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16Université de Paris, CNRS, Astroparticule et Cosmologie, F-75013 Paris, France
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40Dipartimento di Fisica, Università La Sapienza, P. le A. Moro 2, Roma, Italy
41INFN Sezione di Roma, P.le A. Moro 2, 00185 Roma, Italy
42University of Milano Bicocca, Physics Department, p.zza della Scienza, 3, 20126 Milan Italy
43Institute of Particle and Nuclear Studies (IPNS), High Energy Accelerator Research Orga-
nization (KEK), Tsukuba, Ibaraki 305-0801, Japan

44International Center for Quantum-field Measurement Systems for Studies of the Universe
and Particles (QUP), High Energy Accelerator Research Organization (KEK), Tsukuba,
Ibaraki 305-0801, Japan

45INFN Sezione Milano Bicocca, Piazza della Scienza, 3, 20126 Milano, Italy
46INFN Sezione di Pisa, Largo Bruno Pontecorvo 3, 56127 Pisa, Italy
47Japan Aerospace Exploration Agency (JAXA), Institute of Space and Astronautical Science
(ISAS), Sagamihara, Kanagawa 252-5210, Japan

48The Graduate University for Advanced Studies (SOKENDAI), Miura District, Kanagawa
240-0115, Hayama, Japan
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52Universidad Europea de Madrid, 28670, Madrid, Spain
53Space Science Data Center, Italian Space Agency, via del Politecnico, 00133, Roma, Italy
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Abstract. We estimate the efficiency of mitigating the lensing B-mode polarization, the
so-called delensing, for the LiteBIRD experiment with multiple external data sets of lensing-
mass tracers. The current best bound on the tensor-to-scalar ratio, r, is limited by lensing
rather than Galactic foregrounds. Delensing will be a critical step to improve sensitivity
to r as measurements of r become more and more limited by lensing. In this paper, we
extend the analysis of the recent LiteBIRD forecast paper to include multiple mass tracers,
i.e., the CMB lensing maps from LiteBIRD and CMB-S4-like experiment, cosmic infrared
background, and galaxy number density from Euclid- and LSST-like survey. We find that
multi-tracer delensing will further improve the constraint on r by about 20%. In LiteBIRD,
the residual Galactic foregrounds also significantly contribute to uncertainties of theB-modes,
and delensing becomes more important if the residual foregrounds are further reduced by an
improved component separation method.
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1 Introduction

Measuring the polarization of the cosmic microwave background (CMB) anisotropies will be
at the forefront of observational cosmology in the next decade. In particular, measurements
of the curl component (B modes) in the CMB polarization will be of great importance, as
these provide us with a unique window to probe inflationary gravitational waves (IGWs) and
gain new insights into the early Universe [1, 2] (see also reviews [3, 4]). The BICEP/Keck
Array collaborations recently placed constraints on the IGW background, parameterized by
the tensor-to-scalar ratio r (at a pivot scale of 0.05Mpc−1) as r < 0.036 (2σ) for a fixed
cosmology [5, 6], while Ref. [7] combine the BICEP/Keck Array data with Planck PR4
and baryon acoustic oscillations, finding r < 0.032 (2σ) by simultaneously constraining the
cosmological parameters. Several ongoing and upcoming CMB experiments, including the
BICEP Array [8], Simons Array [9], Simons Observatory (SO) [10], LiteBIRD [11], and
CMB-S4 [12], are targeting detection of IGW B-mode polarization over the next decade.

A high-precision measurement of the large-scale B-mode polarization can tightly con-
strain r. However, the precision of the IGW B-mode measurement is limited by other sources
of B modes. On large angular scales, the Galactic foregrounds dominate the IGW B-mode
polarization [13]. To overcome this issue, many studies have developed some methodology to
substantially reduce the Galactic foreground contaminants (e.g., Refs. [14–25], and Ref. [11]
for the LiteBIRD case). In addition to Galactic foregrounds, gravitational lensing leads to
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B modes from the conversion of part of the E modes [26]; this lensing B-mode polarization
is as an additional noise component when constraining r. The lensing B-mode polarization
on large scales behaves as white noise, and its amplitude is comparable to that of the IGW
B-mode polarization with r = 0.01 at the recombination bump (ℓ ∼ 10 – 100) [27]. The
constraint on r is already limited by the variance from the lensing B-mode polarization more
than by Galactic foregrounds, at least, in low dust region [5]. Reducing statistical uncertain-
ties by subtracting off the lensing B-mode polarization or equivalent methods – a process
usually referred to as “delensing” – will hence be critical for improving the constraints on r
(e.g., Refs. [28–40]).

