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Resilience-Oriented Two-Stage Restoration
Considering Coordinated Maintenance and
Reconfiguration in Integrated
Power Distribution and Heating Systems

Ke Wang, Student Member, IEEE, Yixun Xue, Member, IEEE, Mohammad Shahidehpour, Life Fellow, IEEE, Xinyue
Chang, Member, IEEE, Zening Li, Member, IEEE, Yue Zhou, Member, IEEE, and Hongbin Sun, Fellow, IEEE

Abstract—The inherent linkage between a power distribution
system (PDS) and a district heating system (DHS) necessitates
coordinated load restoration after natural disasters. To guarantee
optimal load restoration during a recovery process, a coordinated
dispatch strategy of the maintenance crew for the PDS/DHS
considering the optimal reconfiguration of their respective
networks is proposed in this paper. The proposed solution focuses
on the intricate mutual interaction of the DHS and PDS and
coordinates the fault isolation and service restoration stages. The
proposed optimization is modeled as a mixed-integer second-order
cone problem (MISOCP), which contains numerous integer
variables. To lessen the computational burden, a two-stage
acceleration algorithm is proposed, which divides the solution
procedure into two stages based on two types of integer variables:
load status variables and variables associated with the
maintenance path and network topology. Then, the acceleration
principles are proposed to determine the load status variables. The
effectiveness and accuracy of the proposed model are validated by
extensive cases, which demonstrate the performance of the
coordinated maintenance and reconfiguration in integrated
energy systems for fault recovery.

Index Terms—Integrated power distribution and heating system,
coordinated load restoration, maintenance crew, network
reconfiguration, two-stage acceleration algorithm.

NOMENCLATURE

A. Indices and Sets

t/c Index of time/ maintenance crew

T, /T, Index of fault segmentation stage/ service
restoration stage

I Set of damaged pipes in DHS/lines in PDS

kP f ke Set of pipes in DHS/lines in PDS

ket /g Set of nodes in DHS/buses in PDS

This work was supported by the National Natural Science Foundation of
China (NSFC) under Grant U22A6007, U2066206, 52307131 and Young Elite
Scientists Sponsorship Program by CSEE. (Corresponding authors: Yixun
Xue; Xinyue Chang).

Ke Wang, Yixun Xue, Xinyue Chang, Zening Li, and Hongbin Sun are with
Key Laboratory of Cleaner Intelligent Control on Coal & Electricity, Ministry
of Education, Taiyuan University of Technology, China. (e-mail:
WangK50@cardiff.ac.uk, xueyixun@tyut.edu.cn, shb@tsinghua.edu.cn)

Ke Wang and Yue Zhou are with the School of Engineering, Cardiff
University, UK.

Hongbin Sun is with the Department of Electrical Engineering, Tsinghua
University, China.

Mohammad Shahidehpour is with Galvin Center for Electricity Innovation,
Illinois Institute of Technology, Chicago, IL, USA (e-mail: ms@iit.edu ).

CHP CHP
kj.n / kj.b

QF 10"
B. Parameters
AT, /AT,

v, v,

j;] / 5

S/ R
7, /7,
o

C. Variables

x(;r'ft’u; / y

m,n,c

crew
s,c

crew
s,c

Set of buses/nodes connected to CHP unit j

Set of root nodes in DHS/root buses in PDS

fault isolation duration/ restoration duration
Upper/lower limits of coefficient between
electric and heat output of CHP unit ;
Boolean variable that indicates whether the
pipe/line (i,7) is damaged and whether it is

equipped with valve/switch
Coefficient between electricity and heat

production of EB ; and coefficient between
fuel consumption and heat output of HB

Heat/Electric load demand of node/bus ;

Lower/upper output limits of CHP unit ;
Upper limit of pipe/line (z,7)

Lower/upper limits of the heating output of
EB j
Lower/upper limits of the heating output of
HB

Lower/upper limits of power output of the
CHP unit ;

