction tan δd, typical of dielectrics, occurring in a given volume of mate-

53



rial under an applied electric field.

tan δ(f) = σ(f) + fϵ′′(f)
fϵ′(f) = tan δc + tan δd (III.1.2)

For a metal σ will be large while ϵ′ → ϵ0 and ϵ′′ → 0, where ϵ0 is the permittivity of free-space.
This result in a virtually lossless material. Lossless dielectrics will have σ = 0 and will not absorb
the electric field, leading to tan δ = 0. Another important dielectric property is the permeability
of the material, characterising the capability to conduct magnetic currents induced from an ap-
plied magnetic field, and denoted µ. µ0 is the permeability of free-space. Both permittivity and
permeability are often expressed as relative to free-space.

III.1.1.1.2 Transmission Line Model for Wave Propagation

The MetaL design, further depicted in chapter III.3, relies on stacked metamaterials, which can be
depicted as a succession of equivalent dielectric slabs. They are modelled accordingly by tran-
scribing the effect of the permittivity and permeability of the media to a light wave refracted
throughout. A standard approach is to consider the dielectrics as Transmission Line (TL) sec-
tions, a model encompassing the transmitted and reflected part of such wave. Stacking several
layers of dielectrics then result in a succession of consecutive TLs. CMB electromagnetic waves

(a)

(b)
Figure III.1.1: (a) Transverse Electro-Magnetic (TEM) wave going through a generic architecture, (b)

decomposed as a succession of cascading 2-ports TL. Figures made with Inkscape by the author.

are intrinsically TEM, the electric and magnetic fields are contained in the plane transverse to the
propagation direction. The electric field can be depicted as running between a positively charged
termination and a negatively charged one. A TEM wave propagating through a given architec-
ture with M components can thus be decomposed into a succession of TL elements, as illustrated
by Fig.III.1.1. Each is viewed as a 2 port network and the transmission and reflection occurring
within are transcribed in an ABCD matrix (III.1.3), originally defined in terms of the voltages and
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currents going through the element of concern. The matrix entries may instead be expressed in
terms of impedances Z, admittances Y = 1/Z or scattering parameters S [175, 176]. The latter
description is used to derive such matrix Sn (III.1.4) for an element at position n in the architec-
ture as a function of its reflection Γn and transmission Tn parameters. The matrix of the complete
architecture SM is obtained by a simple reverse multiplication of the matrices of each constituents.
In turn the overall transmission TM and reflection RM coefficients can be retrieved (III.1.5) [176,
177].
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An infinitely extended dielectric slab of thickness l and relative permittivity ϵr (III.1.1) is depicted
in Fig.III.1.2. The TEM wave propagates at normal incidence along the vector k̂ in free space
and k̂′ in the dielectric, with k′ = k

√
ϵr. The related reflection and transmission coefficients are

given by (III.1.6) and (III.1.7) respectively [176, 177]. Reflectionless responses of a single dielectric
slab is obtained when its thickness equates a multiple of a quarter of half-wavelength. The overall
transmission pattern is that of an interference filter.

T d
n = (1 − r2) exp (j (k − k′) l)

1 − r2 exp (−j2k′l) , where r = 1 − √
ϵr

1 + √
ϵr

(III.1.6)

Γd
n = r(1 − exp (−j2k′l)) exp (j (k) l)

1 − r2 exp (−j2k′l) (III.1.7)

Figure III.1.2: TEM wave passing through an infinitely extended slab of dielectric in free-space. Figure
made with Inkscape by the author.

When a stack of metamaterial is considered, each section of the equivalent TL is changed to ac-
count for the modified dielectric properties, which results in the modification of (III.1.6) and
(III.1.7). The specific changes induced by the type of surfaces used in the lenslet design are de-
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picted in Chapter III.2. The patterns in question are arrays of square patches lithographed onto
Silicon Nitride membranes resting on back etched Silicon slabs, effectively resulting in vacuum
embedded FSSs. This type of metamaterial will now be discussed further.

III.1.1.2 From dielectrics to metamaterials
A variety of metamaterials have been discovered and their use depends on the engineering require-
ments. The FSSs are single or stacked layers of thin metal films which homogeneously alter the
overall optical properties of the underlying dielectric with the clear purpose of filtering a given set
of frequency bands. Extensive use is made of the FSS in the MetaL design. The most common
FSS shapes comes in two complementary sets, wire grid which acts optically as a High-Pass Filter
(HPF), and Low-Pass Filter (LPF) patch grid, as the one shown in Fig.III.1.3. They can further be
combined to design a Band-Pass Filter (BPF) [132]. An overview of the different filter types and
their characteristics is given in Chapter III.2, with a focus on the square patch grids as they are
the FSS at the base of the MetaL design concept. The same surface type is taken here as an exam-
ple to emphasize how such shapes can be used to create a material with tunable electromagnetic
characteristics. The unit cell of such FSS is shown in Fig.III.1.3.

Figure III.1.3: A single FSS meta-surface constituted of an infinite array of metal square patches.
The Normalised surface current density Js induced from an incoming TEM wave is shown for a single
unit-cell, as are the overlaid incident and scattered waves. Figure made with ANSYS-HFSS and Inkscape
by the author.

A TEM wave incident on a patch induces a current density Js depicted in Fig.III.1.3. The result-
ing potential between two patches then leads to the generation of a scattered wave that is super-
imposed to the initial field, also illustrated in Fig.III.1.3. This comportment is similar to that of
a capacitance, where the anode and cathode would be the edges of two consecutive patches, and
explains the LPF effect achievable with this FSS.
Huygens surfaces constitute another type of FSSs, scatterers which can be spatially modified to
fine tune wavefronts locally. The Split-Ring Resonator (SRR), a resonating geometry popularised
by John Pendry [172] on the research of negative refractive index materials, are a good example of
Huygens surfaces. Investigations on their applicability to a lenslet design are mentioned in Chapter
III.3. A single layer of SRRs is presented in Fig.III.1.4. Similarly to the gap between patches, the
split couples the field capacitively to the neighbouring ring. The perpendicular sides are effectively
wires with circulating currents, preventing the field to establish in this direction. The present SRR
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design is thus single-polarised.

Figure III.1.4: A SRR meta-surface and its unit-cell, over which the the E-field is overlaid at the cen-
tral cut plane crossing with the split. The normalised surface current density Js induced from an incoming
TEM wave is also shown. Figure made with ANSYS-HFSS and Inkscape by the author.

Fig.III.1.5 further illustrates the de-embedded transmission T , reflection Γ and phase shift ∆ϕ
response of three structures modelled in ANSYS-HFSS: a 100µm thick slab of Silicon enhanced
with a square patch grid on one hand, and a SRR meta-surface on the other hand. De-embedding
consists of removing the impact on Γ and ∆ϕ of the media the element of concern is embedded in.
A dielectric with tunable permittivity and with the same thickness was also analysed, showing a
match with the patch grid for ϵr ≃ 19, much higher than the relative permittivity of Silicon. The
SRR exhibits a resonance at 55GHz, filtering out the TEM wave over a large bandwidth.

(a) (b)

(c)
Figure III.1.5: T , Γ and ∆ϕ responses of (a) a 500µm thick, semi-inifinite Silicon slab, (b) the same

dielectric supporting the FSS array of square patches alongside an equivalent dielectric of permittivity
ϵr = 19, and (c) a SRR on a 100 µm Silicon layer. In (b), the transmission drops from 100% to ∼ 20%
over the bandwidth plotted, illustrating how such surface type operates a frequency selection. Figures made
with ANSYS-HFSS, Python and Inkscape by the author.

By adding a metal surface to a dielectric, thus building a metamaterial, one can effectively tune its
refractive index, block a tunable frequency range, play with the phase to "shape the light". This
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preliminary qualitative description allows to grasp the potential of such media for an optics de-
sign. FSSs, as their name indicates, enable the selection of a bandwidth of choice and causes a
phase shift in the passing TEM wave. These features makes them an interesting candidate for a
lens design. The latter essentially aims at transforming the phase of a wave in a quadratic manner,
to a first order, whilst preserving the transmission at the maximum achievable. In the following
chapter, the TL model given above for a dielectric stack will be revisited to encompass the FSSs,
shapes at the base of the MetaL concept. The discussion will begin with the depiction of single
layers and their comportment as filters [132]. Stacked assemblies will be detailed further, corre-
sponding to the metal-mesh filters traditionally used in CMB. In the following Chapter, the MetaL
design method will then be presented.
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III.2. Metamaterial-based filters

III.2.1 Frequency Selective Surfaces
FSSs, an array of metal patterns lithographed onto a dielectric to alter its frequency response,
are utilised for the MetaL design, as will be underlined in Chapter III.3. The characteristics of
square patch and wire grid arrays will be discussed here, emphasising their filtering properties and
demonstrating how this can provide a controllable phase shift whilst preserving transmission of a
passing TEM wave. A comprehensive analytical description of infinitely periodic gratings [178, 179,
180] is out of the scope of this work as their depiction through the transmission line model [181,
182, 183, 184], discussed in the previous chapter, is sufficient to establish a MetaL design.

III.2.1.1 Preliminary considerations on polarisation
Amongst the possible FSSs, a term that encompasses any planar metal patterns that are frequency
selective, wire and square patch arrays have specific polarisation properties that makes them in-
herently compatible with CMB observations. Indeed, detection of the E and B-modes of the CMB
polarisation sky map is done through the detection of Q and U signals, as was discussed in Section
I.1.2.2. For the benchmark method described in Chapter II.4 and undertaken in Part IV, it was
underlined that the direct coordinates of observation for the mock instrument considered are di-
rectly matching those of the Q map. In other terms, the E and H-planes of the beam are aligned
with the two orthogonal polarisation observed. A real instrument pipeline would rotate TODs back
into the polarisation coordinates, accounting for the systematics mentioned in Chapter II.3 and
the scanning strategy undertaken by the instrument. It was discussed that any mismatch between
the two polarisations detected would lead to an undesirable leakage of the T or E to B signals. An
optics design relying on FSSs thus needs to provide a polarisation independent response, which
directly leads to constrain the pattern geometry, necessarily symmetrical on two orthogonal direc-
tions on the grid plane. Square patch and wire grid arrays respect this symmetry condition. It will
be shown in the following section that the desired frequency range of a given FSS is preserved up
to the normalised frequency of the feature ω = g/λ, where g is the unit-cell size. Above this thresh-
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old, when g is above a wavelength, diffraction effects start appearing. The scattered field begins to
include higher order components that adds in the wave, whereas for λ ≫ g, the only propagating
parts of the scattered fields are the 0th order modes in both directions.

III.2.1.2 Inductive and Capacitive Grids
The Babinet principle shows that a wire and a square patch array sharing a complementary geome-
try will be counterparts of one another in their optical effect on the incident wave. Since the wire
arrays are effectively made of virtually infinite metal lines, the incident wave will induce currents
throughout at ω << 1, which causes a full reflection, similarly to an inductance in an electronic
circuit. Complementarily, as was briefly shown in Section III.1.1.2, the patches will be fully trans-
mitting in the same regime, acting like a capacitance. Each type of grid is thus called inductive
and capacitive, acting as HPF and LPF, respectively. Filters can be described with a few charac-
teristics which will now be exposed.
A filter is operating a window function on the incident TEM wave, selecting the frequency regime
carried through the structure. A LPF, HPF and BPF responses are depicted in Fig.III.2.2, and
their characteristics are defined further hereafter. The cut-on/off frequencies fc1/2 are reached at
the −3dB transmission thresholds. They materialise the beginning of the edges of the filter, whilst
the end is reached at the null frequencies f◦1/2, further down at −20dB. The bandwith BW thus
covered is the range allowed between the cut-on and cut-off frequencies. The in-band response of a
filter may oscillate around an averaged amplitude Ā, with a peak of oscillations δA, as illustrated
in Fig.III.2.2. This inhomogeneous response is undesirable and

∣∣∣Ā− δ
∣∣∣ /Ā is generally designed to

be close to 0%. Finally, the null selectivity Sc1/2 is the power attenuation occurring through the
transitional regime, at the edges. At cut-off, Sc = AdB(f◦1/2)/AdB(fc1/2).
Wire grids effectively acts as HPF and patch grids as LPF with a null frequency f◦. Their unit-cell
are shown in Fig.III.2.1b and Fig.III.2.1a, respectively. Such material can be modelled as a 2-port
TL where the metal pattern is represented by a shunt admittance, and the dielectric is placed as
an impedance in series [182].

(a) (b)
Figure III.2.1: Unit-cell of (a) a capacitive and (b) a wire grid. Figures made with Inkscape by the

author.
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(a)

(b)

(c)

Figure III.2.2: T , Γ and ∆ϕ responses of (a) a LPF constituted of a succession of capacitive grids,
(b) a HPF constituted of a succession of inductive grids and (c) a BPF combining both grids. For (c),
the cut-off frequencies are fc1 = 112GHz and fc1 = 142GHz, thus the filter has a 40GHz bandwidth. It
presents ripples with a ∼ 0.1dB amplitude in band. The filter selectivity is Sc = 20dB. Figures made with
Python and Inkscape by the author.
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The resulting analytical description of such model for a capacitive grid has a complex transmis-
sion T p (III.2.1) and reflection Rp (III.2.2), providing a phase shift ∆ϕp = arg(T ). p will be used
later as an identifier for the layer number when the discussion extends to stacked FSSs in Section
III.2.1.3. Combining the shape and its underlying dielectric (III.1.6) (III.1.7) is done through the
ABCD matrix method (III.1.3), (III.1.4), (III.1.5). A dedicated python code relying on these equa-
tions was written to produce the results plotted throughout this part. It is presented in Appendix
C.

T p = 1/(1 + Y p) Rp =
√

1 − |T p|2 (III.2.1)

Y p = −j β

(β2 − 1)
ln [csc (πa/2g)]

g/(g − a) + (g/
√

2λ)2

where β = (λ/g) [1 − 0.41(a/g)]
(III.2.2)

The shift in f◦ as a function of the unit-cell size g is shown in Fig.III.2.3a and further illustrated
by Fig.III.2.4. Modifying the feature geometry via the wire half-width, or indifferently, the half
gap between patches a, enables fine tuning over f◦ (III.2.3) as demonstrated in Fig.III.2.3c [182].

ω = g

λ
= 1 − 0.41a

g
(III.2.3)

(a) (b) (c)
Figure III.2.3: f◦ as a function of (a) g, (b) ϵr and (c) a for a 100µm thick substrate. Figures made

with Python and Inkscape by the author.

Increasing the underlying dielectric thickness reduces the amount of fringes near the edge, inci-
dently improving the selectivity. Using a material with higher relative permittivity is reducing f◦

as shown in Fig.III.2.3b. It is worth noting that ϵr has a first order impact on this comportment.
Using Silicon as a dielectric, an ideal option for coupling to the detector plane, will strongly im-
pede the bandwidth of the filter considering the high dielectric constant ϵr = 11.9 of this material.
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(a)

(b)
Figure III.2.4: Transmission response of capacitive grids and wire grids complements with various

unit-cell sizes, with a/g = 0.8 in (a) Vacuum and in (b) Silicon. Figures made with Python and Inkscape
by the author.

III.2.1.3 Multiple Layers
Stacking alternate layers of inductive and capacitive grids result in a band-pass response, as was
shown in Fig.III.2.2c. An overlap in BW must be defined, designing the feature sizes of the square
patches and wires accordingly. Oppositely, stacking the same grid multiple times will amplify the
selectivity of the LPF or HPF. It was mentioned in Section I.2 that instruments need to cover
multiple octaves of bandwidth in order to remove foreground contributions efficiently. The LPF re-
sulting from capacitive square patch arrays can be designed to span a broad frequency range whilst
imprinting a phase shift. As such, they are selected for the MetaL design. It will be discussed in
Part V that detectors have a lower limit in frequency, below which the photo-energy is insufficient
to enable the breaking of Cooper pairs. Waves at lower frequencies transmitted to the detector
plane would add up noise. A focal optics design composed as a BPF could be of interest to solve
this issue, but in practice, these can pre-emptively be filtered out throughout the optics tube of the
instrument. The MetaL is thus designed over a capacitive grid stack where the geometrical param-
eters of the patches are fine-tuned. Sensitivity in transmission and phase shift is given for a LPF
made of air-gapped or Silicon embedded grids. Its baseline geometry is expressed in Table III.2.1.
The impact of each geometrical parameter is similar to what was depicted for a single layer, with
additional subtleties. The stack is modelled via the cascading matrix (III.1.4), also integrated to
the code in Appendix C.
Fig.III.2.5 illustrates the sensitivity of the LPF in the number of layers. Increasing N also increses
the number of ripples and the associated δA but improves drastically the filter selectivity. ∆ϕ
scales linearly with N as the increased path length adds up with the phase shift caused by the
patches.
The impact of the feature size is shown in Fig.III.2.6. The capacitive effect dominates for small
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Table III.2.1: Design characteristics of a LPF with f◦ ≃ 300GHz in Vacuum and f◦ ≃ 180GHz Sili-
con.

Dielectric ϵr g[µm] a[µm] l[µm]
Vacuum 1.0 400 125 400
Silicon 11.9 90 40 30

Figure III.2.5: Sensitivity of T and ∆ϕ in N for a LPF constituted of a succession of capacitive grids
suspended in Vacuum. Figure made with Python and Inkscape by the author.

gaps, ensuring low δA as well as improving Sc. The phase shift is strongly related to the feature
size.

Figure III.2.6: Sensitivity of T and ∆ϕ in a for a LPF constituted of a succession of capacitive grids
suspended in Vacuum. Figure made with Python and Inkscape by the author.

A thinner dielectric offers a more stable response over an extended bandwidth at the cost of selec-
tivity. For a design embedded in Silicon, as shown in Fig.III.2.7, despite a design relying on small
an and ln, the fringing effect inherent to the dielectric dominates. The higher order bands transmit-
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ted and, to some extent, the diffraction patterns can be removed with by changing the a/g ratio of
the consecutive layers. At present, devices have been made with 100µm Silicon substrates at best.
Thinner wafers become difficult to handle and integrate to FPUs.

Figure III.2.7: Sensitivity of T and ∆ϕ in l for a LPF constituted of a succession of capacitive grids
suspended in Silicon. Figure made with Python and Inkscape by the author.

III.2.1.4 Limits and comments

The ohmic losses occurring in the metal shapes of a square patch array are proportional to η
√
c/λσ,

where σ is the metal skin depth, 0.21µm at 90GHz for a fairly impure Copper with a 99% Cu con-
tent, and a form factor η = l/(1−2a/g) for the capacitive grid, and η = g/2a for the inductive one is
introduced. Even with degraded conductivity due to fabrication defects such as surface roughness
or metal impurities that may occur during deposition, the losses will be negligible [184]. The im-
pact of the dielectric may be limited by choosing a sufficiently thin substrate of low loss material,
a trait that may be difficult to obtain in a focal optics technology, ideally embedded in Silicon for
a direct compatibility with the detector plane.
The TL method previously discussed in Section III.1.1.1 and applied here to design filters has
inherent limitations. Dielectric losses are not encompassed, non-normal incident wave cannot be
treated and behaviour over the diffraction limit is not predictable through this method. Fig.III.2.8
illustrates the accuracy achieved by the TL method encoded in python, compared against a Finite
Element Method (FEM) approach conducted in ANSYS-HFSS for a given filter design response.
The simulated transmission and phase shift are obtained with ANSYS-HFSS, where the structure
is solved using a 2-port Floquet-Bloch mode approach [185]. A single column of the filter stack
is simulated, where the patches are set up as perfect conductors, repeated infinitely using the
primary-replica (master-slave in the software terminology) boundaries. The Floquet-Bloch modes,
namely the waves scattered on the transverse direction with respect to the patches, are taken
into account in the model. On top of that, a fine meshing of the geometry can help simulating
diffraction effect near the stop frequency. The TL model is a fast and accurate tool for preliminary
designs of FSS based filters. For increasing number of layers, whilst the transmission response
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provided by the TL model near matches the simulated one, a slight deviation in phase shift is
observed. For instance, for N = 5, δϕ ≤ 10◦ is obtained at 90GHz. Further validation of the results
thus produced must be conducted with higher precision, for instance on ANSYS-HFSS, especially
at high N .

(a)

(b)

(c)
Figure III.2.8: Comparison of the TL generated transmission and phase shift response, encoded in

python, with those obtained in ANSYS-HFSS, produced by a LPF in Vacuum for (a) N = 1, (b) N = 2
and (c) N = 3. Figures made with ANSYS-HFSS, Python and Inkscape by the author.

