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❆❜str❛❝t✳ ❚❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✇❛s ❢♦r♠❛❧❧② ❞❡r✐✈❡❞ ✐♥ t❤❡ ✶✾✻✵s ❛s t❤❡ ❢✉♥✲
❞❛♠❡♥t❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥❛❧ ♣r♦❝❡ss ✐♥ ❛ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ♦❢
✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡s✳ ■t ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❝♦rr❡❝t✐♥❣ t❤❡ st❛♥❞❛r❞ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ❜②
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❝♦❧❧❡❝t✐✈❡ s❝r❡❡♥✐♥❣ ❡✛❡❝ts✳ ❉✉❡ t♦ t❤❡ r❡♣✉t❡❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✐♥ ❝❛s❡ ♦❢ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥s✱ ✐ts ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ❤❛s
r❡♠❛✐♥❡❞ ✈♦✐❞ ❛♣❛rt ❢r♦♠ t❤❡ ❧✐♥❡❛r✐③❡❞ s❡tt✐♥❣ ❬✶✻✱ ✷✶❪✳ ■♥ t❤✐s ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥
t❤❡ ❝❛s❡ ♦❢ s♠♦♦t❤ ✐♥t❡r❛❝t✐♦♥s ❛♥❞ ✇❡ s❤♦✇ t❤❛t ❞②♥❛♠✐❝❛❧ s❝r❡❡♥✐♥❣ ❡✛❡❝ts ❝❛♥ t❤❡♥ ❜❡
❤❛♥❞❧❡❞ ♣❡rt✉r❜❛t✐✈❡❧②✳ ❚❛❦✐♥❣ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ t❤❡ ▲❛♥❞❛✉ t❤❡♦r②✱ ✇❡ ❡st❛❜❧✐s❤ ❣❧♦❜❛❧
✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠✱ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ✇❡
❞✐s❝✉ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ▲❛♥❞❛✉ ❛♣♣r♦①✐♠❛t✐♦♥✳

❈♦♥t❡♥ts

✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶
✷✳ ●❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠ ✻
✸✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❡q✉✐❧✐❜r✐✉♠ ✸✻
✹✳ ▲♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠ ✹✶
✺✳ ▲❛♥❞❛✉ ❛♣♣r♦①✐♠❛t✐♦♥ ✹✺
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ✹✺
❘❡❢❡r❡♥❝❡s ✹✻

✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥ ❛ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❛rt✐❝❧❡ s②st❡♠ ✇✐t❤ ♠❡❛♥✲✜❡❧❞ ✐♥t❡r❛❝t✐♦♥s✱ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t
❱❧❛s♦✈ ❢♦r❝❡ ✈❛♥✐s❤❡s✱ ❛♥❞ t❤❡ ♣❛rt✐❝❧❡ ✈❡❧♦❝✐t② ❞❡♥s✐t② F ✐s ♣r❡❞✐❝t❡❞ t♦ s❛t✐s❢② t♦ ❧❡❛❞✐♥❣
♦r❞❡r t❤❡ s♦✲❝❛❧❧❡❞ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥✱

∂tF = LB(F ), ✭✶✳✶✮

✇❤❡r❡ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❜②

LB(F ) := ∇ ·
ˆ

Rd

B(v, v − v∗;∇F )
(
F∗∇F − F∇∗F∗

)
dv∗,

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ F = F (v)✱ F∗ = F (v∗)✱ ∇ = ∇v✱ ❛♥❞ ∇∗ = ∇v∗ ✱ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥
❦❡r♥❡❧

B(v, v − v∗;∇F ) :=

ˆ

Rd

(k ⊗ k)πV̂ (k)2 δ(k·(v−v∗))
|ε(k,k·v;∇F )|2 d̄k, ✭✶✳✷✮

✶
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✇❤❡r❡ V st❛♥❞s ❢♦r t❤❡ ♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ❛♥❞ ✇❤❡r❡ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε
✐s ❞❡✜♥❡❞ ❜②

ε(k, k · v;∇F ) := 1 + V̂ (k)

ˆ

Rd

k·∇F (v∗)
k·(v−v∗)−i0 dv∗. ✭✶✳✸✮

■♥ t❤✐s ❧❛st ❡①♣r❡ss✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ P❧❡♠❡❧❥ ❢♦r♠✉❧❛✱

1
x−i0 := lim

ε↓0
1

x−iε = p.v. 1x + iπδ(x),

✇❤❡r❡ p.v. st❛♥❞s ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ ✈❛❧✉❡✳ ◆♦t❡ t❤❛t t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ ✭✶✳✷✮ ♦♥❧② ♠❛❦❡s
s❡♥s❡ ♣r♦✈✐❞❡❞ t❤❛t t❤✐s ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ✭✶✳✸✮ ❞♦❡s ♥♦t ✈❛♥✐s❤✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡
❧✐♥❡❛r ❱❧❛s♦✈ st❛❜✐❧✐t② ♦❢ F ✐♥ ✈✐❡✇ ♦❢ t❤❡ P❡♥r♦s❡ ❝r✐t❡r✐♦♥✱ ❝❢✳ ❬✷✵❪✳ ■♥ t❤❡ ♣❤②s✐❝❛❧❧②

✐♠♣♦rt❛♥t ❝❛s❡ ♦❢ ✸❉ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥s✱ V̂ (k) = |k|−2✱ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r k ✐♥ ✭✶✳✷✮ ✐s
❧♦❣❛r✐t❤♠✐❝❛❧❧② ❞✐✈❡r❣❡♥t ❛t ✐♥✜♥✐t②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦❧❧✐s✐♦♥s ✇✐t❤
s♠❛❧❧ ✐♠♣❛❝t ♣❛r❛♠❡t❡r✱ ❤❡♥❝❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝✉t✲♦✛ |k| ≤ 1

δ ♥❡❡❞s t♦ ❜❡ ✐♥❝❧✉❞❡❞ ❛t s♦✲
❝❛❧❧❡❞ ▲❛♥❞❛✉ ❧❡♥❣t❤ δ✳ ■♥ ✶❉✱ ♣❛rt✐❝❧❡ s②st❡♠s ✉♥❞❡r❣♦ ❛ ❦✐♥❡t✐❝ ❜❧♦❝❦✐♥❣ ❛♥❞ t❤❡ ▲❡♥❛r❞✕
❇❛❧❡s❝✉ ♦♣❡r❛t♦r ✐s tr✐✈✐❛❧ ✭B ≡ 0✮✿ ✇❡ ❤❡♥❝❡❢♦rt❤ r❡str✐❝t t♦ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ d ≥ 2✳

❊q✉❛t✐♦♥ ✭✶✳✶✮ ✇❛s ✜rst ❞❡r✐✈❡❞ ✐♥ t❤❡ ❡❛r❧② ✻✵s ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ●✉❡r♥s❡② ❬✶✷✱ ✶✸❪✱
❇❛❧❡s❝✉ ❬✷✱ ✸❪✱ ❛♥❞ ▲❡♥❛r❞ ❬✶✺❪ ❛s t❤❡ ❛❝❝✉r❛t❡ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛s♠❛s
✭s❡❡ ❛❧s♦ ❬✶✼✱ ❆♣♣❡♥❞✐① ❆❪✮✳ ❚❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ ✭✶✳✷✮ ✐s ♦❜t❛✐♥❡❞ ❢♦r♠❛❧❧② ❜② r❡s♦❧✈✐♥❣
t❤❡ ❧♦♥❣✲t✐♠❡ ❡✛❡❝ts ♦❢ ♣❛rt✐❝❧❡ ❝♦rr❡❧❛t✐♦♥s✳ ❲❡ r❡❢❡r t♦ ❬✾✱ ✶✵✱ ✷✺✱ ✷✼✱ ✶✾✱ ✶✽❪ ❢♦r ✜rst
st❡♣s t♦✇❛r❞s ✐ts r✐❣♦r♦✉s ❥✉st✐✜❝❛t✐♦♥❀ s❡❡ ❛❧s♦ ❬✹❪ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡
s♣❛t✐❛❧ ❤♦♠♦❣❡♥❡✐t② ❛ss✉♠♣t✐♦♥ ✐♥ ♣❧❛s♠❛ ♣❤②s✐❝s✳ ❆t ❛ ❢♦r♠❛❧ ❧❡✈❡❧✱ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❤❛s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡❝t❡❞ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s✿

• ✐t ♣r❡s❡r✈❡s ♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣②✱

∂t

ˆ

Rd

(
1, v, 12 |v|

2
)
F = 0; ✭✶✳✹✮

• ✐ts st❡❛❞② st❛t❡s ❛r❡ ▼❛①✇❡❧❧✐❛♥ ❞✐str✐❜✉t✐♦♥s✱

LB(µβ) = 0, µβ(v) := (βπ )
d
2 e−β|v|2 , 0 < β < ∞;

• ✐t s❛t✐s✜❡s ❛♥ H✲t❤❡♦r❡♠✱ t❤❛t ✐s✱ t❤❡ ❇♦❧t③♠❛♥♥ ❡♥tr♦♣② ✐s ❞❡❝r❡❛s✐♥❣ ❛❧♦♥❣ t❤❡ ✢♦✇✱

∂t

ˆ

Rd

F logF = − 1
2

¨

Rd×Rd

FF∗
(
∇F
F − ∇∗F∗

F∗

)
·B(v, v − v∗;∇F )

(
∇F
F − ∇∗F∗

F∗

)

≤ 0. ✭✶✳✺✮

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❡q✉❛t✐♦♥ ❢♦r♠❛❧❧② ❞❡s❝r✐❜❡s t❤❡ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❞❡♥s✐t② F
t♦✇❛r❞s ▼❛①✇❡❧❧✐❛♥ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② t♦ st✉❞② t❤✐s ❡q✉❛t✐♦♥ st❡♠s ❢r♦♠ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ ♥♦♥❧♦❝❛❧✐t②
♦❢ ✐ts ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ ✭✶✳✷✮✱ ✇❤✐❝❤ ❢r♦♠ t❤❡ ♣❤②s✐❝❛❧ ♣❡rs♣❡❝t✐✈❡ ❡①♣r❡ss ❝♦❧❧❡❝t✐✈❡ ❡✛❡❝ts
❛♥❞ ❞②♥❛♠✐❝❛❧ s❝r❡❡♥✐♥❣✳ ◆❡❣❧❡❝t✐♥❣ t❤❡s❡ ✇♦✉❧❞ ❛♠♦✉♥t t♦ r❡♣❧❛❝✐♥❣ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝✲
t✐♦♥ ε(k, k · v;∇F ) ❜② ❛ ❝♦♥st❛♥t ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B(v, v− v∗;∇F )✿ t❤❡ ❧❛tt❡r ✇♦✉❧❞
t❤❡♥ r❡❞✉❝❡ t♦ t❤❡ ✉s✉❛❧ ▲❛♥❞❛✉ ❦❡r♥❡❧ BL(v − v∗)✱

B(v, v − v∗;∇F ) ❀

ˆ

Rd

(k ⊗ k)πV̂ (k)2 δ(k · (v − v∗)) d̄k

= L
|v−v∗|

(
Id− (v−v∗)⊗(v−v∗)

|v−v∗|2
)

=: BL(v − v∗), ✭✶✳✻✮
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❛s ❢♦❧❧♦✇s ✐♥❞❡❡❞ ❢r♦♠ ❛ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ s❡❡ ✭✷✳✶✷✮ ❜❡❧♦✇✱ ✇✐t❤ ❡①♣❧✐❝✐t ♣r❡❢❛❝t♦r

L :=
ωd−1

dωd

ˆ

Rd

|k|πV̂ (k)2d̄k, ✭✶✳✼✮

✇❤❡r❡ ωn st❛♥❞s ❢♦r t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t ❜❛❧❧✳ ■♥ ❝❛s❡ ♦❢ ✸❉ ❈♦✉❧♦♠❜
✐♥t❡r❛❝t✐♦♥s✱ V̂ (k) = |k|−2✱ ❝♦❧❧❡❝t✐✈❡ ❡✛❡❝ts ❝❛♣t✉r❡❞ ❜② t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❞✐s♣❡rs✐♦♥
❢✉♥❝t✐♦♥ ε(k, k · v;∇F ) ❛r❡ ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t ❛s t❤❡② ✐♥❝❧✉❞❡ ❉❡❜②❡ s❤✐❡❧❞✐♥❣✿ ✐♥❞❡❡❞✱
✇❤✐❧❡ ▲❛♥❞❛✉ ✐♥t❡❣r❛❧s ✭✶✳✻✮ ❛♥❞ ✭✶✳✼✮ ❞✐✈❡r❣❡ ❧♦❣❛r✐t❤♠✐❝❛❧❧② ❛♥❞ r❡q✉✐r❡ ❛ ❝✉t✲♦✛ ❜♦t❤
❛t s♠❛❧❧ ❛♥❞ ❧❛r❣❡ k ✐♥ t❤❛t ❝❛s❡✱ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ✐♥t❡❣r❛❧ ✭✶✳✷✮ ✐s ❢♦r♠❛❧❧② ❝♦♥✈❡r❣❡♥t
❛t s♠❛❧❧ k✳ ❆s s❤♦✇♥ ✐♥ ❬✷✶❪✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ s♠❛❧❧ ✇❛✈❡♥✉♠❜❡rs ❛❝t✉❛❧❧② ②✐❡❧❞s ❛ ❤✉❣❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❛♥❞ ▲❛♥❞❛✉ ♦♣❡r❛t♦rs✿ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t ▼❛①✇❡❧❧✐❛♥✱
t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε(k, k · v;∇µβ) ✐s ♥♦t ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0 ❛♥❞ t❤❡ ❝♦❧❧✐s✐♦♥ ❝❛s❡
B(v, v− v∗;∇µβ) ❞✐s♣❧❛②s ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ ✈❡❧♦❝✐t② ✐♥ s♦♠❡ ❞✐r❡❝t✐♦♥s✱ ✐♥ st❛r❦ ❝♦♥✲
tr❛st ✇✐t❤ t❤❡ ▲❛♥❞❛✉ ❦❡r♥❡❧ ✭✶✳✻✮✱ ❝❢✳ ❬✷✶✱ ❚❤❡♦r❡♠ ✻❪✳ ❋r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣❡rs♣❡❝✲
t✐✈❡✱ t❤✐s ♠❛❦❡s t❤❡ r✐❣♦r♦✉s st✉❞② ♦❢ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ r❡♣✉t❡❞❧② ❞✐✣❝✉❧t ✐♥
t❤❡ ❈♦✉❧♦♠❜ s❡tt✐♥❣✱ s❡❡ ❡✳❣✳ ❬✶✱ ♣✳✻✹❪✿ ❡✈❡♥ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ▼❛①✇❡❧❧✐❛♥ r❡✲
♠❛✐♥s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ❛s ✐t ✇♦✉❧❞ r❡q✉✐r❡ ✜♥❡ ❝♦♥tr♦❧ ♦❢ t❤✐s ✉♥❜♦✉♥❞❡❞ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧
❛❧♦♥❣ t❤❡ ✢♦✇✳

■♥ t❤❡ ♣r❡s❡♥t ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡r ❝❛s❡ ♦❢ ❛ s♠♦♦t❤ ✐♥t❡r❛❝t✐♦♥ ♣♦✲
t❡♥t✐❛❧ V ✿ ✇❡ s❤♦✇ t❤❛t ❛t ▼❛①✇❡❧❧✐❛♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε(k, k · v;∇µβ)
✐s ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0 ✐♥ t❤❛t ❝❛s❡✱ s❡❡ ▲❡♠♠❛ ✷✳✶ ❜❡❧♦✇✱ ✇❤✐❝❤ t❤❡♥ ❛❧❧♦✇s t♦ ❤❛♥❞❧❡
❞②♥❛♠✐❝❛❧ s❝r❡❡♥✐♥❣ ♣❡rt✉r❜❛t✐✈❡❧② ❛♥❞ t♦ ❝♦♠♣❛r❡ t♦ t❤❡ ✇❡❧❧✲st✉❞✐❡❞ ▲❛♥❞❛✉ ❝❛s❡ ✭✶✳✻✮✳
■♥ t❤✐s s♣✐r✐t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛✐♥ r❡s✉❧t st❛t❡s t❤❡ ❣❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r str♦♥❣ s♦❧✉t✐♦♥s
❝❧♦s❡ t♦ ▼❛①✇❡❧❧✐❛♥✳ ❚❤❡ ♣r♦♦❢ ✐s ✐♥s♣✐r❡❞ ❜② ●✉♦✬s ✇♦r❦ ♦♥ t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ❬✶✹❪✳
◆♦t❡ t❤❛t ✇❡ ❡①♣❡❝t t❤❡ st❛t❡♠❡♥t t♦ ❤♦❧❞ ❢♦r ❛❧❧ s > 3

2 ✱ ❜✉t ✇❡ r❡str✐❝t t♦ ✐♥t❡❣❡r ❞✐✛❡r✲
❡♥t✐❛❜✐❧✐t② t♦ ❛✈♦✐❞ ❛❞❞✐t✐♦♥❛❧ t❡❝❤♥✐❝❛❧✐t✐❡s✳

❚❤❡♦r❡♠ ✶ ✭●❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠✮✳ ▲❡t V ∈ L1 ∩Ḣ2(Rd) ❜❡ ✐s♦tr♦♣✐❝
❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ ❛ss✉♠❡ xV ∈ L2(Rd)✳ ❋♦r ❛❧❧ s ≥ 2 ❛♥❞ 0 < β < ∞✱ t❤❡r❡ ✐s ❛
❝♦♥st❛♥t CV,β,s ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ❢♦r ❛❧❧ ✐♥✐t✐❛❧ ❞❛t❛ F ◦ ∈ L1(Rd)
♦❢ t❤❡ ❢♦r♠

F ◦ = µβ +
√
µβf

◦ ≥ 0, f◦ ∈ Hs(Rd),

s❛t✐s❢②✐♥❣ s♠❛❧❧♥❡ss ❛♥❞ ❝❡♥t❡r✐♥❣ ❝♦♥❞✐t✐♦♥s✱

∥f◦∥Hs(Rd) ≤ 1
CV,β,s

,

ˆ

Rd

(
1, v, 12 |v|

2
)√

µβf
◦ = 0, ✭✶✳✽✮

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ str♦♥❣ s♦❧✉t✐♦♥ F ♦❢ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ F ◦✱ ✐♥ t❤❡ ❢♦r♠

F = µβ +
√
µβf ≥ 0, f ∈ L∞(R+;Hs(Rd)),

❛♥❞ ✐t s❛t✐s✜❡s ❢♦r ❛❧❧ t ≥ 0✱

∥f t∥Hs(Rd) ≲V,β,s ∥f◦∥Hs(Rd).

❆s t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ s❛t✐s✜❡s ❛♥ H✲t❤❡♦r❡♠✱ ❝❢✳ ✭✶✳✺✮✱ s♦❧✉t✐♦♥s ❛r❡ ❡①♣❡❝t❡❞
t♦ r❡❧❛① t♦ ▼❛①✇❡❧❧✐❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✇❡ ✐♥❞❡❡❞ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡
r❡s✉❧t✳ ❚❤❡ ♣r♦♦❢ ✐s ✐♥s♣✐r❡❞ ❜② ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥✱ s❡❡
✐♥ ♣❛rt✐❝✉❧❛r ❬✷✸✱ ✷✹✱ ✷✷❪✳
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❚❤❡♦r❡♠ ✷ ✭❈♦♥✈❡r❣❡♥❝❡ t♦ ❡q✉✐❧✐❜r✐✉♠✮✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✱ ❣✐✈❡♥
s ≥ 2 ❛♥❞ 0 < β < ∞✱ ❧❡t F = µβ +

√
µβf ❜❡ t❤❡ ❝♦♥str✉❝t❡❞ ✉♥✐q✉❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡

▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ■t ❝♦♥✈❡r❣❡s t♦ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ r❡❧❛t✐✈❡
❡♥tr♦♣② ❞❡❝❛②s t♦ ③❡r♦ ❛t str❡t❝❤❡❞ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✱

H(F t|µβ) :=

ˆ

Rd

F t log( 1
µβ

F t) dv ≲V,β exp
(
− 1

CV,β
t
2
5

)
. ✭✶✳✾✮

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡

f t → 0 ✐♥ L2(Rd) ❛s t ↑ ∞✱

❢♦r ✇❤✐❝❤ q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡s ❤♦❧❞ ✐♥ ❝❛s❡ ♦❢ ❝♦♠♣❛❝t ✐♥✐t✐❛❧ ❞❛t❛✿

✭✐✮ ■❢
´

Rd ⟨v⟩ℓ|f◦|2 < ∞ ❢♦r s♦♠❡ ℓ > 0✱ ❛♥❞ ✐❢ t❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ✭✶✳✽✮ ❤♦❧❞s ❢♦r
s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ CV,β,s ✭❢✉rt❤❡r ❞❡♣❡♥❞✐♥❣ ♦♥ ℓ✮✱ t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ δ < 1✱

ˆ

Rd

|f t|2 ≲V,β,ℓ,δ ⟨t⟩−δℓ
ˆ

Rd

⟨v⟩ℓ|f◦|2.

✭✐✐✮ ■❢
´

Rd e
K⟨v⟩θ |f◦|2 < ∞ ❢♦r s♦♠❡ 0 < θ < 2 ❛♥❞ K > 0✱ ♦r ❢♦r θ = 2 ❛♥❞ s♦♠❡ s♠❛❧❧

❡♥♦✉❣❤ K > 0 ✭♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ V ✮✱ ❛♥❞ ✐❢ t❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ✭✶✳✽✮ ❤♦❧❞s ❢♦r
s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ CV,β,s ✭❢✉rt❤❡r ❞❡♣❡♥❞✐♥❣ ♦♥ θ,K✮✱ t❤❡♥ ✇❡ ❤❛✈❡

ˆ

Rd

|f t|2 ≲V,β,θ,K exp
(
− K

CV,β,θ
t

θ
θ+1

) ˆ

Rd

eK⟨v⟩θ |f◦|2.

◆❡①t✱ ✇❡ ❡st❛❜❧✐s❤ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ♣r♦♦❢ ✐s s✉r♣r✐s✐♥❣❧②
✐♥✈♦❧✈❡❞✿ ✇❤✐❧❡ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ❞✐s❛♣♣❡❛rs ✇❤❡♥ ❧✐♥❡❛r✐③✐♥❣ t❤❡
▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ❛t ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ ❛❧s♦ ❬✷✶❪✮✱ t❤✐s ❛❧❣❡❜r❛✐❝ ♠✐r❛❝❧❡ ❞♦❡s ♥♦t ♦❝❝✉r
❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r t❤❡♥ ✐♥✈♦❧✈❡s ❛ ♥❡✇ ♥♦♥❧♦❝❛❧ t❡r♠ ✇✐t❤
t❤❡ ❤✐❣❤❡st ♥✉♠❜❡r ♦❢ ❞❡r✐✈❛t✐✈❡s✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♥♦♥❧♦❝❛❧✐t②✱ ❤♦✇❡✈❡r✱ t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✐s
s❤♦✇♥ t♦ ❜❡ ✐♥ ❢❛❝t ♦❢ ❧♦✇❡r ♦r❞❡r✱ ❝❢✳ ❡✳❣✳ ✭✷✳✷✻✮ ✐♥ ▲❡♠♠❛ ✷✳✹✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ r❡str✐❝t
❤❡r❡ t♦ ❞✐♠❡♥s✐♦♥ d > 2✱ ❜✉t ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s r❡str✐❝t✐♦♥ ✐s ♥♦t ❡ss❡♥t✐❛❧✳ ◆♦t❡ t❤❛t
✇❡ ❡①♣❡❝t t❤❡ st❛t❡♠❡♥t t♦ ❤♦❧❞ ❢♦r ❛❧❧ s > 5

2 ✱ ❜✉t ✇❡ r❡str✐❝t t♦ ✐♥t❡❣❡r ❞✐✛❡r❡♥t✐❛❜✐❧✐t②
t♦ ❛✈♦✐❞ ❛❞❞✐t✐♦♥❛❧ t❡❝❤♥✐❝❛❧✐t✐❡s✳ ❙tr✐❦✐♥❣❧② ❡♥♦✉❣❤✱ ♦♥❡ ❞❡r✐✈❛t✐✈❡ ✐s ❧♦st ✐♥ t❤❡ ❝♦♥tr♦❧
♦❢ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✐♥✐t✐❛❧ ❞❛t❛✳

❚❤❡♦r❡♠ ✸ ✭▲♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠✮✳ ▲❡t d > 2✱ ❧❡t V ∈ L1 ∩Ḣ2(Rd)
❜❡ ✐s♦tr♦♣✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ ❛ss✉♠❡ xV ∈ L2(Rd)✳ ❋♦r ❛❧❧ s ≥ 3 ❛♥❞ m > d+ 7✱
❢♦r ❛❧❧ ♥♦♥♥❡❣❛t✐✈❡ ✐♥✐t✐❛❧ ❞❛t❛ F ◦ ∈ L1(Rd)✱ ♣r♦✈✐❞❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞ ❢♦r
s♦♠❡ M > 0 ❛♥❞ v0 ∈ R

d✱

∥⟨v⟩
m
2 ⟨∇⟩s+1F ◦∥L2(Rd) ≤ M, ✭✶✳✶✵✮

inf
k,v

|ε(k, k · v;∇F ◦)| ≥ 1
M , inf

|v−v0|≤ 1
M

F ◦(v) ≥ 1
M ,

t❤❡r❡ ❡①✐st T > 0 ✭❞❡♣❡♥❞✐♥❣ ♦♥ V,M, β, s,m✮ ❛♥❞ ❛ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ F ♦❢ t❤❡
▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ] ✇✐t❤ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ ♥♦r♠

∥⟨v⟩
m
2 ⟨∇⟩sF t∥L2(Rd) ≲V,M,s,m 1.

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❧♦❜❛❧ s♠♦♦t❤ s♦❧✉t✐♦♥s ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ❡✈❡♥
✐♥ t❤❡ ▲❛♥❞❛✉ ❝❛s❡✱ ❝❢✳ ❬✷✻✱ ❈❤❛♣t❡r ✺✱ ➓✶✳✸✭✷✮❪❀ ✇❡ r❡❢❡r t♦ ❬✶✶✱ ✽❪ ❢♦r r❡❝❡♥t ❛❞✈❛♥❝❡s
♦♥ t❤❡ t♦♣✐❝✳ ❋♦r t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥✱ ❣❡tt✐♥❣ ❜❡②♦♥❞ t❤❡ ❛❜♦✈❡ ❧♦❝❛❧✲✐♥✲t✐♠❡



❲❊▲▲✲P❖❙❊❉◆❊❙❙ ❖❋ ❚❍❊ ▲❊◆❆❘❉✕❇❆▲❊❙❈❯ ❊◗❯❆❚■❖◆ ✺

r❡s✉❧t ✇♦✉❧❞ ❡✈❡♥ ❜r✐♥❣ ❢✉rt❤❡r ❞✐✣❝✉❧t✐❡s ❞✉❡ t♦ t❤❡ ♣♦ss✐❜❧❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥
❢✉♥❝t✐♦♥ ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠✳

■♥ t❤❡ ♣❧❛s♠❛ ♣❤②s✐❝s ❧✐t❡r❛t✉r❡✱ ❡✳❣✳ ❬✷✻✱ ✶❪✱ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐s ♦❢t❡♥
❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ s✐♠♣❧❡r ▲❛♥❞❛✉ ❡q✉❛t✐♦♥✱

∂tFL = QL(FL), ✭✶✳✶✶✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ▲❛♥❞❛✉ ♦♣❡r❛t♦r t❛❦❡s t❤❡ ❢♦r♠

QL(F ) := ∇ ·
ˆ

Rd

BL(v − v∗)
(
F∗∇F − F∇∗F∗

)
dv∗,

BL(v − v∗) := L
|v−v∗|

(
Id− (v−v∗)⊗(v−v∗)

|v−v∗|2
)
.

■♥ ❝❛s❡ ♦❢ ✸❉ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥s✱ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❢♦r♠❛❧❧② ❥✉st✐✜❡❞ ❜② t❤❡ ❧♦❣❛✲
r✐t❤♠✐❝ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✭✶✳✷✮ ❛t ❧❛r❣❡ ✇❛✈❡♥✉♠❜❡rs❀ s❡❡ ❡✳❣✳ ❬✶✺✱ ✸❪ ❛♥❞ ❬✻✱ P❛rt ✶❪✳
■♥❞❡❡❞✱ ❛ ❝✉t✲♦✛ |k| ≤ 1

δ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❛t ❝❛s❡ ✐♥ ✭✶✳✷✮ t♦ r❡♠♦✈❡ t❤❡ ❧❛r❣❡✲k ❧♦❣❛r✐t❤♠✐❝
❞✐✈❡r❣❡♥❝❡✱ ❜✉t ❢♦r s♠❛❧❧ ▲❛♥❞❛✉ ❧❡♥❣t❤ δ t❤❡ ❧❛r❣❡✲k r❡❣✐♠❡ ❞♦♠✐♥❛t❡s ✐♥ t❤❡ ✐♥t❡❣r❛❧✱
❛♥❞ t❤❡r❡❢♦r❡✱ ❛s ε(k, k · v;∇F ) → 1 ❢♦r |k| ↑ ∞✱ ♦♥❡ ❢♦r♠❛❧❧② r❡❝♦✈❡rs t❤❡ ▲❛♥❞❛✉ ❦❡r♥❡❧
t♦ ❧❡❛❞✐♥❣ ♦r❞❡r O(log 1

δ ) ✐♥ ✈✐❡✇ ♦❢ ✭✶✳✻✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♣r♦✈✐❞❡s ❛ r✐❣♦r♦✉s ✈❡rs✐♦♥
♦❢ t❤✐s ❤❡✉r✐st✐❝s ✐♥ t❤❡ ❧✐♠✐t ♦❢ s❤♦rt✲r❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s✱ ❝❢✳ ✭✶✳✶✷✮✳ ❲❤✐❧❡ ❢♦r♠✉❧❛t❡❞ ❢♦r
❣❧♦❜❛❧ s♦❧✉t✐♦♥s ❝♦♥str✉❝t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✱ t❤❡ s❛♠❡ ♦❜✈✐♦✉s❧② ❤♦❧❞s ✐♥ t❤❡ ❧♦❝❛❧✲✐♥✲t✐♠❡
s❡tt✐♥❣ ♦❢ ❚❤❡♦r❡♠ ✸✱ ✇❤❡r❡ t❤❡ ❡①✐st❡♥❝❡ t✐♠❡ ✐s ♥❡❝❡ss❛r✐❧② ✉♥✐❢♦r♠ ✐♥ δ ❛❢t❡r t❤❡ r❡❧❡✈❛♥t
t✐♠❡✲r❡s❝❛❧✐♥❣✳ ◆♦t❡ t❤❛t t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❇♦❧t③♠❛♥♥
❡q✉❛t✐♦♥ ✐♥ t❤❡ ❣r❛③✐♥❣ ❝♦❧❧✐s✐♦♥ ❧✐♠✐t✱ ❝❢✳ ❬✶❪✳

❚❤❡♦r❡♠ ✹ ✭▲❛♥❞❛✉ ❛♣♣r♦①✐♠❛t✐♦♥✮✳ ▲❡t V ∈ L1 ∩Ḣ2(Rd) ❜❡ ✐s♦tr♦♣✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡❢✲
✐♥✐t❡✱ ❛♥❞ ❛ss✉♠❡ xV ∈ L2(Rd)✳ ●✐✈❡♥ ❛♥ ❡①♣♦♥❡♥t a < d✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡s❝❛❧❡❞
♣♦t❡♥t✐❛❧s

Vδ(x) := δ−aV (xδ ), δ > 0. ✭✶✳✶✷✮

●✐✈❡♥ s ≥ 2 ❛♥❞ 0 < β < ∞✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t CV,β,s ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣

❤♦❧❞s✿ ❢♦r ❛❧❧ δ > 0✱ ❢♦r ❛❧❧ ✐♥✐t✐❛❧ ❞❛t❛ F ◦ ∈ L1(Rd) ♦❢ t❤❡ ❢♦r♠

F ◦ = µβ +
√
µβf

◦ ≥ 0, f◦ ∈ Hs(Rd),

s❛t✐s❢②✐♥❣ s♠❛❧❧♥❡ss ❛♥❞ ❝❡♥t❡r✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✶✳✽✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ str♦♥❣ s♦✲
❧✉t✐♦♥ Fδ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✇✐t❤ ♣♦t❡♥t✐❛❧ Vδ ❛♥❞ ✐♥✐t✐❛❧
❞❛t❛ F ◦✱ ✐♥ t❤❡ ❢♦r♠

Fδ = µβ +
√
µβfδ ≥ 0, fδ ∈ L∞(R+;Hs(Rd)).

