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Similarities between Wheels and Tracks: A “Tire
Model” for Tracked Vehicles

Ruizeng Zhang, Wei Zhou, Senior Member, IEEE, Haiou Liu, Jianwei Gong, Member, IEEE,
Huiyan Chen and Amir Khajepour, Member, IEEE

Abstract—As an important component of land transportation
systems, tracked vehicles (TRVs) and wheeled vehicles (WVs)
have developed independently in parallel, particularly in the mod-
eling of vehicle-ground interactions. However, their differences
are not as significant as they appear. This paper introduces a
simplified terramechanics-based track-ground interaction model
for the motion control of TRVs on firm ground. The simplified
interaction model addresses the problem that the terramechanics-
based models are too complex to be applied to optimization-
based real-time control algorithms. Interestingly, the proposed
track-ground interaction model closely resembles to the tire
model used for WVs. Through comparison, we present the
unified mechanisms underlying vehicle-ground interactions. In
our approach, TRVs can be treated as a special type of skid-
steer WVs, which benefits the theories and methods of wheel
vehicles to be deployed in the TRV domain. Finally, we verify
the proposed interaction model with extensive dynamic data from
a real dual motor-driven TRV to demonstrate its effectiveness.

Index Terms—Tracked vehicle, Dynamic model, Terramechan-
ics theory.

I. INTRODUCTION

AN effective and efficient dynamic model is fundamental
to modern control theory; however, in the field of tracked

vehicles (TRVs) there is no such a ready-made model for
dynamic motion control, just like the tire model for wheeled
vehicles (WVs) [1], [2]. The model’s “absence” hinders the de-
velopment of precise dynamic control for TRVs. Consequently,
the question arises: is there a “tire model” for TRVs?

Tracks not only endow TRVs with excellent road adaptabil-
ity [3], enabling them to perform heavy-duty tasks in mining
[4], agriculture [5], construction [6], disaster relief [7], etc., but
also introduce complex vehicle-ground interaction. Imagine
calculating the forces and resistance moment in a rectangular
stress area where the normal pressure is unevenly distributed
and the shear stress depends on past displacement and changes
in normal pressure. The common approach is to use numerical
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integration, as employed by terramechanics-based dynamic
analysis models [8]–[11]. In these models, shear stress at each
point of the track is calculated based on the shear stress-shear
displacement relationship, and overall forces are derived by
the numerical integration. However, the numerical integration
process may lose gradient information and lead to a complex
model, causing difficulty in real-time dynamic motion con-
trol. Alternatively, commonly used control models for TRVs
include kinematic model [12], [13] or dynamic model based on
friction theory [14]–[16]. Nevertheless, kinematic models are
challenging to apply safety dynamic constraints, and friction
theory is limited in modeling the soil shearing of large TRVs
[8]. Therefore, achieving desirable autonomous driving for
TRVs necessitates overcoming the significant challenge of
handling the complex track-ground interaction [17].

Let us revisit the function of tracks to answer the question,
“Is there a ‘tire model’ for TRVs?”. Tracks disperse wheel-
ground pressure on soft ground, enabling TRVs to handle
muddy roads effectively. However, most roads are dry and
firm. On firm ground, the pressure disperse effects of the tracks
are negligible because both the ground deformation and the
track tension are limited. Theoretically, greater track tension
results in a more even the track-ground pressure. However,
track tension is typically kept within a reasonable range to
ensure durability and prevent derailing. Experimental results
and related literature [18] demonstrate that on firm ground,
the track-ground pressure is concentrated on a limited area
beneath the road wheels, which is similar to WVs. Therefore,
it is feasible to propose a “tire model” for TRVs on firm ground
using the methodology of WVs.

In this paper, we shift our focus from the shear stress
on each point of the track to the overall forces through
equivalent substitution. By theoretical derivation, we propose
a “tire model” for TRVs based on terramechanics theory.
Subsequently, we formulate a slip-aware dynamic model for
TRVs on firm ground using this “tire model”. This approach
avoids numerical integration and is suitable for model-based
dynamic motion control. We use the term “tire model” to refer
to the track-ground interaction model due to the similarity
between the track-ground interaction model and the actual tire
model in WVs.

The main contributions of this work are summarized as
follows:

(1) Proposing a simplified “tire model” for TRVs on firm
ground, enabling the application of terramechanics-based
theory in motion control of TRVs. Based on this “tire
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model” and the characteristics of TRVs, a dual-track
model considering track slip is formulated.

(2) Comparing the proposed TRV “tire model” with the
tire model of WVs to reveal the underlying relationship
between tracks and wheels.

(3) Verifying the proposed terramechanics-based dynamic
model with various soil and experimental maneuvers of
a bilateral motor-driven TRV.

The rest of the paper is organized as follows. In Section II,
we discuss related work on TRV modeling and demonstrate
the research gaps. The “tire model” and a dynamic model
for TRVs are presented in Section III. Then, a comparison
between the proposed “tire model” and the UniTire model is
made in section IV. The experimental results and analysis are
given in section V, and the conclusion and prospects are drawn
in the last section.

II. RELATED WORK

In this section, related work about the modeling of TRVs
and WVs will be discussed respectively. The related models
for TRVs will be discussed in detail to demonstrate the
research gaps and the need of a “tire model” for TRVs.
Additionally, a brief overview of tire models for WVs will
be provided for comparison.

A. Related Models for TRVs

Currently, models for TRVs can be classified into three
categories: kinematic models, friction-based dynamic models
and terramechanics-based dynamic models. Each of these
models has its own advantages and disadvantages that can not
be overlooked.
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Fig. 1. Different types of models for TRVs: (a) the kinematic model, (b) the
friction-based dynamic model, (c) the terramechanics-based dynamic model
and (d) the shear stress-shear displacement relationship.

The kinematic model is one of the most commonly used
models for TRVs, widely applied in path planning [19], tra-
jectory tracking [12], [20]–[22], and slip parameter estimation

[17], [23]–[25]. As shown in Fig. 1 (a), the coordinate system
x-o-y is fixed at the center of gravity (CoG), and the point
ICR is the instantaneous center of rotation. Points O′ and O′′

are instantaneous centers of the tracks slipping on the ground
on both sides [8]. The track slip is inevitable during turning.
Experimental results [26] indicate that ignoring track slip leads
to theoretical turning radius and resistance will be about 40%
smaller and 50% larger than actual values, respectively. The
smaller the turning radius, the more pronounced the slip.
Therefore, the kinematic model is usually paired with the slip
estimation algorithm. Slip parameter estimation algorithms,
including the least squares method [27], extend\unscented
Kalman filter [12], [17], [23], [24], Levenberg-Marquardt
algorithm [19] and etc., are typically used to estimate the
slip velocity vs on both tracks and longitudinal ICR offset
sx. Although good estimation results can be achieved, these
estimation algorithms cannot predict future slip, which is
essential for model-based controllers like model predictive
control (MPC). Despite its concise form and ease of im-
plementation, the kinematic model may fail when dynamics-
related information dominates control performance, such as
high speed or low adhesion scenario [28]. Additionally, in
kinematic models, vehicle lateral slip vy is an uncontrolled
variable of the control inputs. The sprocket speeds have no
direct contribution on lateral slip.

