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Abstract—As the coupling between power distribution systems 

(PDSs) and district heating systems (DHSs) becomes tighter, it is 

critical to develop a coordinated strategy for load restoration in 

integrated electric and heating systems (IEHSs) after natural 

catastrophes. Similar to PDS reconfiguration, DHSs can modify 

network topology by remotely operating the ties and sectionalizing 

valves. A coordinated reconfiguration with soft open points (SOPs) 

is proposed in this paper for resilience-oriented restoration in 

IEHSs, which mitigates the fault propagation during fault 

isolation and explores the flexibility of network topology variation 

with SOPs for load restoration. To guarantee the privacy of 

electric and heating systems, we propose an adaptive alternating 

direction method of multipliers (ADMM), which divides the 

original problem into PDS and DHS subproblems. The proposed 

algorithm can intelligently dispatch SOPs and switches in the PDS 

sub-problem and valves in the DHS subproblem. Comprehensive 

case studies are carried out to illustrate the effectiveness of 

coordinated reconfiguration with SOPs for load restoration and 

verify the proposed algorithm. When considering coordinated 

reconfiguration with SOPs under the PDS fault scenario, the 

resilience metrics value increases by 9.6% compared to only PDS 

reconfiguration. 

Index Terms—Integrated electric and heating system, Load 

restoration, Network reconfiguration, Soft open point, Adaptive 

alternating direction method of multipliers. 

Nomenclature 

A. Indices and Sets 

t s  Index of time/ fault scenario 

T  Set of the recovery process 

S  Set of fault scenarios 

/i rT T  
Index of fault isolation phase/ 

restoration phase 

CHP
kk  

Set of CHP units connected to heat 

station k  
pipe linek k  Set of lines in PDS/ pipes in DHS 
bus nodek k  Set of buses in PDS/ nodes in DHS 
CHPk  Set of CHP units 
HBk  Set of HBs 

HSk  Set of heat stations 

/pipe,in pipe,ou
j

t
jk k  Set of pipes flowing from/to node j  

B. Parameters 

iA  
Coefficient of power loss and power 

generation of SOP i . 
SOP
iS  Power generation capacity of SOP i  

0ij,z  

Boolean variable that represents 

on/off state of line/pipe ( ),i j  in 

normal condition 

0ij,s  

Boolean variable, 1 means the 

valve/switch on pipe/line ( ),i j  is in 

the open position, 0 means pipe/line 

( ),i j  is absence of a valve/switch. 

ij,cf  

Boolean variable that represents 

whether line/pipe ( ),i j  is destructed 

by disaster 

sn  Number of root nodes/buses 

ijn  Number of pipes/lines 

ij ijr x  

Binary variable that represents 

whether there is a fault on line/pipe 

( ),i j  

jSi  Transmission limitation of line ( , )i j  

jju u  
Lower/upper square voltage 

magnitude of bus j . 
DG

jjp pDG   Lower/upper power output of DG j  

CHPCHP
jjp p  

Lower/upper power output of CHP 

unit j  

j j   
Lower/upper coefficient of power 

and heat generation of CHP unit j  

j  
Coefficient between heat generation 

and fuel consumption of HB j  
P
ijh  Transmission limitation of pipe ( )i,j  

j ja b  Weight of electric and heat load j   

i rT T    
Fault isolation duration/ restoration 

duration 
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conference paper. 
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C. Variables 

SOP SOP
i,s,t i,s,tp q  

Active/reactive power generation of 

SOP i  at period t  

SOP,Loss SOP,Loss
i,s,t i,s,tp q  

Active/reactive power loss of SOP i  

at period t  

ij,s,tz  

Boolean variable that represents the 

on/off state of line/pipe ( ),i j  at 

period t  

i,s,t  
Boolean variable that represents the 

faulty/unfaulty state of bus i  at 

period t  

ij,s,ta  

Boolean variable that represents 

virtual power flow between buses i  

and j  at period t  

j,s,td  

Boolean variable that represents 

virtual power demand at bus j  at 

period t  

ij ,s,tl  
Square of current of line ( ),i j  at 

period t  

j,s,t j,s,tp q  Power injection of bus i  at period t  

ij,s,t ij,s,tp q  
Power flow from bus i  to bus j  at 

period t  
DG DG
j,s,t j,s,tp q  Power output of DG j  at period t  

CHP CHP
j,s,t j,s,tp q  

Power output of CHP unit j  at 

period t  
L L
j,s,t j,s,tp q  Electric load of bus j  at period t  

Loss Loss
j,s,t j,s,tp q  

Electric Load loss of bus j  at period 

t  

i,s,tu  Square of bus voltage at period t  

CHP
j,s,th  

Heat output of CHP unit j  at period 

t  
HB
j,s,th  Heat output of HB j  at period t  

HB
j,s,tf  

Fuel consumption of HB j  at period 

t  

HS
k,s,th  

Heat generation of heat station k  at 

period t  

P,start P,end
ij,s,t ij,s,th h  

Inlet/outlet thermal power of pipe 

( )i,j  at period t  

loss
ij,s,th  

Loss thermal power of pipe ( )i,j  at 

period t  

tpNloss
 Power loss of bus j  at period t  

1. Introduction 

n recent years, climate change has increased the occurrence 

and intensity of natural disasters, such as snowstorms, 

earthquakes, and ice disasters [1]-[2]. Critical energy 

infrastructures, such as power lines and heating pipelines, are 

vulnerable to disasters, resulting in significant destruction. 

Infrastructure vulnerability can cause significant disruptions in 

the energy supply [3]. The Texas frost in 2021 left almost 4.5 

million consumers without power at peak, in which economic 

damages from missed power production were $130 billion [4]. 

The Jilin ice disaster in 2020 caused power transmission lines 

to break, which in turn compelled the Changchun thermal 

power plant unit to halt operations, and more than 300 million 

people faced power and heating outages. 

As the aforementioned concerns become more prevalent, 

resilience-oriented load restoration of energy systems has 

gained prominence after natural catastrophes, particularly in 

power systems. Load restoration after disasters commonly 

includes fault isolation and service restoration stages [5]. In the 

fault isolation stage, fault areas are identified precisely [6]. Ref 

[7] proposed a novel model to determine faulted zones with 

loops, which considered the change of network topology in the 

power system. In the short-term restoration stage, fast-

responding flexible resources are invoked to ensure timely 

power restoration, such as network reconfiguration [8].  