LPFs constituted of stacked arrays of square patches can provide a full transmission response over
a large bandwidth with a tunable phase shift, linear with frequency in the pass-band. The design
of these metamaterials can be conducted with an encoded TL model and validated through an
FEM approach on a dedicated simulation software, such as ANSYS-HFSS. The MetaL concept
relies on these techniques and will now be discussed further.
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III.3. Metamaterial-based Lenslet Design

III.3.1 Phase-engineering Procedure
A wave incident on the top side of stacked layers of capacitive or inductive grids experiences a
phase shift, as shown in Section III.2.1.2. As a lenslet aims at focusing the light onto a detector by
implementing a phase transformation, such control over the wavefront and the allowable frequen-
cies becomes a useful tool for the optics designer who can now match the incoming TEM wave to
the coupled receiver. The Stokes - Helmholtz reciprocity principle [186, 187] is often used to take
the reversed perspective on such coupling, where the quasi-spherical wave emitted by the detecting
element is now the incident wave on the bottom side of the lenslet, which operates the phase trans-
formation onto a plane wave. In the design of FPUs, the focal optics diameter D is the principal
constraint and depends on the instrument fore-optics design and the frequency of interest. It is
in fact imposing the pixel size, thus constraining the filling factor of the available focal plane, in
turn affecting the instrument angular resolution and mapping speed. For the next generation of
CMB experiments, D = 10mm is a suitable pixel size for W-band observations, [75GHz; 110GHz],
as illustrated by Table I.2.2 and I.2.1.
The befitting phase transformation is traditionally achieved using ray tracing techniques, as is
the case for the hyper-hemispherical lenslet, discussed below. The MetaL relies solely on a phase
engineering procedure, inspired from the filter design techniques presented in Section III.2.1.2.
Polypropylene embedded lenses and arrays have recently been made and characterised successfully
[188, 128]. As discussed in Part I, transferring the technology to a Silicon embedded version is
highly desirable for immediate matching with the detector plane and various options are currently
under investigation, including the prototype characterised in the present work [189]. Promising
results were demonstrated in the design of such lenslets [105, 135]. A proof of concept needs to be
established through a comprehensive experimental analysis. Namely, the first steps, undertaken in
the present work, are the full warm characterisation of the far field of a single MetaL prototype,
validating the simulated response, which will serve as a reference for a follow up cold measurement
of the lenslet beam when coupled to a detector, constituting a pixel. This work accomplishes the
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first item and offers some advances on the second. Accompanying the community’s efforts in the
realisation and demonstration of this promising technology, an air-gapped prototype MetaL op-
erating in the W-band was developed at the National Institute of Science & Technology (NIST)
institute, and the following parts focus on the activities taken in Cardiff through this work: a re-
view of its design, a comprehensive experimental characterisation and a coupling architecture with
KIDs as a proof-of-concept demonstration of the technology capabilities. The present chapter fo-
cuses on the MetaL design concept. A modelled hyper-hemispherical lenslet is discussed at first,
simulated on ANSYS-HFSS in order to extract its far field response for further comparison with
the MetaL. The design procedure of the latter is then depicted, starting from the extraction and
discretisation of the phase profile of the element at focus, then moving on to how such discretised
pattern is match by a pixel-column design constituted of stacked square patch arrays, and finally
how the succession of columns realises the phase transformation required. The full lenslet is then
simulated on ANSYS-HFSS although the model and results are reported further in Part IV.

III.3.1.1 A comparable hyper-hemispherical lenslet
Hyper-hemispherical lenslets consists of an anti-reflection coated extended hemisphere, patterned
in a dielectric, where the extension length is chosen so that its focus matches the farthest geo-
metrical focus of a synthesised reciprocal elliptical lenslet. As was discussed in part I, they have
demonstrated good performances for CMB observation and as such, offers a relevant point of com-
parison with our device. A model is established [190, 191, 124] and shown in Fig.III.3.1 with a
radius Rh = 5mm, extension length l = 0.29Rh = 1450µm, positioning the device optical fo-
cus as close as possible to the effective hemisphere geometrical focus. A λ/4 thick ARC made of
PolyEtherImide (PEI) is added to match the Silicon lenslet to free-space. To draw a suitable com-
parison, the waveguide transition used for the MetaL experimental characterisation, discussed
further in Part IV, was modelled scaled down and embedded in Silicon to feed the lenslet.

(a) (b)
Figure III.3.1: (a) Cross-section view of the hemispherical lenslet coupled with the rectangular-to-

circular waveguide transition positioned at the lenslet effective focal point, coincident with the upmost
geometrical focus of the approximated ellipse. The probe considered is fully embedded in Silicon and scaled
accordingly, matching the material constituting the lenslet. (b) Cross-section view of the MetaL coupled
with the rectangular-to-circular waveguide transition in free space. The phase transformation occurs along
the radius by M unit columns. Figures made with Python and Inkscape by the author.
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The hyper-hemispherical lenslet coupled to the waveguide transition is modelled in ANSYS-HFSS
and its far field extracted further. In the model, shown in Fig.III.3.2, the waveguide transition
walls are simulated as perfect electric conductors and symmetries are used to reduce computation
load. Integration surfaces SI surround the lenslet upper surface. They incorporated the radiation
boundaries and are used to compute the radiated field and its power. The lenslet and inner volume
of the transition are made of Silicon, whilst the ARC is defined as Alumina. The surrounding box
is free-space. The field is computed at the source port and extended to the rest of the structure us-
ing FEM. The radiated far field, also shown in Fig. III.3.2, is integrated directly at the dedicated
boundaries in ANSYS-HFSS. Its optical characteristics will be detailed in Part IV and compared
against the MetaL response. The design of the latter will now be discussed in details.

(a) (b)
Figure III.3.2: (a) ANSYS-HFSS model of the Alumina coated Silicon hyper-hemispherical lenslet

coupled to the rectangular-to-circular waveguide transition. The source port, materials and boundary
conditions are highlighted. (b) Resulting far field pattern, to be characterised and compared with that of the
MetaL in Part IV. Figures made with ANSYS-HFSS, Python and Inkscape by the author.

III.3.1.2 Phase Pattern & Discretisation
For a given radiating source, the lenslet must operate a phase transformation radially whilst main-
taining maximal transmission of the incident wave. The feed considered for the MetaL prototype is
a stepped horn, further chocked to improve ellipticity of the beam and to reduce cross-polarisation
[153]. The phase-engineering procedure consists of a radial discretisation of the phase profile of
the feed for a chosen f-number, noted f#. The probe is shown in Fig.III.3.3a along with the E-
field it radiates, overlaid with the related phase cuts in the E, D and H-planes. A lenslet applying
a phase shift matching this profile will ensure that the outgoing wave is planar. To perform the
procedure, the feed phase patterns Φ needs to be determined at the predetermined focal length
F0. They are extracted for f = 75GHz, 90GHz, 110GHz from a finite-element analysis model of the
probe. The desired radial phase shift ∆ϕ to be imparted by the lenslet corresponds to the aver-
aged ∆Φ = Φ − Φr=0 at the azimuth angles φ = 0◦, 45◦ and 90◦, fitted to a third degree polynomial
with coefficients ci, as per (III.3.1). This decomposition is further illustrated by Fig.III.3.3b for
f = 90GHz. As previously stated, such averaging is necessary so that the lens response is symmet-
rical for both polarisations.

∆ϕ(r, f) = c3(f)r3 + c2(f)r2 + c1(f)r = ∆Φ(r, f)|φ=0◦,45◦,90◦ (III.3.1)
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(a) (b)
Figure III.3.3: (a) A visualisation of the probe, sectioned in a quarter and its phase cuts in the E,

D and H-planes, at F0, baseline of the calculation of the phase transformation the lenslet must operate.
(b) Averaging of the phase cuts, as described by (III.3.1). Figures made with ANSYS-HFSS, Python and
Inkscape by the author.

To realise the desired ∆ϕ, the lenslet is radially decomposed into a subset of M pixels, each of
which comprises a column of N stacked metallic square patches separated by an air-gap or any
dielectric of choice, modelled as a TL equivalent lumped element circuit. The descretisation pro-
cedure of the desired ∆Φ is illustrated in Fig.III.3.4 for a unit-cell size g = 500µm, a value set by
constraints described below. It is effectively a spatial averaging of the phases contained within a g2

pixel operated on each pixel over the entire surface of the lenslet. In the case of the air-gapped pro-
totype, it represents a total of 262 columns. The design procedure has two main constraints: the
layer spacing ln and the number of layers N . For each column, achieving the desired ∆ϕM whilst
maintaining high transmission |TM | is accomplished by tuning the unit-cell size g for the entire
column, and the half-gaps an for each layer within.

(a) (b)
Figure III.3.4: (a) Contour view of the phase transformation to be made for f = 90GHz, and (b) its

descretised version for g = 500µm. Figures made with ANSYS-HFSS, Python and Inkscape by the author.

An immediate constraint lies in the layer spacing ln as wafer thicknesses available commercially
have fixed values for a given diameter. For instance, 150 mm diameter wafers may be available
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with 100 µm, 150 µm, 200 µm, ... thicknesses. Working with 100µm thick wafers, or thinner, for
diameters reaching at least 100mm is a delicate task. Besides, its was previously mentioned in
Section III.2.1.2 that metamaterial filters are diffraction limited (III.2.3). For a stable response,
away from any diffraction effects, and an accurate modelling of the filter stack, it is necessary to
set the spatial resonant frequency fairly low. As can be gathered from Fig.III.2.8 and Fig.III.2.3, a
range of optimal ω may be determined through a pre-analysis on the stability on transmission vs
achievable phase shift of the TL model, further conditioned by available wafer thicknesses. In the
present case, the layers are air-gapped. As will be discussed in Chapter IV.1, this is obtained by
suspending the patches onto 2 µm thin Silicon Nitride membranes, effectively optically transparent.
The columns of the prototyped lenslet are designed with ω = 0.15, giving g = 500µm and l =
250µm, a thickness conveniently available from wafer suppliers. The number of layers N needed
is established by the highest desirable phase shift, provided by the central column, which is thus
designed first.

III.3.1.3 Pixel-Column Design

The computation of a given pixel-column is dictated by the amount of phase shift desired at that
pixel over the operating bandwidth of concern and a threshold on the transmission response, here
set at a minimum of τ = 98%. The phase transformation versus frequency relationship can be
fitted with a low order polynomial using the phase patterns of the probe sampled at the band
edges and the central frequency, providing the phase shift ∆ϕM,pix to be operated by the column at
position M along the discretised lenslet radius. The following steps are then taken, starting by the
central column:

1. Beginning with a single layer n, the feature size an is tuned to maximise the phase shift while
maintaining the transmission over the desired limit.

2. If ∆ϕM < ∆ϕM,pix, keep all an that respected the threshold τ and increment N .
3. For each combinations of (an−1, ...a1), tune an and check if ∆ϕM,pix is reached and if T ≥ τ .
4. Repeat until both conditions are met.
5. Each obtained column is then simulated in ANSYS-HFSS where the an are adjusted where

needed via an optimisation protocol readily available in the software.

Accomplishing these operations for the first column, which necessitates the highest phase shift, will
provide the number of layers N . For the air-gapped prototype, the inherent matching to free-space
allows for a transverse symmetry at the lenslet central plane. Axial symmetry is also necessary
for equal treatment of both CMB polarisation directions. Those combined conditions allows for
the resolution of an half-octant of the lenslet, encompassing 37 columns instead of the 262 previ-
ously determined. Fig.III.3.5 presents an example of column design reaching ∆ϕ0,pix = 220◦ for a
somewhat relaxed transmission at τ = 0.9.
The optimisation procedure to tune the feature sizes may be conducted using various methods.
For instance, genetic algorithms [135] could be adapted to this TL model. For the air-gapped
prototype, a Markov Chain Monte Carlo (MCMC) procedure was used [128], which implies new
steps:
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Figure III.3.5: T and ∆ϕ responses of a column built by consecutive increment of n and subsequent
tuning of the related an. Figure made with Python and Inkscape by the author.

1. Beginning with a single layer n, a set of an are randomly generated. Those of the patches
matching the threshold τ and maximising phase shift are saved as first layers for potentially
successful columns.

2. If ∆ϕM < ∆ϕM,pix, increment N .
3. A new random set of an is generated and all combinations are tried with the an−1, ..., a1 al-

ready saved. The potential candidate to be saved must again maximise the criteria on ∆ϕM

and T .
4. If ∆ϕM < ∆ϕM,pix, repeat.
5. As before fine tuning is conducted in ANSYS-HFSS.

The lenslet prototype designed via this MCMC method is constituted of N = 10 layers for 185 op-
timised patches distributed through the 37 columns. The discretised transmissivity and phase shift
are checked on ANSYS-HFSS using a model where each column of patches is analysed separately
using a 2-port Floquet-Bloch mode approach. A given column is a stack of planar periodic patches,
simulated as perfect conductors, repeated infinitely using the primary-replica (master-slave in the
software terminology) boundaries. The resulting phase shift is shown in Fig.III.3.6 as a function of
device radius.

III.3.1.4 Notes on Silicon-embedding
Embedding a design initially in free-space requires scaling down the geometry as an inverse re-
lation with ϵr. Unfortunately, scaling means a required wafer thickness of ≃ 75µm for 100mm
diameter at least to reach the FPU size desired for CMB experiments. Handling a single layer
would be extremely delicate and the process, difficult to repeat. On top of this, it was described
in Section III.2.1.3 that high dielectric constant implies a strong fringing effect which dissipates by
reducing the wafer thickness even further, or, to a second order, by adding a few extra layers. An
added ARC layer is also necessary to ensure matching to free-space, a task with an added difficulty
as the discretised phase transformation needs to be preserved while the enhanced artificial dielec-
tric exhibits refractive indices higher than that of the Silicon nSi ≃ 3.5. These may be integrated
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Figure III.3.6: Phase transformation operated by the air-gapped prototype lenslet along its radius R.
The matching phase profiles of the probe used to measure the lenslet beam pattern are also indicated for
further discussion in Chapter IV.3. Figure made with ANSYS-HFSS, Python and Inkscape by the author.

to the design [192, 135], but will again add extra layers. Suffering a 2dB loss, designs with 100µm
thick wafers are possible with around 40 layers [135] but realistically difficult to fabricate.
To reduce the number of layers, alternative metamaterial surfaces could be applied instead. For
instance lenses relying on SRRs or their complementary slots have been investigated [193, 194,
195], either building unit-columns constituted of patterns tuned to generate the desired discretised
phase shift, or using twist-symmetries [196] to vary the Pancharatnam–Berry phase along the
lenslet radius. For the present work, preliminary simulations were conducted on SRRs and their
complementary shapes in ANSYS-HFSS but the results are not reported here as such patterns
are relatively narrow band and their unit cell size is much larger than that of the square patches,
resulting in a poor discretisation of the wavefront, thus a low gaussicity beam difficult to couple
any instrument fore-optics.
Lenses embedded in polypropylene have been fabricated and preliminary experimental character-
isation conducted [138]. However such material is unsuitable for temperatures below 1 K, where
the shrinkage over a full array of 100 mm diameter or more will result in strong misalignments and
warping, potentially causing delamination.
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Part IV Outline
An air-gapped, phase engineered MetaL prototype was fabricated at the NIST institute following
the design method exposed in Chapter III.3. Preliminary experimental checks have been conducted
[189] to rapidly validate the phase-engineering method and move on to investigations of devices
fully-embedded in Silicon, including designs . Despite the heavy fabrication challenges and the
high costs involved by the number of thin layers needed for their realisation, Silicon based devices
are yet straightforwardly scalable and compatible with the FPUs. A full array can be fabricated
using lithography techniques and stacking the resulting wafers together using simple alignment
methods, a set of dowel pins for instance. As was underlined in Part III, using metamaterials en-
ables some control over the sidelobe levels, cross-polarisation response, and other beam properties
of the focal optics whilst being directly transferable to the detector plane. The array would be
filled with MetaLs tightly packed whilst preserving a high optical efficiency, increasing the map-
ping speed.
The air-gapped prototype is a demonstrator technology and this work focuses on proving the
MetaL concept by establishing a comprehensive and thorough analytical and experimental char-
acterisation. The phase-engineering principle was described in the previous part and preliminary
measurements were taken on this prototype and a Polypropylene array [138, 189], but it is pro-
posed here to conduct a full beam description of the device over its entire operating bandwidth,
both warm as a primary validation step and cold, integrated as part of a pixel design, demonstrat-
ing that the concept can indeed be applied to a FPU design.
A copy of the NIST prototype was made in the Institute for Compound Semiconductors (ICS)
clean room at Cardiff University, with added vents and checks on the bounding method for cryo-
compatibility. The fabrication process, devised and carried on at Cardiff University independently
from the NIST institute is given in Chapter IV.1. It resulted in the successful production of a
second device made of stacked layers of Silicon, etched back to obtain membranes on which the
constitutive metal patterns are suspended, showing the the process is repeatable.
in Chapter IV.3, the required setup to conduct high quality measurements of the devices far field
pattern is given. The sensitivity in misalignments, tilts and mismatches is devised through prelimi-
nary simulations, and stabilising solutions are established where necessary. The scanning principle
and experimental setup is then presented to finally show the results in Chapter V.2, where these
are exposed in the context of benchmark CMB scan, as per devised in Chapter II.4.
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IV.1. Metamaterial-based Lenslet
Fabrication

IV.1.1 Mask Layout & Processes
The MetaL consists of an assembly of stacked Silicon layers where the effective part of the lenslet,
the FSSs, is lithographed at the centre on a 10 mm diameter Silicon Nitride membrane. The fabri-
cation of the prototype made at NIST is briefly summarised in [189] but this device needed adap-
tations in order to couple it to a detector plane and carry cold measurements. Namely, ensuring
that the bonding method used to keep layers together is suitable in a cryogenic environment and
that air can evacuate properly during pumping. A second device is thus made at Cardiff University
using a single 100mm diameter, 250µm thick, Silicon wafer. Pin holes were added to the layout,
that would help with layer alignment during stacking. Vents were also included for the air to evac-
uate when the device would be put in the cryostat. At the edges, through lines were etched to help
separating the layers from one-another by snapping them delicately. It was necessary to adapt the
repartition of the different layers as to avoid a clash with supporting posts needed in the etch kit.
Fig.IV.1.1 shows the layout used during the fabrication in details, with the three said posts at the
centre in purple.
The full fabrication process, carried in Cardiff ICS clean rooms, except for the RIE done in Ed-
imburgh Scottish Microelectronics Centre (SMC), is depicted in Fig.IV.1.2 and consisted of the
following steps:

◦◦◦ Wafer preparation
1 An etch stop made of 1500Å wet thermal oxide is grown on the upper side.
2 A 2µm thick stoichiometric Silicon Nitride is deposited by Low Pressure Chemical Vapour
Deposition (LPCVD) with a tensile stress below 250MPa to ensure the integrity of the mem-
branes.

◦◦◦ Metal layer
3 A 400nm layer of Copper is evaporated atop.
4 The wafer is spin-coated with positive resist and the photomask of the metal patterns is
then developed with a direct writer. The latent image in the resist is developed to form the
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Figure IV.1.1: Layout of the lenslet fabricated in Cardiff University clean rooms. All 10 layers consti-
tuting the prototype lenslet are included on a 100mm wafer. Figure made with KLayout and Inkscape by
the author.

required pattern.
5 The FSS are etched with Ammonium Persulphate. An attempt was initially made to lift-
off the metal, which resulted in a lack of adherence of the patterns.

◦◦◦ Backside etch for the membranes
6 A 10XT positive photoresist is developed on both sides in the AZ developer with a 3:1
ratio. On the frontside, it protects the realised features. The backside mask for the Silicon
etch is photolithographed afterwards.
7 The rims are plasma etched for the most part, and finished with a softer Xenon Hexafluo-
ride etch. The latter procedure was added as the timing of the plasma etch was difficult to
establish with regard to its rate and spatial distribution. Preliminary attempts resulted in
pierced membranes if stopped too late, as shown on the left picture of Fig.IV.1.4, or leftover
Silicon otherwise. The lengths of the snap lines were also reduced after layers separated. The
last batch, finished with the softer Xenon Hexafluoride etch, resulted in an 80% yield.
8 Realisation of 8 layers of patterned metal patches on suspended Silicon Nitride membranes,
completed with leftover layers from previous batches.

Figure IV.1.2: Fabrication process flow showing the deposition, lithography and etching steps to realise
a single layer of square patches suspended on thin membranes. Figure made with Inkscape by the author.
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Cryo-compatibility was checked for two types of glue: Stycast 1266 and Epotech 120. Glass tem-
perature might be reached while cooling, or shrinkage and expansion might occur with the tem-
perature gradients, risking delamination or stress on the membranes. The right photograph of
Fig.IV.1.4 shows the glue penetrating between layers by capillarity, changing the effective layer
thickness l. The photograph was taken after two glued layers were snapped off. The Epotech 120
has a much lower penetration and a more permissive curing time. The NIST prototype had a mea-
sured ≃ 10µm averaged increase in the air-gaps.
The complete set of layers is shown in Fig.IV.1.3. For the fabrication of a single lenslet, stacking
them together necessitated suitable accuracy on their transverse alignment. The tolerance in dis-
placement for a layer at the mth position on the stack was established at δpx/y

m = 50µm, as will
be discussed further in Section IV.2.1. The integrated pin holes would have been sufficient for
that purpose but couldn’t be used as they were in a different position for the layers from previ-
ous batches. A dedicated assembly jig was designed, where large holes were opened on the top
and bottom parts so the membranes would stay untouched and an angle bracket was added to
align the layers together. Stacking was done in a clean environment under a binocular microscope.
Fig.IV.1.5 illustrates the assembly procedure on the left photograph, and the alignment accom-
plished within tolerances on the next two pictures. Layers were cautiously installed one by one in
the relevant order. Each layer was gently pushed against the L-bracket with a pair of soft tweez-
ers whilst its position was checked under the microscope. Anisotropy in the alignment of the full
stack was similarly done, looking both at the front and the backside, where more than 5 layers
were visible providing the microscope focus was adjusted through the process.

Figure IV.1.3: Photography, taken by the author before assembling, of the ten layers constituting the
prototype lenslet fabricated in the ICS cleanroom in Cardiff University and etched in Edinburgh SMC.
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Figure IV.1.4: Photographies, taken by the author, of (Left) Broken layers from an over-etched
100 mm Silicon wafer. Each layer is a 20 mm by 20 mm square. The snap side lines were too long, causing
high stress on the Silicon Nitride membranes which were pierced near the end of the etching process. (Cen-
ter) 130 µm wide pin hole opened manually, before cleaning the pierced SiN. A few leftover Silicon Nitride
shards can be seen, which were blown off afterwards. (Right) Tests of the penetration of two types of glue:
Stycast 1266 (top) and Epotech 120 (bottom). The latter clearly penetrates less between layers and was
preferred for this prototype final assembly.

Figure IV.1.5: Photographies, taken by the author, of (Left) Assembly jig with stacked and aligned
20 mm by 20 mm layers ready for clamping and gluing. (Center) Global view of the alignment of the two
first layers, observed through the microscope. The aperture diameter is 10 mm (Right) View of all 10
layers, aligned below the desired tolerance. A single unit-column has a 500 µm cell size the leftover gap at
the top is about the same as the tolerance limit δpx/y

m = 50 µm. Displacements are clearly at least an order
of magnitude below.
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IV.2. Measurements Preparatory Analysis

The first step in proving the MetaL concept is to demonstrate the good optical quality of the fabri-
cated prototypes, made at NIST and in Cardiff. The latter was made at a later time for the pixel
design devised in Part V and its simulated and measured beam is discussed there. In this chapter,
the analytical and experimental characterisation of the lenslet made at NIST is presented. The
device beam pattern is first simulated in ANSYS-HFSS when coupled with the probe available in
Cardiff. After preliminary measurements are conducted, the potential requirements necessary to
avoid any systematic contribution of a refined optical test bench are derived from the model, where
critical elements, previously identified, are integrated. For clarity, the entire set of simulations is
fully covered by Section IV.2.1 whilst details regarding the probe are given in Section IV.2.2. The
measurement setup, depicted in the next chapter, is then assembled in the anechoic chamber in
Cardiff, with procedures in place to ensure the specified tolerances are respected.