The friction-based dynamic model is the mainstream in
dynamic control for TRVs, as shown in Fig. 1 (b). The
relationship between shear displacement j and shear stress
τ according to Coulomb’s law of friction is shown in Fig.
1 (d), where the maximum track-ground shear stress occurs
simultaneously with the relative displacement [8]. Although
extensive experimental evidence demonstrates that the track-
ground shear stress is related to shear displacement [29], [30],
friction theory-based dynamic models are generally applicable
[8]. The dynamic model is linear, assuming a constant lateral
friction coefficient, which overcomes the limitations of the
kinematic model that cannot impose dynamic constraints.
However, the constant lateral friction coefficient may oversim-
plify the actual track-ground interaction of large TRVs on firm
ground [8]. The Nikitin empirical formula [14] assumes the
lateral friction coefficient is a function of turning radius, mak-
ing it more suitable for large TRVs. However, some parameters
in this formula lack a clear physical meaning and can only be
determined experimentally. In addition, the Nikitin empirical
formula assumes the turning resistance moment is independent
of vehicle velocity, but our experimental results demonstrate
that velocity affects the turning resistance moment, especially
when the turning radius is small.

The terramechanics-based dynamic model, illustrated in
Figs. 1 (c) and (d), is primarily used for dynamic analysis. In
the field of WVs, tire forces are estimated by the tire model
directly treating the tire as a whole; nevertheless, researchers
in the field of TRVs estimate the track-ground force by
integrating or summing shear stress. The terramechanics-based
dynamic model is supported by extensive experimental data
and has been proven to accurately represent actual track-
ground interactions. However, its complex form, particularly
the numerical integration, limits its application in fields requir-
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TABLE I
CLASSIFICATION OF MODELS FOR TRVS AND THEIR APPLICATIONS

Type Features Usage Application Verification

Kinematic model

Ignore longitudinal slip Path tracking [4], [31]–[33]

Small TRVs [31]
Agriculture TRVs [32]
Sea mining TRVs [4]
Unspecified [33]

Real car [31]
Simulation
[4], [32], [33]

Consider track longitu-
dinal slip

Path planning [19]
Parameter estimation
[17], [23]–[25]
Path tracking [3], [12],
[20]–[22], [34]–[36],
[27]

Large TRVs1[12], [19],
[20], [25], [36]
Small TRVs2[3], [17],
[22], [23], [35]
Sea mining TRVs [21]
Unspecified [27], [34]

Real car [3], [12],
[17], [19], [23],
[24], [27], [36]
Simulation
[20]–[22], [25],
[34], [35]

The friction-based
dynamic model

Assume the friction co-
efficient is a constant,
e.g. the Coulomb’s law
of friction

Dynamics control [16],
[15], [37]–[43]
Dynamics analysis [44]
Parameter estimation
[45], [46]

Large TRVs [38],
[40], [41], [43], [45]
Small TRVs [37],
[15], [16], [39], [42],
[44], [46]

Real car [37],
[15], [44], [46]
Simulation
[16], [38]–[43],
[45]

Assume the lateral fric-
tion coefficient is related
to turning radius, e.g.
Nikitin formula

Dynamics control [47],
[48]
Energy management
[49]–[51]

Large TRVs
[47], [49], [50]
Small TRVs [48]
Unspecified [51]

Real car [48]
Simulation [47],
[49]–[51]

The terramechanics-
based dynamic model

Assume track-ground
pressure is evenly or
partly evenly distributed

Dynamics analysis [8],
[9], [26], [52]–[54]

Large TRVs [8], [9],
[26], [52], [54]
Small TRVs [53]

Real car [8], [9],
[26], [52]–[54]

Assume the shear dis-
placement is the same
in a limited area, and
changed the integral to
discrete summation

Dynamics analysis [55],
[56] Large TRVs [55]

Sea mining TRVs [56]
Real car [55]
Simulation [56]

1 Means TRVs that track gauge is bigger than 1.5m;
2 Means TRVs that track gauge is smaller than 1.5m;

ing high real-time performance, such as path tracking. Due
to this complexity, the model is generally simplified during
the modeling process. For example, assuming the track-ground
pressure is evenly [8] or partly evenly distributed [55]. Despite
these simplifications, numerical integration or discrete sum-
mation cannot be avoided, making the terramechanics-based
dynamic model challenging to use in model-based controllers
like linear quadratic regulator (LQR) and MPC. The shear
displacement-shear stress relationship model is the core of
the terramechanics-based dynamic model. Among the various
models, the Janosi-Hanamoto model [57] shown in Fig. 1 (d)
is the most wildly used due to its concise form and ease of
implementation. It performs well on loose sand, saturated clay,
dry fresh snow, and most distributed soils, but cannot describe
the ”hump” phenomenon that occurs on dense sand, silt and
frozen snow [58]. Alternative models proposed by J.Y. Wong
[59], M.G. Bekker [60] and others can describe the ”hump”
but are much more complex than the Janosi-Hanamoto model.
In addition, the shear displacement is the accumulation of

the past shear velocity. Thus, the vehicle states are generally
assumed to be constant to simplify the process, which limits
the model’s usage in non-steady states. Consequently, the
numerical integration form and the complex terramechanics
model restrict the use of the terramechanics-based dynamic
model in real-time dynamic control applications.

In summary, existing models for TRVs each have their
advantages, but balancing accuracy and complexity to achieve
precise real-time motion control of large TRVs remains chal-
lenging. Similar conclusions can be drawn from the statistical
data in Table I. The kinematic model is predominantly applied
in path tracking, as reported in the literature surveyed. Models
that ignore track slip are less commonly used compared to
those that consider it, and most of the former are verified only
through simulation [4], [32], [33]. Gao et al. [31] verified
their algorithm using a micro tracked robot while ignoring
the track slippage, but its performance still has room for
improvement. Models considering track slip are the main-
stream in existing path tracking [3], [12], [19]–[22], [27],
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[34]–[36] and parameter estimation [17], [23]–[25] algorithms,
with ample real-car verification. The friction-based dynamic
model is applied in dynamic control [15], [16], [37]–[43],
dynamic analysis [44], [47], [48], parameter estimation [45],
[46], and energy management [49]–[51]. Surprisingly, none of
the control algorithms for large TRVs that based on friction
theory have been verified via real car experiments among the
literature surveyed. This might because traditional large TRVs
have complex transmission systems, and the torques on both
sides are difficult to control; however, it also reflects that the
application of the models based on friction theory on large
TRVs is limited. Terramechanics-based dynamic models of
large TRVs are primarily used in dynamic or passibility analy-
sis [61]. Although most terramechanics-based dynamic models
[8], [55] have been verified by real cars, their computational
complexity confines their usage to applications insensitive to
real-time requirements, such as dynamic analysis.

