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A B S T R A C T 

We estimate the minimum mass of a star formed by dynamical collapse and fragmentation, as a function of epoch, dust 
abundance, and environment. Epoch is parametrized by redshift, z red , through the variation in the temperature of the cosmic 
microwave background. The dust abundance is parametrized by the mass-fraction in dust, Z D 

, with the additional simplifying 

assumption that the intrinsic properties of dust do not change with Z D 

, only the amount of dust. Environment is parametrized 

by the energy-density of the ambient suprathermal radiation fields through a dilution factor ω � (applied to a blackbody radiation 

field at T � = 10 

4 K ). The critical condition is that a spherical proto-fragment should be able to cool, and therefore contract, 
fast enough to detach from neighbouring proto-fragments. The minimum mass increases with increasing redshift, increasing 

dust abundance, and increasing suprathermal background. Values in the range from M MIN 

∼ 0 . 002 M � to M MIN 

∼ 0 . 2 M � are 
obtained at the extremes of the parameter ranges we have considered (0 ≤ z red ≤ 8, 0.00016 < Z D 

< 0.04, and 10 

−15 ≤
ω � ≤ 10 

−8 ). Our results agree quite well with the predictions of detailed numerical simulations invoking similar redshifts and 

dust ab undances, b ut our estimates are some what lo wer; we attribute this dif ference to resolution issues and the small-number 
statistics from the simulations. The increased minimum masses predicted at high redshift and/or high suprathermal background 

result in significantly bottom-light initial mass functions, and therefore low mass-to-light ratios, provided that the dust abundance 
is not too low. The changes due to high suprathermal background may be particularly important for star formation in galactic 
nuclei and at high redshift. 
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 I N T RO D U C T I O N  

his paper is concerned with estimating the minimum mass for
tar formation, at very low computational cost. In this context
e define any self-gravitating object that forms on a dynamical

ime-scale, with an approximately uniform elemental composition
imilar to the composition of the ambient interstellar medium,
s ‘a star’; we therefore include as stars objects that by virtue
f their mass do not ignite hydrogen (i.e. Brown Dwarfs and
lanetary-Mass Objects), provided that they conform to this def-

nition. If they do not, they are ‘planets’. Basically this means
hat stars form more rapidly than planets, sufficiently fast that
here is not enough time for significant elemental fractiona-
ion. 

It seems likely that most low-mass stars form either by dynamical
ollapse and fragmentation of dense pre-stellar cores, or by prompt
ragmentation of the accretion discs that subsequently form around
he resulting first-born proto-stars (e.g. Hoyle 1953 ; Smith & Wright
975 ; Low & Lynden-Bell 1976 ; Rees 1976 ; Silk 1977 ; Smith
977 ; Boss 1988 ; Masunaga & Inutsuka 1999 ; Bate 2005 ; Boyd &
hitw orth 2005 ; Whitw orth & Stamatellos 2006 ; Whitw orth et al.
 E-mail: anthony.whitworth@astro.cf.ac.uk 

i  

d  

b

Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
007 ; Stamatellos & Whitworth 2009 ; Forgan & Rice 2013 ; Lomax,
hitworth & Hubber 2016 ; Whitworth & Lomax 2016 ; Whitworth

018 ). 
Here we focus on dynamical collapse and fragmentation of dense

re-stellar cores, on the assumption (i) that the material involved
n dynamical fragmentation has uniform and constant chemical
omposition (in particular, in a given proto-fragment the ratio of
ust to gas is the same everywhere, and the properties of the dust
re unchanging); and (ii) that the assembly of a proto-fragment
nvolves transsonic or supersonic motions. We have in mind ‘one-
hot’ fragmentation (e.g. Boyd & Whitworth 2005 ; Whitworth &
tamatellos 2006 ), rather than ‘hierarchical’ fragmentation (e.g.
oyle 1953 ). In other words, the first fragments formed during the
ynamical collapse of a pre-stellar core are unlikely to fragment
gain during their subsequent dynamical condensation. 

Some of these assumptions cannot necessarily be made for
isc fragmentation. Even if the disc material does not experience
ignificant elemental or chemical fractionation (for example, the
ettling of dust to the disc mid-plane, and the growth of dust into
arger entities), the initial assembly of proto-fragments in a disc may
nvolve sub-sonic motions. Moreover, fragment growth in a disc is
nevitably regulated by centrifugal acceleration – to an extent that
ynamical fragmentation is not. Our conclusions may therefore not
e applicable to stars formed by disc fragmentation. 
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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Both these mechanisms (dynamical collapse and fragmentation 
f dense pre-stellar cores, and prompt fragmentation of protostellar 
ccretion discs) involve low-mass proto-fragments forming in close 
roximity to other proto-fragments. Ho we ver, there is e vidence for
ree-floating objects with masses as low as ∼ 0 . 005 M � in Upper
corpius (Lodieu et al. 2013 ; Lodieu, Hambly & Cross 2021 ), and
 ven lo wer, ∼ 0 . 0006 M �, in Orion (Pearson & McCaughrean 2023 ).
here is a variety of alternative mechanisms that might form such 
bjects. One possibility is the collapse of a very low-mass core to
orm a single proto-star (Machida, Inutsuka & Matsumoto 2009 ), but 
his would seem to require an unrealistically focussed and powerful 
am-pressure converging from all sides to render the core unstable 
gainst contraction in the first place (e.g. Whitworth 1981 ; Lomax 
t al. 2016 ). Another possibility is the dynamical ejection of a newly
ormed protostellar embryo before it can accrete additional mass 
Reipurth & Clarke 2001 ). Finally the photoerosion of cores o v errun
y H II regions (Whitworth & Zinnecker 2004 ) can deliver isolated
ow-mass stars, but only in regions that also produce the high-mass
tars that ionize H II regions. The analysis we present here does
ot apply to these mechanisms, and in principle they offer viable 
athways to form extremely low-mass stars. 
In Section 2 we develop a simple one-zone model for a proto-

ragment, and derive an equation of motion for its radial excursions. 
n Section 3 we define the conditions regulating the minimum mass,
nd in Section 4 we present estimates of the minimum mass as
 function of the three parameters: redshift, dust abundance, and 
uprathermal background. In Section 5 we discuss the results, and 
ompare them with numerical simulations and observations. Our 
ain conclusions are summarized in Section 6 . There are appendices 

ealing with the Planck- and Rosseland-mean opacities ( A ), the 
xpressions used to represent exchange of radiant energy between a 
roto-fragment and its surroundings ( B ), the thermalization of gas 
nd dust ( C ), how the results are changed if the fiducial assumptions
re relaxed ( D , E ), and the effect on the initial mass function
IMF) ( F ). 

 O N E - Z O N E  M O D E L  

here are three independent variables that influence the simple one- 
one model for a proto-fragment which we develop here. These 
re the redshift, z red , the dust abundance, Z D , and the suprathermal-
ackground dilution factor, ω � . We use the dust abundance, Z D , rather
han the metallicity, Z met , because it appears that the relationship 
etween the two is not simple (i.e. not linear), and Z D is by far the
ore important quantity for determining the minimum mass. The 

elatively small influence of Z met is discussed in Section 2.1 and 
 v aluated in Appendix D . 

We model a proto-fragment as a uniform-density sphere of radius 
 and mass M O . Here and in the sequel, the subscript ‘ O ’ indicates

hat a parameter is constant. Constant M O means that, during the 
tages with which we are concerned, we neglect ongoing accretion 
n to a proto-fragment. It does not mean that we do not consider
if ferent v alues for M O . 
The temperature in the sphere, T , should be viewed as a mass-

eighted mean temperature. 1 T represents both the gas-kinetic 
emperature and the dust-vibrational temperature, since, under the 
 In general there will be an inward temperature gradient (d T /d r < 0) 
hroughout most of the interior of the proto-fragment. This gradient is usually 
uite small (in the sense that T CENTRE � 1.3 T EDGE ), and never very large (in 
he sense that T CENTRE � 5 T EDGE ). This is because the optical depth through 

 

r  

a
F

ircumstances with which we are concerned here, the two are very
lose. In other words, there is very rapid exchange of thermal energy
etween the gas and the dust, and the fractional difference between
he gas and dust temperatures, � = [ T − T D ]/ T , is al w ays very small
 � 0.002). We justify this assertion quantitatively in Appendix C , and
alues of � are plotted on Figs 2 f, 4 f, and 6 f. 

.1 The mean gas-particle mass 

e do not model changes in the chemical composition (dissociation, 
onization, molecule formation, grain growth, and sublimation, etc.), 
ince these processes are not expected to be significant during the
rief dynamical stages with which we are concerned. Thus the mean
as-particle mass, m̄ O , is constant – in the sense that we do not
llow it to change during the evolution of a given proto-fragment.
e do ho we ver consider dif ferent v alues of m̄ O for star formation

t different dust abundances (since these will correspond to different 
etallicities and different helium abundances). To compute the mean 

as-particle mass, m̄ O , we make three simplifying assumptions. 
First, we assume that the elemental abundances (by mass) of 

ydrogen, X , helium, Y , and all other elements, Z met , are related
y X = 0.80 − 5 Z met and Y = 0.20 + 4 Z met . In other words, we
ssume that the masses of helium and ‘other elements’ created by
tellar nucleosynthesis and delivered to the interstellar medium are 
t all stages in the proportion helium:other = 4:1. ‘Other elements’
elements other than hydrogen and helium) are lumped together, 
abelled ‘metals’, and represented collectively by ‘oxygen’. 