Other researchers have investigated further methods for 

restoring integrated energy systems [9]. Ref [10] proposed a 

restoration strategy for regional-level integrated energy systems 

considering the operation flexibility of district-level integrated 

energy systems. Ref [11] developed a load restoration strategy 

for integrated power and natural gas systems, which considered 

complicated influential relations between subsystems. Ref [12] 

proposed a coordinated dispatch strategy for the repair crews to 

ensure energy supply for important loads in integrated power 

and natural gas systems. However, previous studies have 

primarily concentrated on power systems or integrated power 

and natural gas systems.  

The growing deployment of combined heat and power (CHP) 

units has heightened the interdependence between power 

distribution systems (PDSs) and district heating systems 

(DHSs). The installed capacity of CHP units in China is 550 

million kW, representing 42% of the total installed capacity of 

thermal power and fulfilling over 67% of the national heating 

demands [13]. The intricate coupling properties between PDSs 

and DHSs have presented significant hurdles for resilience-

oriented load restoration in integrated electric and heating 

systems (IEHSs) [14]: i) during the fault isolation stage, the 

occurrence of faults in the PDS/DHS may transfer to the other 

system through coupling components, causing extra load loss 

[15]. For instance, improper switching operation in PDS might 

influence the heat outputs of the CHP unit, resulting in the 

unnecessary shedding of heat loads; ii) during the short-term 

restoration stage, the operational flexibility of the IEHS, such 

as the fast adjustment capability of the CHP unit, cannot be fully 

exploited when subsystems operate independently unless they 

are coordinated with the CHP power generation in PDS. 

Therefore, it is necessary to employ a collaborative service 

restoration method for fast service restoration in IEHSs.  

Soft open points (SOPs) are electronic devices that regulate 

active power flow and voltage, while also compensating for 

reactive power, which is an essential instrument for PDS 

restoration [16]. Ref [17] introduced a restoration strategy 

considering the structure and capability of SOPs on service 

recovery in power systems. However, SOPs have not been 

considered in the IEHS collaborative recovery procedure. 

I 
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Compared with traditional switches, SOPs could provide 

additional power to restore lost electric loads and restructure the 

optimal energy supply of coupling units when connected with 

them, resulting in the reduction of fault propagation and total 

load loss in IEHSs after natural disasters. 

The DHS reconfiguration is a major method for improving 

load restoration. Similar to PDS reconfiguration, DHS can 

modify network topology by remoting the actuation of ties and 

sectionalizing valves [18]. Following the DHS design code, 

both ties and sectionalizing valves can be turned on/off to 

restore heat supply. Sectionalizing valves are installed to isolate 

pipeline sections during emergencies, such as pipeline leaks. 

Tie valves are engineered to reallocate heating loads among 

heat sources after disasters, curtailing needless load shedding in 

IEHS. More importantly, the DHS network structure can be 

altered to function with the switches in the PDS to decrease the 

amount of excessive load shedding and prevent further fault 

propagation among subsystems. Essentially, coordinated 

reconfiguration of both subsystems can explore the adaptability 

of time-varying topology for short-term restoration. 

Besides, the above studies have been carried out in a 

centralized way, assuming that a central operator monitors the 

electric and heating subsystems, ignoring the barriers in 

information exchange and management between the electric 

and heating systems [19]-[20]. The two sub-systems may not be 

consistently managed by a single central operator. Furthermore, 

the centralized method fails to protect the privacy security of 

each subsystem due to the massive amount of private data 

exchanged. The conventional centralized optimal method may 

not be applicable and a distributed approach is required to 

realize the synergistic operation of IEHS. 

Accordingly, this research puts forth distributed coordinated 

reconfiguration with SOPs for resilience-oriented restoration. 

The contributions are summed up as follows: 

1) SOPs have been first brought into focus in the collaborative 

recovery process of IEHSs, which can provide extra power 

to lost electric loads and adjust the optimal energy supply of 

coupling units, which can mitigate fault propagation and 

reduce total load loss in IEHSs after natural disasters. 

2) Coordinated reconfiguration in the proposed coordinated 

service restoration model (CSRM) is provided to explore the 

flexibility of time-varying network topology for fast service 

restoration. The DHS network structure is adjusted in 

collaboration with the PDS switching operation, which can 

prevent excessive load shedding and halt tremendous fault 

propagations in respective networks. 

3) To guarantee the privacy security of electric and heating 

systems, we propose an adaptive alternating direction 

method of multipliers (ADMM). The original coordinated 

service restoration problem is divided into PDS and DHS 

sub-problems, which can intelligently dispatch SOPs in the 

PDS sub-problem and network reconfiguration in the DHS 

sub-problem with the least transmitted information. Also, the 

step size is modified in each iteration to improve 

convergence performance. 

The following sections are structured as follows: Section 2 

describes a typical IEHS and illustrates the reciprocal 

influences between subsystems during the whole recovery 

process. In Section 3, CSRM is formulated, investigating the 

fault propagation between subsystems, and the control and 

operation of SOPs for service restoration. In Section 4, an 

adaptive ADMM is proposed to guarantee the privacy of 

electric and heating systems. In Section 5, the results from the 

P33H14 and P118H32 systems are discussed. In Section 6, the 

conclusions and recommendations for further research are 

presented. 

2. Problem Description 

Fig.1 shows the structure of a typical IEHS, which is made 

up of PDS and DHS. The CHP units, being the primary heat 

source in DHS and the main generators in PDS, bolster the 

linkage between these two systems. SOPs are electronic devices 

that are installed in place of regular open points in PDS, which 

can provide additional power supply for lost loads. 

Furthermore, PDS and DHS reconfigurations are coordinated 

by valve operations in DHS in tandem with switching 

operations in PDS.  