Lower/upper limits of power output of EB

Lower/upper limits of power output of DG

Weight of the electric/heating load at
node/bus j
Specific heat capacity of water and mass flow

rate in pipe (2,7)
Water temperature of supply/return pipe
Penalty term coefficient

Boolean variable that demonstrates whether
maintenance crew c travels from damaged
components m to n
Boolean variable demonstrates whether the
damaged component S is overhauled by the
maintenance crew ¢



AT Arriving time of maintainer ¢ arrives at
damaged component s

" e, Boolean variable indicates whether the
damaged component $ is repaired and the
status of the damaged component $ at time ¢

P, /4, Power injection at bus ; at time ¢

Py ! a4, Power flow of line (7,5) at time ¢

Heating production of heat station ; and
CHP unit ; at time ¢

HS 1 CHP
hiy I h,

hftB / fJ,ZB Heating production and fuel consumption of
HB ; attime ¢
zg,1ay, Boolean variable of the status of the pipe/line

(¢,7) and represents whether the virtual flow
is flowing from ¢ to ; at time ¢
rtCVeW /ttU'L'W

$,1,C

Maintenance time for the damaged

component § repaired by the maintenance
crew ¢ and travel time from damaged
components § to n

m;, /g, Boolean variable indicates whether bus/node
4 is located in the faulty area and whether
heat/electric load at node/bus ; is fully
recovered at time ¢

hff / pff Heating  production  and electricity
consumption of EB ; at time ¢

pffp / pﬁa Power generation of the CHP unit 5, and DG
j attime ¢

h;f“t / h;f” Outlet, and inlet heat quantities of pipe (%,7)
at time ¢

hfj”;’ Heat quantity loss of pipe (7,7) at time ¢

hf_;” / pif” Load shedding of node/bus ; at time ¢

I. INTRODUCTION

n recent years, the frequency and intensity of natural

disasters such as blizzards, and ice storms have

significantly increased [1]. Large-scale energy interruption
can occur when extreme natural disasters affect vital energy
transmission equipment, including electricity cables,
transmission lines, gas pipes and heat pipes [2]. In the US, the
Great Texas Freeze caused heating pipes to burst and power
lines to break. The energy interruption deprived approximately
4.5 million customers of heating and power, and the estimated
economic loss was up to $1 billion [3]. In Jilin, China, ice
disasters caused approximately 300 million individuals to
experience power and heat shortages when major thermal
power plants were shut down by iced transmission line
galloping [4].

As the aforementioned threats proliferate, the fault recovery
of energy systems in the aftermath of disasters has drawn
significant attention, especially in electricity systems. Post-
disaster load recovery typically involves stages of isolating
faults and reinstating services [5]. During the fault isolation
phase, specific fault zones are accurately pinpointed, which
identifies the overhauling lines and operating switches for load
restoration. In [6], a remediation strategy is implemented with
the objective of identifying fault areas with loops, taking into

account the topological alterations resulting from the execution
of different switch operations within the electricity system.
During the service restoration stage, it is necessary to timely
dispatch maintenance crews to repair faulted lines to ensure the
reliable operation of energy infrastructures [7]. In [8] and [9],
the maintenance crew, who repairs damaged components and
operates manual switches, is jointly dispatched to achieve the
optimal power distribution system (PDS) restoration. In [10], a
repair crew dispatch model is developed for optimal energy
allocation during load restoration.

Other researchers have examined resilience-oriented
restoration strategies for integrated energy systems [11]-[12].
In the fault isolation stage, a model is developed to identify
susceptible elements and ensure the reliable operation of
integrated electricity and natural gas systems in the presence of
numerous communication interruptions [13]. In the service
restoration stage, repair crews are optimally dispatched to
maximize the repair efforts for a reliable energy supply. In [14],
energy conversion and storage facilities are modeled, which
could modify the energy distribution to meet unmet demands in
multi-energy networks. In [15], a model is proposed for fault
recovery in electricity and natural gas networks, which
considers network reconfiguration in the PDS and the
complicated relation between the PDS and the natural gas
system. In [16], the dispatch of maintenance crews in the power
system and natural gas systems are both dispatched to ensure
resilient operation after extreme disasters.