Secondly, we assume that all the hydrogen and ‘oxygen’ are 
olecular (for simplicity, respectively H 2 and O 2 ). The mean gas-

article mass is then given by 

¯  O ( Z met ) = 

m H 

X/ 2 + Y / 4 + Z met / 32 
= 

32 m H 

14 . 4 − 47 Z met 
, (1) 

here m H is the mass of an hydrogen atom. To the level of accuracy
ith which we are concerned, the results are not changed if we take

nto account heavy molecules other than O 2 , e.g. CO. 
Thirdly, we need to consider how the metallicity, Z met , varies with

he dust abundance, Z D (e.g. De Vis et al. 2019 ; Galliano et al. 2021 ;
onstantopoulou et al. 2024 ). As we note below, fractional changes

n m̄ O are small. Therefore, we adopt a very approximate fit to the
esults in Galliano et al. ( 2021 ; their fig. 12b), 

 D = 

Z 

2 
met 

2 [ Z met + 0 . 007 ] 
, (2) 

rom which we obtain 

 met = Z D 

{ 

1 + 

[
1 + 

0 . 014 

Z D 

]1 / 2 
} 

. (3) 

ith this fit, Z met and m̄ O increase from [ Z met , m̄ O ] =
0 . 0016 , 3 . 74 × 10 −24 g] when Z D = 0.00016, to [ Z met , m̄ O ] =
0 . 0255 , 4 . 06 × 10 −24 g] when Z D = 0.01 (i.e. this 64-fold increase
n dust abundance only produces an 8 per cent increase in m̄ O ). For
igher dust abundances the increases are somewhat more significant: 
hen Z D = 0.04, [ Z met , m̄ O ] = 0 . 086 , 5 . 17 × 10 −24 g] (i.e. the

ourfold increase in Z D from 0.01 to 0.04 produces a 27 per cent
ncrease in m̄ O ). 

In Appendix D we explore how the results are changed if we
eplace equation ( 3 ) with the simpler linear relation Z met = 2 Z D (i.e.
MNRAS 529, 3712–3728 (2024) 

 proto-fragment is normally �1 and al w ays �1000 (see Section 5.1 and 
igs 2 b, 4 b, and 6 b) 
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nder all circumstances, half the metals are in dust and half in the
as-phase). Provided the results are presented as a function of Z D 

and not Z met ), there is little change. At low Z D , with high z red and/or
igh ω � , M MIN is slightly reduced. 
Reality is of course more complicated, since different elements are

roduced by stars with different masses and different evolutionary
ime-scales. Moreo v er, stars of different mass may be formed in
ifferent proportions at different epochs and in different environ-
ents. Consequently the accumulation of different elements in the

nterstellar medium and their incorporation into dust proceed on
ifferent schedules (e.g. Goswami et al. 2022 ; Sharda et al. 2023 ).
o we ver, consideration of such refinements is not justified here,
iven the uncertainties in other aspects of the physics. Equations ( 1 )
nd ( 3 ) probably capture adequately the dependence of m̄ O on Z D ,
n the sense that m̄ O tends to increase monotonically but not linearly
ith increasing Z D . 

.2 The energy equation 

e assume that the temperature in a proto-fragment is regulated by
n energy equation of the form 

d U 

d t 
= 

3 M O k B 

2 ̄m O 

d T 

d t 

= − 3 M O k B T 

m̄ O R 

d R 

d t 
+ 

4 πR 

2 σSB T 
4 

CMB 

τ̄RO ( T CMB ) + τ̄−1 
PL ( T CMB ) 

+ � � ( ω � , M O , R ) − 4 πR 

2 σSB T 
4 

τ̄RO ( T ) + τ̄−1 
PL ( T ) 

. (4) 

ere U = 3 M O k B T / 2 ̄m O is the total thermal energy of the proto-
ragment, k B is the Boltzmann constant, and σ SB is the Stefan–
oltzmann constant. We are assuming that the temperature is al w ays

ow (i.e. usually T � 50 K and al w ays T � 200 K), so that for the
ommon gas species (H 2 and He) only the translational degrees of
reedom are significantly excited. This is justified retrospectively in
ection 5.1 (also see Figs 2 a, 4 a, and 6 a). 
On the right-hand side of equation ( 4 ), the first term is the compres-

ional heating rate, and the remaining three terms represent exchange
f radiation with the surroundings. These three terms are formulated
n the order: (i) absorption of cosmic microwave background (CMB)
adiation, (ii) absorption of ambient suprathermal radiation, and (iii)
hermal emission from dust. 

The temperature of the CMB in equation ( 4 ) is given by 

 CMB = 2 . 73 K [1 + z red ] , (5) 

here z red is the redshift. This is the only dependence on z red 

hat we include explicitly, and represents changing epoch. In the
enominator (below T 4 CMB in equation 4 ), τ̄RO ( T CMB ) and τ̄PL ( T CMB )
re, respectively, the Rosseland- and Planck-mean optical depths
resented to the CMB radiation by the dust in the proto-fragment. For
he redshifts with which we are concerned, the cosmic background
adiation remains predominantly in the microwave region of the
lectromagnetic spectrum. The CMB heating term is analysed further
n Appendix B3 . 

The local suprathermal background is represented by a blackbody
pectrum at a fixed notional temperature, T � = 10 4 K (approximately
he surface temperature of an A0 star), but diluted by a factor ω � (see
pitzer 1978 , his equation 4-13 and the associated text). Hence there

s a flux 

 � = ω � σSB T 
4 
� (6) 
NRAS 529, 3712–3728 (2024) 
ncident on the boundary of the star-forming molecular cloud. In
he general interstellar medium in the solar vicinity, ω � ∼ 10 −14 ,
ut in other locations ω � may be significantly larger. Thus ω � is the
arameter representing different environments. 
Ho we ver, suprathermal radiation will not penetrate very far

nto a proto-fragment, because the dust optical depth presented to
uprathermal radiation at ∼ 0.3 μm is very large. Indeed, the bound-
ry of the proto-fragment may be shielded from direct suprathermal
rradiation by more widely distributed dust in the outskirts of its
arent molecular cloud. Consequently, by the time this radiation
eaches the deep interior of the proto-fragment, it has been degraded
o much longer wavelengths by repeated absorption and re-emission.
here is no simple expression for this process. In Appendix B4
e formulate an approximate procedure to track the penetration of

ncident suprathermal radiation into the interior of a proto-fragment,
nd thereby estimate the associated heating rate. 

There could also be a term representing heating by incident
osmic-rays, but we shall assume that an increase in the flux of
osmic-rays incident on the boundary of a proto-fragment is likely to
e accompanied by an increase in the flux of suprathermal radiation
ncident on the boundary of the proto-fragment. Therefore, in the
nterests of keeping the parameter-space small, it can be accom-
odated within ω � . Moreo v er, the role of cosmic rays in heating
 proto-fragment is probably small, as inferred observationally by
ang et al. ( 2023 ), and argued theoretically by Low & Lynden-Bell
 1976 ). 

The final term on the right-hand side of equation ( 4 ) represents
hermal emission from dust in the proto-fragment. In the denominator
below T 

4 in equation 4 ), τ̄RO ( T ) and τ̄PL ( T ) are, respectively, the
osseland- and Planck-mean optical depths presented by the dust

n the proto-fragment to its own emission. The dust cooling term is
nalysed in Appendices B1 and B2 . 

.3 Dust and optical depths 

f all dust grains are spherical, the net geometric cross-section pre-
ented by unit mass of dust is 

O = 

3 

4 

〈
1 

r D ρD 

〉
mass weighted 

. (7) 

ere r D is the radius of a dust grain, ρD is the internal density of
 dust grain, and the average in equation ( 7 ) is mass weighted. We
dopt the value 

O � 2 × 10 4 cm 

2 g −1 . (8) 

The monochromatic opacity of the dust κλ (i.e. the cross-
ection presented by unit mass of dust to radiation with wavelength
) is taken from Mathis ( 1990 ), and converted into Planck- and
osseland-mean opacities, κ̄PL ( T ) and κ̄RO ( T ), as described in
ppendix A . For simplicity we assume that κO , κλ, κ̄PL ( T ), and

¯RO ( T ) are invariant. In other words the mix of different grain types
s the same everywhere and at all epochs, and only the abundance
f dust, Z D , changes. In reality there are likely to be variations, due
oth to the different circumstances under which dust nucleation and
rowth can occur, and differences in the local elemental and chemical
bundances (e.g. Clark et al. 2023 ; Hu, Sternberg & van Dishoeck
023 ). 
The column-density between the centre of a proto-fragment and

ts surface is 

 = 

3 M O 

4 πR 

2 
. (9) 
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he Rosseland- and Planck-mean optical depths – which control the 
enetration of externally incident CMB and suprathermal radiation, 
nd the escape of internally emitted radiation from dust – are then 
iven by 

¯RO ( T 
′ ) = � Z D κ̄RO ( T 

′ ) , (10) 

¯PL ( T 
′ ) = � Z D κ̄PL ( T 

′ ) , (11) 

here T 

′ is the temperature of the radiation under consideration. 

.4 The equation of radial motion 

adial excursions of the proto-fragment are regulated by an equa- 
ion of motion, which in the absence of significant external pressure
akes the form 

d 2 R 

d t 2 
= − GM O 

R 

2 
+ 

5 k B T 

m̄ O R 

. (12) 

n equation ( 12 ), the first term on the right-hand side represents
he inward acceleration due to self-gravity, and the second term 

epresents the outward acceleration due to internal thermal pressure. 
t follows that the condition for gravitational contraction (i.e. the 
eans criterion) is 

 < R JEANS = 

GM O m̄ O 

5 k B T 
. (13) 

 T H E  MINIMUM  MASS  

 proto-fragment will only condense out if it satisfies three con- 
itions. C ondition 1 : it must be gravitationally unstable (i.e. it
ust obey Inequality 13 ). C ondition 2 : it must contract fast enough

o condense out independently, i.e. to separate from neighbouring 
ragments. C ondition 3 : it must stay cool, so that it continues to
eparate from its surroundings. 

There is latitude in formulating Condition 2 . Some authors (e.g. 
ees 1976 ) posit that the boundary of the proto-fragment must
ontract faster than the sonic speed, 

− d R 

d t 
≥ − d R 

d t SONIC 
= 

[
k B T 

m̄ O 

]1 / 2 

, (14) 

n order to detach from its surroundings; this choice is probably 
ppropriate if the surroundings are stationary. Other authors posit 
hat the boundary of the proto-fragment must contract faster than the 
reefall speed, 

− d R 

d t 
≥ − d R 

d t FREEFALL 
= 

[
2 G M O 

R 

]1 / 2 

, (15) 

n order to detach from its surroundings; this choice is probably 
ppropriate if the surroundings represent a larger cloud that is itself
lso approaching freefall collapse. 