IV.2.1 Preliminary Simulations
To validate the fabricated prototypes, an analysis of their radiated beam at the selected focal
length is required. The model presented in Fig.IV.2.1a, simulated in ANSYS-HFSS, allowed to
obtain the device response at a distance ztl separating the waveguide transition aperture and the
surface of the lenslet directly facing it. The probe initially used as a baseline for the lenslet design
was not available in the laboratory and was therefore replaced by a waveguide transition of similar
performances, further analysed in Section IV.2.2. Comparing its phase profile against that of the
previous feed revealed a decrease in the focal length by ∼ 500µm, averaged over the bandwidth.
This is determined considering the path length difference caused by an increase in phase shift at
the initial F0 (IV.2.1).

δzδϕ = δϕλ/2π (IV.2.1)

In the model, the constitutive metallic patches and the waveguide transition walls are simulated
as perfect electric conductors and symmetries are used to reduce computation load. Integration
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surfaces SI placed in front of the lenslet upper surface are incorporated in the radiation boundaries
in order to compute the radiated field and its power. A second set of integration surfaces, on the
sides of the lenslet, allowed to check that the power leakage due to transversal mismatches between
columns was negligible. The Silicon rims, sidewalls surrounding the lenslet aperture in each layer
and effectively structurally supporting the membranes, have thus not been incorporated in the
model to reduce the computing load. The Silicon Nitride layers have not been included either,
since they are an order of magnitude below the wavelengths of concern, making them difficult to
mesh for a full lenslet model. The metal thickness was disregarded for the reasons explained in
Section III.2.1.4. Important mesh size variations were constrained using manual mesh definitions
around fine features. The optimal probe to lens coupling is chosen by analysing the simulated far
field that maximises the power efficiency ηC > 80%, the gaussicity η0 > 90% while minimising
the ellipticity E < 5%. These thresholds are set in line with existing mission constraints [116, 197,
151], reviewed in Part II. Such an optimal beam response is depicted in Fig.IV.2.1b at f = 90GHz.
Similar performances are observed at the bandwidth edges. The simulated field presents excellent
beam characteristics over the range of focus F0 ± zR = 3.5mm ± 1mm. For all simulated ztl,
the ellipticity is below the 5% threshold whilst the gaussicity (II.3.11) is above 80% across the
bandwidth of interest. The selection criteria is then the power efficiency ηC , consistently above
95% for ztl ∈ [1.9mm; 2.5mm] and maximised for the distance ztl = 2.3mm.

(a) (b)
Figure IV.2.1: (a) Model of the probe-coupled lenslet simulated in ANSYS-HFSS, allowing an an-

alytical validation of the design and a comparison point for the measured field. (b) E, D and H-plane
cuts of the simulated co and cross-polarisation response of the device at f = 90GHz. Figures made with
ANSYS-HFSS, Python and Inkscape by the author.

The phase transformation accomplished by the lenslet is modelled via the radial distribution of
columns described in Section III.3.1.3. The response is further compared with the probe phase
patterns at different distances along the optical axis and through the operating bandwidth, as
presented in Fig.III.3.6. Using the coefficient of determination criteria r2 > 99% pointed to a range
of distances ztl ∈ [1.9mm; 2.5mm], validating the 2.3mm obtained with the previous model. On top
of this, noting that the probe has a w0 ≃ 1 mm beam waist, averaged over the E, D and H-planes,
the resulting ratio of the 5 mm radius truncating aperture of the lenslet is T ≃ 0.76, very close to
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the optimal 0.78. The shorter distance at high frequency also suggests a near zero achromatism
∆F0 = F0(110GHz) − F0(75GHz)/F0(90GHz) = 0.13.

Figure IV.2.2: Repositioning of the lenslet in accordance with the phase profile of the waveguide
transition, showing a narrower beam waist compared to the initial probe. Figures made with ANSYS-HFSS
and Inkscape by the author.

The 10µm increase in air-gaps introduced during the fabrication, as discussed in Chapter IV.1,
was modelled and found to have a negligible effect on the lenslet performances. It was possible
to include the Silicon Nitride layers to the column models, where they could be resolved using
suitable meshing. An additional phase shift of δϕSiN(75GHz) = 18◦, δϕSiN(90GHz) = 23◦ and
δϕSiN(110GHz) = 34◦ was observed, giving an averaged reduction in distance δztl = 230µm.
Considering the lenslet thickness tl = 2.52mm the resulting optimum focus is F0 = ztl + tl/2 =
3.55mm. The 450µm deviation from the designed F0 = 4mm is explained by the added phase shift
introduced both by the Silicon Nitride layers and the mismatch with the waveguide transition.

Figure IV.2.3: Impact of the ten Silicon Nitride membranes on F0. The dielectric extends the optical
path length, resulting in an additional phase shift pulling the focus closer. Figures made with ANSYS-
HFSS and Inkscape by the author.

IV.2.2 Alternative Probe
The frequency converters used in the measurements depicted in Chapter IV.3 are equipped with
WR10 rectangular waveguides whilst the original probe is a circular horn. A transition was thus
designed by intersection of three blocks, illustrated in Fig.IV.2.4, where x is the rectangular waveg-
uide transversal dimensions b, a = 2b and the waveguide diameter d. The transmission is optimised
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by tuning the slope ff and length ll. The ellipticity is further improved by refining the geometry
of the choke.

Figure IV.2.4: Longitudinal section of the waveguide transition and its choke, showing their geometry
parameters. Figures made with Inkscape by the author.

The probe thus obtained is modelled in ANSYS-HFSS, its phase patterns are extracted at various
ztl and compared with the feed used for the lenslet design. Validating this probe experimentally
is required as a deviation from the simulated radiated field would need to be incorporated further
in the lenslet coupled model, or alternatively, modifications of the probe could be necessary. A
potential shift from focus may be introduced by a displacement of the phase centre from the probe
aperture. Its position was checked with the ANSYS-HFSS model by analysing the phase peak to
peak variation along a wavefront, found to be a few tens of microns, further validated experimen-
tally. Fig.IV.2.5 depicts the measured and simulated beam patterns of the probe at 90GHz in the
E, D and H-plane cuts. Experimental characterisation of the probe is part of the measurement
procedure of the lenslet. The related experimental setup will be discussed in Chapter IV.3. The
broader shapes observed in the E and D-planes are due to a coarse alignment in those configu-
rations. The bumps at the centre of the cross-polarisation pattern result from reflections off the
grooves at the transition aperture. There is otherwise a reasonable match between the measured
and simulated fields, also observed at 75GHz and 110GHz, sufficient to further investigate the
probe to lenslet coupling.

(a) (b)

(c) (d)
Figure IV.2.5: Beam cuts in the (a) H, (b) E and (c) D-planes, and (d) cross-polarisation at 90GHz.

Data simulated in ANSYS-HFSS and further measured, then compiled in Python by the author.
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IV.3. Experimental Setup

The device was simulated in ANSYS-HFSS, coupled to the waveguide transition for which the
adequate focus was found. Its far field profile was determined analytically at the frequency lim-
its of the operating bandwidth and the central frequency. With this information, a setup can be
designed to measure the beam experimentally and compare it with the simulated results. The mea-
surement principle behind the acquisition of the far field pattern of the MetaL will be discussed
first. Then, a thorough characterisation of alignment tolerances is presented, resulting from the
experience acquired through a preliminary experiment. Finally, the assembly and related alignment
procedures ensuring that the measurements are taken within those tolerances will be given. The
MetaL far field thus mapped will then be shown and analysed in the following chapter.

IV.3.1 Measurement Principle
Realising a complete experimental characterisation of the lenslet implies mapping its co-polarisation
and cross-polarisation response in the E, H and D plane cuts throughout the operating bandwidth,
comparing the obtained beam to the simulation results and checking that the optical quality is
within the requirements, further depicted in Section IV.3.2. The experimental principle is pre-
sented in Fig.IV.3.1, where a Receiver (Rx) scans the beam emitted by the device of concern, as
it is rotated about its phase centre Cϕ in a given plane. The device is coupled to a Transmitter
(Tx) using a custom-engineered mount. Both the Rx and the Tx-Device Under Test (DUT) sub-
assembly can be rotated by an angle φ around the OA. Its position can further be finely tuned
in the longitudinal and transversal directions using a manual vernier 2-axis linear stage. A set of
frequency converters is used to reach the desired bandwidth, onto which the waveguide transitions
are mounted. The Rx and Tx stages are further connected to a Vector Network Analyser (VNA).
The dynamic range was of order 90dB, covering the simulated −50dB first-null level of the device
beam pattern. A dedicated software, coded by Dr Rashmikant Sudiwala in NI-Labview, was used
for the test automation.
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Figure IV.3.1: Layout of the 2-port measurement setup, allowing beam scans in the E, H and D-
planes, in a co and cross-polarisation configurations. The phase centre of the device C l

ϕ is positioned
at the centre of rotation. Scanning is done on a selected range of azimuth angle θ. The normalised co-
polarisation beam pattern GdB is superimposed onto the DUT. Figures made with ANSYS-HFSS and
Inkscape by the author.

IV.3.2 Systematics Control
Preliminary tests are conducted first, relying on the experimental principle described in Section
IV.3.1 and shown in Fig.IV.3.2. It was then established that an accurate positioning of the probe
and the lenslet along the optical axis was necessary and that a thorough identification of the tol-
erances needed to be conducted. The mounting strategy adopted to assemble the lenslet with the
probe, positioned at focus, did not allow for fine tuning of F0. The lenslet had to be adjusted by
hand, tightening two nuts on the bolts supporting the optics and verifying the separation with
calipers at a distance. The device was tilted with respect to the probe aperture plane, and this
could not be mitigated. Identifying the systematics causing deviations of the observed beam from
the simulated data, or if the simulation was at fault, proved difficult with this preliminary setup.
A comprehensive analysis of the tolerances is thus carried out in order to devise a suitable mount-
ing strategy and ensure proper alignment of the components constituting the test bench. To estab-
lish the constraints, the model of the probe-coupled lenslet discussed in Section IV.2.1 is modified
by introducing longitudinal and transverse displacements and tilts of the lenslet with respect to
the probe on one hand, and to the far field reference coordinates on the other, mimicking the Tx.
The aforementioned displacements are transcribed in Fig.IV.3.3. Each displacement and rotation
or tilt angles are iteratively spanned separately in ANSYS-HFSS, the resulting simulated far field
is then compared with the reference one obtained when all devices are fully aligned along the OA.
The comparison is made via an r2 = 90% criterion and an additional check of the gaussicity thresh-
old η0 > 90%. Limits were thus found on the longitudinal displacement between the lenslet and
the probe, of δztl = 100µm, transversal misalignment of the lens with the OA, of δxl = 100µm,
transversal misalignment of Rx from the OA, of δxT R = 300µm in co-polarisation setup, and of
δxT R = 10µm in cross-polarisation configuration with a tilt limit of δαT R = δβT R = δβl = 3◦.
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Figure IV.3.2: Preliminary experimental setup, designed in Solidworks, implementing a 2D beam scan
through the azimuth interval [−50◦; 50◦], here in the H-plane. The plane cut is selected by rotating the
Tx and Rx at the desired angles with respect to the OA. The mounting assembly did neither allow for a
controllable F0 positioning nor for a tunable tilt orientation of the lenslet with respect to the probe. Figure
made with Solidowrks and Inkscape by the author.

The simulations shown no tight constraints on the tilt angle for a co-polarisation measurement.
Separating each component is giving an optimistic evaluation, but conducting a simulation of the
interdependence of all parameters would require an unreasonably high computing power. In prac-
tice, these limits were sufficient guidelines to carry the precision measurements required.

Figure IV.3.3: Description of the longitudinal displacement between the lenslet and the probe, of δztl,
transversal misalignment of the lens with the OA δxl, transversal misalignment of Rx from the OA δxT R,
the tip angle δαT R, and tilt angles δβT R and δβl. Figure made with ANSYS-HFSS and Inkscape by the
author.

A dedicated mount, shown in Fig.IV.3.4, is engineered in Cardiff by Mr Julian House, Mr Chris
Dodd and the author to ensure the previously determined tight constraints are met. It further
enables the longitudinal positioning of the lenslet with micrometric precision by rotation of the ad-
juster ring for which an 8th of a turn provides 100µm displacement. The fingers are machined from
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a single block of Stainless Steel, avoiding variations between the resulting parts. A set of holes and
a recess ensures they are fixed and offer a flat surface for the lenslet to rest upon. In order for the
lens and frame to be assembled, a measured 50µm provision is taken, that stays below the 100µm
tolerance. A G10 clamp maintains the lenslet against the finger base while the frame ensures its
installation with a very low tilt, given at 0.03◦ on the CAD model.

(a) (b)
Figure IV.3.4: (a) Cross-section view and (b) photograph, taken by the author, of the engineered

mount ensuring suitable alignment of the lenslet with respect to the probe. Figure made with Solidwokrs
and Inkscape by the author.

The mount was also integrated to the ANSYS-HFSS model, as shown in Fig.IV.3.5. The compar-
ison method stays the same as the one described in the previous paragraph. A first run shown
a strong deterioration of the far field profile due to the generation of standing waves caused by
the highly reflective surface of the mount standing close to the lenslet bottom face. A absorbing
boundary layer was thus added to the model and resulted in the retrieval of the desired beam
profile. To mitigate this issue, a Thomas Keating (TK) tessellating RAM tile was machined specifi-
cally to be incorporated to the mount. The Aluminium frame shown no significant impact on the
lenslet far field in these simulations.

(a) (b)
Figure IV.3.5: (a) ANSYS-HFSS model of the lenslet and waveguide transition assembled together

with the re-engineered mounting assembly. The simulated far field thus compiled shown that the mount
interferes with the field scattered between the probe and the lenslet, and contributes to the far field. (b)
To mitigate this issue, a TK RAM tile was machined specifically to be incorporated to the mount, bolted
between the lenslet and the probe.
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IV.3.3 Optical Bench Setup & Measurement Procedure

IV.3.3.1 Setup overview
Based on the preliminary setup depicted in in Section IV.3.2 and shown in Fig.IV.3.2, and with
the alignment tolerances devised, an optical test-bench design is modelled in Solidworks, a CAD
software. The experimental setup thus established is shown in Fig.IV.3.6. The MetaL is mounted
on the Rx together with the waveguide transition and the TKRAM tile using the re-engineered
mounting assembly previously discussed. The bulky Aluminium profile shown in Fig.IV.3.2 is
replaced by a set of rails and a matching carrier. Full front panels made of TK RAM tiles and
surrounding pyramidal absorbers are added to reduce background noise, as further explained later
in this section. The principle is otherwise the same as the one depicted in Section IV.3.1.

Figure IV.3.6: CAD design, made in Solidworks by the author, of the optical bench setup, showing the
various components required. As for the preliminary experiment, a 2D beam scan is conducted through the
azimuth interval [−50◦; 50◦]. The plane cut is selected via the same rotation of the Tx and Rx. The new
mount allows for precise separation between the waveguide transition and the lenslet while mounted on the
frequency extender and ensure the MetaL sits flat in front of the probe.

The test-bench is built up by adding the various constitutive parts in the order depicted in Fig.IV.3.7
onto the optics bench. This table weighs about 300 kg and set on passive vibration dampening legs.
Its rigid surface is machined with a 100 µm tolerance to ensure minimal deflection from the hor-
izontal plane when opticals elements are set up. The installation and measurement procedure
consists of the following steps:

1 Levelling
2 OA materialisation
3 Rx assembly installation and alignment
4 Tx assembly installation and alignment
5 Elevation rotation preliminary centring

6 Tip and tilt mitigation
7 Waveguide transition final centring
8 Background measurements
9 MetaL integration & measurements

Notwithstanding, each of these component still needs to be levelled and aligned onto the opti-
cal axis both in the longitudinal and transversal directions. The setup is installed in an anechoic
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chamber, a large room isolated from any outside electromagnetic interferences. Its walls are in-
deed covered with Aluminium sheets, constituting an imperfect Faraday cage, and pyramidal RAM
panels are fixed atop, filling the entire surface of the floor, walls and roof.

Figure IV.3.7: Overview of the experimental setup procedure through an exploded view of the different
parts constituting the Rx and Tx assemblies. Figure made with Solidworks and Inkscape by the author.

IV.3.3.2 Notes on the hardware and software
The azimuthal range is covered by a motorised rotary stage actioned by a remote controller com-
mended from the dedicated software developed by Dr Rashmikant Sudiwala in Cardiff. The fre-
quency sweep and resulting measurement of the reflection and transmission parameters of this
2-port setup is conducted by a VNA. Essentially, this apparatus generates an Intermediate Fre-
quency (IF) signal by means of Local Oscillator (LO) modulation and Digital-to-Analogue Conver-
sion (DAC), swept in frequency by tuning the LO via a Phase-Locked Loop (PLL). The analogue
tone is then up converted by the Tx frequency multiplier and sent to the Rx. The DUT affects
the passing wave, which then reach the Rx. The received signal goes through the reversed chain
until it passes a DAC. The VNA then finally operates a comparison between the sent and received
signals, transcribed in terms of phase and S-parameters.
In the software, made in Cardiff by Dr Rashmikant Sudiwala in NI-Labview, used to establish
the communication with the rotary stage controller and the VNA, the user could tune several
parameters:

◦◦◦ Azimuthal range and step size: Operated scans were limited to θmax = 50◦ by the cable
tension and supporting posts, with 1◦ steps as to match the simulated data.

◦◦◦ Settling time: Accounts for mechanical vibrations which may need to be dissipated away
before sweeping, thus preventing phase contamination [198]. The system was stable so 10ms
proved to be sufficient.

◦◦◦ Averaging: First order electronic noise is smoothed out for an averaging set at 16 or higher.
◦◦◦ IF bandwidth: Defined the frequency span and the gain input of the VNA. Quick checks

were done with 10kHz bandwidth, whereas final scans were conducted with 2kHz bandwidth.
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Furthermore, this software is designed to run a forward and a backward scan, differences in the
beams would demonstrate a backlash error affecting bi-directional repeatability of the rotary stage
and one would then check for undesirably moving parts. Each averaged frequency point is taken
twice, enabling the detection of standing waves for which the noise pattern would stay the same.

IV.3.3.3 Levelling
The horizontal plane set by the optics bench serves as a reference for the rest of the setup and
must be set accurately. The horizontal levelling of the table is thus checked by using a 3-axis laser
level. These devices offer an excellent accuracy with 1 mm vertical deviation at 30 m distance from
the source, or 0.12 arcsec offset angle. The laser level is positioned off the bench whilst a reference,
here a mounting cube is placed at one corner of the table. The latter is marked where the laser
line crosses it, then moved onto the next corner and the underlying feet of the optics bench is
raised so that the mark matches with the line again, as illustrated in Fig.IV.3.8.

(a) (b)
Figure IV.3.8: (a) A 3-axis laser level sets the horizontal plane. An initial mark is made on a ref-

erence screen. When displaced at the next corner, the vertical displacement from that mark gives the
adjustment to make on the table height. The procedure is repeated until the line matches with the same
mark on all four corners. (b) Photography, taken by the author, of the mounting cube used as the refer-
ence with pen marks made on each side of the laser line. Figure made with Solidworks and Inkscape by the
author.

IV.3.3.4 Optical axis materialisation
The OA must then be set as shown in Fig.IV.3.9. This is accomplished by first setting the laser
away, roughly centred with respect to the desired axis, identifying the row of bolt holes on the
table that are aligned with the OA and set the laser line along it iteratively, using a transversal
linear stage and a rotary stage with fine pitch, plus a reference screen with a pen mark at each end
of the table. Once the OA is set, the laser materialising the line will be kept in place for the rest of
the assembling procedure.
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(a) (b)
Figure IV.3.9: (a) First the laser line is translated so that it matches with the closest reference mark,

then it is rotated so that it now matches the furthest mark. This process is repeated until the line matches
both marks. (b) Photography, taken by the author, of the laser level, setup at a distance of the optics table
on a set of stages. Figure made with Solidworks and Inkscape by the author.

IV.3.3.5 Rx assembly installation and alignment
Once the OA materialised, The Rx side can be set up. The rotary stage support plate and other
mounting plates are engraved or marked with centrelines to help with their alignment along the
OA, as illustrated in the photograph in Fig.IV.3.10. Base plates are fixed using a set of clamps.

(a) (b)
Figure IV.3.10: (a) Each constitutive elements of the Rx assembly is mounted onto the optics bench

following the order depicted. Alignment marks are matched with the OA, materialised with the laser line
preliminarily established. (b) The Rx assembly is shown fully assembled and aligned alongside the OA.
Figure made with Solidworks and Inkscape, and photography taken by the author.
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IV.3.3.6 Tx assembly installation and alignment
The Tx side is subsequently assembled in the same manner. This side is set on rails to allow for a
wide range of positions along the OA, should standing waves be of concern. The initial distance
between the Tx and Rx at apertures is set at 500mm ≃ 170λ, far above the near field region and
sufficiently away to allow potential reflected waves to dissipate in free-space. To check that the
carrier travels alongside the OA, it is moved on each end of the path range. A first mark is made
at one end and the deviation is checked at the other as per shown in Fig.IV.3.11, and corrected
accordingly. Once the Tx assembly is completed, both sides are brought to the same height using
the vertical stage.

Figure IV.3.11: Alignment procedure setting up the railing assembly on axis. A reference mark is
made at one end of the rail course, the carrier is then moved to the other end where the displacement can
be measured and corrected. Figure made with Solidworks and Inkscape by the author.

