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Abstract: This study involved an embankment settlement analysis of a case study of the 17 

railway loess-filled embankment section of the Baozhong railway in Guyuan, China. The two-18 

dimensional spatial variability of the soil parameters in the embankment fill layer was 19 

simulated using random field theory and the finite difference method. The covariance matrix 20 

decomposition method was used to discretize the soil parameters within different geological 21 

cells. Settlement predictions were evaluated through Monte Carlo simulations with varying 22 
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horizontal scale of fluctuations (SOFs), and the embankment surface settlement values at the 23 

centerline were compared to the deterministic calculation model (DCM), random variable 24 

model (RVM), and random field model (RFM). The results indicated that the horizontal SOFs 25 

ranging from 40–60 m in the loess-filled embankment can effectively capture the spatial 26 

distribution pattern of the soil parameters. Spatial variability exerts a substantial influence on 27 

embankment settlements. Neglecting the spatial variability of soil properties underestimates 28 

the risk of surface settlement in embankments compared to the DCM. Therefore, RFM analysis 29 

that considers the spatial variability of soil parameters must be incorporated to ensure safe 30 

operation and design in subgrade engineering. 31 

Introduction 32 

Due to long-term geological and climatic changes, the Loess Plateau in western China has 33 

formed numerous loess gullies and mountain valleys. Given the significant variation in terrain 34 

elevation, construction projects for railways and highways require a large number of 35 

embankments to meet linear requirements (Liang et al. 2022; Zhu and Li. 2020). The settlement 36 

of a subgrade during its service life must remain within design limits to ensure adequate 37 

serviceability and safety. In railway subgrade engineering, excessive differential settlement can 38 

lead to an undesirable increase in the dynamic forces on the tracks, resulting in a suboptimal 39 

performance of the slabs and ballast (Charoenwong et al. 2022; Zhai 2007; Zhou et al. 2020). 40 

In highway subgrade engineering, excessive settlement can lead to pavement cracking or 41 

displacement, compromising vehicle comfort and safety (Chai and Miura 2002; Lu et al. 2020). 42 

Consequently, efficient analysis and calculation of settlement in filled embankments has 43 

become a pivotal research topic in subgrade construction. The settlement of subgrade is 44 



primarily attributed to the compression of materials utilized for embankment filling, which 45 

depends on their compressibility characteristics. Consequently, differential settlements arise 46 

due to disparities in compressibility.  47 

Numerous studies have investigated subgrade settlement performance using numerical 48 

analysis (Tian et al. 2023; Zhuang and Wang 2016), analytical methods (Chen et al. 2016; Feng 49 

and Lei 2022), model experiments (Bian et al. 2021; Chen et al. 2014), and case studies (Peduto 50 

et al. 2017; Xiao et al. 2023). These studies have partially addressed the deformation and 51 

settlement response of subgrades by considering various factors, such as foundation types, 52 

foundation reinforcement methods, soil properties, soil-filled height, groundwater levels, and 53 

traffic loading. Engineers directly assess differences in settlement by considering the design 54 

embankment geometry and composition (Foye and Soong 2010). However, comprehensive 55 

evaluation of subgrade settlement variations is limited due to the high costs associated with 56 

sampling and testing. Consequently, conventional state-of-the-art methodologies for 57 

mathematically modeling settlement treat the subgrade materials as homogeneous, despite the 58 

inherent heterogeneity of soil in reality (Phoon and Kulhawy 1999; Wang et al. 2018; Zhang et 59 

al. 2021b). The spatial variability of soil properties leads to strain localization along 60 

neighboring weak zones, resulting in unpredictable differential settlement when assuming soil 61 

homogeneity. (Li et al. 2016; Pan et al. 2021; Sun et al. 2022). During subgrade filling, the 62 

geological and historical information of the original soil is lost, and its natural structure is 63 

destroyed. Additionally, the complex material composition and various filling methods result 64 

in embankments with intricate engineering geology and hydrogeological characteristics (Zhang 65 

et al. 2021a; Yao et al.2021), as well as significant spatial variability and uneven distribution 66 



(Elkateb et al. 2003; Juang et al. 2019; Phoon and Ching 2015). 67 

In geotechnical engineering, the modeling of soil property spatial variability has 68 

predominantly relied on random field theory. Vanmarcke (1977) was the first to discuss the 69 

impact of soil spatial variability on geotechnical systems using the random field method. 70 

Subsequently, extensive attention has focused on various aspects of geotechnical engineering 71 

through random field analyses, including slope stability (Cho 2007; Deng et al. 2022; Kalantari 72 

et al. 2023; Kim and Sitar 2013; Nguyen et al. 2019), foundation capacity and settlement 73 

(Fenton and Griffiths 2003; Li et al. 2016; Simões et al. 2020), and tunnel deformation 74 

performance (Huang et al. 2015; Zhang et al. 2021b; Zhang et al. 2024). Several studies have 75 

been conducted on the impact of spatial variability on subgrade engineering (Luo and Bathurst 76 