Therefore, a dynamic model that balances complexity and
accuracy is urgently needed for the control of large TRVs,
similar to the dynamic models of WVs using the tire model.

B. Tire Models for WVs

In the field of WVs, tire models such as the brush tire model
[62], the magic formula [63], and the UniTire model [64] are
well-studied and provide significant benefits for the research
of WVs. Tire models can be divided into three types based on
their modeling method: physical or theoretical model, empiri-
cal model, and semi-empirical model. The brush tire model is
a physical model that assumes the tire deformation through the
bending of small beams to generate tire force [65]. Empirical
models, such as the magic formula, are directly fitted using the
tire test data. However, despite their widespread use, physical
and empirical models are often criticized for either model
accuracy or prediction ability [66]. Semi-empirical models,
like the UniTire model [64], combine empirical formulas
with theoretical models to achieve better accuracy with fewer
parameters. In addition to these models, there are also many
other tire models [11], [67], [68]. Moreover, learning-based
methods like neural networks have also been employed to
describe tire-ground interactions [69]. While the researchers
of the WVs are struggling with selecting the best tire model,
researchers in the TRVs field face challenges due to the lack
of such an effective model. In this work, we will propose a
“tire” model for TRVs and compare it with the UniTire model
to demonstrate the similarities between wheels and tracks.

There are also some researchers [11], [70]–[74] apply
terramechanics theory to the tire-ground interaction of wheels
on soft soil, which demonstrates the compatibility between the
theories of TRVs and WVs. However, most of the works are
experimented on soil bins with a rigid wheel [70], [71], [74].
Rigid wheels are seldom used in large vehicles. Taghavifar et
al. [11] applied terramechanics theory to real-time control of
a wheeled robot in simulation, but the terramechanics theory
is only used to calculate the external forces imposed by the
deformable soil and use the forces as constants in the dynamic
model. Vehicle control in soft soil has always been a challenge,
but we look forward to the research progress.

III. MODEL FOR TRVS

The vehicle-ground interaction and its modeling are essen-
tial in vehicle dynamics. An efficient and effective vehicle-
ground interaction model can enhance vehicle control perfor-
mance and prevent accidents. In this section, a track-ground
interaction model based on terramechanics theory and a slip-
aware dual-track dynamic model for TRVs are proposed.

A. The normal pressure-shear displacement relationship

The core of calculating the shear forces lies in knowing
the shear displacement of each point on the track, which can
then be used to determine the shear stress through the shear
displacement-shear stress relationship model. Here, we use the
Janosi-Hanamoto’s model (Eq. 1) [75] as an example due to
its concise form and wide range of applications:

τ = (c+ p tanφ)
(
1− e−j/K

)
(1)

where τ is the shear stress, φ is the friction angle. K and j de-
note the shear deformation parameter and shear displacement,
respectively. c and p are the cohesion coefficient and normal
pressures, respectively. For non-cohesive soil, we can rewrite
the Eq. (1) as

τ = pµ
(
1− e−j/K

)
(2)

with µ the shear coefficient.
The track-ground pressure changes constantly; thus, we can-

not simply integrate the shear velocity as shear displacement
is a variable dependent on normal pressure, conforming to the
rule (Fig. 2) proposed by Jo Y. Wong [58].
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Fig. 2. Shear stress-shear displacement relationship.

When the normal pressure on a track segment increases
from 0 to p3, the relation between actual shear displacement
jact and shear stress τ is illustrated in Fig. 2 (b). However, due
to loading changes, we should use the nominal shear displace-
ment jnom rather than the actual displacement jact to calculate
the shear stress. The nominal displacement jnom follows the
path Oτ1τ2τ3 as Fig. 2 (a) shows. During the unloading part
of the cycle, the shear stress decreases instantaneously with
the decrease of normal pressure [58], as shown in Fig. 2
(b). In other words, the higher pressure part contributes more
to the nominal displacement and, consequently, more to the
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shear stress. The shear displacement transform process can be
expressed by:

jb = −K ln

(
1− pa

pb
(1− e−ja/K)

)
, pa ≤ pb (3a)

jb = ja , pa > pb (3b)

where, subscript a and b are used to distinguish different
pressure. Assuming the nominal shear displacement at pressure
pa is ja, the nominal shear displacement should be jb when
the pressure changes to pb. It should be noted that the Eq. (3)
works only on non-cohesive soil in Eq. (2).

B. “Tire model” for TRVs

In this section, a track-ground interaction model is proposed.
Inspired by the tire model of WVs, the proposed model
regards the shear forces below the road wheel as a whole.
According to Jo Y. Wong [58], track-ground shear forces
can be calculated through integral or summation methods.
However, these methods are too complex for model-based
real-time control. As mentioned, normal pressure affects shear
stress proportionally, and the higher pressure part contributes
more to the shear force. Therefore, traditional methods can be
simplified by substituting the complex integral or summation
with the average states of the high-pressure area.

Pressure
 area

Pressure

Firm soil

Pressure here 
negligible

P
S

Fig. 3. The track-ground normal pressure on firm soil.

As Fig. 3 shows, the track-ground normal pressure is pri-
marily concentrated in a limited area beneath the road wheels
on firm soil. S represents the longitudinal length of the high-
pressure area where pressure is not negligible. vtx,i denotes the
longitudinal shear velocity, which can be obtained by Eq.(4).
Point P is located on the track directly below the center of
the ith road wheel and is also the center of the pressure area.
Point P has an average shearing velocity and average shear
time of the whole pressure area; thus, point P has the average
shearing displacement. Therefore, the states of point P can be
used to approximate the states of the entire pressure area. The
longitudinal, lateral, and combined shear velocity vtx,i, vty,i,
and vti of point P can be formulated as:

vtx,i = vx,i − rw (4a)

vty,i = vy,i (4b)

vti =
√
vtx,i

2
+ vty,i

2 (4c)

where vx,i and vy,i are the velocity of the ith wheel center in
longitudinal and lateral directions, and their combined speed

is vi. r and w represent the sprocket pitch circle radius and
speed, respectively. The average shear time tti and average
shear displacement ji can be obtained:

tti =
S

2rw
(5)

ji = vti ·tti =
S

2

√(vy,i
rw

)2

+

(
rw − vx,i

rw

)2

(6)

The longitudinal and lateral slip ratio can be defined as the
slip speed over the rolling speed:

sy,i = −vy,i
rw

(7a)

sx,i =
rw − vx,i

rw
(7b)

ji =
S

2

√
s2x,i + s2y,i (7c)

According to Eq. (2), the track-ground force under a single
road wheel can be obtained as

Fi = Fzµ
(
1− e−Csi

)
(8a)

Fx,i =
sx,i
si

Fi (8b)

Fy,i =
sy,i
si

Fi (8c)

where, si =
√
s2x,i + s2y,i, C = S/(2K). It is unnecessary

to calculate the exact value of S, as S and shear deformation
parameter K will combine to a new parameter C in Eq. (8a),
which can be determined experimentally.