To estimate the lensing B-mode polarization in some survey region, known as a lensing
B-mode template, the simplest method is to combine the measured E-mode polarization
with a reconstructed lensing map derived from CMB data, and multiple works have studied
this technique (e.g., Refs. [29, 41–54]). In addition, other mass tracers, such as the spatial
distribution of optical and radio galaxies, as well as the cosmic infrared background (CIB) are
also possible to include measurement of the lensing B-mode polarization (e.g., Refs. [55–61]).
Recently, Ref. [62] demonstrated for the first time B-mode delensing to improve constraints
on IGWs using the CIB as a mass tracer. In the LiteBIRD case, the CIB and galaxies are
useful for delensing. In addition, the lensing potential reconstructed from CMB-S4 data will
be available in the CMB-S4 observing patch.

This work is part of a series of papers that present the science achievable by the Lite-
BIRD space mission, expanding on the overview published in Ref. [11] (hereafter, LB23). In
particular, this work focuses on the potential of the LiteBIRD B-mode delensing to improve
sensitivity to constrain IGWs by combining multiple external mass tracers. In LB23, we con-
sider a simple forecast using CIB as a possible mass tracer for delensing. In this paper, we
extend the delensing study in several ways. We include the CMB lensing maps of LiteBIRD
and CMB-S4, the CIB, and galaxy number density from Euclid and the Vera Rubin Obser-
vatory Legacy Survey of Space and Time (LSST). In addition, we make our forecast more
realistic by adding survey windows of each survey, a realistic lensing map from LiteBIRD,
component separation of the LiteBIRD E-mode polarization used for the lensing B-mode
template, and the large-scale B-mode polarization after the component separation obtained
in LB23. We also note that LB23 provides the delensing forecast only for the case if the true
value of r is r0 = 0. If r0 is O(10−3), the cosmic variance from IGWs significantly dominates
the statistical uncertainty at the reionization bump but does not at the recombination bump.
On the other hand, if r0 goes to zero, the information from the reionization bump also be-
comes important to constrain r. Since the lensing cosmic variance is important only at the
recombination bump, delensing would become more important for r0 = O(10−3) than the
case with r0 = 0. Also, if r0 is close to or less than the LiteBIRD target sensitivity, 10−3, the
analysis needs an accurate treatment of possible concerns, such as instrumental systematic
effects and foreground contaminations, whose characterization is beyond the scope of this
paper. Thus, this paper explores the case for a nonzero r0.

This paper is organized as follows. Section 2 presents the baseline strategy for LiteBIRD
delensing after briefly reviewing the lensing effect on the CMB. Section 3 describes our
simulation setup. Section 4 shows the improvement in constraint on r by the multi-tracer
delensing, including realistic survey effects. Section 5 is devoted to summary and discussion.
This paper is a companion paper of the LiteBIRD lensing study [63] (hereafter, LB-Lensing)
and uses some of the results presented in that paper.
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2 Multitracer delensing

2.1 Lensing-induced B-modes and delensing

The distortion effect of lensing on the primary CMB polarization anisotropies is expressed by
remapping the primary polarization anisotropies from the last-scattering surface, Q±iU . The
lensed Stokes parameters in sky direction n̂ can be approximately expressed as a remapping
[27]:

[Q̃± iŨ ](n̂) = [Q± iU ](n̂+ d(n̂)) , (2.1)

where tildes indicate lensed quantities and d is the deflection angle used to describe the
lensing displacements on the spherical sky (see Ref. [64] for more details). The quantity d is
related to the lensing convergence, κ, as ∇ · d = −2κ, where ∇ is the covariant derivative
on the unit sphere. The E- and B-mode polarization are then obtained by [65, 66]

Eℓm ± iBℓm = −
∫
d2n̂ ±2Y

∗
ℓm(n̂)[Q± iU ](n̂) , (2.2)

where we denote the spin-2 spherical harmonics as ±2Yℓm(n̂). Similarly with the spin-0
(scalar) spherical harmonics, Yℓm(n̂), the harmonic coefficients of the lensing convergence is
defined as

κLM =

∫
d2n̂ Y ∗

LM (n̂)κ(n̂) . (2.3)

Expanding the right-hand side of Eq. (2.1) to first order in the lensing potential and trans-
forming the Stokes Q/U parameters to E/B modes using Eq. (2.2), the B modes of the lensed
polarization field can be expressed as [41]:

Blens
lm = i

∑
ℓ′m′

∑
LM

(
ℓ ℓ′ L
m m′ M

)
p−F

(2)
ℓLℓ′E

∗
ℓ′m′κ∗LM , (2.4)

where we ignore the primary B-mode polarization. The quantity in round brackets is the

Wigner-3j symbol, p− is unity if ℓ + L + ℓ′ is an odd integer and zero otherwise, and F
(2)
ℓLℓ′

represents the mode coupling induced by the lensing [67]:

F
(s)
ℓLℓ′ =

2

L(L+ 1)

√
(2ℓ+ 1)(2ℓ′ + 1)(2L+ 1)

16π

× [−ℓ(ℓ+ 1) + ℓ′(ℓ′ + 1) + L(L+ 1)]