2018b; Sun et al. 2022; Vaillancourt et al. 2015). For example, Vaillancourt et al. (2015) 77 

demonstrated through finite difference modeling that the significant variability in subgrade soil 78 

affects the long-wavelength pseudo-profile of roads at the completion stage. Luo and Bathurst 79 

(2018b) used random finite element modeling to consider the spatial variability of soil 80 

parameters and presented the load-settlement characteristics of a geogrid-reinforced large 81 

embankment. Sun et al. (2022) investigated the effects of the spatial variability in cement-82 

treated soil on airport pavement roughness, finding that random spatial variability increased 83 

settlement, which further increased with a higher coefficient of variation. 84 

In summary, previous research has suggested that settlements are significantly influenced 85 

by the spatial variability of soil parameters. However, a comprehensive literature review 86 

revealed that no studies have analyzed railway loess-filled embankments while considering the 87 

spatial variability of soil parameters. To investigate the spatial variability of subgrade soil 88 



parameters on the settlement deformation of railway loess-filled embankments, this study 89 

combined a finite difference element (FDE) method with a random field model (RFM), 90 

utilizing cone penetration test (CPT) data and geotechnical test parameters from the K329–91 

K331 section of the Baozhong railway subgrade. RFM discretization of the soil parameters 92 

within different geological cells was achieved using covariance matrix decomposition (CMD). 93 

Consequently, a two-dimensional embankment model was established in which the FDE was 94 

aligned with random cells to consider the random field. The influence of the spatial variability 95 

on settlement was studied by comparing the embankment surface settlement values at the 96 

centerline under three models: deterministic calculation model (DCM), random variable model 97 

(RVM), and RFM. These findings provide valuable insights for ensuring safe operation and 98 

design in subgrade engineering. 99 

Computational Framework 100 

Spatial variability of soil properties 101 

In geotechnical engineering, it is not feasible to acquire the soil parameters directly at 102 

each point in the soil profile for a specified geological cell (or soil layer). Random field theory 103 

effectively characterizes the inherent variability of soil parameters using a correlation 104 

coefficient between any two discrete points. Various methods exist for generating realizations 105 

of random fields, including the local average subdivision (Alamanis and Dakoulas 2021; 106 

Fenton and Griffiths 2007), fast Fourier transformation (Li et al. 2021; Zhu et al. 2013), CMD 107 

(Gong et al. 2020; Yang et al. 2021), turning-band method (Mantoglou and Wilson 1982; Pardo-108 

Igúzquiza and Chica-Olmo 1993), K-L expansion (Huang et al. 2001; Wang et al. 2018), and 109 

sequential Gaussian simulation (Pebesma 2004; Wang et al 2021). CMD involves constructing 110 



a covariance matrix for a random field and subsequently performing Cholesky decomposition 111 

to obtain the upper and lower triangular matrices. This approach is simple to implement and 112 

accommodates random fields with irregular geometries without additional computational effort. 113 

Additionally, it requires only one matrix decomposition for Monte Carlo simulations (MCS), 114 

as generating each additional realization requires only backward substitution (Fenton 1999; 115 

Jiang ang Huang 2016; Nguyen et al 2021). Therefore, CMD was preferred in this study. CMD 116 

uses an autocorrelation function (ACF) to quantify the correlation coefficient between two 117 

points located at any distance within each soil layer. Various types of theoretical ACFs, such as 118 

the single exponential, squared exponential, cosine exponential, binary noise, and second-order 119 

Markov, are commonly employed to describe the spatial autocorrelation of soil parameters 120 

(Phoon et al. 2003; Kim and Sitar 2013). The single exponential function has been extensively 121 

utilized to study the impact of spatial variability in soil parameters due to its simplicity and 122 

ease of establishment in random fields (Cami et al. 2020; Li et al. 2016; Zhang et al. 2022). In 123 

this study, a single exponential ACF was used to model the spatial variability of the soil 124 

parameters. The ACF can be expressed by Eq. (1) 125 

( ), exp 2 x z

x z

h v

 
  

 

  
= − +  

   
                                                           (1) 126 

where ρ (τx, τz) is the correlation coefficient between two arbitrary points in a soil layer; τx 127 

and τz are the horizontal and vertical distances between two points in space, respectively; and 128 

δh and δv are the horizontal and vertical scale of fluctuation (SOF) of soil parameters, 129 

respectively.  130 

The correlation function value between any two arbitrary points can be derived using the 131 

SOF as described in Eq. (1). The CMD method requires defining a discrete set of n points at 132 



which the random field can be sampled. Subsequently, a covariance matrix, Cn×n, quantifying 133 

the correlation between all of the sampling points, is constructed. This matrix is a positive 134 

definite symmetric matrix (Yang et al., 2022). The Cholesky decomposition (Press et al. 2007) 135 

is expressed as:  136 

Cn×n =MU=MMT                                                        (2) 137 

M is the lower triangular matrix, while U is the upper triangular matrix, U=MT. 138 