■♥ ❛❞❞✐t✐♦♥✱ ✉♣ t♦ t✐♠❡ r❡s❝❛❧✐♥❣ f̃δ(t) := fδ(δ
2a+1−dt)✱ ✇❡ ❤❛✈❡

f̃δ
∗
⇀ fL ✐♥ L∞(R+;Hs(Rd)) ❛s δ ↓ 0, ✭✶✳✶✸✮

✇❤❡r❡ FL = µβ+
√
µβfL s♦❧✈❡s t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ F ◦ ❛♥❞ ❡①♣❧✐❝✐t

♣r❡❢❛❝t♦r ✭✶✳✼✮✳

❆s ♦✉r ♠❛✐♥ r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✶ ✐s ✐♥s♣✐r❡❞ ❜② ●✉♦✬s ✇♦r❦ ♦♥ t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥
✐♥ ❬✶✹❪✱ ❧❡t ✉s ❜r✐❡✢② ❞✐s❝✉ss t❤❡ s♣❡❝✐✜❝ ❝❤❛❧❧❡♥❣❡s ❢❛❝❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥tr✐❜✉t✐♦♥ ♦♥
t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥✳ ❆♥ ♦❜✈✐♦✉s ❞✐✣❝✉❧t② ✐s t♦ ❡♥s✉r❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ♦❢ t❤❡
❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε(k, k · v;∇F )✱ ✇❤✐❝❤ ✐s ❛❝❤✐❡✈❡❞ ✐♥ ▲❡♠♠❛ ✷✳✶ ❝❧♦s❡ t♦ ▼❛①✇❡❧❧✐❛♥
❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡r❡ ❛r❡ ❤♦✇❡✈❡r t✇♦ ♠♦r❡ s❡✈❡r❡ ❞✐✣❝✉❧t✐❡s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢
t❤❡ ♥♦♥❧✐♥❡❛r✐t② |ε(k, k ·v;∇F )|2 ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ ✭✶✳✷✮✳ ❚❤❡ ✜rst ✐s ❛ str✉❝t✉r❛❧ ✐ss✉❡✿
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t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ ✐s ♥♦ ❧♦♥❣❡r ♦❢ ❝♦♥✈♦❧✉t✐♦♥ t②♣❡✱ ✇❤✐❝❤ ♣r❡✈❡♥ts ❢♦r ✐♥st❛♥❝❡ ❤✐❣❤❡r
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❦❡r♥❡❧ ❢r♦♠ ❤❛✈✐♥❣ ✐♠♣r♦✈❡❞ ❞❡❝❛② ✭❝♦♠♣❛r❡ ✭✷✳✽✮ ✇✐t❤ ❬✶✹✱ ▲❡♠♠❛ ✸❪✮✳
❲❡ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤✐s ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ s♣❡❝✐✜❝ t❡♥s♦r str✉❝t✉r❡ ♦❢ t❤❡ ❦❡r♥❡❧ ✭s❡❡ ❡✳❣✳
t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✾✮✮✳ ❆ s❡❝♦♥❞ ❞✐✣❝✉❧t② ✐s r❡❧❛t❡❞ t♦ t❤❡ ❤✐❣❤ ♦r❞❡r ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳ ❚❤✐s
r❡q✉✐r❡s ❛ ✜♥❡ ❛♥❛❧②s✐s ♦❢ ❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r t❡r♠s✱ ✇❤✐❝❤ ✇❡ ❡①♣r❡ss ❝❛r❡❢✉❧❧② ✐♥ t❡r♠s ♦❢
❘❛❞♦♥ tr❛♥s❢♦r♠s ✭s❡❡ ❡✳❣✳ ✭✷✳✹✵✮ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✹✮✿ ♦✉r ❛♥❛❧②s✐s ❛❧❧♦✇s ❜♦t❤ t♦
❡①tr❛❝t ❛❞❞✐t✐♦♥❛❧ ❞❡❝❛② ❛♥❞ t♦ ♣r❡✈❡♥t t❤❡ ❧♦ss ♦❢ r❡❣✉❧❛r✐t②✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤✐s
❛♥❛❧②s✐s ❜❡❝♦♠❡s ♣❛rt✐❝✉❧❛r❧② ✐♥tr✐❝❛t❡ ✐♥ t❤❡ ❝❛s❡ ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠✱ ❝❢✳ ❚❤❡♦r❡♠ ✸✳

❇❡s✐❞❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε(k, k · v;∇F )✱ t❤❡r❡ ❛r❡ t✇♦ ❛❞❞✐t✐♦♥❛❧
❞✐✛❡r❡♥❝❡s ❢r♦♠ t❤❡ ▲❛♥❞❛✉ s❡tt✐♥❣ ✐♥ ❬✶✹❪✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ❢♦❝✉s ❤❡r❡ ♦♥ t❤❡ s♣❛t✐❛❧❧②
❤♦♠♦❣❡♥❡♦✉s s❡tt✐♥❣✱ ✇❤✐❝❤ r❡♠♦✈❡s ♠❛♥② ❞✐✣❝✉❧t✐❡s ❢❛❝❡❞ ✐♥ ❬✶✹❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✇❡ ✐♥❝❧✉❞❡ t❤❡ ✷❉ ❝❛s❡ ✭❡①❝❡♣t ✐♥ ❚❤❡♦r❡♠ ✸✮✱ ✇❤✐❝❤ ✇❛s ❡①❝❧✉❞❡❞ ✐♥ ❬✶✹❪✱ t❤❡ ❞✐✣❝✉❧t②
❜❡✐♥❣ t❤❛t t❤❡ ❦❡r♥❡❧ s✐♥❣✉❧❛r✐t② O(|v − v∗|−1) ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L2

loc ✐♥ t❤❛t ❝❛s❡✳ ❚❤✐s
✐s ♦✈❡r❝♦♠❡ ❜② ❝❛r❡❢✉❧❧② s❡♣❛r❛t✐♥❣ t❤❡ ❝r✐t✐❝❛❧ t❡r♠s ❛♥❞ ❡st✐♠❛t✐♥❣ t❤❡♠ ✉s✐♥❣ st❛♥❞❛r❞
t♦♦❧s ❢♦r s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s s✉❝❤ ❛s ❈❛❧❞❡ró♥✕❩②❣♠✉♥❞ t❤❡♦r② ❛♥❞ t❤❡ ❍❛r❞②✕▲✐tt❧❡✇♦♦❞✕
❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❡✳❣✳ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✸✮✳

◆♦t❛t✐♦♥✳

• ❲❡ ❞❡♥♦t❡ ❜② C ≥ 1 ❛♥② ❝♦♥st❛♥t t❤❛t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ d✳ ❲❡ ✉s❡
t❤❡ ♥♦t❛t✐♦♥ ≲ ✭r❡s♣✳ ≳✮ ❢♦r ≤ C× ✭r❡s♣✳ ≥ 1

C×✮ ✉♣ t♦ s✉❝❤ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t C✳
❲❡ ✇r✐t❡ ≃ ✇❤❡♥ ❜♦t❤ ≲ ❛♥❞ ≳ ❤♦❧❞✳ ❲❡ ❛❞❞ s✉❜s❝r✐♣ts t♦ C,≲,≳,≃ t♦ ✐♥❞✐❝❛t❡
❞❡♣❡♥❞❡♥❝❡ ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs✳

• ❲❡ ❞❡♥♦t❡ ❜② d̄k := (2π)−ddk t❤❡ r❡s❝❛❧❡❞ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ ♠♦♠❡♥t✉♠ s♣❛❝❡✳

• ❋♦r a, b ∈ R ✇❡ ✇r✐t❡ a ∧ b := min{a, b}✱ a ∨ b := max{a, b}✱ ❛♥❞ ⟨a⟩ := (1 + a2)1/2✳
• ❲❡ ✉s❡ st❛♥❞❛r❞ ♠✉❧t✐✲✐♥❞❡① ♥♦t❛t✐♦♥✿ ❢♦r α = (α1, . . . , αd) ∈ N

d✱ ✇❡ s❡t ∇α :=
∇α1

1 . . .∇αd

d ❛♥❞ |α| := α1 + . . . + αd✳ ❋♦r α, γ ∈ N
d✱ ✇❡ ✇r✐t❡ α + γ ❢♦r ❝♦♠♣♦♥❡♥✲

t✇✐s❡ s✉♠ ❛♥❞ α ≤ γ ❢♦r ❝♦♠♣♦♥❡♥t✇✐s❡ ✐♥❡q✉❛❧✐t②✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts(
α
γ

)
:= α!

γ!(α−γ)! ✇✐t❤ α! := α1! . . . αd!✳

✷✳ ●❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❋✐rst✱ ✇❡ ❛r❣✉❡ t❤❛t ✇❡ ❝❛♥ r❡str✐❝t
❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ β = 1 ❜② ❛ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t✳ ■♥❞❡❡❞✱ s❡tt✐♥❣ F = βd/2F̃β(β

1/2·)✱ t❤❡
▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❢♦r F ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦

β
1
2∂tF̃β = ∇ ·

ˆ

Rd

Bβ(v, v − v∗;∇F̃β)
(
F̃β,∗∇F̃β − F̃β∇∗F̃β,∗

)
dv∗,

✐♥ t❡r♠s ♦❢

Bβ(v, v − v∗;∇F̃β) :=

ˆ

Rd

(k ⊗ k)π(βV̂ (k))2 δ(k·(v−v∗))

|εβ(k,k·v;∇F̃β)|2
d̄k,

εβ(k, k · v;∇F̃β) := 1 + βV̂ (k)

ˆ

Rd

k·∇F̃β(v∗)
k·(v−v∗)−i0 dv∗.

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❞✐❧❛t✐♦♥ F̃β s❛t✐s✜❡s t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✉♣ t♦ r❡s❝❛❧✐♥❣ t✐♠❡ ❛♥❞
r❡♣❧❛❝✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ V ❜② βV ✳ ■t ✐s t❤❡r❡❢♦r❡ s✉✣❝✐❡♥t t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶
✐♥ t❤❡ ❝❛s❡ β = 1✱ ❛♥❞ ✇❡ ❤❡♥❝❡❢♦rt❤ ❞r♦♣ t❤❡ s✉❜s❝r✐♣t ❢♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✳
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■♥ t❡r♠s ♦❢ F = µ+
√
µf ✱ ♥♦t✐♥❣ t❤❛t B(v, v−v∗;∇F ) (v−v∗) = 0✱ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉

❡q✉❛t✐♦♥ ✭✶✳✶✮ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♦♥ f ✱

∂tf = L[f ] +N(f), f |t=0 = f◦, ✭✷✳✶✮

✐♥ t❡r♠s ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs

L[g] := (∇− v) ·
ˆ

Rd

B(v, v − v∗;∇µ)
(√

µ∗(∇+ v)g −√
µ((∇+ v)g)∗

)√
µ∗ dv∗,

N(g) := (∇− v) ·
ˆ

Rd

B(v, v − v∗;∇Fg)
(
g∗∇g − g(∇g)∗

)√
µ∗ dv∗

+(∇− v) ·
ˆ

Rd

(
B(v, v − v∗;∇Fg)−B(v, v − v∗;∇µ)

)

×
(√

µ∗(∇+ v)g −√
µ((∇+ v)g)∗

)√
µ∗ dv∗,

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ s❤♦rt✲❤❛♥❞ ♥♦t❛t✐♦♥

Fg := µ+
√
µg.

■♥ t❤❡ s♣✐r✐t ♦❢ ❬✶✹❪✱ ♦✉r ❛♣♣r♦❛❝❤ t♦ ❣❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❡①♣❧♦✐ts t❤❡ ♣❡❝✉❧✐❛r ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r L✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ❢✉rt❤❡r s♣❧✐t ❛s

L[g] = (∇− v) ·A(∇+ v)g − (∇− v) ·
(√

µB◦[(∇+ v)g]
)
, ✭✷✳✷✮

✐♥ t❡r♠s ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❝♦❡✣❝✐❡♥t ✜❡❧❞

A(v) :=

ˆ

Rd

B(v, v − v∗;∇µ)µ∗ dv∗, ✭✷✳✸✮

❛♥❞ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r

B◦[g](v) :=

ˆ

Rd

B(v, v − v∗;∇µ)
√
µ∗g∗ dv∗. ✭✷✳✹✮

❙✐♠✐❧❛r❧②✱ t❤❡ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r N ❝❛♥ ❜❡ s♣❧✐t ❛s

N(g) = (∇− v) · B(∇Fg)[g]∇g − (∇− v) ·
(
g B(∇Fg)[∇g]

)

+ (∇− v) ·
(
B(∇Fg)[

√
µ]− B(∇µ)[

√
µ]
)
(∇+ v)g

− (∇− v) ·
(√

µ
(
B(∇Fg)[(∇+ v)g]− B(∇µ)[(∇+ v)g]

))
,

✇❤❡r❡ ❢♦r ❛❧❧ s❝❛❧❛r ✜❡❧❞s F ✇❡ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r B(∇F ) ❛s

B(∇F )[g](v) :=

ˆ

Rd

B(v, v − v∗;∇F )
√
µ∗g∗ dv∗. ✭✷✳✺✮

◆♦t❡ t❤❛t ✇✐t❤ ♦✉r ♥♦t❛t✐♦♥✱

A = B◦[
√
µ], B◦[g] = B(∇µ)[g].

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✐♥ t❤❡ ▲❛♥❞❛✉ ❝❛s❡ ✭✶✳✻✮ t❤❡ ♦♣❡r❛t♦rs B◦ ❛♥❞ B(∇F ) ❝♦✐♥❝✐❞❡ ❢♦r ❛❧❧ F
❛♥❞ ❛r❡ ♦❢ ❝♦♥✈♦❧✉t✐♦♥ t②♣❡✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡ ❛♥❞ ♠❛❦❡s t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉
s❡tt✐♥❣ s✉❜st❛♥t✐❛❧❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✳

❇❡❢♦r❡ ✐♥✈❡st✐❣❛t✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ L✱ ♦✉r st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② ❧❡♠♠❛✱
st❛t✐♥❣ t❤❛t t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε(k, k · v;∇F ) ✐s ✉♥✐❢♦r♠❧② ♥♦♥✲❞❡❣❡♥❡r❛t❡ ♣r♦✈✐❞❡❞
t❤❛t t❤❡ ❞❡♥s✐t② F ✐s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ▼❛①✇❡❧❧✐❛♥ ✐♥ ❛ s✉✐t❛❜❧❡ ❙♦❜♦❧❡✈ s❡♥s❡✳ ❚❤✐s r❡s✉❧t
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✐s ❝r✉❝✐❛❧ t♦ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❤❛♥❞❧✐♥❣ ♦❢ ❞②♥❛♠✐❝❛❧ s❝r❡❡♥✐♥❣ ❛♥❞ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ t♦
t❤❡ ▲❛♥❞❛✉ ❝❛s❡ ✭✶✳✻✮✳ ◆♦t❡ t❤❛t t❤✐s ✐s ✐♥ s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❞❡❣❡♥❡r❛t❡ ❜❡❤❛✈✐♦r ♦❢
t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ❝❛s❡ ♦❢ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥s✱ ❝❢✳ ❬✷✶❪✳

▲❡♠♠❛ ✷✳✶ ✭▲❡♥❛r❞✕❇❛❧❡s❝✉ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥✮✳ ▲❡t V ∈ L1(Rd) ❜❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

✭✐✮ ◆♦♥✲❞❡❣❡♥❡r❛❝② ❛t ▼❛①✇❡❧❧✐❛♥✿ ❋♦r ❛❧❧ k, v ∈ R
d✱

|ε(k, k · v;∇µ)| ≃V 1.

✭✐✐✮ ◆♦♥✲❞❡❣❡♥❡r❛❝② ❝❧♦s❡ t♦ ▼❛①✇❡❧❧✐❛♥✿ Pr♦✈✐❞❡❞ g ∈ L2(Rd) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣
s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✱ ❢♦r s♦♠❡ r0 ≥ 0✱ δ0 > 0✱ ❛♥❞ s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♥st❛♥t C0✱

∥⟨v⟩−r0⟨∇⟩
3
2
+δ0g∥L2(Rd) ≤ 1

C0
,

✇❡ ❤❛✈❡ ❢♦r ❛❧❧ k, v ∈ R
d✱

|ε(k, k · v;∇Fg)| ≃V,δ0,r0 1.

✭✐✐✐✮ ❇♦✉♥❞❡❞♥❡ss✿ ❋♦r ❛❧❧ ♠✉❧t✐✲✐♥❞✐❝❡s α > 0✱ ❢♦r ❛❧❧ δ > 0✱ ❛♥❞ r ≥ 0✱ ✇❡ ❤❛✈❡

|∇α
v ε(k, k · v;∇Fg)| ≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|+

3
2
+δg∥L2(Rd).

Pr♦♦❢✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ st❡♣s✳

❙t❡♣ ✶✳ Pr♦♦❢ ♦❢ ✭✐✮✳

❙❡tt✐♥❣ k̂ := k
|k| ✱ ✇❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥✱ ❝❢✳ ✭✶✳✸✮

ε(k, k · v;∇µ) = 1− 2V̂ (k)

ˆ

Rd

k̂·v∗
k̂·(v−v∗)−i0

µ(v∗) dv∗,

❛♥❞ t❤❡ P❧❡♠❡❧❥ ❢♦r♠✉❧❛ ②✐❡❧❞s

ε(k, k · v;∇µ) = 1− 2V̂ (k) p.v.

ˆ

Rd

k̂·v∗
k̂·(v−v∗)

µ(v∗) dv∗

− 2iπV̂ (k)

ˆ

Rd

(k̂ · v∗) δ(k̂ · (v − v∗))µ(v∗) dv∗.

❙♣❧✐tt✐♥❣ ✐♥t❡❣r❛❧s ♦✈❡r v∗ ∈ R
d ❛s ✐♥t❡❣r❛❧s ♦✈❡r v∗ ∈ k̂R ⊕ k̂⊥✱ s❡tt✐♥❣ vk := k̂ · v✱ ❛♥❞

♥♦t✐♥❣ t❤❛t
´

k̂⊥ µ = ( 1π )
1
2 ✱ t❤✐s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

ε(k, k · v;∇µ) = 1 + 2V̂ (k)
(
1− ( 1π )

1
2 vk p.v.

ˆ

R

1
vk−y e

−y2dy
)
− 2iπV̂ (k)( 1π )

1
2 vke

−v2k .

❯s✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛

p.v.

ˆ

R

1
x−y e

−y2 dy = 2π
1
2 e−x2

ˆ x

0
ey

2
dy,

❛♥❞ ❢✉rt❤❡r s❡tt✐♥❣ ❢♦r ❛❜❜r❡✈✐❛t✐♦♥

wk :=
√
2 vk, ❛♥❞ H(x) :=

1
xe

1
2
x2 −

´ x
0 e

1
2
y2dy

1
xe

1
2
x2

,

t❤❡ ❛❜♦✈❡ ❜❡❝♦♠❡s

ε(k, k · v;∇µ) = 1 + 2V̂ (k)H(wk)− i(2π)
1
2 V̂ (k)wke

− 1
2
w2

k .
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❚❛❦✐♥❣ t❤❡ ♠♦❞✉❧✉s✱ ✇❡ t❤❡♥ ✜♥❞

|ε(k, k · v;∇µ)|2 =
(
1 + 2V̂ (k)H(wk)

)2
+ 2πV̂ (k)2w2

ke
−w2

k .

◆♦t✐♥❣ t❤❛t
H(x) ≥ 0, ❢♦r |x| ≤ 1,

H(x) ≥ − 2
|x| − |x|e2− 1

2
x2
, ❢♦r |x| ≥ 1,

✇❡ ❡❛s✐❧② ❞❡❞✉❝❡ ❢♦r ❛❧❧ k, v ∈ R
d✱

e−CV̂ (k)2 ≲ |ε(k, k · v;∇µ)|2 ≲ 1 + V̂ (k)2.

❙t❡♣ ✷✳ Pr♦♦❢ ♦❢ ✭✐✐✮✳
❇② ❞❡✜♥✐t✐♦♥✱ ✇✐t❤ Fg = µ+

√
µg✱ ✇❡ ✜♥❞

|ε(k, k · v;∇Fg)| ≥ |ε(k, k · v;∇µ)| − V̂ (k)
∣∣∣
ˆ

Rd

k̂·∇∗(
√
µg)∗

k̂·(v−v∗)−i0
dv∗

∣∣∣.

❇② t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ δ0 > 0✱

|ε(k, k · v;∇f)| ≥ |ε(k, k · v;∇µ)| − Cδ0∥V ∥L1(Rd)

∥∥∥
ˆ

Rd

k̂·∇∗(
√
µg)∗

k̂·(·−v∗)−i0
dv∗

∥∥∥
H

1
2+δ0 (k̂R)

.

❚❤✉s✱ s♣❧✐tt✐♥❣ ❛❣❛✐♥ ✐♥t❡❣r❛❧s ♦✈❡r v∗ ∈ R
d ❛s ✐♥t❡❣r❛❧s ♦✈❡r v∗ ∈ k̂R ⊕ k̂⊥✱ ❛♣♣❡❛❧✐♥❣ t♦

t❤❡ L2 ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt tr❛♥s❢♦r♠✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛st ❞❡❝❛② ♦❢ µ✱ ✇❡ ❣❡t ❢♦r
❛❧❧ r ≥ 0✱

|ε(k, k · v;∇f)| ≥ |ε(k, k · v;∇µ)| − CV,δ0

∥∥∥
ˆ

k̂⊥
k̂ · ∇(

√
µg)

∥∥∥
H

1
2+δ0 (k̂R)

≥ |ε(k, k · v;∇µ)| − CV,δ0,r∥⟨v⟩−r⟨∇⟩
3
2
+δ0g∥L2(Rd).

❈♦♠❜✐♥❡❞ ✇✐t❤ ✭✐✮✱ t❤✐s ♣r♦✈❡s ✭✐✐✮✳

❙t❡♣ ✸✳ Pr♦♦❢ ♦❢ ✭✐✐✐✮✳
❇② ❞❡✜♥✐t✐♦♥✱ ❝❢✳ ✭✶✳✸✮✱ ✇❡ ✜♥❞ ❢♦r |α| ≥ 1✱

∇α
v ε(k, k · v;∇Fg) = V̂ (k)

ˆ

Rd

k̂·∇∗∇α
∗Fg(v∗)

k̂·(v−v∗)−i0
dv∗. ✭✷✳✻✮

❆r❣✉✐♥❣ ❛s ✐♥ ❙t❡♣ ✷✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✐✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❛♥❞ ❢r♦♠ t❤❡
❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt tr❛♥s❢♦r♠✳ □

❲❡ ♥♦✇ t✉r♥ t♦ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r L✱ ❝❢✳ ✭✷✳✶✮✱ ❛♥❞ ✇❡ st❛rt ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ❡❧❧✐♣t✐❝ ❝♦❡✣❝✐❡♥t ✜❡❧❞ A✱ ❝❢✳ ✭✷✳✸✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦t❡ t❤❛t ✐t
✐s ♥♦t ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝✳ ❋r♦♠ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ❢♦r ▲❡♠♠❛ ✷✳✸✭✐✐✮ ❜❡❧♦✇✱ ✇❡ ❝♦✉❧❞
✐♥ ❢❛❝t s❤♦✇ t❤❛t ✐♥ ✭✷✳✽✮ ❤✐❣❤❡r✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s ❤❛✈❡ str♦♥❣❡r ❞❡❝❛② ✭②❡t ✉♥❞❡r str♦♥❣❡r
❛ss✉♠♣t✐♦♥s ♦♥ V ✮✱ ❜✉t ✐t ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤✐s ✇♦r❦✳

▲❡♠♠❛ ✷✳✷ ✭Pr♦♣❡rt✐❡s ♦❢ A✮✳ ▲❡t V ∈ L1 ∩Ḣ 1
2 (Rd) ❜❡ ✐s♦tr♦♣✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

✭✐✮ ❈♦❡r❝✐✈✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss✿ ❋♦r ❛❧❧ v, e ∈ R
d✱

e ·A(v)e ≃V ⟨v⟩−1|P⊥
v e|2 + ⟨v⟩−3|Pve|2,

✐♥ t❡r♠s ♦❢ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s Pv ❛♥❞ P⊥
v ♦♥ vR ❛♥❞ v⊥✱

Pv := v
|v| ⊗

v
|v| , P⊥

v = Id−Pv. ✭✷✳✼✮
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✭✐✐✮ ❙♠♦♦t❤♥❡ss✿ A ❜❡❧♦♥❣s t♦ C∞
b (Rd) ❛♥❞ s❛t✐s✜❡s ❢♦r ❛❧❧ v ∈ R

d ❛♥❞ α ≥ 0✱

|∇αA(v)| ≲V,α ⟨v⟩−1, |∇α(A(v)v)| ≲V,α ⟨v⟩−2. ✭✷✳✽✮

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ ✈❡❝t♦r ✜❡❧❞s h1, h2✱ ❛♥❞ α ≥ 0✱
∣∣∣
ˆ

Rd

h1 · (∇αA)h2

∣∣∣ ≲V,α

( ˆ

Rd

h1 ·Ah1

) 1
2
( ˆ

Rd

h2 ·Ah2

) 1
2
. ✭✷✳✾✮

❇❡❢♦r❡ t✉r♥✐♥❣ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛✱ ✇❡ ♥♦t❡ t❤❛t ✐t ♠♦t✐✈❛t❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞ ♥♦r♠✱ ✇❤✐❝❤ ✐s ❛❞❛♣t❡❞ t♦ t❤❡ ❞✐ss✐♣❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ ♦♣❡r❛t♦r L✿
❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ h✱

∥h∥L2
A(Rd) :=

( ˆ

Rd

h ·Ah
) 1

2
. ✭✷✳✶✵✮

▲❡♠♠❛ ✷✳✷✭✐✮ ❛❜♦✈❡ st❛t❡s t❤❛t t❤✐s ♥♦r♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✱

∥h∥L2
A(Rd) ≃V ∥⟨v⟩−

1
2P⊥

v h∥L2(Rd) + ∥⟨v⟩−
3
2Pvh∥L2(Rd), ✭✷✳✶✶✮

❛♥❞ ✭✷✳✾✮ ❝❛♥ ♥♦✇ ❜❡ r❡✇r✐tt❡♥ ❛s
∣∣∣
ˆ

Rd

h1 · (∇αA)h2

∣∣∣ ≲V,α ∥h1∥L2
A(Rd)∥h2∥L2

A(Rd).

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ ❢♦✉r st❡♣s✳

❙t❡♣ ✶✳ Pr♦♦❢ ♦❢ ✭✶✳✻✮✱ t❤❛t ✐s✱
ˆ

Rd

(k ⊗ k)πV̂ (k)2 δ(k · v) d̄k = L
|v|P

⊥
v , ✭✷✳✶✷✮

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ✭✷✳✼✮ ❛♥❞ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t L ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✮✳

❚❤❡ ✐♥t❡❣r❛❧ ✐s ❝♦♠♣✉t❡❞ ❛s
ˆ

Rd

(k ⊗ k)πV̂ (k)2 δ(k · v) d̄k = 1
|v|

ˆ

Rd

(k ⊗ k)πV̂ (k)2 δ(k · v
|v|) d̄k

= 1
|v|(2π)

−d

ˆ

v⊥
(k ⊗ k)πV̂ (k)2 dk.

❇② s②♠♠❡tr②✱ ❛s V̂ ✐s ✐s♦tr♦♣✐❝✱ t❤✐s ✐♥t❡❣r❛❧ ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ P⊥
v ✳

❚❤✐s ♣r♦✈❡s ✭✷✳✶✷✮ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t

L := 1
d−1 tr

(
(2π)−d

ˆ

v⊥
(k ⊗ k)πV̂ (k)2 dk

)

= 1
d−1(2π)

−d

ˆ

v⊥
|k|2 πV̂ (k)2 dk,

✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✱ ✉s✐♥❣ r❛❞✐❛❧ ❝♦♦r❞✐♥❛t❡s ❛♥❞ t❤❡ ✐s♦tr♦♣② ♦❢ t❤❡ ✐♥t❡❣r❛♥❞✱

L = 1
d−1 |S

d−2|(2π)−d

ˆ ∞

0
rdπV̂ (r)2 dr

= 1
d−1

|Sd−2|
|Sd−1|(2π)

−d

ˆ

Rd

|k|πV̂ (k)2 dk.

