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Abstract

The current paper aims to complement the recent development of the observation-driven mod-
els of dynamic counts with a parametric-driven one for a general case, particularly discrete two
parameters exponential family distributions. The current paper proposes a finite semiparametric
exponential mixture of SETAR processes of the conditional mean of counts to capture the non-
linearity and complexity. Because of the intrinsic latency of the conditional mean, the general
additive state-space representation of dynamic counts is firstly proposed then stationarity and ge-
ometric ergodicity are established under a mild set of conditions. We also propose to estimate the
unknown parameters by using quasi maximum likelihood estimation and establishes the asymptotic
properties of the quasi maximum likelihood estimators (QMLESs), particularly v/7T-consistency and
normality under the relatively mild set of conditions. Furthermore, the finite sample properties of
the QMLEs are investigated via simulation exercises and an illustration of the proposed process
is presented by applying the proposed method to the intraday transaction counts per minute of
AstraZeneca stock.
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1. Introduction

The studies of univariate time series of counts have received extensive attention
because of its applicabilities in many different disciplines (see Davis et al. (2021) for
a comprehensive list of applications in different areas). In the preceding decades, one
of the most well-accepted approaches to modelling the dynamic counts applied the
generalised linear model framework of Nelder and Wedderburn (1972) because of its
convenient interpretation of covariates on the observed counts and an easy extension
of the Gaussian linear regression to an exponential family distribution. For instance,
the approach is taken by Zeger (1988), Davis et al. (2000), Davis and Wu (2009),
and Samia and Chan (2011), to just name a few. The first three studies are closely
related to a parameter-driven model of the broad classification of Cox (1981) within
the generalised state-space framework, that of Samia and Chan (2011) is related
to an observation-driven one. Subsequently, observation-driven models have been
actively developed in the past two decades, particularly by Fokianos et al. (2009),
Neumann (2011), Fokianos and Tjgstheim (2011), Fokianos and Tjgstheim (2012),
Wang et al. (2014), and Doukhan et al. (2021) for a Poisson process, and Davis and
Liu (2016) for the general one parameter exponential family case, because of their
convenient accessibility of estimating these models (see Davis et al. (2021) for an
excellent review on the topic including more comprehensive references and a review
of other methodological approaches). While the dynamic evolution of the stochastic
conditional mean of counts is driven by the past observed counts in the case of an
observation-driven model, for instance Poisson integer-valued ARCH (INARCH) or
GARCH (INGARCH) processes (see Fokianos et al. (2009) for details and references
therein), it is driven by its own dynamic evolution in the case of a parameter-driven
one. The computation of the likelihoods of those parameter-driven models is, there-
fore, not straightforward, even for the simple AR(1) specification of the conditional
mean (see Davis et al. (2021) for a more comprehensive discussion and references
therein) because of its intrinsic latency. For instance, Harvey and Fernandes (1989)
and Jorgensen et al. (1999) required the specific conjugate prior distributions to
perform the linear filtering. Therefore, this paper aims to complement the recent
development of the observation-driven models with a parameter-driven one for a
general case in that the nonlinearity and complexity (see Doukhan et al. (2021) for
details and references therein) of dynamic counts are described by modelling the
latent stochastic conditional mean with the finite semiparametric mixture of self
exciting threshold autoregressive (SETAR) processes.

The current paper firstly proposes to represent the discrete two parameters ex-
ponential family distributions within the structural state-space representation (see
Harvey and Fernandes (1989) for details and references therein) by introducing a neg-
ligibly marginal tuning parameter. Jgrgensen (1987) provided the extensive study
on the exponential family distributions and named these processes as exponential
dispersion processes (EDPs). Hence, the current study adopts his abbreviation of
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discrete EDPs for referring the discrete two parameters exponential family distri-
butions. As a result of introducing the tuning parameter, a legitimately simple
additive state-space representation of the proposed count process can be achieved
via log-transformation. Although it seems to be quite similar to the case of the
generalised linear regression model framework, the simple additive state-space rep-
resentation of dynamic counts is nontrivial. Because it allows us straightforward
implementation of the linear filtering, namely Kalman filter and, hence, accessible
establishment of stationarity and geometric ergodicity for a mixture of nonlinear
dynamic counts under a mild set of conditions. In that the explicit forms of up to
the second moments are also presented. The unknown parameters in the proposed
process are then estimated by using quasi maximum likelihood (QML) estimation
and the asymptotic properties of quasi maximum likelihood estimators (QMLESs),
particularly v/T-consistency and normality, are also obtained under relatively prim-
itive regularity conditions. Although one may advocate to apply other nonlinear
filters such as the Extended Kalman, Unscented Kalman or Particle filters of the
nonadditive form, it is not easy to establish the geometric convergence of these fil-
ters for the state estimation. A set of strict and meticulous stability conditions,
particularly the number of inequalities and random tuning parameters, needs to
be imposed for the stability of the Lyapunov functions of those filters (see Sarkké
(2013) for a comprehensive treatment of the nonlinear filters) compared to their
linear counterpart of relatively mild observability and controllability conditions of a
system (see Chapter 3 of Caines (1987) for details).

The current paper is particularly related to those observation-driven ones, namely
the work of Samia and Chan (2011), Wang et al. (2014), and Doukhan et al. (2021).
The first two studies modelled the dynamic evolution of counts with SETAR of
Chan (1993) for the generalised linear model framework of a discrete exponential
family and Poisson INGARCH processes, respectively. The nonlinearity of the dy-
namic counts in their studies were driven by modelling the conditional mean of
counts with the observed past counts following the discontinuous SETAR. process.
Unlike these two studies, our proposed process attempts to model the nonlinearity
of dynamic counts by modelling the nonlinear dynamic mechanism of the stochas-
tic latent conditional mean of counts with the continuous SETAR of Chan and
Tsay (1998) (see Chan and Tsay (1998), and Xia et al. (2007) for details). On the
other hands, Doukhan et al. (2021) studied a mixture of nonlinear INARCH and
INGARCH Poisson processes with a time-homogenous hidden Markov switching
model and also provided the criterion for selecting the correct number of regimes.
More specifically, they proposed the mixture of the Poisson processes themselves,
not the conditional means. For our proposed case, the exponential mixture of the
conditional means of the discrete EDPs is proposed. Because of the simple addi-
tive state-space representation of the dynamic counts via log-transformation, the
finite semiparametric exponential mixture of count processes through the condi-
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tional mean is easily deduced and the linear filtering is also easily implemented.
Lindsay (1983a), Lindsay (1983b), and Van der Vaart (1996) studied the semipara-
metric mixture of distributions including exponential family distributions without
performing Kalman filtering.