(
ℓ ℓ′ L
−s s 0

)
. (2.5)

From Eq. (2.4), the lensing B-mode polarization is simply expressed in terms of a convolu-
tion between the unlensed E-mode polarization and the lensing potential. Once we obtain
an estimate for the E mode and lensing maps, we simply approximate the lensing B-mode
polarization as a convolution of the Wiener-filtered E-mode polarization and lensing conver-
gence:

B̂temp
ℓm = i

∑
ℓ′m′

∑
LM

(
ℓ ℓ′ L
m m′ M

)
p−F

(2)
ℓLℓ′(Ê

WF
ℓ′m′)∗(κ̂WF

LM )∗ , (2.6)
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where ÊWF
ℓm and κ̂WF

LM are the Wiener-filtered observed E-mode polarization and lensing con-
vergence, respectively. In idealistic cases, we compute the Wiener-filtered multipoles as

ÊWF
ℓm =

CEE
ℓ

CEE,obs
ℓ

Êℓm , (2.7)

κ̂WF
LM =

Cκm
L

Cmm,obs
L

m̂LM , (2.8)

where m is a lensing mass tracer. The Ê and m̂ denote the observed E-mode polarization
and m, respectively, CEE

ℓ is the E-mode power spectrum, Cκm
L is the cross-power spectrum

between κ and m, and CEE,obs
l and Cmm,obs

L are the best estimates of the angular power

spectra of Ê and m̂, respectively. The template provides a good approximation for the large-
scale B-mode polarization [68, 69]. Using this template, we can remove part of the lensing
B-mode polarization from the observed map [29], or construct the multi-spectrum likelihood
[62, 70] to improve constraints on r.

2.2 Lensing mass tracers

To estimate the lensing mass map, we can use the internally reconstructed lensing map from
LiteBIRD observation. However, the LiteBIRD lensing mass map alone cannot remove the
lensing B-mode polarization efficiently [71]. A more optimal way is to employ the lensing
convergence field estimated from observations of the large-scale structure tracers, such as the
spatial distribution of galaxies or the CIB [57–59, 72]. The delensing efficiency of these tracers
depends on the correlation coefficients between the CMB lensing signal and the observed mass
tracer. In this section, we provide our formulas for computing the correlation coefficients and
assumptions for the lensing mass tracers.

2.2.1 Angular power spectrum

We compute the angular auto and cross-power spectra of the CMB lensing, CIB, and galaxies
as follows. In a spatially flat cosmological model, the angular power spectra are given by
(see, e.g., Refs. [73, 74])

CXY
L = 4π

∫ ∞

0
d ln k

∫ ∞

0
dχ jL(kχ)

∫ ∞

0
dχ′ jL(kχ

′)

×WX(k, χ)W Y (k, χ′)∆m(k;χ, χ
′) , (2.9)

with the quantity χ being the comoving radial distance. Here, X and Y denote the observ-
ables from either the CMB lensing (κ), galaxy number density fluctuations (g), or CIB (I).
The function ∆m(k;χ, χ

′) is the dimensionless power spectrum of the matter density fluctu-
ations, and jℓ is the spherical Bessel function. The function WX(k, χ) is the weight function
of an observable X, the functional form of which will be specified for each mass tracer as
follows.

2.2.2 CMB Lensing

Since the lensing comes from the last-scattering surface of the CMB photons which is approx-
imately described by a single-source plane, the weight function of the lensing convergence is
given by (e.g., Ref. [27])

W κ(k, χ) = −L(L+ 1)

2

3Ωm,0H
2
0 (1 + z)

k2
χ∗ − χ

χ∗χ
(0 ≤ χ ≤ χ∗) , (2.10)

– 4 –



and becomes zero otherwise. Here, the quantity χ∗ denotes the comoving radial distance to
the last-scattering surface, Ωm,0 is the fractional energy density of matter at present, and H0

is the current expansion rate.

2.2.3 Galaxy number density

We follow the theoretical modeling of the galaxy number density fluctuations described in,
e.g., Refs. [70, 75]. The weight function of the galaxy number density fluctuations in the ith
redshift bin becomes

W g,i(χ) =
dni

gal

dχ
(z(χ)) bgal(z(χ)) , (2.11)

where dni
gal/dχ and bgal(z) are the normalized redshift distribution of galaxies in the ith bin

and the linear galaxy bias, respectively. For the redshift distribution function, we adopt the
following form [76, 77]:

dni
gal

dχ
(z) =

βH(z)

Γ[(α+ 1)/β]

zα

zα+1
0

exp

[
−
(

z

z0

)β
]
pigal(z, σz) , (2.12)

where α, β, and z0 are parameters determining the distribution. The parameter z0 is related
to the mean redshift zm as

zm =
Γ[(α+ 2)/β]

Γ[(α+ 1)/β]
z0 . (2.13)