❯s✐♥❣ |Sd−2| = (d− 1)ωd−1 ❛♥❞ |Sd−1| = dωd✱ ✇❡ r❡❝♦✈❡r t❤❡ ❞❡✜♥✐t✐♦♥ ✭✶✳✼✮ ♦❢ L✱ ✇❤✐❝❤ ✐s

✜♥✐t❡ ♣r♦✈✐❞❡❞ V ∈ Ḣ1/2(Rd)✳



❲❊▲▲✲P❖❙❊❉◆❊❙❙ ❖❋ ❚❍❊ ▲❊◆❆❘❉✕❇❆▲❊❙❈❯ ❊◗❯❆❚■❖◆ ✶✶

❙t❡♣ ✷✳ Pr♦♦❢ ♦❢ ✭✐✮✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ A ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B✱ ❝❢✳ ✭✷✳✸✮ ❛♥❞ ✭✶✳✷✮✱ ✇❡ ♥♦t❡ t❤❛t A(v) ✐s ❛
♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ s②♠♠❡tr✐❝ ♠❛tr✐① ❢♦r ❛❧❧ v ∈ R

d✱ ✇✐t❤

e ·A(v)e =

¨

Rd×Rd

(e · k)2 πV̂ (k)2 δ(k·(v−v∗))
|ε(k,k·v;∇µ)|2 d̄k µ∗ dv∗ ≥ 0. ✭✷✳✶✸✮

❋✉rt❤❡r r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε✱ ❝❢✳ ✭✶✳✸✮✱ ❛♥❞ ✉s✐♥❣ t❤❛t V
❛♥❞ µ ❛r❡ ❜♦t❤ ✐s♦tr♦♣✐❝✱ ✇❡ ♥♦t❡ t❤❛t A s❛t✐s✜❡s A(Rv) = RA(v)R′ ❢♦r ❛❧❧ ♦rt❤♦❣♦♥❛❧
tr❛♥s❢♦r♠❛t✐♦♥s R ∈ Od(R)✳ ❋r♦♠ t❤✐s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ v ∈ R

d t❤❡ s♣❡❝tr✉♠
♦❢ A(v) ❝♦♥s✐sts ♦❢ ❛ s✐♠♣❧❡ ❡✐❣❡♥✈❛❧✉❡ λ1(v) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❡❝t♦r v✱ ❛♥❞ ❛
♠✉❧t✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡ λ2(v) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥s♣❛❝❡ v⊥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥ t❡r♠s ♦❢
♣r♦❥❡❝t✐♦♥s Pv, P

⊥
v ✱ ❝❢✳ ✭✷✳✼✮✱ ✇❡ ❤❛✈❡

A(v) = λ1(v)Pv + λ2(v)P
⊥
v , ✭✷✳✶✹✮

✇❤❡r❡ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✸✮ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛s

λ1(v) :=

¨

Rd×Rd

(
k · v

|v|
)2

πV̂ (k)2 δ(k·(v−v∗))
|ε(k,k·v;∇µ)|2 d̄k µ∗ dv∗,

λ2(v) := 1
d−1

(
trA(v)− λ1(v)

)
.

■t r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ ❛s②♠♣t♦t✐❝ ❡st✐♠❛t❡s ❢♦r t❤❡s❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❯s✐♥❣ ▲❡♠♠❛ ✷✳✶✭✐✮
❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ ✭✷✳✶✷✮✱ t❤❡ ✐❞❡♥t✐t② ✭✷✳✶✸✮ ❜❡❝♦♠❡s ❢♦r ❛❧❧ v, e ∈ R

d✱

e ·A(v)e ≃V

¨

Rd×Rd

|e · k|2 πV̂ (k)2 δ(k · (v − v∗)) d̄k µ∗ dv∗

≃V e ·
(
ˆ

Rd

1
|v−v∗|

(
Id− (v−v∗)⊗(v−v∗)

|v−v∗|2
)
µ∗ dv∗

)
e, ✭✷✳✶✺✮

t❤❛t ✐s✱ ✇❡ ❛r❡ ❡ss❡♥t✐❛❧❧② r❡❞✉❝❡❞ t♦ t❤❡ ▲❛♥❞❛✉ ❝❛s❡✱ ❛♥❞ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s ❢♦r ❡✐❣❡♥✲
✈❛❧✉❡s t❤❡♥ ②✐❡❧❞✱ ❛s ❡✳❣✳ ✐♥ ❬✼✱ ❙❡❝t✐♦♥ ✷❪✱

λ1(v) ≃V

ˆ

Rd

1
|v∗|

(
1−

(
v·v∗
|v||v∗|

)2)
µ(v − v∗) dv∗,

λ2(v) ≃V
1

d−1

ˆ

Rd

1
|v∗|

(
d− 2 +

(
v·v∗
|v||v∗|

)2)
µ(v − v∗) dv∗.

❯s✐♥❣ t❤❡ ❢❛st ❞❡❝❛② ♦❢ µ✱ ✇❡ ❣❡t

λ1(v) ≃V ⟨v⟩−3, λ2(v) ≃V ⟨v⟩−1,

❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✐✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✸✳ Pr♦♦❢ ♦❢ ✭✷✳✽✮✳
❊st✐♠❛t❡s |A(v)| ≲ ⟨v⟩−1 ❛♥❞ |A(v)v| ≲ ⟨v⟩−2 ❢♦❧❧♦✇ ❢r♦♠ ✭✐✮✳ ▲❡t ♥♦✇ |α| ≥ 1✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ A ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B✱ ❝❢✳ ✭✷✳✸✮ ❛♥❞ ✭✶✳✷✮✱ ▲❡✐❜♥✐③✬ r✉❧❡ ②✐❡❧❞s

∇αA(v) =
∑

γ≤α

(
α

γ

)
¨

Rd×Rd

(k ⊗ k)πV̂ (k)2 δ(k · (v − v∗))∇γ
(

1
|ε(k,k·v;∇µ)|2

)
d̄k

× (∇α−γµ)∗ dv∗,
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❤❡♥❝❡✱ ❜② ▲❡♠♠❛ ✷✳✶✱

|∇αA(v)| ≲V,α

¨

Rd×Rd

|k|2V̂ (k)2δ(k · (v − v∗)) d̄k ⟨v∗⟩|α|µ∗ dv∗

≲V

ˆ

Rd

|v − v∗|−1⟨v∗⟩|α|µ∗ dv∗

≲α ⟨v⟩−1. ✭✷✳✶✻✮

◆❡①t✱ ✇❡ t✉r♥ t♦ ❞❡r✐✈❛t✐✈❡s ♦❢ A(v)v✿ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✶✹✮✱ ✇❡ ✜♥❞

A(v)v = λ1(v)v = v
|v|2

¨

Rd×Rd

(k · v)2 πV̂ (k)2 δ(k·(v−v∗))
|ε(k,k·v;∇µ)|2 d̄k µ∗ dv∗,

♦r ❛❧t❡r♥❛t✐✈❡❧②✱ ✉s✐♥❣ t❤❡ ❉✐r❛❝ ♠❛ss δ(k · (v−v∗)) t♦ r❡♣❧❛❝❡ t❤❡ ❢❛❝t♦r (k ·v)2 ❜② (k ·v∗)2✱

A(v)v = v
|v|2

¨

Rd×Rd

πV̂ (k)2 δ(k·(v−v∗))
|ε(k,k·v;∇µ)|2 d̄k (k · v∗)2µ∗ dv∗.

▲❡✐❜♥✐③✬ r✉❧❡ t❤❡♥ ②✐❡❧❞s

∇α(A(v)v) =
∑

γ+γ′≤α

(
α

γ, γ′

)
∇γ( v

|v|2 )
¨

Rd×Rd

πV̂ (k)2δ(k · (v − v∗))∇γ′( 1
|ε(k,k·v;∇µ)|2

)
d̄k

×∇α−γ−γ′

∗
(
(k · v)2µ

)
∗ dv∗,

❤❡♥❝❡✱ ❜♦✉♥❞✐♥❣ t❤❡ ❧❛st ❢❛❝t♦r ❜② |∇α−γ−γ′

∗ ((k · v)2µ)∗| ≲α |k|2⟨v∗⟩|α|+2 ❛♥❞ ❛♣♣❡❛❧✐♥❣ t♦
▲❡♠♠❛ ✷✳✶✱

|∇α(A(v)v)| ≲V,α

∑

γ+γ′≤α

|v|−|γ|−1

¨

Rd×Rd

|k|2V̂ (k)2δ(k · (v − v∗)) d̄k ⟨v∗⟩|α|+2µ∗ dv∗,

✇❤✐❝❤ ②✐❡❧❞s ❛s ✐♥ ✭✷✳✶✻✮✱ ❢♦r |v| > 1✱

|∇α(A(v)v)| ≲V,α |v|−2

❙✐♥❝❡ ✐♥❝✐❞❡♥t❛❧❧② ✭✷✳✶✻✮ ❡♥t❛✐❧s |∇α(A(v)v)| ≲α 1 ❢♦r |v| ≤ 1✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✷✳✽✮ ❢♦❧❧♦✇s✳

❙✉❜st❡♣ ✹✳ Pr♦♦❢ ♦❢ ✭✷✳✾✮✳
■♥ ✈✐❡✇ ♦❢ ✭✐✮✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ❢♦r ❛❧❧ α ≥ 0✱

∣∣∣
ˆ

Rd

h1 · (∇αA)h2

∣∣∣ ≲V,α

(
∥⟨v⟩−

1
2P⊥

v h1∥L2(Rd) + ∥⟨v⟩−
3
2Pvh1∥L2(Rd)

)

×
(
∥⟨v⟩−

1
2P⊥

v h2∥L2(Rd) + ∥⟨v⟩−
3
2Pvh2∥L2(Rd)

)
. ✭✷✳✶✼✮

❲❡ st❛rt ❜② ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ✈❡❝t♦r ✜❡❧❞s h1, h2 ✇✐t❤ r❡s♣❡❝t t♦ Pv, P
⊥
v ✱

ˆ

Rd

h1 · (∇αA)h2 =

ˆ

Rd

(P⊥
v h1) · (∇αA)(P⊥

v h2) +

ˆ

Rd

(Pvh1) · (∇αA)(Pvh2)

+

ˆ

Rd

(P⊥
v h1) · (∇αA)(Pvh2) +

ˆ

Rd

(Pvh1) · (∇αA)(P⊥
v h2).

❇② ❞❡✜♥✐t✐♦♥ ♦❢ Pv✱ ✇❡ ❝❛♥ ✇r✐t❡

(∇αA)(Pvh1) =
(
v·h1
|v|2

)
(∇αA)v =

(
v·h1
|v|2

)(
∇α(Av)−

∑

j∈α
(∇α−jA)ej

)
,
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❛♥❞ s✐♠✐❧❛r❧②

(Pvh1) · (∇αA)(Pvh2) =
(
v·h1
|v|2

)(
v·h2
|v|2

)(
v · ∇α(Av)

−
∑

j∈α
ej · ∇α−j(Av) +

∑

j,l∈α
ej · (∇α−j−lA)el

)
.

❇② ✭✷✳✽✮✱ ✇❡ ❞❡❞✉❝❡

∣∣∣
ˆ

Rd

h1 · (∇αA)h2

∣∣∣ ≲V,α

ˆ

Rd

⟨v⟩−1|P⊥
v h1||P⊥

v h2|+
ˆ

Rd

⟨v⟩−3|Pvh1||Pvh2|

+

ˆ

Rd

⟨v⟩−2|P⊥
v h1||Pvh2|+

ˆ

Rd

⟨v⟩−2|Pvh1||P⊥
v h2|,

❛♥❞ t❤❡ ❝❧❛✐♠ ✭✷✳✶✼✮ ❢♦❧❧♦✇s✳ □

◆❡①t✱ ✇❡ st✉❞② ❜♦✉♥❞❡❞♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r B◦✱ ❝❢✳ ✭✷✳✹✮✳
■t❡♠ ✭✐✐✮ ❜❡❧♦✇ ❡①♣r❡ss❡s ❛ ❝r✉❝✐❛❧ ❣❛✐♥ ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳ ❆s ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ♣r♦♦❢✱ t❤✐s
❣❛✐♥ ❝♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ✐♠♣r♦✈❡❞ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s d > 2 ❜② ✐t❡r❛t✐♥❣ ♦✉r ❛r❣✉♠❡♥t ❜❡❧♦✇
✭②❡t ✉♥❞❡r str♦♥❣❡r ❛ss✉♠♣t✐♦♥s ♦♥ V ✮✱ ❜✉t ✐t ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❲❡ ❡♠♣❤❛s✐③❡
t❤❛t t❤❡ ♦♣❡r❛t♦r B◦ ✐s ♥♦t ♦❢ ❝♦♥✈♦❧✉t✐♦♥ t②♣❡✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤❡
▲❛♥❞❛✉ ❝❛s❡ ✭✶✳✻✮✳

▲❡♠♠❛ ✷✳✸ ✭Pr♦♣❡rt✐❡s ♦❢ B◦✮✳ ▲❡t V ∈ L1 ∩Ḣ 1
2 (Rd) ❜❡ ✐s♦tr♦♣✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

✭✐✮ ❇♦✉♥❞❡❞♥❡ss✿ ❋♦r ❛❧❧ r ≥ 0✱

∥⟨v⟩r√µB◦[g]∥L2(Rd) ≲V,r ∥⟨v⟩−rg∥L2(Rd),

✭✐✐✮ ■♠♣r♦✈❡❞ r❡❣✉❧❛r✐t②✿ ❋✉rt❤❡r ❛ss✉♠❡ V ∈ Ḣ2(Rd) ❛♥❞ xV ∈ L2(Rd)✳ ❚❤❡♥✱ ❢♦r
❛❧❧ α > 0 ❛♥❞ r ≥ 0✱

∥⟨v⟩r√µ∇αB◦[g]∥L2(Rd) ≲V,α,r

∑

γ<α

∥⟨v⟩−r∇γg∥L2(Rd).

Pr♦♦❢✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ st❡♣s✳

❙t❡♣ ✶✳ Pr♦♦❢ ♦❢ ✭✐✮✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ B◦ ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B✱ ❝❢✳ ✭✷✳✹✮ ❛♥❞ ✭✶✳✷✮✱ ▲❡♠♠❛ ✷✳✶✭✐✮ ②✐❡❧❞s

|B(v, v − v∗;∇µ)| ≲V

ˆ

Rd

|k|2V̂ (k)2δ(k · (v − v∗)) d̄k ≲ |v − v∗|−1, ✭✷✳✶✽✮

❤❡♥❝❡✱ ❜② t❤❡ ❍❛r❞②✕▲✐tt❧❡✇♦♦❞✕❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t②✱ ❢♦r ❛❧❧ d < q < ∞ ❛♥❞ r ≥ 0✱

∥B◦[g]∥Lq(Rd) ≲q ∥√µg∥
L

dq
d+q(d−1) (Rd)

.

❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❢❛st ❞❡❝❛② ♦❢
√
µ✱ t❤✐s ♣r♦✈❡s ✭✐✮✳

❙t❡♣ ✷✳ Pr♦♦❢ ♦❢ ✭✐✐✮✳
❇② ▲❡✐❜♥✐③✬ r✉❧❡✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

∇αB◦[g] =
∑

γ≤α

(
α

γ

)
Tα
γ [g], ✭✷✳✶✾✮
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✐♥ t❡r♠s ♦❢

Tα
γ [g] :=

¨

Rd×Rd

(k ⊗ k)πV̂ (k)2 δ(k · (v − v∗))∇α−γ
v

(
1

|ε(k,k·v;∇µ)|2
)
d̄k∇γ

∗(
√
µ∗g∗) dv∗.

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✐✐✮ ❢♦❧❧♦✇s ♣r♦✈✐❞❡❞ ✇❡ s❤♦✇ ❢♦r ❛❧❧ γ ≤ α ❛♥❞ r ≥ 0✱

∥⟨v⟩r√µTα
γ [g]∥L2(Rd) ≲V,α,r

∑

γ<α

∥⟨v⟩−r∇γg∥L2(Rd). ✭✷✳✷✵✮

❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ❢✉rt❤❡r s✉❜st❡♣s✳ ◆♦t❡ t❤❛t t❤❡ ❝❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ d = 2 ✐s
❝r✐t✐❝❛❧ ❛♥❞ r❡q✉✐r❡s ❛ ♣❛rt✐❝✉❧❛r ❝❛r❡ ❜❡❧♦✇✳

❙✉❜st❡♣ ✷✳✶✳ Pr♦♦❢ ♦❢ ✭✷✳✷✵✮ ❢♦r γ < α✳
❇② ▲❡♠♠❛ ✷✳✶✱ ✇❡ ❣❡t

|Tα
γ [g]| ≲V,α

¨

Rd×Rd

|k|2V̂ (k)2 δ(k · (v − v∗))d̄k |∇γ
∗(
√
µ∗g∗)| dv∗

≲V

ˆ

Rd

|v − v∗|−1|∇γ
∗(
√
µ∗g∗)| dv∗,

❛♥❞ ✭✷✳✷✵✮ ❢♦❧❧♦✇s ❛s ✐♥ ❙t❡♣ ✶ ♣r♦✈✐❞❡❞ γ < α✳

❙✉❜st❡♣ ✷✳✷✳ Pr♦♦❢ ♦❢ ✭✷✳✷✵✮ ❢♦r γ = α ✐♥ ❝❛s❡ d > 2✳
●✐✈❡♥ ej ≤ α✱ s✉❝❝❡ss✐✈❡ ✐♥t❡❣r❛t✐♦♥s ❜② ♣❛rts ②✐❡❧❞

Tα
α [g] =

¨

Rd×Rd

kj(k⊗k)πV̂ (k)2

|ε(k,k·v;∇µ)|2 δ′(k · (v − v∗)) d̄k∇α−ej
∗ (

√
µ∗g∗) dv∗

= −
∑

l

¨

Rd×Rd

(v−v∗)l
|v−v∗|2 ∇kl

(
kj(k⊗k)πV̂ (k)2

|ε(k,k·v;∇µ)|2
)
δ(k · (v − v∗)) d̄k∇α−ej

∗ (
√
µ∗g∗) dv∗.

❊①♣❛♥❞✐♥❣ t❤❡ k✲❣r❛❞✐❡♥t ✐♥ t❤❡ ❧❛st t❡r♠✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ k✲❣r❛❞✐❡♥t ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥
❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∇k

(
ε(k, k · v;∇µ)

)
= R(k, k · v) + r(k, k · v)v, ✭✷✳✷✶✮

✐♥ t❡r♠s ♦❢

R(k, k · v) := ∇V̂ (k)

ˆ

Rd

k·∇µ∗

k·(v−v∗)−i0 dv∗ + V̂ (k)
(
Id−k⊗k

|k|2
) ˆ

Rd

∇µ∗

k·(v−v∗)−i0 dv∗

− V̂ (k)
|k|2

ˆ

Rd

(k⊗k):∇2µ∗

k·(v−v∗)−i0 v∗ dv∗,

r(k, k · v) := V̂ (k)
|k|2

ˆ

Rd

(k⊗k):∇2µ∗

k·(v−v∗)−i0 dv∗,

✇❡ ❛r❡ ❧❡❞ t♦

Tα
α [g] =

ˆ

Rd

K0
j (v, v − v∗)∇α−j

∗ (
√
µ∗g∗) dv∗

+
∑

l

vl

ˆ

Rd

K1
j,l(v, v − v∗)∇α−j

∗ (
√
µ∗g∗) dv∗, ✭✷✳✷✷✮
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✇❤❡r❡ t❤❡ ❦❡r♥❡❧s K0,K1 ❛r❡ ❞❡✜♥❡❞ ❜②

K0
j (v, w) := −

∑

l

wl

|w|2

ˆ

Rd

∇kl
(kj(k⊗k)πV̂ (k)2)

|ε(k,k·v;∇µ)|2 δ(k · w) d̄k

+2
∑

l

wl

|w|2

ˆ

Rd

kj(k⊗k)πV̂ (k)2

|ε(k,k·v;∇µ)|4 ℜ
(
ε(k, k · v;∇µ)Rl(k, k · v)

)
δ(k · w) d̄k,

K1
j,l(v, w) := 2 wl

|w|2

ˆ

Rd

kj(k⊗k)πV̂ (k)2

|ε(k,k·v;∇µ)|4 ℜ
(
ε(k, k · v;∇µ)r(k, k · v)

)
δ(k · w) d̄k.

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✱ ✇❡ ✜♥❞

|R(k, k · v)| ≲ |∇V̂ (k)|+ |k|−1V̂ (k),

❛♥❞ t❤✉s✱ ❝♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ▲❡♠♠❛ ✷✳✶✭✐✮✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡

|K0
j (v, w)| ≲V |w|−2

ˆ

Rd

|k|2V̂ (k)
(
|∇V̂ (k)|+ |k|−1V̂ (k)

)
δ( k

|k| ·
w
|w|) d̄k.

❆r❣✉✐♥❣ s✐♠✐❧❛r❧② t♦ ❡st✐♠❛t❡ K1
j,l✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥s ♦♥ V

❡♥s✉r❡
´

Rd |k|2|∇V̂ (k)|V̂ (k) d̄k < ∞✱ ✇❡ ❞❡❞✉❝❡

|K0
j (v, w)|+ |K1

j,l(v, w)| ≲V |w|−2. ✭✷✳✷✸✮

■♥ ❝❛s❡ d > 2✱ t❤❡ ❍❛r❞②✕▲✐tt❧❡✇♦♦❞✕❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② t❤❡♥ ②✐❡❧❞s ❢♦r ❛❧❧ d
2 < q < ∞✱

∥⟨v⟩−1Tα
α [g]∥Lq(Rd) ≲V,q ∥∇α−j(

√
µg)∥

L
dq

d+q(d−2) (Rd)
,

❤❡♥❝❡ ✭✷✳✷✵✮ ❢♦❧❧♦✇s ❢♦r γ = α✳

❙✉❜st❡♣ ✷✳✸✳ Pr♦♦❢ ♦❢ ✭✷✳✷✵✮ ❢♦r γ = α ✐♥ ❝❛s❡ d = 2✳
❙t❛rt✐♥❣ ♣♦✐♥t ✐s ❛❣❛✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✷✷✮✱ ❜✉t ✇❡ ♥♦t❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✷✸✮ t❤❡
❦❡r♥❡❧s K0,K1 ❛r❡ s✐♥❣✉❧❛r ✐♥ ✷❉ ❛♥❞ r❡q✉✐r❡ ❛ ✜♥❡r tr❡❛t♠❡♥t✳ ❇② ▲❡♠♠❛ ✷✳✶✱ ✇❡ ♥♦t❡
t❤❛t ❢♦r ❛❧❧ v, w ∈ R

2✱

K0
j (v, sw) = s−2K0

j (v, w), K1
j,l(v, sw) = s−2K1

j,l(v, w), ❢♦r ❛❧❧ s > 0,
ˆ

|w′|=1
K0

j (v, w
′) dw′ =

ˆ

|w′|=1
K1

j,l(v, w
′) dw′ = 0,

sup
v′

sup
|w′|=1

(
|K0

j (v
′, w′)|+ |K1

j,l(v
′, w′)|

)
≲V 1.

❙t❛♥❞❛r❞ ❈❛❧❞❡ró♥✕❩②❣♠✉♥❞ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧ t❤❡♦r② ✐♥ ❢♦r♠ ♦❢ ❬✺✱ ❚❤❡♦r❡♠ ✷❪ ❝❛♥ t❤❡♥
❜❡ ❛♣♣❧✐❡❞ ❛♥❞ ②✐❡❧❞s ❢♦r ❛❧❧ 1 < q < ∞✱

∥⟨v⟩−1Tα
α [g]∥Lq(R2) ≲V,q ∥∇α−j(

√
µg)∥Lq(R2),

❤❡♥❝❡ ✭✷✳✷✵✮ ❢♦❧❧♦✇s ❢♦r γ = α✳ □

◆❡①t✱ ✇❡ ♣r♦✈❡ ❜♦✉♥❞❡❞♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r B(∇F ) ❢♦r
❛♥② s❝❛❧❛r ✜❡❧❞ F ✱ ❝❢✳ ✭✷✳✺✮✳ ❙✐♥❝❡ t❤✐s r❡s✉❧t ✐s ❝r✉❝✐❛❧ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱ ❧❡t ✉s
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❣✐✈❡ s♦♠❡ ♠♦t✐✈❛t✐♦♥✳ ❋♦r♠❛❧❧②✱ ❢♦r ❛ s♦❧✉t✐♦♥ f ♦❢ ✭✷✳✶✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ α ≥ 0✱

1
2∂t∥∇

αf∥2
L2(Rd)

= −
ˆ

Rd

(∇+ v)∇αf · ∇α
(
B[√µ+ f ] (∇+ v)f − (

√
µ+ f)B[(∇+ v)f ]

)

−
∑

ej≤α

(
α

ej

)
ˆ

Rd

ej∇αf · ∇α−ej
(
B[√µ+ f ] (∇+ v)f − (

√
µ+ f)B[(∇+ v)f ]

)
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ ♣r❡❝✐s❡❧② t❤✐s r✐❣❤t✲❤❛♥❞ s✐❞❡ ❜② t❤❡ H |α| ♥♦r♠
♦❢ f ❛♥❞ ❜② t❤❡ ❞✐ss✐♣❛t✐♦♥✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠s ❜❡❝♦♠❡ ❝r✐t✐❝❛❧ ✇❤❡♥ ❛❧❧ t❤❡
❞❡r✐✈❛t✐✈❡s ✐♥ ∇α,∇α−ej ❢❛❧❧ ❡✐t❤❡r ♦♥ (∇ + v)f ♦r ♦♥ B[(∇ + v)f ]✳ ❚♦ t❤✐s ❡♥❞✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈✐❞❡s ✭✷✳✷✹✮ ❛♥❞ ✭✷✳✷✺✮✕✭✷✳✷✻✮ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ❝❛s❡s✳ ❆♥ ✐♠♣♦rt❛♥t
♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ ♥♦t✐♥❣ t❤❛t t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❛❧✇❛②s ♦♥❧② ♥❡❡❞s t♦
❜❡ ❛♣♣❧✐❡❞ ♦♥ ✶❉ s❡ts ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✇❛✈❡♥✉♠❜❡r k✱ t❤✉s r❡❞✉❝✐♥❣ t❤❡ ❧♦ss ♦❢
❞❡r✐✈❛t✐✈❡s✳ ◆♦t❡ t❤❛t t❤❡ ❧❛st ❜♦✉♥❞ ✭✷✳✷✻✮ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥✈♦❧✈❡❞✱ ❜✉t ✐s ✐♥ ❢❛❝t ♥♦t
♥❡❡❞❡❞ ✐♥ t❤❡ ♣r❡s❡♥t s❡❝t✐♦♥✿ ✐t ✇✐❧❧ ♦♥❧② ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛✇❛②
❢r♦♠ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡ ✷❉ ❝❛s❡ ✐♥ ✭✷✳✷✻✮ ❝♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ✐♥❝❧✉❞❡❞ ❜✉t ✇♦✉❧❞
s✉❜st❛♥t✐❛❧❧② ❧❡♥❣t❤❡♥ t❤❡ ♣r♦♦❢ ❛♥❞ ✐s ♦♠✐tt❡❞ ❢♦r s✐♠♣❧✐❝✐t②✳

▲❡♠♠❛ ✷✳✹ ✭Pr♦♣❡rt✐❡s ♦❢ B✮✳ ▲❡t V ∈ L1 ∩Ḣ 1
2 (Rd) ❜❡ ✐s♦tr♦♣✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

●✐✈❡♥ g, h ∈ L2
loc(R

d)✱ ♣r♦✈✐❞❡❞ g s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✱ ❢♦r s♦♠❡
r0 ≥ 0✱ δ0 > 0✱ ❛♥❞ s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♥st❛♥t C0✱

∥⟨v⟩−r0⟨∇⟩
3
2
+δ0g∥L2(Rd) ≤ 1

C0
,

✇❡ ❤❛✈❡ ❢♦r ❛❧❧ ✈❡❝t♦r ✜❡❧❞s h1, h2✱ ❢♦r ❛❧❧ α ≥ 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·
(
∇αB(∇Fg)[h]

)
h2

∣∣∣ ≲V,α,r ∥h1∥L2
A(Rd)∥h2∥L2

A(Rd)∥h∥H|α|+1(Rd)

×
(
1 + ∥g∥|α|

H|α|+1(Rd)
+ 1α>0∥⟨v⟩−r⟨∇⟩|α|+2g∥L2(Rd)

)
, ✭✷✳✷✹✮

✇❤❡r❡ ❛❧t❡r♥❛t✐✈❡❧② ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡ ♦♥❡ ❞❡r✐✈❛t✐✈❡ ♦❢ g, h ❢♦r ♦♥❡ ❞❡r✐✈❛t✐✈❡ ♦❢ h2✱

∣∣∣
ˆ

Rd

h1 ·
(
∇αB(∇Fg)[h]

)
h2

∣∣∣ ≲V,α,r ∥h1∥L2
A(Rd)∥⟨∇⟩h2∥L2

A(Rd)

×
(
∥h∥H(|α|−1)∨1(Rd)

(
1 + ∥g∥|α|

H|α|(Rd)
+
(
1 + 1|α|≥2∥g∥H|α|(Rd)

)
∥⟨v⟩−r⟨∇⟩|α|+1g∥L2(Rd)

)

+ ∥⟨v⟩−r⟨∇⟩|α|h∥L2(Rd)

(
1 + ∥g∥|α|

H|α|(Rd)

))
. ✭✷✳✷✺✮

■♥ ❝❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ d > 2✱ ♣r♦✈✐❞❡❞ V ∈ L1 ∩Ḣ2(Rd) ❛♥❞ xV ∈ L2(Rd)✱ ✇❡ ❝❛♥ ❢✉rt❤❡r
✐♠♣r♦✈❡ ♦♥ t❤❡ ♥♦r♠ ♦❢ g✿ ❢♦r ❛❧❧ α ≥ 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·
(
∇αB(∇Fg)[h]

)
h2

∣∣∣ ≲V,α,r ∥h1∥L2
A(Rd)∥⟨∇⟩h2∥L2

A(Rd) ✭✷✳✷✻✮

× ∥h∥H|α|∨2(Rd)

(
1 + ∥g∥|α|∨2

H|α|∨3(Rd)

)
.