An autocorrelated standard normal random field Q is obtained by 139 

Q = MY                                                            (3) 140 

where the vector Y consists of a sequence of independent standard normal random 141 

variables. The lognormal distribution can effectively capture the random distribution without 142 

generating negative values for soil parameters (Huang et al. 2015; Phoon and Ching 2015). The 143 

lognormal distributed random field F can be generated by 144 

F = exp ( ln i I + ln i Q)                                               (4) 145 

where I represents an n-dimensional column vector in which all elements are unity, ln i  146 

and ln i  are the mean and standard deviation of normal random field ln(F), respectively. 147 

2

ln lnln / 2i i i  = −                                                       (5) 148 
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Vertical scale of fluctuation (δv) 150 

In random field theory, the statistical characterization of the spatial variability of a 151 

parameter includes its mean, variance (standard deviation), and SOF (Vanmarcke 1977). The 152 

SOF plays a crucial role in capturing the inherent spatial variability within random fields 153 

(Huang et al. 2015; Zhang et al. 2022). This study adopted the semivariogram function because 154 



it can yield accurate results with fewer samples and less stringent constraints on sampling 155 

intervals (Phoon and Ching 2015). Denoting the sample size of the soil parameters as m, the 156 

specific steps for calculating the fluctuation range using the semivariogram method are outlined 157 

below: 158 

(1) The semivariogram value γ*(h) was calculated by applying formula (7) with a given 159 

lag distance , (0,1, , 1)h j z j m=  = − .  160 
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Where X(zi) and X(zi+j) are the observed values of X at zi and zi+j, and (m-j) is the number 162 

of pairs of data points separated by the lag h, or the number of paired comparisons (Kerry and 163 

Oliver 2011). 164 

(2) Plot the γ*(h)~h correspondence diagram. A typical theoretical spherical 165 

semivariogram is presented in Fig. 1. The experimental semivariogram is characterized by 166 

three parameters (Clark 1979; Onyejekwe et al. 2016): nugget effect (D0), sill (D + D0), and 167 

range of influence (a). Spherical, exponential, and Gaussian theoretical semivariogram models 168 

were used for curve fitting. 169 

(3) The vertical SOF (δv) was evaluated by a fitting a best-fit continuous theoretical 170 

semivariogram model obtained in step (2). The relationship between range of influence (a) and 171 

SOF for some models are presented Table 1. By selecting the function model with the largest 172 

coefficient R2, the fluctuation range of the soil parameters and shear wave velocity in various 173 

boreholes were determined. 174 

Project overview 175 

The Bao Zhong railway, which connects Baoji in Shaanxi to Zhongwei in Ningxia, was 176 



completed and officially operated in July 1996. The study area is situated in the Malian town 177 

of Guyuan City (Fig. 2) within Ningxia Province along the K329–K331 section of the 178 

Baozhong railway. Guyuan City lies on the northwestern periphery of the Chinese Loess 179 

Plateau and experiences a semi-arid and semi-humid continental climate, with precipitation 180 

mainly occurring in the summer. Approximately 70% of the annual rainfall is concentrated 181 

between June and September. Due to water scarcity, large-scale farmland irrigation is required 182 

every spring and autumn for agricultural crops, leading to a rise in groundwater levels. 183 

Consequently, an increase in the prevalence of loess disease has been observed along railway 184 

lines (Fig. 3). Based on the corresponding data, since 2003, extensive flood irrigation of 185 

farmland has induced the settlement and gradual elevation of railway subgrades. After years of 186 

subsidence, uneven settlement occurred within the railway subgrade, leading to track 187 

irregularities (Fig. 3c and d) accompanied by many cracks on both sides of the roadbed (Fig. 188 

3a and b). The longest crack extends to approximately 600 m. Therefore, urgent action is 189 

needed to address the settlement issue of the Baozhong railway subgrade loess (Zhao et al. 190 

2020). 191 

Geological engineering conditions 192 

The embankment primarily comprises loess mixed with fill, exhibiting significant 193 

variability due to long-term irrigation, rainfall infiltration, vehicle load, dry-wet cycles, freeze-194 

thaw cycles, and other factors. The ground soil beneath the embankment can be divided into 195 

two distinct layers: the upper layer includes a cohesive soil deposited in modern lake facies, 196 

whereas the lower layer is composed of gravel silty clay deposited in river facies. The specific 197 

lithological characteristics of each stratum are as follows:  198 



 (1) Silty clay  199 

The silty clay was yellowish-brown and hard plastic with no clear bedding characteristics. 200 

It has high dry strength and medium toughness without any rocking reaction. The soil contained 201 