H(z) is the expansion rate, simply from the conversion between z and χ. The function,
pigal(z, σz), specifies the redshift distribution of galaxies in ith redshift bin with the modifica-

tion of the redshift distribution by the photometric redshift errors. We assume that pigal(z, σz)
has the following form:

pigal(z, σz) =
1

2

[
erfc

(
zi−1 − z√
2σ(z)

)
− erfc

(
zi − z√
2σ(z)

)]
, (2.14)

where σ(z) = σz(1 + z), zi−1 and zi are the minimum and maximum photometric redshift of
the ith bin, and the function erfc(x) is the complementary error function defined by

erfc(x) ≡ 2√
π

∫ ∞

x
dz e−z2 . (2.15)

In this paper, we consider Euclid and LSST as galaxy surveys. For Euclid, we consider
α = 2, β = 1.5, σz = 0.05, z0 = 0.9/

√
2, and bgal(z) =

√
1 + z [76] and the following five

tomographic bins; [0, 0.8, 1.5, 2.0, 2.5, 6.]. For the LSST, we follow Refs. [75, 77] and choose
α = 2, β = 1, z0 =, σz = 0.05, bgal(z) = 1 + 0.84z, and the five redshift tomographic bins:
[0, 0.5, 1.0, 2.0, 3.0, 6.].

2.2.4 Cosmic Infrared Background

For the CIB, we assume a model to mimic the result of Ref. [75], where they consider the
CIB map constructed via the Generalized Needlet Internal Linear Combination (GNILC)
algorithm applied to the Planck PR2 data [78, 79]. For a theoretical computation of the CIB
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Figure 1. Kernel function for CMB lensing, CIB, Euclid, and LSST galaxies (see text in Sec. 2.2.5
for the definitions). The different colors represent different redshift bins for galaxy surveys defined in
Sec. 2.2.3. The function is normalized so that the peak is unity.

angular power spectrum, they adopt the single spectral energy distribution (SED) model
suggested by the Planck observations [80–82]. Specifically, the window function is defined as

W I(χ) = bc
χ2

(1 + z)2
f [ν(1 + z)] exp

[
−(z − zc)

2

2σ2
z

]
, (2.16)

where zc = σz = 2, bc is a normalization factor, z is the redshift as a function of χ, and

f(ν) =

{
(ehν/kBT − 1)−1νβ+3 (ν ≤ ν ′) ,

(ehν
′/kBT − 1)−1ν ′β+3

(
ν
ν′

)−α
(ν > ν ′) ,

(2.17)

with T = 34K, α = β = 2, ν = 353GHz and ν ′ = 4955GHz.

2.2.5 Kernel function

Figure 1 shows the kernel functions for each mass tracer defined as follows. For CMB lens-
ing, we show −(kχ)2W κ/(L(L + 1))/H(z). For CIB and galaxies, we show W I/H(z) and
W g,i/H(z), respectively. The galaxies provide a lensing mass map at lower redshifts, while
the CIB data have information on relatively higher redshifts. Thus, combining these tracers
will provide a lensing mass map for a wide redshift range.

2.3 Correlation coefficients

From the theoretical angular power spectra, we can estimate how significantly each mass
tracer correlates with the true CMB lensing mass map. To assess the significance of the
correlation, we introduce the correlation coefficients of an observed mass tracer map with the
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Figure 2. Left: Correlation coefficients between the ideal full-sky CMB lensing and observed lensing
mass-tracer maps obtained by combining several of the LiteBIRD lensing maps with the CIB, galaxy
number density from Euclid and LSST, and CMB-S4 lensing maps. Right: Same as the left panel but
for the correlation coefficients for each external data set taken separately, i.e., the CIB, galaxies from
Euclid and LSST, and CMB-S4.

true CMB lensing mass map:

ρκκ
i

L ≡ Cκκi

L√
Cκκ
L Cκiκi,obs

L

. (2.18)

Here, Cκκi

L is the cross-power spectrum between CMB lensing and ith observed lensing mass

maps, Cκκ
L is the CMB lensing power spectrum, and Cκiκi,obs

L is the auto-power spectrum of
the ith observed lensing mass map, which contains both signal and noise. We compute the
signal angular power spectra defined in Eq. (2.9) with CAMB [74] by providing the appropriate
window functions given above. To compute the correlation coefficients for the combined
cases, we combine the mass tracers following Ref. [58]. For the CIB, we employ the same
noise spectrum given by Ref. [75] and remove large-scale CIB data (L < 100) to avoid
contamination from Galactic foreground residuals. For galaxy surveys, we employ a shot
noise determined by the number density of galaxies and assume the total galaxy number
density of 30 arcmin−2 [76] and 40 arcmin−2 [77] for Euclid and LSST, respectively. Note
that we also check cases in which we increase the number of the tomographic bins, but the
correlation coefficients are almost unchanged.