Firm soil

Assume pressure 
evenly distributed

Pressure Partly 
evenly distributed

Pressure unevenly 
distributed

Proposed 
simplification d Zoom

Fig. 4. Shear stress comparison between different methods.

The shear stress is compared to demonstrate the differences
between methods, as illustrated in Fig. 4. If the track-ground
pressure is assumed to be evenly distributed, the shear stress
will increase from front to back until reaching its maximum.
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If the track-ground pressure is assumed to be partly evenly
distributed, the track-ground stress is concentrated below the
road wheel, as shown by the purple area in Fig. 4. However,
according to the Jo Y. Wong’s theory [58] (Eq. 3), considering
the track-ground pressure is not evenly distributed, the track-
ground stress should correspond to the dotted area in Fig. 4. In
the proposed model, we are no longer focus on the distribution
but the effects of the stress. In other words, we care more about
the overall force and its direction. As shown in the zoomed
part of Fig. 4, we assume that the shear stress, rather than
the normal pressure, is evenly distributed, thus avoiding the
integral required in other methods. By tuning the width of the
high-pressure area S, the overall force can be the same size
as the outcome of Jo Y. Wong’s theory. Although there is a
small distance deviation d between the force center calculated
by the two methods, it is negligible in vehicle dynamics.

C. Slip-aware dual-track Dynamic Model

The TRV dynamic model with the longitudinal, lateral, and
yaw dynamics in the vehicle body coordinates xoy under a
global coordinates XOY is shown in Fig. 5. The TRV turns
with a yaw rate γ, an instantaneous rotation center Os, and an
instantaneous rotation radius R. s0 is the longitudinal distance
between Os and the center of gravity (CoG). φ is the yaw
angle between axis x and axis X . b, L and B denote track
width, length and center distance, respectively. The origin ow
of the wheel coordinates xwowyw is at the center of the track-
ground pressure area (the shaded area). The resultant ground-
track force Fi is in the opposite direction with the shear
velocity vti . θ is the angle between axis yw and vti , where the
subscripts i denoted the ith wheel. The ground-track forces
in the longitudinal direction Fx always promote the turning
process, and the corresponding influence results in a driving
moment Mt. Similarly, Fy,i constantly impedes turning, which
results in a resistance moment Mr.
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Fig. 5. Dual-track Dynamic Model.

Based on Newton’s law of motion, the dual-track dynamic
model for dynamic motion control can be formulated as:

v̇x = vyγ +
1

m

n∑
i=1

(
FR
x,i + FL

x,i

)
(9a)

v̇y = −vxγ +
1

m

n∑
i=1

(
FR
y,i + FL

y,i

)
(9b)

γ̇ =
1

Iz

[
B

2

(
FR
x − FL

x

)
−

n∑
i=1

(
liF

R
y,i + liF

L
y,i

)]
(9c)

where, Fx,i and Fy,i are longitudinal and lateral track-ground
forces of the ith wheel, which can be calculated by Eqs (7)-
(8). Iz is moment of inertia. Turning resistance moment Mt =∑n

i=1

(
liF

R
y,i + liF

L
y,i

)
.

Based on the above theories, TRVs can be treated as
particular skid-steer WVs with the following properties:

a) The TRV on firm ground can be considered as a particular
skid-steer WV with the same number of wheels as its road
wheels;

b) The “wheels” on one side have the same rotational speed,
and the same slip ratio;

c) Ground-track forces in the longitudinal direction drive
the vehicle to turn, while forces in the lateral direction
impede the turning;

d) The interaction between the “Wheels” and the ground is
assumed to be isotropic;

e) The driving forces of wheels on the same side could meet
the demand adaptively.

IV. COMPARISON WITH THE UNITIRE MODEL

People have been emphasizing the difference between TRVs
and WVs as if they are two totally different things, but both
of them are vehicles on the ground. In this section, we will
compare the UniTire model [76] of WVs and the proposed
“tire” model of TRVs to reveal the underlying relationship of
these two different types of vehicles.

A. Comparison in forms

As shown in Table II, the proposed “tire” model for TRVs
is similar in the overall form to the UniTire model of WVs,
despite being derived from different theories. This similarity
indicates a commonality exists in the vehicle-ground interac-
tion, which will be discussed in detail in Section IV-C. Here,
we focus on the three differences in their forms to better
understand the essence of vehicle-ground interaction.

The first difference is that the model of TRV is isotropic,
while the model of WV is anisotropic, as manifested in the
parameters K and µ. In the TRV model, parameters K and
µ are inherent parameters of soil called the shear deformation
parameter and the shear coefficient, respectively. They remain
constant as long as the soil’s state is unchanged. In contrast,
the longitudinal slip stiffness Kx and cornering stiffness Ky

in the WVs model are related to normal load Fz and friction
coefficients µx and µy . Additionally, a modification factor λ
is introduced to help to deal with the anisotropy [64]. The
tire structure causes the anisotropy: typically a rubber tread
for road contact, metal belts for strength and stability, and
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TABLE II
COMPARISON BETWEEN THE PROPOSED MODEL AND THE UNITIRE

MODEL.

Proposed Model1 UniTire model1

Fx = σx
σ
Fzµ

(
1− e−κ

)
Fx = σx

σ
Fzµx

(
1− e−κ

)
Fy =

σy

σ
Fzµ

(
1− e−κ

)
Fy =

σy

σ
Fzµy

(
1− e−κ

)
where,

σx = K
(rw−vx)

rw
σx = λKx

Fzµx

(rw−vx)
rw

σy = K
vy
rw

σy =
Ky

Fzµy

vy
rw

σ =
√

σ2
x + σ2

y σ =
√

σ2
x + σ2

y

κ = −σ κ = −σ − E1σ2 − (E2
1 + 1

12
)σ3

µ = constant
µ = µs + (µm − µs) eΠ

Π = −µ2
hlg

2
(
| vs
vsm

|+Ne
−| vs

vsm
|
)

λ = 1 λ = 1 +
(

Ky

Kx
− 1

) (
1− e−κ

)
1 To make the comparison intuitive, the notations are slightly different from

the articles.

sidewalls for lateral support. If we assume the tire to be
isotropic, that is, Kx = Ky and µx = µy , and replace λKx

Fzµx

and Ky

Fzµy
with a unified K, the two models exhibit the same

basic form.
The second difference is that the parameter κ in TRVs is the

same as κ in WVs, except for the higher-order terms σ2 and
σ3. The term σ shown in Table II is related to but not identical
to the slip ratio. Since σ is generally small, the higher-order
terms have a limited effect on the overall performance of
the proposed model. Whether to include higher-order terms
to the proposed TRV model needs to be determined by
precise experimental equipment and detailed tests. Given the
limitations of current experimental equipment and the limited
impact of the high-order terms, we will not focus on these
terms for the time being.