The extensive deployment of combined heat and power
(CHP) units has served to reinforce the interrelationship
between the power distribution system (PDS) and the district
heating system (DHS). In northern China, CHP units have met
more than 45% of the heating demand [17]. The intricate
interconnectivity of the PDS and DHS presents significant
challenges to achieving resilient recovery in integrated electric
and heating systems (IEHSs) [18]-[19]. On one hand, failures
in the PDS or DHS can spread to each other, so reasonable fault
isolation cannot be individually performed by PDS or DHS
operators [20]-[21]. For example, improper PDS switching
operation can impact the heat generation of coupling devices in
the DHS and cause unnecessary load loss. On the other hand,
during service restoration, independent maintenance only
focuses on the timely maintenance of faults in subsystems, i.e.,
the PDS and DHS, to restore the energy infrastructure
operation. Independent maintenance can mis-dispatch the
maintenance crew at the IEHS coupling border, which can
cause a long energy interruption for important electric and heat
loads. For example, to reduce the time cost, the crew would not
prioritize the maintenance of CHP units that are far away. This
selection may prolong energy interruption due to the delayed
maintenance of CHP units that work as the main energy sources
and have great operational flexibility. Thus, coordinated load
restoration, especially coordinated maintenance, is urgently
required to increase the ability of an IEHS to withstand
disasters.

The DHS reconfiguration is an important strategy for
resilience-oriented restoration [22]-[23]. Similar to that of PDS,
DHS reconfiguration can be achieved by the remote operation



of ties and sectionalizing valves [24]. In accordance with the

design guidelines for DHS, both ties and sectionalizing valves

can be utilized for the fault recovery, which can fully explore
the potential flexibility of DHS reconfiguration.

Additionally, the network configuration in the DHS can be
adjusted to work in conjunction with the PDS switching
operation. This adjustment will prevent excessive load
reductions and halt additional fault spread between PDS and
DHS. In essence, the coordinated reconfiguration of PDS and
DHS can explore the flexibility of a time-varying topology for
complete load restoration.

This paper aims to propose a coordinated maintenance crew
dispatch method for PDS/DHS operations that considers the
optimal reconfiguration of coordinated networks to achieve
resilience-oriented restoration. The contributions of this paper
are as follows:

1) The DHS and PDS maintenance crews in the multiperiod
coordinated recovery model (MCRM) are coordinated for
restoration. Considering the intricate mutual interactions
between subsystems, coordinated maintenance can redesign
the optimal maintenance sequence for crucial energy
infrastructures, which can ensure that essential electric and
heating demands receive prompt energy deliveries.

2) A coordinated reconfiguration is employed to investigate the
flexibility of time-varying topologies for fault recovery. The
network architecture of the DHS is modified in synchrony
with the PDS switching processes, thus effectively
minimizing excessive load reductions and preventing
significant fault propagation across the networks.

3) A two-stage acceleration algorithm is proposed for fast
decision-making in the proposed MCRM, which divides the
solution procedure into two stages according to the types of
integer variables and analyzes the acceleration principles for
determining load status variables.

The subsequent sections are structured as follows: Section II
describes a park-level IEHS and the mutual impacts between
subsystems after disasters in detail. Section III formulates an
MCRM, which describes the spread of faults across
subsystems, and the coordinated maintenance and
reconfiguration models. Section IV proposes a two-stage
acceleration algorithm for the fast decision-making of the
problem. Section V presents the outcomes for the two test
systems. Section VI outlines the conclusions and suggestions
for future works.

II. MCRM PROBLEM DESCRIPTION

A park-level IEHS (Fig. 1) typically consists of PDS and
DHS subsystems that are closely linked by coupling
components such as small CHP units and electric boilers (EBs).
To improve the ability of the IEHS to handle major disasters,
we optimize the coordinated PDS and DHS maintenance for
damaged components, which considers the intricate
interactions between the two subsystems. Furthermore, the
reconfiguration of the PDS and DHS is synchronized for
resilient restoration. This step involves changing the DHS
network architecture in conjunction with switch operations in

the PDS.