The rest of the paper is structured as follows. Section 2 proposes the discrete
finite semiparametric exponential mixture of SETAR dynamic count processes and
the QML estimation procedure, and establishes the asymptotic properties of the
proposed QMLEs. The finite sample performances of the proposed QMLEs with
simple but interesting Monte Carlo designs and the details of the proposed estima-
tion procedure are presented in Section 3. In addition, Section 3 also illustrates our
proposed process by applying to the intraday transaction counts per minute of As-
traZeneca stock. The paper then concludes with the summary. The mathematical
proofs of the main theoretical results of the paper are presented in the Appendix.

2. Exponential Mixture of SETAR Count Processes

2.1. Exponential Mixture of SETAR Count Processes

In this section, a discrete finite semiparametric exponential mixture of the dis-
crete EDPs is introduced. In particular, the exponential mixture of the stochastic
conditional means of the discrete EDPs is proposed as follows

K

Prob(I, = i; ) = [ [ ED* (tka, B me) » i =0,1,2.., (2.1.1)
k=1

where f; is a stochastic latent process specified in (2.1.2) below, 7, € (0,1] is

a mixing parameter such that Zszl 7, = 1 with K being assumed to be finite

and known, and [, = i with Ay being a dispersion parameter that varies in a

subset of positive real values. Furthermore, ED*(-, -, -) denotes a discrete EDP with
the mixture parameter, which is specified with the conditional mean and variance
of counts such that E(Ip; fike, 7r) = /JJZ’; = 7(0),.), where I, takes nonnegative
integers and 7(0y;) = %}f’z’ﬂ with rx(-) and 6y, being a cumulant function and a

canonical parameter, respectively, and Var (I +; it k) = BrV(Ikt; e, ) Where

9%k (Ok,t)

V(Li i porep Tr) = 267, . Importantly, the data generating processes

9k,t:T_1(MZﬁ
of each clusters are assumed to be independent. Additionally, the conditional mean

of Iy, is specified by the continuous SETAR process for a flexible dynamic evolution
of counts (see (2.2.4) below). Hence, it is transpired that the conditional mean and
variance of I in (2.1.1) are as follows. Firstly, the conditional mean is

E(li;p) = (2.1.2)

K
= H,/,;;, (2.1.3)
k=1
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where

Uk dy gy Lo (T, —1 <Bko,t—dp, <Tk,jy, )
Qg | /‘Lk?j—dk ) <2 1 4>
For i ) €k jpit 1.

r
I=1,7#dy Jr=1 koK

with ajo > 0 ensuring the nonnegativeness of py;, pr being a nonnegative inte-
ger, dj, being a positive integer such that dj, < py, 71, being a positive real value
and 7,0 = 0, and €, ¢ being independently, identically, absolutely and continu-
ously distributed (i.i.a.c.d.) over the positive real values with E(ex ;. +) = 1 and
Var(ej,1) = 025, < 00, and I(-) denoting an indicator function. Note that the
log-transformation of (2.1.4) is the standard continuous SETAR process (see (2.2.4)
below). Then the conditional variance is

K K
Var(li ) = []{ofe+ ()"} =TT )’ (2.1.5)
k=1 k=1

where O’,%yt denotes Var(Iy +; pug ¢, 7) for the sake of notational simplicity, respectively.
The unconditional first two moments of counts are then obtained by applying
the law of iterated expectations to (2.1.3) and (2.1.5), and they are as follows

E(ly) = E[E(IL; )] (2.1.6)
and
Var(l;) = E|[Var(ly; )] + Var [E(L; )] - (2.1.7)

The unconditional autocovariance is also obtained by applying the law of iterated
expectation, similar to Davis and Wu (2009), as follows

COV(It, [t+7-> =0+ COV[E(L;, ,ut), E(-[t—FT; MH—T)]‘ (218)

In addition, it is plausible to analyse the over or under-dispersion of the proposed
process by applying Fisher’s index to (2.1.6) and (2.1.7) as follows
E [Var(1;; pug)] + Var[E(I; pt))]
E[E(L; )]

According to (2.1.9), E [Var(ly; pu:)] + Var[E(Iy; u)] < E[E(Iy; )] indicates the
under-dispersed case and otherwise it is over-dispersed.

< 1 (2.1.9)

In order to obtain the unconditional first two moments in (2.1.6) to (2.1.8) and
thus (2.1.9), ks in (2.1.4) is first rewritten in terms of €, ; ;s under the following
condition below

Pr
max (&rjlgﬁk( Z akyz+ak7dk7jk>> <1 (2.1.10)

I=1,#dy,

3



16 The condition in (2.1.10) is the necessary condition for the stationarity and geometric
1o ergodicity of the conditional mean of the log-transformed p; (see Assumption 2.1 (i)
o below). Therefore, the condition in (2.1.10) leads to the stationarity and geometric
m ergodicity of y;. Now the law of iterated expectations is applied to obtain the first
12 two unconditional moments of I;. Therefore, they are given below

| | E( Mkt
Tk, dy g T,

K “k
. 1=k ag g 1 1= Fap i E Trbr,1
= Y0 S it 1 7

k=1 Tk
(2.1.11)
s where > )% |bpi(L)| < oo with L being a lag-operator, Iy j, = I(ryj,—1 < fht—d, <

v Ty) and Y 7% ay g denotes Y %) L ag+ay g, j, for the sake of notational simplicity,
175 and

Var(1l;) = HE{Ukt+M2ﬂk} H{E th

K 27% 1 27"kak dk ik
_ 2 1—ka ak gl 1= Zl Ok, j,l 27rk 27kak i
= E{Uk,t} +§ Q%0 4% HE €kt Ck i t—1

k=1 k.

1 Wkalf oI 27 Tk
H 1Zl ak]l( > - Ak,j,1 H ( ﬂkbkl )
ay, —_— FE e
kil Sk t—1
rk,jk Jk Jk>

(2.1.12)

e In addition, the unconditional autocovariance between I; and I;,, is given below

2%% dk ik

K 27rkpk a1 1 S 71 o0
o 13k mh =2 ek bk, j,n 27kakgt+l
COV(It7]t+T) = | | Qo — I | | IE< Ko ttm—nCh g t—1
Tk,j
k=1 Jk n=0 [=0

00 I, 54,
b s N s
—HE( w ) B (it z)}] . (2.1.13)
=0

177 The first two moments of (2.1.11) to (2.1.13) show that our proposed count process is
s weakly stationary under the condition of (2.1.10). Furthermore, the under and over-
o dispersion of the dynamic counts can be evaluated by applying the law of iterated
10 expectations to (2.1.9) as follows
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K [ _o2my 2Tk Ok dk ik Tk 5,
2 1*2?"”‘ ak. 4l 1 1- Zl Ak, 5,1 27}, 27kak 1
LI || B{ois} + e . HE €l it Ch it -1
k=1 k.jk
[/ K ”kak dk ik
1- Z a4l 1 =5 a0 kak 1
< 1 >
k=1 k,jk
K % 1 2Tk dk ik 2 T 5y,
1= % ag, i) =57 % ag, ﬂ'kbkl
+Hak0 P ( ) HE 7]k7t €k g t—1
k=1 Tkvjk