IV.3.3.7 Elevation rotation preliminary centring
To verify that the rotary head mounts are centred in rotation around the optical axis, a USB HD-
camera fixed into an aluminium profile rail bolted on a lab jack is placed in front of the probe
apertures, live-feeding an image capture software where a cross-hair pattern is added. The camera
is then moved along an the rail so that the cross-hair matches the centre of the aperture. The lab
jack is previously aligned on the optical bench using a set of bolts along the transverse direction.
It is then roughly centred and clamped on. The frequency converters are then be rotated and
fixed in the E and H-planes whilst checking for a shift of the probe centre off the OA, as shown
in Fig.IV.3.12. Such deviation is directly measured on the data acquisition software and the VNA
heads are shimmed accordingly. The level is then readjusted if necessary.
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(a) (b) (c)
Figure IV.3.12: Photographies, taken by the author, relating the procedure to centre the frequency

extensions in rotation. (a) Initial position of Rx in the Tx H-plane. (b) The frequency extension is rotated
to the Tx E-plane orientation and a shift appears on the horizontal axis, indicating that the centre of the
aperture is not at the centre of rotation. (c) The resulting offset is compensated by adding shims raising up
the frequency extender in the proper position. The process is repeated and it is checked that the aperture is
now centred in rotation.

IV.3.3.8 Tip and tilt mitigation
A tilt can be identified using a laser pointer and the combined refraction of the probe and waveg-
uide apertures, and the reflected point coming off a flat mirror bolted onto the waveguide, as
shown in Fig.IV.3.13. Any identified deviation is compensated by shimming the feet on the back-
side of the frequency head converters accordingly. Once set, accurate positioning of the probe at
the centre of rotation is done using a set of micrometric linear stages.

(a) (b) (c)
Figure IV.3.13: (a) & (b) A flat mirror is installed on the waveguide of the frequency extender and

the angle at which the reflected ray hits back the laser source can be measured on a screen and corrected
by adding shims under the front or back feet of the extender accordingly. (c) A final check is made by
looking on a screen at the characteristic diffraction pattern of the open waveguide, necessarily symmetrical
if centred and in a plane perpendicular to the OA. Figure made with Solidworks and Inkscape, and pho-
tographies taken by the author.

IV.3.3.9 Waveguide transition final centring
At this stage, the motorised rotary stage controller, the frequency extenders and the VNA are
connected. It was mentioned in Section IV.3.2 that a misalignment or a tip/tilt of Tx or Rx would
cause a displacement along and transversally to the OA and result in a beam asymmetry. Such
displacements are taken care of by repositioning the phase centre at the centre of rotation using
the micrometric stage. The software provided a direct reading of the phase at Rx. If the latter is
not flat, then the DUT is not at the centre of rotation and needs adjusting. An inward or outward
bend of the phase would indicate that a forward or backward translation is necessary, whilst an
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asymmetry in the phase profile implies a left or right transversal shift from centre. A flat phase
response is obtained by iterating on the position of Rx with the micrometric XY translation stage.
Once suitably centred, the background measurements of the waveguide transition mounted without
the MetaL can be conducted. The results were already presented in Chapter IV.2.

IV.3.3.10 MetaL integration & measurements
The mounted MetaL is then integrated to the Rx and centred using the 3-axis laser level. Its po-
sition is refined using the phase profile technique depicted above. These precautions will limit
potential deviations, although the 300µm tolerance in transversal displacement will likely not be
reached. The laser line may cause up to 0.5mm error at worst, which ensures an angular deviation
from optical axis at phase centre of order 0.1◦. The mounts for the frequency head converters are
engraved with circular graduations of 5 degree steps. The tolerance in rotation is thus respected.
Contributions from stray light were reduced using RAM extensively to cover reflective areas con-
tributing to the device far field on one hand, and the beam transmitted and scattered by the lens
on the other. Rx and Tx were positioned so that the optical height was 300λ, where most scat-
tered waves were reflected off the bench. Analysing the probe far field response with an iterative
RAM coverage shown that the regions immediately near the apertures were critical. The lens
mount, the frequency converters and their rotating mounts caused scattering and added spurious
patterns to the field. Contributions of the lenslet mount to the probe beam were successfully can-
celled by the RAM tile installed. Comparing the measured beam pattern of the probe with and
without this RAM protection shown the successful cancellation of the standing waves of concern.
The precautions and careful analysis conducted throughout resulted in the assembly of the low
systematics optical test bench shown in Fig.IV.3.14, which enabled accurate measurements of the
lenslet beam patterns over the entire operating bandwidth.

Figure IV.3.14: Photography, taken by the author, of the fully assembled experimental setup allowing
for the full characterisation of the lenslet beam patterns.
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IV.4. Results & Analysis

IV.4.1 Beam profile of the MetaL
The normalised co-polarisation and cross-polarisation beam patterns for F0 = 3.15mm in the E, H
and D-planes are presented in Fig.IV.4.1, with their related phase response and LGB fits. Table
IV.4.1 is summarising the extracted beam gaussicity η0, ellipticity E , waist w0, width w1/e and
the coupling efficiency ηC . The E and H leakages are the cross-polarisation cuts in E-plane and
H-plane. The lenslet optical performances are consistent across the operating bandwidth.
Misalignments or tips/tilts of Tx or Rx were mitigated by repositioning the phase centre at the
centre of rotation using the micrometric stage, leaving only the error on θ. Numerical corrections
were applied to recentre the beam accordingly. Considering the level of precision obtained on the
setup as per discussed in Chapter IV.3, such error has been estimated as δθ = 0.25◦ on a worst
case scenario. This was propagated to derive the errors on w0 and w1/e, giving in turn errors on E
and ηC using partial derivatives.
The LGB fit is conducted using w and R as parameters to match the fundamental mode to the
beam whilst keeping w0 = λ

√
2 ln 2/2π tan θHW HM , where tan θHW HM is the angle at full-width

half-maximum. The encoded method is shown in Appendix B. The resulting values are fixed and
used to weight the fundamental mode p = 0 and higher order modes up to p = 5. The procedure
is conducted for a given θ range, where the power of the beam Ef to be fitted is calculated as
ηf =

∫
r |E(r, z)|2rdr with r = R sin θ. The resulting error on the gaussicity was estimated as the

standard deviation of a set of η0 calculated using the best LGB fit for various maximal azimuth
values in the range [40◦; 50◦] with steps of 1◦.
The simulated beam patterns of the hyper-hemispherical lenslet fed by a Silicon embedded version
of the waveguide transition are commensurable to the prototyped planar lenslet response, as their
characteristics emphasise further in Table IV.4.1, where the definitions given in Part II were used.
The MetaL measured data were used for the computation of the results presented in this table.
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Table IV.4.1: Summary of the measured optical performance of the MetaL compared with its hyper-
hemispherical simulated equivalent.

Device f [GHz] η0[%] E [%] w0[mm] ηC [%] ηα[%]
MetaL 75 98±0.5 1.0±1.1 2.4±0.05 99±0.8 81±1.5
MetaL 90 98±0.5 8.8±1.4 2.5±0.07 99±1.0 79±1.5
MetaL 110 97±0.9 4.0±1.6 2.5±0.08 95±1.1 69±1.5
Hyper-hemispherical Lenslet 75 98±0.5 11.5 2.6 99 68±1.0
Hyper-hemispherical Lenslet 90 93±0.5 4.5 2.6 97 77±1.0
Hyper-hemispherical Lenslet 110 93±0.8 0.0 2.4 95 82±1.0

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)
Figure IV.4.1: Phase-engineered lenslet (a) - (i) co and (j) cross-polarisation beam patterns measured

and simulated at (a), (d), (g) 75GHz, (b), (e), (h), (j) 90GHz and (c), (f), (i) 110GHz in the (blue) E,
(co-pol = purple, cross-pol = red) D and (green) H-planes. The beam response of the hyper-hemispherical
lens (dark grey) is included to establish the desired comparison. Figures made with ANSYS-HFSS and
Python by the author.

96 IV.4.1 Beam profile of the MetaL



IV.4.2 Discussion
Two identical metamaterial-based lenslets were measured, showing indistinguishable beam patterns
in all three planes, indicating excellent repeatability in the fabrication. The measured beam shows
a minor and occasional discrepancy in the beam width when compared with the simulated one, as
is the case in the E-plane at 90GHz for example. At 110GHz, merging sidelobes were expected but
the measured beam shows a clear separation from the main lobe, likely due to an inaccurate mesh-
ing in the model described in Section IV.2.1. Overall, there is a reasonable match of the sidelobes
and a near perfect correspondence of the main lobe with the simulations throughout the operating
bandwidth. The measured cross-polarisation pattern presents a central lobe shape at 90GHz, char-
acteristic of tilt and misalignment between Rx and Tx, which the phase profile underlines further.
As discussed in Section IV.3, such measurement is extremely sensitive to these variations [199], for
instance a transversal deviation from the optical axis needs to be under a fraction of the operating
wavelengths. Despite the efforts taken to limit such systematics, the cross-polarisation patterns
could not be obtained at 75GHz and 110GHz. However, the level measured was consistently below
the −21dB threshold. The prototype device further demonstrates a beam response comparable to
that of the hyper-hemispherical lenslet down to −10dB.
The MetaL radiates a Gaussian beam of low ellipticity, presenting no merging sidelobes whilst
maintaining a cross-polarisation level below −21dB and a differential gain of ∆g = 0.2%. The opti-
cal characteristics of this lenslet, tantamount to its hyper-hemispherical counterpart, demonstrates
its potential suitability as a focal optics for future CMB experiments.

IV.4.3 Map Making Benchmark Comparative Analysis
To investigate further the quality of the MetaL, the map making analysis presented in Chapter II.4
is used to establish and compare the reconstructed B-mode power spectra obtained by scanning
the sky with the simulated beam profiles of both lenslets. A requirement for low ℓ scanning is that
the beam width should be 25arcmin, as devised in Section I.2. The simulated fields are rescaled
accordingly, as shown in Fig.IV.4.2.

(a) (b)
Figure IV.4.2: Simulated beam patterns of (a) the hyper-hemispherical lenslet and (b) the MetaL.

Figures made with ANSYS-HFSS, Python and Inkscape by the author.
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As per depicted in Chapter II.3, in an ideal situation, the beam of an instrument is perfectly Gaus-
sian, thus, the correction applied to the ĈBB

ℓ associated with each beam is that of the Gaussian
beam. The resulting power spectra are shown in Fig.IV.4.3 alongside the CBB

ℓ for r = 10−3 and
r = 10−4. The case r = 10−2 is not included for clarity as its amplitude is order of magnitudes
above. Within the benchmark approach used, both lenses offer similar sensitivity on the tensor-
to-scalar ratio. Besides the limitations related to the simplifications taken for this map-making
analysis, the biases in the reconstructed spectrum cannot be directly related to a given systemat-
ics. In this benchmark context, the hyper-hemispherical lenslet and the MetaL beams of have a
noticeably similar effect on the power spectrum reconstruction, further underlining that the MetaL
offers comparable optical performances. A further analysis of interest could be to conduct a similar
procedure in an instrument pipeline [73, 70].

Figure IV.4.3: Reconstructed B-mode power spectra obtained from scanning the sky with the hyper-
hemispherical lenslet (HL) and the MetaL and corrected with the transfer function of their ideal Gaussian
beam counterpart. Figures made with Python and Inkscape by the author.

A comprehensive analytical and experimental characterisation of the air-gapped prototype MetaL
was demonstrated in this part. The measured beam was analysed side-by-side with that of a sim-
ulated hyper-hemispherical lenslet counterpart, demonstrating comparable optical performances,
confirmed further through a coded benchmark method projecting both beams on sky. With the
beam characteristics of an isolated lenslet characterised, the next validating step is to couple the
device with a detector in a pixel design relevant for CMB experiments, a task that we investigate
further in the next part. The present MetaL radiates a near symmetrical Gaussian beam with
cross-polarisation levels below −21dB and a differential gain of ∆g = 0.2%, demonstrating the
potential suitability of the MetaL concept as a focal optics for future CMB experiments, should
the design be successfully ported to a fully embedded alternative. As mentioned in previous parts,
this would allow for a simplified ARC compared to the hyper-hemispherical lenslet, and bring
compatibility with the detector plane whilst permitting a large number of pixels on the FPU.
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Part V Outline
Experimental validation of the MetaL has been established with an accurate measurement of its
beam profile. Its optical quality and the related systematics were underlined and a benchmark
analysis allowed to compare the prototype device with its hyper-hemispherical lenslet counterpart.
As depicted in Section I.2.4, a pixel constituted of a lenslet-coupled broadband planar antenna,
transferring the optical power to a set of detectors, offers attractive characteristics for CMB experi-
ments.
The LiteBIRD LFT focal plane design is indeed based on such configuration, where a single pixel
contains 6 sinuous antenna coupled, hyper-hemispherical Silicon lenslet fed, TESs that measure 3
bands with 2 orthogonal linear polarization states simultaneously, resulting in [40 GHz; 235 GHz] of
instrument bandwidth [87]. Similarly, SO will populate some of their universal focal plane modules
with lenslet coupled sinuous antennas feeding TESs for both the LAT and the SAT [84].
In this context, proposing a similar coupling constitutes the next step devised to prove the concept
of the MetaL. A relevant sensor for the coming instruments is the KID, an ultra-sensitive super-
conducting technology with a high multiplexing ratio. Relying on lithography techniques, they
can be easily manufactured in a cost effective manner. An end-to-end analysis of a full pixel is
conducted in this part via a set of simulations of its constituents, namely, the detectors, the mi-
crostrip architecture and the antenna coupled lenslet. The pixel is constituted of the prototyped
MetaL, coupled to a 4-branch planar sinuous antenna transferring the incoming power to a KID
via a microstrip line through a combination of matching filters with a phase coupler. This design
is inherently broadband, impedance matched and dual-polarised. It further offers excellent optical
performances throughout the operating bandwidth.
The overall pixel design is depicted in Chapter V.1. First, elements of the operating principle and
the design of a set of KIDs will be conducted. Secondly, the antenna selection is discussed, estab-
lished by dressing a comparative analysis on various options. The microstrip architecture ensuring
the end-to-end transmission of the optical signal is further depicted. Lastly, the current status on
the fabrication of the detector chip, warm measurements of the beam of a copy of the prototype
MetaL, readapted for cryo-compatibility and a plan forward to replicate those measurements cold
are presented in Chapter V.2. With such pixel design and a characterised lenslet at the ready, the
stage is set for further demonstration of the concept of MetaLs as a relevant technology for CMB
applications which could possibly be extended to millimetre, sub-millimetre and FIR astronomy.
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V.1. Pixel Operating Principle

V.1.1 Overview
The microstrip architecture of the detector plane for this prototyped dual-polarised pixel de-
sign is detailed in Fig.V.1.1. The polarisation separation is realised by coupling a 4-branch self-
complementary log-periodic broadband sinuous antenna to two pairs of microstrip lines, one per
polarisation. A filter operates the adequate impedance matching necessary for the lines joining at
the centre of the antenna to couple to the branches. The microstrips are further combined out of
phase with a rat-race coupler and the merged output transfers the received polarisation to a single
KID in the same manner as for a CMB imager pixel [200]. A blind detectors are placed around
the chip to pick up and monitor any stray light in a future experimental characterisation. It is
worth noting that an on-chip spectrometer can be realised instead by feeding each detector with
the optical line, adequately filtered at the desired frequency [201].

(a) (b)
Figure V.1.1: (a) Full pixel layout constituted of the MetaL prototype focusing the incoming light onto

a broadband dual-polarised sinuous antenna backed with a spherical mirror and coupled to a microstrip
architecture tuned to match two KIDs. For clarity, the ground plane surrounding the antenna has been
removed and a cross-section of the mirror is shown. (b) Detector plane layout depicting the transmission
of the polarisation A received by the sinuous antenna (1) from the lenslet (5) to a KID (4) down the
microstrip architecture. The latter is constituted of 2 branches (2) running under the sinuous antenna and
combined via a rat race hybrid coupler (3). Figure made with Solidworks, KLayout and Inkscape by the
author.
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V.1.2 Kinetic Inductance Detectors

V.1.2.1 Superconducting detector
Consider a photon with energy hν => 2∆, where ∆ is the binding energy of the Cooper pairs
(V.1.1), an electron coupling mechanism inherent to superconductors operating below their crit-
ical temperature Tc. Upon absorption of this photon in a superconducting film, pairs break, re-
sulting in a modification of the kinetic inductance of the film. Should it be patterned in a set of
resonators, each with a resonant frequency fr and intrinsic quality factor Qr, the change in induc-
tance will also shift their resonances [92, 93, 95].

2∆ = 3.5kBTc (V.1.1)

Sensing an optical input is then done by probing the detectors with a comb of microwave signals
set to the resonant frequencies and by further monitoring the difference in the transmission re-
sponse with the shifted signals. A view of two combs at position n and n+ 1 of the detector set, and
their counterparts, shifted under optical load is presented in Fig. V.1.2. The frequency domain
thus accessed enables large multiplexing ratios, elegantly read out on a single set of coaxial cables,
a simple and cost effective solution to large format arrays desired for CMB experiments. This kind
of detectors are sensitive to any incoming input, including stray light leaking into the FPU, which
have a significant effect on the detector responses. A coupled focal optics impermeable to stray
light is therefore necessary for the proper operation of the detector plane, a concern of importance
for the MetaL technology proposed.

Figure V.1.2: Example of two Lumped-element Kinetic Inductance Detectors (LeKIDs) transmission
response S21 swept in readout frequencies, with BW3 dB the −3 dB bandwidth. The blue curve is obtained
for a low optical load and is called the "dark" response, whereas the red curve is the loaded one. Figure
made with Python and Inkscape by the author.

A LeKID, resonator for which light is coupled by energy dissipation through an inductive meander,
can be described as an LC circuit, as shown in Fig. V.1.3. A modification of the kinetic induc-
tance, encompassed by Lk, shifts down the resonant frequency of the detector (V.1.2). An added
capacitor inserted in series provides coupling to the Radio Frequency (RF) readout line. Optimal
coupling with the readout signal is obtained for Qi = Qc [202], while optical coupling occurs at
the junction between the Niobium feedline and the Aluminium inductor, impedance matched to-
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gether. Given that Niobium has a critical temperature, below which superconductivity occurs, of
Tc = 9.3K, the related binding energy gap is ∆ ≃ 4.49×10−22J. Similarly, Aluminium has Tc = 1.2K,
giving ∆ ≃ 5.80 × 10−23J. To break pairs off the latter, a photon would need to be at a frequency
above f ≃ 87.5GHz, against f =≃ 680GHz for the latter, far above the optical bandwidth of
concern.

Figure V.1.3: KID fed by a Niobium line transitioning to the Aluminium inductive meander where
Cooper pairs are broken and power is subsequently sensed. The Inter-Digital Capacitor (IDC) and capac-
itive coupler lay within the etched area of the surrounding Niobium ground plane. Tuning their geometry
allows for control of the detector fr and Qr respectively. The shift in resonance resulting from the breaking
of the paired electrons is read out via a Co-Planar Waveguide (CPW) line. The RL equivalent circuit rep-
resentation of a KID is shown on the right, coupled capacitively to the RF readout line via the capacitor
Cc. Figure made with KLayout and Inkscape by the author.

Under optical load, the detector Qr (V.1.3) [202] reduces along with the shift in frequency from fr

to f0. To properly readout the devices when implemented in the prototype pixel, determination of
their fr and Qr measured dark, and assessment of their sensitivity, namely the ∆f0 per detector
as a function of optical power input, is desirable. Such characterisation requires a careful analysis
of their transmission response, where the combs with the native fr are identified through a fitting
procedure using a Lorentzian (V.1.4) centred around fr with half-width bandwidth fr/2Qr [202].
Verification of the behaviour of each detector under optical load would further be carried to check
that the expected shift is reached, replacing fr by f0 in the Lorentzian parametrisation.

ωr =
√

1
LrCt

, where Lr = Lg + Lk and Ct = Cr + Cc (V.1.2)

Qr =
(

1
Qi

+ 1
Qc

)−1

, where Qi = 2πf 2
0LrCr

tan δ ≃ f0/BW3dB
(V.1.3)

S21 =
(

1 − Qr

Qc

)
1

1 + 2jQr∆fr

(V.1.4)

Qi is expressed in (V.1.3) for the limiting case of IDCs patterned on a lossy dielectric, of loss
tangent tan δ, which is the case for the designed detector sets, as is depicted further in Section
V.1.2.3.
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V.1.2.2 LeKID sensitivity
The sensitivity of a KID is limited by its Generation-Recombination (GR) noise. This supercon-
ducting device has inherent quasi-particle fluctuations as, in a continuous manner, the breaking
of Cooper pairs resulting from thermal contributions generates electrons, which then recombines.
These quasi-particles have an average lifetime τqp. The overall number of quasi particle nqp thus
sees a fluctuation δnqp associated with a power Pqp. The temporal evolution of nqp is depicted as
a power spectrum Sgr (V.1.6). To express the detector sensitivity, the latter is transcribed into
a NEP, defined as the signal power required to achieve a unity signal-to-noise ratio measured
in a 1Hz post-detection bandwidth (V.1.7). Nqp is the number of quasi-particles generated by a
GR equivalent optical load (V.1.5) [203], dependant of N0, the single spin density of states at the
Fermi level, a material dependant value of 1.7 × 10−10µm−3 for Aluminium; and of VL, the inductor
volume [95].

Nqp = nqpVL = 2N0

√
2πkBT∆ exp

(
− ∆
kBT

)
VL (V.1.5)

Sgr = 4nqpτqp

1 + (2πfτqp)2 (V.1.6)

NEPgr =
√
Sgr

(
dPqp

dNqp

)
= 2∆

√
Nqp

τqp

(V.1.7)

An incident photon stream of power Pph, with an optical bandwidth ∆ν, result in a photon noise
contribution which translates into a NEPph (V.1.9). It decomposes into a shot noise associated
with the Poisson statistics of photon arrival, and a Bose noise ancillary to the wave nature of light,
transcribed as NEPshot and NEPbose respectively [204, 203].