The third difference is that the shear coefficient µ in TRVs
is a constant, whereas the friction coefficient µ in WVs varies
with the slip velocity vs due to the property of rubber [77],
[78]. Such properties are not found in soil, and existing studies
[79], [80] generally agree that the effect of shear velocity on
soil strength of the non-cohesive soil is limited. In addition, it
should be clear that in the field of TRVs the relative motion
between tracks and soil is called shear, whereas in the field
of WVs the relative motion between wheels and ground is
called slip. While shear and slip are different by definition,
they exhibit similar mechanical properties.

In conclusion, most differences arise from the unique struc-
ture of the inflated tire, such as the anisotropy and rubber slip
properties. If we assume the tire is isotropic and neglect the
higher-order terms in κ and the unique property of rubber, the
UniTire model is the same as the proposed model in form.

B. Comparison in model outputs and applications

The relationship between slip ratio and the ground forces
in TRVs and WVs are similar, but the trend is achieved in

different methods. As shown in Fig. 6, the hump is existing in
both the UniTire model and the proposed “tire” model using
the Bekker’s shear displacement-shear stress model.
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Fig. 6. Model comparison in outputs. (a) The Unitire model in longitudinal
and lateral direction; (b) The comparison of the “tire” model using the Janosi-
Hanamoto’s model and the Bekker’s model.

The Bekker’s model [79] is as following:

τ =
c+ p tanφ

ymax

[
e(−K2+

√
K2

2−1)K1j − e(−K2−
√

K2
2−1)K1j

]
(10)

where, K1 and K2 are slip parameters, and ymax is the
maximum value in the square brackets. In the terramechanics
theory, the hump is caused by the brittleness of the soil and
is related to the shear displacement j or the slip ratio s.
Janosi-Hanamoto’s model is concise, but it cannot depict the
hump. The UniTire model is similar to the proposed “tire”
model using Janosi-Hanamoto’s model in forms, but Savkoor’s
formula [77], [78] is employed to allow the friction coefficient
µ changes with the slip velocity enabling the model to exhibit
a hump of maximum tire force. Similar techniques could
potentially be used to expand the application of the Janosi-
Hanamoto’s model.
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Fig. 7. Effects of the TRV longitudinal slip on model performance.

The applications of the models are not the same due to the
distinct turning mechanisms of TRVs and WVs. WVs turn
by changing the wheels’ direction, and the longitudinal slip
is negligible. Therefore, the influence of the longitudinal slip
can generally be ignored, and the lateral dynamics can be lin-
earized at the zero point, making the tire model a linear model
as long as the slip angle is limited. However, the longitudinal
and the lateral dynamics of TRVs are strongly coupled. As Fig.
1 (c) illustrates, during the turning process, lateral forces will
result in a turning resistance moment impeding the TRV from
turning. The longitudinal force is required to provide a turning
drive moment to maintain the turn. In other words, the lateral
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forces constantly impede turning, but the longitudinal forces
always drive the turning. The smaller the turning radius, the
larger the lateral and longitudinal slips. Thus, the lateral and
longitudinal slips of TRVs have similar trends and magnitudes.
Unlike WVs, We cannot neglect the slip in one direction
when estimate the state in the other direction. Experimental
results also support our opinion. As Fig. 7 shows, neglecting
the longitudinal slip will cause non-negligible model errors,
especially in a small turning radius.

C. Similarity in mechanisms

We have discussed the similarity in phenomena such as
model forms, outputs, and applications, but the underlying
mechanisms still need to be explored. Vehicle-ground inter-
action models essentially establish a mapping relationship
between relative motion and forces. When considering a soft
and a hard object rubbing against each other, the best way to
establish the motion-stress relationship is to focus on the soft
object, as its deformation is more accessible to measure. For
TRVs, the soil is the soft object; however, for WVs, the tires
are softer compared to road. Thus, we study the track-ground
interaction in terramechanics, and the tire-ground interaction
in tire dynamics. Fig. 8 compares the tire deformation of
WV and the ground deformation under front road wheel of
TRV in elevation views and plan views, respectively. The
deformation in tire-ground interaction mainly occurs in the
tire, while the deformation of the track-ground interaction
occurs in the soil. Both interactions represent the frictional
relationship between soft and firm objects. Therefore, the tire-
ground and track-ground interaction mechanisms are similar,
reflecting the interaction between rolling and stationary objects
with different stiffness, although we use the term “slip” in
WVs but “shear” in TRVs.

(a) (b)

(c) (d)

Fig. 8. Comparison of (a) the tire deformation and (b) the ground deformation
under front road wheel of TRV in back view, (c) the tire deformation of contact
patch relative to vehicle body and (d) the ground deformation of contact patch
relative to ground when vehicle moving inward and right turn.

The interaction mechanism of tracks and tires is similar,
but why does the similar mechanism lead to different in-
teraction models? The core difference between the proposed

“tire model” and the UniTire model is the anisotropy/isotropy.
The anisotropy of the tire is evident in two aspects: the
friction coefficients and the tire stiffness. In other words,
the friction circle is an ellipse, and the stiffness varies with
direction. However, the exponential part (1− e−x) in the
stress-displacement empirical model in Table II can not be
used directly in anisotropy situations. Therefore, normalization
should be employed to enable the application of the stress-
displacement empirical model, with Kx

Fzµx
together with Ky

Fzµy

as the coefficients to normalize the longitudinal and lateral
slip ratios. In addition, the anisotropy makes the direction of
the tire force difficult to estimate. The directions of shear
stress in the adhesion region and the sliding region of the
contact patch are not the same [64]. When the slip is slight,
Fx

Fy
≈ KxSx

KySy
; however, for a large slip condition Fx

Fy
≈ Sx

Sy
.

Thus, the modification parameter λ in Table II is introduced
to enable the direction of the tire force to gradually change
from the direction of the adhesion region to the slip region as
the slip increases. Therefore, it is the different manifestations
of similar mechanisms on tracks and tires that lead to different
forms of models.

In conclusion, the tire-ground and the track-ground interac-
tions share similar mechanisms, although they have developed
into different theories. The core difference between tires and
tracks is that the pneumatic rubber tires are anisotropy, but the
steel tracks are not.