Moreover, the explicit forms of the above unconditional moments are obtained by
considering the first few fractional moments of ¢ j, ;. For example, consider a simple
case where K =1, m=1,p=1, ap =1, a; = 0.5, and € is independently, identi-
cally and exponentially distributed with E(e;;) = 1. The geometric approximation
of |a1| < 1 produces the unconditional mean of I; such that F([;) ~ E (eﬁ) =2;
however, this is far from our expectations. In particular, the t-fold product of the
fractional expectation of €;, terms is expected to exponentially converge to 1 as
the value of a; increases by the independence assumption. A fractional moment of
€1+ can be obtained by applying the Riemann-Liouville fractional differ-integration
technique to the moment generating function of €;;. Because the details of the
Riemann-Liouville fractional differ-integration technique are easily found in Old-
ham and Jerome (1974), only the brief application of the technique to the moment
generating function is given below

PUL=0) /f(—e)ffexp(—sof(e)de

= (=)1E(),

s=0

where ¢ denotes a positive noninteger, s € R is a neighbourhood value of 0, M(-) is
a moment generating function of €, and f(-) denotes a probability density function.
The closed form of a fractional moment of € can be obtained from the distributional
assumption on e.

2.2. Quasi Maximum Likelihood Estimation

The intrinsic difficulty of estimating our proposed discrete finite exponential
mixture of the SETAR discrete EDPs is the presence of the latent stochastic con-
ditional means and the unknown mixing parameters in the likelihood. Hence, a
legitimate state-space representation of (2.1.1) is proposed. Before proceeding with
the proposed state-space representation, it is imperative to discuss a few underlying
remarks. Let us first introduce a stochastic process (;, where (; is defined below
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(2.2.1), such that E(I;(|p) = . Therefore, I; can be rewritten by using (; as
follows

LG = pu, (2.2.1

where ¢; is i.i.a.c.d. over the positive real values with E(¢;) = 1 and Var(¢;) = o? <
00.

It seems attractive to make an immediate logarithmic transformation of (2.2.1);
however, this is not plausible because counts take nonnegative integers. This paper
therefore proposes to introduce a tuning parameter, the so-called negligible marginal,
such that Ar = O (C%—M), where ¢ € (0,1) is unknown and § > 0 is arbitrarily
small, in order to obtain the logarithmic transformation of (2.2.1). In fact, the
O (c%”) is ¢ € (0,1). The regularity condition on

the rate of the tuning parameter, particularly % -+ 0 where ¢ is fixed with a very

tuning parameter in Ap

small value, produces a fast enough convergence rate of Ay (faster than /7). This

ensures the asymptotic uniform equivalence between In p; and In(u; + Ar¢) (see

(2.2.2) below) with a faster rate than v/7', and ultimately generalises the existing

state-space representation of dynamic count processes and consolidates the mixture

of the discrete EDPs within a legitimately simple but general enough framework.
The state-space representation of (2.2.1) is thus as follows

ye = Xi 4+ & and X, = Inyy, (2.2.2)

where y;, = In(I; + A7), X, = In(p + A7) and & = — In(;. At first glance, it seems
implausible to apply the filtering to (2.2.2). However, X, is shown to be asymptoti-
cally equivalent to X; uniformly over the parameter space of (a's, r's, 8's, ¢, w's, d's) " €
D, where a’s includes In a}ws hereafter, and D is a compact parameter space of
2B RE % Ryg.1) X RE | < Z&, . with Ry, R and

representing the positive real values, real values between 0 and 1 and

RK+Zi{:1 metPk Rgle
Loy, pxc
integer values from 0 to px (px denotes max (pr)), respectively, for the sake of
notational simplicity. Additionally, the vectors of the parameters with a 0 subscript
denote the vector of the true parameters hereafter. Before discussing the asymptotic
equivalence between X; and X, uniformly over D, the geometric ergodicity of X, is
presented in Remark 2.1 under the appropriate regularity conditions as follows.

Assumption 2.1. (i) The logarithmic transformed conditional mean of I, X,

requires that )2 Dl a, Wl t kg | < 1 forall k= 1,... K. (ii) The
SJE=ME

stochastic process, € j, 1, 15 i.i.a.c.d. over positive real values with E(eyj, ) = 1,
Var(epj,0) = 02y, and E(efgit) <oo foralljp=1,....mp andk=1,...,K. In
addition, ey j, + 15 independent to the initial state variable, 1, for allk =1,... K
andt=1,...,T.
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Remark 2.1. Under Assumption 2.1, An and Huang (1996) showed that X, is
geometrically ergodic by using Tweedie’s drift criterion (see Tweedie (1976)) and
Tjostheim’s h-step criterion (see Tjostheim (1990)).

The additional regularity conditions of the asymptotic equivalence between X,
and X, are then as follows.

Assumption 2.2. (i) The negligible marginal, Np = O (c€+6>, where ¢ € (0,1) is
unknown and § is arbitrarily small. (ii) The stochastic process, (i, is i.i.a.c.d. over
positive real values with E(G) = 1, Var(¢) = o and E( 0 < 0o, In addition,

G is independent from the wnitial state variable, py., for all k = 1,..., K and
t=1,...,T.

Firstly, the regularity condition on the rate of the tuning parameter is necessary
to ensure the faster rate of convergence of X, to X,, particularly a faster rate than
VT. Furthermore, the positive distributional assumption on (; is necessary to ensure
the positivity of u; and the finite moments of (; up to fourth moments are necessary
to apply the Cauchy—Schwartz inequality to establish the stochastic equi-continuity
of the remainder term of Xt — X;. The independence of (; from the initial state
variable p;, for all £ = 1,..., K is also a necessary condition for the stability of
the state-space representation in (2.2.2) (see Chapter 3 of Caines (1987) for details).
The asymptotic equivalence between X; and X, uniformly over D is now ready to
be presented.

Lemma 2.1. Under Assumptions 2.1 and 2.2, and where ¥y = (ays, r}s, 858, co, mhs, dys) | €

D, it can be shown that

sup Xt — X,
9¥eD

= o(T?) a.s., as T — oo,

where a.s. denotes almost surely.