Figure 2 shows the results of the correlation coefficients. For the large-scale B-mode
delensing, the most important scale for efficient delensing is L ≃ 300 – 500 [57, 58]. From
the left panel, adding external mass tracers significantly improves the correlation coefficient
and the delensing efficiency of the large-scale B-mode polarization. In the right panel, we
show that the correlation coefficients of CIB and Euclid galaxies are not better than that of
the LSST galaxies at L ≃ 400. However, the sky coverage of LSST is limited compared to
other mass tracers, and a net contribution to the improvement on r constraints with the CIB
becomes not so different from that obtained with galaxies.
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Figure 3. Survey windows for each observation in Galactic coordinate used in our analysis.

3 Simulation setup

3.1 Survey window

We plot the survey windows in Fig. 3. For the LiteBIRD data, we use the same Galactic
mask used in LB23 for the LiteBIRD observation, which covers approximately 50% of the
sky. We also apply the same mask to the CIB map to mimic the sky fraction of the survey
window used in Ref. [75]. For the CMB-S4 observation, we create a survey window that
mimics the CMB-S4 LAT survey window multiplied by the LiteBIRD Galactic mask to avoid
the Galactic plane. In practice, we would need further masks to avoid extragalactic sources,
but we ignore these masks in this paper. For Euclid and LSST, we follow Refs. [83] and [77],
respectively, to create the survey window. We further multiply the LiteBIRD Galactic mask
to those of the Euclid and LSST survey windows to consider only the region overlapping with
the galaxy number density map.

3.2 Wiener-filtered E-modes

To obtain the Wiener-filtered E-mode polarization from the component-separated polariza-
tion map, we use the same method described in LB-Lensing for the LiteBIRD-only case.
We also consider the case of combining LiteBIRD and CMB-S4 data for delensing. In this
case, the Wiener-filtered E-mode polarization maps are obtained by solving the following
equation [84]:(

1 +
∑
t

C1/2BtY
†
2N

−1
t Y2BtC

1/2

)
(C−1/2p̂WF) =

∑
t

C1/2BtY
†
2N

−1
t p̂obs

t . (3.1)

Here, t corresponds to indices for the input maps specifying the experiment (LiteBIRD or
CMB-S4), the vector p̂WF has the harmonic coefficients of the Wiener-filtered E- and B-mode
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polarization, C is the diagonal signal covariance of the lensed E- and B-mode polarization
in spherical-harmonic space, and Bt is a diagonal matrix to include the beam smearing. The
matrix C1/2 is defined so that its square is equal to C. The real-space vector p̂obs

t contains
the Stokes Q and U maps observed by experiment t, and Nt is the pixel-space covariance
matrix of the instrumental noise in these maps. The matrix Y2 is defined to transform the
multipoles of the E- and B-mode polarization into real-space maps of the Stokes parameters
Q and U . Note that this filtering optimally mitigates the E-to-B leakage due to the masking.
We use the code implemented in cmblensplus [85].

To generate an observed CMB map from a CMB-S4-like experiment, we use the same
realizations of the input lensed CMB polarization given in LB-Lensing by simply adding a
random Gaussian noise component generated by the polarization noise spectrum obtained
from the CMB-S4 wiki.1 The noise curve contains the effect of the foreground cleaning and
atmospheric 1/f noise. We assume the standard internal-linear-combination noise spectrum
for this paper. The polarization map is then multiplied by the CMB-S4 mask described
above and combined with the LiteBIRD polarization map to obtain the optimal E-mode
polarization. We assign infinite noise in the noise covariance for unobserved pixels. In this
paper, we do not include any extragalactic foregrounds, but in practice, we should include
masks for extragalactic contaminants as unobserved pixels, which is left for future work.

3.3 Combining mass tracers

Next, we discuss an estimate of lensing mass for LiteBIRD delensing analysis in the presence
of different sky coverage of mass tracers. Let us assume that we have n observed mass tracers,
κobs,1, κobs,2, . . . , κobs,n. We obtained the combined lensing-mass map as

κ̂WF
LM =

n∑
i=1

Cκκi

L κ̂inv,iLM , (3.2)

where we obtain the inverse-variance filtered lensing-mass tracers, κ̂inv,iLM , as follows:(
1 +Y†

0N
−1
κ Y0C

)
κ̂inv = Y†

0N
−1
κ κ̂obs . (3.3)

Here, κ̂obs is the data vector of the lensing mass maps in pixel space. The lensing-mass signal
covariance is block diagonal in (L,M), and each block matrix is symmetric:

{C}LM,L′M ′ ≡ δLL′δMM ′

Cκ1κ1

L · · · Cκ1κn

L
...

...

Cκ1κn

L · · · Cκnκn

L

 . (3.4)

The matrix Y0 converts the multipoles of the lensing convergence to the lensing mass map.
The matrix Nκ denotes the pixel-pixel noise covariance.