Pr♦♦❢✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ♠❛✐♥ st❡♣s✳ ◆♦t❡ t❤❛t ✇❡ ❡st❛❜❧✐s❤ s❧✐❣❤t❧② ✐♠♣r♦✈❡❞
✈❡rs✐♦♥s ♦❢ ✭✷✳✷✹✮✕✭✷✳✷✻✮✱ ✇❤✐❧❡ ✐♥ t❤❡ st❛t❡♠❡♥t ✇❡ r❡❞✉❝❡ ❢♦r ✐♥st❛♥❝❡ t♦ ✐♥t❡❣❡r ❞✐✛❡r❡♥✲
t✐❛❜✐❧✐t②✳
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❙t❡♣ ✶✳ Pr♦♦❢ ♦❢ ✭✷✳✷✹✮✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ B ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ♦♣❡r❛t♦r B✱ ❝❢✳ ✭✷✳✺✮ ❛♥❞ ✭✶✳✷✮✱ ❛♥❞ ❜② ▲❡✐❜♥✐③✬ r✉❧❡✱
✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

∇αB(∇Fg)[h] =
∑

γ≤α

(
α

γ

)
Gα

γ (g, h), ✭✷✳✷✼✮

✐♥ t❡r♠s ♦❢

Gα
γ (g, h) :=

¨

Rd×Rd

(k ⊗ k)πV̂ (k)2δ(k · (v − v∗))∇α−γ
v

(
1

|ε(k,k·v;∇Fg)|2
)

×∇γ
∗(
√
µ∗h∗) dv∗d̄k. ✭✷✳✷✽✮

❇② ❋❛à ❞✐ ❇r✉♥♦✬s ❢♦r♠✉❧❛✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ |ε(k, k · v;∇Fg)|−2 ❛r❡ ❡✈❛❧✉❛t❡❞ ❛s ❢♦❧❧♦✇s✱
❢♦r γ < α✱
∣∣∇α−γ

v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣

≲α

|α−γ|∑

n=1

1
|ε(k,k·v;∇Fg)|n+2

∑

γ1+...+γn=α−γ
γ1,...,γn>0

n∏

j=1

|∇γjε(k, k · v;∇Fg)|, ✭✷✳✷✾✮

❇② ▲❡♠♠❛ ✷✳✶✭✐✐✮✕✭✐✐✐✮✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱
∣∣∇α−γ

v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣ ≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α−γ|+ 3

2
+δg∥|α−γ|

L2(Rd)
.

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✜rst s❡♣❛r❛t✐♥❣ t❤❡ t❡r♠ ✇✐t❤ n = 1 ✐♥ ✭✷✳✷✾✮✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✜♥❡❞
❡st✐♠❛t❡✱ ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱
∣∣∇α−γ

v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣

≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α−γ|+ 1
2
+δg∥|α−γ|

L2(Rd)
+ 1γ<α∥⟨v⟩−r⟨∇⟩|α−γ|+ 3

2
+δg∥L2(Rd), ✭✷✳✸✵✮

❛♥❞ t❤✉s✱ ✐♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✽✮✱

|Gα
γ (g, h)| ≲V,α,δ,r

ˆ

Rd

|v − v∗|−1|∇γ
∗(
√
µ∗h∗)| dv∗

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α−γ|+ 1

2
+δg∥|α−γ|

L2(Rd)
+ 1γ<α∥⟨v⟩−r⟨∇⟩|α−γ|+ 3

2
+δg∥L2(Rd)

)
. ✭✷✳✸✶✮

❲r✐t✐♥❣
|v − v∗|−1 ≤ ⟨v⟩−1(⟨v∗⟩+ |v − v∗|−1

)
, ✭✷✳✸✷✮

❛♥❞ ❛♣♣❡❛❧✐♥❣ t♦ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❢❛❝t t❤❛t v∗ 7→ |v − v∗|−1

❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L2
loc(R

d) ✐♥ ❞✐♠❡♥s✐♦♥ d = 2✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

|Gα
γ (g, h)| ≲V,α,δ,r ⟨v⟩−1∥⟨v⟩−r⟨∇⟩|γ|+δh∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α−γ|+ 1

2
+δg∥|α−γ|

L2(Rd)
+ 1γ<α∥⟨v⟩−r⟨∇⟩|α−γ|+ 3

2
+δg∥L2(Rd)

)
, ✭✷✳✸✸✮

❤❡♥❝❡✱ ❢♦r ❛❧❧ ✈❡❝t♦r ✜❡❧❞s h1, h2✱
∣∣∣
ˆ

Rd

h1 ·Gα
γ (g, h)h2

∣∣∣ ≲V,α,δ,r ∥⟨v⟩−
1
2h1∥L2(Rd)∥⟨v⟩−

1
2h2∥L2(Rd)∥⟨v⟩−r⟨∇⟩|γ|+δh∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α−γ|+ 1

2
+δg∥|α−γ|

L2(Rd)
+ 1γ<α∥⟨v⟩−r⟨∇⟩|α−γ|+ 3

2
+δg∥L2(Rd)

)
.
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◆♦✇ ♥♦t❡ t❤❛t t❤❡ ✈❡r② s❛♠❡ ❜♦✉♥❞ ✭✷✳✸✸✮ ❤♦❧❞s ❢♦r Gα
γ (g, h) r❡♣❧❛❝❡❞ ❜② Gα

γ (g, h)v ♦r
❜② v · Gα

γ (g, h)v s✐♥❝❡ t❤❡ ♣r♦❞✉❝ts ✇✐t❤ v ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ♣r♦❞✉❝ts ✇✐t❤ v∗ ✐♥ t❤❡
✐♥t❡❣r❛❧ ✭✷✳✷✽✮ t❤❛♥❦s t♦ t❤❡ ❉✐r❛❝ ♠❛ss δ(k · (v − v∗))✳ ❚❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ❝❛♥ t❤❡r❡❢♦r❡
❜❡ ✐♠♣r♦✈❡❞ ❡①❛❝t❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✾✮✿ ❞❡❝♦♠♣♦s✐♥❣ h1, h2 ✇✐t❤ r❡s♣❡❝t t♦ Pv, P

⊥
v ✱

❛♥❞ s✉✐t❛❜❧② ❡st✐♠❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥t t❡r♠s✱ ✇❡ ❞❡❞✉❝❡

∣∣∣
ˆ

Rd

h1 ·Gα
γ (g, h)h2

∣∣∣ ≲V,α,δ,r ∥h1∥L2
A(Rd)∥h2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩|γ|+δh∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α−γ|+ 1

2
+δg∥|α−γ|

L2(Rd)
+ 1γ<α∥⟨v⟩−r⟨∇⟩|α−γ|+ 3

2
+δg∥L2(Rd)

)
. ✭✷✳✸✹✮

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✼✮✱ ✇❡ ❣❡t

∣∣∣
ˆ

Rd

h1 ·
(
∇αB(∇Fg)[h]

)
h2

∣∣∣ ≲V,α,δ,r ∥h1∥L2
A(Rd)∥h2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩|α|+δh∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥|α|

L2(Rd)
+ 1α>0∥⟨v⟩−r⟨∇⟩|α|+

3
2
+δg∥L2(Rd)

)
,

❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✷✳✷✹✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ Pr♦♦❢ ♦❢ ✭✷✳✷✺✮✳
■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✼✮✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ s✉✐t❛❜❧❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ ✭✷✳✸✹✮ ✐♥ ❝❛s❡ γ = α ❛♥❞ ✐♥
❝❛s❡ |γ| ≤ 1✱ ✇❤✐❝❤ ✇❡ ❞♦ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❢✉rt❤❡r s✉❜st❡♣s✳

❙✉❜st❡♣ ✷✳✶✳ ❈❛s❡ γ = α✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱
∣∣∣
ˆ

Rd

h1 ·Gα
α(g, h)h2

∣∣∣ ≲V,α,δ,r ∥h1∥L2
A(Rd)∥⟨∇⟩δh2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩|α|h∥L2(Rd). ✭✷✳✸✺✮

❋r♦♠ ✭✷✳✸✶✮ ❛♥❞ ✭✷✳✸✷✮✱ ✇❡ ✜♥❞

|Gα
α(g, h)| ≲V,α,δ,r ⟨v⟩−1

(
ˆ

Rd

⟨v∗⟩|∇α
∗ (
√
µ∗h∗)| dv∗ +

ˆ

Rd

|v − v∗|−1|∇α
∗ (
√
µ∗h∗)| dv∗

)
.

❆♣♣❡❛❧✐♥❣ ❛❣❛✐♥ t♦ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❢❛❝t t❤❛t v∗ 7→ |v− v∗|−1

❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L2
loc(R

d) ✐♥ ❞✐♠❡♥s✐♦♥ d = 2✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱
∣∣∣
ˆ

Rd

h1 ·Gα
α(g, h)h2

∣∣∣ ≲V,α,δ,r ∥⟨v⟩−
1
2h1∥L2(Rd)∥⟨v⟩−

1
2 ⟨∇⟩δh2∥L2(Rd)∥⟨v⟩−r⟨∇⟩|α|h∥L2(Rd).

❆❣❛✐♥ ✐♠♣r♦✈✐♥❣ ♦♥ t❤❡ ✇❡✐❣❤ts ⟨v⟩−
1
2 ❛s ✐♥ ✭✷✳✸✹✮✱ t❤❡ ❝❧❛✐♠ ✭✷✳✸✺✮ ❢♦❧❧♦✇s✳

❙✉❜st❡♣ ✷✳✷✳ ❈❛s❡ |γ| = 1✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·Gα
ej (g, h)h2

∣∣∣ ≲V,α,δ,r ∥h1∥L2
A(Rd)∥⟨∇⟩δh2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩h∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α|−

1
2
+δg∥|α|

L2(Rd)
+ ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥L2(Rd)

)
. ✭✷✳✸✻✮

❲❡ st❛rt ❢r♦♠ ✭✷✳✸✵✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✱ ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∇α−ej
v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣ ≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|−

1
2
+δg∥|α|

L2(Rd)
+ ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥L2(Rd).

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✽✮ ❛♥❞ ❛r❣✉✐♥❣ ❛s ✐♥ ✭✷✳✸✺✮✱ t❤❡ ❝❧❛✐♠ ✭✷✳✸✻✮ ❢♦❧❧♦✇s✳
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❙✉❜st❡♣ ✷✳✸✳ ❈❛s❡ γ = 0✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·Gα
0 (g, h)h2

∣∣∣ ≲V,α,δ,r ∥h1∥L2
A(Rd)∥⟨∇⟩

1
2
+δh2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩
1
2
+δh∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|

L2(Rd)

+
(
1 + 1|α|≥2∥⟨v⟩−r⟨∇⟩2g∥L2(Rd)

)
∥⟨v⟩−r⟨∇⟩|α|+1g∥L2(Rd)

)
. ✭✷✳✸✼✮

❙t❛rt✐♥❣ ❢r♦♠ ✭✷✳✷✾✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✷✳✶✭✐✐✮✕✭✐✐✐✮✱ ❜✉t ♥♦✇ s❡♣❛r❛t✐♥❣ ❜♦t❤ t❤❡
t❡r♠s ✇✐t❤ n = 1 ❛♥❞ ✇✐t❤ n = 2✱ ✇❡ ❣❡t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∇α
v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣ ≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|−

1
2
+δg∥|α|

L2(Rd)
+ |∇αε(k, k · v;∇Fg)|

+ 1|α|≥2

∑

ej≤α

|∇α−ejε(k, k · v;∇Fg)||∇jε(k, k · v;∇Fg)|.

❘❡❝❛❧❧✐♥❣ ✭✷✳✻✮ ❛♥❞ ❛♣♣❧②✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✷✳✶✭✐✐✮✕✭✐✐✐✮✱ t❤✐s ②✐❡❧❞s

∣∣∇α
v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣ ≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|−

1
2
+δg∥|α|

L2(Rd)
+ ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥L2(Rd)

+
∣∣∣
ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣

+ 1|α|≥2

(
1 + ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥L2(Rd)

)∑

j

∣∣∣
ˆ

Rd

k·(∇∇j(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣.

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✽✮ ❛♥❞ ❛r❣✉✐♥❣ ❛s ✐♥ ✭✷✳✸✸✮✱ ✇❡ ❣❡t ❢♦r ❛❧❧ ✈❡❝t♦r ✜❡❧❞s h1, h2✱ ❢♦r
❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·Gα
0 (g, h)h2

∣∣∣ ≲V,α ∥⟨v⟩−
1
2h1∥L2(Rd)∥⟨v⟩−

1
2h2∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α|−

1
2
+δg∥|α|

L2(Rd)
+ ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥L2(Rd)

)
∥⟨v⟩−r⟨∇⟩δh∥L2(Rd)

+ Tα(g, h;h1, h2)

+ 1|α|≥2

(
1 + ∥⟨v⟩−r⟨∇⟩|α|+

1
2
+δg∥L2(Rd)

)∑

j

Tj(g, h;h1, h2), ✭✷✳✸✽✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥

Tα(g, h;h1, h2) :=

ˆ

Rd

|k|2V̂ (k)2

×
(
¨

Rd×Rd

δ(k · (v − v∗))|h1||h2|
√
µ∗|h∗|

∣∣∣
ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣ dvdv∗

)
d̄k. ✭✷✳✸✾✮

■t r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ t❤❡ ❧❛tt❡r✳ ❘❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ k̂ = k/|k|✳ ❙♣❧✐tt✐♥❣ ✐♥t❡❣r❛❧s

♦✈❡r v, v∗ ∈ R
d ❛s ✐♥t❡❣r❛❧s ♦✈❡r v, v∗ ∈ k̂R ⊕ k̂⊥✱ ❛♥❞ s♠✉❣❣❧✐♥❣ ✐♥ ❛ ♣♦✇❡r ♦❢ t❤❡
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✇❡✐❣❤t ⟨k̂ · v⟩✱ ✇❡ ❣❡t ❢r♦♠ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ❢♦r ❛❧❧ r0 ≥ 0✱

¨

Rd×Rd

δ(k · (v − v∗))|h1||h2|
√
µ∗|h∗|

∣∣∣
ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣ dvdv∗

≲ 1
|k|∥⟨k̂ · v⟩−r0h1∥L2(k̂⊥;L2(k̂R))∥⟨k̂ · v⟩−r0h2∥L2(k̂⊥;L∞(k̂R))∥⟨k̂ · v⟩2r0√µh∥L1(k̂⊥;L∞(k̂R))

×
∥∥∥
ˆ

Rd

k̂·(∇∇α(
√
µg))∗∗

k̂·(·−v∗∗)−i0
dv∗∗

∥∥∥
L2(k̂R)

. ✭✷✳✹✵✮

❯s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ♦♥ k̂R✱ t❤❡ ❢❛st ❞❡❝❛② ♦❢ µ✱ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt
tr❛♥s❢♦r♠ ✐♥ L2(k̂R)✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ r0, r ≥ 0 ❛♥❞ δ > 0✱

¨

Rd×Rd

δ(k · (v − v∗))|h1||h2|
√
µ∗|h∗|

∣∣∣
ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣ dvdv∗

≲r0,r
1
|k|∥⟨k̂ · v⟩−r0h1∥L2(Rd)∥⟨k̂ · v⟩−r0⟨∇⟩

1
2
+δh2∥L2(Rd)

× ∥⟨v⟩−r⟨∇⟩|α|+1g∥L2(Rd)∥⟨v⟩−r⟨∇⟩
1
2
+δh∥L2(Rd). ✭✷✳✹✶✮

❈❤♦♦s✐♥❣ r0 >
1
2 ✱ ✇❡ ♥♦t❡ t❤❛t

ˆ

Sd−1

⟨k̂ · v⟩−2r0dσ(k̂) = |Sd−2|
ˆ π

0

(
1 + |v|2(cos θ)2

)−r0(sin θ) dθ ≲r0 ⟨v⟩−1,

❛♥❞ t❤❡r❡❢♦r❡✱ ❛s V ✐s ✐s♦tr♦♣✐❝✱

ˆ

Rd

|k|V̂ (k)2∥⟨k̂ · v⟩−r0h1∥L2(Rd)∥⟨k̂ · v⟩−r0⟨∇⟩
1
2
+δh2∥L2(Rd) d̄k

≲
( ˆ

Rd

⟨k̂ · v⟩−2r0 |k|V̂ (k)2|h1(v)|2 dv d̄k
) 1

2

×
(¨

Rd×Rd

⟨k̂ · v⟩−2r0 |k|V̂ (k)2|⟨∇⟩
1
2
+δh2(v)|2 dv d̄k

) 1
2

≲V,r ∥⟨v⟩−
1
2h1∥L2(Rd)∥⟨v⟩−

1
2 ⟨∇⟩

1
2
+δh2∥L2(Rd). ✭✷✳✹✷✮

■♥s❡rt✐♥❣ ✭✷✳✹✶✮ ✐♥t♦ ✭✷✳✸✾✮✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❧❛tt❡r ❡st✐♠❛t❡✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ r ≥ 0 ❛♥❞ δ > 0✱

Tα(g, h;h1, h2) ≲V,α,δ,r ∥⟨v⟩−
1
2h1∥L2(Rd)∥⟨v⟩−

1
2 ⟨∇⟩

1
2
+δh2∥L2(Rd)

× ∥⟨v⟩−r⟨∇⟩|α|+1g∥L2(Rd)∥⟨v⟩−r⟨∇⟩
1
2
+δh∥L2(Rd). ✭✷✳✹✸✮

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✹✼✮ ❛♥❞ ✐♠♣r♦✈✐♥❣ ♦♥ t❤❡ ✇❡✐❣❤ts ⟨v⟩−
1
2 ❛s ✐♥ ✭✷✳✸✹✮✱ t❤❡ ❝❧❛✐♠ ✭✷✳✸✼✮

❢♦❧❧♦✇s✳

❙t❡♣ ✸✳ Pr♦♦❢ ♦❢ ✭✷✳✷✻✮✳
■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✼✮✱ ✭✷✳✸✹✮✱ ❛♥❞ ✭✷✳✸✺✮✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ s✉✐t❛❜❧❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ ✭✷✳✸✻✮
❛♥❞ ✭✷✳✸✼✮ ❢♦r Gα

γ (g, h) ✇✐t❤ |γ| ≤ 1✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ❢✉rt❤❡r s✉❜st❡♣s✳ ◆♦t❡
t❤❛t ✇❡ ❢♦❝✉s ❤❡r❡ ♦♥ t❤❡ ❝❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ d > 2 ❢♦r s✐♠♣❧✐❝✐t②✳
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❙✉❜st❡♣ ✸✳✶✳ ❈❛s❡ |γ| = 1✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·Gα
ej (g, h)h2

∣∣∣ ≲ ∥h1∥L2
A(Rd)∥⟨∇⟩ 1

2
+δh2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩ 3
2
+δh∥L2(Rd)

×
(
1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|

L2(Rd)

)
. ✭✷✳✹✹✮

❙t❛rt✐♥❣ ❢r♦♠ ✭✷✳✷✾✮✱ ❛♥❞ ❛r❣✉✐♥❣ ❛s ❢♦r ✭✷✳✸✵✮✱ ❜✉t ♥♦✇ s❡♣❛r❛t✐♥❣ t❤❡ t❡r♠ ✇✐t❤ n = 1
❛♥❞ ✇r✐t✐♥❣ ✐t ✐♥ ❢♦r♠ ♦❢ ✭✷✳✻✮✱ ✇❡ ❣❡t ❢♦r ❛❧❧ r ≥ 0✱

∣∣∇α−ej
v

(
1

|ε(k,k·v;∇Fg)|2
)∣∣ ≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|

L2(Rd)
+
∣∣∣
ˆ

Rd

k·(∇∇α−ejFg)∗∗
k·(v−v∗∗)−i0 dv∗∗

∣∣∣.

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✽✮ ❛♥❞ ❛r❣✉✐♥❣ ❛s ✐♥ ✭✷✳✸✺✮✱ ✇❡ ♦❜t❛✐♥

∣∣∣
ˆ

Rd

h1 ·Gα
ej (g, h)h2

∣∣∣ ≲ T j
α(g, h;h1, h2)

+ ∥h1∥L2
A(Rd)∥⟨∇⟩δh2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩h∥L2(Rd)

(
1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|

L2(Rd)

)
,

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥

T j
α(g, h;h1, h2) :=

ˆ

Rd

|k|2V̂ (k)2

×
(
¨

Rd×Rd

δ(k · (v − v∗))|h1||h2||∇j,∗(
√
µ∗h∗)|

∣∣∣
ˆ

Rd

k·(∇∇α−ej (
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣ dvdv∗

)
d̄k.

❘❡♣❡❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✹✸✮ t♦ ❡st✐♠❛t❡ T j
α(g, h;h1, h2)✱ ❛♥❞ ✐♠♣r♦✈✐♥❣ ♦♥ t❤❡ ✇❡✐❣❤ts ❛s

✐♥ ✭✷✳✸✹✮✱ t❤❡ ❝❧❛✐♠ ✭✷✳✹✹✮ ❢♦❧❧♦✇s✳

❙✉❜st❡♣ ✸✳✷✳ ❈❛s❡ γ = 0 ✇✐t❤ d > 2✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

∣∣∣
ˆ

Rd

h1 ·Gα
0 (g, h)h2

∣∣∣ ≲V,α,δ,r |Sα(g, h;h1, h2)|

+
(
1 + ∥⟨v⟩−r⟨∇⟩|α|∨(

5
2
+δ)g∥|α|

L2(Rd)

)

× ∥h1∥L2
A(Rd)∥⟨∇⟩

1
2
+δh2∥L2

A(Rd)∥⟨v⟩−r⟨∇⟩
1
2
+δh∥L2(Rd), ✭✷✳✹✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥

Sα(g, h;h1, h2) :=

˚

Rd×Rd×Rd

(k · h1)(k · h2)πV̂ (k)3 δ(k·(v−v∗))
|ε(k,k·v;∇Fg)|2

×ℜ
(

1
ε(k,k·v;∇Fg)

ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
)√

µ∗h∗ dvdv∗d̄k, ✭✷✳✹✻✮

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ✐s ♣♦st♣♦♥❡❞ t♦ t❤❡ ♥❡①t s✉❜st❡♣✳
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❙t❛rt✐♥❣ ❢r♦♠ ✭✷✳✷✾✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✷✳✶✭✐✐✮✕✭✐✐✐✮✱ ❜✉t ♥♦✇ s❡tt✐♥❣ ❛s✐❞❡ t❤❡
t❡r♠ ✇✐t❤ n = 1 ❛♥❞ s❡♣❛r❛t❡❧② ❡st✐♠❛t✐♥❣ t❤❡ t❡r♠s ✇✐t❤ n = 2✱ ✇❡ ✜♥❞ ❢♦r ❛❧❧ r ≥ 0✱
∣∣∣∇α

v

(
1

|ε(k,k·v;∇Fg)|2
)
+ 2

|ε(k,k·v;∇Fg)|2ℜ
∇α

v ε(k,k·v;∇Fg)
ε(k,k·v;∇Fg)

∣∣∣

≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|
L2(Rd)

+ 1|α|≥2

∑

ej≤α

|∇α−ejε(k, k · v;∇Fg)||∇jε(k, k · v;∇Fg)|.

❘❡❝❛❧❧✐♥❣ ✭✷✳✻✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✷✳✶✭✐✐✮✕✭✐✐✐✮✱ ✇❡ ❣❡t
∣∣∣∣∇

α
v

(
1

|ε(k,k·v;∇Fg)|2
)
+ 2V̂ (k)

|ε(k,k·v;∇Fg)|2ℜ
(

1
ε(k,k·v;∇Fg)

ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
)∣∣∣∣

≲V,α,δ,r 1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|
L2(Rd)

+ 1|α|≥2

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)∑

j

∣∣∣
ˆ

Rd

k·(∇∇α−ej (
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣.

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✷✽✮ ❛♥❞ ❛r❣✉✐♥❣ ❛s ✐♥ ✭✷✳✸✸✮✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ ✈❡❝t♦r ✜❡❧❞s h1, h2✱
∣∣∣
ˆ

Rd

h1 ·Gα
0 (g, h)h2

∣∣∣ ≲V,α,δ,r |Sα(g, h;h1, h2)| ✭✷✳✹✼✮

+ 1|α|≥2

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)∑

j

Tα−ej (g, h;h1, h2)

+ ∥⟨v⟩−
1
2h1∥L2(Rd)∥⟨v⟩−

1
2h2∥L2(Rd)∥⟨v⟩−r⟨∇⟩δh∥L2(Rd)

(
1 + ∥⟨v⟩−r⟨∇⟩|α|g∥|α|

L2(Rd)

)
,

✇❤❡r❡ Sα(g, h;h1, h2) ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✹✻✮ ❛♥❞ ✇❤❡r❡ ✇❡ r❡❝❛❧❧ ✭✷✳✸✾✮✱

Tα−ej (g, h;h1, h2) :=

ˆ

Rd

|k|2V̂ (k)2

×
(
¨

Rd×Rd

δ(k · (v − v∗))|h1||h2|
√
µ∗|h∗|

∣∣∣
ˆ

Rd

k·(∇∇α−ej (
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗
∣∣∣ dvdv∗

)
d̄k.

❘❡❝❛❧❧✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥ ✭✷✳✹✸✮ ♦♥ t❤❡ ❧❛tt❡r✱ ✐♥s❡rt✐♥❣ ✐t ✐♥t♦ ✭✷✳✹✼✮✱ ❛♥❞ ✐♠♣r♦✈✐♥❣ ♦♥ t❤❡
✇❡✐❣❤ts ❛s ✐♥ ✭✷✳✸✹✮✱ t❤❡ ❝❧❛✐♠ ✭✷✳✹✺✮ ❢♦❧❧♦✇s✳

❙✉❜st❡♣ ✸✳✸✳ ❊st✐♠❛t✐♦♥ ♦❢ Sα(g, h;h1, h2) ✇✐t❤ d > 2✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

|Sα(g, h;h1, h2)| ≲V,r,r0,δ ∥h1∥L2
A(Rd)∥⟨∇⟩ 1

2h2∥L2
A(Rd)∥⟨v⟩−r⟨∇⟩ 3

2
+δh∥L2(Rd)

× ∥⟨v⟩−r⟨∇⟩|α|g∥L2(Rd)

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)
. ✭✷✳✹✽✮

❙t❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱
ˆ

Rd

k·(∇∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dv∗∗ = |k|2∇k ·
( ˆ

Rd

v−v∗∗
|v−v∗∗|2

(∇α(
√
µg))∗∗

k·(v−v∗∗)−i0dv∗∗
)
.

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ❞❡✜♥✐t✐♦♥ ✭✷✳✹✻✮ ❢♦r Sα(g, h;h1, h2)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✇✐t❤ r❡s♣❡❝t
t♦ k✱ ❛♥❞ r❡♦r❣❛♥✐③✐♥❣ t❤❡ ✐♥t❡❣r❛❧s✱ ✇❡ ❛r❡ ❧❡❞ t♦

Sα(g, h;h1, h2) = −ℜ
ˆ

Rd

(
¨

Rd×Rd

Hj
h;h1,h2

(k, v)
(v−v∗∗)j
|v−v∗∗|2

(∇α(
√
µg))∗∗

k·(v−v∗∗)−i0 dvdv∗∗

)
d̄k, ✭✷✳✹✾✮
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✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥

Hj
h;h1,h2

(k, v) := ∇kj

(
|k|2(k·h1)(k·h2)πV̂ (k)3

ε(k,k·v;∇Fg)|ε(k,k·v;∇Fg)|2
( ˆ

Rd

δ(k · (v − v∗))
√
µ∗h∗ dv∗

))
.

❊✈❛❧✉❛t✐♥❣ t❤❡ k✲❞❡r✐✈❛t✐✈❡ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ t❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥ t❛❦❡s ♦♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❣✉✐s❡✱

Hj
h;h1,h2

(k, v) =

(
∇kj

− kj

|k|2

)(
|k|2(k·h1)(k·h2)πV̂ (k)3

)

ε(k,k·v;∇Fg)|ε(k,k·v;∇Fg)|2
( ˆ

Rd

δ(k · (v − v∗))
√
µ∗h∗ dv∗

)

− 2|k|2(k·h1)(k·h2)πV̂ (k)3

ε(k,k·v;∇Fg)2|ε(k,k·v;∇Fg)|2
(
∇kjε(k, k · v;∇Fg)

)( ˆ

Rd

δ(k · (v − v∗))
√
µ∗h∗ dv∗

)

− |k|2(k·h1)(k·h2)πV̂ (k)3

|ε(k,k·v;∇Fg)|4
(
∇kjε(k, k · v;∇Fg)

)( ˆ

Rd

δ(k · (v − v∗))
√
µ∗h∗ dv∗

)

+

d∑

l=1

kl(k·h1)(k·h2)πV̂ (k)3

ε(k,k·v;∇Fg)|ε(k,k·v;∇Fg)|2
( ˆ

Rd

δ(k · (v − v∗))(v − v∗)j∇v∗,l(
√
µh)∗ dv∗

)
.

◆♦t❡ t❤❛t ❛♥♦t❤❡r ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ②✐❡❧❞s ❛s ✐♥ ✭✷✳✷✶✮✱

∇kjε(k, k · v;∇Fg) =
(
∇j V̂ (k)− kj

|k|2 V̂ (k)
) ˆ

Rd

k̂·∇Fg(v∗)

k̂·(v−v∗)−i0
dv∗

+ 1
|k| V̂ (k)

ˆ

Rd

∇jFg(v∗)

k̂·(v−v∗)−i0
dv∗ + 1

|k| V̂ (k)

ˆ

Rd

(v − v∗)j
(k̂·∇)2Fg(v∗)

k̂·(v−v∗)−i0
dv∗,

❛♥❞ t❤✉s✱ ✉s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ L2 ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt tr❛♥s❢♦r♠✱
❢♦r ❛❧❧ δ > 0 ❛♥❞ r ≥ 0✱

|∇kε(k, k · v;∇Fg)| ≲r,δ ⟨v⟩
(

1
|k| V̂ (k) + |∇V̂ (k)|

)(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)
.

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✹✾✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t② ❢♦r Hj
h;h1,h2

✱ ❛♥❞ ❛♣♣❡❛❧✐♥❣ t♦

▲❡♠♠❛ ✷✳✶✭✐✐✮✕✭✐✐✐✮✱ ✇❡ ❛r❡ ❧❡❞ t♦

|Sα(g, h;h1, h2)| ≲V,r,δ

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

) ˆ

Rd

(
|k|V̂ (k)3 + |k|2V̂ (k)2|∇V̂ (k)|

)

×
{
ˆ

Rd

|h1||h2|
( ˆ

Rd

δ(k̂ · (v − v∗)) ⟨v∗⟩|(⟨∇⟩(√µh))∗| dv∗
)

×
∣∣∣⟨v⟩
ˆ

Rd

v−v∗
|v−v∗|2

(∇α(
√
µg))∗

k̂·(v−v∗)−i0
dv∗

∣∣∣ dv
}
d̄k.