Pph = 2kBT∆ν (V.1.8)

NEPph =
√
NEP 2

shot +NEP 2
bose =

√
2Pphhν + P 2

ph/∆ν (V.1.9)

V.1.2.3 Design of the Detector Set
The KID design used in the optical coupling with the MetaL prototype is presented in Fig.V.1.3
and was built upon previous developments [205, 95]. An underlying Silicon Nitride membrane is
present, required as a dielectric for the coupling microstrip architecture and as to support the an-
tenna structure. Ideally this layer should be removed from underneath the IDC but this would
require a step down of the Aluminium line in the fabrication, a difficult process. KIDs on amor-
phous dielectrics see their Qi factor dominated by losses in the media, namely, Qi ≃ 1/ tan δ. The
dielectric gives rise to an additional noise contribution know as Two Level System (TLS), typically
present at low frequencies [206]. This would be problematic for a realistic detector plane but may
be sufficient in the present prototype. The intent is to measure this noise source and modulate the
optical signal at a higher frequency, where TLS does not dominate the power spectrum.
In order to design a set of KID with given fr and suitable Qr, a linear parametrisation of the IDC
length is conducted first for a fixed inductance geometry (V.1.3) in SONNET. The variation in fr
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Figure V.1.4: LIDC vs. f0 fitted from a set of equally spaced IDC lengths and corresponding reso-
nances. Figure made with SONNET, Python and Inkscape by the author.

is plotted against LIDC and fitted with a polynomial, as shown in Fig.V.1.4, whilst maintaining Qr

above ∼ 6000.
The coupling capacitor geometry is fixed, with finger lengths of 500µm and the inductive meander
is designed so that minimal reflection occurs at the junction with the Niobium feedline, with a
volume VL ≃ 130µm3. A set of 10 KIDs operating in the readout bandwidth [1.8 GHz; 2.6 GHz],
spaced by steps of ∼ 100 MHz and showing Qi between 5k and 10k have been designed to be fabri-
cated on Silicon wafers. A separate model of the inductor coupled to a microstrip line allowed the
determination of the Niobium to Aluminium transition input impedance Zkid = 29.5Ω. The design
parameters and simulated response properties, obtained from SONNET, are summarised in Table
V.1.1.

Table V.1.1: Summary of the designed KIDs. The characteristics of the optically coupled detector are
written in bold. The superscript m indicates measured results, following the experimental method described
in Section V.2.2.

KID # 1 2 3 4 5 0 6 7 8 9 10
fr[GHz] 1.85 1.92 1.99 2.05 2.12 2.19 2.26 2.33 2.40 2.47 2.55
fm

r [GHz] 1.95 2.04 2.09 2.18 2.21 2.24 2.25 2.30 2.40 2.44 2.59
LIDC [µm] 1377 1314 1254 1199 1147 1099 1053 1010 970 931 893
Qi 6500 6400 6600 6400 5900 7800 8000 7800 7500 7500 7300

The KIDs are a highly sensitive technology, inherently broadband, relying on readily scalable thin
film fabrication methods and allowing for high multiplexing ratio. They are fully suited to match
the constraints established for future CMB experiments and as such, came as a natural choice for
the pixel design of concern to further prove the concept of the MetaL. The present set of detectors,
sitting on amorphous Silicon Nitride, is not optimised for sensitivity but allowed for simplicity in
fabrication.

V.1.3 Antenna Coupling
The lenslet prototype is not limited to 110GHz and may be coupled to any feed with a phase pat-
tern matching that of the probe it was initially designed for. It was discussed in Section I.2.4
that due to their broadband and frequency independent field pattern [207], planar antenna cou-
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pled lenslets were an attractive pixel design for CMB [104, 105, 87, 208]. A dual twin-slot [209],
4-branch bow-tie[210], sinuous [211] and log-periodic toothed antennas [212] are shown in Fig.V.1.5.
Each option is modelled in ANSYS-HFSS and the resulting phase profiles and beam patterns
are compared in order to select an optimal solution. Table V.1.2 summarises their optical per-
formances, as defined in Chapter II.3.

V.1.3.1 Antennas Comparative Analysis

(a) (b)

(c) (d)
Figure V.1.5: Geometry parameters of (a) the dual-twin slot, (b) the bow-tie, (c) the log-periodic

toothed and (d) the sinuous antennas. A parametric analysis was conducted on the geometry to identify
the critical dimensions and their impact on the antenna beam response, cross-polarisation peak level,
central frequency and bandwidth. The selected antenna was further optimised in ANSYS-HFSS using a
Quasi-Newton method. Figures made with ANSYS-HFSS and Inkscape by the author.

Each antenna is modelled as a perfect electric conductor, contained in a vacuum box surrounded
with radiation boundaries, as per Fig.V.1.6. The input signal is implemented via a pair of lumped
ports per polarisation, driven out-of-phase, connected on one end to a cross shaped microstrip at
the centre of the antenna, acting as the common ground, and to the arm at the other end. Each
port impedance was parametrised with a common variable and the effective value was obtained us-
ing an iterative process until minimal reflection was reached. To validate the use of lumped ports
as a suitable replacement for the microstrip lines, the latter have been modelled but its dimensions,
small compared to the rest of the model, prevented proper convergence of the FEM analysis. The
far-field radiation was extracted from the boundaries of the air box situated above the antenna
SF F , and the phase profile was calculated along lines contained in the E, D and H plane cuts and
situated at a vertical distance dϕ from the antenna centre. The acceptable mismatch is determined
via the parametrised port impedance, decreased towards the detectors optical line impedance Zkid
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while the reflection response is checked. The largest mismatch is then defined as ∆Z0 = Z0 − Z ′′
0 ,

where Z ′′
0 is the port impedance at which S11 < −10 dB for a 20 GHz bandwidth, sufficient to

showcase the lenslet coupling to KID.

Figure V.1.6: ANSYS-HFSS model of the sinuous antenna showing the far-field integration surfaces
SF F , the linear phase cuts LE,D,H

ϕ at a variable distance dϕ and zooming on the lumped port feeding. The
sinuous is driven in a single polarisation state, with a couple of lumped ports driven 180◦ and the other,
terminated. Figures made with ANSYS-HFSS and Inkscape by the author.

All antennas were designed to radiate a beam of θHW HM ≃ 30◦ half-width at half-maximum angle,
matching that of the waveguide probe originally feeding the MetaL prototype. Each are showing
excellent gaussicity, low ellipticity and similar directivity. The sinuous antenna stands out as a
suitable option [125], already in use at the SPT [200], and selected for SO and LiteBIRD FPUs,
as it is offering a large operational bandwidth with continuous low cross-polarisation peak level.
The impedance difference with the detectors optical line is high but the antenna can be operated
efficiently over a broad impedance range, easily matched with a suitable microstrip architecture
which will be discussed further in Section V.1.4. It is worth noting that the toothed log-periodic
alternative offered interesting performances but was not tunable to provide the necessary beam
width to match the prototyped lenslet.

Table V.1.2: Summary of the antennas performances: Characteristic impedance Z0, admissible
impedance deviation ∆Z0, central frequency of operation fc, bandwidth BW , half-width at half-maximum
angle θHW HM , gaussicity η0, ellipticity ϵ, directivity D and peak cross-polarisation level Xpk.

Antenna Type Z0[Ω] ∆Z0[Ω] fc[GHz] BW [GHz] θHW HM [◦] η0[%] ϵ[%] D[dB] Xpk[dB]
Dual Twin-slot (a.) 50 20 85 30 28.6 95 0.0 7.15 -17.8

Bow-tie (b.) 120 70 90 40 30 85 6.1 7.65 -10.5
Toothed Log-periodic (c.) 220 40 110 60 22.8 98 2.7 8.13 -14.5

Sinuous (d.) 200 100 110 60 30 88 7.4 8.92 -23.5

V.1.3.2 Sinuous Antenna Design

V.1.3.3 Antenna Backing
Planar antennas show a preferred radiative direction into the substrate when fabricated on high
dielectric constant dielectrics such as Silicon, with ϵr = 11.7. However, when patterned on a mem-
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brane approximating free space, the antenna will radiate on either side, leading to a 50% drop in
efficiency if not compensated for. As per discussed in Chapter III.3, efforts are ongoing to embed-
ded the MetaL technology in Silicon and the current prototype device is inherently matched with
free-space. To refocus the power at the centre of the antenna, one option is to use a spherical back-
short matching the phase pattern at an optimal distance dm, as shown in Fig.V.1.7. The mirror
radius and vertical origin offset from the antenna centre are defined fitting its radial cut to the
antenna frequency and cut averaged phase pattern at dm. A ball nosed cutter is used to machine
the spherical backshort, restricting the available radii to a limited set.

(a) (b)
Figure V.1.7: (a) View of the spherical mirror-backed antenna showing the sinuous frequency and

cut-averaged phase pattern (green) at dm and the overlaying sphere cut of the matching mirror. To fit the
pattern, the sphere centre is displaced vertically by zoff . (b) Far-field response of the sinuous alone (plain)
and the backed version (dashed) in the E, D and H plane cuts at 90 GHz. Whilst preserving the ellipticity
and the beam width, the backing result in 5% increase in gaussicity but raises Xpk to −26 dB, still below
the −21 dB limit. As checked in the simulations, the peak gain sees a 3 dB increase as expected. Figures
made with ANSYS-HFSS, Python and Inkscape by the author.

V.1.4 Microstrip Network

V.1.4.1 Network design
The KIDs are optically fed by a 2 µm wide Niobium microstrip line of characteristic impedance
29.5 Ω, on top of which a 500 nm thick dielectric layer of Silicon Dioxide and a 200 nm thick Nio-
bium ground plane are deposited. The matching Microstrip (MS) architecture devised further
is modelled on Advanced Design System (ADS), where default material characteristics are used.
Namely, Silicon Dioxide has a permittivity of 3.9 and loss tangent of 0.02. On the opposite end
of the line, the self-complementary planar antenna is matched to free-space with a theoretical in-
put impedance of 188Ω[207]. Illustrated in Fig.V.1.8 are simulated design of an N-patch and a
dual-stub filters optimised in ADS as to adequately provide the desired impedance match of the
microstrip line at the antenna centre over a relatively large bandwidth [80 GHz; 130 GHz]. The sup-
porting membrane, Silicon or Silicon Nitride, had no major impact on the simulated responses and
was subsequently discarded from the model. The stub solution is preferred to the bulkier geometry
of the optimal 3-patch filter, clashing with the antenna shape itself.
In addition, for the antenna to provide a linearly polarised beam, its opposite pair of arms must
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Figure V.1.8: Transmission S12dB and reflection S11dB response of the optimised dual-stub (left)
and (right) 3-patch filters. The dual-stub is parametrised by the widths w0,1,2 and lengths l0,1 of the suc-
cessive microstrip lines starting at the antenna centre, and by the stubs widths ws1,2 and lengths ls1,2.
The N-patch filter is a modified quarter-wave filter where the λ/4 condition is relaxed. The ith patch is
parametrised by its width wi and length li.

be driven 180◦ out-of-phase, necessitating the matched line to be split through a rat-race cou-
pler further away from the antenna. A transition occurs where the bulk Silicon is etched which
causes an additional mismatch, compensated by a step in microstrip width at the interface. The
latter impacted the filter performances and it was found that a single stub operated better in this
context. An end-to-end simulation of the readjusted filtering, the dielectric transition and the cou-
pler was conducted in ADS, as presented in Fig.V.1.9 along with the transmission response from
the signal branches to the combined branch and the phase difference stability between the signal
branches. As can be seen from the response, to cover a large bandwidth through the entire archi-
tecture whilst ensuring an out-of-phase driving of the antenna set of opposite arms, the different
elements involved are ultimately interacting, introducing resonance between the branches resulting
in an interfering pattern. The transmission of each antenna arm is found to average around 45%,
giving a combined efficient averaging around 90% across the optical band of interest. The phase
difference between the two arms across the band is 180◦ ± 10◦.

Figure V.1.9: Schematics of the optimised microstrip architecture constituted of the branches (1) and
(2) filtered with a stub and step in width, further combined (4) by a hybrid junction adequately terminated
(3). The transmission responses of branches (1) and (2) of the architecture and their phase difference ∆φ
is plotted aside. Figure made with SONNET, Python and Inkscape by the author.
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Considering the inherent sensitivity of the detectors, a 10% loss in power induced by the difficult
impedance transformation and phase coupling operation necessary for the free-space pixel design
concerned by the present work is expected. As dielectric are modelled lossless, metal lines as ideal
conductors, and considering the microstrip lengths involved the effective loss will be much higher.
Considering the KIDs inherent sensitivity and the power of the source used for the cold experimen-
tal characterisation of the pixel beam, as will be discussed in Section V.2, the losses are deemed
acceptable.

V.1.4.2 Simulated Antenna Coupled MetaL
The resulting far-field pattern of the antenna-coupled lenslet is presented in Fig.V.1.10 at 90 GHz
in the E, H and D planes, simulated in ANSYS-HFSS and fitted with a 5th order Laguerre-Gaussian.
The gaussicity is 99%, the ellipticity is at a net 0% and the directivity is at 17.67 dBi with no gain
differential. The cross-polarisation and sidelobe levels are below −20 dB, ensuring minimal polari-
sation leakage and spillover respectively. Measurements in the laboratory shown the phase centre
was about 200 µm in front of the lenslet, with less than 50 µm variation with frequency, resulting in
a Strehl ratio close to 1, in line with analytically estimated ratios reported [213]. The preliminary
simulations carried on the sinuous antenna-coupled MetaL presents promising performances for the
devised pixel design, in line with CMB applications.

Figure V.1.10: Sinuous antenna-coupled air-gap phase-engineered metamaterial-based lenslet far-field
response in the E, D and H cut planes and cross-polarisation at 90 GHz. Figure made with ANSYS-HFSS,
Python and Inkscape by the author.
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V.2. Experimental Validation

V.2.1 Pixel Fabrication
Four prototype detector chips are laid out, illustrated in Fig. V.2.1. The Silicon Dioxide substrate
required for the MS line does not support stress well. In previous tests, coatings over the full area
of the wafer broke during cool down. Partial coating is investigated here instead, with deposited
slices of Silicon Dioxide on chips 1 and 3 and etched gaps on chips 2 and 4. In order to identify
potential problems with the MS architecture, dark KID 1 is connected to the optical line of the sec-
ond polarisation on chips 2 and 3. The choice was made to keep the detectors on Silicon Nitride to
avoid fabrication complexity at the cost of higher noise contributions [206, 214]. Dual-polarisation

Figure V.2.1: Layout of the four prototyped chips to demonstrate the MetaL coupling capabilities.
Long RF readout tracks run to the edge of the wafer for dark measurement of all four chips simultane-
ously, further discussed in Section V.2.2. Test patterns surrounds the four chips for future qualification of
the detectors. Figure made with KLayout and Inkscape by the author.

capability necessitates two optical lines running 90◦ from one another and crossing over, as shown
in Fig. V.1.1. Stepping down and bridging are two difficult processes, especially considering the
narrow lines required to match the high impedance at the antenna centre to the low impedance
of the KIDs. As the aim consists of proving the concept of the MetaL, a variation of the pixel for
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a single polarisation is considered instead. The layout of the microstrip architecture discussed in
Section V.1.4 is shown in Fig. V.2.2.

Figure V.2.2: Detailed layout of the single polarisation variation, illustrating the different matching
strategies optimised in ADS. Figure made with KLayout and Inkscape by the author.

The fabrication rundown presented in Fig. V.2.3 was conducted in the Cardiff ICS clean rooms
by Dr Christopher Dunscombe, and in Edinburgh SMC for the RIE. It consisted of the following
steps:

◦◦◦ Wafer preparation
The 111 float zone high resistivity (> 10, 000Ωcm) Silicon wafer is coated in a furnace with 1
a 300nm Silicon Dioxide etch stop.
This is followed by 2 a 400nm stoichiometric Silicon Nitride LPCVD with a tensile stress
below 250MPa to ensure the integrity of the membranes.

◦◦◦ KID Aluminium layer
The KID layer comes first. 3 A 50nm layer of high purity Aluminium is Electron-Beam Phys-
ical Vapor Deposition (EBPVD) with a deposition rate of 2Ås−1.
4 The wafer is spin-coated with positive resist, further photolithographed with a direct
writer.
5 The KIDs are then chemically etched with phosphoric acid, nitric acid and water. After
the photoresist is removed using solvents: N-Methyl-2-Pyrrolidone (NMP), then Acetone and
Isopropyl-Alcohol (IPA), 6 the finished KIDs are obtained.

◦◦◦ Microstrip architecture Niobium layer
Next comes the microstrip architecture layer, involving sensitive 1µm patterns, for which
the following lift-off method was devised through trials and errors. 7 A S1805 positive re-
sist is grown using an AZ developer on a 1:1 ratio of sodium and deionised water to avoid
Aluminium etching at connections.
8 A 75nm Niobium layer is then sputter deposited.
9 The resist is removed using the same solvents as previously, lifting-off the undesired sec-
tions of Niobium.
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◦◦◦ Silicon Dioxide dielectric substrate
The underlying Silicon Dioxide, dielectric layer of the microstrip architecture, is formed using
a lift-off process. 10 A coating of AZ2020 negative resist is developed in the AZ developer as
previously.
11 A 500nm of Silicon Dioxide is then EBPVD.
12 Again the underlying resist is dissolved, leaving only the desired patterns.

◦◦◦ Niobium ground plane
A lift-off procedure is used again for this layer. 13 The resist process is the same as in step
10.
14 the Niobium deposition is conducted as per step 8.
15 As above, the resist is finally dissolved to finish the ground plane.

◦◦◦ Backside etch for the membranes
Following the Inductively Coupled Plasma (ICP) etch of the Silicon Nitride and the dissolu-
tion of the primary photoresist, 16 a 10XT positive photoresist is developed on both sides in
the AZ developer with a 3:1 ratio. On the frontside, it protects the realised features.
17 It is photolithographed on the backside to define where the bulk silicon will be removed.
18 The Silicon is Deep Reactive Ion Etch (DRIE) in Edinburgh using Sulphur Hexafluo-
ride/Octafluorocyclobutane Bosch process.
19 The leftover resist is dissolved, leaving the finished wafer.

V.2.2 Dark Measurements

V.2.2.1 Experimental Setup

Preliminary dark measurements are carried out to validate the fr and Qr of the designed KIDs and
assess the good operation of the readout line. When detector characterisation is required, those
measurements are carried out with a homodyne setup to investigate the shift in Qr and fr of the
resonators as a function of temperature. The detectors are then operated at their optimal readout
power, that which maximises the SNR.
The homodyne setup, depicted in Fig. V.2.4, operates a comparison between the input signal comb
sent to the detectors and the received readout output coming from the chip, as follows. The base
tone is generated with a low noise synthesizer. This LO signal is further split between:

◦◦◦ The cryostat - Upstream the cryostat RF input, a variable attenuator enables tuning of the
power driving the detectors. Additional attenuators are present, here providing −20dB at
50K and −10dB at 4K, necessary to compensate for electronic temperature noise contribu-
tions. The readout signal thus reaches power levels that the KIDs can handle. Once passed
the detectors, the shifted signal passes through a Low Noise Amplifier (LNA). A LPF may be
used in the 50K stage to filter out amplifier noise due to saturation. The readout power level
is reached back and the signal is sent to the In-phase/Quadrature (IQ) mixer.

◦◦◦ IQ mixer - The base tone and the shifted signals are compared together. The IQ mixer ef-
fectively outputs analogue time-streams proportional to the real and imaginary part of the
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Figure V.2.3: Fabrication rundown of the prototype detector chips. Figure made with Inkscape by the
author.

transmission response s21, I and Q respectively, which are then low-pass filtered to prevent
aliasing of high frequency signals before reading by the data acquisition system, digitized and
saved for further processing.

In the present scenario, validation of the LeKIDs fr is desired. Potential detectors are initially
identified with a VNA sweep and further characterised with the homodyne setup. All four chips
are packed together and read out cold in a dark environment as to identify potential defects. A
photograph of the sample ready for such test is shown in Fig. V.2.4. Once the LeKIDs are identi-
fied, the wafer is diced into individual elements, schematised in the centre of Fig. V.2.1.

V.2.2.2 Detectors fr and Qi Validation
The sweeps are laid out in Fig. V.2.5 for a base temperature at 83mK. The obtained fr are men-
tioned in Table V.1.1. Several spurious resonances and their overtones can be observed, associated
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Figure V.2.4: Homodyne setup diagram and sample in the dedicated holder, enabling testing of multi-
ple chips on a single 100mm wafer. Figure made with Inkscape and photography taken by Dr Christopher
Dunscombe.

with parasitic effects on the chip or its packaging, and will be removed from further analysis. They
are not associated with the designed detectors as these are identifiable by noting they do not vary
with a change in temperature. Identification of the detectors is conducted by isolating the charac-
teristic peaks in the S21 response and their shift with temperature.

Figure V.2.5: Frequency sweep for KIDs identification. The VNA scan is conducted first with varying
base temperatures to roughly check the detector positions. The homodyne system is then run on all poten-
tial candidates. A proper characterisation of the quality factors is made by tuning the attenuation level.
Figure made with Python and Inkscape by the author.