In the sequel we adopt the sonic case. Ho we ver, for a marginally
eans unstable proto-fragment (which is the circumstance on which 
e need to focus to estimate the minimum mass), 

d R 

d t FREEFALL 
= −

[
10 k B T 

m̄ O 

]1 / 2 

= 10 1 / 2 
d R 

d t SONIC 
. (16) 

herefore, in the analysis presented below, the freefall case can be 
nvoked simply by replacing f SONIC = 1 with f FREEFALL = 10 1/2 in
quation ( 17 ). In Appendix E we e v aluate by how much the minimum
ass is increased if the freefall case is adopted in place of the sonic

ase. 
To estimate the minimum mass, we consider a proto-fragment that 
nly just satisfies C onditions 1 through 3. C ondition 1 is marginally
atisfied if R = R JEANS (see equation 13 ). C ondition 2 is marginally
atisfied if d R / d t = d R / d t SONIC = f SONIC [ k B T / ̄m O ] 1 / 2 for the sonic
ase, or d R / d t = d R / d t FREEFALL = f FREEFALL [ k B T / ̄m O ] 1 / 2 for the
reefall case (see equation 16 and postscript). C ondition 3 is
arginally satisfied if d U /d t = 0 (see equation 4 ). Combining these

onditions, we obtain 

f SONIC 3 2 5 4 m 

6 
PL 

π3 M 

2 
O m̄ 

4 
O 

[
k B T 

m̄ O c 2 

]1 / 2 

T 4 + 

T 4 CMB 

τ̄RO ( T CMB ) + τ̄−1 
PL ( T CMB ) 

+ 

� � 

4 πR 

2 σSB 
− T 4 

τ̄RO ( T ) + τ̄−1 
PL ( T ) 

= 0 . (17) 

he four terms in equation ( 17 ) represent, in sequence, compres-
ional heating, heating by the CMB, heating by the suprathermal 
ackground radiation field, and cooling by thermal dust emission; 
 PL = [ hc/ 2 πG ] 1 / 2 = 2 . 18 × 10 −5 g is the Planck mass. 
The column-density (equation 9 ) – and hence the optical depths 

n equation ( 17 ) (see equations 10 and 11 ) – must be computed with
 = R JEANS , hence 

 = 

75 

4 πG 

2 M O 

[
k B T 

m̄ O 

]2 

. (18) 

 RESULTS  

n order to solve equation ( 17 ), we must specify (i) the redshift, z red ,
ince this determines T CMB (equation 5 ); (ii) the dust abundance, 
 D , since this determines the dust opacities, τ̄RO ( T ) and τ̄PL ( T )
see equations 10 and 11 ) and also the mean gas-particle mass, m̄ O 

equation 1 ); and (iii) the suprathermal background parameter, ω � ,
hich determines the strength of the ambient suprathermal radiation 
eld (equation 6 ). 
We hav e solv ed equation ( 17 ) numerically for all 62 073 combina-

ions of (i) z red = 0.00, 0.25, 0.50, · · ·, 7.75, 8.00 (33 values equally
paced arithmetically by 0.25); (ii) Z D = 0.00015625, 0.00018581, 
.00022097, · · ·, 0 . 03363582, 0 . 04000000 (33 values equally spaced
eometrically by a factor 2 1/4 ); and (iii) log 10 ( w � ) = −15.000,
14.875, −14.750, · · ·, −8.125, −8.000 (57 values equally spaced 

rithmetically by 0.125). 
We adopt as fiducial v alues z red = 0 (no w), Z D = 0 . 01 (ap-

roximately the current dust abundance in the interstellar medium 

n the Solar vicinity), and ω � = 10 −14 (approximately the current
uprathermal radiation field in the Solar vicinity). 

The method of solution for a given parameter set, ( z red , Z D , ω � ),
nvolves finding the solution of equation ( 17 ) in the form M O ( T ), and
hen identifying the smallest M O ( T ) as M MIN ( z red , Z D , ω � ). This also
ives the temperature, T CRIT , dust optical depth, τ̄CRIT , radius, R CRIT ,
ensity, ρCRIT , pressure, P CRIT , and fractional difference between the 
as and dust temperatures, � CRIT = ( T − T D )/ T in the minimum mass
roto-fragment, at its inception (see Appendix C ). 
For τ̄CRIT we use an ef fecti ve optical depth, 

¯CRIT = 

τ̄ 2 
RO ( T CRIT ) + 1 

τ̄RO ( T CRIT ) + τ̄−1 
PL ( T CRIT ) 

. (19) 

his gives ∼ τ̄RO ( T CRIT ) in the optically thick limit (i.e. where τ̄RO is
he functioning optical depth, τ̄RO ( T CRIT ) � 1); ∼ τ̄PL ( T CRIT ) in the
ptically thin limit (i.e. where τ̄PL is the functioning optical depth, 

¯PL ( T CRIT ) 	 1); and ∼ 1 where the optical depth is of order unity,
.e. τ̄RO ( T CRIT ) ∼ τ̄PL ( T CRIT ) ∼ 1. 

For the purpose of labelling figures, we use (i) the value of z red ,
pecifically the values z red = 0, 2, 4, 6, and 8; (ii) the value of
MNRAS 529, 3712–3728 (2024) 
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M

Figure 1. The variation of the minimum mass, M MIN , with the redshift, z red . The full curve labelled ‘ −14, [1]’ shows M MIN ( z red ) for models with the fiducial 
values of suprathermal background, log 10 ( ω � ) = −14, and dust abundance, [ Z D /0.01] = [1]. The dashed curves show M MIN ( z red ) for models with, from top to 
bottom, different dust abundances, [ Z D / 0 . 01] = [1 / 64] , [1 / 16] , [1 / 4] , and [4], but the same fiducial suprathermal background as the full curve, i.e. log 10 ( ω � ) = 

−14. The dotted curves show M MIN ( z red ) for models with, from bottom to top, different suprathermal backgrounds, log 10 ( ω � ) = −12 , −11 , −10 , −9 , and − 8, 
but the same fiducial dust abundance as the full curve, i.e. [ Z D /0.01] = [1]. The ordinate is scaled logarithmically. The same line-styles and labelling system are 
used on Fig. 2 , which shows the corresponding variations of T CRIT , τ̄CRIT , R CRIT , ρCRIT , P CRIT , and � CRIT . 
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 D , normalized to 0.01, specifically the values [ Z D /0.01] = [1/64],
1/16], [1/4], [1], and [4]; and (iii) the logarithm of the suprathermal
ilution factor, log 10 ( w � ), specifically the values log 10 ( w � ) = −15,
14, −13, −12, −11, −10, −9, and −8. The fiducial set is therefore

abelled with z red = 0, [ Z D /0.01] = [1] and log 10 ( w � ) = −14, and is
l w ays plotted with a bold full curve. 

.1 Variation of the minimum mass with redshift 

ig. 1 shows the variation of the minimum mass, M MIN , with the
edshift, z red . On Fig. 2 , we show – using the same line-styles and
abelling – the corresponding variations in (a) the temperature, T CRIT ,
b) the dust-emission optical depth, τ̄CRIT , (c) the radius, R CRIT , (d)
he density, ρCRIT , (e) the pressure, P CRIT , and (f) the fractional
ifference between the gas and dust temperatures, � CRIT , for the
inimum-mass proto-fragment at its inception. 
The full curves on Figs 1 and 2 show the fiducial case, i.e.

 Z D /0.01] = [1] and log 10 ( ω � ) = −14. The minimum mass increases
onotonically with increasing redshift, due to the associated increase

n the microwave background temperature, but this increase only
ecomes significant at redshifts z red � 4. The increase is largely due to
n increase in temperature, due to the proto-fragments switching from
eing optically thin to being optically thick. The radius and density
f a minimum-mass proto-fragment are only weakly dependent on
edshift. 
NRAS 529, 3712–3728 (2024) 
The dashed curves on Figs 1 and 2 sho w ho w the minimum mass
aries with redshift if the suprathermal background is fixed at its
ducial value, log 10 ( w � ) = −14, but different values of the dust
bundance are considered (i.e. [ Z D /0.01] = [1/64], [1/16], [1/4], and
4]); if we include the fiducial case ([ Z D /0.01] = [1]), there is a
eometrical sequence of five dust abundances spaced by factors of
. For metallicities above ( vice below) the fiducial value ( Z D ∼ 0.01)
roto-fragments become optically thick at lower (higher) redshifts,
nd therefore the accompanying increases in temperature occur at
ower (higher) redshifts, and the resulting increases in the minimum

ass are greater and steeper (smaller and shallower), as shown on
igs 2 a and 2 b. 
The dotted curves on Figs 1 and 2 sho w ho w the minimum mass

aries with redshift if the dust abundance is held constant at its
ducial value, Z D = 0.01, but different values of the suprathermal
ackground are considered (log 10 ( ω � ) = −12, −11, −10, −9, and
8); thus there is a geometrical sequence of five suprathermal

ackgrounds spaced by factors of 10, but starting well abo v e the
ducial value (log 10 ( ω � ) = −14). The redshift is only an important
eterminant of the minimum mass if it is high enough that the energy
ensity of the CMB exceeds that of the suprathermal background,
.e. 

 red � 

ω 

1 / 4 
� T � 

2 . 73 K 

− 1 � 3663 ω 

1 / 4 
� − 1; (20) 

n these cases the mass and other properties of a minimum-mass
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Figure 2. Plots showing the variation with redshift, z red , of (a) the critical temperature, T CRIT , (b) the critical dust-emission optical depth, τ̄CRIT , (c) the critical 
radius, R CRIT , (d) the critical density, ρCRIT , (e) the critical pressure, P CRIT , and (f) the critical fractional difference between the gas and dust temperatures, 
� CRIT , for representative combinations of the dust abundance, Z D , and the background suprathermal radiation field, ω � . The full curve represents the fiducial 
combination, i.e. [ Z D /0.01] = [1] and log 10 ( ω � ) = −14. The dashed curves show how the results change if the dust abundance is changed, i.e. [ Z D /0.01] = 