❙♠✉❣❣❧✐♥❣ ✐♥ ❛ ♣♦✇❡r ♦❢ t❤❡ ✇❡✐❣❤t ⟨k̂ · v⟩✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
❢♦r ❛❧❧ δ > 0 ❛♥❞ r, r0 ≥ 0✱

ˆ

Rd

δ(k̂ · (v − v∗)) ⟨v∗⟩r0 |(⟨∇⟩(√µh))∗| dv∗ ≲r,r0,δ ∥⟨v⟩−r⟨∇⟩ 3
2
+δh∥L2(Rd),

t❤❡ ❛❜♦✈❡ ❜❡❝♦♠❡s

|Sα(g, h;h1, h2)| ≲V,r,r0,δ

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)
∥⟨v⟩−r⟨∇⟩ 3

2
+δh∥L2(Rd)

×
ˆ

Rd

(
|k|V̂ (k)3 + |k|2V̂ (k)2|∇V̂ (k)|

)
Uk
α

(
g; ⟨k̂ · v⟩−r0h1, ⟨k̂ · v⟩−r0h2

)
d̄k, ✭✷✳✺✵✮
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✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥✱

Uk
α(g;h1, h2) :=

ˆ

Rd

|h1||h2|
∣∣∣⟨v⟩
ˆ

Rd

v−v∗
|v−v∗|2

(∇α(
√
µg))∗

k̂·(v−v∗)−i0
dv∗

∣∣∣ dv. ✭✷✳✺✶✮

❲❡ t✉r♥ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤✐s q✉❛♥t✐t②✳ ▲❡t k ∈ R
d\{0} ❜❡ ✜①❡❞✳ ❉❡❝♦♠♣♦s✐♥❣ ✈❡❧♦❝✐t②

✈❛r✐❛❜❧❡s v ∈ R
d ✐♥t♦ v = (v0, v1) ✇✐t❤ v0 = v · k̂ ❛♥❞ v1 = v − v0k̂ ∈ k̂⊥✱ ✇❡ ❝❛♥ ✇r✐t❡

Uk
α(g;h1, h2) =

ˆ

R

ˆ

Rd−1

|h1(v0, v1)||h2(v0, v1)|

×
∣∣∣⟨(v0, v1)⟩

ˆ

R

ˆ

Rd−1

(v0−v0∗,v1−v1∗)
|v0−v0∗|2+|v1−v1∗|2

(∇α(
√
µg))∗

(v0−v0∗)−i0dv1∗dv0∗
∣∣∣ dv1dv0.

❊st✐♠❛t✐♥❣ ⟨(v0, v1)⟩ ≤ 1 + |v0|+ |v1|✱ ❛♥❞ ✉s✐♥❣ v0−v0∗
(v0−v0∗)−i0 = 1✱ ✇❡ ❛r❡ ❧❡❞ t♦

Uk
α(g;h1, h2) ≲

ˆ

R

ˆ

Rd−1

|h1(v0, v1)||h2(v0, v1)|

×
{∣∣∣
ˆ

R

ˆ

Rd−1

σ(v0 − v0∗, v1 − v1∗)(∇α(
√
µg))∗ dv1∗dv0∗

∣∣∣

+
∣∣∣
ˆ

R

ˆ

Rd−1

σ(v0 − v0∗, v1 − v1∗)(v0∗, v1∗)(∇α(
√
µg))∗ dv1∗dv0∗

∣∣∣

+
∣∣∣
ˆ

R

ˆ

Rd−1

(v1 − v1∗)⊗ σ(v0 − v0∗, v1 − v1∗)(∇α(
√
µg))∗ dv1∗dv0∗

∣∣∣
}

+

ˆ

Rd

|h1||h2|
( ˆ

Rd

⟨v∗⟩|(∇α(
√
µg))∗|

|v−v∗|2 dv∗
)
dv

+

ˆ

Rd

|h1||h2|
( ˆ

Rd

|(∇α(
√
µg))∗|

|v−v∗| dv∗
)
dv, ✭✷✳✺✷✮

✐♥ t❡r♠s ♦❢ t❤❡ s②♠❜♦❧

σ(v0, v1) := 1
v0−i0

v1
|v0|2+|v1|2 .

❲❡ ❞❡♥♦t❡ ❜② f̃(w0, v1) t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ f(v0, v1) ✐♥ ✐ts ✜rst ✈❛r✐❛❜❧❡✳

❆s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ 1
v0−i0 ❛♥❞ 1

v20+1
❛r❡ ❣✐✈❡♥ ❜② iπ(1 − sgn(w0)) ❛♥❞ πe−|w0|✱

r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ σ ✐♥ ✐ts ✜rst ✈❛r✐❛❜❧❡ t❛❦❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t
❣✉✐s❡✱

σ̃(w0, v1) = 2iπ2 v1
|v1|

ˆ ∞

w0

e−|w′
0||v1| dw′

0 = 2iπ2 v1
|v1|2 ×

{
e−|w0||v1| : w0 > 0,

2− e−|w0||v1| : w0 < 0,

❤❡♥❝❡✱

|σ̃(w0, v1)| ≤ 4π2 1
|v1| .

❚❛❦✐♥❣ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ t❤❡ v0✲✈❛r✐❛❜❧❡s✱ ✉s✐♥❣ P❛rs❡✈❛❧✬s ✐❞❡♥t✐t②✱ ✐♥s❡rt✐♥❣ t❤✐s ❜♦✉♥❞
♦♥ t❤❡ s②♠❜♦❧ σ̃✱ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛❣❛✐♥ P❛rs❡✈❛❧✬s ✐❞❡♥t✐t②✱ ✇❡ ✜♥❞ ❢♦r
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❛♥② f ∈ C∞
c (Rd) ❛♥❞ 1 ≤ p ≤ ∞✱

∥∥∥
ˆ

R

ˆ

Rd−1

σ(v0 − v0∗, v1 − v1∗) f(v0∗, v1∗) dv1∗dv0∗
∥∥∥
Lp
v1

(Rd−1;L2
v0

(R))

≃
∥∥∥
ˆ

Rd−1

σ̃(w0, v1 − v1∗) f̃(w0, v1∗) dv1∗
∥∥∥
Lp
v1

(Rd−1;L2
w0

(R))

≲
∥∥∥
ˆ

Rd−1

|f̃(w0,v1∗)|
|v1−v1∗| dv1∗

∥∥∥
Lp
v1

(Rd−1;L2
w0

(R))

≲
∥∥∥
ˆ

Rd−1

∥f(·,v1∗)∥L2(R)

|v1−v1∗| dv1∗
∥∥∥
Lp
v1

(Rd−1)
,

❛♥❞ t❤❡r❡❢♦r❡✱ ❜② t❤❡ ❍❛r❞②✕▲✐tt❧❡✇♦♦❞✕❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t②✱ ✐♥ ❞✐♠❡♥s✐♦♥ d > 2✱ ❢♦r

❛❧❧ d− 1 < p < ∞ ❛♥❞ q = (d−1)p
d−1+(d−2)p ✱

∥∥∥
ˆ

R

ˆ

Rd−1

σ(v0 − v0∗, v1 − v1∗) f(v0∗, v1∗) dv1∗dv0∗
∥∥∥
Lp
v1

(Rd−1;L2
v0

(R))

≲p ∥f(v0, v1)∥Lq
v1

(Rd−1;L2
v0

(R)).

❙✐♠✐❧❛r❧②✱ ✇❡ ✜♥❞

∥∥∥
ˆ

R

ˆ

Rd−1

(v1 − v1∗)⊗ σ(v0 − v0∗, v1 − v1∗) f(v0∗, v1∗) dv1∗dv0∗
∥∥∥
L∞
v1

(Rd−1;L2
v0

(R))

≲ ∥f(v0, v1)∥L1
v1

(Rd−1;L2
v0

(R)).

❆♣♣❧②✐♥❣ t❤❡s❡ t✇♦ ❜♦✉♥❞s t♦ ❡st✐♠❛t❡ t❤❡ ✜rst t❡r♠s ✐♥ ✭✷✳✺✷✮✱ ✉s✐♥❣ t❤❡ ❍❛r❞②✕▲✐tt❧❡✇♦♦❞✕
❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❧❛st t✇♦ t❡r♠s✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡❝❛②
♦❢ µ t♦ r❡❞✉❝❡ t♦ L2 ♥♦r♠s✱ ✇❡ ❡❛s✐❧② ❞❡❞✉❝❡ ✐♥ ❞✐♠❡♥s✐♦♥ d > 2✱ ❢♦r ❛❧❧ r ≥ 0✱

Uk
α(g;h1, h2) ≲r ∥h1∥L2(Rd)∥⟨∇⟩ 1

2h2∥L2(Rd)∥⟨v⟩−r⟨∇⟩|α|g∥L2(Rd).

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✺✵✮✱ ✇❡ ❛r❡ ❧❡❞ t♦

|Sα(g, h;h1, h2)| ≲V,r,r0,δ

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)

× ∥⟨v⟩−r⟨∇⟩|α|g∥L2(Rd)∥⟨v⟩−r⟨∇⟩ 3
2
+δh∥L2(Rd)

×
ˆ

Rd

(
|k|V̂ (k)3 + |k|2V̂ (k)2|∇V̂ (k)|

)
∥⟨k̂ · v⟩−r0h1∥L2(Rd)∥⟨k̂ · v⟩−r0⟨∇⟩ 1

2h2∥L2(Rd) d̄k.

◆♦✇ ❡✈❛❧✉❛t✐♥❣ t❤❡ k✲✐♥t❡❣r❛❧ ❛s ✐♥ ✭✷✳✹✷✮✱ ✇✐t❤ r0 > 1
2 ✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ ✐♥t❡❣r❛❜✐❧✐t②

❛ss✉♠♣t✐♦♥s ♦♥ V ❡♥s✉r❡
´

Rd |k|V̂ (k)3 +
´

Rd |k|2V̂ (k)2|∇V̂ (k)| < ∞✱ t❤✐s ❜❡❝♦♠❡s

|Sα(g, h;h1, h2)| ≲V,r,r0,δ

(
1 + ∥⟨v⟩−r⟨∇⟩ 5

2
+δg∥L2(Rd)

)
∥⟨v⟩−r⟨∇⟩|α|g∥L2(Rd)

× ∥⟨v⟩−r⟨∇⟩ 3
2
+δh∥L2(Rd)∥⟨v⟩−

1
2h1∥L2(Rd)∥⟨v⟩−

1
2 ⟨∇⟩ 1

2h2∥L2(Rd).

❋✉rt❤❡r ✐♠♣r♦✈✐♥❣ ♦♥ t❤❡ ✇❡✐❣❤ts ⟨v⟩−
1
2 ❛s ✐♥ ✭✷✳✸✹✮✱ t❤❡ ❝❧❛✐♠ ✭✷✳✹✽✮ ❢♦❧❧♦✇s✳ □

❲✐t❤ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛t ❤❛♥❞✱ ✇❡ ♠❛② ♥♦✇ ❡st❛❜❧✐s❤ t❤❡ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡
▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❝❧♦s❡ t♦ ▼❛①✇❡❧❧✐❛♥ ❡q✉✐❧✐❜r✐✉♠✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✺ ✭▲♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠✮✳ ▲❡t V ∈ L1 ∩Ḣ 1
2 (Rd) ❜❡

✐s♦tr♦♣✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❋♦r ❛❧❧ s ≥ 2✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t CV,s ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤

t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ❢♦r ❛❧❧ ✐♥✐t✐❛❧ ❞❛t❛ f◦ ∈ Hs(Rd) s❛t✐s❢②✐♥❣ t❤❡ ♣♦s✐t✐✈✐t② ❛♥❞
s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥s✱

Ff◦ = µ+
√
µf◦ ≥ 0, ∥f◦∥Hs(Rd) ≤ 1

CV,s
,

t❤❡r❡ ❡①✐sts T > 1
CV,s

❛♥❞ ❛ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ f ∈ L∞([0, T ];Hs(Rd)) ♦❢ t❤❡ ▲❡♥❛r❞✕

❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ♦♥ [0, T ]✱ ❛♥❞ ✐t st✐❧❧ s❛t✐s✜❡s Ff = µ+
√
µf ≥ 0✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❝♦♥str✉❝t✐♥❣ ❛ s❡q✉❡♥❝❡ {fn}n ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✿ ✇❡ ❝❤♦♦s❡
t❤❡ 0t❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❛s t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✱

f0 := f◦,

❛♥❞ ♥❡①t✱ ❢♦r ❛❧❧ n ≥ 0✱ ❣✐✈❡♥ t❤❡ nt❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ fn✱ ✇❡ ✐t❡r❛t✐✈❡❧② ❞❡✜♥❡ fn+1

❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❈❛✉❝❤② ♣r♦❜❧❡♠✱
{

∂tfn+1 = (∇− v) ·
(
Bn[

√
µ+ fn] (∇+ v)fn+1 − (

√
µ+ fn+1)Bn[(∇+ v)fn]

)
,

fn+1|t=0 = f◦,
✭✷✳✺✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥

Bn[g] := B(∇Ffn)[g] =

ˆ

Rd

B(v, v − v∗;∇Ffn)
√
µ∗g∗ dv∗.

◆♦t✐♥❣ t❤❛t ❞❡✜♥✐t✐♦♥s ♦❢ Bn ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B ❡♥s✉r❡ Bn[vg] = Bn[g]v ❢♦r ❛❧❧
s❝❛❧❛r ✜❡❧❞s g✱ ❝❢✳ ✭✶✳✷✮✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ❡q✉❛t✐♦♥ ✭✷✳✺✸✮ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
❡q✉❛t✐♦♥✱




∂tfn+1 = ∇ ·An∇fn+1 − bn · ∇fn+1 −∇ · (b′nfn+1) + cnfn+1

−(∇− v) · (√µ(bn + b′n)),
fn+1|t=0 = f◦,

✭✷✳✺✹✮

✐♥ t❡r♠s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts

An := Bn[
√
µ+ fn], ✭✷✳✺✺✮

bn := Anv = Bn[v(
√
µ+ fn)],

b′n := Bn[∇(
√
µ+ fn)],

cn := v · b′n.
▲❡t s ≥ 2 ❜❡ ✜①❡❞✱ ❧❡t C0 ❜❡ ❛ ❝♦♥st❛♥t t♦ ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥❞ ❛ss✉♠❡

Ff◦ = µ+
√
µf◦ ≥ 0, ∥f◦∥Hs(Rd) ≤ 1

4C0
. ✭✷✳✺✻✮

❲❡ s❤❛❧❧ ❝♦♥tr♦❧ t❤❡ s❡q✉❡♥❝❡ (fn)n ❜② ✐♥❞✉❝t✐♦♥✳ ●✐✈❡♥ n ≥ 0✱ ❛ss✉♠❡ t❤❛t fn ✐s ✇❡❧❧✲
❞❡✜♥❡❞ ♦♥ s♦♠❡ t✐♠❡ ✐♥t❡r✈❛❧ ✇✐t❤ µ+

√
µfn ≥ 0✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ♠❛①✐♠❛❧ t✐♠❡

Tn := 1∧max
{
T ≥ 0 : ∥fn∥2L∞([0,T ];Hs(Rd)) +

1
C0

∥∇⟨∇⟩sfn∥2L2([0,T ];L2
A(Rd))

≤ 1
C2

0

}
. ✭✷✳✺✼✮

❇② ❞❡✜♥✐t✐♦♥ ♦❢ Bn ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B✱ ❝❢✳ ✭✶✳✷✮✱ ❝❤♦♦s✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✱
▲❡♠♠❛ ✷✳✶✭✐✐✮ ❡♥s✉r❡s t❤❛t ❝♦❡✣❝✐❡♥ts An, bn, b

′
n, cn ❛r❡ ❛❧❧ ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✲

✈❛❧ [0, Tn]✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛ss✉♠♣t✐♦♥ µ+
√
µfn ≥ 0 ❡♥s✉r❡s An ≥ 0✳ ❯♣ t♦ r❡❣✉❧❛r✐③✐♥❣

❝♦❡✣❝✐❡♥ts ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛✱ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ t❤❡♦r② ❡♥s✉r❡s t❤❛t ✭✷✳✺✹✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡
s♠♦♦t❤ s♦❧✉t✐♦♥ ♦♥ [0, Tn]✳ ❲❡ s❤❛❧❧ ❡st✐♠❛t❡ ✐ts Hs ♥♦r♠ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦
r❡❣✉❧❛r✐③❛t✐♦♥✱ ❛♥❞ ✇❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ st❡♣s✳
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❙t❡♣ ✶✳ Pr♦✈❡ t❤❛t ❢♦r ❛❧❧ α ≥ 0✱ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, Tn]✱
ˆ

Rd

(∇αg)∇α(∇ ·An∇g) ≤ − 1
CV

∥∇∇αg∥2
L2
A(Rd)

+ CV,α∥∇∇αg∥L2
A(Rd)∥g∥H|α|∨2(Rd)

×
(
1 + ∥fn∥|α|+1

H|α|(Rd)
+ ∥∇⟨∇⟩|α|fn∥L2

A(Rd)

(
1 + ∥fn∥|α|H|α|(Rd)

))
. ✭✷✳✺✽✮

■♥ ✈✐❡✇ ♦❢ ✭✷✳✺✼✮✱ ♣r♦✈✐❞❡❞ C0 ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♥♦t❡ t❤❛t ▲❡♠♠❛ ✷✳✶✭✐✐✮ ❡♥t❛✐❧s ♦♥ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [0, Tn]✱

Bn[
√
µ] ≃V A,

❛♥❞ t❤❡r❡❢♦r❡
ˆ

Rd

(∇∇αg) · Bn[
√
µ](∇∇αg) ≃V ∥∇∇αg∥2

L2
A(Rd)

.

❉❡❝♦♠♣♦s✐♥❣ An = Bn[
√
µ] + Bn[fn]✱ ✇❡ ❞❡❞✉❝❡

ˆ

Rd

(∇∇αg) ·An(∇∇αg) ≥ 1
CV

∥∇∇αg∥2
L2
A(Rd)

−
∣∣∣
ˆ

Rd

(∇∇αg) · Bn[fn](∇∇αg)
∣∣∣,

❛♥❞ t❤✉s✱ ❛♣♣❡❛❧✐♥❣ t♦ ✭✷✳✷✹✮ ✐♥ ▲❡♠♠❛ ✷✳✹ t♦ ❡st✐♠❛t❡ t❤❡ ❧❛st t❡r♠✱
ˆ

Rd

(∇∇αg) ·An(∇∇αg) ≥ ∥∇∇αg∥2
L2
A(Rd)

(
1

CV
− CV ∥fn∥H1(Rd)

)
.

■♥ ✈✐❡✇ ♦❢ ✭✷✳✺✼✮✱ ❝❤♦♦s✐♥❣ C0 ≥ 2C2
V ✱ t❤✐s ②✐❡❧❞s ♦♥ [0, Tn]✱

ˆ

Rd

(∇∇αg) ·An(∇∇αg) ≥ 1
2CV

∥∇∇αg∥2
L2
A(Rd)

.

❇② ▲❡✐❜♥✐③✬ r✉❧❡ ❛♥❞ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ t❤❡♥ ✜♥❞
ˆ

Rd

(∇αg)∇α(∇ ·An∇g) ≤ − 1
2CV

∥∇∇αg∥2
L2
A(Rd)

−
∑

0<γ≤α

(
α

γ

)
ˆ

Rd

(∇∇αg) · (∇γAn) (∇∇α−γg).

◆♦✇ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹ t♦ ❡st✐♠❛t❡ t❤❡ ❧❛st s✉♠✱ ❛♣♣❡❛❧✐♥❣ t♦ ✭✷✳✷✹✮ ♦r ✭✷✳✷✺✮ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ✈❛❧✉❡ ♦❢ γ✱ t❤❡ ❝❧❛✐♠ ✭✷✳✺✽✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ Pr♦✈❡ t❤❛t ❢♦r ❛❧❧ α ≥ 0✱ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, Tn]✱
∣∣∣∣
ˆ

Rd

(∇αg)∇α
(
− bn · ∇g −∇ · (b′ng) + cng − (∇− v) · (√µ(bn + b′n))

)∣∣∣∣

≲V,α

(
∥∇⟨∇⟩|α|g∥L2

A(Rd) + ∥g∥H|α|(Rd)

)
∥g∥H|α|∨2(Rd)

×
(
1 + ∥fn∥|α|+1

H|α|∨2(Rd)
+ ∥∇⟨∇⟩|α|fn∥L2

A(Rd)

(
1 + ∥fn∥|α|H|α|∨2(Rd)

))
. ✭✷✳✺✾✮

❇② ▲❡✐❜♥✐③✬ r✉❧❡✱ ✇❡ ❞❡❝♦♠♣♦s❡
ˆ

Rd

(∇αg)∇α(bn · ∇g) =
∑

γ≤α

(
α

γ

)
ˆ

Rd

(∇αg)(∇γbn) · (∇∇α−γg),
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ˆ

Rd

(∇αg)∇α∇ · (b′ng) = −
∑

γ≤α

(
α

γ

)
ˆ

Rd

(∇∇αg) · (∇γb′n)(∇α−γg),

ˆ

Rd

(∇αg)∇α(cng) =
∑

γ≤α

(
α

γ

)
ˆ

Rd

(∇γcn)(∇αg)(∇α−γg),

ˆ

Rd

(∇αg)∇α(∇− v) · (√µ(bn + b′n)) = −
∑

ej≤α

ˆ

Rd

((∇+ v)∇αg) · ∇α(
√
µ(bn + b′n))

−
∑

ej≤α

(
α

ej

)
ˆ

Rd

(ej∇αg) · ∇α−ej (
√
µ(bn + b′n)).

❘❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ bn, b
′
n, cn✱ ❝❢✳ ✭✷✳✺✺✮✱ ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹ t♦ ❡st✐♠❛t❡ t❤❡ ❞✐✛❡r✲

❡♥t t❡r♠s✱ ❛♣♣❡❛❧✐♥❣ ❛❣❛✐♥ t♦ ✭✷✳✷✹✮ ♦r ✭✷✳✷✺✮ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ γ✱ t❤❡ ❝❧❛✐♠ ✭✷✳✺✾✮
❢♦❧❧♦✇s ❡❛s✐❧②✳

❙t❡♣ ✸✳ ❈♦♥❝❧✉s✐♦♥✳
❈♦♠❜✐♥✐♥❣ ✭✷✳✺✽✮ ❛♥❞ ✭✷✳✺✾✮✱ ❛♥❞ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❞✐ss✐♣❛t✐♦♥ t❡r♠ ✐♥ ✭✷✳✺✽✮ t♦

❛❜s♦r❜ ❢❛❝t♦rs ∥⟨∇⟩|α|+1g∥L2
A(Rd)✱ ✇❡ ❞❡❞✉❝❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ fn+1 ♦❢ ✭✷✳✺✹✮ ✭✉♣ t♦ r❡❣✉❧❛r✲

✐③❛t✐♦♥✮✱

∂t∥fn+1∥2Hs(Rd) +
1

CV,s
∥∇⟨∇⟩sfn+1∥2L2

A(Rd)

≤ CV,s∥fn+1∥2Hs(Rd)

(
1 + ∥∇⟨∇⟩sfn∥2L2

A(Rd)

)(
1 + ∥fn∥2(s+1)

Hs(Rd)

)
, ✭✷✳✻✵✮

❤❡♥❝❡✱ ❛❢t❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥✱

∥f t
n+1∥2Hs(Rd) +

1
CV,s

∥∇⟨∇⟩sfn+1∥2L2([0,t];L2
A(Rd))

≤ 2∥f◦∥2Hs(Rd) exp

(
2CV,s

(
t+ ∥∇⟨∇⟩sfn∥2L2([0,t];L2

A(Rd))

)(
1 + ∥fn∥2(s+1)

L∞([0,t];Hs(Rd))

))
.

❋♦r t ≤ Tn✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✺✻✮ ❛♥❞ ✭✷✳✺✼✮✱ t❤✐s ❡♥t❛✐❧s

∥f t
n+1∥2Hs(Rd) +

1
CV,s

∥∇⟨∇⟩sfn+1∥2L2([0,t];L2
A(Rd))

≤ 1
8C

−2
0 exp

(
4CV,s

(
t+ C−1

0

))
. ✭✷✳✻✶✮

❆s t❤✐s ❜♦✉♥❞ ❤♦❧❞s ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ❝♦❡✣❝✐❡♥ts ❛♥❞ ♦❢ ✐♥✐t✐❛❧
❞❛t❛✱ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r ✭✷✳✺✹✮ ✐♥ L∞([0, Tn];H

s(Rd)) ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥ ❢♦❧❧♦✇s ❜② ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t✳

◆❡①t✱ ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ s♦❧✉t✐♦♥ s❛t✐s✜❡s Ffn+1 = µ +
√
µfn+1 ≥ 0✳ ❆s ❡q✉❛t✐♦♥ ✭✷✳✺✸✮

♦r ✭✷✳✺✹✮ ❢♦r fn+1 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✱

∂tFfn+1 = ∇ ·
(
Bn[

1√
µFfn ]∇Ffn+1 − Ffn+1 Bn[

1√
µ∇Ffn ]

)
.

t❤✐s ♣♦s✐t✐✈✐t② st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳

❋✐♥❛❧❧②✱ ❝❤♦♦s✐♥❣ C0 ≥ 1 + 2CV,s✱ t❤❡ ❛❜♦✈❡ Hs ❡st✐♠❛t❡ ✭✷✳✻✶✮ ❢♦r fn+1 ❣✐✈❡♥ fn ❡♥t❛✐❧s

❢♦r ❛❧❧ t ≤ Tn ∧ 1
2CV,s

✱

∥f t
n+1∥2Hs(Rd) +

1
C0

∥∇⟨∇⟩sfn+1∥2L2([0,t];L2
A(Rd))

≤ C−2
0 ,
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✇❤✐❝❤ ♠❡❛♥s Tn+1 ≥ Tn ∧ (2CV,s)
−1✳ ❚❤❡r❡❢♦r❡✱ s❡tt✐♥❣ T0 := 1 ∧ (2CV,s)

−1✱ ✇❡ ♦❜t❛✐♥ ❜②
✐t❡r❛t✐♦♥ ❛ s❡q✉❡♥❝❡ (fn)n s❛t✐s❢②✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ ❡q✉❛t✐♦♥s ✭✷✳✺✸✮ ♦♥ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [0, T0] ✇✐t❤

∥fn∥L∞([0,T0];Hs(Rd)) ≤ C−1
0 .

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♥♦✇ ❢♦❧❧♦✇s ❡❛s✐❧② ❜② ❛ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✱ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t n ↑ ∞
✐♥ ❛♣♣r♦①✐♠❛t❡ ❡q✉❛t✐♦♥s ✭✷✳✺✸✮✳ □

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱ t❤❛t ✐s✱ ✇❡ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ ✐♥t♦ ❛ ❣❧♦❜❛❧✲
✐♥✲t✐♠❡ r❡s✉❧t✳ ❚❛❦✐♥❣ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ●✉♦✬s ❛r❣✉♠❡♥t ✐♥ ❬✶✹❪ ❢♦r t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥✱
t❤❡ ♣r♦♦❢ r❡❧✐❡s ❤❡❛✈✐❧② ♦♥ ❞❡t❛✐❧❡❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r L ❛♥❞ ♦♥ r❡✜♥❡❞
❡st✐♠❛t❡s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r N ✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ ✜✈❡ ♠❛✐♥ st❡♣s✳

❙t❡♣ ✶✳ ❊♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♥♦r♠✳
❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞ ♥♦r♠✱ ✇❤✐❝❤ ✐s ❛❞❛♣t❡❞ t♦ t❤❡ ❞✐ss✐♣❛t✐♦♥ str✉❝t✉r❡ ♦❢
t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r L✱

||| g |||2 := ∥∇g∥2
L2
A(Rd)

+ ∥vg∥2
L2
A(Rd)

=

ˆ

Rd

∇g ·A∇g + vg ·Avg, ✭✷✳✻✷✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t A ✐s t❤❡ ❡❧❧✐♣t✐❝ ❝♦❡✣❝✐❡♥t ✜❡❧❞ ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✮✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐t
s❛t✐s✜❡s

∥⟨v⟩−
1
2 g∥L2(Rd) + ∥⟨v⟩−

3
2∇g∥L2(Rd)

≲ ∥⟨v⟩−
1
2 g∥L2(Rd) + ∥⟨v⟩−

1
2P⊥

v ∇g∥L2(Rd) + ∥⟨v⟩−
3
2Pv∇g∥L2(Rd) ≃V ||| g ||| . ✭✷✳✻✸✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✼✮ ♦❢ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s Pv, P
⊥
v ✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ ||| · |||✱ ▲❡♠♠❛ ✷✳✷✭✐✮ ②✐❡❧❞s

∥⟨v⟩−
1
2P⊥

v ∇g∥2
L2(Rd)

+ ∥⟨v⟩−
3
2Pv∇g∥2

L2(Rd)
=

ˆ

Rd

⟨v⟩−1|P⊥
v ∇g|2 + ⟨v⟩−3|Pv∇g|2

≃V

ˆ

Rd

∇g ·A∇g,

s♦ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡
ˆ

Rd

vg ·Avg ≲V ∥⟨v⟩−
1
2 g∥2

L2(Rd)
≲V

ˆ

Rd

vg ·Avg + ∥⟨v⟩−
3
2∇g∥2

L2(Rd)
. ✭✷✳✻✹✮

❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✭✐✮ ✐♥ ❢♦r♠ ♦❢ v · Av ≲V ⟨v⟩−1✱ ❛♥❞ ✇❡ ♥♦✇
t✉r♥ t♦ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❝❤♦♦s❡ ❛ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ χ ∈ C∞

c (2B)
✇✐t❤ χ|B = 1 ❛♥❞ |∇χ| ≤ 2✱ ❛♥❞ ✇❡ ❞❡❝♦♠♣♦s❡

∥⟨v⟩− 1
2 g∥2

L2(Rd)
≤
ˆ

2B
|χg|2 +

ˆ

Rd\B
⟨v⟩−1|g|2.