Fe, Mn, and small amounts of oxides. The thickness of the soil layer ranges from 3.9 – 8.4 m.  202 

(2) Silt  203 

The silt layer exhibits purple-red or light-yellow color and ranges from plastic to hard 204 

plastic in consistency. It has a low strength but medium toughness without any shaking 205 

reactions. The section appears smooth and contains Fe, Mn, and small amounts of oxides. When 206 

twisted by hand, the sand could be felt strongly within the silt layer, which had a thickness of 207 

2.7 – 5.8 m. The physical and mechanical indices of each soil layer are listed in Table 2. 208 

Embankment fill test 209 

CPT and borehole tests were conducted along the shoulders of K330 + 000, K330 + 100, 210 

K330 + 150, K330 + 200, and other mileages. The test points were positioned at the top of the 211 

subgrade, as shown in Fig. 4. The physical and mechanical parameters of the embankment fill 212 

layer at K330 + 000 are presented in Table 3. 213 

Vertical scale of fluctuation (δv) Analysis 214 

To satisfy the requirements of a stationary random field, detrending was employed on the 215 

borehole data to obtain the fluctuation component, and the vertical SOFs were calculated using 216 

the semivariogram method. The vertical SOFs were determined based on both penetration 217 

resistance of CPT and borehole test data, with sampling intervals of 0.1 and 0.5 m, respectively. 218 

Table 4 lists vertical SOFs. 219 

The negligible differences in the fluctuation ranges of various physical and mechanical 220 



parameters within the same borehole are illustrated in Fig. 5, indicating the inherent stability 221 

of soil attributes in a given area. The calculated fluctuation ranges for physical and mechanical 222 

parameters were 0.87, 0.84, 0.92, and 0.74 m with an average value of 0.84 m. In contrast, the 223 

fluctuation ranges derived from CPT data were slightly lower at 0.78, 0.74, 0.84, and 0.68 m 224 

with an average value of 0.76 m. This discrepancy arises because the sampling interval for 225 

geotechnical test parameters was 0.5 m, whereas the sampling interval for CPT was 0.1 m. The 226 

size of the sampling interval significantly affects the calculation results of the fluctuation range. 227 

(Lloret-Cabot et al. 2014; Sasanian et al. 2019). Moreover, there was a disparity in the sample 228 

sizes between the CPT and geotechnical test parameters, which also influenced the computation 229 

of the fluctuation range (Dasaka and Zhang 2012). 230 

The vertical SOFs of physical and mechanical parameters in the calculated 231 

semivariograms indicate varying degrees of spatial dependence. In geotechnical engineering, 232 

the spatial average of a soil property over a specific domain is often more relevant and serves 233 

as a design parameter (Zhao et al. 2013). To compare dispersion among different soil properties 234 

conveniently and appropriately, it is advantageous to express variance without units. The 235 

coefficient of variation (COV) provides a useful and meaningful index for comparing 236 

variability among different properties (Wilding and Drees 1983).  237 

The COV for a point (COVp) is calculated by normalizing the standard deviation of the 238 

point with respect to its mean value (COVp = point standard deviation / point mean). The spatial 239 

average COV (COVa) is defined as follows (Zhao et al. 2013): 240 

( )a pCOV L COV=                                                        （8） 241 

where Γ2(L) is a variance reduction function, L is the averaging length. 242 



The approximate variance reduction function has been proposed for practical application 243 

(Vanmarcke 1983): 244 

( )2
vL L =                                                        （9） 245 

The COV for physical and mechanical parameters is presented in Table 5. In the field of 246 

geotechnical engineering, it is widely acknowledged (Harr 1987; Gomes and Garcia 2002) that 247 

the variability of a property can be classified based on the magnitude of COV, which may be 248 

categorized as low (< 10%), medium (10 – 20%), high (20 – 30%), or very high (> 30%). 249 

Accordingly, the theoretical COVa for physical parameters such as natural density, water 250 

content, and void ratio range from 4.2 – 4.8%, 1.4 – 1.7%, and 3.7 – 4.1%, respectively, 251 

indicating low variability in these properties. Based on the COVp values, it can be observed 252 

that water content and void ratio exhibit medium variability, while natural density demonstrates 253 

significantly less variability compared to other physical properties. The natural density of soil 254 

is highly influenced by the specific gravities of soil minerals, which typically vary within a 255 

narrow range. The COVa values for mechanical parameters, including cohesion, friction angle, 256 

and compression modulus, demonstrate variations ranging from 20.4 – 21.7%, 10.2 – 11.6%, 257 

and 5.3 – 6.0% respectively. The cohesion displays a high degree of variability while the 258 

compression modulus exhibits low variability. In case of embankment fill materials, the mean 259 

friction angle usually ranges between 20° and 40° with an associated COVa varying from 5 – 260 