As a result of Lemma 2.1, the current paper finally proposes to represent the
discrete finite semiparametric exponential mixture of the nonlinear dynamic count
processes in (2.1.1) by the state-space representation below

K
ye=> mXiit+& (2.2.3)

k=1
and
Pk mg
Xkt = aro + Z i Xg—1 + Z Wk i i (Xt—diy — Chogi) T Mhgt ¢ Dk (2:2.4)
1=1,#dy, Jk

where Xp; = In pgy, v, = Inryj,, and ng 5, = Ineg j, ¢
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Let us now briefly discuss the estimation procedure of our proposed discrete finite
exponential mixture of the discrete EDPs in (2.1.1). The first step is to apply the
Expectation Maximisation (EM) algorithm of Shumway and Stoffer (1982) to (2.2.3)
and (2.2.4), given the tuning and threshold parameters. The estimation procedure
of the algorithm is similar to that of Chan and Tsay (1998). In particular, we
firstly estimate (a's,3's,d's)" given t's. ts is then estimated by maximising the
log-likelihood in (2.2.5) but substituting with (a’s, 5's,d's)T. The EM algorithm
is the iterative estimation procedure of alternating between Kalman filtering and
recursive smoothing, and QML estimation (see Shumway and Stoffer (1982) for
details). Note that linear piecewise Kalman filtering and smoothing are required
for the proposed procedure in our case. The tuning parameter is then estimated by
maximising the Gaussian likelihood of &s in (2.2.3). The second step is to perform
the EM algorithm above with the estimated tuning parameter. The monotonicity of
the sequence of the conditional log-likelihoods at each iterations of the EM algorithm
ensures the convergence of the sequence of the conditional log-likelihoods to the one
defined in (2.2.5) below (see Wu (1983) for details). Further details of the estimation
procedures are presented in Section 3.1 below.

As aresult of Lemma 2.1, ¢ = ¢y as T — 00, and the parameter space is modified
accordingly such that vy = (ajs, ths, Bys, dys)! € Dy, where Dy, C D is a compact
parameter space. The feasible conditional log-likelihood of I; is then as follows

LY|Fi1) = l ZPK (ZlnEDkt), (2.2.5)

_PK+1

where El\)zt denotes ED*(fu¢¢—1, Pr; Tx), and 7, and fig4—1 are obtained by using
the result of X, k,tt—1 which is the minimum conditional mean squared error estimate
of X}, given the sigma-field, F;_1, generated by (I3, Is, ..., I;_1) (see Chapters 3 and
7 of Caines (1987) for details). The asymptotic properties of our proposed QMLEs
are then established by showing the almost sure convergence of the feasible likeli-
hood to the infeasible one uniformly over D, with additional regularity conditions
on EDPs. Hereafter, let us use ED;, to denote ED*(uy, By, m) for the sake of
notational simplicity.

2
*(1)
ED
Assumption 2.3. (i) max £ | sup mED}, | <ooand max | sup -5 | <
1<k<K YRED,, ’ 1<k<K YrE€Dy k,t

o forallt =1,...,T, where ED,:(;; denotes the first derivative of EDy , with re-

4
* *(1)

ED ED

spect to m. (n) max E| sup —4&5 | < oo and max E | sup —=5F | < oo
k<K \ ypeDy PPk I<k<K

forallt=1,...,T, where EDk(tL denotes the first derivative of EDy , with respect

4
* *(1)
ED ED
to pgy. (491) max F < sup T’;f) < 00, max F ( SUP ——5 ™ > < oo and
’ 1<k<K

€Dy PPkt n 1<k<K €Dy PPkt
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+(1)

ED

max £ | sup —#- | < oo forallt =1,...,T, where ED
I<Sk<K  \ yreDy, FPkt i

second derivative of EDy , with respect to px; and .

*(2)

ki denotes the

The above conditions are required to establish the almost sure convergence of the
feasible log-likelihood to the infeasible one uniformly over the compact parameter
space. The main strategy of showing the almost sure convergence is to show the
almost sure negligibility of the remainder term of the difference between the two
log-likelihoods over the parameter space by using the Taylor expansion arguments
of a logarithmic function. This produces a number of first and second derivatives of
EDy, with respect to m, and py,, for all k = 1,..., K. Therefore, the finite moments
of the suprema of their derivatives up to fourth moment over the parameter space are
required to the apply Cauchy—Schwartz inequality. With these regularity conditions
on EDPs, the strong convergence of the feasible likelihood to the infeasible one
uniformly over the parameter space is established as follows.

Lemma 2.2. Under Assumptions 2.1 to 2.3, and with 1y = (a)s,ths, Bys,dps)’ €
Dy, it is shown that

sup [L(IFit) = L)) = O(T™?) a.s., asT — oo,

$eDy,

where

Next, the almost sure convergence and asymptotic normality of the QMLEs are
discussed below with additional regularity conditions as follows.

_(2+9)
2

Assumption 2.4. (i) ppy is an a-mizing process such that a(T) = O(

omED]
g+

1<k<K YEED

where p* = (a's, Vs, f's)T € Dy« and Dy~ C Dy is the compact parameter space.

2446
forallk=1,... . K. (i) maxE( sup > <oo forallt=1,...,T,

2 2
. 821In ED} 8 In ED}
(11i) max E | sup Ww’fgt < 0o and max FE | sup Wﬂg;} < oo for
1<k<K $rED 1<k<K YEED
allt=1,...,T.

The first condition of Assumption 2.4, particularly the mixing condition, is the
least restrictive serial dependence of the time series and the regularity condition of
the rate on the mixing coefficient ensures the convergence rate vT' (see Chapter 2
of Fan and Yao (2008) for more details). The rest of the regularity conditions are
necessary to establish the strong consistency uniformly over the parameter space and
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the asymptotic normality of our proposed QMLEs (see Chapter 4 of Amemiya (1985)
for an example). In particular, these conditions are used to apply the Chebyshev
inequality and the Borel-Cantelli lemma.

Theorem 2.1. Under Assumptions 2.1 to 2.4, and with lim sup <E ‘max E*(¢)) +
T—o0 $EDs (Yo)NDy

limsupEL* () for any ¢ € Dy, where Ds(1g) is the complement of an open 6-

T—o0

neighbourhood of o, 1y is uniquely identified and ¥ = by + O(T~2) a.s., as
T — oo.

As a result of Theorem 2.1 and the discreteness of d's, d's = djs as T — oo
(see Chan and Tsay (1998) for details), the parameter space is modified accordingly.
The asymptotic normality of our proposed QMLEs can then be as follows.