To demonstrate the reciprocal influences of the subsystems 

and ensure energy supply to critical loads, this study proposes 

coordinated reconfiguration with SOPs for resilience-oriented 

restoration, which incorporates fault isolation and load 

restoration stages. In the fault isolation stage, faulty regions are 

accurately isolated by the operations of SOPs, switches, and 

valves. In the restoration stage, the DHS network structure is 

adjusted in collaboration with SOPs and switch operation in 

PDS, which can prevent excessive load shedding and halt 

tremendous fault propagations in respective networks.  

Heat load 2
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unit

Heat load 1
Heat 

station 1

District heating system

Heat load 3

Tie valve

Sectionlizing 
valve

Power distribution system

Heat 
station 2

Feeder #1
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Heating 

boiler

 
Fig.1. A typical IEHS with SOPs 

3. Formulation of CSRM 

A coordinated service restoration model encompassing fault 

isolation and restoration is developed in this section, primarily 

employed for fast service restoration. The model illustrates the 

propagation between subsystems during the isolation stage and 

explores the impact of coordinated reconfiguration with SOPs 

on load restoration.  

3.1. SOP Constraints  

Back-to-back voltage-source converters (VSC) are used in 

SOPs, and two control modes have been designed for SOP 

operation, i.e., 𝑉𝑑𝑐Q-Vacf and 𝑉𝑑𝑐Q-PQ control modes. In the 

analysis of supply restoration of PDS, 𝑉𝑑𝑐Q-Vacf control mode 
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will be initiated [21]. SOPs will operate in Vacf control mode to 

supply power to lost loads on the faulty side and operate in 𝑉𝑑𝑐Q 

control mode on the unfaulty side [22]. The SOP constraints are 

formulated as follows: 

 
0,

, ,

SOP SOP SOP,Loss SOP,Loss
i,s,t j,s,t i,s,t j,s,tp p p p

t sT S

+ + + =

   
     (1) 

2
, , ,SOP,Loss SOP SOP

i,s,t i i,s,t i,s,tp A p  q t s ST=          (2) 

2
, , ,SOP,Loss SOP SOP

j,s,t j j,s,t j,s,tp A p  q t s ST=          (3) 

 
2

, , ,SOP SOP SOP
i,s,t i,s,t ip  q S t s ST          (4) 

 
2

, , ,SOP SOP SOP
j,s,t j,s,t jp  q S t s ST          (5) 

 
2

0 , , ,SOP
j,s,tu u t s ST           (6) 

Constraint (1) demonstrates that the power injections and 

power losses of connected buses with SOP should maintain 

balance; Constraints (2)-(3) illustrate the power loss of SOP at 

connected buses i  and j , primarily through semiconductor 

switch conduction losses, switching, and capacitor losses. 

Constraints (4)-(5) illustrate the power limitation of SOP at 

connected buses i  and j . Constraint (6) illustrates voltage 

magnitude constraint on the non-faulted side of SOP. 

3.2. Topological Constraints 

3.2.1 Fault Isolation Constraints 

The fault propagation is described by the fault isolation 

model, which is designed to precisely identify faulty region. It 

is expressed as follows: 

 
( )( ) ( )0 0 0

,

1 ,

( ) ,

1

,

ij,s ij, ij, ij,s,t ij,s ij,

pipe line

f z s z f z

i,j k k t s SiT

− − 

 

−

   


     (7) 

 
( )0 01 ,

( ) , , ,

1 ij,s ij, ij,

pipe lin

t

e

i,s, f s z

i,j k k t s SiT

  − +

     

+
     (8) 

 
( )0 01 1 ,

( ) , , ,

, i, j,s ij, ij,

pipe li e

j s t

n

f s z

i,j k k t s SiT

  − +

 

+

   
     (9) 

 
1,

( ) , , ,

ij,

i

j,s, s s,t

p pe li

t i, ,t

ne

z

i,j k k t s SiT

 −  −

     
                (10) 

 
1,

( ) , , ,

ij,

i

i,s, s s,t

p pe li

t j, ,t

ne

z

i,j k k t s SiT

 −  −

     
                 (11) 

 
, , , ,

,

CHP CHP
i,h i,e

g,s,t h,s,t

g k h k t s SiT

 

     

=


    (12) 

Constraint (7) illustrates that the switches/valves equipped 

on non-faulty pipe/line ( , )i j  could be operated to promptly 

isolate faults. Constraints (8)-(9) demonstrate that if the 

switch/valve is equipped on a damaged pipe/line ( , )i j , the 

connected nodes/buses i  and j  will be included in the non-

faulty region. Constraints (10)-(11) illustrate that the 

nodes/buses i  and j  of a closed pipe/line ( , )i j  will be divided 

in the same region. Constraint (12) indicates that when the CHP 

unit i  has belonged to the faulty region within DHS analysis, it 

would belong to the faulty region within PDS analysis. 

3.2.2 Service Restoration Constraints 

In the restoration stage, SOPs, switches, and valves will be 

utilized to restore lost loads in non-faulty regions defined in the 

last stage. The subsequent topological constraints are 

formulated: 

( )( ) ( )( )1 0 1 01 1 ,

( ) , , ,

ij,s ij,t- ij, ij,s,t ij,s ij,t- ij,

pipe line

f z s z f z s

i,j k k t s SrT

− −   − +

     
 (13) 

 : :

,

, , ,

ji,s,t j,s,t hj,s,t
i j i h h j

ij

a d a

ti n \n s Srs T

→ →



+



=

  

 
                (14) 

 
( ) , , ,

,

p

ji,s,

e

t ij,s

l

,t ij

ip ine

a

i,j k k t

z n

s SrT     


 (15) 

 
( )

, , ,
pipe line

ij,s,t ij
i,j k k

z n s Sn ts rT


=  −         (16) 

 
1 1 1,

( ) , , ,

j,s,t- i,s

p

,t ij,s,t

pi e

-

line

z

i,j k k t s SrT

   −

     

−
 (17) 

 
1 1 1,

( ) , , ,

i,s,t- j,s

p

,t ij,s,t

pi e

-

line

z

i,j k k t s SrT

   −

     

−
 (18) 

Constraint (13) illustrates that the switch/valve on non-faulty 

pipes/lines ( , )i j  can be operated for network reconfiguration 

of PDS and DHS. When 0ij,sf = , 0 1ij,s = , the operation status 

of pipes/line ( , )i j , denoted as 0 or 1, can be adjusted, which is 

essential for the dynamic reconfiguration of both PDS and DHS. 