15%. Considering potential measurement errors caused by variations in water content and dry 261 

density among soil specimens (Singh and Lee 1970), both cohesion and friction angle display 262 

very high levels of variability according to their respective COVp values. Phoon and Kulhawy 263 

(1999) reported a range of 20 – 80% for clay, while the COV for mechanical parameters 264 



exhibits comparable magnitudes. 265 

The COVp indicate a wide range of variability, spanning from low to very high, while the 266 

COVa denotes variability in soil parameters that can range from low to high. Increasing the 267 

sample size used for averaging the property will result in a reduction of the COVa for the 268 

average soil property (Zhang et al. 2008; Zhao et al. 2013). Determining COVp and COVa 269 

values for typical loess fill properties can assist engineers in comprehending the inherent soil 270 

variability when estimating common design characteristics of embankments. 271 

Horizontal SOF (δh) analysis 272 

The horizontal SOF (δh) is impossible to calculate directly owing to the lack of sample 273 

data in the horizontal direction. In general, δh is greater than δv (Phoon and Kulhawy 1999). 274 

The ratio of the two (N=δh / δv) is a key parameter with significant influence. The range for δv 275 

in CPT results is relatively narrow, ranging from 0.06 – 2.6 m. However, the range for δh is 276 

fairly broad, ranging from 0.14 – 80 m (Phoon and Kulhawy 1999; Onyejekwe et al. 2016). 277 

Considered N values of 10, 30, 50, 70, and 100. Subsequently, the impact of varying N values 278 

on the settlement calculation was investigated. 279 

Implementation procedure 280 

RFM is commonly integrated with MCS and applied in engineering applications. MCS 281 

has been extensively utilized to analyze slope stability and foundation settlement in 282 

geotechnical engineering. This method is suitable for simulating independent and correlated 283 

geotechnical engineering parameters (Peng et al. 2017; Pan et al. 2021; Nguyen et al. 2021; 284 

Zhang et al. 2024). The simulation steps for the embankment settlement analysis were predicted 285 

as follows: 286 

(1) The parameters of the random field, including bulk modulus (K), shear modulus (G), 287 



cohesion, friction angle, and natural density were generated using CMD.  288 

(2) A numerical model was established using the FISH programming language embedded 289 

in FLAC3D. Subsequently, the parameters in the RFM were individually mapped to a finite 290 

difference cell, and ultimately, the embankment settlement was calculated as a single result 291 

from a random simulation.  292 

(3) These steps were repeated multiple times to obtain settlement data, considering the 293 

spatial variability of the soil parameters. The distribution pattern of these data was tested and 294 

compared with the deterministic analysis and calculation results that consider the vertical 295 

variability of the soil parameters. 296 

Numerical model 297 

The K330 + 000 section of the Baozhong Railway was used to establish the numerical 298 

model. Considering the symmetrical nature of the embankment, only half of it was modeled 299 

and analyzed using the centerline as the axis. The embankment has a height of 8 m, a top surface 300 

width of 3.6 m, and follows a horizontal-to-vertical slope ratio of 1:1.5. Underneath the 301 

embankment, the ground has dimensions of 12 m in depth and 35 m in width, which can be 302 

divided into two distinct layers: an upper layer consisting of silty clay with a thickness of 8 m 303 

and a lower layer composed of silt that measures 4 m thick. The model dimensions are shown 304 

in Fig. 6a. To ensure resilience against failure stresses, the problem domain was expanded 305 

horizontally and vertically. Displacement boundary conditions were imposed at the edges of 306 

the boundary. In accordance with the Chinese code for design of railway earth structure 307 

(National Railway Administration of PRC, 2016), the track and traffic loads on the subgrade 308 

surface were simplified as a uniform load, specifically 60 kPa with an effective width of 1.7 m. 309 

The relevant calculation parameters for the subgrades are listed in Tables 6 and Table 7. 310 



When utilizing FLAC3D6.0 for computational purposes, it is also essential to consider 311 

two material parameters, namely the bulk modulus (K) and shear modulus (G). These 312 

parameters can be derived from the compression modulus (Es) and Poisson's ratio (v), which 313 

can be calculated using the following formulas (Davarpanah et al. 2020).  314 

3(1 2 )

sE
K

v
=

−
                                                           （10） 315 

2(1 )

sE
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v
=

+
                                                        （11） 316 

The investigation of railway subgrades in this study is approached as a plane-strain 317 

problem. A representative numerical cell mesh in FLAC 3D is shown in Fig. 6b. The movement 318 

at the bottom boundary edge was constrained in both the x- and y-directions, while movement 319 

along the x-direction was fixed at the side boundaries. The problem domain was discretized 320 

into 868 nonuniform zones using four-node quadrilateral elements. A relatively fine mesh was 321 

employed within the embankment region, whereas a larger mesh was selected outside the 322 

influence zone. In this study, the soils were modeled as an elastic-plastic medium adhering to 323 

the widely utilized Mohr-Coulomb yield criterion, which has found extensive application in 324 

numerical simulations, particularly those involving random field analysis (Huang et al. 2015; 325 