V. EXPERIMENTAL RESULTS AND ANALYSIS

A. Experimental setup

The proposed “tire” model is verified and validated via an
autonomous forest fire rescue TRV, as shown in Fig. 9 (a).
The test TRV is driven by motors on both sides, and the
transmission system on one side is shown in Fig. 9 (b). The
drive motors provide real-time feedback on torques and speeds,
allowing the calculation of driving forces and track winding
speed via the gear ratio. As Fig. 9 shown, the test TRV is
equipped with the differential global positioning system (GPS)
and inertial measurement unit (IMU), which collect the pose
and motion information of the vehicle. The IMU is positioned
near the driver’s position, approximately 0.85 meters forward
of the vehicle’s geometric center. The GPS antenna is mounted
on the car shell above the IMU. The parameters of the test TRV
and field are listed in Table III. One of the primary purposes
of proposing a “tire” model for TRVs is to fill the research
gaps that we don’t have a ready-made, efficient, and effective
dynamic model for motion control of TRVs. Therefore, we
verified the proposed model with the whole dynamic of the test
vehicle. Verifying with the whole dynamic is closer to actual
motion control tasks and does not require special equipment.
Similar to previous works [8], [63], the values of the soil
parameters are determined by fitting the data.

The tire model focuses on the characteristics of the tire, but
the track-ground interaction model emphasizes the properties
of the ground. Thus, the proposed model is verified on dif-
ferent types of soil with different compaction and properties,
including sand-gravel road and sand-dirt road. The overall
verification process is divided into three parts. Firstly, we have
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(a) (b)

(c) (d)

Fig. 9. The test vehicle and its equipment. (a) the test vehicle, (b) the
transmission system on the left side, (c) IMU, (d) GPS.

measured the ground pressure to demonstrate the track-ground
pressure is mainly concentrated below the road wheels on firm
ground rather than being evenly distributed. The concentrated
pressure is a crucial prerequisite for model derivation. Sec-
ondly, the steady-state performance of the proposed model is
verified. Vehicles are subject to random excitation, such as
road irregularity while driving, and using steady-state data
helps reduce the effects of these noises. Thirdly, we also
demonstrate the effectiveness of the proposed model in the
non-steady-state conditions. Generally, terramechanics-based
methods are primarily used in steady state [8], [55] due to the
model complexity, but the proposed model could handle non-
steady-state scenarios easily. In the last, a total of over 500
groups of data are collected and used to verify the proposed
model.

TABLE III
PARAMETERS USED IN THE VERIFICATION.

Parameter Value/unit Description

m 9660kg Vehicle mass
B 2.464m Track center distance
b 0.365m Track width
L 2.703m Track-ground contact length
r 0.2654m Sprocket pitch circle radius
n 4 Number of road wheel in single side
Terr ≤10Nm Torque feedback error
Perr ≤15cm GPS positioning error
Iz 15800kgm2 Moment of inertia
C 16 Parameter in proposed model
µ 0.7 and 0.75 Shear coefficient on gravel and dirt road
µmax 0.77 Parameter used in Nikitin formula
a 0.89 Parameter in Nikitin formula

The proposed model is triple-verified by longitudinal, lat-
eral, and yaw dynamics in the model verification process.
Since only the longitudinal force can be measured directly
through motor torque feedback, the lateral and yaw dynamics
are verified indirectly by the full dynamic model in Eq. (9).
The measured sprocket forces F̃ ∗

s , lateral force F̃y and turning

resistance moment M̃t are obtained using Eq. (11), where the
superscript ∗ denotes L or R.

F̃ ∗
s =

T ∗

r
(11a)

F̃y = mv̇y +mvxγ (11b)

M̃t =
B
(
TR − TL

)
2r

− Iz γ̇ (11c)

where, T ∗ and r are the torque output and pitch circle radius of
the sprocket, respectively. T ∗ is obtained by motor feedback.
The linear and yaw velocities are obtained by integrating the
linear and yaw accelerations collected by the IMU. For steady-
state turning, the lateral acceleration v̇y and yaw acceleration
γ̇ are assumed to be zero.

The estimated sprocket forces F̂ ∗
s , lateral force F̂y and

turning resistance moment M̂t are obtained by Eq. (12).

F̂ ∗
s =

n∑
i=1

F ∗
x,i + f (12a)

F̂y =

n∑
i=1

(
FR
y,i + FL

y,i

)
(12b)

M̂t =

n∑
i=1

(
liF

R
y,i + liF

L
y,i

)
(12c)

where, f represents the rolling resistance of the track. The
ground-track forces below the ith wheel on both sides, F ∗

x,i

and F ∗
y,i, are estimated via Eq. (8). The inputs are each wheel’s

longitudinal and lateral slip ratio, which are calculated by the
yaw rate, velocity, and sprocket speeds on both sides.

B. Model verification on sand-gravel road

The experiment on the sand-gravel road was conducted
in June 2021 at a farmland area around 37◦50′17.3′′N and
114◦23′22.6′′E in Shijiazhuang, Hebei Province, China. The
weather was sunny during the collection, with no precipitation
in the last ten days. The test site is shown in Fig. 10 (a),
and its physical properties are presented in Fig. 10 (b). Its
upper layer is dry and loose, while the lower layer is firm.
We can see fine sand mixed with stones and plant residue on
its upper layer. The track-ground pressure was measured by
a pressure sensor, as Fig. 10 (c) shows. The sensor is buried
approximately 5 cm deep in the soil to allow the test TRV
to run over at a constant speed [81]. The time series of the
pressure signal was collected via an electronic control unit and
converted into a spatial series based on the constant velocity.
According to the literature [82], a depth of 5 cm has a limited
impact on measure accuracy for a TRV with a track width
of 36.5 cm. The experimental result is qualitative because
we have replaced a key resistor in the amplifier with a non-
precision one to meet the range requirements. Our focus was
on the distribution rather than the value of the pressure. The
experimental result qualitatively demonstrates that the track-
ground pressure is mainly concentrated in a limited area below
the road wheel in a multi-peak form, as shown in 10 (e), which
supports the track-ground pressure suppose.
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(a) (b)

(e)

(c) (d)

N
Fitted
Test data

10 m

Fig. 10. The sand-gravel test site introduction. (a) The test site, (b) soil details,
(c) the pressure sensor, (d) position data and fitted circles, (e) track-ground
pressure.

The steady state data of the test TRV is collected with
the following procedure. Firstly, a series of fixed speed in-
structions were sent to and executed by the motor controllers
on both sides while collecting data from IMU, GPS, and
vehicle control unit (VCU). Then, the collected data is cropped
manually. Position data is fitted with circles as Fig. 10 (d)
shows, allowing us to precisely determine the turning radius.
Finally, the data is compared with the estimated data at
different velocities and directions, as shown in Fig. 11. Both
the left turn and right turn are compared to mitigate the
influence of track tension.