❇② P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ♦♥ 2B✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ χ✱ ✇❡ ❞❡❞✉❝❡

∥⟨v⟩− 1
2 g∥2

L2(Rd)
≲

ˆ

2B
|∇(χg)|2 +

ˆ

Rd\B
⟨v⟩−1|g|2

≲

ˆ

2B
|∇g|2 +

ˆ

Rd\B
⟨v⟩−1|g|2.
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◆♦✇ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✷✭✐✮ ✐♥ ❢♦r♠ ♦❢ v · A(v)v ≳V |v|2⟨v⟩−3 ≃ ⟨v⟩−1 ♦♥ R
d \B✱ t❤❡ s❡❝♦♥❞

✐♥❡q✉❛❧✐t② ✐♥ ✭✷✳✻✹✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ ❈♦♥tr♦❧ ♦♥ ❞✐ss✐♣❛t✐♦♥ r❛t❡✿ ♣r♦✈❡ t❤❛t

−
ˆ

Rd

gL[g] ≳V |||(Id−π0)[g] |||2, ✭✷✳✻✺✮

✇❤❡r❡ π0 st❛♥❞s ❢♦r t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ L2(Rd) ♦♥t♦ ✐ts ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡

S0 :=
{√

µ
(
a+ b · v + c|v|2

)
: a, c ∈ R, b ∈ R

d
}
, ✭✷✳✻✻✮

♦r ❡q✉✐✈❛❧❡♥t❧②✱ π0[g] :=
∑

i(
´

Rd wig)wi ✐♥ t❡r♠s ♦❢ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s {wi}1≤i≤d+2 ♦❢
t❤❡ s✉❜s♣❛❝❡ S0✳

❙✐♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B ②✐❡❧❞s B(v, v− v∗;∇F ) = B(v∗, v∗− v;∇F )✱ ❝❢✳ ✭✶✳✷✮✱ ✇❡ ❤❛✈❡ ❜②
❞❡✜♥✐t✐♦♥ ♦❢ L✱ ❝❢✳ ✭✷✳✶✮✱

−
ˆ

Rd

gL[g] = 1
2

¨

Rd×Rd

(√
µ∗(∇+ v)g −√

µ((∇+ v)g)∗
)

✭✷✳✻✼✮

·B(v, v − v∗;∇µ)
(√

µ∗(∇+ v)g −√
µ((∇+ v)g)∗

)
dvdv∗

≥ 0.

❆s B(v, v − v∗;∇µ)(v − v∗) = 0✱ t❤✐s ❡①♣r❡ss✐♦♥ ❝❧❡❛r❧② ✈❛♥✐s❤❡s ❢♦r g ∈ S0 ✭❛♥❞ ✐♥ ❢❛❝t
♦♥❧② ❢♦r g ∈ S0✮✱ ❛♥❞ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ ❛ q✉❛♥t✐t❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤✐s ❢❛❝t ✐♥ ❢♦r♠ ♦❢ t❤❡
❝❧❛✐♠❡❞ ❧♦✇❡r ❜♦✉♥❞ ✭✷✳✻✺✮✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✿ ✐❢ ✭✷✳✻✺✮ ✇❛s
❢❛✐❧✐♥❣✱ t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛ s❡q✉❡♥❝❡ (gn)n s✉❝❤ t❤❛t

0 ≤ −
ˆ

Rd

gnL[gn] ≤ 1
n , ||| gn ||| = 1, π0[gn] = 0. ✭✷✳✻✽✮

❲❡ s♣❧✐t t❤❡ ❛r❣✉♠❡♥t ✐♥t♦ t✇♦ ❢✉rt❤❡r s✉❜st❡♣s✳

❙✉❜st❡♣ ✷✳✶✳ Pr♦✈❡ t❤❛t ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥ t❤❡ s❡q✉❡♥❝❡ (gn)n ✐♥ ✭✷✳✻✽✮ ❝♦♥✈❡r❣❡s ✇❡❛❦❧②
t♦ s♦♠❡ g ✐♥ H1

loc(R
d) ✇✐t❤

−
ˆ

Rd

gL[g] = 0, ||| g ||| = 1, π0[g] = 0. ✭✷✳✻✾✮

■♥ ✈✐❡✇ ♦❢ ✭✷✳✻✸✮✱ t❤❡ ♣r♦♣❡rt② ||| gn ||| = 1 ✐♥ ✭✷✳✻✽✮ ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ M > 0 t❤❡ s❡✲
q✉❡♥❝❡ ♦❢ r❡str✐❝t✐♦♥s (gn|BM

)n ✐s ❜♦✉♥❞❡❞ ✐♥ H1(BM )✳ ❇② ✇❡❛❦ ❝♦♠♣❛❝t♥❡ss✱ t❤❡r❡
❡①✐sts g ∈ H1

loc(R
d) s✉❝❤ t❤❛t ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥ (gn)n ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ g ✐♥ H1

loc(R
d)✳

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✷✳✻✽✮✱ ✇❡ ✐♥❢❡r

||| g ||| ≤ 1, π0[g] = 0. ✭✷✳✼✵✮

■t r❡♠❛✐♥s t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ r❡❧❛t✐♦♥ 0 ≤ −
´

Rd gnL[gn] ≤ 1
n ✱ ✇❤✐❝❤ r❡q✉✐r❡s s♦♠❡

♠♦r❡ ❝❛r❡✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ L✱ ❝❢✳ ✭✷✳✷✮✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

−
ˆ

Rd

gnL[gn] = ||| gn |||2+2

ˆ

Rd

vgn ·A∇gn −
ˆ

Rd

√
µ(∇+ v)gn · B◦[(∇+ v)gn].

❯s✐♥❣ t❤❛t ||| gn ||| = 1✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t 2
´

Rd vgn · A∇gn = −
´

Rd g
2
n∇ · (Av) ❢♦❧❧♦✇s ❢r♦♠

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❞❡❞✉❝❡

−
ˆ

Rd

gnL[gn] = 1−
ˆ

Rd

g2n∇ · (Av)−
ˆ

Rd

√
µ(∇+ v)gn · B◦[(∇+ v)gn]. ✭✷✳✼✶✮
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❆❧♦♥❣ t❤❡ ❡①tr❛❝t✐♦♥✱ ❛s gn ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ g ✐♥ H1
loc(R

d)✱ ❤❡♥❝❡ str♦♥❣❧② ✐♥ L2
loc(R

d)
❜② ❘❡❧❧✐❝❤✬s t❤❡♦r❡♠✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ M ≥ 1✱

ˆ

|v|≤M
g2n∇ · (Av) n↑∞−−−→

ˆ

|v|≤M
g2∇ · (Av), ✭✷✳✼✷✮

ˆ

|v|≤M

√
µ(∇+ v)gn · BM

◦ [(∇+ v)gn]
n↑∞−−−→

ˆ

|v|≤M

√
µ(∇+ v)g · BM

◦ [(∇+ v)g],

✐♥ t❡r♠s ♦❢ t❤❡ tr✉♥❝❛t❡❞ ♦♣❡r❛t♦r

BM
◦ [h] :=

ˆ

|v∗|≤M
B(v, v − v∗;∇µ)

√
µ∗h∗ dv∗.

◆❡①t✱ ✇❡ ❡st✐♠❛t❡ tr✉♥❝❛t✐♦♥ ❡rr♦rs✿ ✇❡ s❤♦✇ ❢♦r ❛❧❧ M ≥ 1✱

sup
n

∣∣∣
ˆ

|v|>M
g2n∇ · (Av)

∣∣∣ ≲ 1
M , ✭✷✳✼✸✮

sup
n

∣∣∣
ˆ

|v|>M

√
µ(∇+ v)gn · B◦[(∇+ v)gn]

∣∣∣ ≲ 1
M , ✭✷✳✼✹✮

sup
n

∣∣∣
ˆ

|v|≤M

√
µ(∇+ v)gn · (B◦ − BM

◦ )[(∇+ v)gn]
∣∣∣ ≲ 1

M . ✭✷✳✼✺✮

❚❤❡ ❡st✐♠❛t❡ ✭✷✳✼✸✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷ ✐♥ ❢♦r♠ ♦❢
∣∣∣
ˆ

|v|>M
g2n∇ · (Av)

∣∣∣ ≲V

ˆ

|v|>M
⟨v⟩−2g2n

≲V

ˆ

|v|>M
⟨v⟩−1(vgn ·Avgn)

≲ 1
M ||| gn |||2 = 1

M .

◆❡①t✱ ❛♣♣❡❛❧✐♥❣ t♦ ▲❡♠♠❛ ✷✳✸✭✐✮ ❛♥❞ t♦ ✭✷✳✻✸✮✱

∣∣∣
ˆ

|v|>M

√
µ(∇+ v)gn · B◦[(∇+ v)gn]

∣∣∣

≲ 1
M ∥⟨v⟩−

3
2 (∇+ v)gn∥L2(Rd)∥⟨v⟩

5
2
√
µB◦[(∇+ v)gn]∥L2(Rd)

≲V
1
M ∥⟨v⟩−

3
2 (∇+ v)gn∥2L2(Rd)

≲V
1
M ||| gn |||2 = 1

M ,

t❤❛t ✐s✱ ✭✷✳✼✹✮✳ ❋✐♥❛❧❧②✱ r❡✇r✐t✐♥❣

(B◦ − BM
◦ )[(∇+ v)gn] = B◦[1|v|>M (∇+ v)gn], ✭✷✳✼✻✮

✇❡ s✐♠✐❧❛r❧② ✜♥❞

∣∣∣
ˆ

|v|≤M

√
µ(∇+ v)gn · (B◦ − BM

◦ )[(∇+ v)gn]
∣∣∣

≲ ∥⟨v⟩−
3
2 (∇+ v)gn∥L2(Rd)∥⟨v⟩

3
2
√
µB◦[1|v|>M (∇+ v)gn]∥L2(Rd)

≲V
1
M ∥⟨v⟩−

3
2 (∇+ v)gn∥2L2(Rd)

≲V
1
M ||| gn |||2 = 1

M ,

t❤❛t ✐s✱ ✭✷✳✼✺✮✳
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❈♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✳✼✶✮ ❛♥❞ ✭✷✳✼✷✮✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ✭✷✳✼✸✮✕✭✷✳✼✺✮ ❛❧❧♦✇ t♦ ♣❛ss t♦ t❤❡
❧✐♠✐t ✐♥ ✭✷✳✼✶✮✱ ❛♥❞ t❤✉s✱ r❡❝❛❧❧✐♥❣ t❤❛t ✭✷✳✻✽✮ ②✐❡❧❞s −

´

Rd gnL[gn] → 0✱ ✇❡ ✜♥❞

0 = 1−
ˆ

Rd

g2∇ · (Av)−
ˆ

Rd

√
µ(∇+ v)g · B◦[(∇+ v)g]

= 1− ||| g |||2−
ˆ

Rd

gL[g].

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ t❤❡ ♣♦s✐t✐✈✐t② ✭✷✳✻✼✮ ❛♥❞ ✇✐t❤ ✭✷✳✼✵✮✱ ✇❡ ❝♦♥❝❧✉❞❡

−
ˆ

Rd

gL[g] = 0, ||| g ||| = 1,

❤❡♥❝❡ ✭✷✳✻✾✮✳

❙✉❜st❡♣ ✷✳✷✳ ❈♦♥❝❧✉s✐♦♥✳
■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ❢♦r ❛ ❢✉♥❝t✐♦♥ h ∈ H1

loc(R
d) ✇✐t❤ |||h ||| < ∞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛✲

❧❡♥❝❡ ❤♦❧❞s✿

h ∈ S0 ⇐⇒ −
ˆ

Rd

hL[h] = 0. ✭✷✳✼✼✮

■♥❞❡❡❞✱ ✉s✐♥❣ t❤✐s ❡q✉✐✈❛❧❡♥❝❡✱ ✇❡ ✇♦✉❧❞ ❞❡❞✉❝❡ ❢r♦♠ ✭✷✳✻✾✮ t❤❛t g ∈ S0✱ s♦ t❤❛t t❤❡ t✇♦
♦t❤❡r ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✳✻✾✮ ✇♦✉❧❞ ❜❡❝♦♠❡ ❝♦♥tr❛❞✐❝t♦r②✱ t❤✉s ②✐❡❧❞✐♥❣ t❤❡ ❝♦♥❝❧✉s✐♦♥✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❝❧❛✐♠❡❞ ❡q✉✐✈❛❧❡♥❝❡ ✭✷✳✼✼✮✳ ❚❤❡ ✐♠♣❧✐❝❛t✐♦♥ ❵⇒✬ ✐s ❝❧❡❛r ❛♥❞ ✇❡
♥♦✇ ❢♦❝✉s ♦♥ t❤❡ r❡✈❡rs❡✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ♥♦t❡ t❤❛t✱ ❢♦r ❛❧❧ v, v∗, e ∈ R

d ✇✐t❤ v ̸= v∗✱
t❤❡ ❦❡r♥❡❧ B(v, v − v∗;∇µ) s❛t✐s✜❡s ❜② ❞❡✜♥✐t✐♦♥✱

e ·B(v, v − v∗;∇µ)e ≥ 0,

❛♥❞✱ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✶ ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ ✭✷✳✶✷✮✱

e ·B(v, v − v∗;∇µ)e = 0 ⇐⇒
ˆ

Rd

|e · k|2πV̂ (k)2 δ(k·(v−v∗))
|ε(k,k·v;∇µ)|2 d̄k = 0

⇐⇒ e ·
(
Id− (v−v∗)⊗(v−v∗)

|v−v∗|2
)
e = 0

⇐⇒ e ∥ v − v∗.

■♥ ✈✐❡✇ ♦❢ ✭✷✳✻✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ −
´

Rd hL[h] = 0 ✐♠♣❧✐❡s ❛❧♠♦st ❡✈❡r②✇❤❡r❡
√
µ∗(∇+ v)h =

√
µ((∇+ v)h)∗,

✇❤✐❝❤ ✐♠♣❧✐❡s h ∈ S0 ❜② ✐♥t❡❣r❛t✐♦♥✳

❙t❡♣ ✸✳ ❈♦♥tr♦❧ ♦♥ ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❢♦r ❞✐✛❡r❡♥t✐❛t❡❞ ❡q✉❛t✐♦♥✿ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ α > 0✱

−
ˆ

Rd

(∇αg)∇αL[g] ≥ 1
CV

||| ∇αg |||2−CV,α ||| g |||2|α|−1, ✭✷✳✼✽✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥✱

||| g |||2s :=
∑

|γ|≤s

||| ∇γg |||2 . ✭✷✳✼✾✮

❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ ❢✉rt❤❡r s✉❜st❡♣s✳

❙✉❜st❡♣ ✸✳✶✳ Pr♦✈❡ t❤❛t

|||π0[∇g] ||| ≲ ||| g ||| . ✭✷✳✽✵✮
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❘❡❝❛❧❧ t❤❛t S0 ✐s ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❝❢✳ ✭✷✳✻✻✮✱ ❛♥❞ t❤❛t t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ π0
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s π0[g] :=

∑
i(
´

Rd wig)wi ❢♦r s♦♠❡ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s {wi}1≤i≤d+2 ♦❢ S0✳
■t ✐s t❤❡r❡❢♦r❡ s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ w ∈ S0 ✇❡ ❤❛✈❡

∣∣∣
ˆ

Rd

w∇g
∣∣∣ ≲V ∥w∥L2(Rd) ||| g |||, ✭✷✳✽✶✮

✇❤✐❝❤ ❤❛♣♣❡♥s t♦ ❜❡ ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✳✻✸✮ ❛s ❛❧❧ ♥♦r♠s ❛r❡ ❡q✉✐✈❛❧❡♥t ♦♥ S0✳

❙✉❜st❡♣ ✸✳✷✳ Pr♦✈❡ t❤❛t ❢♦r ❛❧❧ α > 0✱

∣∣∣
ˆ

Rd

(∇αg) [∇α, L]g
∣∣∣ ≲V,α ||| ∇αg ||| ||| g ||||α|−1 . ✭✷✳✽✷✮

❇② ❞❡✜♥✐t✐♦♥ ♦❢ L✱ ❝❢✳ ✭✷✳✷✮✱ ✇❡ ❞❡❝♦♠♣♦s❡
ˆ

Rd

(∇αg) [∇α, L]g = Tα
1 (g) + Tα

2 (g),

✐♥ t❡r♠s ♦❢

Tα
1 (g) :=

ˆ

Rd

(∇αg)
[
∇α, (∇− v) · (A(∇+ v))

]
g,

Tα
2 (g) := −

ˆ

Rd

(∇αg)
[
∇α, (∇− v) · (√µB◦(∇+ v))

]
g.

❲❡ st❛rt ✇✐t❤ ❡st✐♠❛t✐♥❣ t❤❡ ✜rst t❡r♠ Tα
1 (g)✳ ❇② ▲❡✐❜♥✐③✬ r✉❧❡✱ ✇❡ ❝♦♠♣✉t❡

Tα
1 (g) = −

∑

γ≤α
γ ̸=0

(
α

γ

)(
ˆ

Rd

((∇+ v)∇αg) · (∇γA)((∇+ v)∇α−γg)

+
∑

ej≤γ

ˆ

Rd

(ej∇αg) ·(∇γ−ejA)((∇+v)∇α−γg)+
∑

ej≤γ

ˆ

Rd

((∇+v)∇αg) ·(∇γ−ejA)(ej∇α−γg)

+
∑

ej+el≤γ

ˆ

Rd

(ej∇αg) · (∇γ−ej−elA)el∇α−γg

)
,

❤❡♥❝❡✱ ❜② ✭✷✳✾✮ ❛♥❞ ✭✷✳✻✸✮✱

|Tα
1 (g)| ≲V,α

∑

γ<α

||| ∇αg ||| ||| ∇γg |||

❲❡ t✉r♥ t♦ t❤❡ s❡❝♦♥❞ t❡r♠ Tα
2 (g)✳ ❇② ▲❡✐❜♥✐③✬ r✉❧❡✱ ✇❡ ❝❛♥ ✇r✐t❡

Tα
2 (g) =

ˆ

Rd

((∇+ v)∇αg) · ∇α
(√

µB◦[(∇+ v)g]
)

+
∑

ej≤α

ˆ

Rd

(ej∇αg) · ∇α−ej
(√

µB◦[(∇+ v)g]
)

−
ˆ

Rd

((∇+ v)∇αg) · √µB◦[(∇+ v)∇αg],
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♦r ❛❧t❡r♥❛t✐✈❡❧②✱ ❢✉rt❤❡r ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ t❤❡ ❧❛st r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠✱ ❢♦r ❛♥② j0 ∈ α✱

Tα
2 (g) =

ˆ

Rd

((∇+ v)∇αg) · ∇α
(√

µB◦[(∇+ v)g]
)

+
∑

ej≤α

ˆ

Rd

(ej∇αg) · ∇α−ej
(√

µB◦[(∇+ v)g]
)

+

ˆ

Rd

((∇+v)∇α−j0g) ·∇j0

(√
µB◦[(∇+v)∇αg]

)
+

ˆ

Rd

(ej0∇α−j0g) ·√µB◦[(∇+v)∇αg].

◆♦✇ ❛♣♣❡❛❧✐♥❣ t♦ ▲❡♠♠❛ ✷✳✸ ❛♥❞ t♦ ✭✷✳✻✸✮✱ ✇❡ ❞❡❞✉❝❡

|Tα
2 (g)| ≲V,α

∑

γ<α

||| ∇αg ||| ||| ∇γg |||,

❛♥❞ t❤❡ ❝❧❛✐♠ ✭✷✳✽✷✮ ❢♦❧❧♦✇s✳

❙✉❜st❡♣ ✸✳✸✳ Pr♦♦❢ ♦❢ ✭✷✳✼✽✮✳
▲❡t α > 0✳ ❉❡❝♦♠♣♦s✐♥❣

−
ˆ

Rd

(∇αg)∇αL[g] = −
ˆ

Rd

(∇αg)L[∇αg] +

ˆ

Rd

(∇αg)[∇α, L]g,

❛♥❞ ❛♣♣❧②✐♥❣ ✭✷✳✻✺✮ ❛♥❞ ✭✷✳✽✷✮✱ ✇❡ ✜♥❞

−
ˆ

Rd

(∇αg)∇αL[g] ≥ 1
CV

|||(Id−π0)[∇αg] |||2−CV,α ||| ∇αg ||| ||| g ||||α|−1

≥ 1
2CV

||| ∇αg |||2−CV |||π0[∇αg] |||2−CV,α ||| g |||2|α|−1 .

❈♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✳✽✵✮✱ t❤✐s ♣r♦✈❡s ✭✷✳✼✽✮✳

❙t❡♣ ✹✳ ❈♦♥tr♦❧ ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✿ ♣r♦✈✐❞❡❞ t❤❛t g s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s♠❛❧❧♥❡ss
❝♦♥❞✐t✐♦♥✱ ❢♦r s♦♠❡ r0 ≥ 0✱ δ0 > 0✱ ❛♥❞ s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♥st❛♥t C0✱

∥⟨v⟩−r0⟨∇⟩
3
2
+δ0g∥L2(Rd) ≤ 1

C0
✭✷✳✽✸✮

✇❡ ♣r♦✈❡ ❢♦r ❛❧❧ α ≥ 0✱

∣∣∣
ˆ

Rd

(∇αg)(∇αN(g))
∣∣∣ ≲V,α ||| g |||2|α| ∥g∥H|α|∨2

(
1 + ∥g∥|α|

H|α|

)
, ✭✷✳✽✹✮

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ ✭✷✳✼✾✮✳ ❚❤❡ s✉❜t❧❡ ♣♦✐♥t ✐♥ t❤✐s ❡st✐♠❛t❡ ✐s t♦ ❝♦♥tr♦❧ t❤❡
♥♦♥❧✐♥❡❛r✐t② ✐♥ t❡r♠s ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♥♦r♠✳ ◆♦t❡ t❤❛t |α| ∨ 2 ❝♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞
❜② |α| ∨ (32 + δ0) ❢♦r ❛♥② δ0 > 0✱ ❜✉t t❤❡ t✇♦ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s ❛s ✇❡ ❢♦❝✉s
♦♥ ✐♥t❡❣❡r ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ N ✱ ❝❢✳ ✭✷✳✶✮✱ ✇❡ ❞❡❝♦♠♣♦s❡

N(g) = N1(g) +N2(g) +N3(g) +N4(g)
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✐♥ t❡r♠s ♦❢

N1(g) := (∇− v) · B(∇Fg)[g]∇g,

N2(g) := −(∇− v) ·
(
g B(∇Fg)[∇g]

)
,

N3(g) := (∇− v) ·
(
B(∇Fg)[

√
µ]− B(∇µ)[

√
µ]
)
(∇+ v)g,

N4(g) := −(∇− v) ·
(√

µ
(
B(∇Fg)[(∇+ v)g]− B(∇µ)[(∇+ v)g]

))
.

❲❡ ❢♦❝✉s ♦♥ N1✱ ✇❤✐❧❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ N2✱ N3✱ ❛♥❞ N4 ✐s s✐♠✐❧❛r ❛♥❞ ✐s s❦✐♣♣❡❞ ❢♦r
s❤♦rt♥❡ss✳ ❇② ▲❡✐❜♥✐③✬ r✉❧❡ ❛♥❞ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ✜♥❞
ˆ

Rd

(∇αg)(∇αN1(g)) = −
∑

γ≤α

(
α

γ

)
ˆ

Rd

((∇+ v)∇αg) · (∇γB(∇Fg)[g])∇∇α−γg

−
∑

γ+ej≤α

(
α

γ, ej

)
ˆ

Rd

(ej∇αg) · (∇γB(∇Fg)[g])∇∇α−γ−ejg.

❇② ▲❡♠♠❛ ✷✳✹✱ ❛♣♣❡❛❧✐♥❣ t♦ ✭✷✳✷✹✮ ♦r ✭✷✳✷✺✮ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ γ✱ ❛♥❞ r❡❝❛❧❧✲
✐♥❣ ✭✷✳✻✸✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✽✹✮ ❢♦r N1✳

❙t❡♣ ✺✳ ❈♦♥❝❧✉s✐♦♥✳
●✐✈❡♥ s ≥ 2✱ ❧❡t f ∈ L∞([0, T ];Hs(Rd)) ❜❡ ❛ ❧♦❝❛❧ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉
❡q✉❛t✐♦♥ ✭✷✳✶✮ ♦♥ [0, T ] ❛s ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❯♣ t♦ s♠♦♦t❤✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛
❛♥❞ s❤♦rt❡♥✐♥❣ ❛ ❜✐t t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ]✱ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❛ss✉♠❡ t♦ ❤❛✈❡ ♠♦r❡
s♠♦♦t❤♥❡ss✱ ❛♥❞ ✇❡ ♠❛② t❤❡♥ ✇r✐t❡ ♦♥ [0, T ] ❢♦r ❛❧❧ 0 ≤ r ≤ s✱

1
2∂t

∑

|α|≤r

∥∇αf∥2
L2(Rd)

−
∑

|α|≤r

ˆ

Rd

(∇αf)∇αL[f ] =
∑

|α|≤r

ˆ

Rd

(∇αf)∇αN(f).

❤❡♥❝❡✱ ✐♥s❡rt✐♥❣ ✭✷✳✼✽✮ ❛♥❞ ✭✷✳✽✹✮✱ ❛♥❞ ✉s✐♥❣ t❤❛t ❢♦r α = 0 ✇❡ ❤❛✈❡ −
´

Rd fL[f ] ≥ 0✱ ✇❡
❞❡❞✉❝❡

1
2∂t

∑

|α|≤r

∥∇αf∥2
L2(Rd)

+ 1
CV

∑

0<|α|≤r

||| ∇αf |||2 ≤ CV,s

∑

|α|≤r−1

||| ∇αf |||2

+ CV,s

(
1 + ∥f∥sHs(Rd)

)
∥f∥Hs(Rd)

∑

|α|≤r

||| ∇αf |||2 . ✭✷✳✽✺✮

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✺✱ ❛ss✉♠✐♥❣ ∥f◦∥Hs(Rd) ≤ 1
2∧(8CV CV,s)

−1✱ ❛♥❞ ❝❤♦♦s✐♥❣ T s♠❛❧❧ ❡♥♦✉❣❤✱
✇❡ ❣❡t

∥f∥Hs(Rd) ≤ 1 ∧ (4CV CV,s)
−1 ♦♥ [0, T ]✱ ✭✷✳✽✻✮

✇❤✐❝❤ ❛❧❧♦✇s t♦ ❛❜s♦r❜ t❤❡ ❧❛st r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠ ♦❢ ✭✷✳✽✺✮ ✐♥t♦ t❤❡ ❞✐ss✐♣❛t✐♦♥ t❡r♠✳
❚❤✐s ②✐❡❧❞s ♦♥ [0, T ] ❢♦r ❛❧❧ 0 ≤ r ≤ s✱

1
2∂t

∑

|α|≤r

∥∇αf∥2
L2(Rd)

+ 1
2CV

∑

0<|α|≤r

||| ∇αf |||2 ≤ CV,s

∑

|α|≤r−1

||| ∇αf |||2+ 1
2CV

||| f |||2,

❛♥❞ t❤✉s✱ ✇r✐t✐♥❣ ❛ t❡❧❡s❝♦♣✐♥❣ s✉♠ ♦✈❡r 1 ≤ r ≤ s ❛♥❞ ✉s✐♥❣ t❤❡ ❞✐ss✐♣❛t✐♦♥✱

1
2∂t

s∑

r=1

(2 + 2CV CV,s)
−r

∑

|α|≤r

∥∇αf∥2
L2(Rd)

≤ 1
CV

||| f |||2 . ✭✷✳✽✼✮
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◆♦✇ ❢♦r r = 0✱ r❛t❤❡r ❛♣♣❡❛❧✐♥❣ t♦ ✭✷✳✻✺✮✱ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✽✺✮ ❜❡❝♦♠❡s

1
2∂t∥f∥

2
L2(Rd)

+ 1
CV

|||(Id−π0)[f ] |||2 ≤ CV,s

(
1 + ∥f∥sHs(Rd)

)
∥f∥Hs(Rd) ||| f |||2,

❤❡♥❝❡✱ ❜② ✭✷✳✽✻✮✱

1
2∂t∥f∥

2
L2(Rd)

+ 1
CV

|||(Id−π0)[f ] |||2 ≤ 1
2CV

||| f |||2 . ✭✷✳✽✽✮

■♥ ✈✐❡✇ ♦❢ ✭✶✳✹✮✱ ❛s ❜② ❛ss✉♠♣t✐♦♥ π0[f
◦] = 0✱ t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❡♥s✉r❡s

t❤❛t t❤❡ s♦❧✉t✐♦♥ f s❛t✐s✜❡s

π0[f ] = 0 ♦♥ [0, T ],

s♦ t❤❛t ✭✷✳✽✽✮ ❜❡❝♦♠❡s
1
2∂t∥f∥

2
L2(Rd)

+ 1
2CV

||| f |||2 ≤ 0. ✭✷✳✽✾✮

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✷✳✽✼✮✱ ✇❡ ❝♦♥❝❧✉❞❡

1
2∂t

s∑

r=0

(4 + 4CV CV,s)
−r

∑

|α|≤r

∥∇αf∥2
L2(Rd)

≤ 0,

✇❤✐❝❤ ❝❛♥ ♥♦✇ ❜❡ ✉s❡❞ t♦ ♣r♦♣❛❣❛t❡ t❤❡ s♠❛❧❧ ❧♦❝❛❧ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❧②✳ □

✸✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❡q✉✐❧✐❜r✐✉♠

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❡♥tr♦♣✐❝ ❝♦♥✈❡r❣❡♥❝❡
❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭✶✳✾✮✱ ✇❤✐❝❤ q✉✐❝❦❧② ❢♦❧❧♦✇s ❢r♦♠ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❜② ❚♦s❝❛♥✐ ❛♥❞
❱✐❧❧❛♥✐ ❢♦r t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ✐♥ ❬✷✸✱ ✷✹❪✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✶✭✐✐✮✱ t❤❡ ❝♦♥str✉❝t❡❞
s♦❧✉t✐♦♥ F s❛t✐s✜❡s |ε(k, k · v;∇F )| ≳V 1 ❣❧♦❜❛❧❧② ✐♥ t✐♠❡✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✷✳✶✷✮ ✐♥
❢♦r♠ ♦❢

B(v, v − v∗;∇F ) ≳V
1

|v−v∗|

(
Id− (v−v∗)⊗(v−v∗)

|v−v∗|2
)
,

t❤❡ H✲t❤❡♦r❡♠ ✭✶✳✺✮ t❛❦❡s t❤❡ ❢♦r♠

−∂tH(F |µ) ≳V D(F ), ✭✸✳✶✮

✐♥ t❡r♠s ♦❢ t❤❡ ❡♥tr♦♣② ❞✐ss✐♣❛t✐♦♥ ❢✉♥❝t✐♦♥❛❧

D(F ) := 1
2

¨

Rd×Rd

FF∗
|v−v∗|

∣∣∣
(
Id− (v−v∗)⊗(v−v∗)

|v−v∗|2
)(∇F

F − ∇∗F∗
F∗

)∣∣∣
2
.