Li et al. 2016; Zhang et al. 2021b). The unassociated flow rule was adopted to implement the 326 

Mohr-Coulomb failure criterion within the FLAC 3D software. 327 

The numerical model underwent multiple cycles under geostatic stress until achieving 328 

static equilibrium. The nodal displacements obtained after achieving static equilibrium were 329 

subsequently reset to zero to ensure that the embankment settlement was solely attributable to 330 

the upper load. 331 

To assess and analyze the impact of soil parameter variability on embankment settlement, 332 



three computational models were employed:  333 

(1) DCM, which assumes uniform soil properties with constant values in each finite 334 

difference zone throughout the entire embankment. 335 

(2) RVM, which accounts for vertical variability of soil parameters within the layered 336 

embankment and ignores spatial autocorrelation of soil parameters. 337 

(3) RFM, which utilizes CMD to discretize random fields such as K, G, cohesion, friction 338 

angle, and natural density, subsequently mapping them onto the embankment model. 339 

The determination of the number of runs is crucial in Monte Carlo simulations (MCS) to 340 

obtain converged results for probability characteristics (Huang et al. 2015; Zhang et al. 2021b). 341 

Fig. 7 demonstrates the variation in average settlement of the embankment center top surface 342 

with respect to the number of runs when N=10. It can be observed that there was a mere 343 

difference of 0.1 mm between the settlement values obtained at 200 MCS runs and those at 150 344 

MCS runs. Hence, a reasonably converged solution can be achieved with just 150 MCS runs. 345 

Consequently, 200 MCS runs were employed for the subsequent finite difference analyses in 346 

this paper. 347 

Results 348 

The settlement distribution curves of the top surface of the embankment for different N 349 

values are shown in Fig. 8. In Fig. 8a (RFM-1), the horizontal SOF was minimal, and the soil 350 

parameters exhibited rapid changes along the horizontal direction, as indicated by the 351 

simulation results of the random-field analysis. Consequently, each soil parameter underwent 352 

pronounced numerical variations, resulting in a discretized settlement curve for the 353 

embankment surface. As the horizontal SOF gradually increased, there was an enhanced 354 



correlation among the soils and more gradual changes in the soil parameters along the 355 

horizontal direction, leading to a stable settlement curve for the embankment surface. The 356 

settlement curves demonstrated relatively consistent behavior. Notably, The RFM results 357 

exhibited random fluctuations within the RVM results, indicating that the influence of the 358 

horizontal SOF on the settlement deformation behavior of the embankment surface primarily 359 

manifested as variations in settlement values, with minimal impact on the morphological 360 

changes observed in the settlement curve of the embankment surface. 361 

The probability distribution of the maximum settlement on the embankment surface for 362 

different N values is shown in Fig. 9. At N values of 10, 30, 50, 70, and 100, the corresponding 363 

maximum settlements on the top surface of the embankment were 73 mm, 56 mm, 53 mm, 46 364 

mm, and 55 mm, respectively. A comparative analysis with the RVM revealed that RFM-1 (Fig 365 

9a) exhibited a significantly higher probability (94%) of attaining a larger maximum settlement 366 

than that predicted by the RVM. Conversely, RFM-2 to RFM-5 (Fig 9b, c, d, e) yielded smaller 367 

settlements, with probabilities (66%, 92.5%, 96%, and 85.5%, respectively) lower than those 368 

obtained from the RVM. There is a 98.5% probability that the maximum settlement value for 369 

RFM-4 exceeds that of the DCM. Moreover, the maximum settlement values for RFM-1, RFM-370 

2, RFM-3, and RFM-5 surpassed those of the DCM. The disparities in the maximum settlement 371 

values between the RFMs and the DCM and RVM were substantial. This underscores the 372 

criticality of accounting for spatial variability in soil parameters when estimating embankment 373 

settlements. 374 

The settlement distribution curves for the top surface of the embankment under different 375 

N values are illustrated in Fig. 10, while the settlement of the embankment center is shown in 376 



Fig. 11. Both the RFM and RVM exhibited higher settlement values than the DCM results. 377 

Specifically, the average maximum settlement for RFM-1 was 77 mm, whereas the VFM 378 

yielded an average maximum settlement of 66 mm. This discrepancy can be attributed to the 379 

limited horizontal SOF and weak autocorrelation in soil properties, leading to abrupt variations 380 

in the random field characteristics and substantial errors in discrete soil parameter estimations, 381 

resulting in larger calculated settlement values. However, the RFM is capable of incorporating 382 

the local average impact of soil parameters. 383 

With an increase in N, the average maximum settlement values of RFM-1, RFM-2, and 384 