The proposed model is verified with the dynamic response
of a real TRV on general soil ground rather than precise lab
data. Although it is closer to the actual application of the
model, it introduces more measurement errors. Additionally,
the slip ratio significantly impacts the ground-track force es-
timation. However, the model outputs show good consistency
with the measured results in trends in most scenarios, as shown
in Fig. 11. Two points need explanation. Firstly, when vehicle
speed is low, the consistency is not as good as that at high
speed. There are two main reasons for this. On the one hand,
lower vehicle speed means lower track-ground slip velocity,
which increases the measured percentage error. On the other
hand, the model input of the measured velocity should be the
velocity of the unsprung part; however, our IMU is mounted on
the body, and the body acceleration is more affected by road
excitation. Compared with low speed, lateral force is larger

at high speed. A larger lateral force will suppress vehicle
suspension, and the body acceleration will be more stable
to make the measured velocity is more accurate. However,
3 kilometers per hour is slower than a human walk. Thus, we
are not surprised by the poor performance at 3 km/h. Secondly,
the estimated lateral force seems more dispersed. The lateral
velocity is obtained by integrating the acceleration, but the
vehicle body is subject to roll oscillation. Since the lateral
velocity is generally small, even slight oscillation impacts
the lateral velocity. In addition, the integrating process also
introduces errors. As shown in Fig. 11 (d)-(f) and (j)-(l), the
estimated longitudinal forces on both sides deviate from the
measured value together. The error of the integration obtained
longitudinal velocity caused the deviation.

In the motion control of TRVs, the yaw dynamic is the
most important and irreplaceable aspect. Compared with the
longitudinal and lateral forces, turning resistance moment Mt

is less affected by body swing for yaw rate data of IMU
is robust to body vibration and roll. As Fig. 12 shows, the
model performance on Mt is better than that on Fx and Fy

because Mt is less affected by the unstable vy . Figs 12 (a)-
(c) estimate Mt with vy obtained by integration, but Figs 12
(d)-(f) assume vy = 0. The results indicate that neglecting
the vy even improved the model performance at low speed
because vy is small but introduces large errors. However, at
high speed, vy is not negligible. Therefore, when the turning
radius is small, estimation results considering vy at 15 km/h
performs better than that do not. The mean absolute error
(MAE) and the coefficient of determination R2 of the turning
resistance moment are compared in Table IV. The MAE value
of Mt considering vy improves with the speed increase, as the
measured percentage error decreases with the speed increase.
Conversely, the MAE value assuming vy = 0 deteriorates with
the increasing speed, because the impacts of the lateral velocity
are not negligible with the required lateral force Fy increase.
Similar trends are observed in the comparison of R2.

TABLE IV
THE MAE AND R2 COMPARISON OF Mt ON SAND-GRAVEL ROAD.

Indicator Model 3km/h 10km/h 15km/h

MAE
consider vy 2522 2360 1469

let vy = 0 804 1116 1618

R2
consider vy 0.931 0.967 0.979

let vy = 0 0.996 0.992 0.975

Fig. 13 shows the model performance during real-time
non-steady lane change maneuvers at different velocities. As
depicted in Fig. 13 (a), the continuous lane change maneuver
is achieved by varying the track velocities n on both sides.
sx represents the longitudinal slip, which is directly related
to the longitudinal and lateral ground force Fx and Fy as Eq.
(7)-(9) shown. There is good consistency in the trend, further
proving the validity of the proposed model. However, a similar
problem to steady-state verification arises. The sensors are
mounted on the sprung part, which experiences larger swing
amplitudes during cornering or roll. Consequently, overshoot
can be observed in estimated Fx and Fy , especially in the



IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY 11

3 101 102 103

(a) R [m]

−1.5

0.0

1.5

3.0

F
y

[N
]

×104

Experimental Fy

Model output Fy

3 101 102 103

(b) R [m]

−1.5

0.0

1.5

3.0

F
y

[N
]

×104

3 101 102 103

(c) R [m]

−1.5

0.0

1.5

3.0

F
y

[N
]

×104

3 101 102 103

(d) R [m]

−1.5

0.0

1.5

3.0

F
s 

[N
]

×104

Experimental Fx on left side

Model output Fx on left side

Experimental Fx on right side

Model output Fx on right side

3 101 102 103

(e) R [m]

−1.5

0.0

1.5

3.0

F
s 

[N
]

×104

3 101 102 103

(f) R [m]

−1.5

0.0

1.5

3.0

F
s 

[N
]

×104

3 101 102 103

(g) R [m]

−3.0

−1.5

0.0

1.5

F
y

[N
]

×104

3 101 102 103

(h) R [m]

−3.0

−1.5

0.0

1.5

F
y

[N
]

×104

3 101 102 103

(i) R [m]

−3.0

−1.5

0.0

1.5

F
y

[N
]

×104

3 101 102 103

(j) R [m]

−1.5

0.0

1.5

3.0

F
s 

[N
]

×104

3 101 102 103

(k) R [m]

−1.5

0.0

1.5

3.0

F
s 

[N
]

×104

3 101 102 103

(l) R [m]

−1.5

0.0

1.5

3.0

F
s 

[N
]

×104

3 km/h 5 km/h 15 km/h

Le
ft 

tu
rn

R
ig

ht
 tu

rn

Fig. 11. Steady-state model verification when left turn and right turn at different velocities.
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Fig. 12. Turning resistance moment estimation when right turn at (a) 3km/h, (b) 10km/h, (c) 15km/h and estimation neglecting vy at (d) 3km/h, (e) 10km/h,
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(c) Lane change at 15 km/h (d) Lane change at 20 km/h
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Fig. 13. Continuous lane change maneuver at (a) 5 km/h, (b) 10 km/h, (c) 15 km/h and (d) 20 km/h

lateral direction. This is because the stiffness in the pitch
direction is larger than in the roll direction.

C. Model verification on sand-dirt road

The experiment on sand-dirt road was conducted as a
supplement of road types in August 2023, at a farmland area
around 40◦17′14.37′′N and 115◦41′48.42′′E in Zhangjiakou,
Hebei Province, China. Light precipitation happened during
the collection. Data at 3 km/h was collected before it rained,
and the soil is shown in Fig. 14 (a). The rest of the data was
collected after it rained, and the soil is presented in Fig. 14
(b). Fig. 14 (c) shows the turning maneuver and track prints.
The scratches are mainly concentrated on both sides of the
track prints in Fig. 14 (d). The lower and upper scratches are
caused by the 3rd and 4th road wheel respectively, proving
that the track ground pressure is concentrated under the road
wheels. Only steady state data is collected on sandy-dirt road.

Fig. 15 shows the comparison of the turning resistance
moment Mt on the sand-dirt road at different velocities. The
model performance at 3 km/h is not as good as that at 5 km/h
and 10 km/h because the rain altered the soil properties, yet
the same model parameters are used for the whole estimation.
This demonstrates that soil properties are closely related to
environmental factors such as moisture content [83]. Despite
the soil is softer than sand-gravel soil, the model still performs
well, as Fig. 15 (b) and (c) show. As Fig. 15 (d) shows, the
Mt at different speeds is basically the same when the speed
is low.