Theorem 2.2. Under Assumptions 2.1 to 2.4, and when 1 is an interior of Dy«,

VT (" —5) ~ N(0,3),

where X = By (45) Ao(v5) By ' (¢5) with Bo(yg) = lim ngﬁTﬁ L
* * * * T
Ao(v) = hmE( T“T“N) ( T“TWU ,as T — .
T—o0 ¢*:¢3

3. Simulation and Illustration

In this section, the finite sample performance of our proposed QMLEs is in-
vestigated with Monte Carlos simulation exercises. In addition, we illustrate the
proposed process and estimation procedure by applying those to the intraday trans-
action counts of AstraZeneca stock.

3.1. Simulation Study

The finite sample performances of the QMLEs are investigated with the most
fundamental data generating process of counts, namely a Poisson process, and its
extensions. This simulation exercise also focuses on how to implement the proposed
estimation procedure presented in Section 2.2. The number of replications in all the
simulation exercises is 10,000.

Let us firstly define the Poisson process with the conditional mean specified by
the rudimentary SETAR process below

1" exp(—pu)

PrOb(It = Z, /,Lt) = Ix
t-

,i=0,1,2..., (3.1.1)

05 ey if py < 1
where 11, = { Ni,015€1t 1' My S
Ly 1 €2t if Ly > 1

of parameters, namely (ap11 = 0.5,0012 = —0.5,70 = 1,¢p)’, is estimated by the

with €1, and €3 ~ Lognormal(0,1). The vector
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proposed estimation procedure as follows. First, the EM algorithm with linear
piecewise Kalman filtering and smoothing is applied, given the initial tuning and
threshold parameters below

0.5(X;_1 — 0)_ + g

=X, +& and X, =
Yt ¢+ & ¢ { —0.5(X¢—1 — 0)4 + 7,

where y; = In (It —|—c%+5> with 0 < ¢ < 1 and 0 < § < 1 being arbitrary, and
(X;—1 —0)_ and (X;_; — 0) denote X; ; <0 and X, 1 > 0, respectively, until the
sequence of the conditional likelihoods converges to the below

T+pK "It N

1 Fije—1 exp(_ﬂt|t—1)

Loy, a2 Fir,7) = T Z . I )
t=pr+1 t-

where fi;—1 = exp(Xﬂt_l) with Xt|t_1 being obtained by implementing Kalman
filtering with (&171,6{1,2)/ from the last iteration of the EM algorithm. We then
estimate r by maximising the following

T+px  plt ~
. 1 flyfy—q €XD(—flee—1)
L(r|Fi1, b1, 012) = = Z e 71 )
t=pr+1 t

041,1Xt—1|t—1 if Xt—1|t—1 <0

. The tunin
&2,1Xt71|t71 otherwise &

where fi;—1 = exp(Xt|t_1), and Xt\t—1 = {

parameter is then estimated by maximising the Gaussian likelihood of éts, where
ét = log <]t + c%”) - Xﬂt_l. The next step is to apply the EM algorithm with the

estimated tuning parameter to the below

0.5(Xt,1 — O), + Mt

0 = X, + and X, =
Yt ¢+ & t { —0.5(X—1 — 0)4 + n2,

where 1, = In (It + é%”). The estimation procedure is similar to that of the two-

step estimation procedure. First, estimate (o 1, aq2) then r. The results for (3.1.1)
are presented in Table 1.

Next, the Type II Negative Binomial (NB) process is considered. Although
it is a simple extension of a Poisson process, it is one of the most popular count
processes in practice because of its over-dispersion property. The Type II NB process
is commonly obtained by mixing a Poisson process with Gamma distribution as

follows :
Prob(I, = i; j1;) = %'(_%), i=0,1,2..., (3.1.2)
te
pe?en if gy <1
M;_Oiz€2t if oy > 1
v ~ Gamma(f,1/8) with § = 1. The count process in (3.1.2) can be rewritten as

where v, = vy with py = { with €; and ey ~ Exp(1), and
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Table 1: Simulation results for (3.1.1)

T dl,l 8.6.(5171) mse(ﬂl’l) dl’Q S.e.(ﬂlﬁg) mse(ﬁl}g)
100 | 0.4925 0.0665 0.0046 -0.4870 0.1007 0.0111
250 | 0.4976  0.0378 0.0015 | -0.4951  0.0570 0.0033
500 | 0.4984  0.0258 0.0006 | -0.4977  0.0383 0.0015
700 | 0.4989 0.0214 0.0005 -0.4986 0.0317 0.0010
1000 | 0.4996  0.0177 0.0003 | -0.4990  0.0263 0.0007

T 7 s.e.(T) mse(7) ¢ s.e.(¢)

100 | 1.0096  0.1155 0.0125 0.9963  0.0027
250 | 1.0051  0.0670 0.0044 0.9985  0.0006
500 | 1.0012  0.0464 0.0021 0.9992  0.0002
700 | 1.0013  0.0389 0.0014 0.9994  0.0001
1000 | 1.0012  0.0323 0.0010 0.9996  0.0001

Table 2: Simulation results for (3.1.3)
T da1 s.e.(dq1) mse(drq,) & 2 s.e.(G12) mse(d2) ¢ s.e.(¢)
100 | 0.2208 0.1200 0.0105 -0.2276 0.2510 0.0196 0.9923 0.0024
250 | 0.2070 0.0754 0.0049 -0.2120 0.1579 0.0114 0.9969 0.0006
500 | 0.2024 0.0529 0.0026 -0.2014 0.1030 0.0067 0.9984 0.0002
700 | 0.2010 0.0447 0.0020 -0.1989 0.0849 0.0052 0.9989 0.0001
1000 | 0.2011 0.0376 0.0014 -0.1976 0.0698 0.0039 0.9992  0.0001
T 7 s.e.(T) mse(7) B s.e.(B) mse(f3)
100 | 0.9360 0.8529 0.4956 0.9467 0.3660 0.0378
250 | 09774 0.5135 0.1751 0.9723 0.2355 0.0209
500 | 0.9966 0.3500 0.0770 0.9869 0.1704 0.0134
700 | 0.9963 0.2917 0.0539 0.9900 0.1446 0.0110
1000 | 1.0008 0.2410 0.0365 0.9579 0.1136 0.0054

follows

. _ F(ﬁ+[t) p ’ ot ft .
Pmb(]t_l"ut>_F(B)F(It—l—l) (ﬁ+ut) (ﬁ+ut) ,1=0,1,2..., (3.1.3)

where I'(-) denotes a gamma function. The vector of the parameters, (ag11 =

0.2, 012 = —0.2,79 = 1,8y = 1,¢0)’, are estimated by the similar procedure as
above, and the results are presented in Table 2.