We assume that the pixel-pixel noise covariance matrix for each lensing mass map is
given by

{Nκ}i = MiY0N
i
κY

†
0Mi , (3.5)

1https://cmb-s4.uchicago.edu/wiki/index.php/Survey_Performance_Expectations
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where Mi is a diagonal matrix for the survey binary mask of the ith mass tracer, and the
noise covariance in harmonic space, Ni

κ, is defined as a diagonal matrix:

{Ni
κ}LM,LM = N i

L . (3.6)

Here, N i
L is the noise power spectrum of the ith lensing mass map. For LiteBIRD and

CMB-S4, N i
L is the disconnected bias for the reconstructed CMB lensing maps, which we

approximate by the estimator normalization. Although the noise of CMB lensing maps from
LiteBIRD and CMB-S4 could be correlated, we ignore such correlations because the lensing
signals of LiteBIRD and CMB-S4 are mostly reconstructed from CMB anisotropies at large
(ℓ ≲ 500) and small angular scales (ℓ ≳ 500), respectively, and the correlation of the two
reconstruction noise terms would be negligible. In the idealistic full-sky observation where
Mi = 1, the Wiener-filtered lensing mass map becomes that obtained by Ref. [58]. We use
the code implemented in cmblensplus [85].

We use the LiteBIRD reconstructed lensing mass map of LB-Lensing but exclude B-
mode polarization at multipoles ℓ ≤ 190 for the lensing reconstruction to avoid the delensing
bias, which primarily originated from the fact that B-mode polarization used for the lensing
reconstruction correlates with that to be delensed (see, e.g., Refs. [47, 86] for more detailed
discussion). The details of the simulation production and experimental setups for LiteBIRD
for the lensing reconstruction are given in LB-Lensing. We also generate the CIB and galaxy
tracers in the full sky as a constrained realization of multiple random Gaussian fields for a
given realization of the input CMB lensing map. We do not consider the nonlinear evolution
of the external tracers since its impact would be small [87].

3.4 Large-scale LiteBIRD B-modes

For the delensing of the large-scale B-modes, we prepare the Q and U polarization maps,
which contain lensed CMB and Galactic foreground noise. We optionally further include the
IGW contribution to the polarization map. The input full-sky lensed CMB of LB-Lensing are
projected onto a map withNside = 128 [88] resolution, including the pixel-window convolution
and 80-arcmin Gaussian beam convolution. The IGW B-mode polarization is also generated
as a random Gaussian field with r = 1 and projected onto a map with the same map
projection. We use the noise realizations after the Galactic foreground cleaning obtained
from LB23. The maps are provided at Nside = 64 resolution with 80-arcmin Gaussian beam
convolution, and we transform the resolution to Nside = 128 to match the lensed CMB maps.

Note that the noise realizations used for the lensing reconstruction and lensing B-mode
template construction are independent of LB23. This means that we ignore the correlations
between the noise involved in the lensing B-mode template and that in the large-scale B-
modes to be delensed. The correlation is negligible as long as we use different CMB multipoles
for the lensing B-mode template and B-mode polarization to be delensed, as demonstrated
by multiple existing works [29, 47, 52].

4 Results

4.1 Delensed B-mode power spectrum

We first show the lensing B-mode template in Fig. 4. We use mass tracers from the CMB-S4
lensing map, the CIB, galaxies, and the internal lensing map. We compute the input B-
mode map by transforming the input B-mode harmonic coefficients using the spin-0 inverse
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(Right). For the lensing B-mode template, we use mass tracers from the CMB-S4 lensing map, the
CIB, galaxies, and the internal lensing map.
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Figure 5. Correlation coefficients between the input full-sky B-mode polarization and the lensing
B-mode template. We show the cases using the mass tracers of the LiteBIRD lensing map (“LiteBIRD
internal”), adding CIB (“+CIB”), adding galaxy number density fluctuations (“+δg”), adding CIB
and galaxy number density fluctuations (“+CIB+δg”), and further adding CMB-S4 E-mode polar-
ization and lensing map (“+CIB+δg+CMB-S4”).

spherical harmonics. We include multipoles 10 ≤ ℓ ≤ 190 for visualization. We can see a
clear correlation between the input B-mode map and lensing B-mode template in Fig. 4.

We also show the efficiency of delensing by computing the delensed B-mode power spec-
trum. For a given realization of the LiteBIRD large-scale B-mode polarization, we compute
the Wiener-filtered B-mode polarization, B̂WF

lm , as described in Eq. (3.1), to reconstruct the
B-modes optimally and to mitigate the E-to-B leakage induced by the survey window. We
then compute the angular power spectrum of the Wiener-filtered B-mode polarization as
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(Ĉ

d
el

b
)/
σ

(Ĉ
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Figure 6. Left: Same as Fig. 5, but for the ratio of the delensed B-mode power spectrum to the
non-delensed B-mode power spectrum. Right: Same as Left, but for the 1σ error at each multipole
bin.