Existing dynamic models of TRVs for motion control are
primarily friction-based dynamic models. The difference be-
tween the Coulomb’s law of friction-based model, the Nikitin
empirical formula-based model, and the Janosi-Hanamoto
model is shown in Fig. 16. The Coulomb’s law of friction can
be treated as a particular case of the Janosi-Hanamoto model
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(a) (b)

(c) (d)

Fig. 14. Test site introduction of which (a) Soil before rain, (b) soil after
rain, (c) turning maneuver and (d) track prints.
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Fig. 15. Turning resistance moment comparison on sand-dirt road at (a) 3
km/h, (b) 5 km/h, (c) 10 km/h and (d) 3-10 km/h.

when the shear deformation parameter K is zero or infinitely
close to zero. The Nikitin empirical formula-based model
assumes the friction coefficient µ′ changes as the turning
radius changes, as shown in Eq. (13).

µ′ =
µmax

a+ (1− a)R+B/2
B

(13a)

Mt =
1

4
GLµ′ (13b)

where, a is a parameter, and a = 0.85 is recommended.
µmax is the friction coefficient when the turning radius is
B/2. G denotes the weight. The Nikitin empirical formula is
designed for estimating the turning resistance moment Mt with
Eq. (13b), where the turning center Oc in Fig. 5 is assumed
located on the center of the vehicle. That is, ignore the lateral

dynamics. Consequently, the Nikitin empirical formula cannot
estimate lateral and longitudinal track-ground forces.
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𝑂
j

Janosi-Hanamoto’s
equation

The Coulomb’s lawK
𝑝𝜇

𝑝𝜇ᇱ

Nikitin empirical 
formula

Fig. 16. The difference between the Coulomb’s law-based model, the Nikitin
empirical formula-based model and the Janosi-Hanamoto model.
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Fig. 17. The longitudinal and lateral performance comparison on sand-dirt
road at 10 km/h and left turn.
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Fig. 18. The turning resistance moment performance comparison on sand-dirt
road left turn at (a) 5 km/h and (b) 10 km/h.

The longitudinal and lateral performance of the models is
compared in Fig. 17. The parameters were obtained by fitting
the experimental data for optimal performance. Due to its
limitation, the Nikitin formula-based model is not shown in
Fig. 17. The Coulomb’s law-based model is employed by
assuming K is near zero. As shown, the Coulomb’s law-
based model overestimates the magnitude of the longitudinal
forces because it neglects the shear displacement-shear stress
relationship. However, the proposed model fits the experi-
mental data well. A similar phenomenon is observed for the
turning resistance moment in Fig. 18. The Nikitin formula-
based model performs comparably to the proposed model. The
MAE and the coefficient of determination R2 of the turning
resistance moment are compared in Table V. The performance
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of the Nikitin formula-based model is slightly better than the
proposed model. However, the Nikitin formula is an empirical
model and can only be used to estimate the turning resistance
moment. The Coulomb’s law-based model performed poorly
in the experiments, but this does not mean the model is wrong.
In fact, the Coulomb’s law-based model may be applicable to
tracked robots on cement roads or indoor hard ground.

TABLE V
THE MAE AND R2 COMPARISON OF Mt ON SAND-DIRT ROAD.

Proposed model Nikitin model Coulomb model

Velocity MAE R2 MAE R2 MAE R2

5 km/h 1133 0.978 1002 0.984 14777 -2.019

10 km/h 759 0.992 556 0.996 13573 -1.235

VI. CONCLUSION

TRVs and WVs have developed independently in parallel,
and little work has revealed the underlying mechanisms of the
vehicle-ground interaction. In this work, a “tire” model for
TRVs is proposed to fill the research gap in the lack of an effi-
cient and effective dynamic model for motion control of TRVs.
A detailed comparison between the proposed “tire model” and
the UniTire model demonstrates that the differences between
the two models are simply different manifestations of similar
mechanisms on various materials. Finally, detailed real TRV
experiments were conducted to verify the proposed “tire”
model.

The contribution of this work is multi-faceted. Firstly,
due to the model complexity, traditional terramechanics-based
methods were mainly used in steady-state turning maneuvers
[8], [55] or multibody dynamics simulation. The proposed
“tire” model enables terramechanics-based methods to be
applied in real-time motion control of TRVs. A substantial
amount of experimental data on different soils, velocities, and
scenarios proves the model’s effectiveness. Secondly, knowing
the underlying mechanisms behind the vehicle-ground inter-
action will benefit both TRVs and WVs. The relationship
between TRVs and WVs can help apply theories, methods
and techniques of WVs like ABS and ESP to the TRV field.
For WVs, we generally assume the ground is firm, and the
deformation occurs in the tires. However, on some unpaved
roads, both soil and tires may deform together. Thus, learning
from TRVs could help improve the theory and expand the
application of tire models.

Although experiments have proven the effectiveness of the
proposed model, there is still room for improvement. The
proposed model is verified with the whole dynamic of the test
vehicle, which is closer to the motion control task while no
special equipment is required. However, the onboard sensors
are not as accurate as lab equipment, which limits the precise
adjustment of the model. Moreover, in the model derivation,
the track-ground pressure is assumed to be concentrated in
a limited area. That is, the proposed model only works on
firm ground, but how firm is firm? The application boundaries
of the proposed model still need further study with precision
equipment on various soil types.

APPENDIX
PROPOSED DYNAMIC MODEL OF TRVS

A summary is made of the proposed model. The soil is
assumed to be non-cohesive and firm. The “tire model” of the
TRV is shown in Eq. (14) and (15).

sy,i = −vy,i
rw

(14a)

sx,i =
rw − vx,i

rw
(14b)

si =
√

s2x,i + s2y,i (14c)

Fi = f(si) (15a)

Fx,i =
sx,i
si

Fi (15b)

Fy,i =
sy,i
si

Fi (15c)

where, f(si) depends on the soil type. Eq. (16a) is for plastic
soil which do not exhibit a ‘hump’, like sand; therefore, the
Janosi-Hanamoto’s model [75] is applicable. For soils that
exhibit the ‘hump’, Eq. (16b) is recommended based on the
Bekker’s theory [79]. Although the proposed model provides
an open interface for different terramechanics equations, only
the Janosi-Hanamoto’s model is used as an example and
verified in this work for the sandy test soil.

f(si) = Fzµ
(
1− e−Csi

)
(16a)

f(si) =
Fzµ

ymax

[
e(−K2+

√
K2

2−1)Csi − e(−K2−
√

K2
2−1)Csi

]
(16b)

where, C = S/(2K) in Eq. (16a), and C = SK1/2 in Eq.
(16b). The proposed “tire model” of the TRV is verified by
the full dynamic model of the TRV in Eq. (17).

v̇x = vyγ +
1

m

n∑
i=1

(
FR
x,i + FL

x,i

)
(17a)

v̇y = −vxγ +
1

m

n∑
i=1

(
FR
y,i + FL

y,i

)
(17b)

γ̇ =
1

Iz

[
B

2

(
FR
x − FL

x

)
−

n∑
i=1

(
liF

R
y,i + liF

L
y,i

)]
(17c)
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