The last exercise involves a mixture of a Poisson process with the conditional
means specified by a SETAR and a simple autoregressive (AR(1)) processes as fol-

lows

I _
Prob(I, = i; j1,) = %'(’“), i=0,1,2..., (3.1.4)
t.

where p;, = Hizl [y, With 7 = 7 = 0.5,

92 if gy <1
1t { S with €17+ and €154 ~ Lognormal(0, 1)

~0.5 :
P 1€z, i pre > 1
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Table 3: Simulation results for (3.1.4)

T G111 se(d111) mse(dii) | G2 se(d112) mse(da2) ¢ s.e.(¢)
100 | 0.4689 0.1672 0.0333 -0.4511 0.2143 0.0643 0.9977 0.0028
250 | 0.4864 0.0931 0.0096 -0.4826 0.1319 0.0187 0.9992  0.0007
500 | 0.4946 0.0621 0.0042 -0.4934 0.0878 0.0080 0.9996 0.0002
700 | 0.4969 0.0516 0.0029 -0.4956 0.0727 0.0056 0.9997 0.0001
1000 | 0.4979 0.0428 0.0020 -0.4967 0.0602 0.0038 0.9998 0.0001
T 1 s.e.(1) mse() &1 s.e.(Ga1) mse(Ga,1)

100 | 0.9270 0.3858 0.0148 0.1847 0.1870 0.0375

250 | 0.9073 0.1749 0.0106 0.1950 0.1123 0.0130

500 | 0.9050 0.1098 0.0100 0.1984 0.0774 0.0064

700 | 0.9048 0.0900 0.0100 0.1989 0.0648 0.0044

1000 | 0.9048 0.0741 0.0100 0.1997 0.0540 0.0030

T | s.e.(7r1) mse(7) o s.e.(7r2) mse(ra)

100 0.490 0.080 0.005 0.481 0.085 0.007

250 0.496 0.049 0.002 0.489 0.052 0.003

500 0.498 0.034 0.001 0.493 0.037 0.001

700 0.498 0.029 0.001 0.495 0.031 0.001

1000 | 0.498 0.024 0.001 0.496 0.026 0.001

and

Mot = ug;?_leg,t with €2, ~ Lognormal(0, 1).

The vector of the parameters, (agi11 = 0.5,00112 = —0.5,701 = 1,021 =
0.2,m91 = 0.5,m2 = 0.5,¢p)’, are estimated by a similar procedure to (3.1.1) and
(3.1.3). The results for (3.1.4) are presented in Table 3.

For all these cases, the simulation exercise shows the satisfactory finite sam-
ple performance of our proposed QML estimation procedure. The estimates of the
tuning parameters are close to the value of 1, as we expected. Additionally, notice
that our proposed process is the special cases of those parametric-driven specifica-
tions within the generalised linear regression framework of Nelder and Wedderburn
(1972), particularly Zeger (1988) for a Poisson process and Davis and Wu (2009) for
a negative binomial process, where there is no covariate. The simulation results for
the simple Poisson and negative binomial processes of Zeger (1988) and Davis and
Wu (2009) without a covariate can be obtained by requesting the authors. In the
following, we apply the proposed process and estimation procedure to the intraday
transaction counts of AstraZeneca stock.

3.2. llustration of Real Data Analysis

We now illustrate our proposed count process by applying it to analyse the
number of transactions per minute for AstraZeneca stock, closely following Fokianos
et al. (2009). The randomly selected trading day is 30 July 2019. There are about
500 observations after eliminating the first and last minutes of transactions for about
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Table 4: Estimation results of (3.2.1)

Qg a B ¢
estimates 3.2034 -0.1511 0.7650 0.9503
se. | (0.1664) | (0.0559) | (0.0459) | ( 0.0028)

8 trading hours. The autocorrelation function of this data (see Figure 1 (b)) shows
the moderate dependence between transactions not as strong as the case of Ericsson
B stock in Fokianos et al. (2009). Furthermore, it is an over-dispersed case. The
value of the sample mean is 10.0266 with the variance of 65.3661. The over-dispersion
in this data might be caused by the frequent zero transactions and a few large number
of transactions (see Figure 1(a)). Therefore, the Type II NB process discussed in
Section 3.1 is considered in this analysis.

Applying first the simple AR(1) process to the conditional mean of the transac-
tion counts, the Type II NB process is

_ . _ F(5+It) B ’ Mt ft .
Prob([t—z,,ut)—F(ﬁ)P(IH_U (5+Mt) (5+/~Lt) ,1=0,1,2..., (3.2.1)

where p; = aguy’,€;. The results of this estimation are reported in Table 4. For
examining the adequacy of the fit, an analysis of the Pearson residuals is performed.

The Pearson residuals are defined as e; = \/—It(it”—) in the case of Type II NB
it 1+%

process, and e; is an white noise process under a correct specification of I;. The
cumulative periodogram plot of ess (see Figure 1(d)) indicates that (3.2.1) is not
adequate enough to model the intraday transactions of this data. The prediction of
I; of (3.2.1) is also shown in Figure 1(c). Furthermore, the mean squared error of
(2.2.3) for the case of (3.2.1) is 6.6976.

Now let us apply the continuous two-regime SETAR with p = d = 1 to the
conditional mean of the transaction counts, the Type II NB process is

— . A F(5+It) B 7 H ft .
Prob([t—z,,ut)—F(B)F(ItJrl) (5+Mt) (5+Mt) ,1=0,1,2..., (3.2.2)

where 1; = aq Hi:l {(%)a“c ek,t}ﬂk. The results of this estimation are reported in
Table 5. The cumulative periodogram plot of e;s and the prediction of I; of (3.2.2)
are shown in Figure 1(e) and (f), respectively. The improvement on the Pearson’s
residuals (see Figure 1(f)) supports the use of (3.2.2), namely the nonlinear Type
IT NB process, instead of the linear one. There is also improvement on the mean

squared error for the case of (3.2.2), it is 6.3317.
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Table 5: Estimation results of (3.2.2)

%) a1 a2 7 B ¢
estimates 3.3202 0.2700 -0.2023 1.2825 0.7493 0.9486
se. | (0.1498) | (0.0977) | (0.0490 ) | (0.3375) | (0.0455) | (0.0027)

Figure 1: Intraday transaction counts of AstraZeneca stock on 30 July, 2019

1{a) 1(b)
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(a) Number of transactions per minute for AstraZeneca stock on 30 July, 2019. (b) Autocorrelation
function of the transaction data. (c) Observed and predicted (red) number of transactions per
minute calculated by using (3.2.1). (d) Cumulative periodogram plot of the Pearson residuals
calculated by using (3.2.1). (e) Observed and predicted (red) number of transactions per minute
calculated by using (3.2.2). (f) Cumulative periodogram plot of the Pearson residuals calculated by