V.2.2.3 Power Spectrum Density of the Optical KID
Power Spectral Density (PSD) extraction is done through noise measurements, carried in Cardiff
with the help of Dr Tom Brien, where each point in the homodyne sweep consists of an average of
a user defined number of samples, typically of order of several thousands, taken at an adjustable
rate. The overall PSD, in units of Hz2 Hz−1, is the combined result of acquired short time streams
sampled at the maximum rate on one hand, and larger samples at a slower rate on the other. The
optical KID PSD obtained at a base temperature of 82mK with an attenuation of 38dB is given in
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Fig. V.2.6. The on resonance GR area is the effective frequency range of operation of the detector,
characteristic of its sensitivity. This band stops where the roll-off region begins, indicative of the
quasi-particle life time dependence of the GR. τqp ≃ 100µs is estimated by fitting the PSD with the
analytical expression for the GR contribution (V.1.6) [203]. The local peaks observed are pickup
noises caused by the Pulse Tube Cryocooler (PTC) and the main power supply, which operates at
50Hz. An off-resonance comparison is necessary to distinguish contributions from the system, such
as RF electronics, from detector related noises. The synthesizer generating the LO signal becomes
noisy in the region near its carrier frequency. At low frequencies, TLS noise dominates. Namely,
the amorphous structure of the underlying dielectric supporting the superconducting film gives rise
to a potential energy distribution that allows groups of atoms or molecules to transition between
multiple potential energy minima. Macroscopically, this transcribes into time varying changes in
the dielectric constant, increasing the uncertainty on fr at low modulation frequencies. Despite
a lack of sensitivity in the low frequency range, mostly due to the underlying Silicon Nitride con-
tributions [206], the KIDs are operating close to the GR limit at modulation frequencies above
10Hz.

Figure V.2.6: PSD of the optical KID at 82mK with an attenuation of 38dB, with noise contributions
from the TLS, synthesizer, GR and LNA underlined. Figure made with Python by the author, relying on
data acquired with the help of Dr Tom Brien.
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V.2.3 Cardiff-made Lenslet
The prototype chip is currently still under development. A cryo-compatible lenslet was fabricated
in parallel, as previously mentioned in Chapter IV.1. The mount was adapted with longer fingers
to further enable measurement at F0 = 4.5mm, optimal focal length at which the sinuous antenna
is coupled. Notably, a permanent frame was added to safely swap the lenslet from warm to cold
mountings. Simulations were carried in ANSYS-HFSS to check that the frame does not contribute
to the lenslet far field. It is worth noting that whilst the probe beam profile does not match that
of the antenna at this distance, warm measurements were still required as a validation step for
the newly fabricated device. Fig. V.2.7 shows the measured beam profile of the cryo-compatible
variation of the prototype lenslet at 75GHz, 90GHz and 110GHz in the E, D and H-planes, against
its beam response simulated in ANSYS-HFSS. Measurements were carried on the setup previously
described in Chapter IV.3.

Figure V.2.7: Cardiff made, cryo-compatible variation of the prototype lenslet co and cross-
polarisation beam patterns measured and simulated at 75GHz, 90GHz and 110GHz in the E, D and
H-planes.
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V.2.4 Cold Measurements Plans

V.2.4.1 Cryogenic Setup
To encase the chip and ensure suitable alignment between the lenslet and the sinuous antenna,
a dedicated holder is made which maintains constraints close to those derived in Section IV.2.1.
Details of its design are given in Fig. V.2.8. The lenslet, sat in its frame, is slid in a slot 200µm
larger. The potential transversal mismatch due to this provision can be compensated using a gauge
feeler or shims on the sides of the lenslet casing to ensure adequate centring.

Figure V.2.8: CAD model of the detector chip holder, with depicted constituents. Figure made with
Solidworks and Inkscape by the author.

The sample is then installed on the cold plate of a test cryostat, which can reach a base tempera-
ture of 250mK. Each cryogenic stage is equipped with large optical windows. Out of band, each
window will act as a blackbody source on a given stage, adding up to the temperature load. To
mitigate their impact, a set of metamaterial filters is added where relevant [132, 215], designed in
the same manner as discussed in Chapter III.2. The cryogenic setup is shown in Fig. V.2.9.

Figure V.2.9: CAD rendering of the cryostat, underlying the different temperature stages, associated
filters and sample position. The fabricated window was recently installed and can be seen on the photo-
graph, on the right hand side. Figure made with Solidworks and Inkscape by the author.
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Beam mapping of the MetaL prototype will be carried in the near future in Cardiff by Prof Simon
Doyle, Dr Tom Brien, Dr Ian Veenendaal and the author. Fig. V.2.10 shows the beam scanner
experimental setup designed alongside a photograph of the latest status of its installation in the
laboratory. Mapping will be done scanning an optical source in front of the cryostat window on
multiple planes normal to the OA. Adequate RAM coverage will surround the scan area. The
source considered may either be a blackbody or a Toptica coherent emitter [216] covering the full
bandwidth, chopped at a selected frequency. In both cases, the resulting difference between the
optical and the background power, modulated at the chopping frequency, is proportional to the
power transmitted (V.1.9) and the beam can thus be reconstructed.

Figure V.2.10: CAD model of the cold beam map setup, partially installed in the lab. Figure made
with Solidworks and Inkscape, and photography taken by Mr Gethin Robson.

V.2.4.2 Optical Sensitivity
The GR limit sensitivity of the optical detector NEPgr = 2.30aW (V.1.7) is calculated at 250mK,
the base temperature of the setup. Within the GR noise dominated region, the measured sensi-
tivity will drop as background photon noise adds in (V.1.9) (V.2.1), with the associated NEPbg.

NEPmeas =
√
NEP 2

gr +NEP 2
ph (V.2.1)

Considering that the laboratory is at room temperature T = 300K, that the pixel is fully illumi-
nated by the background light, of power Pbg = 414pW (V.1.8), and disregarding optical mismatch
for the current estimate, NEPbg = 1.87fW ≫ NEPgr is obtained (V.1.9) at the central frequency
ν = 90GHz for ∆ν = 50GHz, the operating bandwidth of the pixel, as discussed in Section V.1.4.
NEPbg dominates the detector sensitivity. It is known as the photon noise limit, effective maximal
sensitivity the detector can reach in the context of the experimental setup.
The Toptica source provides 2µW of power [216], corresponding to a shot noise limit of NEPsrc =
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155pW far above the photon noise limit. The detectors would in fact be saturated by such amount
of power so a Neutral Density (ND) filter or a LPF with a slow cut-off will be used to reduce
the optical power thus coupled. This short analysis illustrates that the detectors designed will
be photon-noise limited and can indeed be used for the beam scan devised in Section V.2.4.1.

The prototype pixel proposed, constituted of the MetaL coupled to a 4-branch planar sinuous
antenna transferring the incoming power to an optical KID via a matching microstrip network
architecture, is simulated end-to-end. The present analysis indicates that such design is broadband
and offers excellent optical performances. With the lenslet at hand and the detector chip currently
being fabricated, the experimental characterisation discussed above will constitute a decisive step
in proving the MetaL concept for CMB applications.
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Conclusion
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To look as far as the technology can reach, to push the capabilities of the instruments further and
in doing so, catch the faintest of primordial photons, grasp the precise details of the very first
picture of the Universe.

A humble contribution to advance the FPUs design of modern and future instruments aiming at
mapping the CMB was presented in this thesis, inscribed within the community broader effort too
catch the B-mode polarisation faint signals and characterise the contaminating foregrounds to clear
out the dynamics of the creation and early evolution of the Universe.

Through a review of the current depiction of the CMB, it was underlined that the cosmological
parameters of the ΛCDM model, the contemporary framework for Cosmology depicting the Uni-
verse constituents and dynamics, at the base of the Big Bang paradigm, are fully constrained by
the power spectra Cℓ of the temperature and polarisation signals. After decades of investigations,
dated back from COBE, the TT, EE and TE power spectra are presently well defined over a large
ℓ span, resulting in an estimation of most of the cosmology parameters with around 1% error.
Amongst a few other parameters, the tensor to scalar ratio r of the density versus primordial grav-
itational wave fluctuations is not yet constrained but currently set to a higher limit at r < 10−2.
This ratio sets the conditions of an inflationary scenario in the early Universe. However, the B-
mode polarisation signals, signature of the primordial gravitational waves, are very faint, orders of
magnitude below that of the temperature map. Modern and future experiments aim at observing
these signals at low ℓ with a matching sensitivity to set a new constraint, at least an order of mag-
nitude below. Furthermore, the opposite end of the angular scales, over ℓ = 1100, lays information
on the late time Universe constituents and evolution, large scale structures seeding and formation.
Galactic and extra-galactic foregrounds overlay the already faint signals, and must be accurately
accounted for. To validate the ΛCDM model, or improve the current uncertainties it is set at, pre-
cision measurements of the CMB polarisation signals at high sensitivities for both ℓ < 200 and
ℓ > 1100 are required.

These objectives call for considerable technological advances in instrumentation. Modern and com-
ing experiments must provide high throughput in the bandwidths of interest, calling for pristine
optics offering optimal power coupling from the sky to the FPU whilst ensuring efficient out of
band rejection on one hand, and for a large number of densely packed, highly sensitive detectors
on the other hand. A telescope angular response, polarisation properties, bandwidth and tempera-
ture sensitivity are of the highest importance to measure CMB signals accurately and are strongly
defined by the FPU. Reviewing the current technological developments made in this area, various
options were discussed. Directly coupled detectors offer the largest number of packable detectors,
is easily scalable, and provides high throughput and fast mapping at a low cost. However, as the
detectors are directly illuminated, their beam is poorly constrained, their sensitivities is hindered
and stray light becomes a problem. Coherently summed hierarchical arrays result in the lowest
illuminated focal area and still suffers from stray light. Yet, the technology improves the sensitivity
of the instrument by efficiently coupling power through the antennas and is embedded in Silicon.
The fabrication techniques are thus scalable and straightforwardly compatible with the detector
plane with no shrinkage, thus no differential shifts of the optics with respect to the detectors in
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a cold environment. A more traditional approach is to use Silicon platelet horn antennas, where
the smooth conical walls are etched through a number of wafers, stacked together. This alternative
offers an elegant trade-off between beam coupling efficiency and beam systematics control in an ar-
ray directly compatible with the detector plane. However, the fabrication process is more involved
both in terms of time and costs and may be harder to scale up. A final alternative are the planar
antennas coupled to lenslet arrays, where a pair of detectors is coupled to a dual-polarisation sensi-
tive, broadband planar sinuous antenna, fed by an hyper-hemispherical lenslet. The latter consists
of an extended hemisphere made of Silicon, covered with an ARC dome either sputtered or glued
upon. The antenna coupled lenslets constitutes an attractive trade-off between pixel spacing, F
and optical efficiency, still permitting high mapping speeds. If the fabrication is simpler than that
of platelet horns, obtaining a smooth hemispherical surface stays challenging and not cost effective.
They also suffer from stray light and there is a differential thermal shrinkage of the ARC.

Of the various candidate discussed, SO and LiteBIRD decided to keep traditional horn antenna
arrays and implement a few antenna-coupled lenslet array based FPUs to push forward the de-
velopment of this technology, now demonstrated in POLARBEAR2 and other recent instruments.
The MetaL concept, inspired from the hyper-hemispherical lenslet, is based on metamaterials, a
technology offering pristine control over the amplitude, phase and polarisation states of light waves.
A MetaL array would consist of an assembly of stacked Silicon wafers where the effective part of
the lenslets would be lithographed FSSs, reminiscent of Cardiff metal-mesh filters, a well proven
technology. This solution would be cost effective, scalable, planar and could integrate Silicon based
ARCs, tackling the challenges suffered by their hyper-hemispherical counterpart.

The MetaL concept requires various demonstrating steps before the technology reaches maturity.
The latest developments shown that a fully embedded lenslet array would require tens of ≃ 75µm
thick wafers of 100mm diameter, at best. Such array would be difficult to fabricate. While research
is ongoing to suitably design fully embedded devices, the present work proposed to analytically
and experimentally characterise a prototype device, matched to free-space instead of Silicon by
design. A full beam characterisation was conducted both in a set of electromagnetic simulations,
and experimentally, on a systematics limited optical test bed, warm. The measured beam was
compared to a simulated hyper-hemispherical counterpart, both in terms of optical characteristics
and via a benchmark CMB map convolution based analysis. Preliminary stages of a cold beam
holography measurement were further depicted, in particular, the design and fabrication of a com-
plete pixel, sensitive to a single polarisation and fully matched to free space, where a MetaL made
in Cardiff University is coupled to a sinuous antenna feeding a set of KIDs, resembling the pixel
design for SO and LiteBIRD.

The optical requirements for CMB instruments may vary for a given experiment. The beam map
of an integrated FPU should be put through an end-to-end pipeline to verify its performances
adequately. Nonetheless, estimated limits can be built upon existing specifications. It was thus
devised that the required gaussicity, namely the amount of power carried by the main lobe, should
be η0 > 95%; the differential gain between the two polarisation directions should be ∆g < 1%;
the beam asymmetry is given by its ellipticity, limited at E < 10%; and the amount of one polari-
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sation leaking to the other should be less than 1%. The warm beam measurements carried in the
present work shown that the MetaL prototype radiates a near symmetrical Gaussian beam with
cross-polarisation levels below −21dB and a differential gain of ∆g = 0.2%, in line with the CMB
instrumental requirements, and comparable to its hyper-hemispherical lenslet counterpart, demon-
strating the potential suitability of the MetaL concept as a focal optics for future experiments.
In this context, a pixel design coupling the lenslet to a detector set in a similar manner as is done
for SO and LiteBIRD constitutes the next step devised to prove the MetaL concept. KIDs were
chosen for such coupling as they are an ultra-sensitive superconducting technology with a high
multiplexing ratio, fully suited for the large scale focal planes required for CMB experiments. The
pixel is constituted of the prototyped MetaL, coupled to a 4-branch planar sinuous antenna trans-
ferring the incoming power to a KID via a microstrip line through a combination of matching
filters with a phase coupler. This design is inherently broadband, impedance matched and dual-
polarised. Throughout the operating bandwidth, the simulated far-field pattern of the antenna-
coupled lenslet offers excellent optical performances. Its gaussicity is 99%, the ellipticity is at a
net 0% and the directivity is at 17.67 dBi with no gain differential. The cross-polarisation and side-
lobe levels are below −20 dB, ensuring minimal polarisation leakage and spillover respectively. The
preparatory steps for a cold beam holography measurement procedure were laid out in this work,
which should confirm the simulated performance of this pixel design. Upon demonstrated coupling,
such pixel could be readapted to conduct on-chip spectroscopy.
Hopes and efforts are directed towards taking a glimpse at the large scale mechanisms and the
finer details of the CMB polarisation. To this end, a number of new instruments are currently
being deployed or under development, such as SO and LiteBIRD, which requires pristine optical
quality. Accent is made on systematics limited, cost-effective and compact solutions. Standing
amongst other technology developments, this thesis presented a proof of concept for the MetaL. It
was shown that this focal optics offers adequate optical performances for CMB instruments and
other potential millimetre, sub-millimetre and far infra-red applications, in a comparable manner
to the existing and demonstrated hyper-hemispherical lenslet. Progress is made on the adaptation
of the MetaLs concept to transfer the technology to a Silicon-embedded variation, which would
offer immediate scalability and efficient direct coupling with detector planes. To further demon-
strate this lenslet capability, an air-gapped prototype was readapted and fabricated for coupling
with KIDs through a dedicated antenna and matching network architecture. Whilst the design was
finalised, the fabrication of the pixel thus devised is still ongoing. Future plan for the experimental
characterisation of the optical coupling capabilities of the MetaL were overlaid.
Through the present comprehensive depiction and characterisation of the MetaL concept, it is the
author’s hope that the answer of the Scholar was given, whilst that of the Poet was the reader’s
companion through subtle accompanying sparkles of not so imaginary tales...
... to reach a deeper focus on the primordial Universe.
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Acronyms

ΛCDM Λ Cold Dark Matter.

ACT Atacama Cosmology Telescope.
ADS Advanced Design System.
ANSYS-HFSS ANSYS High Frequency Structure Simulator.
ARC Anti-Reflection Coating.
ATRAN Atmospheric TRANsmission.

BAO Baryonic Acoustic Oscillations.
BICEP Background Imaging of Cosmic Extragalactic Polarization.
BPF Band-Pass Filter.
BUG Backshort Under Grid.

CAD Computer Assisted Design.
CAMB Code for Anisotropies in the Microwave Background.
CMB Cosmic Microwave Background.
COBE COsmic Background Explorer.
CPW Co-Planar Waveguide.

DAC Digital-to-Analogue Conversion.
DES Dark Energy Survey.
DLFOV Diffraction-Limited Field Of View.
DRIE Deep Reactive Ion Etch.
DUT Device Under Test.

EBPVD Electron-Beam Physical Vapor Deposition.

FDM Frequency-Division Multiplexing.
FEBeCoP Fast Effective Beam Convolution in Pixel space.
FEM Finite Element Method.
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FFT Fast Fourier Transform.
FIR Far Infra-Red.
FOV Field Of View.
FPU Focal Plane Unit.
FSS Frequency Selective Surface.
FWHM Full Width Half Maximum.

GR Generation-Recombination.
GUT Grand Unified Theory.

HDPE High Density Poly-Ethylene.
HFI High Frequency Instrument.
HFT High Frequency Telescope.
HPF High-Pass Filter.
HWP Half-Wave Plate.

ICP Inductively Coupled Plasma.
ICS Institute for Compound Semiconductors.
IDC Inter-Digital Capacitor.
IF Intermediate Frequency.
IFFT Inverse Fast Fourier Transform.
IPA Isopropyl-Alcohol.
IQ In-phase/Quadrature.

JAXA Japan Aerospace Exploration Agency.

KID Kinetic Inductance Detector.

LAT Large Aperture Telescope.
LATR Large Aperture Telescope Receiver.
LeKID Lumped-element Kinetic Inductance Detector.
LFT Low Frequency Telescope.
LGB Laguerre-Gaussian Beam.
LiteBIRD Lite satellite for the study of B-mode polarization and Inflation from cosmic back-

ground Radiation Detection.
LNA Low Noise Amplifier.
LO Local Oscillator.
LOS Line Of Sight.
LPCVD Low Pressure Chemical Vapour Deposition.
LPF Low-Pass Filter.

MCMC Markov Chain Monte Carlo.
MetaL Metamaterial-based Lenslet.
MFT Medium Frequency Telescope.
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MS Microstrip.
MUX Multiplexing.

ND Neutral Density.
NEP Noise Equivalent Power.
NET Noise Equivalent Temperature.
NIKA2 Néel IRAM KIDs Array.
NIST National Institute of Science & Technology.
NMP N-Methyl-2-Pyrrolidone.

OA Optical Axis.
OMT Ortho-Mode Transducer.
OT Optics Tube.

PEI PolyEtherImide.
PIPER Primordial Inflation Polarization Explorer.
PLL Phase-Locked Loop.
POLARBEAR Polarization of Background Radiation.
PSD Power Spectral Density.
PTC Pulse Tube Cryocooler.

QUBIC Q&U Bolometric Interferometer for Cosmology.

RAM Radiation Absorbent Material.
RF Radio Frequency.
RIE Reactive Ion Etch.
RMS Root Mean Square.
Rx Receiver.

SAT Small Aperture Telescope.
SMC Scottish Microelectronics Centre.
SNR Signal-to-Noise Ratio.
SO Simons Observatory.
SPIDER Suborbital Polarimeter for Inflation Dust and the Epoch of Reionisation.
SPT South Pole Telescope.
SQUID Superconducting Quantum Interference Device.
SRR Split-Ring Resonator.
SZ Sunyaev-Zeldovich.

TDM Time-Division Multiplexing.
TEM Transverse Electro-Magnetic.
TES Transition Edge Sensor.
TK Thomas Keating.
TL Transmission Line.
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TLS Two Level System.
TOAST Time Ordered Astrophysics Scalable Tools.
TOD Time Ordered Data.
Tx Transmitter.

VNA Vector Network Analyser.
VPM Variable-delay Polarization Modulator.

WMAP Wilkinson Microwave Anisotropy Probe.
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A. Cl from Planck 2018

Figure A.1: DT T,EE,BB
ℓ , top to bottom, and DT E

ℓ , from the 2018 release of result analysis of the
Planck mission.
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B. GBeam Python Class

Here follows a reduced version of the Python code at the base of the LGB decomposition and
fitting procedure used to post-process beams simulated in ANSYS-HFSS or measured throughout
this work.

’’’

Created on 20 April 2019

@author: Mr Thomas Gascard

Aim: Give a Laguerre-Gaussian Beam description usable for fitting experimental data or

generate a Gaussian beam.