RFM-3 were 62 mm, 54 mm, and 51 mm, respectively. Compared with the RVM results, they 385 

decreased by 6.1%, 18.4%, and 22.9%, respectively. The difference between the settlement 386 

values of RFM-3 and RFM-4 is only 3 mm. This is likely because when N = 50 and 70, the 387 

actual horizontal SOF falls within a range of approximately 40 – 60 m, resulting in a stable 388 

random field with consistent calculation results for settlement values. However, as N increases 389 

(N≥70), each soil layer gradually becomes more uniform in terms of horizontal SOF 390 

distribution, leading to convergence towards an RVM approach with an approximate settlement 391 

value calculation result close to that of RVM at approximately 58 mm.  392 

The horizontal SOF exhibited a significantly larger magnitude than the vertical SOF, 393 

which was primarily attributed to the influence of soil characteristics and environmental factors. 394 

During embankment filling, a substantial area was simultaneously formed in the horizontal 395 

direction, resulting in a more homogeneous soil profile and reduced variability. Conversely, 396 

owing to layered filling techniques, greater variability exists in the vertical direction of the 397 

embankment. Based on the settlement analysis conducted in this study, the optimal range for 398 



the horizontal SOF lies between 40 and 60 m in a loess filled embankment. 399 

Discussion 400 

The SOF characterizes the spatial correlation structure of soil properties. N (the correlation 401 

anisotropy) is a key parameter with significant influence. Taking the compression modulus (Es) 402 

as an example, with δv = 0.83 m, the simulation results of different δh ranges are shown in Fig. 403 

12. When the N value is small, i.e., δh is small, the simulated Es exhibits strong variability in 404 

the horizontal direction, causing dramatic changes in Es. The RFM results show a 'point' 405 

distribution. As the δh range increases, the color depth of the same layer gradually shows a 406 

'stripe' distribution. The simulated value become more uniform horizontally, the coefficient of 407 

variation decreases, the horizontal spatial variability of the soil weakens, and the soil 408 

parameters of the same soil layer tend to stabilize. 409 

The spatial average of COVa under different N values are shown in Fig. 13. When N = 1, 410 

the maximum COVa is 0.73. For N = 50 and 70, the corresponding COVa values are 0.44 and 411 

0.42, respectively. The variation range is small, the curve is gentle, and the degree of soil 412 

variation is similar. When N increases to 500 and 2000, the COVa decreases to 0.18 and 0.11 413 

respectively. Consequently, the soil parameters in the same soil layer show minimal change 414 

along the horizontal direction, the RFM degenerates into the RVM. 415 

Due to the wide range of values reported in the literature, it is crucial to determine the 416 

horizontal SOF based on site-specific investigation data rather than relying on the broad ranges 417 

from existing literature (Ching et al. 2018). Numerical results indicate that the actual horizontal 418 

SOF falls within the interval of N = 50 and 70, demonstrating that the random field effectively 419 

captures the spatial distribution patterns of the soil parameters and yields more accurate 420 



calculations. The corresponding horizontal SOF ranges from 41.5 to 58.1 m. Cami et al. (2020) 421 

compiled statistical data on horizontal SOF from existing literature and concluded that it ranges 422 

from nearly 0 to 100 m, with most values falling between 0 and 60 m. Phoon and Kulhawy 423 

(1999) reported that the clay’s horizontal SOF ranges from 23.0 to 66.0 m, with a mean value 424 

of 44.5 m based on corrected CPT tip resistance. The spatial variability of loess fill is a 425 

combination of natural variability and compaction-induced variability. (Liang et al. 2022; Yao 426 

et al.2021; Zhang et al. 2021a; Zhu and Li. 2020) Inevitably, variability in compaction density 427 

occur during the construction process. However, construction quality control specifications are 428 

enforced in the field to ensure that this variability within acceptable limits (Luo and Bathurst 429 

2018b). Field measurements conducted by Nishimura et al. (2010) revealed significantly high 430 

values of N for soil strength in constructed fills. Extensive flood irrigation of farmland since 431 

2003 has led to changes in embankment fill parameters. Consequently, the horizontal SOF 432 

aligns with the range observed for natural clay deposits, exhibiting consistent orders of 433 

magnitude but with distinct specific values. It is important to note that this outcome solely 434 

stems from numerical analysis, and further validation through extensive field test data is 435 

warranted. 436 

Consequently, N = 70 was selected as the optimal analytical value. The measured values 437 

of the embankment surface settlement at the centerline of the DCM, RVM, and RFM were 35 438 

mm, 66 mm, and 51 mm, respectively. In the DCM approach, a uniform soil composition is 439 

assumed throughout the entire embankment fill by assigning fixed values to all soil parameters. 440 

This oversimplification disregards spatial variations in these parameters and leads to 441 

underestimated calculation results. Conversely, the RVM method incorporates diverse values 442 
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of soil parameters within each layer while assuming consistency across that specific layer. 443 