4. Summary

This paper aims to complement the recent development of the observation-driven
models of dynamic counts with a parameter-driven one for the general case, specif-
ically the discrete two parameters exponential family distributions. In particular,
we propose to model the mixture of nonlinear dynamic counts by representing a dy-
namic count process with a simple additive state-space representation. As a result
of this, a more flexible dynamic evolution than a stationary AR(p) process of the
conditional mean, particularly continuous SETAR process, and the discrete finite
semiparametric exponential mixture of dynamic count processes are analysed with
the well established linear filtering in that stationarity and geometric ergodicity of
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the process are obtained under a mild set of conditions. Furthermore, the unknown
parameters are proposed to be estimated with quasi maximum likelihood estima-
tion and the asymptotic properties of the QMLESs, particularly VT -consistency and
normality, are established under a relatively primitive set of conditions.
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Appendix

In this section, the mathematical proofs of the main theoretical results of the
paper, particularly Lemmas 2.1 and 2.2, and Theorems 2.1 and 2.2, are presented.
The proofs of these are mainly shown within the conventional QML estimation
literature, particularly the two main steps. The first step is to show the almost sure
pointwise convergence, then to establish the almost sure stochastic equi-continuity.
Hereafter, we omit II;, for notational simplicity.

Proof of Lemma 2.1

This proof shows the almost sure equivalence between X; and X, uniformly over
¥ € D in the two steps mentioned above, under Assumptions 2.1 and 2.2. Firstly,
let us approximate X, by using the Taylor expansion of a logarithmic function such
that X, = X, + R,, where B, = ATQ + > (G R l)ﬂﬂ) (ATQ) The first main term
ATQ _

in Ry, particularly = Ry, is then easily shown to be o(T~ 1/ %) a.s. as follows.

By using the Cauchy—SChwartz inequality,
A 1)/
B (=) ZM{E(7> E@ﬂW}
Hi M

= o(c"?)
then apply the Markov inequality and Borel-Cantelli Lemma.

IN

The proof is completed by showing the almost sure stochastic equi-continuity of
Ry, as follows

sup R1,t(19) - Rl,t<1§) < sup {HR&? H =+ Hth th(d)H} : Hﬁ - ?§H
[[9—9]|<0 [[9—=9||<6
= o(1) a.s., (A1.1

where 9 is an d-neighbourhood of ¥ such that %lm sup || — || — 0, ¥ lies on the
09| <s

line segment of {pi+(1—p)d; p € (0,1)}, R(l)( ) denotes the gradients of R; ; with
respect to the vector of the parameters, J_4 = (a s,vs,3's,¢,7s)". (A.1.1) can be
established by showing that HR(l) H = O(1) a.s. because ||Ry4(d) — Ry,(d)|| =
o(1) a.s., given the discreteness of d’s. Now let us consider Rglt) (V_4) as follows

E(|[R2@-||) < BURY, vl + BIRL Ll + EIRS Ll + IR,

ag,0,1,t Tk, 1,t

1 1
+E|RY)|| + E|RY)|

- 0 ((g + 5) cT22+6)

with the similar arguments to those. The each components of R(l) (V_4) are RY =

ak.,0, 1 t -
_ArGmy 1) _ _ATQ{W’“X’W*l} R(l) — _ArGo g R(l) _ ArGlnpg,
It ) ajk,l,t - Lt ? tjk,l,t - 1t kWk dk ]k’ Tt 1t 9
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Rgc) ATQ WkV(Ik 5 Hk,t) and Rgll)t Q -0 ((I + 5) BJ”S) Note that the deriva-

tive of X k+ With respect to t;, is not Well defined, so we set a_ = A4, j,., following

the arguments in Chan and Tsay (1998). By applying the Markov inequality and
Borel-Cantelli Lemma, HR(I)( a)|| =o(1) a.s. O

Proof of Lemma 2.2
This proof establishes (A.2.1) below, under Assumptions 2.1 to 2.3 and the
independence assumption of the data generating processes of each cluster.

1 TH+pk K =
sup |[L(Y|Fio1) — L*(Y)] = sup |= mED,, —InED;
s 2017 ap | > {3 (DL, e
= O(T7Y?) as.. (A.2.1)

Let us firstly consider the strong pointwise convergence of L(¢|F;_1) — L*(1)). By

using the Taylor expansion argument of a logarithmic function and the results in

Chapters 3 and 7 of Caines (1987), particularly g1 = firs + o(c'/?) a.s. and

7 = mp + O(T~Y?) a.s., and hence

EDZ(tzr(W —m)  EDp, (ki1 — Hii)
ED;, BED;, + ED})) (&t — )

We can then rewrite £(¢|F;—;) — L*(¢) as follows

(¢|th 1) = L)

T % *(1 ~
+ZPK i {EDk(t — Tk) + EDk»(tvL('ukt't L= M) } + O(T_l/z) a.s
. « *(1)
t pr+1 k=1 EDkt EDk,t+EDk(tr(7r_7r)

mED,, = In ED}, + +o(c"?) a.s..

By using the Cauchy-Schwartz inequality,
E (L(|Femr) = L7(4))”

* 2 2
(25 af e (B2 (s )
= 2 k— Tk " N »
k=1 T t=pr+1 EDkt EDkt + EDk:(tzr(Fk — 7Tk)
*(1 *(1
ED) ED),
ED;, ED;, + ED;) (7 — m)
T+px T=pk EDZ(tl) EDk( )
2— E 7" JLyT0
P e { ™ (EDL)(EDZ)
t=pr+1 1#t ) L

EDZ,(tl,L(ﬂk tt—1 — Lke.t) ED;:(LL(/% o1 — )
EDy + ED’:(t ;(W’“ — ) EDy , + EDZ,(D (T — )

*(1 *(1
F2(7te — ) (feefo—1 — M) EDk(tzr EDk(LL
’ Y\ ED;, ) \ED;, + ED;Y (7 — m,)

ko,
=0(T™),

F2(7 — k) (flktje—1 — Mokt)
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particularly under Assumption 2.3. Then, by applying the Chebyshev inequality
and Borel-Cantelli Lemma,

L(p|Fr) — L) = O(T7?) as..

The next step is then to show the stochastic equi-continuity of L(i|F;—1)—L*()).
Hereafter, let us denote L(¢|Fi—1) — L*(¢) as L£1(¢0) for the sake of notational
simplicity.

s [Li@) - L) < s (LD @Dl + L) = L)} - [v - b

ly—9ll<s |ly—9l|<s
= o(1) a.s.,

where L(ll) (1_4) denotes the first gradients of £, (1)) with respect to 1_q = (@'s, ¥'s, 5's) .