[1/64], [1/16], [1/4], and [4], but the suprathermal radiation field is held constant at log 10 ( ω � ) = −14. The dotted curves sho w ho w the results change if the 
suprathermal radiation field is changed, i.e. log 10 ( ω � ) = −12, −11, −10, −9 , and −8, but the dust abundance is held constant at [ Z D /0.01] = [1]. Curves are 
not drawn where they are too close to the fiducial curve to be resolved. On all plots the ordinate is scaled logarithmically. 
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roto-fragment then vary with redshift in a similar way to the fiducial
ase. 
MNRAS 529, 3712–3728 (2024) 
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M

Figure 3. The variation of the minimum mass, M MIN , with the dust abundance, Z D . The full curve labelled ‘0,-14’ shows M MIN ( Z D ) for models with the fiducial 
values of redshift, z red = 0, and suprathermal background, log 10 ( ω � ) = −14. The dashed curves show M MIN ( Z D ) for models with, from bottom to top, different 
suprathermal backgrounds, log 10 ( ω � ) = −12, −11, −10, −9, and −8, but the same fiducial redshift as the full curve, i.e. z red = 0. The dotted curves show 

M MIN ( Z D ) for models with, from bottom to top, different redshifts. z red = 2, 4, 6, and 8, but the same fiducial suprathermal background as the full curve, i.e. 
log 10 ( ω � ) − 14. Both axes are scaled logarithmically. The same line-styles and labelling system are used on Fig. 4 , which shows the corresponding variations 
of T CRIT , τ̄CRIT , R CRIT , ρCRIT , P CRIT , and � CRIT . 
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.2 Variation of the minimum mass with dust abundance 

ig. 3 shows the variation of the minimum mass with the dust
bundance, Z D . On Fig. 4 , we show – using the same line-styles
nd labelling – the corresponding variations in T CRIT , τ̄CRIT , R CRIT ,
CRIT , P CRIT , and � CRIT , for the minimum-mass proto-fragment at

ts inception. 
The full curves on Figs 3 and 4 show the fiducial case, i.e. z red = 0

nd log 10 ( w � ) = −14. The minimum mass decreases monotonically
ith increasing dust abundance. The CMB is not significantly

ttenuated, even at the higher dust abundances, and the suprathermal
ackground is too weak to heat the proto-fragment significantly.
onsequently we are in the optically thin regime: increased dust
bundance results in increased dust cooling (rather than trapping
f cooling radiation), reduced temperature, and reduced minimum
ass. The radius of the minimum mass proto-fragment increases

omewhat with increasing dust abundance, until the fiducial dust
bundance is reached, but this is compensated by a decrease in
ensity. 
The dashed curves on Figs 3 and 4 sho w ho w the minimum mass

aries with the dust abundance if the redshift is fixed at its fiducial
alue, z red = 0, but different values for the suprathermal background
re considered (i.e. log 10 ( ω � ) = −12, −11, −10, −9, and −8). If there
s a strong suprathermal background ( ω � � 10 −10 ), the minimum

ass increases quite rapidly with increasing dust abundance. This
s because the dust temperature is raised, and the proto-fragment
ecomes optically thick and extended. 
NRAS 529, 3712–3728 (2024) 

i  
The dotted curves on Figs 3 and 4 sho w ho w the minimum mass
aries with the dust abundance if the suprathermal background is
xed at its fiducial value, log 10 ( ω � ) = −14, but different values
or the redshift are considered (i.e. z red = 2, 4, 6, and 8); thus,
f we include the fiducial case there is an arithmetic sequence of
ve redshifts with a spacing of 2. At higher redshift the CMB is
otter and more intense, and therefore more ef fecti ve at heating the
roto-fragment. Specifically, at redshift z red , if the dust abundance is
ufficiently large to trap the cooling radiation, 

 red � 

[
Z D 

0 . 002 

]−1 

, (21) 

he minimum mass increases with increasing redshift. 

.3 Variation of the minimum mass with suprathermal 
ackground 

ig. 5 shows the variation of the minimum mass with the suprather-
al background, ω � . On Fig. 6 , we show – using the same line-styles

nd labelling – the corresponding variations in T CRIT , τ̄CRIT , R CRIT ,
CRIT , P CRIT , and � CRIT , for the minimum-mass proto-fragment at

ts inception. 
The full curves on Figs 5 and 6 show the fiducial case, i.e. z red =

 and [ Z D /0.01] = [1]. The minimum mass increases monotonically
ith increasing suprathermal background, ω � , due to the consequent

ncrease in the heating rate, and hence the temperature, the optical
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Figure 4. Plots showing the variation with dust abundance, Z D , of (a) the critical temperature, T CRIT , (b) the critical dust-emission optical depth, τ̄CRIT , (c) 
the critical radius, R CRIT , (d) the critical density, ρCRIT , (e) the critical pressure, P CRIT , and (f) the critical fractional difference between the gas and dust 
temperatures, � CRIT , for representative combinations of the background suprathermal radiation field, ω � , and the redshift, z red . The full curve represents the 
fiducial combination, i.e. log 10 ( ω � ) = −14 and z red = 0. The dashed curves show how the results change if the suprathermal background radiation field is 
changed, i.e. log 10 ( ω � ) = −12, −11, −10, −9, and −8, but the redshift is held constant at z red = 0. The dotted curves show how the results change if the 
redshift is changed, i.e. z red = 2, 4, 6, and 8, but the suprathermal background radiation field is held constant at ω � = −14. On all plots both axes are scaled 
logarithmically. 
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M

Figure 5. The variation of the minimum mass, M MIN , with the suprathermal background, ω � . The full curve shows M MIN ( ω � ) for models with the fiducial values 
of redshift, z red = 0, and dust abundance, [ Z D /0.01] = [1]. The dashed curves show M MIN ( ω � ) for models with, from bottom to top, different redshifts, z red = 

4, 6, and 8, b ut the same fiducial dust ab undance, i.e. [ Z D /0.01] = [1]. The dotted curves sho w M MIN ( ω � ) for models with, from bottom to top, dif ferent dust 
abundances. [ Z D /0.01] = [1/64], [1/16], [1/4], and [4], but the same fiducial redshift, i.e. z red = 0. The ordinate is scaled logarithmically. The same line-styles 
and labelling system are used on Fig. 6 , which shows the corresponding variations of T CRIT , τ̄CRIT , R CRIT , ρCRIT , P CRIT , and � CRIT . 
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epth, and the radius; the density stays approximately constant. The
ate of increase of M MIN with increasing ω � is very slow at low ω � ,
ut in the limit of high ω � (log 10 ( ω � ) � −11) the minimum mass
ncreases approximately as 

 MIN � 120 M � ω 

4 / 11 
� . (22) 

The dashed curves on Figs 5 and 6 sho w ho w the minimum mass
aries with the suprathermal background if the dust abundance is held
onstant at its fiducial value, [ Z D /0.01] = [1], but different values are
onsidered for the redshift (i.e. z red = 2, 4, 6, and 8). As already
iscussed in Section 4.1 (see equation 20 ), the higher the redshift
and hence the hotter and more intense the CMB), the stronger the
uprathermal background has to be to contribute significant extra
eating to the proto-fragment. Consequently the switch from M MIN 

ncreasing very slowly with increasing ω � at low ω � , to increasing
ery rapidly at high ω � occurs at 

 � � 5 . 6 × 10 −15 [1 + z red ] 
4 . (23) 

The dotted curves on Figs 5 and 6 show how the minimum
ass varies with the suprathermal background if the redshift is

eld constant at its fiducial value, z red = 0, but different values are
onsidered for the dust abundance (i.e. [ Z D /0.01] = [1/16], [1/4], and
4]). Again there is a switch from a regime at low ω � where M MIN 

ncreases very slowly with increasing ω � (because suprathermal
adiation makes a very small contribution to the heating) to a regime 

 � � 2 × 10 −12 

[
Z D 

0 . 01 

]−1 

, (24) 
NRAS 529, 3712–3728 (2024) 
here suprathermal radiation makes the dominant contribution to the
eating, and 

 MIN � 1 . 2 × 10 4 M � Z D ω 

4 / 11 
� . (25) 

here are similar changes to the temperature of the proto-fragment,
ts optical depth, and its radius; the density in the proto-fragment is
pproximately constant at ∼ 10 −13 g cm 

−3 . 

 DI SCUSSI ON  

.1 Overall trends 

he minimum mass increases monotonically with increasing redshift
 ∂ M MIN / ∂ z red > 0) (see Fig. 1 ), and with increasing suprathermal
ackground ( ∂ M MIN / ∂ ω � > 0) (see Fig. 5 ), because the ambient
adiation field is stronger – and in the case of redshift also
otter. The dependence on the dust abundance is a little more
omplicated, because there is in general a marginally optically
hin regime in which high dust abundance promotes cooling and
 MIN is lower, and an optically thick regime in which high

ust abundance inhibits cooling and M MIN is higher. The rates
f increase with redshift, ∂ M MIN / ∂ z red , and suprathermal back-
round, ∂ M MIN / ∂ ω � , switch from being very small to being large
hen (a) the associated radiation fields (CMB plus suprather-
al) dominate the energy density, and (b) the dust emission is

ptically thick. There are three physical factors regulating this
witch. 
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Figure 6. Plots showing the variation with suprathermal background, ω � , of (a) the critical temperature, T CRIT , (b) the critical dust-emission optical depth, 
τ̄CRIT , (c) the critical radius, R CRIT , (d) the critical density, ρCRIT , (e) the critical pressure, P CRIT , and (f) the critical fractional difference between the gas and 
dust temperatures, � CRIT , for representative combinations of the redshift, z red , and the dust abundance, Z D . The full curve represents the fiducial combination, 
i.e. z red = 0 and [ Z D /0.01] = [1]. The dashed curves show how the results change if the redshift is changed, i.e. i.e. z red = 2, 4, 6, and 8, but the dust abundance 
is held constant at [ Z D /0./01] = [1]. The dotted curves sho w ho w the results change if the dust abundance is changed, i.e. [ Z D /0.01] = [1/16], [1/4], and [4], but 
the redshift is held constant at z red = 0. On all plots the ordinate is scaled logarithmically. 
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Table 1. Approximate ranges for the parameters adopted and predicted by 
our model. 