To elucidate the mutual impacts among subsystems and
ensure the prompt delivery of energy to essential loads, a
restoration approach is proposed, which integrates the stages of
fault isolation and service restoration. During the fault isolation
stage, the operators of the PDS and DHS subsystems
collaborate to identify faulted areas and describe the fault
propagations between the two subsystems. During the fault
recovery stage, coordinated maintenance and reconfiguration
are fully utilized to achieve resilient restoration in the IEHS.

PDS maintenance
center

3
———b—gm

Heat station 1 Heat load |

0
L5 (D
Heat station 2 Heat load 2
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Electrical boiler

"

Heat boiler

Fig. 1. Framework of coordinated maintenance scheduling in park-level IEHS.

III. MCRM FORMULATION

The proposed MCRM is formulated in this section, which
aims to determine the optimal network topologies and travel
paths for maintenance crews. The MCRM encompasses stages
of fault isolation and service restoration. It depicts fault spread
among subsystems during the isolation stage and analyses the
effects of synchronized maintenance with network restructuring
during the restoration stage.

A. Coordinated Maintenance Constraint of PDS and DHS

Coordinated maintenance constraints are established based
on the vehicle-routing problem [25]. The damaged pipes/lines
are respectively repaired by the PDS/DHS maintenance crew,
where the corresponding travel paths are coordinated
considering the interactions between subsystems. The
coordinated maintenance constraints of the PDS and DHS are
formulated as follows.

1) PDS/DHS Maintenance Crew Dispatch Constraints

crew crew __
Z Iﬂ,s,z: - Z Is,(],(: = 1, VC, (1)
sekFPUKFE ekt UKL
crew crew
Z xeml,&c - Z I-s;emi,« = 1, VC, (2)
sEkFPUkF" sEkFPUkFL

where “0” and “end” both indicate the maintenance center in
the PDS/DHS. xgrflf and 27

end,s,c

indicate whether the crew ¢

travels from the maintenance center to the damaged component

crew crew

§. %, and T,

s,end,c

indicate whether the crew c¢ travels from

the damaged component S to the maintenance -center.
Constraints (1)-(2) indicate that the maintenance crew starts



from the maintenance center and must return to the center after

the repair work is finished.
zymeu — 1 yusu _ z ;Iviu( , Vs e kFP U kFL,VC, (3)
mek™ Uk™

Constraint (3) indicates that each damaged component s is
repaired by only one maintenance crew.

:Ecrcuf _ Z Lrew O VS c kFP U kFL,VC, (4)

m,s,c s n,c
mek™ U™ nek™ UKt

Constraint (4) indicates that the number of maintenance
crews who arrive at a damaged pipe/line is equal to the number
of maintenance crews who depart since the crew must leave

after the repair work has been completed.

2) PDS/DHS Maintenance Time Constraints

T, < AT;;““ <YM, Vs e k" UE™, Ve, (5)
AT 4t 4170 = AT < (1-200 )M, ©
Y(s,n) e kFP UkFL Ve,

—(1=al )M S AT 4t ] - AT
(7

Y(s,n) e k™ UK™, Ve,

where TRO indicates the start time of service restoration.

Constraint (5) indicates that all maintenance crews immediately
start from the maintenance center in the service restoration

stage and the arrival time is T&] when the maintenance crew ¢

does not arrive at the damaged component $. Constraints (6)-
(7) indicates that the arrival time for the damaged component
n considers the travel time from $ to n and maintenance
time at §.