’’’

import numpy as np

from scipy import integrate

from scipy.special import laguerre, j0, j1

import scipy.constants as sc

from lmfit import Model

class gBeam():

"""

.. versionadded:: 1.1

Give a Laguerre-Gaussian Beam description

"""

def __init__(self, f, z, w0):

"""

Initialisation of the gBeam class
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:param f: Frequency of the beam

:param z: Distance at which the beam is described from its phase centre, in m

:param w0: Beam waist, in m

:type f: float

:type z: float

:type w0: float

:return None

"""

self.raw = True

self.f = f

self.z = z

self.w0 = w0

def calculate_fEvars(self, th, p):

"""

Calculate the characteristics of the beam

:param th: Angular span of the beam

:param p: Order of the mode of concern

:type th: array of floats

:type p: int

:return lmb: Wavelength, in m

:return k: Wave number

:return w: Beam width, in m

:return R: Beam radius, in m

:return r: Array of transversal radii corresponding to the azimutal (theta) range

at z, in m

:return u: Transversal diameter fraction

:return phi0: Phase, in rad

:return Pn: Laguerre ordinary polynomial of order p function

:return Lu: Array of Laguerre ordinary polynomial of order p calculated for u

:rtype lmb: float

:rtype k: float

:rtype w: float

:rtype R: float

:rtype r: array of floats

:rtype u: array of floats

:rtype phi0: float

:rtype Pn: method

:rtype Lu: array of floats

158 Appendix B. GBeam Python Class



"""

lmb = sc.c/(self.f*10**9)

k = 2*np.pi/lmb

w = self.w0*np.sqrt(1 + (lmb*self.z/(np.pi*(self.w0**2)))**2)

R = self.z + (1/self.z)*((np.pi*(self.w0**2)/lmb)**2)

r = R*np.sin(th*np.pi/180.)

u = (2*r**2/w**2)

phi0 = np.arctan(lmb*self.z/(np.pi*self.w0**2))

Pn = laguerre(p)

Lu = Pn(u)

th0 = np.arctan(lmb*np.sqrt(2*np.log(2))/(2*np.pi*self.w0))

return lmb, k, w, R, r, u, phi0, Pn, Lu

def calculate_fEvars_aperture(self, th, w, R, p, hwhm):

"""

Calculate the characteristics of the beam in the case of a circular aperture

:param th: Angular span of the beam

:param w: Beam width, in m

:param R: Beam radius, in m

:param p: Order of the mode of concern

:param hwhm: Beam waist, in m

:type th: array of floats

:type w: float

:type R: float

:type p: int

:type hwhm: float

:return wl: Wavelength, in m

:return k: Wave number

:return z: Distance at which the beam is described/observed in m

:return w0: Beam waist, in m

:return r: Array of transversal radii corresponding to the azimutal (theta) range

at z, in m

:return u: Transversal diameter fraction

:return phi0: Phase, in rad

:return Pn: Laguerre ordinary polynomial of order p function

:return Lu: Array of Laguerre ordinary polynomial of order p calculated for u

:rtype wl: float

:rtype k: float

:rtype w: float

:rtype R: float

:rtype r: array of floats
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:rtype u: array of floats

:rtype phi0: float

:rtype Pn: method

:rtype Lu: array of floats

"""

wl = sc.c/(self.f*10**9)

k = 2*np.pi/wl

z = R/(1 + (wl*R/(np.pi*w**2))**2)

w0 = hwhm

r = R*np.sin(th*np.pi/180.)

u = (2*r**2/w**2)

phi0 = np.arctan(wl*z/(np.pi*w0**2))

Pn = laguerre(p)

Lu = Pn(u)

return wl, k, z, w0, r, u, phi0, Pn, Lu

def calculate_Ap(self, alpha, Phip):

"""

Calculate the complex amplitude of the p-th mode in a genrral form

:param alpha: Maximal amplitude of the p-th mode

:param Phip: Gouy Phase of the p-th mode, in rad

:type alpha: float

:type Phip: float

:return Ap: Complex amplitude of the p-th mode

:rtype Ap: complex float

"""

Ap = alpha*np.exp(-1j*Phip)

return Ap

def calculate_Ap_aperture(self, th, w, R, alpha, Phip, p):

"""

Calculate the complex amplitude of the p-th mode in the case of a circular aperture

:param th: Angular span of the beam

:param w: Beam width at the distance z, in m

:param R: Beam radius at the dcistance z, in m

:param alpha: Maximal amplitude of the p-th mode

:param Phip: Gouy Phase of the p-th mode, in rad

160 Appendix B. GBeam Python Class



:param p: Order of the mode of concern

:type th: array of floats

:type w: float

:type R: float

:type alpha: float

:type Phip: float

:type p: int

:return Ap: Complex amplitude of the p-th mode

:rtype Ap: complex float

"""

wl = sc.c/(self.f*10**9)

w0 = w/np.sqrt(1 + (np.pi*w**2/(wl*R))**2)

z = R / (1+(wl*R/(np.pi*w**2)**2))

ra_stp = 1/(len(th)-1)

ra = np.arange(0,1+ra_stp, ra_stp)

Pn = laguerre(p)

Lr = Pn(alpha**2*ra**2)

phi0 = np.arctan(-z*wl/(np.pi*w0**2))

th_Ap = (2*p+1)*phi0 + Phip

Ap = (4*alpha)*integrate.trapz(ra*j0(2.4048*ra)*Lr*np.exp(-((alpha*ra)**2)/2), x =

ra)*np.exp(-1j*th_Ap)

return Ap

def eGp(self, th, p):

"""

Calculate the complex LGB field of p-th order, non weighed by diffraction effects

:param th: Azimutal range, in rad

:param p: Order of the LGB

:type alpha: array of floats

:type Phip: int

:return eGp: Complex LGB field of the p-th mode

:rtype eGp: complex float

"""

fEvars = self.calculate_fEvars(th, p)

lmb = fEvars[0]

k = fEvars[1]

w = fEvars[2]

R = fEvars[3]

r = fEvars[4]

161



phi0 = fEvars[6]

Lu = fEvars[8]

eGp = np.sqrt(2/(np.pi*(w**2)))*Lu*np.exp(-((r/w)**2) -1j*(np.pi*r**2/(lmb*R) +

k*self.z - (2*p+1)*phi0))

return eGp

def eGp_aperture(self, th, w, R, p, hwhm):

"""

Calculate the complex LGB field of p-th order, non weighed by diffraction effects,

in the case of a circular aperture model

:param th: Azimutal range, in rad

:param w: Beam width, in m

:param R: Beam radius, in m

:param p: Order of the mode of concern

:param hwhm: Beam waist, in m

:type th: array of floats

:type w: float

:type R: float

:type p: int

:type hwhm: float

:return eGp: Complex LGB field of the p-th mode

:rtype eGp: complex float

"""

fEvars = self.calculate_fEvars_aperture(th, w, R, p, hwhm)

wl = fEvars[0]

z = fEvars[2]

r = fEvars[4]

phi0 = fEvars[6]

Lu = fEvars[8]

eGp = np.sqrt(2/(np.pi*w**2))*Lu*np.exp(-(r/w)**2 -1j*(np.pi*r**2/(wl*R) -

(2*p+1)*phi0))

return eGp

def fEN(self, fEc):

"""

Calculate the complex LGB field of p-th order

:param fEc: Complex LGB field

:type fEc: array of complex floats

162 Appendix B. GBeam Python Class



:return np.real(np.conj(fEc)*fEc): Real LGB field of the input LGB field

:rtype np.real(np.conj(fEc)*fEc): array of floats

"""

return np.real(np.conj(fEc)*fEc)

def eLGp0(self, th, alpha0, Phi0):

"""

Calculate the complex LGB field of 0-th order, weighed by diffraction effects

:param th: Azimutal range, in rad

:param alpha0: Maximal amplitude of the 0-th mode

:param Phi0: Gouy Phase of the 0-th mode, in rad

:type th: array of floats

:type alpha0: float

:type Phi0: float

:return eLGp0: Complex LGB field of order 0

:rtype eLGp0: array of complex floats

"""

eG0 = self.eGp(th, 0)

A0 = self.calculate_Ap(alpha0, Phi0)

eLGp0 = self.fEN(A0*eG0)

return eLGp0

def eLGp1(self, th, alpha0, Phi0, alpha1, Phi1):

"""

Calculate the complex LGB field with mode contributions up to the 1st order,

weighed by diffraction effects

:param th: Azimutal range, in rad

:param alpha0: Maximal amplitude of the 0-th mode

:param Phi0: Gouy Phase of the 0-th mode, in rad

:param alpha1: Maximal amplitude of the 1st mode

:param Phi1: Gouy Phase of the 1st mode, in rad

:type th: array of floats

:type alpha0: float

:type Phi0: float

:type alpha1: float

:type Phi1: float

:return eLGp1: Complex LGB field of order 1

:rtype eLGp1: array of complex floats
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"""

eG0 = self.eGp(th, 0)

eG1 = self.eGp(th, 1)

A0 = self.calculate_Ap(alpha0, Phi0)

A1 = self.calculate_Ap(alpha1, Phi1)

eLGp0 = A0*eG0

eLGp1 = A1*eG1

eLGp1 = self.fEN(eLGp0 + eLGp1)

return eLGp1

def eLGp2(self, th, alpha0, Phi0, alpha1, Phi1, alpha2, Phi2):

"""

As eLGp1, up to the 2d order...

"""

eG0 = self.eGp(th, 0)

eG1 = self.eGp(th, 1)

eG2 = self.eGp(th, 2)

A0 = self.calculate_Ap(alpha0, Phi0)

A1 = self.calculate_Ap(alpha1, Phi1)

A2 = self.calculate_Ap(alpha2, Phi2)

eLGp0 = A0*eG0

eLGp1 = A1*eG1

eLGp2 = A2*eG2

eLGp2 = self.fEN(eLGp0 + eLGp1 + eLGp2)

return eLGp2

def eLGp3(self, th, alpha0, Phi0, alpha1, Phi1, alpha2, Phi2, alpha3, Phi3):

"""

As eLGp1, up to the 3d order...

"""

eG0 = self.eGp(th, 0)

eG1 = self.eGp(th, 1)

eG2 = self.eGp(th, 2)

eG3 = self.eGp(th, 3)

A0 = self.calculate_Ap(alpha0, Phi0)

A1 = self.calculate_Ap(alpha1, Phi1)

A2 = self.calculate_Ap(alpha2, Phi2)

A3 = self.calculate_Ap(alpha3, Phi3)
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eLGp0 = A0*eG0

eLGp1 = A1*eG1

eLGp2 = A2*eG2

eLGp3 = A3*eG3

eLGp3 = self.fEN(eLGp0 + eLGp1 + eLGp2 + eLGp3)

return eLGp3

def eLGp4(self, th, alpha0, Phi0, alpha1, Phi1, alpha2, Phi2, alpha3, Phi3, alpha4,

Phi4):

"""

As eLGp1, up to the 4th order...

"""

eG0 = self.eGp(th, 0)

eG1 = self.eGp(th, 1)

eG2 = self.eGp(th, 2)

eG3 = self.eGp(th, 3)

eG4 = self.eGp(th, 4)

A0 = self.calculate_Ap(alpha0, Phi0)

A1 = self.calculate_Ap(alpha1, Phi1)

A2 = self.calculate_Ap(alpha2, Phi2)

A3 = self.calculate_Ap(alpha3, Phi3)

A4 = self.calculate_Ap(alpha4, Phi4)

eLGp0 = A0*eG0

eLGp1 = A1*eG1

eLGp2 = A2*eG2

eLGp3 = A3*eG3

eLGp4 = A4*eG4

eLGp4 = self.fEN(eLGp0 + eLGp1 + eLGp2 + eLGp3 + eLGp4)

return eLGp4

def eLGp5(self, th, alpha0, Phi0, alpha1, Phi1, alpha2, Phi2, alpha3, Phi3, alpha4,

Phi4, alpha5, Phi5):

"""

As eLGp1, up to the 5th order...

"""

eG0 = self.eGp(th, 0)

eG1 = self.eGp(th, 1)

eG2 = self.eGp(th, 2)

eG3 = self.eGp(th, 3)
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eG4 = self.eGp(th, 4)

eG5 = self.eGp(th, 5)

A0 = self.calculate_Ap(alpha0, Phi0)

A1 = self.calculate_Ap(alpha1, Phi1)

A2 = self.calculate_Ap(alpha2, Phi2)

A3 = self.calculate_Ap(alpha3, Phi3)

A4 = self.calculate_Ap(alpha4, Phi4)

A5 = self.calculate_Ap(alpha5, Phi5)

eLGp0 = A0*eG0

eLGp1 = A1*eG1

eLGp2 = A2*eG2

eLGp3 = A3*eG3

eLGp4 = A4*eG4

eLGp5 = A5*eG5

eLGp0_sub = self.fEN(eLGp0)

eLGp1_sub = self.fEN(eLGp1)

eLGp2_sub = self.fEN(eLGp2)

eLGp3_sub = self.fEN(eLGp3)

eLGp4_sub = self.fEN(eLGp4)

eLGp5_sub = self.fEN(eLGp5)

eLGp5 = self.fEN(eLGp0 + eLGp1 + eLGp2 + eLGp3 + eLGp4 + eLGp5)

return eLGp5

def eLGp5_aperture(self, th, w, R, alpha0, Phi0, alpha1, Phi1, alpha2, Phi2, alpha3,

Phi3, alpha4, Phi4, alpha5, Phi5):

"""

As eLGp1, up to the 5th order, considering diffraction effects from a circular

aperture...

.. note:: May be extended to higher orders

"""

hwhm = self.w0

eG0 = self.eGp_aperture(th, w, R, 0, hwhm)

eG1 = self.eGp_aperture(th, w, R, 1, hwhm)

eG2 = self.eGp_aperture(th, w, R, 2, hwhm)

eG3 = self.eGp_aperture(th, w, R, 3, hwhm)

eG4 = self.eGp_aperture(th, w, R, 4, hwhm)

eG5 = self.eGp_aperture(th, w, R, 5, hwhm)

A0 = self.calculate_Ap_aperture(th, w, R, alpha0, Phi0, 0)

A1 = self.calculate_Ap_aperture(th, w, R, alpha1, Phi1, 1)

A2 = self.calculate_Ap_aperture(th, w, R, alpha2, Phi2, 2)
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A3 = self.calculate_Ap_aperture(th, w, R, alpha3, Phi3, 3)

A4 = self.calculate_Ap_aperture(th, w, R, alpha4, Phi4, 4)

A5 = self.calculate_Ap_aperture(th, w, R, alpha5, Phi5, 5)

eLGp0 = A0*eG0

eLGp1 = A1*eG1

eLGp2 = A2*eG2

eLGp3 = A3*eG3

eLGp4 = A4*eG4

eLGp5 = A5*eG5

eLGp5 = self.fEN(eLGp0 + eLGp1 + eLGp2 + eLGp3 + eLGp4 + eLGp5)

return eLGp5

def edge_taper(self, r_a, w):

"""

Calculate the edge taper of a circular aperture for a beam with a given width

:param r_a: Aperture radius, in m

:param w: Beam width, in m

:type r_a: float

:type w: float

:return Te: Edge taper

:rtype Te: float

"""

we = w/np.sqrt(2*np.log(2))

Te = np.exp(-2*((r_a/we)**2))

return Te

def edge_taper_from_z(self, r_a, z):

"""

Calculate the edge taper of a circular aperture for a beam at a given distance z

:param r_a: Aperture radius, in m

:param z: Distance from beam phase centre, in m

:type r_a: float

:type z: float

:return Te: Edge taper

:rtype Te: float

"""

lmb = sc.c/(self.f*10**9)
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w = self.w0*np.sqrt(1 + (lmb*z/(np.pi*(self.w0**2)))**2)

we = w/np.sqrt(2*np.log(2))

Te = np.exp(-2*((r_a/we)**2))

return Te, w

def eGp0N_init(self, th, w, R, hwhm):

"""

Calculate the real 0th order LGB field, non weighed by diffraction effects

:param th: Azimutal range, in rad

:param w: Beam width, in m

:param R: Beam radius, in m

:param hwhm: Beam waist, in m

:type th: array of floats

:type w: float

:type R: float

:type hwhm: float

:return eGp0N: real 0th order LGB field

:rtype eGp0N: array of floats

"""

return self.fEN(self.eGp_aperture(th, w, R, 0, hwhm))

def lgb0_fit_aperture(self, a, theta_fit, field_to_fit, w, R):

"""

Example fit of a 0th order LGB field, weighed by diffraction effects from a

circular aperture

:param a: Aperture diameter, in m

:param theta_fit: Azimutal range, in rad

:param field_to_fit: Beam radius, in m

:param w: Beam width, in m

:param R: Beam radius, in m

:type a: float

:type theta_fit: array of floats

:type field_to_fit: array of floats

:type w: float

:type R: float

:return fit0: Fitted real 0th order LGB field

:return alpha0_fit: Corresponding amplitude of the diffraction field contribution

:return Phi0_fit: Corresponding gouy phase of the diffraction field contribution

:return w: Fitted w
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:return R: Fitted R

:rtype fit0: array of floats

:rtype alpha0_fit: float

:rtype Phi0_fit: float

:rtype w: float

:rtype R: float

.. note:: May be extended to higher orders

"""

hwhm = self.w0

modelG0_init = Model(self.eGp0N_init, independent_vars=["th", "hwhm"])

params0 = modelG0_init.make_params(w = w, R= R)

params0["w"].set(min=0.0001*a)

params0["R"].set(min=0.0001*a)

res0_init = modelG0_init.fit(field_to_fit, params0, th = theta_fit, hwhm = hwhm)

w = res0_init.best_values["w"]

R = res0_init.best_values["R"]

model0 = Model(self.eLGp0_aperture, independent_vars=["th", "w", "R", "hwhm"])

params0 = model0.make_params(alpha0 = 1, Phi0 = 0)

res0 = model0.fit(field_to_fit, params0, th = theta_fit, w = w, R = R, hwhm = hwhm)

rsq0 = 1 - res0.residual.var() / np.var(field_to_fit)

fit0 = res0.best_fit

alpha0_fit = res0.best_values["alpha0"]

Phi0_fit = res0.best_values["Phi0"]

return fit0, alpha0_fit, Phi0_fit, w, R

def lgb0_fit(self, theta_fit, field_to_fit):

"""

Example fit of a 0th order LGB field, weighed by diffraction effects

:param theta_fit: Azimutal range, in rad

:param field_to_fit: Beam radius, in m

:type theta_fit: array of floats

:type field_to_fit: array of floats

:return fit0: Fitted real 0th order LGB field

:return alpha0_fit: Corresponding amplitude of the diffraction field contribution

:return Phi0_fit: Corresponding gouy phase of the diffraction field contribution

:rtype fit0: array of floats

:rtype alpha0_fit: float

:rtype Phi0_fit: float
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.. note:: May be extended to higher orders

"""

hwhm = self.w0

model0 = Model(self.eLGp0, independent_vars=["th"])

params0 = model0.make_params(alpha0 = 1., Phi0 = 0.)

res0 = model0.fit(field_to_fit, params0, th = theta_fit)

rsq0 = 1 - res0.residual.var() / np.var(field_to_fit)

fit0 = res0.best_fit

alpha0_fit = res0.best_values["alpha0"]

Phi0_fit = res0.best_values["Phi0"]

return fit0, alpha0_fit, Phi0_fit
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C. PhaseEngin Python Class

Here follows the Python code used to establish a similar approach to the phase engineering design
method used to create the MetaL prototype discussed in this work.

’’’

Created on 27 May 2020

@author: Mr Thomas Gascard

Aim: From an input phase profile and frequency band:

- determine suitable unite-cell size,

- discretise the profile,

- resolve a TL model for each column.

Notes:

’’’

### Imports ###

import numpy as np

import cmath

import scipy.constants as sc

from sphinx.util import ws_re

from plotly.subplots import make_subplots

import pandas as pd

from scipy.interpolate import interp1d

### Class Definition ###

class PhaseEngin:

"""

.. versionadded:: 0.1
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Provides a set of functions to establish e slice of the lens geometry.

"""

def __init__(self):

self.c = sc.c

####################

def find_g(self, bandf, trs_lim, safeg = True):

"""

Determine the optimal unit-cell size for a given frequency band-stop.

:param bandf: Frequency band [GHz]

:param trs_lim: Transmissivity threshold

:type bandf: numpy array

:type trs_lim: float

:return : ?

:rtype : ?

.. note::

"""

valid = True

i = 0; j = 0

flim = np.arange(1,10)*bandf[-1] # k = 1,2,3... * banf[-1]

lmb_lim = sc.c/flim

g_arr = np.linspace(0.,1.5*lmb_lim)

while i < len(g_arr) and valid:

g = g_arr[i]

a = 0.9*g # ~ Worst case scenario

while j < len(flim) and valid:

[lmb, Z0, DPhi, tau2N] = self.patch_freq_response(bandf, a, g)

if tau2N >= trs_lim:

valid = False

print("Unit-cell size found!")

j = j + 1

i = i + 1

if safeg:

g = 0.8*g
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return g

####################

def patch_band_response_ulrich(self, bandf, a, g):

"""

Provides the characteristic impedance, phase shift and transmittnce of a

geometrically defined patch over a frequency band.

:param bandf: Frequency band [GHz]

:param a: Half-gap between patches = k*g, k in [0,1]

:param g: Unit-cell size [m]

:type bandf: numpy array

:type a: float

:type g: float

:return z0: Patch iImpedance in Ohm

:return DPhi: Phase shift operated by the patch

:return tau2N: Trasmittance of the patch

:rtype z0: float

:rtype DPhi: float

:rtype tau2N: float

.. note::

"""

lmb = sc.c/(bandf*10**9)

kappa0 = 1 - 0.27*(a/g)

kappa = g/lmb

omega = (kappa/kappa0) - (kappa0/kappa)

Z0 = 1/( 2*np.log(1/np.sin(np.pi*a/(2*g))) )

DPhi = np.pi - np.arctan((Z0*omega))

tau2N = (Z0*omega)**2/(1+(Z0*omega)**2)

return kappa, omega, Z0, DPhi, tau2N

####################

def patch_freq_response_ulrich(self, fop, a, g):

"""

Provides the characteristic impedance, phase shift and transmittance of a

geometrically defined patch over a frequency band.

:param fop: Operating frequency [GHz]

:param a: Half-gap between patches = k*g, k in [0,1]
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:param g: Unit-cell size [m]

:type fop: float

:type a: float

:type g: float

:return z0: Patch iImpedance in Ohm

:return DPhi: Phase shift operated by the patch

:return tau2N: Trasmittance of the patch

:rtype z0: float

:rtype DPhi: float

:rtype tau2N: float

.. note::

"""

lmb = sc.c/(fop*10**9)

kappa0 = 1 - 0.27*(a/g)

kappaN = g/lmb

omega = (kappaN/kappa0) - (kappa0/kappaN)

Z0 = 1/( 2*np.log(1/np.sin(np.pi*a/(2*g))) )

DPhi = np.pi - np.arctan((Z0*omega))

tau2N = (Z0*omega)**2/(1+(Z0*omega)**2)

return lmb, Z0, DPhi, tau2N

####################

def fss_response_lee(self, fop, a, g, n1, l1, patch = True):

"""

Provides the characteristic impedance, phase shift and transmittance of a

geometrically defined patch over a frequency band.

:param fop: Operating frequency [GHz]

:param a: Half-gap between patches = k*g, k in [0,1]

:param g: Unit-cell size [m]

:param n1: Admittance of the dielectric before the patch, equal to its

refractive index [None]

:param l1: Total width of layer(s) prior to the patch

:param patch: Flag selecting square "patch" or "wire" FSS

:type fop: float

:type a: float

:type g: float

:type n1: float

:type l1: float
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:type patch: boolean

:return DPhi: Phase shift operated by the patch

:return tau2N: Trasmittance of the patch

:return rho2N: Reflectance of the patch

:return S: Scattering matrix of the patch np.array([S11, S12, S21, S22])

:rtype DPhi: float

:rtype tau2N: float

:rtype rho2N: float

:rtype S: 2 x 2 np array

.. note::

"""

lmb = sc.c/(fop*10**9)/n1

k = 2*np.pi/lmb

beta = (1 - 0.41*(a/g))/(g/lmb)

Z0 = -1j*(beta-(1/beta))*( ((g/(g-(2*a)))+(0.5*(g/lmb)**2))/

np.log(1/np.sin(np.pi*a/(2*g))) )

Y0 = 1/Z0

if not(patch):

print("Wire !")