Constraints (14)-(16) demonstrate the condition for radial 

topology in PDS and DHS [23]. Here the root node in PDS 

includes power sources and nodes connected to SOPs on the 

faulty side. Constraints (17)-(18) illustrate reconnecting non-

faulty buses/nodes to the faulty ones that are separated in the 

previous stage is not permitted. 

3.3. Operation Constraints 

3.3.1 PDS Operation Constraints 

The PDS operation model for the coordinated service 

restoration problem is formulated as a mixed-integer second-

order cone programming (MISOCP) problem, which is shown 

as follows 

 ( )

( )
( )

,

, , ,

j,s,t js,s,t ij,s,t ij ij,s,t
s j j

bus

p p p r l

j k t s S

i

T

  

= − −

     

 
 (19) 

 ( )

( )
( )

,

, , ,

j,s,t js,s,t ij,s,t ij ij,s,t
s j j

bus

q q q x l

j k t s S

i

T

  

= − −

     

 
 (20) 
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( )

, , ,

,DG CHP SOP L Loss
j,s,t j,s,t j,s,t j,s,t j,s,t j,s,t

bus

p p p p p p

j k t s ST

= + +

   

−−

 
 (21) 

 
( )

, , ,

,DG CHP SOP L Loss
j,s,t j,s,t j,s,t j,s,t j,s,t j,s,t

bus

q q q q q q

j k t s ST

= + +

   

−



−


 (22) 

Constraints (19)-(20) illustrate the power balance at bus j . 

Constraints (21)-(22) illustrate the injected power at bus j  

considering the power injection of SOP. 

 
, , , , , , , ,2

2 2 ,

, , ,

i,s,t i,s,t

bus

p  q  l u l u

j k t T s S

ij s t ij s t ij s t ij s t−  +

     
 (23) 

 
,

( ) , , ,

ij,s,t j ij,s,t ij,s,t j

line

z S p z S

i,j k t T s S

i i−  

     
  (24) 

 
,

( ) , , ,

ij,s,t j ij,s,t ij,s,t j

line

z S q z S

i,j k t T s S

i i−  

     
  (25) 

Constraint (23) illustrates the relaxed branch power flow 

equation of line ( , )i j . Constraints (24)-(25) illustrate the 

transmission limitation of line ( , )i j .  

( ) ( )

( )

2 22

1 , ( ) , , ,

i,s,t j,s,t ij ij,s,t ij,s,t ij ij ij,s,t

line
ij,s,

ij

t

u u r p q r x l

z M i,j k t T s S

x− + +− +

−      
    (26) 

( ) ( )

( )

2 22

1 , ( ) , , ,

i,s,t j,s,t ij ij,s,t ij,s,t ij ij ij,s,t

line
ij,s,

ij

t

u u r p q r x l

z M i,j k t T s S

x− + +− +

−      
    (27) 

 , , , ,bus
jj j,s,tu u u j k t T s S                     (28) 

Constraints (26)-(28) formulate the relationship between 

node voltage values at connected buses i  and j  illustrate that 

node voltage values at separated buses i  and j  cannot be 

influenced each other. 

 
( ) ( )1 1

, , ,

,j,s,t j,s,t j,

CHPCH
s,

H

P CHP
jj t

C P

p p p

j k t T s S

 −   −

     
 (29) 

 
( ) ( )1 1

, , ,

,j,s,t j,s,t j,

CHPCH
s,

H

P CHP
jj t

C P

q q q

j k t T s S

 −   −

     
 (30) 

 
( ) ( )1 1

, , ,

,j,s,t j,s,t j,

DGDG
s,

D

DG
jj t

G

p p p

j k t T s S

 −   −

     
 (31) 

 
( ) ( )1 1

, , ,

,j,s,t j,s,t j,

DGDG
s,

D

DG
jj t

G

q q q

j k t T s S

 −   −

     
 (32) 

Constraints (29)-(32) illustrate the power source generation, 

including the CHP unit j  and DG j , in the faulty/non-faulty 

region. For example, if the CHP unit j  is shut down in the 

faulty region, its power generation will be reduced to zero. The 

power output of the CHP unit j  in the non-faulty region is 

constrained within upper and lower limitations. 

, , ,, bus
j,s,t j j,s,t jp p p j k t T s SLossL L             (33) 

, , ,, bus
j,s,t j j,s,t jq q q j k t T s SLossL L               (34) 

Constraints (33)-(34) illustrate that electric loads in faulty 

regions will be completely disconnected due to unit shutdown, 

while partially lost to maintain energy balance in non-faulty 

regions. 

3.3.2 DHS Operation Constraints 

The exact DHS operation model poses challenges due to it 

being a mixed-integer nonlinear programming problem, which 

becomes troublesome especially when applied in CSRM [24]. 

Therefore, we use an energy flow (EF) model that decouples 

the thermal power from the mass flow rate and the temperature 

to avoid the abovementioned problem. The EF model is well-

suited for fast load restoration, especially when involving the 

DHS restructuring, as it maintains a balance between accuracy 

and computation speed [25]-[26]. 

,, ,,CHP CHP CHP CHP
j j,s,t j,s,t j j,s,th p th  k s Sj T         (35) 

 ,, ,,HB HB HB
j,s,t j j,s,th Tf  k Sj t s=       (36) 

, ,,,
CHP HB
k k

CHP HB HS HS
j,s,t j,s,t k,s,t

j k j k
h h h k k t T s S

 

  +  =    (37) 

( ) ( ),

, , ,

,
pipe,out pipe,iH

j
nS

HS Loss P,end
js,s,t k,s,t j,s j
P,

,s,t ij,s,t
j,s k

d

satrt

k k

n

h h h h h

j k t T s S

j j

L

k i j  

 +  = 



+

   

−



(38) 

Constraint (35) demonstrates the relation between power and 

heat generation of CHP unit j . Constraint (36) illustrates the 

relationship between heat output and fuel consumption of the 

heating boiler (HB) j . Constraint (37) illustrates that the 

generated heat at the station k  includes those of the installed 

CHP unit, and HB. Constraint (38) illustrates the energy 

balance of node j . 