Zz"’m—l‘v’sekFPUkFL,VteTR, (8)
ATCre\’V + (‘r(’" [TSZL tz_Cr(’)V’
;( §,C Y(‘ Y(‘ ) Z §,C (9)

Vs e k™ Uk™ VteT,, Ve,

Ztr(‘)ew < ( T(::;e“’ + rt;:r:lf‘/y;:f:w)_i_l_g’
< ' (10)
Vs e k™ Uk™ VteT,, Ve,

where 7" indicates whether the damaged component § is
repaired at ¢ . Constraint (8) indicates that if the repair work has

crew

not started or finished, 7, is zero. Constraint (9) indicates the

relation of the arrival time, maintenance time, and finishing
time for the damaged component s .

3) Coupling Constraints of Maintenance and Reconfiguration

1-1
Cst = ZTSC,}’I:)W’ szt < C\
Vs e k™ UE™,V(i,5) e k" UE™Vt e T,

Constraint (11) ensures that the damaged component s,
which represents the pipe/line (z,7), will restart operation and

QY

can be utilized for PDS/DHS reconfiguration once it has been
repaired.

B. PDS/DHS Network Topology Constraints
1) PDS/DHS Fault Isolation Constraints

Based on the PDS fault isolation model in [26], the fault
isolation constraints are established considering the
sophisticated coupling characteristics of the PDS and DHS,
which describe the faulted region isolation and the fault
propagation between DHS and PDS.

Zys 2 (1 —J )(zfj,o ~Sijo )

. (12)
v(Z,]) = kp?pe Uklme’vs c kFP UkFL,Vt c 7—,1’
Zij,-t S(1_-]6])( 1]() 51]0) (13)
V(i) e kU™, Vs e k™ UR™, Ve T,
V(i) e K" U™, Vs e k™ UR™, Ve T,
M 124, (1700). (15)
V(ig) e k" Uk, Vs e kT UR™ Ve T,
my, +7z,, —1<m,, V@) ek UK VieT,  (16)
m +z77t lgmzt’v(i}j)Ekwpe Uklmﬂ VteT (17)

"HP EB
m,, =mdt,VrekC Uk

CTURY v e kUK Yt e T, (18)

Constraint (12) indicates that the non-faulted pipe/line (i,5)
installed with a valve/switch can be switched on/off for fault
isolation. Also, the damaged pipe/line (7,7) must be opened for
repair. Constraints (14)-(15) demonstrate that the valve/switch
located on a pipe/line (%,7) can position nodes/buses i and ;
in non-faulty areas. Constraints (16)-(17) indicate that the
nodes/buses ¢ and ; of a closed pipe/line are situated within
the same area. Constraint (18) illustrates that the area where the
CHP unit/EB ¢ is located can be considered in both DHS and
PDS analyses. For example, when the CHP unit/EB i is placed
in a faulted PDS region, it will be divided into the same region
in the DHS.

2) PDS/DHS Service Restoration Constraints

At this stage, PDS/DHS reconfiguration will be conducted to
implement the coordinated maintenance to ensure that the
extended energy can supply both electric and heating loads.
Also, the service restoration constraints consider the coupling
relationship of the PDS and DHS, which are originally
formulated as follows:

L,z—(l f +c, )( L/tl_si_j,O)’

(19)
V(l,]) c kplpﬁ Uklmc’vs e kFP UkFL,Vt c TR,
t/? _(1 f +C )( utl+sz/0) (20)
V(l,]) = kplpﬁ Uklmc’vs e kFP UkFL,Vt c TR,
mi,t UO +1 (f Cs,t)(l_s“‘,o)’ (21)

V(l,j) = kpwn Ukhnr’vs e kFP UkFL,Vt c TR,



Myt = %40 +12 (fu st)(l 54/0) (22)
V(i) e k" UE™ Vs e k™ UE™ Vt e T,
m,, +z;,—1<m, V() e k" Uk™ Vie T, (23)
m,, +2,, —1<m, V() e k" Uk™ Vie T, (24
m,, =m,, Nrek Uk vd ek UK, VteT,, (25

Constraints (19)-(20) indicate that the component s in the
damaged pipe/line (7,5) will be considered disconnected
before the pipe/line (z,7) is repaired. Also, repaired or non-
faulted pipe/line (7,7) with a valve/switch can be switched on
or off for load restoration. Constraints (21)-(22) illustrate that
the valve/switch on restored or intact pipe/line can place linked
Constraints (23)-(24)
illustrate that nodes/buses linked by a closed pipe/line must be
situated together. Constraint (25) illustrates that DHS and PDS
analyses consider the belonged area of CHP unit/EB .

nodes/buses in non-faulted regions.