Hence, it is
_ —=x(1) N *(1
851(_@/1_d) 1 Ti’( i EDy ([ te-1)y - EDky(t’L(Mk,t\t—l)iz,i
N T t=pr+1 | k=1 EDy, EDg,
(A.2.2)

d d

—x(1 — %
where ED,:;H is the first derivative of Dy, with respect to fig—1, and (pe)y
and mk’tlt—l);z,d denote the first gradients of p, and fig4,—1 with respect to V_g,

respectively, and which are as follows

-
(ki) , = ( Mg Mt Xhg=1 PetOkga—  Pet(Xee)s, )
and

Kk tjt—1
fe t)t—1 Xk t—1)i—1
Bk tjt—10k, 5,d—

/lk,t|t—1{(Xk,t)//§k + (Xk,t):g,kﬁk’t()zk,ﬂt—l — Xit)}

(Ante1)y, =

with Xj -1 denoting the minimum conditional mean-squared error estimate of

. V (I, ¢ 00,t) " V(I3 00,t)
X given Fp_q, and (Xi;)s = —2bEEU and (X))t = = ——~EbERD We next
k,it—1 g Ft 1, ( k’t)ﬁk QHi,t ( k’t)ﬁk:llk,t “%,t

use the Taylor expansion argument below
——=x(1) * * ~ _
ED,., = EDk(tlL + EDk,(%L(Mk,t\t—l — pigr) +o(T 1/2) a.s.,

(A.2.2) is then rewritten as follows

LPWg) = LYW 0)+ LYW a) +O(T7Y) as.,
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s+ where

LY (-a)
1 T [ K (EDZ,tEDI:,(zSQ;z77r<ﬂktlt*1>/' L~ ED{ EDL ) i) d) (e — )

:TZ

ot |58 EDL, (EDy, + DI (R — ) + EDL (et = pae) ) +o(T~)

s5 and

d”w )
T=pic ED; B G, — (v, }

ZZ

—pK+1 k=1 EDZ,t (EDZ,t + ED::(tlzr(Wk — )+ EDZ,(tl,L(ﬂkvtlt—l o 'uk’t)> +o(T™)

* *(2 ~ *(1 ~
(EDk,tEDk,(t,L,w(Mk,tt—l);L 4 (EDk(tL) (Mk,ﬂt—l);ﬂ_d> (Mk,t|t—1 —Mk,t)

+
EDZ,t (EDZ,t + EDI:(tlgr(ﬁk — ) + EDZ,(tl,L(ﬂk,t\t—l - Mk,t)) + O(Tfl)

st By applying the Cauchy—Schwartz and Chebyshev inequalities, and the Borel-Cantelli
s7  lemma to 5511) (1_q), and the Markov inequality and Borel-Cantelli lemma to E%) (V_q),
s.s respectively, we obtain EP(&,d) =o(1) a.s.. O

st Proof of Theorem 2.1

580 This proof can be shown in the two steps under Assumptions 2.1 to 2.4, with the
ss1  independence assumption on the data generating process of each cluster. The first
ss2 step is to show the almost sure convergence of ¥ to 1 uniformly over Dy by using
ss3 similar arguments to those in Lemma 2.2. We can then verify the identification
ssa condition of 1.

585 The first step can be shown by establishing (A.3.1) below

sup |L*(¥) — EL*(¥)] = O(T7Y?) a.s.. (A.3.1)

weD,
ss6  Firstly, it is

pr+T K
E (L*(0) — BL () = % > {Z E(mED}, — Eln ED,";’t)Q}

t=pr+1 \ k=1

T+px T+pr
Z > {ZE ({m ED}, ElnED,jvt}{lnEDZ’L—ElnED,ij})}

t pr+1 £t k=1

ss7 then apply the Chebyshev inequality and Borel-Cantelli lemma. We thus obtain
s that £*(v) = EL*(1)) + O(T~Y?) a.s.. The next step is to show the stochas-
ss0  tic equi-continuity of £*(¢)) — EL*(¢). This can be established by showing that
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. 2
E <8£81/()7f;d)) - O(Tfl) as follows

g (95 @)Y
90,
ED*(l) >2 T T (ED*(l) ED*(l) )

+ZZE ktap_q kb _q

ED;,  EDg,

K
L kty_q
Z T Z < EDZJ t=1 #t
= O(T—l) (A.3.2)

particularly under Assumptions 2.4 (i) and (ii). By applying the Chebyshev inequal-
ity and Borel-Cantelli lemma to (A.3.2), (A.3.1) is shown.

The identification condition of vy is then verified by using the counter argument
as follows. Consider the Jensen’s inequality in (A.3.3), taking the expectation with
Yo as follows

1 T+pk ED* (s, Br, m)
co InE —
EL*(Y) — EL (Yy) < t%;l {Z (ED* ,uoktaﬁOk,ﬂ'w)
<o (A.3.3)

The equality of (A.3.3) holds when ¥ — 1)g. Hence, 1y is not uniquely identified
when there is a sequence such that ¥y € Ds(1)*) converges to ¥* € Ds(tbg) N Dy,
where Dj(-) and Ds(-) represent an open d-neighbourhood and its complement,
respectively, and Tlgrgo EL*(¢v*) — zlgﬂgo EL*(¢). Hence, the unique identification

condition requires that lim sup ( _max EE*(tb)) # EL* (1)) for any 1. O
T—oo  \W¥ED;s(¥0)NDy

Proof of Theorem 2.2

The asymptotic normality of our proposed QMLEs can be obtained by consid-
aL* ()

Gy a8 follows

ering the extension of the mean value theorem of

OL() _ 0L () | L)

T T e A

where ¥* is between 1&* and 1. Therefore, the asymptotic normality of 77[}* can be ob-
tained by showing that VT2 W) ~ N(0, Ag(¢%)) and PLrwr) _ hm JolsCioNn
=y

Op* 8¢*8¢*T - Onp* w*T
Op(T~1/2) uniformly over Dy+. Particularly under Assumptions 2.4 () and (iii),
VTE) M* ) N(0, Ag(7)) can be easily shown by using the small and large blocks

arguments (see Chapter 2 of Fan and Yao (2008) for details).
The last step of this proof is to establish below

sup || Br(v*) = Bo(¥")||p = Op(T71?), (A.4.1)

Y*ED
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614

where ||-||r denotes the Frobenius norm, Br(¢*) = glf*ang) and By (") = hm ngﬁagﬁ.

The result of (A.4.1) is obtained by applying the Chebyshev inequality. Next the
stochastic equi-continuity of Br(¢*) can be established by showing that

1Cr (") = CoM)Ir < |Cr(@")|r = Op(T~1/2), (A.4.2)
where Cr(¢*) = 6362(?*) and Cy(¢*) = Tlim ECr(1*). The result of (A.4.2) is then
—00
obtained by applying the Chebyshev inequality. U
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