( ), , ,P,end P,start loss pipe
ij,s,t ij,s,t ij,s,th h h i,j k , t T s S=     −   (39) 

( )0 , , ,,P,start pipe
ij,s,t ij,s,t ijz h i,j k t T s Sh        (40) 

( )0 , , ,,P,end pipe
ij,s,t ij,s,t ijz h i,j k t T s Sh        (41) 

Constraint (39) illustrates the heat loss between the outlet 

and the inlet of pipe ( , )i j . Constraints (40)-(41) guarantee that 

the energy flow in the pipe can vary after reconfiguration. 

 
( ) ( )1 1 ,

, ,,

CHPCHP CHP
jjj,s,t j,t j,s,t

CHP

h h h

j k t T s S

 −   −

     
 (42) 

 
( ) ( )1 1 ,

, ,,

HBHB HB
jjj,s,t j,s,t j,s,t

HB

h h h

j k t T s S

 −   −

     
 (43) 

Constraints (42)-(43) illustrates that the shutdown of heat 

sources in the faulty region, such as the CHP unit j , and HB 

j , will result in the heat outputs being zero. Meanwhile, 

constraints (42)-(43) illustrate the heat output limit of heat 

sources in the non-faulty region. 

, , , ,j,s,t j j, ,
Los d
s t

s
j

nh h h j k t T s SL L             (44) 
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Constraint (44) illustrates that the heat loads would be fully 

dissipated in the faulty areas, while partially lost for energy 

balance in the non-faulty areas. 

3.4. Objective and Resilience Metrics 

The objective in (45) is to maximize the load restoration in 

the whole recovery process to guarantee that critical electric and 

heating loads obtain longer energy supplies. The second item is 

the network loss penalty to ensure the accuracy of the CSRM 

after second-order cone relaxation and   should be small 

enough. The resilience metrics in (46) quantify the ratio of total 

load losses in PDS and DHS throughout the entire restoration 

process, which serves as an indicator of the load recovery level 

during the process. 

min

,

bus nd

bus nd

j j,s,t j j,s,t
j k j k

s S
j ,

Loss s

j s,t j
j

Los

s
Lo

j,s,t
s

j

s

k k

t

s Los

t T

p h

 f

p

a b

a

 

b

p  

h

     p    N

i
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T



 



 



 
 + 




 
 

=




+ 
 

 
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
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

+
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



   (45) 

1 .
bus nd bus nd
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i
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T T
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   

   
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   
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   
      





 

 + +

  +


+ +

(46) 

4. Proposed Distributed Solution for CSRM  

IEHS comprises two entities, i.e., electric and heating 

systems, which may not be consistently managed by a single 

central operator [27]. Additionally, the centralized solution 

method produces extensive information transmission, 

compromising the information privacy of each entity. Thus, we 

propose an adaptive ADMM in this section to realize the 

independent decision-making and highly efficient coordination 

optimization of IEHS, as shown in Fig 2. 

Coordination Operator

Updating

PDS Operator DHS Operator

Power Distribution 

System

District Heating 

System

CHP unit

( )k

eλ
( )
h
k

λ

( )1k

e

+
λ

( )1k

e

+
b

( )1k

h

+
λ

( )1k

h

+
b( 1)k+

g

( )k
g

 
Fig.2. Information exchange framework for CSRM based on ADMM 

4.1. CSRM in Compact Form 

The multiperiod coordinated restoration problem is 

expressed in a compact matrix form as 

 min  f                            (47) 

 ( , , ) 0, ( , , ) 0s.t. e h e h =I x x b E x x b  (48) 

where f  denotes the objective function of CSRM, 

( , , ) 0e h I x x b  and ( , , ) 0e h =E x x b  are inequality and 

equality constraints, ex  and hx  are local variables in PDS and 

DHS respectively, b  is the boundary variables.  

4.2. Adaptive-ADMM for CSRM 

4.2.1 Decoupling mechanism for CSRM based on ADMM 

As shown in Fig 2, the CSRM is decomposed into the 

MISOCP subproblem in PDS and a mixed integer linear 

programming (MILP) subproblem in DHS. Take the power 

outputs of CHP units on the connecting line between PDS and 

DHS as coupling variables in (49) and enable them to satisfy 

the consistency constraint 0e h− =b b . 

 , ,             CHPCHP
e h= =b p b P  (49) 

where 
CHP

p  and 
CHP

P  are the vectors indicating the power 

output of the CHP unit obtained in DHS and PDS.  

It is worth noting that the global variables can be used to 

ensure the consistency of boundary information, which is 

formulated as follows: 

 ,
2

e h+
=

b b
g  (50) 

4.2.2 PDS subproblem 

The penalty terms are added to the objective functions of 

the PDS subproblems to ensure consistency, which is 

described as: 

( ) ( ) ( )( ) ( ) ( ) ( )
2

2

1T ( )1
m / 2in  kk kk k k

e ee eL 
+ +
−+ + −b g gλ b  (51) 

 
( , ) 0,

( , ) 0,

s.t. 

                   
e e e

e e e



=

I x b

E x b
 (52) 

where eL  includes the electric load loss during fault isolation 

and restoration stages and the network loss penalty in the 

objective function of CSRM, eI  and eE  are compact 

representations of inequality and equality constraints of the 

PDS subproblem, 
( )k  represents the step size in the kth 

iteration, 
( )k

eλ  represents the Lagrangian multipliers in PDS 

subproblem. This subproblem is solved by PDS to determine its 

local variables. 

4.2.3 DHS subproblem 

The DHS subproblem is represented as follows: 

( ) ( ) ( )( ) ( ) ( ) ( )
2

2

1T ( )1
m / 2in  kk kk k k

h hh eL 
+ +
−+ + −b g gλ b  (53) 

 
( , ) 0,

( , ) 0,        

s.t. 

          
h h h

h h h



=

I x b

E x b
 (54) 

where eL  includes the heat load loss during the whole recovery 

progress in the objective function of CSRM, hI  and hE  are 

compact representations of inequality and equality constraints 

of the DHS subproblem, 
( )k

hλ  represents the Lagrangian 

multipliers in DHS subproblem.  