> 2 =N,-N, (26)
Y (i,j)ekPPe Uk
Z a”‘t:O,jEQEUQH,VtETR, (27)
ier ()
Z CL”, <1 ] c (knnds \QH )U(kbus \Qb),vt S TR’ (28)
ien(j)
2y, =0y, +a,,,V(0,)) € ke Uk VteT,, (29)

where N, and N; represent the number of nodes/buses and
root nodes/buses, respectively. The network topology of the
PDS/DHS should be radial [27]. Constraint (26) shows a
necessary condition for the radial PDS/DHS topology.
Constraint (27) implies that the power/heat station does not
have a parent bus/node. Constraint (28) illustrates that each
bus/node can have at most one parent bus/node. Constraint (29)
illustrates the relation between the status and virtual flow of
pipe/line (i,5) . Constraints (27)-(29) present a sufficient
condition for the radial PDS/DHS topology [28]-[29].

C. PDS/DHS Operation Constraints
1) DHS Operation Constraints

The precise DHS model is a complex mixed-integer
nonlinear problem, which introduces challenges when
addressing the multiperiod restoration problem [30]. We
introduce a decision variable, denoted as %, =c,m, (rj 7 ),

to represent the heat quantity in pipes, and apply the energy
flow model to solve the proposed MCRM. Thus, the DHS
operation constraints are expressed as follows.

VI < SR Y ek teT, GO
p; =oh.Y jek™ VteT, G1)
WY =y fPV jek™ VteT, (32)

kit

DI LU T T
ap Dot ey TR Ny R
JERy JERy,

]ekz'HP i

B VEkek™ VteT, (33)

hP,m

it

z hPom‘+ z h}f{/S

Gesyr
4 J

Vjek:"d,VteT,
Constraint (30) illustrates that the power generation of CHP
unit ; is influenced by the heat generation. Constraint (31)

Los:
TR LAY
Jr (i,j)eS;“]’H

(34)

indicates that the power consumption of EB j; is correlated
with the heat generation. Constraint (31) illustrates that the heat
generation of heating boiler (HB) ; is determined by the fuel
consumption. Constraint (33) indicates that the total heat
produced at the station & encompasses contributions from the
installed CHP unit, EB, and HB. Constraint (34) describes a
detailed account of the energy equilibrium at node ;.

h[};touf h;tm _h/f]{);s , ( ’]) e k]}i[)e \v/t c T (35)
Ucthp h;(”; _leathz] ’\7/( 7])Ekplpp VtET (36)
U ¢, thP hi(o;ﬁm S zzj( thLJ ’v( 7j) € kplpe’Vt € T’ (37)

Constraint (35) illustrates the heat loss between the outlet
and the inlet of pipe (7,7). Constraints (36)-(37) illustrate the

heat quantity limitations of pipe (¢,7) .
(1 m, )hCHP<h(HI’<( )h]

]

(1=m;, )b
(1-m, )W <h™ <(1-m,, )b} .Vjek™ VieT, @0)

Constraint (39)-(40) illustrates that the heat generation of
heat sources in the faulted and non-faulted area, including the
CHP unit, EB, and HB.

Loss __ L L Loss L
B =g b m B <R <

jit? .t — 3t

NViek™ YteT, (38)

<h? < (1—mjr,)ﬁj Njek™” VteT, (39)

Viek" VteT, 41)

Constraint (41) 1llustrates that all loads are lost in the faulted
area and the heating loads can be shed in the non-faulted area
for energy balance.