Adopted parameter M inimum M aximum 

Redshift, z red 0 8 
Dust abundance, Z D 0.00016 0.04 
Suprathermal background, ω � 10 −15 10 −8 

PREDICTED PARAMETER MINIMUM MAXIMUM 

Minimum mass, M MIN /[M �] 0.0017 0.24 
Temperature, T CRIT /[K] 6.7 220 
Dust-emission optical depth, τ̄CRIT 0.5 1000 
Radius, R CRIT /[au] 8 71 
Density, ρCRIT / [ g cm 

−3 ] 10 −14 2 × 10 −12 

Pressure, P CRIT / [ k B cm 

−3 K ] 10 10 6 × 10 13 

Fractional temperature difference, � CRIT 0.00002 0.002 
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First, the conditions for the CMB to dominate (o v er the suprather-
al background) and the dust emission to be optically thick are given

y equations ( 20 ) and ( 21 ). This determines the region of parameter
pace where ∂ M MIN / ∂ z red is large, principally due to the intensity of
he CMB radiation field, and the trapping of cooling radiation. 

Secondly, the conditions for the suprathermal background to
ominate (o v er the CMB) and the dust emission to be optically thick
re given by equations ( 23 ) and ( 24 ). This determines the region
f parameter space where ∂ M MIN / ∂ ω � is large, principally due to
he intensity of the suprathermal radiation field, and the trapping of
ooling radiation. 

Thirdly, below the switch the dust emission is only marginally
ptically thin, with an approximately universal effective optical
epth, τ̄CRIT ∼ 0 . 7 ± 0 . 2 . The temperature in the proto-fragment
ust be high enough that its energy density exceeds that of the

mbient radiation field, but at the same time the optical depth adjusts
o that the denominator in the dust cooling term (last term on the
eft-hand side of equation 17 ), 

 ( T ) = τ̄RO ( T ) + τ̄PL ( T ) 
−1 , (26) 

s close to its minimum, thereby giving the maximum cooling rate
or this temperature, with an ef fecti ve optical depth (equation 19 ) 

¯CRIT � [ ̄τPL ( T ) / ̄τRO ( T ) ] 
1 / 2 , (27) 

nd τ̄RO ( T ) � [ ̄τRO ( T ) / ̄τPL ( T )] 1 / 2 , τ̄PL ( T ) � τ̄−1 
RO ( T ) �

 ̄τPL ( T ) / ̄τRO ( T )] 1 / 2 . 
The consequent variation in the other parameters

 R CRIT , ρCRIT , P CRIT ) follow from these constraints, and the
equirement that the proto-fragment be marginally Jeans unstable
nd condensing at the sound speed. 

Large ( vice small) values of M MIN al w ays correlate with large
small) temperatures and large (small) optical depths, but there are
o universal correlations between M MIN and the radius, density,
r pressure of the corresponding proto-fragment. This is again
argely due to the non-linearity introduced by transfer of the
ooling radiation against the dust optical depth, and its depen-
ence on the dust abundance. For a marginally Jeans-unstable
roto-fragment of given mass and radius (and therefore temper-
ture), as the dust abundance is increased the cooling rate of
he proto-fragment increases as long as it is in the optically
hin regime, but once it becomes optically thick the rate de-
reases. 

Proto-fragments corresponding to low values of M MIN tend to be
ool and marginally optically thin, because this maximizes their
ooling rate. Proto-fragments corresponding to high values of M MIN 

end to be hot and optically thick. 
Relati vely large v alues of M MIN are obtained at high redshift and

igh dust abundance (they are optically thick), but the highest values
re obtained at high suprathermal background. The lo west v alues of
 MIN are obtained at low redshift, low suprathermal background,

nd high dust abundance (they are optically thin). 
The parameter ranges are summarized in Table 1 . 

.2 Comparison with other work 

n this section, we compare our results with those of Li et al. ( 2023 ),
ate ( 2019 ), Bate ( 2023 ), and Chon et al. ( 2022 ). We must be
indful that our results are e v aluated as a function of dust abundance,
 D ,whereas all the results with which we compare them are expressed

n terms of metallicity, Z met . To make comparisons, we assume that
heir Z met is equal to twice our Z D , i.e. Z met = 2 Z D . 
NRAS 529, 3712–3728 (2024) 
.2.1 Mass function of M Dwarfs as a function of metallicity and 
 g e 

ased on a census of local M Dwarfs, Li et al. ( 2023 ) conclude that
he proportion of low-mass stars in the interval 0 . 3 M � to 0 . 7 M � is
ower in older populations, independent of metallicity . Qualitatively ,
his conforms with the results presented on Fig. 1 . At all metallicities,
e find that the minimum mass, M MIN , increases with redshift, z red ,

s shown by the bold and dashed curves on Fig. 1 . Therefore, as we
ample older populations, we expect the proportion of stars at the
ower end of the interval to fall relative to the proportion at the upper
nd, in accordance with the findings of Li et al. ( 2023 ). 

Ho we ver, these increases are only significant when we enter the
ptically thick re gime. F or the fiducial dust abundance, Z met = 0.02,
nd the fiducial (and negligible) suprathermal background, ω � =
0 −14 , this means z red � 4, or equi v alently a look-back time more
han 90 per cent of the age of the Univ erse. F or lower metallicities
he look-back time is even longer, so unless the local Milky Way
ontains a significant population of stars that are both very old, and
uite metal rich, our estimates do not provide a viable explanation
or Li et al.’s observations. 

.2.2 Detailed numerical simulations of star formation at low 

edshifts and high metallicities 

ur results can also be compared with the smoothed particle
ydrodynamics (SPH) simulations reported by Bate ( 2019 ) and Bate
 2023 ), since these specifically predict the distribution of masses for
ifferent redshifts, z red , and different metallicities, Z met . 
At the current epoch, z red = 0, Bate ( 2019 ) finds that the
inimum mass is approximately independent of metallicity, with
 MIN ∼ 0 . 010 M �. We find some what lo wer v alues, and a slo w but

teady decrease with increasing metallicity, from ∼ 0 . 007 M � at
 met = 0.0002 to ∼ 0 . 003 M � at Z met = 0.06, as shown by the bold
urve on Fig. 3 and recorded in Table 2 . 

At redshift z red = 5, Bate ( 2023 ) finds a rather high minimum
ass, M MIN ∼ 0 . 100 M � at low metallicity, Z met = 0.0002. At higher
etallicities, 0.002 � Z met � 0.02, he again finds values M MIN ∼
 . 010 M �, close to those he finds at z red = 0. At this redshift we find
alues of M MIN ∼ 0 . 007 M � that are almost independent Z met . 

There does not appear to be a physical reason for a floor at
0 . 010 M �. Indeed one would expect M MIN to decrease with

ecreasing redshift, due to the decrease in the temperature of
he CMB (from T CMB � 16 . 4 K at z red = 5 to T CMB � 2 . 73 K at
 red = 0). One might also expect M MIN to decrease with increasing
etallicity for contemporary star formation ( z red = 0), since in the
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Table 2. Comparison of our predictions with those of Bate ( 2019 , 2023 ). 
The first three columns give the redshift, z red , the metallicity, Z met , and the 
corresponding dust abundance, on the assumption that Z D = Z met /2. The last 
two columns give the minimum masses obtained by Bate ( 2019 , 2023 ), and 
those obtained by us. All values are given to one significant figure. 

z red Z met Z D M MIN: B /M � M MIN: W 

/M �

0 0.0002 0.0001 0.010 0.007 
0 0.002 0.001 0.010 0.006 
0 0.02 0.01 0.010 0.004 
0 0.06 0.03 0.010 0.003 
5 0.0002 0.0001 0.100 0.007 
5 0.002 0.001 0.010 0.006 
5 0.02 0.01 0.010 0.006 
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Table 3. Constraints on the standard deviation of log-normal IMFs. All IMFs 
are presumed to have mean μB = −0.82 (the lo west v alue reported by Bate 
2019 , 2023 ). The first row then gives possible values of the standard deviation, 
σB , and the second row gives the mass, M 1 per cent , below which one should 
expect one out of 100 stars. 

σB 0.30 0.40 0.50 0.60 0.70 
M 1% 
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ptically thin regime increased metallicity will increase the cooling 
ate. Furthermore, there is growing observational evidence for free- 
oating objects with masses well below 0 . 010 M �, as discussed in

he introduction. 
The divergence between our predictions and the simulations is 

uite small (less than, or of the order of, a factor of 2), and may
e attributable to the limitations of the one-zone model, or to the
imitations of the SPH simulations, or both. The obvious limitation of
he one-zone model is that it does not include rotation. In reality, and
n the simulations, proto-fragments will be created with finite angular 
omentum, and this will inhibit contraction, thereby increasing the 
inimum mass. Ho we ver, there will be circumstances under which 
 proto-fragment is created with negligible angular momentum, and 
his will be a requirement to realize the minimum mass. It is therefore
orth considering the effects that might influence the ability of SPH 

imulations to form very low-mass stars. 
Firstly, the condition for merging sink particles in the SPH 

imulations will preferentially remo v e the lower mass stars, since 
hey will tend to be born in closer proximity to one another than

ore massive stars (because at their inception the y hav e smaller
ntrinsic sizes). 