4.2.4 Distributed Solution based on Adaptive-ADMM  

The power dispatch center and thermal dispatch center 

respectively control the distribution network and heating 
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network for local optimization. They transmit the optimized 

coupling information, i.e., the power outputs of CHP units on 

the connecting line between PDS and DHS, to the joint dispatch 

center (JDC). JDC processes the above coupling information to 

generate the global variables for this iteration and the required 

Lagrange multipliers for the next iteration using ADMM. The 

detailed iteration process of the adaptive ADMM is 

summarized as follows: 

Adaptive-ADMM for CSRM 

1 Establish CSRM considering network reconfiguration with SOPs 

2 
Set the initial values for the global variables, local variables, and 

Lagrangian multipliers in PDS and DHS 

3 for k=1,2,3,…,Max_iter 

4 

PDS solves its subproblem (51)-(52), independently to obtain the 

power output of the CHP 
( 1)k
e
+

b ; DHS solves its subproblem (53)

-(54), to obtain the power output of the CHP 
( 1)k
h
+

b  

5 
Update global variables 

( 1)k+
g  to exchange messages between 

both sides are optimized separately 

6 Determine the variable step size 
( )1k


+

 in each iteration  

7 Calculate the primal and dual convergence residuals 

8 if 
( 1) ( 1),k kpr dr + +   

9 break 

10 else 

11 
Update Lagrange multipliers 

( )1k
e
+

λ , 
( )1k

h

+
λ  and skip to step 3 

until the ADMM converges 

12 end 

13 end 

When using ADMM, the global variables, and Lagrangian 

multipliers are typically updated until convergence is achieved, 

which is formulated as  

 ( ) ( )1 ( 1) ( 1) / 2,
k k k

h e

+ + += +g b b  (55) 

 ( ) ( ) ( )( )) 11)1 (( ,kk k k
e e

k

e
+ ++= + −λ xλ g  (56) 

 ( ) ( ) ( )( )) 11)1 (( ,kk k k
h h

k

h
+ ++= + −λ xλ g  (57) 

It is noted that the step size in each iteration has a significant 

impact on the convergence speed of ADMM. When the step 

size is large, the original residual is much easier to converge 

than the dual residual. Thus we design an adaptive ADMM to 

modify the step size according to the relationship between the 

original and dual residual for achieving the rapid convergence 

of ADMM, which is described as  

 ( )

( ) ( )
( ) ( )
( )

( ) ( )

1 ( ) ( )

1 ,    d ,

1 ,    d ,

,  

k incr k k

k k decr k k

k

if pr r

if r pr

otherwise

  

   



+

 + 



= + 




 (58) 

where 
( 1)kpr +

 and 
( 1)kdr +

 are the primal and dual residuals. 

The most common choices are 10 =  and 2incr incr = =  

in all iterations [28]. 

The criteria for determining whether the iteration converges 

are shown in equations (59) and (60).  

( ) ( ) ( ) ( )1
2

(

2

1
2

1)

2
max , ,

k k k k

eh
kpr 

+ ++ − −
 

=  
 

b g b g  (59) 

 ( ) ( )( )( 1
2

( 1) )

2

.
k kk kdr  + +

−= − g g  (60) 

where   is the maximum convergence error allowed in 

engineering applications. When 
( 1)kpr +

 and 
( 1)kdr +

 are both 

smaller than  , the scheduling results are gained. Otherwise, 

the local variables, global variables, and Lagrangian multipliers 

are updated until convergence. 

5. Case Studies 

5.1. Case Description 

As shown in Fig. 3, a modified P33H14 system is utilized to 

evaluate the effectiveness of the coordinated restoration 

strategy with SOPs. The reconfigured 33-bus PDS is inspired 

by the conventional IEEE 33-bus case, and the construction of 

the 14-node DHS expands upon the 8-node DHS in [29], 

following the District Heating Network Design Standard 

(CJJ34-2016) [29]. Three heat stations are installed in DHS, 

equipping small-scale CHP units. The CHP units act as the 

primary providers of power and heat in the P33H14 system. 

Under the normal operation scenario, the tie switches of L2-19, 

L3-23, L9-10, and L29-30 are normally open and the tie 

switches of L15-16, and L24-29 are replaced by SOPs in PDS. 

In DHS, the sectionalizing valves remain closed, while the tie 

valves of PN2-11, PN3-9, PN8-9, and PN8-12 are left open. 

The PDS/DHS network topology is verified by operating on/off 

the switches/valves as necessary.  
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Fig.3. Configuration of the modified P33H14 system 

The electric and heating loads are 1.29 MW+1.05 MVar and 

0.76 MW, respectively. The capacities of the CHP units and DG 

are 0.5 MW and 0.5 MVA, respectively. The specific 

parameters are listed in [30]. The experiments are carried out 

on a computer equipped with an i7-1165G7 CPU and 16 GB of 

memory, which is programmed by Matlab R2020a.  

5.2. Restoration effectiveness on modified P33H14 system 

This study examines three fault scenarios derived from 

historical disaster data in Jilin, China, and Barry Island. The 

scenarios analyzed faults in the DHS, faults in the PDS, and 

faults in the IEHS, with the affected lines or pipes being 

randomly generated for each scenario. To assess the impact of 
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network reconfiguration using SOPs, three cases are carried 

out: 

Case 1: the PDS reconfiguration is considered for fault recovery.  

Case 2: the SOPs and PDS reconfiguration are combined for 

restoration.  

Case 3: the SOPs and coordinated reconfiguration are both 

considered for load recovery.  

5.2.1 Analysis of PDS Fault Scenario 

In the PDS fault scenario, lines L6-26, L8-9, L11-12, and 

L23-24 are damaged by disasters. Fig.4 shows the network 

topologies for service restoration. Table 1 presents the 

proportion of load recovery at buses/nodes and Table 2 presents 

total load restoration and resilience metrics. The following are 

the main conclusions. 
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(a) Network topology in Case 1 
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(b) Network topology in Case 2 
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(c) Network topology in Case 3 
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Fig.4. Network topology in the service restoration stage 

i) The faults arising in the PDS would spread to the DHS 

through the CHP units following a disaster, resulting in major 

energy interruption in DHS. The power production of CHP1 is 

restricted because of the complete loss of electric load at bus 

B23 and the partial loss of heat loads at nodes N8, and N11 

during the fault isolation stage (shown in Table 1). 

ii) SOPs could provide extra power to lost electric loads 

timely to guarantee longer power supplies during the whole 

recovery process.  