Ĉl =
∑

m |B̂WF
lm |2/(2l+1) and obtain the binned power spectrum, Ĉb. For multipole binning,

we divide the multipoles between ℓ = 2 and 190 into 15 bins.

For the delensing case, we define the delensed B modes as

Bdel
ℓm = B̂ℓm − αℓB

temp
ℓm , (4.1)

where αℓ is determined so that the variance ofBdel is minimized, i.e., αℓ = CBB,cross
ℓ /CBB,temp

ℓ .

Here, Ĉcross
ℓ is the cross-power spectrum between the Wiener-filtered B-mode polarization

and lensing B-mode template, and Ĉtemp
ℓ is the lensing template power spectrum. We thus

compute the binned angular power spectrum of the delensed B-mode power spectrum as

Ĉdel
b = Ĉb − 2αbĈ

cross
b + α2

bĈ
temp
b , (4.2)

where αb = ⟨Ĉcross
b ⟩/⟨Ĉtemp

b ⟩ is evaluated from simulations.

Figure 5 shows the correlation coefficients between the input full-sky B-mode polariza-
tion and lensing B-mode template constructed from mass tracers. We show the cases using
the LiteBIRD lensing map, adding CIB, adding galaxy surveys, adding both CIB and galaxy
surveys, and further adding the CMB-S4 E-mode polarization and lensing map. The correla-
tion coefficient for the LiteBIRD case is much lower than other cases. Combining all available
mass tracers will provide a lensing B-mode template that correlates with the full-sky input
B-mode map by roughly 50% at ℓ < 100.

Figure 6 shows the B-mode power spectrum ratio with delensing compared to that
without delensing. The LiteBIRD lensing map does not help much in removing the lensing
B-mode power spectrum. The lensing B-mode power is reduced by 15% at 50 ≲ ℓ ≲ 150 if
we use both CIB and galaxies and is further reduced by 20% in the same multipole range if
we combine with CMB-S4 data. Figure 6 also compares the 1σ error of the B-mode power
spectrum with delensing to the one without delensing. The ratio has a similar trend to the
one shown in the Left panel of the same figure.
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Figure 7. Posterior distribution of r normalized to unity where the fiducial value is r = 5 × 10−3.
We show the cases without (No-delensing) and with delensing using LiteBIRD data alone (LiteBIRD
internal), adding the CIB (+CIB), galaxy surveys (+δg), the CIB and galaxy surveys (+CIB+δg),
and combining LiteBIRD, CMB-S4, the CIB and galaxies (+CIB+δg+CMB-S4).

σ(r)× 103

No-delensing 1.44

LiteBIRD internal 1.41
+ CIB 1.30
+ δg 1.31
+ CIB + δg 1.25
+ CIB + δg + CMB-S4 1.21

Table 1. Expected constraints on r without (No-delensing) and with delensing using LiteBIRD
data alone (LiteBIRD internal), adding the CIB (+CIB), galaxy surveys (+δg), the CIB and galaxy
surveys (+CIB+δg), and combining LiteBIRD, CMB-S4, the CIB and galaxies (+CIB+δg+CMB-S4).
We show the 1σ constraint on r if the true value of r is 5 × 10−3. In the last case, we use E-mode
data obtained by combining LiteBIRD and CMB-S4.

4.2 Improvement on constraining tensor-to-scalar ratio

To assess the importance of delensing on constraining r, we here compute the expected con-
straint on r. We consider the following simple forecast based on the direct likelihood method
which has been used in, e.g., Refs. [89–91], where the posterior distribution is evaluated from
the simulation without assuming a specific likelihood function.

We first construct an estimator for r. At a single multipole, the tensor-to-scalar ratio,
which maximizes the full-sky Gaussian likelihood function of B-mode multipoles, is obtained
by, e.g., differentiating Eq. (3) of Ref. [21] in terms of r:

r̂ℓ =
Ĉℓ − Cr=0,obs

ℓ

CIGW
ℓ

. (4.3)

Here, Ĉℓ is the observed B-mode power spectrum, Cr=0,obs
ℓ is a model for the observed power

spectrum without the IGW signal, and CIGW
ℓ is the IGW-induced B-mode power spectrum
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with r = 1. In our simulation, we adopt the above equation for the binned spectrum and
obtain an estimate of r̂b at each multipole bin. We then combine r̂b to estimate the single
number for r using a weighted mean over multipole bins:

r̂ =

∑
b abr̂b∑
b ab

. (4.4)

The weights, ab, are taken from the covariance of r̂b obtained from simulation as

ab =
∑
b′

Cov−1
bb′ . (4.5)

The binned angular power spectra, Cr=0,obs
b and CIGW

b , are both computed from simulations
by averaging over realizations. In the direct likelihood method [89], for a given r, we compute
the distribution of r̂ and obtain the probability P (r̂|r) and then obtain the posterior distri-
bution by assuming P (r|r̂) ∝ P (r̂|r). The estimator, r̂, is unbiased, and we set r̂ = r0 where
r0 is the true value assumed in this paper. We use the posterior distribution, P (r|r̂ = r0),
to evaluate the expected 1σ error on r. In our forecast, we choose a nonzero true value,
r0 = 5 × 10−3, to highlight delensing as we described in the introduction. We find that
the posterior distribution is close to a Gaussian distribution and compute the 1σ statistical
error on r, σ(r), by fitting the posterior distribution with a Gaussian function.