Secondly, SPH simulations have limited mass resolution, and 
apturing the circumstances producing the minimum mass tests those 
imitations particularly strongly. This is because a minimum-mass 
roto-fragment must separate from a background with comparable 
ensity, and therefore some SPH particles in the proto-fragment 
nevitably have neighbours outside the fragment, and vice versa . 
ndividual SPH particles in the Bate ( 2019 , 2023 ) simulations
ave mass m SPH � 1 . 4 × 10 −5 M �. For a proto-fragment that is
ust starting to separate out from a more extended medium, it is
easonable to assume uniform density. A proto-fragment with mass 

0 . 010 M � then contains ∼700 SPH particles, their kernels have
adii r K ∼ 0.43 R , and so ∼ 82 per cent of the SPH particles in
he proto-fragment o v erlap its boundary. If we consider a smaller
roto-fragment with mass ∼ 0 . 003 M � it contains only ∼210 SPH
articles, their kernels have radii r K ∼ 0.65 R , and so ∼ 96 per cent
f the SPH particles in the proto-fragment o v erlap its boundary. 
Thirdly, the number of stars produced in the simulations is small, 

ypically of order 100. If the Bate mass functions are approximately 
og-normal, and log 10 ( M � /M �) has a mean of μB and a standard
eviation of σ B , we should only expect one star in a hundred below 

 1 per cent = 10 μB −2 . 326 σB M �. (28) 

able 3 gives values of M 1 per cent for different σ B , assuming μB 

 −0.82, the smallest value reported by Bate ( 2023 ). The standard
eviation of the log-normal distribution presented by Chabrier ( 2003 ) 
or the field is σ C = 0.69, and presumably this is an average over a
ange of different star-formation environments. In contrast, the Bate 
imulations explore a single realization of a particular cloud, so we
hould expect them to have lower σ B . The values in Table 3 imply
hat forming stars significantly below ∼ 0 . 010 M � may be rare in the
imulations, simply on statistical grounds, unless σ B � σ C , which 
eems unlikely. 

.2.3 Detailed numerical simulations of star formation at high 
edshifts and low metallicities 

hon et al. ( 2022 ) have also used SPH simulations to explore how
he IMF varies with redshift and metallicity, but in the main they are
oncerned with more extreme (larger) redshifts, and more extreme 
lower) metallicities than us, specifically 0 ≤ z red ≤ 20 and 2 ×
0 −6 ≤ Z met ≤ 2 × 10 −3 . They show that increasing the temperature
f the CMB (i.e. increasing the redshift, z red ) reduces the proportion
f low-mass stars when the metallicity is relatively high, Z met � 0.01,
ut has less effect when it is low, Z met � 0.001. Minimum masses are
ypically in the range 0 . 003 to 0 . 010 M �. 

Our results only extend down to metallicity Z met = 0.00032, and
p to redshift z red = 8, but the values of M MIN obtained, and their
ariation with Z met and z red are in reasonable agreement (within 
0 per cent ) with the Chon et al. ( 2022 ) results, both in terms of
bsolute values, and as regards the trends with increasing metallicity 
nd/or redshift. At our lowest metallicity Z met = 0.00032, M MIN 

s essentially independent of z red , between z red = 0 and z red = 8.
t higher metallicities, M MIN is slightly lower at low z red , but then

ncreases with z red at higher values of z red . 

.3 Effect of changing M MIN on the IMF 

lthough individual stars very close to the minimum mass are 
nlikely to play a crucial role in determining the structure, evo-
ution, and appearance of the Universe, systematic changes in the 

inimum mass are likely to be reflected in the o v erall stellar IMF.
n particular, an increase in the minimum mass should result in a
ore bottom-light IMF and a lower mass-to-light ratio, all other 

hings being equal. Conversely, a reduction in the minimum mass 
hould result in a more bottom-heavy IMF and a higher mass-to-
ight ratio, all other things being equal. On galactic scales, this
ill have implications for the build-up of heavy elements in the

nterstellar medium, for the e v aluation of o v erall star formation
ates in other galaxies, and for the likelihood of main-sequence 
tars from earlier epochs surviving to the present day. We at-
empt to e v aluate the ef fect of changing M MIN on the IMF in
ppendix F . 

 C O N C L U S I O N S  

(i) We have constructed a simple one-zone model for a proto- 
ragment that is heated by compression, by the CMB, and by
uprathermal radiation (e.g. from nearby hot stars and sources of 
osmic rays); it is cooled by thermal dust emission. 
MNRAS 529, 3712–3728 (2024) 
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(ii) This enables us to formulate an approximate analytic expres-
ion for the net heating rate, and hence to determine the minimum
ass of a proto-fragment that can condense out as a star. 
(iii) The proto-fragment defining the minimum mass is marginally

eans-unstable, contracts just fast enough to separate from its
urroundings (i.e. at the sound speed), and has a net cooling rate
ue to dust emission that is just positive. 
(iv) The minimum mass is determined by 

(a) the redshift, z red (which determines the temperature of the
CMB), 

(b) the dust abundance, Z D (which determines the mass-
opacity coefficient), and 

(c) the dilution factor for the suprathermal background, ω � 

(which determines the strength of the ambient short-wavelength
radiation field). 

(v) For the ranges of redshift, dust abundance, and suprathermal
ackground considered here – respectively 0 � z red � 8, 0 . 00016 �
 D � 0 . 04, 10 −15 � ω � � 10 −8 – values of M MIN fall in the range
 . 002 M � � M MIN � 0 . 2 M �. 
(vi) Our results agree quite well with results obtained from

etailed numerical simulations (Bate 2019 , 2023 ; Chon et al. 2022 ),
ut are somewhat lower; the numerical simulations may be slightly
ompromised by resolution effects and/or small-number statistics. 

(vii) Increases in the minimum mass are usually accompanied
y an increase in the temperature and optical depth of the proto-
ragment. 

(viii) We have shown that the pressure in a minimum-mass proto-
ragment is al w ays sufficiently high that the gas-kinetic and dust-
ibrational temperatures are very close (see Appendix C). 
(ix) Increases in the minimum mass may deliver a significantly

ottom-light IMF, and hence a greatly reduced mass-to-light ratio. 
(x) The largest M MIN values are obtained when there is a strong

uprathermal background radiation field, as for example in a galactic
ucleus; this may have serious consequences for the mass-to-light
atios of such regions and the development of their metal abundances.
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PPENDI X  A :  T H E  P L A N C K -  A N D  

O SSELAND-MEAN  O PAC I T I E S  

he Planck- and Rosseland-mean dust opacities have been com-
uted using monochromatic opacities, κλ, derived from the relative
xtinction values, A λ/ A J , tabulated by Mathis ( 1990 ). We adopt his
alues for total to selective extinction R V = 5.0, since these probably
epresent better the dust in a pre-stellar core. We do not distinguish
he absorption and scattering contributions to extinction, because
e are mainly concerned with radiation having temperature � 70 K,

nd therefore with long wavelengths, � 10 μm where extinction is
ominated by absorption. 
The only place where the distinction between scattering and

bsorption will have an impact on the transport of radiation is the
ust jacket around a proto-fragment where the ambient suprathermal
adiation field is thermalized (see Appendix C ). Ho we ver, we only
eed to demonstrate that absorption of suprathermal radiation in this
acket involves a very small column-density of dust, as compared
ith the column-density through the actual proto-fragment. This

ssue is dealt with in Appendix B5 . 
The Planck-mean opacity is given by 

¯PL ( T ) = 

15 

π4 

λ=∞ ∫ 
λ= 0 

[ hc/λk B T ] 4 κλ d ln λ

{ exp [ hc/λk B T ] − 1 } ; 
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Figure A1. The Planck- and Rosseland-mean opacities. 

a

 

P
m

A
F
T
S

I  

e

B

F  

e

�

T
1  

4  

[  

e  

t  

l

�

�

t  

t
t  

o  

r  

t

B

W  

i
 

1

F

a

T

T  

t  

t  

∼
 

t  

i

F

I  

t  

a

F

E

T

B

N
i  

d  

c  

m  

B  

s  

T

�

M
f
t  

h  

i

B
e

T
�  

t  

f  

f  

d
 

s
m
s
m

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/4/3712/7630213 by guest on 10 June 2024
nd the Rosseland-mean opacity by 

1 

κ̄RO ( T ) 
= 

15 

4 π4 

λ=∞ ∫ 
λ= 0 

[ hc/λk B T ] 5 exp [ hc/λk B T ] d ln λ

{ exp [ hc/λk B T ] − 1 } 2 κλ

; 

The results are plotted on Fig. A1 . The full curve represents the
lanck-mean opacity. The dashed curve represents the Rosseland- 
ean opacity. 

PPENDIX  B:  APPROX IMATE  EXPRESSIONS  

O R  E X C H A N G E  O F  R A D I AT I O N  BETWEEN  

H E  PROTO-FRAG MENT  A N D  ITS  

U R RO U N D I N G S  

n this appendix we unpack some of the terms in the energy
quation (equation 4 ). 

1 The dust cooling term in equation 4 

irst, we consider dust cooling in the optically thin limit. The dust-
mission luminosity of the proto-fragment is 

 D:THIN � M O 4 ̄κPL ( T ) σSB T 
4 � 4 πR 

2 σSB T 
4 τ̄PL ( T ) . (B1) 

Secondly, we consider dust cooling in the optically thick limit. 
he amount of radiant energy in the proto-fragment is U RAD � 

6 πR 

3 σ SB T 

4 /3 c , and the mean-free-path for this radiation is �̄ �
 πR 

3 / 3 M O ̄κRO ( T ). Consequently this radiation requires of order
 R/ ̄� ] 2 free paths to diffuse to the surface by a random walk. Since
ach free path takes a time ∼ [ ̄� /c], the radiation escapes on a
ime-scale is ∼ t DIFF ∼ [ R/ ̄� ] 2 [ ̄� /c] = R 

2 / ̄� c, and the dust-emission
uminosity is 

 D:THICK � 

U RAD 

t DIFF 
∼ 4 πR 

2 σSB T 
4 

τ̄RO ( T ) 
. (B2) 

If we now write 

 D ∼ 4 πR 

2 σSB T 
4 

τ̄RO ( T ) + τ̄−1 
PL ( T ) 

, (B3) 

hen in the optically thin limit, τ̄PL ( T ) 	 1 (and τ̄RO ( T ) 	 1, since
he Planck- and Rosseland-mean opacities never differ by more 
han a factor ∼2) we reco v er equation ( B1 ). Conv ersely, in the
ptically thick limit, τ̄RO ( T ) � 1 (and therefore τ̄PL ( T ) � 1) we
eco v er equation ( B2 ). equation ( B3 ) is the radiative dust cooling
erm in equation ( 4 ) (the final term on the right-hand side). 
2 The effecti v e temperature of the dust cooling emission 

e stress that T is the mean internal temperature of the dust and gas
n the proto-fragment. 