In Case 2, during the fault isolation stage, the SOP of L15-

16 provides extra power for the electric load at bus B14. During 

the service restoration stage, the SOP operation of L24-29 

combines with the switch operation of L18-33 and L29-30 for 

better electric load restoration.  

iii) By effectively reorganizing the heating network structure 

and promoting operational flexibility of coupling units, DHS 

reconfiguration can offer greater reliability for PDS load 

restoration.  

In Case 3, during the service restoration stage, the lost heat 

load at N8 is transferred by operating the valves on pipes PN3-

9, PN7-8, and PN8-9 to CHP2. The SOP of L15-16 adjusts the 

power generation of CHP2 to ensure the power supply for 

electric loads in its island. Then, CHP2 is fully utilized to 

guarantee the optimal energy supply to connected loads. Only 

electric loads at bus B12 are partially lost. 

iv) Coordinated reconfiguration with SOPs can achieve a 

better service restoration in PDS. As shown in Table 2, the 

electric load shedding declines by 46.2%, and the value of R  

rises by 20.3% in Case 2 compared with Case 1. The electric 

load shedding declines by 44.6%, and the value of R  rises by 

9.6% in Case 3 compared with Case 2. 

Table 1 

Proportion of load restoration at buses/nodes 

Bus/Node 
Isolation Stage Restoration Stage 

Case 1 Case 2/Case 3 Case 1 Case 2 Case 3 

B12 0% 21% 13% 23% 35% 

B14 0% 65% 73% 100% 100% 

B23 0% 0% 100% 100% 100% 

N8 8% 78% 11% 100% 100% 

N11 0% 54% 3% 67% 100% 

Table 2 

Load loss and resilience metrics 

Fault 

scenario 
Case 

Total  

load loss 

(kW) 

Load loss (kW) 
Resilience  

metrics 

Electric Heat R  

PDS fault 
scenario 

Case 1 210 104 106 0.69 

Case 2 83 56 27 0.83 

Case 3 31 31 0 0.91 

DHS fault 

scenario 

Case 1 352 118 234 0.60 

Case 2 200 94 106 0.70 

Case 3 131 75 56 0.74 

IEHS fault 

scenario 

Case 1 534 202 332 0.56 

Case 2 345 156 189 0.63 

Case 3 274 96 178 0.64 
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5.2.2 Analysis of DHS Fault Scenario 

In the DHS fault scenario, pipes PN2-3, PN9-13, and PN12-

13 are damaged after the disaster outbreak. Tables 3 and 4 

present the proportion of load restoration at buses/nodes and 

switch/valve operation during the recovery process. The 

following illustrates the primary conclusions: 

i) Significant power outages would occur in PDS as a result 

of the DHS faults propagating to PDS through the CHP units. 

During the fault isolation stage, the complete loss of heat loads 

at N3, N4, and N6 limits the power output of CHP2, resulting 

in the total loss of electric loads at buses B30, B31, B32, and 

B33 (shown in Table 2). 

ii) SOPs can adjust the energy supply of CHP units to prevent 

fault propagation from DHS during the fault isolation and 

restoration stages. 

In Case 2, during the fault isolation stage, the SOP of L15-

16 adjusts the power generation of CHP2 to supply lost electric 

loads at buses B30, B31, B32, and B33. During the service 

restoration stage, the SOP of L24-29 adjusts the power output 

of CHP1 to match switches of lines L18-33, and L29-30 to 

restore electric loads lost in the last stage.  

iii) By remote tie valve scheduling and load transferring 

among heat sources, the DHS reconfiguration can improve the 

ability to resist natural disasters in DHS.  

In Case 3, during the service restoration stage, the SOP of 

L24-29 adjusts the power generation of CHP1 to align with the 

valve operation on pipes PN3-9, PN8-9, and PN7-8, resulting 

in improved heat load restoration. Heat loads are completely 

restored by this method. 

iv) In Table 2, the heat load loss declines by 54.7%, and the 

value of R  rises by 16.7% in Case 2 compared with Case 1. 

The heat load loss declines by 47.2%, and the value of R  rises 

by 5.7% in Case 3 compared with Case 2.  

Table 3 

Proportion of load restoration at buses/nodes 

Bus/Node 
Isolation Stage Restoration Stage 

Case 1 Case 2/Case 3 Case 1 Case 2 Case 3 

B30 0% 2% 100% 100% 78% 

B31 0% 11% 100% 100% 89% 

B32 0% 18% 100% 100% 100% 

B33 0% 29% 100% 100% 100% 

N3 0% 0% 0% 0% 100% 

N4 0% 0% 0% 0% 100% 

N6 0% 0% 0% 0% 100% 

N12 0% 0% 0% 0% 100% 

Table 4 

Switch and valve operation during the recovery process 

Line/Pipe Isolation Stage 
Restoration Stage 

Case 1 Case 2 Case 3 

PN3-9 0 0 0 1 

PN8-9 0 0 0 1 

PN8-12 0 0 0 1 

L18-33 1 0 0 1 

L29-30 0 1 1 0 

5.2.3 Analysis of IEHS Fault Scenario 

In the IEHS fault scenario, lines L6-26, L9-10, L11-12, L23-

24, and pipes PN2-3, PN9-13, PN12-13 are damaged. Tables 5 

and 6 present the proportion of load restoration at buses/nodes 

and switch/valve operation during the recovery process. The 

main results are illustrated by the following: 

i) During fault recovery, faults in PDS/DHS can spread to the 

other subsystems through the CHP units, causing significant 

heat and power disruptions in IEHS simultaneously. Table 1 

illustrates the complete lack of electric load at bus 23 and heat 

loads at nodes N3, N4, and N6 causing simultaneous power and 

heat outages in the IEHS. 

ii) SOP operation could provide extra power to lost electric 

loads and modify the optimal energy supply of connected 

coupling units, mitigating fault propagation and reducing total 

load loss in IEHS. 