◆❡①t✱ ❣✐✈❡♥ ℓ ≥ 1✱ ✇❡ ❛♣♣❡❛❧ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❣❛r✐t❤♠✐❝ ❙♦❜♦❧❡✈✲t②♣❡ ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤
✐s ♦❜t❛✐♥❡❞ ✐♥ ❬✷✹✱ Pr♦♣♦s✐t✐♦♥ ✹❪✱

D(F ) ≳ C(F )Kℓ(F )−
3
ℓH(F |µ)1+ 3

ℓ ,

✇❤❡r❡ C(F ) ♦♥❧② ❞❡♣❡♥❞s ♦♥ F ✈✐❛ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ H(F |µ)✱ ❛♥❞ ✇❤❡r❡ Kℓ(F ) ✐s ❣✐✈❡♥
❜②

Kℓ(F ) :=

ˆ

Rd

⟨v⟩ℓ+2
(
|∇

√
F |2 + F

)
.

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✸✳✶✮✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ H✲t❤❡♦r❡♠ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ✭✶✳✽✮ ❡♥t❛✐❧

H(F |µ) ≤ H(F ◦|µ) ≤
ˆ

Rd

|f◦|2,

✇❡ ❞❡❞✉❝❡

−∂tH(F |µ) ≳V,f◦ Kℓ(F )−
3
ℓH(F |µ)1+ 3

ℓ . ✭✸✳✷✮
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■t r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ Kℓ(F )✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❛♣♣❡❛❧ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧
✐♥❡q✉❛❧✐t✐❡s ❢r♦♠ ❬✷✹✱ ♣✳✶✷✾✼❪✱

Kℓ(F ) ≤
ˆ

Rd

∣∣∣∇
√
⟨v⟩ℓ+2F

∣∣∣
2
+ Cℓ2

ˆ

Rd

⟨v⟩ℓ+2F,

ˆ

Rd

|∇
√
F |2 ≲

( ˆ

Rd

⟨v⟩d+1|⟨∇⟩2F |2
) 1

2
,

✇❤✐❝❤ ✇❡ ❝♦♠❜✐♥❡ ✐♥ ❢♦r♠ ♦❢

Kℓ(F ) ≲ ℓ2
( ˆ

Rd

⟨v⟩2ℓ+d+5|⟨∇⟩2F |2
) 1

2
+ ℓ2

ˆ

Rd

⟨v⟩ℓ+2F.

❋♦r t❤❡ ❝♦♥str✉❝t❡❞ s♦❧✉t✐♦♥ F = µ+
√
µf ✱ ♥♦t✐♥❣ t❤❛t

´

Rd⟨v⟩nµ ≲ (Cn)
n
2 ✱ ✇❡ ❣❡t

Kℓ(F ) ≲ (Cℓ)
ℓ
2
(
1 + ∥f∥H2(Rd)

)
≲ (Cℓ)

ℓ
2 .

■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✸✳✷✮✱ ✇❡ ❞❡❞✉❝❡

−∂tH(F |µ) ≳V ℓ−
3
2H(F |µ)1+ 3

ℓ ,

❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✶✳✾✮ ❡❛s✐❧② ❢♦❧❧♦✇s ❛❢t❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ℓ✳

❲❡ t✉r♥ t♦ t❤❡ L2✲❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮✕✭✐✐✮✱ ❢♦r ✇❤✐❝❤ ✇❡ t❛❦❡ ✐♥s♣✐r❛t✐♦♥
❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❙tr❛✐♥ ❛♥❞ ●✉♦ ❬✷✷❪✳ ❇② ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t✱ ♥♦t❡ t❤❛t t❤❡
❝♦♥✈❡r❣❡♥❝❡ f t → 0 ✐♥ L2(Rd) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ q✉❛♥t✐t❛t✐✈❡ ❡st✐♠❛t❡s ✐♥ ✭✐✮✕✭✐✐✮✱ ❤❡♥❝❡ ✇❡
♠❛② ❢♦❝✉s ♦♥ t❤❡ ❧❛tt❡r✳ ❙♦ ❛s t♦ ♣r♦✈❡ ❜♦t❤ ❡st✐♠❛t❡s ❛t ♦♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✐①❡❞
✇❡✐❣❤t ❢✉♥❝t✐♦♥

wℓ,θ,K(v) := ⟨v⟩ℓ exp(K⟨v⟩θ).
▲❡t ♣❛r❛♠❡t❡rs ℓ, θ,K ≥ 0 ❜❡ ✜①❡❞ ❡✐t❤❡r ✇✐t❤ θ < 2✱ ♦r ✇✐t❤ θ = 2 ❛♥❞ K ≪V 1✳ ❲❡
s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ ♠❛✐♥ st❡♣s✳

❙t❡♣ ✶✳ ❈♦♠♣❛❝t♥❡ss ❡st✐♠❛t❡s✿ ✐❢ ✐♥✐t✐❛❧ ❞❛t❛ f◦ s❛t✐s✜❡s
ˆ

Rd

w2
ℓ,θ,K |f◦|2 < ∞,

❛♥❞ ✐❢ ✐♥ ❛❞❞✐t✐♦♥ ∥f◦∥H2(Rd) ≪V,ℓ,θ,K 1✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ f ♦❢ ✭✷✳✶✮ s❛t✐s✜❡s ❢♦r ❛❧❧ t ≥ 0✱

ˆ

Rd

w2
ℓ,θ,K |f t|2 ≲V,ℓ,θ,K

ˆ

Rd

w2
ℓ,θ,K |f◦|2. ✭✸✳✸✮

❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ θ < 2✱ ❛♥❞ ✇❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❛r❣✉♠❡♥t ❜❡❧♦✇ ❡♥s✉r❡s t❤❛t t❤❡
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ t❤❡ ❧✐♠✐t θ ↑ 2 ♣r♦✈✐❞❡❞ K ≪V 1✳ ❋r♦♠ t❤✐s✱
t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ θ = 2 ✇✐t❤ K ≪V 1 ✐s ❞❡❞✉❝❡❞ ❛ ♣♦st❡r✐♦r✐ ❜② ❧❡tt✐♥❣ θ ↑ 2 ✐♥ ✭✸✳✸✮✳ ◆❡①t✱
✉♣ t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t✱ ❛❞❞✐♥❣ ❛ s♠❛❧❧ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✮✱ ✇❡
♥♦t❡ t❤❛t ✇❡ ♠❛② ❛ss✉♠❡ t❤❡ s♦❧✉t✐♦♥ f t♦ ❤❛✈❡ s♦♠❡ ●❛✉ss✐❛♥ ❞❡❝❛②✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦
❥✉st✐❢② ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ❜❡❧♦✇ ❢♦r θ < 2✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✮✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

1
2∂t

ˆ

Rd

w2
ℓ,θ,q|f |2 + I1(f) = I2(f) + I3(f) + I4(f),
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✐♥ t❡r♠s ♦❢

I1(g) :=

ˆ

Rd

(∇+ v)(w2
ℓ,θ,qg) ·A(∇+ v)g,

I2(g) :=

ˆ

Rd

√
µ(∇+ v)(w2

ℓ,θ,qg) · B(∇Fg)[(∇+ v)g],

I3(g) := −
ˆ

Rd

(∇+ v)(w2
ℓ,θ,qg) ·

(
B(∇Fg)[g]∇g − g B(∇Fg)[∇g]

)
,

I4(g) :=

ˆ

Rd

(∇+ v)(w2
ℓ,θ,qg) ·

(
B(∇Fg)[

√
µ]− B(∇µ)[

√
µ]
)
(∇+ v)g.

❲❡ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ ❢♦✉r ❢✉rt❤❡r s✉❜st❡♣s✳

❙✉❜st❡♣ ✶✳✶✳ ❲❡✐❣❤t❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♥♦r♠ ||| · |||ℓ,θ,q✳
❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♥♦r♠ ✭✷✳✻✷✮✱

||| g |||2ℓ,θ,K :=

ˆ

Rd

w2
ℓ,θ,K

(
∇g ·A∇g + vg ·Avg

)
,

✇❤✐❝❤ s❛t✐s✜❡s ❛s ✐♥ ✭✷✳✻✸✮✱

∥⟨v⟩−
1
2wℓ,θ,Kg∥L2(Rd) + ∥⟨v⟩−

3
2wℓ,θ,K∇g∥L2(Rd)

≲ ∥⟨v⟩−
1
2wℓ,θ,Kg∥L2(Rd) + ∥⟨v⟩−

3
2wℓ,θ,KPv∇g∥L2(Rd) + ∥⟨v⟩−

1
2wℓ,θ,KP⊥

v ∇g∥L2(Rd)

≃V ||| g |||ℓ,θ,K . ✭✸✳✹✮

❙✉❜st❡♣ ✶✳✷✳ Pr♦♦❢ t❤❛t

I1(g) ≥ 1
2 ||| g |||

2
ℓ,θ,K −CV,ℓ,θ,K ||| g |||2 . ✭✸✳✺✮

❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

I1(g) = ||| g |||2ℓ,θ,K −
ˆ

Rd

g2∇ · (w2
ℓ,θ,qAv) +

ˆ

Rd

g(∇w2
ℓ,θ,q) ·A(∇+ v)g.

■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✷✱ ❛s ♦❜✈✐♦✉s❧② ∇w2
ℓ,θ,K = Pv∇w2

ℓ,θ,K ✱ ✇❡ ❣❡t

I1(g) ≥ ||| g |||2ℓ,θ,K −CV

ˆ

Rd

⟨v⟩−2g2
(
w2
ℓ,θ,q+|∇w2

ℓ,θ,q|
)
−CV

ˆ

Rd

⟨v⟩−3|g||∇g||∇w2
ℓ,θ,q|. ✭✸✳✻✮

◆♦t✐♥❣ t❤❛t |∇w2
ℓ,θ,K | ≤ 2(ℓ + θK⟨v⟩θ)⟨v⟩−1w2

ℓ,θ,K ✱ ❛♥❞ s♣❧✐tt✐♥❣ t❤❡ ❝❛s❡s |v| ≤ M

❛♥❞ |v| > M ✱ ✇❡ ❝❛♥ ❜♦✉♥❞ ❢♦r ❛❧❧ M > 0✱

⟨v⟩−1(w2
ℓ,θ,K + |∇w2

ℓ,θ,K |
)
≤

(
1 + 2ℓ+ 2θK

)
⟨M⟩2ℓe2K⟨M⟩θ

+
(
M−1 + 2ℓM−2 + 2θKM θ−2

)
w2
ℓ,θ,K ,

❤❡♥❝❡✱ ❢♦r ❛❧❧ N > 0✱ ❝❤♦♦s✐♥❣ M ≫V,ℓ,θ,K,N 1 ❧❛r❣❡ ❡♥♦✉❣❤ ✭❛♥❞ ❛❧s♦ K ≪V,N 1 s♠❛❧❧
❡♥♦✉❣❤ ✐♥ ❝❛s❡ θ = 2✮✱

⟨v⟩−1(w2
ℓ,θ,K + |∇w2

ℓ,θ,K |
)
≤ CV,ℓ,θ,K,N + 1

Nw2
ℓ,θ,K .
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■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✸✳✻✮✱ ✇❡ ❣❡t ❢♦r ❛❧❧ N > 0✱

I1(g) ≥ ||| g |||2ℓ,θ,K −CV,ℓ,θ,K,N

( ˆ

Rd

⟨v⟩−1g2 +

ˆ

Rd

⟨v⟩−2|g||∇g|
)

− 1
NCV

( ˆ

Rd

⟨v⟩−1w2
ℓ,θ,qg

2 +

ˆ

Rd

⟨v⟩−2w2
ℓ,θ,q|g||∇g|

)
,

❤❡♥❝❡✱ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✻✸✮ ❛♥❞ ✭✸✳✹✮✱

I1(g) ≥ ||| g |||2ℓ,θ,K −CV,ℓ,θ,K,N ||| g |||2− 1
NCV ||| g |||2ℓ,θ,K .

❈❤♦♦s✐♥❣ N ≥ 2CV ✱ t❤✐s ②✐❡❧❞s t❤❡ ❝❧❛✐♠ ✭✸✳✺✮✳

❙✉❜st❡♣ ✶✳✸✳ Pr♦♦❢ t❤❛t

|I2(g)|+ |I3(g)|+ |I4(g)| ≲V,ℓ,θ,K ||| g |||2+∥g∥H2(Rd) ||| g |||2ℓ,θ,K . ✭✸✳✼✮

❲❡ st❛rt ✇✐t❤ t❤❡ ❜♦✉♥❞ ♦♥ I2✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ B ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B✱ ❝❢✳ ✭✷✳✺✮
❛♥❞ ✭✶✳✷✮✱ ❛♥❞ ❜② ▲❡♠♠❛ ✷✳✶✭✐✐✮✱ ✇❡ ❣❡t

|I2(g)| ≲V

¨

Rd×Rd

|v − v∗|−1√µ
√
µ∗|(∇+ v)(w2

ℓ,θ,Kg)||((∇+ v)g)∗| dvdv∗.

❆♣♣❡❛❧✐♥❣ t♦ t❤❡ ❍❛r❞②✕▲✐tt❧❡✇♦♦❞✕❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❛♥❞ ✉s✐♥❣ t❤❡ ●❛✉ss✐❛♥ ❞❡❝❛② ♦❢√
µw2

ℓ,θ,K ✭♣r♦✈✐❞❡❞ K ≪ 1 s♠❛❧❧ ❡♥♦✉❣❤ ✐♥ ❝❛s❡ θ = 2✮✱ ✇❡ ❞❡❞✉❝❡ ❢♦r ❛❧❧ r ≥ 0✱

|I2(g)| ≲V ∥√µ(∇+ v)(w2
ℓ,θ,Kg)∥

L
2d

2d−1 (Rd)
∥√µ(∇+ v)g∥

L
2d

2d−1 (Rd)

≲ℓ,θ,K,r ∥⟨v⟩−r(∇+ v)g∥2
L2(Rd)

,

❛♥❞ t❤✉s✱ ❜② ✭✷✳✻✸✮✱

|I2(g)| ≲V,ℓ,θ,K,r ||| g |||2 .
❲❡ t✉r♥ t♦ t❤❡ ❜♦✉♥❞ ♦♥ I3✳ ❇② ✭✷✳✷✹✮ ✐♥ ▲❡♠♠❛ ✷✳✹✱ ✇❡ ❣❡t

|I3(g)| ≲V ∥w−1
ℓ,θ,K(∇+ v)(w2

ℓ,θ,Kg)∥L2
A(Rd)∥g∥H2(Rd)

×
(
∥wℓ,θ,K∇g∥L2

A(Rd) + ∥⟨v⟩−
1
2wℓ,θ,Kg∥L2(Rd)

)
,

❛♥❞ t❤✉s✱ ❜② ▲❡♠♠❛ ✷✳✷✭✐✮✱ ♥♦t✐♥❣ ❛❣❛✐♥ t❤❛t

∇w2
ℓ,θ,K = Pv∇w2

ℓ,θ,K , |∇w2
ℓ,θ,K | ≲ℓ,θ,K ⟨v⟩w2

ℓ,θ,K , ✭✸✳✽✮

❛♥❞ r❡❝❛❧❧✐♥❣ ✭✸✳✹✮✱ ✇❡ ❞❡❞✉❝❡

|I3(g)| ≲V,ℓ,θ,K ∥g∥H2(Rd) ||| g |||2ℓ,θ,K .

❲❡ t✉r♥ t♦ t❤❡ ❜♦✉♥❞ ♦♥ I4✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ B ❛♥❞ ♦❢ t❤❡ ❝♦❧❧✐s✐♦♥ ❦❡r♥❡❧ B✱ ❝❢✳ ✭✷✳✺✮
❛♥❞ ✭✶✳✷✮✱ ▲❡♠♠❛ ✷✳✶✭✐✮✕✭✐✐✮ ②✐❡❧❞s

|I4(g)| ≲V

ˆ

Rd

(
¨

Rd×Rd

|k|2V̂ (k)2δ(k · (v − v∗))
∣∣∣
ˆ

Rd

k·∇(
√
µg)∗∗

k·(v−v∗∗)−i0dv∗∗
∣∣∣ d̄k µ∗dv∗

)

× |(∇+ v)(w2
ℓ,θ,qg)||(∇+ v)g| dv,
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❤❡♥❝❡✱ ❜② t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❍✐❧❜❡rt tr❛♥s❢♦r♠✱

|I4(g)| ≲V ∥g∥H2(Rd)

ˆ

Rd

⟨v⟩−1|(∇+ v)(w2
ℓ,θ,qg)||(∇+ v)g| dv

≲ ∥g∥H2(Rd)∥⟨v⟩−
1
2w−1

ℓ,θ,K(∇+ v)(w2
ℓ,θ,Kg)∥L2(Rd)∥wℓ,θ,K(∇+ v)g∥L2(Rd).

■♠♣r♦✈✐♥❣ ♦♥ t❤❡ ✇❡✐❣❤ts ⟨v⟩−
1
2 ❛s ✐♥ ✭✷✳✸✹✮✱ ✇❡ ❞❡❞✉❝❡

|I4(g)| ≲ ∥g∥H2(Rd)∥w−1
ℓ,θ,K(∇+ v)(w2

ℓ,θ,Kg)∥L2
A(Rd)∥wℓ,θ,K(∇+ v)g∥L2

A(Rd).

❤❡♥❝❡✱ ❜② ✭✸✳✹✮ ❛♥❞ ✭✸✳✽✮✱

|I4(g)| ≲V,ℓ,θ,K ∥g∥H2(Rd) ||| g |||2ℓ,θ,K .

❚❤✐s ♣r♦✈❡s t❤❡ ❝❧❛✐♠ ✭✸✳✼✮✳

❙✉❜st❡♣ ✶✳✹✳ Pr♦♦❢ ♦❢ ✭✸✳✸✮✳
❈♦♠❜✐♥✐♥❣ ✭✸✳✺✮ ❛♥❞ ✭✸✳✼✮✱ ✇❡ ❣❡t ❢♦r t❤❡ s♦❧✉t✐♦♥ f ♦❢ ✭✷✳✶✮✱

1
2∂t

ˆ

Rd

w2
ℓ,θ,K |f |2 + 1

2 ||| f |||2ℓ,θ,K ≲V,ℓ,θ,K ||| f |||2+∥f∥H2(Rd) ||| f |||2ℓ,θ,K .

Pr♦✈✐❞❡❞ ∥f◦∥H2(Rd) ≪V,β0,ℓ,θ,K 1✱ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✶ ②✐❡❧❞s ∥f t∥H2(Rd) ≪V,ℓ,θ,K

1 ❢♦r ❛❧❧ t ≥ 0✱ ❤❡♥❝❡ t❤❡ ❛❜♦✈❡ ❜❡❝♦♠❡s

1
2∂t

ˆ

Rd

w2
ℓ,θ,K |f |2 + 1

4 ||| f |||2ℓ,θ,K ≲V,ℓ,θ,K ||| f |||2,

♦r ❛❧t❡r♥❛t✐✈❡❧②✱ ❛❢t❡r ✐♥t❡❣r❛t✐♦♥✱
ˆ

Rd

w2
ℓ,θ,K |f t|2 + 1

2

ˆ t

0
||| f s |||2ℓ,θ,K ds ≤

ˆ

Rd

w2
ℓ,θ,K |f◦|2 + CV,ℓ,θ,K

ˆ t

0
||| f s |||2 ds.

❘❡❝❛❧❧✐♥❣ t❤❛t ✭✷✳✽✾✮ ②✐❡❧❞s

∥f∥2
L2(Rd)

+ 1
CV

ˆ t

0
||| f s |||2 ds ≤ ∥f◦∥2

L2(Rd)
,

t❤❡ ❝❧❛✐♠ ✭✸✳✸✮ ❢♦❧❧♦✇s✳

❙t❡♣ ✷✳ Pr♦♦❢ ♦❢ ✭✐✮✕✭✐✐✮✳
●✐✈❡♥ ε > 0✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ ✐♥ ✈✐❡✇ ♦❢ ✭✷✳✻✸✮✱

||| g ||| ≳V

ˆ

Rd

⟨v⟩−1|g|2 ≥ ⟨t⟩−ε
ˆ

Rd

1⟨v⟩≤⟨t⟩ε |g|2,

s♦ t❤❛t ✭✷✳✽✾✮ ❜❡❝♦♠❡s

∂t

ˆ

Rd

|f |2 + 1
CV

⟨t⟩−ε
ˆ

Rd

1⟨v⟩≤⟨t⟩ε |f |2 ≤ 0,

♦r ❡q✉✐✈❛❧❡♥t❧②✱

∂t

ˆ

Rd

|f |2 + 1
CV

⟨t⟩−ε
ˆ

Rd

|f |2 ≤ 1
CV

⟨t⟩−ε
ˆ

Rd

1⟨v⟩>⟨t⟩ε |f |2.
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❇② ✐♥t❡❣r❛t✐♦♥✱ t❤✐s ❡♥t❛✐❧s
ˆ

Rd

|f t|2 ≤ e
− 1

1−ε
1

CV
⟨t⟩1−ε

ˆ

Rd

|f◦|2

+ 1
CV

ˆ t

0
⟨s⟩−εe

− 1
1−ε

1
CV

(⟨t⟩1−ε−⟨s⟩1−ε)
( ˆ

Rd

1⟨v⟩>⟨s⟩ε |f s|2
)
ds.

❆♣♣❡❛❧✐♥❣ t♦ ✭✸✳✸✮ ✐♥ ❢♦r♠ ♦❢
ˆ

Rd

1⟨v⟩>⟨s⟩ε |f s|2 ≲V,ℓ,θ,K ⟨s⟩−2εℓe−2K⟨s⟩εθ
ˆ

Rd

w2
ℓ,θ,K |f◦|2,

✇❡ ❞❡❞✉❝❡
ˆ

Rd

|f t|2 ≤
(
e
− 1

1−ε
1

CV
⟨t⟩1−ε

+ CV,ℓ,θ,K

ˆ t

0
e
− 1

1−ε
1

CV
(⟨t⟩1−ε−⟨s⟩1−ε)⟨s⟩−2εℓ−εe−2K⟨s⟩εθds

)

×
ˆ

Rd

w2
ℓ,θ,K |f◦|2.

❚❤✐s ②✐❡❧❞s t❤❡ ❝♦♥❝❧✉s✐♦♥ ✭✐✮✕✭✐✐✮ ❛❢t❡r str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥s✳ □

✹✳ ▲♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s ❛s
t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✿ ♠♦st st❡♣s ❛r❡ ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡✐r ❝♦✉♥t❡r♣❛rts ✐♥ ❙❡❝t✐♦♥ ✷✱
❤❡♥❝❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥❝✐s❡♥❡ss ✇❡ s❤❛❧❧ ❢♦❝✉s ♦♥ t❤❡ ♣♦✐♥ts t❤❛t ❞✐✛❡r✳ ●✐✈❡♥ ✐♥✐t✐❛❧
❞❛t❛ F ◦✱ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ s♦❧✉t✐♦♥ F ❛s

F = F ◦ +G. ✭✹✳✶✮

■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♥tr♦❧ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✱ ✇❡ s❤❛❧❧ ❝♦♥str✉❝t t❤❡ s♠❛❧❧ ♣❡rt✉r✲
❜❛t✐♦♥ G ❧♦❝❛❧❧② ✐♥ t✐♠❡ ✐♥ s♦♠❡ ❙♦❜♦❧❡✈ s♣❛❝❡ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ ✇❡✐❣❤t✳ ❲❡ ✐♥tr♦❞✉❝❡
s❤♦rt✲❤❛♥❞ ♥♦t❛t✐♦♥ ❢♦r t❤❡s❡ st❛♥❞❛r❞ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✿ ❢♦r m ∈ R✱ s ≥ 0✱ ❛♥❞
1 ≤ p < ∞✱ ❧❡t Lp

m(Rd) ❛♥❞ Hs
m(Rd) ❜❡ t❤❡ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡ ❛♥❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✇✐t❤

♥♦r♠s

∥F∥p
Lp
m(Rd)

=

ˆ

Rd

⟨v⟩m|F |p,

∥F∥2Hs
m(Rd) =

ˆ

Rd

⟨v⟩m|⟨∇⟩sF |2,

❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♥♦r♠ ✭✷✳✶✵✮ ✐♥ t❤✐s ❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣✱

∥F∥2
L2
A,m(Rd)

=

ˆ

Rd

⟨v⟩m F ·AF.

❲❡ ♠❛❦❡ ❛❜✉♥❞❛♥t ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② ❡st✐♠❛t❡✿ ❣✐✈❡♥ r ≥ 0 ❛♥❞ 1 ≤ p ≤ 2✱
✇❡ ❤❛✈❡ ❢♦r ❛❧❧ m > 2r + d2−p

p ✱

∥⟨v⟩rF∥Lp(Rd) ≲m ∥F∥L2
m(Rd).

❲❡ st❛rt ❜② st❛t✐♥❣ t❤❛t t❤❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ε ✐♥ ▲❡♠♠❛ ✷✳✶ ❝❛rr②
♦✈❡r t♦ t❤❡s❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s❀ t❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳
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▲❡♠♠❛ ✹✳✶✳ ▲❡t V ∈ L1(Rd)✳

✭✐✮ ◆♦♥✲❞❡❣❡♥❡r❛❝②✿ Pr♦✈✐❞❡❞ F ◦ ∈ L1(Rd) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❞❡❣❡♥❡r❛❝② ❛♥❞
❜♦✉♥❞❡❞♥❡ss ❝♦♥❞✐t✐♦♥s ❢♦r s♦♠❡ δ0,M0 > 0✱

inf
k,v∈Rd

|ε(k, k · v;∇F ◦)| ≥ 1
M0

, ∥⟨∇⟩ 3
2
+δ0F ◦∥L2

d−1+δ0
(Rd) ≤ M0,

❛♥❞ ♣r♦✈✐❞❡❞ G ∈ L1(Rd) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ❢♦r s♦♠❡ ❧❛r❣❡
❡♥♦✉❣❤ ❝♦♥st❛♥t C0✱

∥⟨∇⟩ 3
2
+δ0G∥L2

d−1+δ0
(Rd) ≤ 1

C0
,

✇❡ ❤❛✈❡ ❢♦r ❛❧❧ k, v ∈ R
d✱

|ε(k, k · v;∇(F ◦ +G))| ≃V,M0,δ0 1.

✭✐✐✮ ❇♦✉♥❞❡❞♥❡ss✿ ❋♦r ❛❧❧ α > 0 ❛♥❞ δ > 0✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ k, v ∈ R
d✱

|∇α
v ε(k, k · v;∇F )| ≲V,α,δ ∥⟨∇⟩|α|+ 3

2
+δF∥L2

d−1+δ(R
d).

❆s ✇❡ ♥♦ ❧♦♥❣❡r ✉s❡ ▼❛①✇❡❧❧✐❛♥ ✇❡✐❣❤ts ✐♥ t❤✐s s❡❝t✐♦♥✱ ❝❢✳ ✭✹✳✶✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❧✐♥❡❛r ♦♣❡r❛t♦r B(∇F )✱ ✐♥st❡❛❞ ♦❢ B(∇F ) ✐♥ ✭✷✳✺✮✱

B(∇F )[H](v) :=

ˆ

Rd

B(v, v − v∗;∇F )H∗ dv∗. ✭✹✳✷✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❝♦❡r❝✐✈✐t② ❡st✐♠❛t❡ ♦❢ ▲❡♠♠❛ ✷✳✷ ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞✳

▲❡♠♠❛ ✹✳✷✳ ▲❡t V ∈ L1(Rd) ❜❡ ✐s♦tr♦♣✐❝✱ ❧❡t F ◦ ∈ L1(Rd) ❜❡ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ s❛t✐s❢② ❢♦r
s♦♠❡ M0 > 0 ❛♥❞ v0 ∈ R

d✱
inf

|·−v0|≤ 1
M0

F ◦ ≥ 1
M0

,

❛♥❞ ❧❡t F ∈ L1(Rd) s❛t✐s❢②

|ε(k, k · v;∇F )| ≤ M0.

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡r❝✐✈✐t② ❡st✐♠❛t❡ ❤♦❧❞s✱

e · B(∇F )[F ◦](v) e ≳V,M0,v0 ⟨v⟩−1|P⊥
v e|2 + ⟨v⟩−3|Pve|2.

Pr♦♦❢✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ F ◦✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ F ✱ ❛♥❞ t❤❡ ✐❞❡♥✲
t✐t② ✭✷✳✶✷✮ ②✐❡❧❞

e · B(∇F )[F ◦](v) e ≳M0

ˆ

|v∗−v0|≤ 1
M0

(
ˆ

Rd

|e · k|2πV̂ (k)2δ(k · (v − v∗)) d̄k

)
dv∗

≃V

ˆ

|v∗−v0|≤ 1
M0

1
|v−v∗| |P

⊥
v−v∗e|

2 dv∗.