Y0 = Z0

Z0 = 1/Y0

tau0 = 1/(1+Y0)

rho0 = 1-tau0

tau2N = abs(tau0)

rho2N = 1-tau2N

DPhi = np.angle(tau0)

S = np.array([[tau0*(1-(rho0/tau0)**2) , (rho0/tau0)*np.exp(1j*2*k*l1)],

[(-rho0/tau0)*np.exp(-1j*2*k*l1), 1/tau0]])

tau0_S = S[0][0][:] - ((S[0][1][:]*S[1][0][:])/S[1][1][:])

tau2N_S = abs(tau0_S)

DPhi_S = np.angle(tau0_S)

return DPhi, tau2N, rho2N, S

####################

def fss_response_chen(self, fop, a, g, n1, l1, patch = True):

"""

Provides the characteristic impedance, phase shift and transmittance of a

geometrically defined patch over a frequency band.

:param fop: Operating frequency [GHz]
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:param a: Half-gap between patches = k*g, k in [0,1]

:param g: Unit-cell size [m]

:param n1: Admittance of the dielectric before the patch, equal to its

refractive index [None]

:param l1: Total width of layer(s) prior to the patch

:param patch: Flag selecting square "patch" or "wire" FSS

:type fop: float

:type a: float

:type g: float

:type n1: float

:type l1: float

:type patch: boolean

:return DPhi: Phase shift operated by the patch

:return tau2N: Trasmittance of the patch

:return rho2N: Reflectance of the patch

:return S: Scattering matrix of the patch np.array([S11, S12, S21, S22])

:rtype DPhi: float

:rtype tau2N: float

:rtype rho2N: float

:rtype S: 2 x 2 np array

.. note::

"""

lmb = sc.c/(fop*10**9)/n1

k = 2*np.pi/lmb

Z0 = ((-1j)**2) * np.sqrt( ((lmb/g)**2) - 1 ) * ( np.cos(np.pi*(g-(2*a))/g) /

(1-(2*(g-(2*a))/g)**2) )**2 - \

( 1/np.sqrt(((lmb/g)**2)-1) ) * ( np.sin(np.pi*(g-(2*a))/g) /

(np.pi*(g-(2*a))/g) )**2 + \

( np.sqrt((2*(lmb/g)**2)-1) ) - ( 1/np.sqrt((2*(lmb/g)**2)-1) ) * \

( ( np.cos(np.pi*(g-(2*a))/g) / (1-(2*(g-(2*a))/g)**2) )**2 ) * ( (

np.sin(np.pi*(g-(2*a))/g) / (np.pi*(g-(2*a))/g) )**2 )

Y0 = 1/Z0

if not(patch):

print("Wire !")

Y0 = Z0

Z0 = 1/Y0

tau0 = 1/(1+Y0)

rho0 = 1-tau0

tau2N = abs(tau0)

rho2N = 1-tau2N

DPhi = np.angle(tau0)
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S = np.array([[tau0*(1-(rho0/tau0)**2) , (rho0/tau0)*np.exp(1j*2*k*l1)],

[(-rho0/tau0)*np.exp(-1j*2*k*l1), 1/tau0]])

tau0_S = S[0][0][:] - ((S[0][1][:]*S[1][0][:])/S[1][1][:])

tau2N_S = abs(tau0_S)

DPhi_S = np.angle(tau0_S)

return DPhi, tau2N, rho2N, S

####################

def fss_response_ulrich(self, fop, a, g, n1, l1, patch = True):

"""

Provides the characteristic impedance, phase shift and transmittance of a

geometrically defined patch over a frequency band.

:param fop: Operating frequency [GHz]

:param a: Half-gap between patches = k*g, k in [0,1]

:param g: Unit-cell size [m]

:param n1: Admittance of the dielectric before the patch, equal to its

refractive index [None]

:param l1: Total width of layer(s) prior to the patch

:param patch: Flag selecting square "patch" or "wire" FSS

:type fop: float

:type a: float

:type g: float

:type n1: float

:type l1: float

:type patch: boolean

:return DPhi: Phase shift operated by the patch

:return tau2N: Trasmittance of the patch

:return rho2N: Reflectance of the patch

:return S: Scattering matrix of the patch np.array([S11, S12, S21, S22])

:rtype DPhi: float

:rtype tau2N: float

:rtype rho2N: float

:rtype S: 2 x 2 np array

.. note::

"""

lmb = sc.c/(fop*10**9)/n1

k = 2*np.pi/lmb

beta = (1 - 0.27*(a/g))/(g/lmb)

Z0 = -1j*(beta-(1/beta))*( 1 / np.log(1/np.sin(np.pi*a/(2*g))) )
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Y0 = 1/Z0

if not(patch):

print("Wire !")

Y0 = Z0

Z0 = 1/Y0

tau0 = 1/(1+Y0)

rho0 = 1-tau0

tau2N = abs(tau0)

rho2N = 1-tau2N

DPhi = np.angle(tau0)

S = np.array([[tau0*(1-(rho0/tau0)**2) , (rho0/tau0)*np.exp(1j*2*k*l1)],

[(-rho0/tau0)*np.exp(-1j*2*k*l1), 1/tau0]])

tau0_S = S[0][0][:] - ((S[0][1][:]*S[1][0][:])/S[1][1][:])

tau2N_S = abs(tau0_S)

DPhi_S = np.angle(tau0_S)

return DPhi, tau2N, rho2N, S

####################

def diel_response(self, fop, epsr, d, n1, l1):

"""

Provides the characteristic impedance, phase shift and transmittance of a

geometrically defined dielectric over a frequency band.

:param fop: Operating frequency/ies [GHz]

:param n: dielectric refractive index [None]

:param d: dielectric thickness [m]

:param n1: Admittance of the dielectric before the patch, equal to its

refractive index [None]

:param l1: Total width of layer(s) prior to the patch

:type fop: float / array of floats

:type n: float

:type d: float

:type n1: float

:type l1: float

:return gamma: Phase shift operated by the dielectric

:return tau2N: Trasmittance of the dielectric

:return rho2N: Reflectance of the dielectric

:return S: Scattering matrix of the patch np.array([S11, S12, S21, S22])

:rtype gamma: float

:rtype tau2N: float

:rtype rho2N: float

:rtype S: 2 x 2 np array
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.. note::

"""

lmb = sc.c/(fop*10**9)/n1

k = 2*np.pi/lmb

kp = k*np.sqrt(epsr)

r = (1-np.sqrt(epsr))/(1+np.sqrt(epsr))

tau0 = np.exp(1j*(k-kp)*d) * (1 - r**2)/(1 - (np.exp(-1j*2*kp*d)*r**2))

rho0 = np.exp(1j*k*d) * r*(1 - (np.exp(-1j*2*kp*d)))/(1 -

(np.exp(-1j*2*kp*d)*r**2))

tau2N = abs(tau0)

rho2N = 1- tau2N

DPhi = np.angle(tau0)

S = np.array([[tau0*(1-(rho0/tau0)**2) , (rho0/tau0)*np.exp(1j*2*k*l1)],

[(-rho0/tau0)*np.exp(-1j*2*k*l1), 1/tau0]])

return DPhi, tau2N, rho2N, S

def rought_estimate_n(self,rho2N):

"""

Estimates the refractive index of an element (FSS), assuming permeability of 1.

:param rho2N: Reflection coeffcicient of the element of concern

:type: float

:return n: Refractive index of the element

:rtype n: float

.. note::

"""

n = (rho2N-1)/(1+rho2N)

return n

####################

def make_column(self, patch, g, f_lim, fop, l_out, n_out, l_diel, n_diel, DPhi_obj,

DPhi_delta, N_lim, tau_lim):

"""

Generate a column of patches to reach the desired phase shift

:param patch: Flag selecting "square" patch or "wire" FSS

:param g: Unit-cell size [m]

:param f_lim: Frequency limit [GHz]

179



:param fop: Frequency band [GHz]

:param l_out: thickness of the top and bottom layer surrounding the column [m]

:param n_out: refractive index of the layer surrounding the column

:param l_diel: thickness of the dielectric embedding the column [m]

:param n_diel: refrective index of the dielectric embedding the column

:param DPhi_obj: Desired Phase shift [rad]

:param DPhi_delta: Desired Phase shift error [rad]

:param N_lim: Max # of layers, starting from layer 0

:param tau_lim: transmission lower limit

:type patch: boolean

:type g: float

:type f_lim: float

:type fop: numpy array of floats

:type l_out: float

:type n_out: float

:type l_diel: float

:type n_diel: float

:type DPhi_obj: float

:type DPhi_delta: float

:type Nlim: int

:type tau_lim: float

:return aN: Array of patch sizes

:return DPhi: Phase shift operated by the column

:return tau2N: Trasmittance of the column

:rtype aN: np array of floats

:rtype DPhi: float

:rtype tau2N: float

.. note::

"""

N = 0; valid = False; flag_break = False

DPhi = 0.; tau2N = 1.

a = np.linspace(1/100,1-1/100,99)*g

a = a[::-1]

a = np.atleast_3d(a)[0]

aN = np.array([])

n1 = n_out; l1 = 0.

S_N = np.ones((2,2, len(a), len(fop)))

S_N[0,1] = np.zeros(len(fop))

S_N[1,0] = np.zeros(len(fop))

S_diel = np.ones((2,2, len(a), len(fop)))

S_diel[0,1] = np.zeros(len(fop))

S_diel[1,0] = np.zeros(len(fop))
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while N <= N_lim and not(valid) and not(flag_break):

if N > 0:

n1 = n_diel

l1 = l1 + l_diel

S_N = np.repeat(S_N[:, :, np.newaxis], len(a), axis=2)

[DPhi_a, tau2N_a, rho2N_a, S_a] = self.fss_response_lee(fop, a, g, n1, l1,

patch)

if n_diel == 1.:

S_Na = np.einsum(’mnop,nqop->mqop’, S_a, S_N)

else:

print("Dielectric-Embedded!")

[DPhi_diel, tau2N_diel, rho2N_diel, S_diel] = self.diel_response(fop,

n_diel**2, l_diel, n_diel, l1)

S_diel = np.repeat(S_diel[:, :, np.newaxis], len(a), axis=2)

S_Na = np.einsum(’mnop,nqop->mqop’, np.einsum(’mnop,nqop->mqop’, S_a,

S_diel), S_N)

tau0 = S_Na[0,0] - ((S_Na[0,1]*S_Na[1,0])/S_Na[1,1])

tau2N = abs(tau0)

tau2N_sub = tau2N[:,:int(f_lim)]

tau2N_test = tau2N_sub[np.where((tau2N_sub > tau_lim).all(axis = 1))] # axis

= 1

DPhi = np.angle(tau0)

DPhi = np.unwrap(DPhi, axis=0)

DPhi_sub = DPhi[:,:int(f_lim)]

DPhi_test = DPhi_sub[np.where((tau2N_sub > tau_lim).all(axis = 1))] # axis = 1

if len(tau2N_test) == 0 or len(DPhi_test) == 0:

flag_break = True

print("tau limit too hard! Try reducing it, or the unit-cell size or the

dielectric thickness...")

test = np.logical_and( np.logical_and( abs(DPhi_test[:,-1]) <= abs(DPhi_obj)

+ DPhi_delta, abs(DPhi_test[:,-1]) >= abs(DPhi_obj) - DPhi_delta) ,

tau2N_test[:,-1] >= tau_lim )

idx_res = np.where(test)[0]

a_res = a[idx_res]

if not(flag_break):

if not(a_res.size == 0):

DPhi_print = DPhi[idx_res[0],int(f_lim)]

tau2N_print = tau2N[idx_res[0],int(f_lim)]

print("N = " + str(N) + ", a/g = " +

str(np.format_float_positional(100*a_res[0]/g, precision = 2)) +

"%, DPhi = " + str(np.format_float_positional(DPhi_print,

precision = 3)) + ", tau2N = " +
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str(np.format_float_positional(tau2N_print, precision = 3)))

aN = np.append(aN,a_res[0])

S_N = S_Na[:,:,idx_res[0]]

valid = True

print("Sucess!")

else:

test = (DPhi_test == DPhi_test.min()).any(axis = 1)

idx_res = np.where(test)[0]

DPhi_print = DPhi[idx_res[0],int(f_lim)]

tau2N_print = tau2N[idx_res[0],int(f_lim)]

a_res = a[idx_res]

print("N = " + str(N) + ", a/g = " +

str(np.format_float_positional(100*a_res[0]/g, precision = 2)) +

"%, DPhi = " + str(np.format_float_positional(DPhi_print,

precision = 3)) + ", tau2N = " +

str(np.format_float_positional(tau2N_print, precision = 3)))

aN = np.append(aN,a_res[0])

S_N = S_Na[:,:,idx_res[0]]

print("Defeat...")

N = N + 1

return aN, DPhi, tau2N

####################

def make_column_custom(self, patch, a, g, fop, n_init, l_init, l_diel, n_diel,

N_lim):

"""

Generate a column of patches to reach the desired phase shift

:param patch: Flag selecting "square" patch or "wire" FSSs

:param g: Unit-cell size [m]

:param f_lim: Frequency limit [GHz]

:param fop: Frequency band [GHz]

:param l_init: thickness of the top and bottom layer surrounding the column [m]

:param n_init: refractive index of the top and bottom layer surrounding the

column

:param l_diel: thickness of the dielectric embedding the column [m]

:param n_diel: refrective index of the dielectric embedding the column

:param DPhi_obj: Desired Phase shift [rad]

:param DPhi_delta: Desired Phase shift error [rad]

:param N_lim: Max # of layers, starting from layer 0

:param tau_lim: transmission lower limit
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:type patch: boolean

:type g: float

:type f_lim: float

:type fop: numpy array of floats

:type l_out: float

:type n_out: float

:type l_diel: float

:type n_diel: float

:type DPhi_obj: float

:type DPhi_delta: float

:type Nlim: int

:type tau_lim: float

:return aN: Array of patch sizes

:return DPhi: Phase shift operated by the column

:return tau2N: Trasmittance of the column

:rtype aN: np array of floats

:rtype DPhi: float

:rtype tau2N: float

.. note::

"""

N = 0

l_diel = l_diel/2 # centering

DPhi = 0.; tau2N = 1.

n1 = n_init; l1 = 0.

S_N = np.ones((2,2, len(fop)))

S_N[0,1] = np.zeros(len(fop))

S_N[1,0] = np.zeros(len(fop))

S_diel = np.ones((2,2, len(fop)))

S_diel[0,1] = np.zeros(len(fop))

S_diel[1,0] = np.zeros(len(fop))

while N <= N_lim: # + 1

if N == 0:

[DPhi_diel, tau2N_diel, rho2N_diel, S_diel] = self.diel_response(fop,

n_init**2, l_init*0.01, n_init, l_init)

S_N = np.einsum(’mno,nqo->mqo’, S_diel, S_N)

l1 = l1 + l_init

DPhi += DPhi_diel

if N > 0 and N <= N_lim:

n1 = n_diel

l1 = l1 + l_diel

[DPhi_a, tau2N_a, rho2N_a, S_a] = self.fss_response_lee(fop, a, g, n1,
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l1, patch)

DPhi += DPhi_a

if n_diel == 1.:

S_N = np.einsum(’mno,nqo->mqo’, S_a, S_N)

else:

[DPhi_diel, tau2N_diel, rho2N_diel, S_diel] = self.diel_response(fop,

n1**2, l_diel, n_diel, l1)

S_N = np.einsum(’mno,nqo->mqo’, np.einsum(’mno,nqo->mqo’, S_diel,

S_a), S_N)

DPhi += DPhi_diel

N = N + 1

tau0 = S_N[0,0] - ((S_N[0,1]*S_N[1,0])/S_N[1,1])

rho0 = - (S_N[1,0]/S_N[1,1])

tau2N = abs(tau0)

rho2N = 1 - tau2N

return DPhi, tau2N, rho2N

####################

def make_column_custom_filter(self, patches, a_s, g, fop, n_init, l_init, l_diel_s,

n_diel_s, N_lim):

"""

Generate a column of patches to reach the desired phase shift

:param patch: Flag selecting "square" patch or "wire" FSSs

:param g: Unit-cell size [m]

:param f_lim: Frequency limit [GHz]

:param fop: Frequency band [GHz]

:param l_init: thickness of the top and bottom layer surrounding the column [m]

:param n_init: refractive index of the top and bottom layer surrounding the

column

:param l_diel: thickness of the dielectric embedding the column [m]

:param n_diel: refrective index of the dielectric embedding the column

:param DPhi_obj: Desired Phase shift [rad]

:param DPhi_delta: Desired Phase shift error [rad]

:param N_lim: Max # of layers, starting from layer 0

:param tau_lim: transmission lower limit

:type patch: boolean

:type g: float

:type f_lim: float
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:type fop: numpy array of floats

:type l_out: float

:type n_out: float

:type l_diel: float

:type n_diel: float

:type DPhi_obj: float

:type DPhi_delta: float

:type Nlim: int

:type tau_lim: float

:return aN: Array of patch sizes

:return DPhi: Phase shift operated by the column

:return tau2N: Trasmittance of the column

:rtype aN: np array of floats

:rtype DPhi: float

:rtype tau2N: float

.. note::

"""

N = 0

DPhi = 0.; tau2N = 1.

n1 = n_init; l1 = 0.

S_N = np.ones((2,2, len(fop)))

S_N[0,1] = np.zeros(len(fop))

S_N[1,0] = np.zeros(len(fop))

S_diel = np.ones((2,2, len(fop)))

S_diel[0,1] = np.zeros(len(fop))

S_diel[1,0] = np.zeros(len(fop))

while N <= N_lim: # + 1

if N == 0:

[DPhi_diel, tau2N_diel, rho2N_diel, S_diel] = self.diel_response(fop,

n_init**2, l_init*0.01, n_init, l_init)

S_N = np.einsum(’mno,nqo->mqo’, S_diel, S_N)

l1 = l1 + l_init

DPhi += DPhi_diel

if N > 0 and N <= N_lim:

n1 = n_diel_s[N-1]

a = a_s[N-1]

patch = patches[N-1]

l1 = l1 + l_diel_s[N-1]

[DPhi_a, tau2N_a, rho2N_a, S_a] = self.fss_response_lee(fop, a, g, n1,

l1, patch)

DPhi += DPhi_a
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[DPhi_diel, tau2N_diel, rho2N_diel, S_diel] = self.diel_response(fop,

n1**2, l_diel_s[N-1], n_diel_s[N-1], l1)

S_N = np.einsum(’mno,nqo->mqo’, np.einsum(’mno,nqo->mqo’, S_diel, S_a),

S_N)

DPhi += DPhi_diel

N = N + 1

tau0 = S_N[0,0] - ((S_N[0,1]*S_N[1,0])/S_N[1,1])

rho0 = - (S_N[1,0]/S_N[1,1])

tau2N = abs(tau0)

rho2N = 1 - tau2N

DPhi = np.angle(tau0)

return DPhi, tau2N, rho2N

####################

def build_DPhi_req(self, fop, fmin, fmax, fc, DPhimin, DPhimax, DPhic):

F = np.array([0., fmin, fc,fmax])

DPHI = np.array([0., DPhimin, DPhic, DPhimax])

DPhi_interp = interp1d(F, DPHI)

DPhi_req = DPhi_interp(fop)

return DPhi_req

def optimise_column_filter(self, fop, g, a_min, a_max, a_step, epsr_wafer,

thk_wafer, n_init, l_init, N_lim, DPhi_req, delta_DPhi_req, tau_threshold):

patches = np.ones(N_lim, dtype = bool)

l_diel_s = np.ones(N_lim)*thk_wafer

n_diel_s = np.ones(N_lim)*np.sqrt(epsr_wafer)

a_k = np.arange(a_min, a_max, a_step)

a_s = np.zeros(N_lim)

a_f = np.zeros(N_lim)

DPhi_flag = False

N = 1

df = pd.DataFrame()

while N <= N_lim and not(DPhi_flag):

df_tau = pd.DataFrame()

df_tau_new = pd.DataFrame()

print("# of layers = " + str(N))

for a in a_k:

if not(DPhi_flag):
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a_s = a_f

a_s[N-1] = a

DPhi, tau2N, rho2N = self.make_column_custom_filter(patches, a_s, g,

fop, n_init, l_init, l_diel_s, n_diel_s, N)

DPhi_check = np.unwrap(DPhi, axis = 0)*(180/np.pi)

df_i = pd.DataFrame(

np.array([np.ones(len(fop))*N, np.ones(len(fop))*a, fop,

DPhi, DPhi_check, tau2N]).T,

columns = ["N", "a", "f", "dphi", "dphi_cangdeg", "tau"]

)

df_i = df_i[df_i["tau"] >= tau_threshold]

if len(df_i[df_i["tau"] >= tau_threshold]["f"]) == len(fop):

if np.all(np.less(df_i["dphi_cangdeg"].values,

DPhi_req+delta_DPhi_req)) and

np.all(np.greater(df_i["dphi_cangdeg"].values,

DPhi_req-delta_DPhi_req)):

print("Success!")

DPhi_flag = True

df = pd.concat([df, df_i])

a_f[N-1] = df_i["a"].unique()

else:

df_tau = pd.concat([df_tau, df_i])

if df_tau.empty and not(DPhi_flag):

print("Oh no...")

N = N + 1

else:

if not(DPhi_flag):

if N == N_lim: print("Failed...")

else: print("Failed. Moving to next layer")

df_tau_new = df_tau[df_tau["a"] == df_tau["a"].unique()[-1]]

print(df_tau_new["a"].unique())

a_f[N-1] = df_tau_new["a"].unique()

df = pd.concat([df, df_tau_new])

N = N + 1

return df, df_tau, df_tau_new, a_f
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