In Case 2, during fault isolation, the SOPs of lines L24-29 

and L15-16 adjust the power generation to supply lost loads 

caused by fault propagation at the last stage. During the service 

restoration stage, the SOPs of lines L24-29 and L15-16 modify 

the power output of both CHP units to match the switches of 

lines L18-33, and L29-30 for load restoration in both 

subsystems. 

iii) The coordinated reconfiguration can completely furnish 

the flexibility of time-varying network topology for service 

restoration by adjusting the DHS network configuration in 

collaboration with the SOP operation.  

In Case 3, during the service restoration stage, the SOP of 

line L15-16 adjusts the power generation of CHP2 to align with 

the valve operation on pipes PN3-9, PN8-9, and PN8-12, 

resulting in improved electric and heat load restoration.  

iv) In Table 2, the total load loss declines by 35.4%, and the 

value of R  rises by 12.5% in Case 2 compared with Case 1. 

The total load loss declines by 20.6%, and the value of R  rises 

by 1.6% in Case 3 compared with Case 2. 

Table 5 

Proportion of load restoration at buses/nodes 

Bus/Node 
Isolation Stage Restoration Stage 

Case 1 Case 2/Case 3 Case 1 Case 2 Case 3 

B23 0% 0% 100% 100% 100% 

N8 8% 78% 11% 100% 100% 

N11 0% 54% 3% 67% 100% 

Table 6 

Switch and valve operation during the recovery process 

Line/Pipe Isolation Stage 
Restoration Stage 

Case 1 Case 2 Case 3 

PN3-9 0 0 0 1 

PN8-9 0 0 0 1 

PN8-12 0 0 0 1 

L3-23 1 1 1 1 

L18-33 1 0 0 1 

L29-30 0 1 1 0 

5.3. Convergence of Adaptive-ADMM  

To evaluate the accuracy of the adaptive ADMM, we 

compare the objective attained by the proposed approach and 

the centralized method on the modified P33H14 system.  

As shown in Table 7, under the PDS Fault Scenario, the 

objective converges to a consistent value after 25 iterations in 



10 

 

 

 

 

Case 2. Remarkably, the objective error between the centralized 

method and the adaptive ADMM is 0.15%. In the DHS Fault 

Scenario, the objective converges to a consistent value after 32 

iterations in Case 1, with an objective error of 0.17%. In the 

IEHS Fault Scenario, the objective converges to a consistent 

value after 29 iterations in Case 3, with an objective error of 

0.09%. Fig. 5 depicts the convergence curves of the primal and 

dual residuals of the proposed algorithm with a feasibility 

tolerance of 10-4  in Case 2 under the PDS Fault Scenario. Both 

primal and dual residuals exhibit a decrease in convergence 

curves, eventually attaining convergence accuracy, thus 

indicating the effectiveness and precision of the proposed 

algorithm. 

 
Fig.5. Primal and dual residual versus iteration on P33H14 system. 

Table 7 

Load loss and Iteration 

Fault 

scenario 
Case Iteration 

Total load loss 

(kW) 

Adaptive 

ADMM 

Centralized 

method 

PDS fault 

scenario 

Case 1 35 210 195 

Case 2 25 83 72 

Case 3 54 31 26 

DHS fault 

scenario 

Case 1 32 352 301 

Case 2 28 200 168 

Case 3 46 131 113 

IEHS fault 
scenario 

Case 1 33 534 490 

Case 2 19 345 310 

Case 3 29 274 251 

5.4. Restoration effectiveness on the P118H32 system 

The scalability and effectiveness of the coordinated load 

restoration strategy are tested using an extensive system that 

consists of a 32-node DHS and a 118-bus PDS, with precise 

parameters supplied in [30]. Three CHP units, one heating 

boiler, three distributed generators, and one substation make up 

the test system. The heating and electric loads are 2.10 MW and 

3.11 MW+2.72 MVar respectively. Three cases are conducted 

to demonstrate the impact of the proposed dispatch strategy on 

load restoration. Table 8 summarizes the load loss and 

resilience metrics under three fault scenarios.  

When the flexibility of coordinated reconfiguration with 

SOPs is considered, the load restoration increases. In the IEHS 

fault scenario, compared with Case 1, the total load restoration 

in Case 2 is increased by 15.1%. The value of R  has gone up 

by 6.8%. In Case 3, the overall load restoration has gone up by 

9.8% and the value of R  has gone up by 1.3% when compared 

to the results in Case 2. 

Table 8 

Load loss and resilience metrics 

Fault 

scenario 
Case 

Total  

load loss 

(kW) 

Load loss (kW) 
Resilience  

metrics 

Electric Heat R  

PDS fault 
scenario 

Case 1 1145 309 836 0.72 

Case 2 775 327 448 0.80 

Case 3 713 247 466 0.86 

DHS fault 

scenario 

Case 1 746 522 224 0.81 

Case 2 562 450 112 0.90 

Case 3 125 73 52 0.98 

IEHS fault 

scenario 

Case 1 1127 851 276 0.73 

Case 2 957 473 484 0.78 

Case 3 863 439 424 0.79 

6. Conclusions 

In this paper, distributed coordinated reconfiguration with 

SOPs for resilience-oriented restoration is proposed, which 

considers the interaction between fault isolation and service 

restoration stages and emphasizes the complicated coupling 

characteristics between PDS and DHS. The case studies 

validate that: i) SOP operation could provide extra power to lost 

electric loads and modify the optimal energy supply of 

connected coupling units, mitigating fault propagation and 

reducing total load loss in IEHS; ii) the DHS network structure 

is adjusted in collaboration with the PDS switching operation, 

which can prevent excessive load shedding and halt tremendous 

fault propagations in respective networks; iii) the adaptive 

ADMM is proposed to guarantee the privacy of electric and 

heating systems, which automatically modifies the step size to 

achieve the rapid convergence of ADMM. 

In our future work, we will conduct comprehensive research 

that considers the disparity in time scales between PDS/DHS in 

large-scale urban areas. Also, future research will examine 

integrated reconfiguration with repair for enhancing long-term 

restoration. 
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