Figure 7 shows the posterior distribution obtained from the direct likelihood approach.
We compare the results with and without delensing. For all the delensing cases, we use the
lensing map internally reconstructed from LiteBIRD data. Table 1 shows the expected 1σ
statistical uncertainty on r if r0 = 5 × 10−3. The r constraint does not improve much by
using the internally reconstructed lensing map. Adding either the CIB or galaxies shows a
similar improvement on the r constraint. By combining available mass tracers of the CIB,
galaxies, and the internally reconstructed lensing map, the delensing improves the constraint
by approximately 15% by combining LiteBIRD and external tracers. If we further combine
with CMB-S4 data, the constraint on r improves by ∼ 20%. The results are almost insensitive
to the number of multipole bins if the number chosen is around 15.

5 Summary and Discussion

As a further investigation of delensing for LiteBIRD from LB23, we have explored the po-
tential of the LiteBIRD delensing using multiple tracers, including the CIB from the Planck
GNILC method, galaxy spatial distributions from Euclid and LSST tomographic data, and
high-resolution CMB data from CMB-S4. We included some realism, such as the survey win-
dow for each data set, a realistic LiteBIRD lensing map, and LiteBIRD E-mode polarization
after component separation. We developed algorithms to combine multiple tracers optimally
and to combine E-mode polarization from LiteBIRD and CMB-S4, and we constructed our
lensing B-mode template from the optimally combined lensing mass map and the E-mode
maps. We also used realistic component-separated B-mode polarization obtained by LB23 to
estimate the expected constraint on r. We found that delensing can improve the constraint on
r by around 15% by combining external data from the CIB and galaxies. The improvement
becomes 20% when further adding CMB-S4. If the residual foreground noise is reduced, the
importance of delensing is further increased.

In our forecast, we have ignored the uncertainties in the mass tracers. Multiple studies
have already investigated the impact of these uncertainties on the estimate of r [51, 58,
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70, 92]. A multiplicative bias in mass tracers propagates into the lensing B-mode template
and modifies its shape. However, the spectral shape is close to a white noise spectrum,
similar to the lensing B-mode power spectrum. Thus, the bias in r from the uncertainty
of the mass tracer would be absorbed into a nuisance parameter such as the amplitude
parameter of lensing, Alens. Additive biases to the mass tracer could also lead to a bias
in the lensing B-mode template. For example, the internally reconstructed CMB lensing
map from temperature could contain extragalactic sources [92]. Such contributions would be
mitigated by future polarization-based reconstruction with several methods [93–97]. In CIB
delensing, the residual foregrounds in the CIB could lead to a bias in the delensed B-mode
power spectrum through higher-order statistics, e.g., ⟨BEI⟩c and ⟨EIEI⟩c where c denotes
the connected part of the correlation. Ref. [51] showed that, for SO, the bias is negligible for
the constraint on r. For LiteBIRD, the map has a region where the dust contributions are
significant compared to the SO patch assumed in Ref. [51]. However, Galactic foreground
cleaning of polarization can substantially reduce the bias. Also, multi-frequency data would
improve the accuracy of the component separation of both E-mode polarization and the
CIB map. We expect this bias to be insignificant, but a quantitative analysis is important;
however, we leave it for our future work.

As an initial investigation of multitracer delensing for LiteBIRD we have focused on
improving constraints on r by adding external tracers and have ignored inhomogeneous noise
due to the scan pattern of LiteBIRD, as well as any instrumental systematics in our anal-
ysis. We also did not include the inhomogeneity of the delensing efficiency in the map.
Inhomogeneous noise will be accounted for by simply implementing the inhomogeneous noise
covariance into the filtering of the observed CMB anisotropies. For the instrumental sys-
tematics, Ref. [98] recently performed a preliminary analysis of the impact of instrumental
systematics on delensing using a map-based simulation. The results show that the instru-
mental systematics in the lensing B-mode template do not significantly bias the delensed
B-mode power spectrum as long as the systematics are well suppressed in the measured B-
mode power spectrum. The inhomogeneity of the delensing efficiency would also be included,
similar to the inhomogeneous noise, by modifying the pixel covariance matrix, which would
further improve sensitivity to r. A more detailed analysis of these effects will be addressed
in future work.
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