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✱ ✇❡ ♠❛② t❤❡♥ ❞❡❞✉❝❡

e · B(∇F )[F ◦](v) e ≳V,M0 ⟨v − v0⟩−1|P⊥
v−v0e|

2 + ⟨v − v0⟩−3|Pv−v0e|2.
❯s✐♥❣ t❤❛t ⟨v − v0⟩ ≲v0 ⟨v⟩ ❛♥❞ t❤❛t |Pv−v0e − Pve| ≲v0 ⟨v⟩−1|e|✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❡❛s✐❧②
❢♦❧❧♦✇s✳ □

❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣✉❡ ♦❢ ✭✷✳✷✹✮ ❛♥❞ ✭✷✳✷✻✮ ✐♥ ▲❡♠♠❛ ✷✳✹ ❢♦r
❜♦✉♥❞❡❞♥❡ss ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r B❀ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❛♥❞ ♦♠✐tt❡❞✳
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▲❡♠♠❛ ✹✳✸✳ ▲❡t d > 2✱ ❧❡t V ∈ L1 ∩Ḣ2(Rd) ❜❡ ✐s♦tr♦♣✐❝✱ ❛♥❞ ❛ss✉♠❡ xV ∈ L2(Rd)✳
Pr♦✈✐❞❡❞ F ◦ ∈ L1(Rd) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❞❡❣❡♥❡r❛❝② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ❝♦♥❞✐t✐♦♥s
❢♦r s♦♠❡ M0 > 0✱

inf
k,v∈Rd

|ε(k, k · v;∇F ◦)| ≥ 1
M0

, ∥F ◦∥H2
d
(Rd) ≤ M0,

❛♥❞ ♣r♦✈✐❞❡❞ G ∈ L1(Rd) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤
❝♦♥st❛♥t C0✱

∥G∥H2
d
(Rd) ≤ 1

C0
,

✇❡ ❤❛✈❡ ❢♦r ❛❧❧ ✈❡❝t♦r ✜❡❧❞s h1, h2✱ ❛❧❧ α ≥ 0✱ ❛♥❞ m > d+ 7✱

∣∣∣
ˆ

Rd

h1 ·
(
∇αB(∇(F ◦ +G))[H]

)
h2

∣∣∣ ≲V,m,M0,α ∥h1∥L2
A(Rd)∥h2∥L2

A(Rd)

× ∥H∥
H

|α|+1
m (Rd)

(
1 + ∥G∥|α|

H
|α|+1
d

(Rd)
+ 1α>0∥G∥

H
|α|+2
d

(Rd)

)
, ✭✹✳✸✮

❛♥❞ ❛❧t❡r♥❛t✐✈❡❧②✱ ✐❢ ♥❡❡❞❡❞ t♦ ❧♦♦s❡ ❧❡ss ❞❡r✐✈❛t✐✈❡s ♦♥ G,H✱
∣∣∣
ˆ

Rd

h1 ·
(
∇αB(∇(F ◦ +G))[H]

)
h2

∣∣∣ ≲V,m,M0,α ∥h1∥L2
A(Rd)∥⟨∇⟩h2∥L2

A(Rd) ✭✹✳✹✮

× ∥H∥
H

|α|∨2
m (Rd)

(
1 + ∥G∥|α|∨2

H
|α|∨3
d

(Rd)

)
.

❲✐t❤ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛t ❤❛♥❞✱ ✇❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss
❛✇❛② ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠✱ t❤❛t ✐s✱ ❚❤❡♦r❡♠ ✸✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❝♦♥str✉❝t✐♥❣ ❛ s❡q✉❡♥❝❡ {Fn}n ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉✲
t✐♦♥s✿ ✇❡ ❝❤♦♦s❡ t❤❡ 0t❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❛s t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✱

F0 := F ◦,

❛♥❞ ♥❡①t✱ ❢♦r ❛❧❧ n ≥ 0✱ ❣✐✈❡♥ t❤❡ nt❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ Fn✱ ✇❡ ✐t❡r❛t✐✈❡❧② ❞❡✜♥❡ Fn+1

❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❈❛✉❝❤② ♣r♦❜❧❡♠✱
{

∂tFn+1 = ∇ ·
(
Bn[Fn]∇Fn+1 − Fn+1Bn[∇Fn]

)
,

Fn+1|t=0 = F ◦,
✭✹✳✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❢♦r ❛❜❜r❡✈✐❛t✐♦♥ Bn[G] := B(∇Fn)[G]✳ ❆s F ◦ ✐s ♥♦♥♥❡❣❛t✐✈❡ ❜② ❛ss✉♠♣✲
t✐♦♥✱ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❡♥s✉r❡s t❤❛t Fn r❡♠❛✐♥s ♥♦♥♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ n✳ ❉❡❝♦♠♣♦s❡

Fn = F ◦ +Gn, Gn|t=0 = 0,

❧❡t s ≥ 2 ❛♥❞ m > d + 7 ❜❡ ✜①❡❞✱ ❛♥❞✱ ❣✐✈❡♥ ❛ ❝♦♥st❛♥t C0 > 0 t♦ ❜❡ ❧❛t❡r ❝❤♦s❡♥ ❧❛r❣❡
❡♥♦✉❣❤✱ ❞❡✜♥❡ t❤❡ ♠❛①✐♠❛❧ t✐♠❡

Tn := 1 ∧max
{
T ≥ 0 : ∥Gn∥2L∞([0,T ];Hs

m(Rd))

+ 1
C0

∥∇⟨∇⟩sGn∥2L2([0,T ];L2
A,m(Rd))

≤ 1
C2

0

}
. ✭✹✳✻✮

❊q✉❛t✐♦♥ ✭✹✳✺✮ ②✐❡❧❞s ❢♦r ❛❧❧ |α| ≤ s✱

1
2∂t∥∇

αGn+1∥2L2
m(Rd)

=
∑

γ≤α

(
α

γ

)(
Iαγ (Gn+1;Fn) + Jα

γ (Gn+1;Fn)
)
+Kα(Gn+1;Fn), ✭✹✳✼✮
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✐♥ t❡r♠s ♦❢

Iαγ (Gn+1;Fn) := −
ˆ

Rd

⟨v⟩m(∇∇αGn+1) · (∇α−γBn[Fn])∇∇γ(F ◦ +Gn+1),

Jα
γ (Gn+1;Fn) :=

ˆ

Rd

⟨v⟩m(∇∇αGn+1) · (∇γBn[∇Fn])∇α−γ(F ◦ +Gn+1),

Kα(Gn+1;Fn) := −
ˆ

Rd

(∇⟨v⟩m) (∇αGn+1)∇α
(
Bn[Fn]∇Fn+1 − Fn+1Bn[∇Fn]

)
.

❲❡ st❛rt ❜② ❡①tr❛❝t✐♥❣ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t❡r♠ Iαα ✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡
❞❡❝♦♠♣♦s❡

Iαα (Gn+1;Fn) = −
ˆ

Rd

⟨v⟩m(∇∇αGn+1) · Bn[F
◦](∇∇αGn+1)

−
ˆ

Rd

⟨v⟩m(∇∇αGn+1) · Bn[Gn]∇∇α(F ◦ +Gn+1)

−
ˆ

Rd

⟨v⟩m(∇∇αGn+1) · Bn[F
◦](∇∇αF ◦). ✭✹✳✽✮

■♥ ✈✐❡✇ ♦❢ ❛ss✉♠♣t✐♦♥s ✭✶✳✶✵✮ ♦♥ F ◦ ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✹✳✻✮ ♦❢ Tn✱ ♣r♦✈✐❞❡❞ C0

✐s ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤✱ ▲❡♠♠❛ ✹✳✶✭✐✮ ②✐❡❧❞s ❢♦r t ≤ Tn✱

|ε(k, k · v;∇Fn)| ≃V,M0 1,

❛♥❞ ▲❡♠♠❛ ✹✳✷ ❝❛♥ t❤❡♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡✛❡❝t ♦❢

−
ˆ

Rd

⟨v⟩m(∇∇αGn+1) · Bn[F
◦](∇∇αGn+1) ≤ − 1

CV,M0
∥∇∇αGn+1∥2L2

A,m(Rd)
.

❋✉rt❤❡r ✉s✐♥❣ t❤❡ ❜♦✉♥❞ ✭✹✳✸✮ t♦ ❡st✐♠❛t❡ t❤❡ ❧❛st t✇♦ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❡r♠s ✐♥ ✭✹✳✽✮✱ ✇❡
❞❡❞✉❝❡ ❢♦r t ≤ Tn✱ ✐♥ ✈✐❡✇ ♦❢ ✭✹✳✻✮✱

Iαα (Gn+1;Fn) ≤ − 1
CV,M0

∥∇∇αGn+1∥2L2
A,m(Rd)

+ CV,M0,m∥∇∇αGn+1∥L2
A,m(Rd)

(
1 + 1

C0
∥∇∇αGn+1∥L2

A,m(Rd)

)
.

◆♦t❡ t❤❛t t❤✐s ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ♦♥ F ◦ ✐♥ Hs+1
m (Rd) r❛t❤❡r t❤❛♥ ♦♥❧② ✐♥ Hs

m(Rd)✳
❈❤♦♦s✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤✐s ❡❛s✐❧② ②✐❡❧❞s

Iαα (Gn+1;Fn) +
1

2CV,M0
∥∇∇αGn+1∥2L2

A,m(Rd)
≤ CV,M0,m.

◆♦✇ ✉s✐♥❣ ✭✹✳✸✮ ❛♥❞ ✭✹✳✹✮ t♦ ❡st✐♠❛t❡ Iαγ , J
α
γ ,K

α ✐♥ ✭✹✳✼✮✱ ✇❡ ❡❛s✐❧② ❛rr✐✈❡ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣✱
❢♦r t ≤ Tn✱

∂t∥Gn+1∥2Hs
m(Rd) +

1
CV,M0

∥∇⟨∇⟩sGn+1∥2L2
A,m(Rd)

≲V,M0,m,s

(
1 + ∥Gn+1∥2Hs

m(Rd)

)(
1 + ∥Gn∥2(s∨2+1)

Hs∨3
m (Rd)

)
. ✭✹✳✾✮

◆♦t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ✭✷✳✻✵✮ ✐s ❡ss❡♥t✐❛❧✿ t❤❡ ♥♦r♠ ∥∇⟨∇⟩sGn∥L2
A,m(Rd) ❞♦❡s ♥♦t

❛♣♣❡❛r ✐♥ t❤❡ ♣r❡s❡♥t r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❚❤✐s ✐s ♣❡r♠✐tt❡❞ ❜② t❤❡ ✉s❡ ♦❢ t❤❡ ✐♠♣r♦✈❡❞
❡st✐♠❛t❡ ✭✹✳✹✮✱ t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ✭✷✳✷✻✮ ✐♥ ▲❡♠♠❛ ✷✳✹✱ ✇❤✐❝❤ ✇❛s ♥♦t ♥❡❡❞❡❞ ✐♥ ✭✷✳✻✵✮
❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❧♦s❡ t♦ ❡q✉✐❧✐❜r✐✉♠✳



❲❊▲▲✲P❖❙❊❉◆❊❙❙ ❖❋ ❚❍❊ ▲❊◆❆❘❉✕❇❆▲❊❙❈❯ ❊◗❯❆❚■❖◆ ✹✺

◆♦✇ ❢r♦♠ ✭✹✳✾✮✱ ❛❢t❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ ❢♦r t ≤ Tn✱ ✐♥ ✈✐❡✇ ♦❢ ✭✹✳✻✮ ❛♥❞
Gn+1|t=0 = 0✱

∥Gt
n+1∥2Hs

m(Rd) +
1

CV,M0
∥∇⟨∇⟩sGn+1∥2L2([0,t];L2

A,m(Rd))
≤ t CV,M0,m,s e

t CV,M0,m,s .

❈❤♦♦s✐♥❣ C0 ≥ CV,M0 ✱ t❤✐s ❡♥t❛✐❧s

Tn+1 ≥ Tn ∧ (eCV,M0,m,sC
2
0 )

−1.

❚❤❡r❡❢♦r❡✱ s❡tt✐♥❣ T0 := (eCV,M0,m,sC
2
0 )

−1✱ ✇❡ ♦❜t❛✐♥ ❜② ✐t❡r❛t✐♦♥ ❛ s❡q✉❡♥❝❡ (Fn)n s❛t✐s✲
❢②✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ ❡q✉❛t✐♦♥s ✭✹✳✺✮ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T0] ✇✐t❤

Fn = F ◦ +Gn, ∥Gn∥L∞([0,T0];Hs
m(Rd)) ≤ 1

C0
.

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♥♦✇ ❢♦❧❧♦✇s ❡❛s✐❧② ❜② ❛ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✱ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t n ↑ ∞
✐♥ ❛♣♣r♦①✐♠❛t❡ ❡q✉❛t✐♦♥s ✭✹✳✺✮✳ □

✺✳ ▲❛♥❞❛✉ ❛♣♣r♦①✐♠❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳ ❆s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡
r❡s❝❛❧❡❞ ♣♦t❡♥t✐❛❧ ✭✶✳✶✷✮ t❛❦❡s t❤❡ ❢♦r♠

V̂δ(k) = δd−aV̂ (δk),

t❤❡ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❡q✉❛t✐♦♥ ✭✶✳✶✮ r❡❛❞s ❛s ❢♦❧❧♦✇s ❢♦r t❤❡ t✐♠❡✲r❡s❝❛❧❡❞ ✈❡❧♦❝✐t② ❞❡♥✲

s✐t② F̃δ = µβ +
√
µβ f̃δ✱

∂tF̃δ = ∇ ·
ˆ

Rd

Bδ(v, v − v∗;∇F̃δ)
(
F̃δ,∗∇F̃δ − F̃δ∇∗F̃δ,∗

)
,

✐♥ t❡r♠s ♦❢

Bδ(v, v − v∗;∇F ) :=

ˆ

Rd

(k ⊗ k)πV̂ (k)2 δ(k·(v−v∗))
|εδ(k,k·v;∇F )|2 d̄k,

εδ(k, k · v;∇F ) := 1 + δd−aV̂ (k)

ˆ

Rd

k·∇F (v∗)
k·(v−v∗)−i0 dv∗.

❋♦r a < d✱ ❣❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❝❛♥ ♥♦✇ ♦❜✈✐♦✉s❧② ❜❡ ❞❡❞✉❝❡❞ ❛s ✐♥ ❚❤❡♦r❡♠ ✶ ✉♥✐❢♦r♠❧②
✇✐t❤ r❡s♣❡❝t t♦ 0 < δ ≤ 1✳ ❆s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✭✐✐✮ ②✐❡❧❞s

∥εδ(·, ·;∇F̃δ)− 1∥L∞(R+;L∞(Rd)) ≲ δd−a∥V ∥L1(Rd)

(
1 + ∥f̃δ∥H2(Rd)

)
,

t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ ✭✷✳✶✷✮✳ □

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

▼❉ ❛❝❦♥♦✇❧❡❞❣❡s ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ❈◆❘❙✲▼♦♠❡♥t✉♠ ♣r♦❣r❛♠✱ ❢r♦♠ t❤❡
❋✳❘✳❙✳✲❋◆❘❙✱ ❛s ✇❡❧❧ ❛s ❢r♦♠ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ✭❊❘❈✱ P❆❙❚■❙✱ ●r❛♥t ❆❣r❡❡♠❡♥t
♥◦✶✵✶✵✼✺✽✼✾✮✳✶ ❘❲ ❛❝❦♥♦✇❧❡❞❣❡s s✉♣♣♦rt ♦❢ ❯♥✐✈❡rs✐té ❞❡ ▲②♦♥ t❤r♦✉❣❤ t❤❡ ■❉❊❳▲❨❖◆
❙❝✐❡♥t✐✜❝ ❇r❡❛❦t❤r♦✉❣❤ Pr♦❥❡❝t ✏P❛rt✐❝❧❡s ❞r✐❢t✐♥❣ ❛♥❞ ♣r♦♣❡❧❧✐♥❣ ✐♥ t✉r❜✉❧❡♥t ✢♦✇s✑✱ ❛♥❞
t❤❡ ❤♦s♣✐t❛❧✐t② ♦❢ t❤❡ ❯▼P❆ ❊◆❙ ▲②♦♥✳ ❘✳❲✳ ❛❝❦♥♦✇❧❡❞❣❡s ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡
❆✉str✐❛♥ ❙❝✐❡♥❝❡ ❋✉♥❞ ✭❋❲❋✮ ♣r♦❥❡❝t ❋✻✺✳

✶❱✐❡✇s ❛♥❞ ♦♣✐♥✐♦♥s ❡①♣r❡ss❡❞ ❛r❡ ❤♦✇❡✈❡r t❤♦s❡ ♦❢ t❤❡ ❛✉t❤♦r ♦♥❧② ❛♥❞ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② r❡✢❡❝t t❤♦s❡
♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ♦r t❤❡ ❊✉r♦♣❡❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ❊①❡❝✉t✐✈❡ ❆❣❡♥❝②✳ ◆❡✐t❤❡r t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥
♥♦r t❤❡ ❣r❛♥t✐♥❣ ❛✉t❤♦r✐t② ❝❛♥ ❜❡ ❤❡❧❞ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡♠✳
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❘❡❢❡r❡♥❝❡s

❬✶❪ ❘✳ ❆❧❡①❛♥❞r❡ ❛♥❞ ❈✳ ❱✐❧❧❛♥✐✳ ❖♥ t❤❡ ▲❛♥❞❛✉ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ♣❧❛s♠❛ ♣❤②s✐❝s✳ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛ré
❆♥❛❧✳ ◆♦♥ ▲✐♥é❛✐r❡✱ ✷✶✭✶✮✿✻✶✕✾✺✱ ✷✵✵✹✳

❬✷❪ ❘✳ ❇❛❧❡s❝✉✳ ■rr❡✈❡rs✐❜❧❡ Pr♦❝❡ss❡s ✐♥ ■♦♥✐③❡❞ ●❛s❡s✳ P❤②s✳ ❋❧✉✐❞s✱ ✸✭✶✮✿✺✷✕✻✸✱ ✶✾✻✵✳
❬✸❪ ❘✳ ❇❛❧❡s❝✉✳ ❙t❛t✐st✐❝❛❧ ♠❡❝❤❛♥✐❝s ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳ ❲✐❧❡② ■♥t❡rs❝✐❡♥❝❡✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✸✳
❬✹❪ ❆✳ ❇♦❜②❧❡✈ ❛♥❞ ■✳ P♦t❛♣❡♥❦♦✳ ▲♦♥❣ ✇❛✈❡ ❛s②♠♣t♦t✐❝s ❢♦r t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥✲▲❛♥❞❛✉ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✳

❏✳ ❙t❛t✳ P❤②s✳✱ ✶✼✺✿✶✕✶✽✱ ✷✵✶✾✳
❬✺❪ ❆✳ P✳ ❈❛❧❞❡ró♥ ❛♥❞ ❆✳ ❩②❣♠✉♥❞✳ ❖♥ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s✳ ❆♠❡r✳ ❏✳ ▼❛t❤✳✱ ✼✽✿✷✽✾✕✸✵✾✱ ✶✾✺✻✳
❬✻❪ ❆✳ ❉❡❝♦st❡r✱ P✳ ❆✳ ▼❛r❦♦✇✐❝❤✱ ❛♥❞ ❇✳ P❡rt❤❛♠❡✳ ▼♦❞❡❧✐♥❣ ♦❢ ❝♦❧❧✐s✐♦♥s✱ ✈♦❧✉♠❡ ✷ ♦❢ ❙❡r✐❡s ✐♥ ❆♣♣❧✐❡❞

▼❛t❤❡♠❛t✐❝s ✭P❛r✐s✮✳ ●❛✉t❤✐❡r✲❱✐❧❧❛rs✱ ➱❞✐t✐♦♥s ❙❝✐❡♥t✐✜q✉❡s ❡t ▼é❞✐❝❛❧❡s ❊❧s❡✈✐❡r✱ P❛r✐s✱ ◆♦rt❤✲
❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✾✽✳ ❊❞✐t❡❞ ❛♥❞ ✇✐t❤ ❛ ❢♦r❡✇♦r❞ ❜② P✳ ❆✳ ❘❛✈✐❛rt✳

❬✼❪ P✳ ❉❡❣♦♥❞ ❛♥❞ ▼✳ ▲❡♠♦✉✳ ❉✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✳ ❆r❝❤✳ ❘❛✲
t✐♦♥❛❧ ▼❡❝❤✳ ❆♥❛❧✳✱ ✶✸✽✭✷✮✿✶✸✼✕✶✻✼✱ ✶✾✾✼✳

❬✽❪ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ▲✳✲❇✳ ❍❡✱ ❛♥❞ ❏✳✲❈✳ ❏✐❛♥❣✳ ❆ ♥❡✇ ♠♦♥♦t♦♥✐❝✐t② ❢♦r♠✉❧❛ ❢♦r t❤❡ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s
▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ✇✐t❤ ❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✳ ❏✳ ❊✉r✳ ▼❛t❤✳ ❙♦❝✳✱ ✷✵✷✸✳

❬✾❪ ▼✳ ❉✉❡r✐♥❝❦①✳ ❖♥ t❤❡ s✐③❡ ♦❢ ❝❤❛♦s ✈✐❛ ●❧❛✉❜❡r ❝❛❧❝✉❧✉s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡❛♥✲✜❡❧❞ ❞②♥❛♠✐❝s✳ ❈♦♠♠✉♥✳
▼❛t❤✳ P❤②s✳✱ ✸✽✷✿✻✶✸✕✻✺✸✱ ✷✵✷✶✳

❬✶✵❪ ▼✳ ❉✉❡r✐♥❝❦① ❛♥❞ ▲✳ ❙❛✐♥t✲❘❛②♠♦♥❞✳ ▲❡♥❛r❞✕❇❛❧❡s❝✉ ❝♦rr❡❝t✐♦♥ t♦ ♠❡❛♥✲✜❡❧❞ t❤❡♦r②✳ Pr♦❜✳ ▼❛t❤✳
P❤②s✳✱ ✷✭✶✮✿✷✼✕✻✾✱ ✷✵✷✶✳

❬✶✶❪ ❋✳ ●♦❧s❡✱ ▼✳ P✳ ●✉❛❧❞❛♥✐✱ ❈✳ ■♠❜❡rt✱ ❛♥❞ ❆✳ ❱❛ss❡✉r✳ P❛rt✐❛❧ ❘❡❣✉❧❛r✐t② ✐♥ ❚✐♠❡ ❢♦r t❤❡ ❙♣❛❝❡
❍♦♠♦❣❡♥❡♦✉s ▲❛♥❞❛✉ ❊q✉❛t✐♦♥ ✇✐t❤ ❈♦✉❧♦♠❜ P♦t❡♥t✐❛❧✳ Pr❡♣r✐♥t✱ ❛r❳✐✈✿✶✾✵✻✳✵✷✽✹✶✳

❬✶✷❪ ❘✳ ▲✳ ●✉❡r♥s❡②✳ ❚❤❡ ❦✐♥❡t✐❝ t❤❡♦r② ♦❢ ❢✉❧❧② ✐♦♥✐③❡❞ ❣❛s❡s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ▼✐❝❤✐❣❛♥✱ ✶✾✻✵✳
❬✶✸❪ ❘✳ ▲✳ ●✉❡r♥s❡②✳ ❑✐♥❡t✐❝ ❊q✉❛t✐♦♥ ❢♦r ❛ ❈♦♠♣❧❡t❡❧② ■♦♥✐③❡❞ ●❛s✳ P❤②s✳ ❋❧✉✐❞s✱ ✺✿✸✷✷✕✸✷✽✱ ✶✾✻✷✳
❬✶✹❪ ❨✳ ●✉♦✳ ❚❤❡ ▲❛♥❞❛✉ ❊q✉❛t✐♦♥ ✐♥ ❛ P❡r✐♦❞✐❝ ❇♦①✳ ❈♦♠♠✉♥✳ ▼❛t❤✳ P❤②s✳✱ ✷✸✶✿✸✾✶✕✹✸✹✱ ✷✵✵✷✳
❬✶✺❪ ❆✳ ▲❡♥❛r❞✳ ❖♥ ❇♦❣♦❧✐✉❜♦✈✬s ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❢♦r ❛ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❧❛s♠❛✳ ❆♥♥✳ P❤②s✳✱ ✶✵✿✸✾✵✕

✹✵✵✱ ✶✾✻✵✳
❬✶✻❪ ❆✳ ❍✳ ▼❡r❝❤❛♥t ❛♥❞ ❘✳ ▲✳ ▲✐❜♦✛✳ ❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❇❛❧❡s❝✉✲▲❡♥❛r❞ ♦♣❡r❛t♦r✳ ❏✳

▼❛t❤✳ P❤②s✳✱ ✶✹✭✶✮✿✶✶✾✕✶✷✾✱ ✶✾✼✸✳
❬✶✼❪ ❉✳ ❘✳ ◆✐❝❤♦❧s♦♥✳ ■♥tr♦❞✉❝t✐♦♥ t♦ P❧❛s♠❛ ❚❤❡♦r②✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s ■♥❝✳✱ ✶✾✽✸✳
❬✶✽❪ ❆✳ ◆♦t❛✱ ❏✳ ❱❡❧á③q✉❡③✱ ❛♥❞ ❘✳ ❲✐♥t❡r✳ ■♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s ✇✐t❤ ❧♦♥❣ r❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s✿

❛♣♣r♦①✐♠❛t✐♦♥ ❜② t❛❣❣❡❞ ♣❛rt✐❝❧❡s ✐♥ r❛♥❞♦♠ ✜❡❧❞s✳ ❘❡♥❞✳ ▲✐♥❝❡✐✲▼❛t✳ ❆♣♣❧✳✱ ✸✸✭✷✮✿✹✸✾✕✺✵✻✱ ✷✵✷✷✳
❬✶✾❪ ❆✳ ◆♦t❛✱ ❏✳ ❱❡❧á③q✉❡③✱ ❛♥❞ ❘✳ ❲✐♥t❡r✳ ■♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s ✇✐t❤ ❧♦♥❣✲r❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s✿

s❝❛❧✐♥❣ ❧✐♠✐ts ❛♥❞ ❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s✳ ❘❡♥❞✳ ▲✐♥❝❡✐✲▼❛t✳ ❆♣♣❧✳✱ ✸✷✿✸✸✺✕✸✼✼✱ ✷✵✷✶✳
❬✷✵❪ ❖✳ P❡♥r♦s❡✳ ❊❧❡❝tr♦st❛t✐❝ ✐♥st❛❜✐❧✐t✐❡s ♦❢ ❛ ✉♥✐❢♦r♠ ♥♦♥✲♠❛①✇❡❧❧✐❛♥ ♣❧❛s♠❛✳ P❤②s✳ ❋❧✉✐❞s✱ ✸✭✷✮✿✷✺✽✕✷✻✺✱

✶✾✻✵✳
❬✷✶❪ ❘✳ ▼✳ ❙tr❛✐♥✳ ❖♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ❇❛❧❡s❝✉✲▲❡♥❛r❞ ❡q✉❛t✐♦♥✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✸✷✭✶✵✲

✶✷✮✿✶✺✺✶✕✶✺✽✻✱ ✷✵✵✼✳
❬✷✷❪ ❘✳ ▼✳ ❙tr❛✐♥ ❛♥❞ ❨✳ ●✉♦✳ ❊①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢♦r s♦❢t ♣♦t❡♥t✐❛❧s ♥❡❛r ▼❛①✇❡❧❧✐❛♥✳ ❆r❝❤✳ ❘❛t✐♦♥✳ ▼❡❝❤✳

❆♥❛❧✳✱ ✶✽✼✭✷✮✿✷✽✼✕✸✸✾✱ ✷✵✵✽✳
❬✷✸❪ ●✳ ❚♦s❝❛♥✐ ❛♥❞ ❈✳ ❱✐❧❧❛♥✐✳ ❙❤❛r♣ ❡♥tr♦♣② ❞✐ss✐♣❛t✐♦♥ ❜♦✉♥❞s ❛♥❞ ❡①♣❧✐❝✐t r❛t❡ ♦❢ tr❡♥❞ t♦ ❡q✉✐❧✐❜r✐✉♠

❢♦r t❤❡ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥✳ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳✱ ✷✵✸✭✸✮✿✻✻✼✕✼✵✻✱ ✶✾✾✾✳
❬✷✹❪ ●✳ ❚♦s❝❛♥✐ ❛♥❞ ❈✳ ❱✐❧❧❛♥✐✳ ❖♥ t❤❡ tr❡♥❞ t♦ ❡q✉✐❧✐❜r✐✉♠ ❢♦r s♦♠❡ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s ✇✐t❤ s❧♦✇❧②

✐♥❝r❡❛s✐♥❣ ❛ ♣r✐♦r✐ ❜♦✉♥❞s✳ ❏✳ ❙t❛t✳ P❤②s✳✱ ✾✽✿✶✷✼✾✕✶✸✵✾✱ ✷✵✵✵✳
❬✷✺❪ ❏✳ ❏✳ ▲✳ ❱❡❧á③q✉❡③ ❛♥❞ ❘✳ ❲✐♥t❡r✳ ❚❤❡ t✇♦✲♣❛rt✐❝❧❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r s②st❡♠s ✇✐t❤ ❧♦♥❣✲r❛♥❣❡

✐♥t❡r❛❝t✐♦♥s✳ ❏✳ ❙t❛t✳ P❤②s✳✱ ✶✼✸✭✶✮✿✶✕✹✶✱ ✷✵✶✽✳
❬✷✻❪ ❈✳ ❱✐❧❧❛♥✐✳ ❆ r❡✈✐❡✇ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ t♦♣✐❝s ✐♥ ❝♦❧❧✐s✐♦♥❛❧ ❦✐♥❡t✐❝ t❤❡♦r②✳ ■♥ ❍❛♥❞❜♦♦❦ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧

✢✉✐❞ ❞②♥❛♠✐❝s✱ ❱♦❧✳ ■✱ ♣❛❣❡s ✼✶✕✸✵✺✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✷✵✵✷✳
❬✷✼❪ ❘✳ ❲✐♥t❡r✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ❢r♦♠ t❤❡ tr✉♥❝❛t❡❞ ❇❇●❑❨ ❤✐❡r❛r❝❤② ✐♥ t❤❡ ✇❡❛❦✲

❝♦✉♣❧✐♥❣ ❧✐♠✐t✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✷✽✸✿✶✕✸✻✱ ✷✵✷✶✳



❲❊▲▲✲P❖❙❊❉◆❊❙❙ ❖❋ ❚❍❊ ▲❊◆❆❘❉✕❇❆▲❊❙❈❯ ❊◗❯❆❚■❖◆ ✹✼

✭▼✐t✐❛ ❉✉❡r✐♥❝❦①✮ ❯♥✐✈❡rs✐té ▲✐❜r❡ ❞❡ ❇r✉①❡❧❧❡s✱ ❉é♣❛rt❡♠❡♥t ❞❡ ▼❛t❤é♠❛t✐q✉❡✱ ❇r✉ss❡❧s✱

❇✲✶✵✺✵✱ ❇❡❧❣✐✉♠

❊♠❛✐❧ ❛❞❞r❡ss✿ ♠✐t✐❛✳❞✉❡r✐♥❝❦①❅✉❧❜✳❜❡

✭❘❛♣❤❛❡❧ ❲✐♥t❡r✮ ❯♥✐✈❡rs✐t② ♦❢ ❱✐❡♥♥❛✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❱✐❡♥♥❛✱ ✶✵✾✵✱ ❆✉str✐❛

❊♠❛✐❧ ❛❞❞r❡ss✿ r❛♣❤❛❡❧✳❡❧✐❛s✳✇✐♥t❡r❅✉♥✐✈✐❡✳❛❝✳❛t


	1. Introduction
	2. Global well-posedness close to equilibrium
	3. Convergence to equilibrium
	4. Local well-posedness away from equilibrium
	5. Landau approximation
	Acknowledgements
	References