From equation ( 4 ), if the proto-fragment is optically thin ( ̄τPL ( T ) <
), the flux of dust cooling radiation from its surface is 

 DUST:THIN ∼ σSB T 
4 τ̄PL ( T ) , (B4) 

nd the ef fecti ve temperature of this cooling radiation is 

 EFF:THIN � 1 . 3 T . (B5) 

he 30 per cent fractional increase in the ef fecti ve temperature is due
o the wavelength dependence of the dust opacity, which we assume
o be characterized by an emissivity index β = −dln ( κλ)/dln ( λ)

2. 
Similarly, from equation ( 4 ), if the proto-fragment is optically

hick, ( ̄τRO ( T ) > 1), the flux of dust cooling radiation from its surface
s 

 DUST:THICK ∼ σSB T 
4 / ̄τRO ( T ) . (B6) 

n this optically thick limit, the flux of dust cooling radiation from
he surface of the proto-fragment can also be expressed in terms of
n ef fecti ve temperature, T EFF: THICK , viz. 

 DUST:THICK ∼ σSB T 
4 

EFF:THICK . (B7) 

quating the right-hand sides of equations ( B6 ) and ( B7 ), we obtain 

 EFF:THICK � τ̄
−1 / 4 
RO ( T ) T . (B8) 

3 The CMB heating term in equation ( 4 ) 

ext consider a hypothetical situation in which the proto-fragment 
s static and only heated by the CMB. Since the CMB is, to a high
egree of accuracy, a blackbody radiation field, the dust must must
ome into thermal equilibrium with the CMB at T � T CMB . This
ust be true for any value of T CMB , so by the Principle of Detailed
alance, the form of the term for the CMB heating rate must be the

ame as that for the dust-emission luminosity (equation B3 ), but with
 CMB in place of T , i.e. 

 CMB ∼ 4 πR 

2 σSB T 
4 

CMB 

τ̄RO ( T CMB ) + τ̄−1 
PL ( T CMB ) 

. (B9) 

oreo v er, since the monochromatic dust opacity κλ (as distinct 
rom the Rosseland- and Planck-mean opacities) is presumed here 
o be independent of temperature, this must still hold when other
eating terms are included. Equation ( B9 ) is the CMB heating term
n equation ( 4 ) (the second term on the right-hand side). 

4 The heating term due to the suprathermal background in 

quation ( 4 ) 

o formulate the heating term due to the suprathermal background, 
 � , we must take account of the fact that the energy equation (equa-

ion 4 ) deals with heating throughout the entire interior of the proto-
ragment (e.g. due to compression and the CMB), and with cooling
rom the entire interior of the proto-fragment (due to emission and
if fusi ve transport of radiation by dust). 
A simple procedure for estimating the heating rate due to the

uprathermal background must take account of the fact that a 
inimum-mass proto-fragment is al w ays optically thick to the 

uprathermal background, as shown in Appendix B5 . Consequently 
ost of the suprathermal background radiation is absorbed in a 
MNRAS 529, 3712–3728 (2024) 
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ery thin shell at the surface of the proto-fragment (hereafter
Shell 1’), and re-emitted at longer wavelengths. Some of this re-
mitted radiation then penetrates further into the proto-fragment,
here most of it will be absorbed in ‘Shell 2’ and re-emitted at

ven longer wavelengths. For a sufficiently surface-dense proto-
ragment and a sufficiently intense suprathermal background, this
rocess of absorption and re-emission, with steady degradation of
he wavelength, repeats recursively until the radiation reaches the
entre of the proto-fragment. 

Now consider a proto-fragment with mass M O , radius R , and
niform density ρ. Suppose that the proto-fragment is broken up
nto nested spherically symmetric shells, labelled (from the outside
nwards) n = 1, 2, 3, etc. The radial range of Shell 1 is r 1 < r ≤ R; 
he radial range of Shell 2 is r 2 < r ≤ r 1 ; the radial range of Shell 3
s r 3 < r ≤ r 2 ; and so on. We assume that each shell only exchanges
adiant energy with its neighbours, and that the Rosseland-mean dust
pacity varies as κ̄RO ( T ) ∝ T β across the entire dust-temperature
ange. We could use the detailed opacities calculated in Section A ,
ut this would incur a large computational penalty in the procedure
e describe below, and the abo v e approximation with β = 5/4 is a
ood fit to the opacities plotted on Fig. A1 . 
For Shell 1, there is an external flux of suprathermal (therefore

hort-wavelength) radiation, 

 � = ω � σSB T 
4 

� , (B10) 

ncident on the outer boundary of Shell 1, and we assume (a) that all
his energy is absorbed in Shell 1, and (b) that Shell 1 is optically
hick and geometrically thin. The thickness of Shell 1 is therefore
iven approximately by 

[ R − r 1 ] κ̄RO ( T 0 ) ρ � 1 , (B11) 

o 

 1 � R − �̄ 0 , (B12) 

¯
 0 = [ ̄κRO ( T 0 ) ρ] −1 . (B13) 

he dust-temperature in Shell 1 is given approximately by 

¯RO ( T � ) ω � T 
4 

� � 2 ̄κRO ( T 1 ) T 
4 

1 . (B14) 

ere the factor of 2 takes account of the fact that the shell is
nly irradiated from the outside but emits in all directions. From
quation ( B14 ) we obtain 

 1 � 

[ ω � 

2 

] 1 / [4 + β] 
T � . (B15) 

For Shell 2, the external flux of radiation incident on the boundary
f Shell 2 is the inward emission from shell 1, i.e. 

 2 � ω 1 σSB T 
4 

1 � 

ω � 

2 
σSB T 

4 
� , (B16) 

o 

 1 � 

ω � 

2 

[
T 1 

T � 

]−4 

. (B17) 

he thickness of Shell 2 is given by 

[ r 1 − r 2 ] ̄κRO ( T 1 ) ρ � 1 , (B18) 

here 

 2 � r 1 −
[

T 1 

T � 

]−β

�̄ 0 . (B19) 

he dust-temperature in Shell 2 is given approximately by 

¯RO ( T 1 ) ω 1 T 
4 

1 � 2 ̄κRO ( T 2 ) T 
4 

2 , (B20) 
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hich reduces to 

 2 � 

{ 

ω 0 T 
4 

� T 
β

1 

2 2 

} 1 / [4 + β] 

. (B21) 

or each shell we assume that the outward emission escapes freely
rom the proto-fragment, but the inward emission is absorbed in the
ext shell. This is qualitatively correct because the wavelength is
egraded from each shell to the next, and therefore the associated
pacity decreases and the surface-density increases. 
For general Shell n , the radius and temperature are given by the

ecurrence relations 

 n = r n −1 −
[

T n −1 

T � 

]−β

�̄ 0 , (B22) 

 n = 

{ 

ω 0 T 
4 

� T 
β

n −1 

2 n 

} 1 / [4 + β] 

, (B23) 

nd shells are generated until the innermost shell is found with 

 N ≤ 0 . (B24) 

he total heating rate due to suprathermal radiation is then obtained
y summing the contributions from the different shells, which
educes to 

 � ( ω � , M O , R) � 4 π ω � σSB T 
4 
� 

[ 

R 

2 + 

n = N ∑ 

n = 1 

{
r 2 n 

2 n 

}] 

. (B25) 

5 Typical optical depths 

o demonstrate that the proto-fragment is al w ays optically thick to
he suprathermal background radiation, we reference Table 1 and
ig. A1 . From Table 1 we have T � 200 K, and therefore from
ig. A1 

τ̄RO ( T � ) 

τ̄RO ( T ) 

∣∣∣∣
CRIT 

� 

Q̄ D ( T � = 10 4 K) 

Q̄ D ( T � 200 K) 
� 50 . (B26) 

rom Table 1 we have τ̄CRIT � 0 . 5, and therefore the optical depth
resented to the incident suprathermal radiation is τ̄RO ( T � ) � 25;
sually it is significantly larger than this. 
This means that there should be a small skin around the proto-

ragment where molecules are dissociated, and also possibly atoms
re ionized. We can neglect this for two reasons. First, the skin is very
hin. Secondly, dissociation/ionization only affects the mean gas-
article mass, m̄ O , and as we discuss in Section 2.1 and Appendix D
his has at most a very small effect on the minimum mass. 

PPENDI X  C :  THERMALI ZATI ON  O F  G A S  A N D
UST  

e have assumed that the difference between the gas-kinetic tem-
erature and the dust-vibrational temperature can be neglected. This
equires that exchange of thermal energy between the gas and the
ust is very rapid. Specifically, if the dust temperature is given by
 D = T [1 − � ], we require that 

 � | = 

∣∣∣∣ [ T − T D ] 

T 

∣∣∣∣ 	 1 . (C1) 

The rate of transfer of thermal energy from gas to dust is 

 GD � 3 

[
2 

π

]1 / 2 

ρ

[
k B T 

m̄ O 

]3 / 2 

κO ( Z D ) αD ( T ) � (C2) 
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er unit mass, where αD ( T ) is the accommodation coefficient. The
emperatures involved here are mostly T � 50 K, and al w ays T �
00 K, so we can set αD ∼ 1 (e.g. Hollenbach & McKee 1979 ). 
The gas heating rate per unit mass due to compression in freefall

s 

 FF � 

[
k B T 

m̄ O 

] [
12 πGρ

5 

]1 / 2 

. (C3) 

It follows that compressional heating of the gas can be exported 
rom the proto-fragment by transferring heat to the dust (i.e. � GD 

 � FF ), provided the gas pressure P = ρk B T / ̄m O , equals the
hermalization pressure, 

 THERM 

� 

2 π2 G 

15 κ2 
O ( Z D ) � 

2 
. (C4) 

ubstituting for κO ( Z D ) from equations ( 8 ) and ( C4 ) reduces to 

 THERM 

� 

2 . 2 × 10 −16 dyne cm 

−2 

Z 

2 
D � 

2 
(C5) 

We can turn the requirement P � P THERM 

around and compute 
he fractional temperature difference between the gas and the dust 
equired for the compressional gas heating rate to be transferred to 
he dust (from where it can be radiated away), 

 � 

1 

Z D 

[
P 

2 . 2 × 10 −16 erg cm 

−3 

]−1 / 2 

. (C6) 

 CRIT (the value of � in a proto-fragment at its inception) is plotted
n Figs 2 f, 4 f, and 6 f. For the minimum-mass proto-fragments
nalysed here, � is never above 0.002, so if, for example, the
ust temperature were T D = 10 . 0 K, the gas temperature would
e in the range 10 . 00 K ≤ T ≤ 10 . 02 K). Given the many other
pproximations made, it is acceptable to assume T � T D . 