Currently, consideration of soil parameter inhomogeneity is currently limited to the vertical 444 

direction, neglecting its variability along the horizontal direction. This constraint impedes the 445 

accurate characterization of spatial variations in soil parameters. By incorporating both vertical 446 

and horizontal variations in the soil parameters, the RFM yields more realistic calculation 447 

outcomes. In fact, the RVM can be considered a special case of the RFM, that is, the SOF of 448 

soil parameters is considered to be infinite. However, in reality, the SOF of soil parameters is 449 

usually smaller than geo-structures scales, particularly for vertical fluctuations. This result is 450 

reasonable since the RFM accounts for local averaging effects on soil parameters (Cheng et al. 451 

2019), which significantly reduces scatter in settlement analysis.  452 

Random fields can effectively depict the spatial variability of soil parameters, thereby 453 

accounting for uncertain spatial variations in geotechnical materials and accurately 454 

representing the stochastic characteristics of soil materials. (Cheng et al. 2019; Deng et al. 2022; 455 

Foye and Soong 2010; Li et al. 2016; Zhang et al. 2024). Consequently, employing RFM to 456 

estimate soil parameters offers a rational and viable approach for the precise calculation of 457 

embankment settlement. The results provide unequivocal evidence that the heterogeneity of 458 

loess-filled embankments primarily contributes to the variability in settlements. This approach 459 

represents an initial stride towards a more accessible simulation methodology for design. 460 

Conclusion  461 

(1) The semivariogram method was used to determine the vertical SOF of the embankment 462 

fill. The range of vertical SOF values derived from CPT data falls within 0.68 and 0.84 m, 463 

whereas for borehole test data, it ranges between 0.71 and 0.99 m, slightly higher than the 464 
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former range. Sampling spacing and the number of samples influenced the vertical SOF. 465 

(2) Due to layered filling during embankment construction, strong variability is observed 466 

in the vertical direction of the embankment fill layer, whereas in the horizontal direction, it 467 

often forms a single large area. The embankment fill layer was relatively uniform and exhibited 468 

a small variability in the horizontal direction. The horizontal SOF is significantly larger than 469 

the vertical SOF. The settlement analysis revealed a horizontal SOF ranging between 40 and 470 

60 m for the loess-filled embankment. 471 

(3) A comparison the DCM, RVM, and RFM results indicated a settlement value of 35mm 472 

for the embankment surface at the centerline in the DCM. However, this model completely 473 

disregards the spatial variability of the soil parameters, resulting in underestimated calculation 474 

s. The RVM only accounts for the heterogeneity of soil parameters along the depth direction, 475 

neglecting their variability along the horizontal direction. hence yielding a settlement of 66 mm. 476 

In contrast, RFM incorporated both vertical and horizontal variabilities of soil parameters into 477 

its analysis and provided a more accurate characterization of their spatial distribution, leading 478 

to more reasonable calculation results. 479 
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Figures 739 

 740 

Fig. 1  Typical spherical theoretical semivariogram. 741 

 742 

Fig. 2  a The location of the study area (after Luo et al. 2018). b Inspection pit test. c Borehole 743 

core samples. 744 



 745 

Fig. 3 Subgrade disease of Baozhong railway. a Cracks at K330+000 section; b Cracks at 746 

K330+200 section; c Uneven track at K330+200 section; d Uneven track at K331+250 section. 747 

 748 

 749 

Fig. 4 CPT and borehole tests location diagram. 750 

 751 



 752 

Fig. 5 Vertical SOFs of physical and mechanical parameters computed based on borehole test 753 

data and penetration resistance of CPT. 754 

 755 

Fig. 6 Numerical model of subgrade mechanics. a Dimensions of the subgrade model; b 756 

Deterministic calculations model (DCM); c Random vertical model (RVM); d Random field 757 

model (RFM). 758 



 759 

 760 

Fig. 7 The converging trend of average settlement of embankment center top surface (N=10). 761 

 762 



 763 

Fig. 8 The settlement distribution curves of embankment top surface under different N values. 764 

a RFM-1 (N=10); b RFM-2 (N=30); c RFM-3 (N=50); d RFM-4 (N=70); e RFM-5 (N=100). 765 

 766 



 767 

Fig. 9 Probability histograms of the maximum settlement of embankment top surface under 768 

different N values. a RFM-1 (N=10); b RFM-2 (N=30); c RFM-3 (N=50); d RFM-4 (N=70); e 769 

RFM-5 (N=100). 770 

 771 



 772 

Fig. 10 The average settlement distribution curves of embankment top surface under different 773 

N values. 774 

 775 

Fig. 11 The settlement distribution curves of embankment center under different N value. 776 

 777 



 778 

Fig. 12 The random field simulation results for compression modulus ( SE  ). a N=1; b N=30; c 779 

N=50; d N=70; e N=500; f N=2000. 780 

 781 



 782 

Fig. 13 The spatial average of COVa under different N values. 783 

 784 