PPENDIX  D :  H OW  T H E  MINIMUM  MASS  

H A N G E S  IF  W E  ADOPT  Z D 

= 0 . 5  Z M E T 

e have repeated the computations presented in Sections 4.1 through 
.3 , and in Figs 1 through 6 , but with the relationship between
etallicity and dust abundance (equation 3 ) replaced with the simpler 

elationship, 

 met = 2 Z D . (D1) 

n other words, the results discussed in this appendix are based on
he assumption that – independent of metallicity – half the metals are 
l w ays in dust; consequently at lower dust abundance the metallicity
s markedly lower here than has been assumed in the main body of
he paper. We note that, because we have presented the results as
 function of the dust abundance, changes in the metallicity only 
ffect the results by altering the mean gas-particle mass ( ̄m O , see
quation 1 ). This only changes the minimum mass significantly when 
ither the redshift is low, z red � 6, or the suprathermal background
s weak, log 10 ( ω � ) � −12, or both. Even under these circumstances,
he minimum mass is only reduced by � 5 per cent . 

PPENDIX  E:  H OW  T H E  MINIMUM  MASS  

H A N G E S  IF  W E  ADOPT  FREEFALL  

OLLAPSE  

e have also repeated the computations presented in Sections 4.1 
hrough 4.3 , and in Figs 1 through 6 , but with the assumption that
 proto-fragment can only separate out if it contracts at the freefall
peed, rather than the sonic speed (see the formulation of C ondition
 in Section 3 ). This increases the compressional heating term in the
nergy equation (the first term in equation 17 ) by replacing f SONIC =
 with f FREEFALL = 10 1/2 . This increase in the compressional heating
ate produces a ∼ 100 per cent increase in the minimum mass (i.e. 
t is roughly doubled), under all circumstances. This approximately 
niversal increase factor arises largely because, if the temperature 
s raised by a more intense cosmic-microwave or suprathermal 
ackground, the compressional heating rate is increased by a similar 
actor ( ∝ T 9 / 2 ) to the dust cooling rate ( ∝ T 4 ). 

PPENDI X  F:  T H E  EFFECT  O F  T H E  MI NIMUM  

ASS  O N  T H E  I MF  

n order to estimate the influence of the minimum mass on the integral
roperties of the IMF – in particular the fraction of mass, f (8M �),
oing into high-mass stars, M > 8 M � – we first characterize the
urrent local IMF, using as few parameters as possible. Following 
he recent results of Pearson & McCaughrean ( 2023 ), we assume
hat the current local IMF is truncated at M MIN:O = 0 . 0007 M �. 

Between M MIN: O and M S = 2 . 39 M �, we adopt a log-normal
MF with mean M C = 0 . 079 M � and standard deviation σ C = 0.69
Chabrier 2003 ). Abo v e M S we adopt a power-law IMF with slope
 = 1.35 (Salpeter 1955 ). The value of M S is fit so that the IMF is
ontinuous and smooth at M S . The current local IMF, distinguished
y subscript 0, is therefore given by 

d N 

d log 10 ( M) 

∣∣∣∣
0 

= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

0 , M < M MIN:O ; 

A O exp 
{ 

− log 2 10 ( M/M C ) 

2 σ 2 
C 

} 

, M MIN:O < M < M S ; 

9 . 98 A O ( M/M C ) −� , M > M S . 

(F

he current local IMF is plotted with a full curve on Fig. F1 , where it
as been normalized arbitrarily so that the net mass of stars is 10 3 M �.
he fraction of mass going into stars more massive than 8 M � is
 (8M �) � 30 per cent . The abrupt cut-off at M MIN is unrealistic,
ut there is so little mass at this end of the IMF that cosmetically
moothing the abrupt cut-off would have little effect on any of the
esults presented below. 

To estimate how the fraction of mass going into stars more massive
han 8 M � is affected by a change in M MIN , we consider two extreme
ossibilities. For both possibilities, the IMF will – for the purpose 
f illustration and comparison – again be normalized so that the net
ass of stars is 10 3 M �. 
In the first possibility (labelled TRUNCATED ), the IMF defined 

bo v e (equation F1 ) is simply truncated below M MIN instead of
 MIN: O . Provided that M MIN < M S , which is the case for all the

alues of M MIN derived here, the TRUNCATED IMF is again given by
quation ( F1 ), but with M MIN: O replaced with M MIN , i.e. 

d N 

d log 10 ( M) 

∣∣∣∣
T 

= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

0 , M < M MIN ; 

A T exp 
{ 

− log 2 10 ( M/M C ) 

2 σ 2 
C 

} 

, M MIN < M < M S ; 

9 . 98 A T ( M/M C ) −� , M > M S . 

(F2)

wo examples of TRUNCATED IMFs are plotted with dashed curves on
ig. F1 . These two examples are chosen so that f (8M �) is 60 per cent
nd 90 per cent . It is clear that, for a TRUNCATED IMF, implausibly
arge values of M MIN are required to significantly increase f (8M �). 

In the second possibility, which we label SHIFTED , the entire IMF
s shifted to higher masses, by log 10 ( M MIN / M MIN: O ), so the SHIFTED

MF is given by equation ( F1 ), but with M replaced with M 

′ =
M MIN: O / M MIN , i.e. 
MNRAS 529, 3712–3728 (2024) 



3728 A. P. Whitworth et al. 

M

T  

F  

6  

s  

 

o  

c  

M  

Z
a  

i
 

t  

w  

e
i  

a  

a  

e
 

t  

b  

2
 

s  

T  

s

T

F  

a  

f  

T  

t  

t  

d  

b  

t  

fi

F  

a  

d

e
i  

a  

m  

r

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/4/3712/7630213 by guest on 10 June 2024
d N 

d log 10 ( M) 

∣∣∣∣
S 

= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

0 , M 

′ < M MIN ; 

A S exp 
{ 

− log 2 10 ( M 

′ /M C ) 

2 σ 2 
C 

} 

, M MIN < M 

′ < M S ; 

9 . 98 A S ( M 

′ /M C ) −� , M 

′ > M S . 

with M 

′ = MM MIN:O /M MIN . (F3) 

wo examples of SHIFTED IMFs are plotted with dotted curves on
ig. F1 . These two examples are again chosen so that f (8M �) is
0 per cent and 90 per cent . It is clear that, for a SHIFTED IMF, much
maller values of M MIN are required to significantly increase f (8M �).

On Fig. F2 we plot f (8M �) against M MIN for the two extreme types
f IMF: TRUNCATED with a dashed curve, and SHIFTED with a dotted
urve. This plot demonstrates that, on the basis of the estimates of
 MIN derived here, we cannot make a precise evaluation of how z red ,
 D , and ω � affect f (8M �). However, we can infer that increased M MIN 

t high redshift and/or suprathermal background might dramatically
ncrease f (8M �). 

With a TRUNCATED IMF, values of M MIN � 2 M � are required
o effect a significant increase in f (8M �). Such values of M MIN are
ell abo v e the estimates made here, so if the TRUNCATED IMFs of

quation ( F2 ) are a good representation of what ensues when M MIN 

s increased, there is unlikely to be a significant increase in f (8M �)
t higher redshift or suprathermal background. Ho we ver, such an
brupt termination of the IMF seems unlikely, so this conclusion is
xtremely conserv ati ve. 

With a SHIFTED IMF, values of M MIN � 0 . 003 M � are sufficient
o effect a significant increase in f (8M �). 2 Such values of M MIN are
elow most of the estimates made here, so if the SHIFTED IMFs of

 The critical issue here is not the high-mass end of the IMF, where formally
tars with M � 10 3 M � are predicted but may not actually be able to form.
he critical issue is whether the mass ‘wasted’ on low-mass stars can be
ignificantly reduced. 

his paper has been typeset from a T X/L 
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igure F1. IMFs for different values of M MIN and different assumptions
bout how the value of M MIN affects the IMF at higher masses. The
ull curve is an approximation to the current local IMF (equation F1 ).
he dashed curves represent TRUNCATED IMFs, i.e. the current local IMF

runcated below M MIN , for two different values of M MIN , chosen so that
he y deliv er f (8M �) = 60 per cent and 90 per cent (equation F2 ). The
otted curves represent SHIFTED IMFs, i.e. the current local IMF shifted
y log 10 ( M MIN / M MIN: O ), for two different values of M MIN , again chosen so
hat the y deliv er f (8M �) = 60 per cent and 90 per cent (equation F3 ). All
ve IMFs are normalized so that the total mass of stars is 10 3 M �. 

igure F2. The fraction of mass, f (8M �), in stars with mass abo v e 8 M �, as
 function of M MIN . The dashed curve represents TRUNCATED IMFs, and the
otted curve represents SHIFTED IMFs. See the text for further details. 

quation ( F3 ) are a good representation of what ensues when M MIN 

s increased, there is likely to be a significant increase in f (8M �)
t higher redshift or suprathermal background, and hence a lower
ass-to-light ratio and important consequences for the mix of metals

eturned to the interstellar medium. 
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