2) PDS Operation Constraints

The PDS operation constraints are established based on
second-order cone relaxation (SOCR), which is a typical
relaxation method for the original Distflow model [31]. Based
on the assumption that the three-phase power distribution
system is approximately balanced [32], the power flow model
based on the SOCR relaxation is widely used in research for
load restoration in PDS and integrated energy systems,
demonstrating its effectiveness in optimizing and managing
power flow during recovery processes [33]-[34]. The
multiperiod coordinated restoration problem is formulated as a
mixed- integer second-order cone problem (MISOCP).

Z Pjsi — Z (puf Tuluf) vjEkbw’VtET’ (42)

s<3()) iex(j)
Z Qs — Z ( Qs x“l“t) Vjiek" VteT, (43)

5<3()) iex(j)
D, p], +p]C,HP —pjgt —(pf —pf_;’“),Vj ek VteT,(44)
q;, —qj, +q5fP —qﬁB —(qu —qff”) Vjek™ VteT, (45)
||2p1.7f 2q;, ly, u”" <l;, +u,,,Vj ek VteT, (46)
~z; tS <p,, < zij.ftSU.,V(z,j) ek VteT, 47)



V(i,j) e k™ VteT, (48)

Constraints (42)-(43) illustrate the power injection into bus
j . Constraints (44)-(45) illustrate the power equilibrium at bus

—2,;9; S0 2,5,

j . Constraint (46) illustrates the power flow equation of line
(¢, 7) after second-order cone relaxation. Constraints (47)-(48)

illustrate the transmission limit of line (z, 7).

Uiy — Uy, _2(77jp711',t "'xi,jqili,f)_‘_(Tfy2 +CE§ )liﬂ < (1 Rt )M’ (49)
v(@i,j) e k™ VteT,
Uiy —Ujy _2(7"7,]'171:]',/ RO )+(7“; +$;)liff’ = _(I_ZU’I’)M’ (50)
V(i) e k™ VteT,
u, <u, <u;,Vjek™ VteT, (51

Constraints (49)-(50) illustrate the voltage drop along a
closed line (7,7). Also, the voltages of bus ¢ and ; do not
impact each other when line (z,j) is open. Constraint (51)
illustrates the voltage limitation of bus ;.

C

; y —CHP ;
(1=m,;, )p™" < p" <(1-m,,)p, Vjek™ VteT, (52)

v —CHP
(1-m;, ) g™ <q/" <(1-m,,)q, .Vjek™ VieT, (53)

(1-m,, ) p* <p"¢ <(1-m,,)p, Vjek™ VieT, (54)

gt

-nG .
(1-m,,) g <q’f <(1-m,,)q;, Vjek™ VteT, (55)
Constraints (52)-(55) illustrate the power source generation,
including those of the CHP unit ; and DG j, in a faulted/non-

faulted area. For example, if the CHP unit ; is shut down in the

faulted area, its power generation will be reduced to zero. The
power generation of the CHP unit ; in the non-faulted area is

constrained within its stated range.

p]L(t)s\ — gj_t , p]L’ V] c kbus,vt c T, (56)
q:z;ss — j’tq;’vjekbus’VtET’ (57)
m, py <piit <py, Viek™ VieT, (58)
m,q; <q <qh Viek™ VteT, (59)

Constraints (56)-(59) illustrate the loads in the faulted and
non-faulted areas.

D. MCRM Objective and Resilience Metrics

To optimize the recovery of electrical and thermal loads over
multiple periods, the objective of (60) is proposed, to ensure
that essential loads promptly receive energy. The third element
involves a network loss penalty to maintain the precision of the
MCRM following the SOCR, which must remain minimal. The
resilience metrics proposed in (63) reflect the proportion of load
restoration throughout the recovery phase.

max f (g) = ATI Lll%es + ATRL};BS _ O_Z pZVlo.ys (60)
Vit
Lo =Y a (1-¢, )+ b, (1-¢l, ).
: . 61)

=3 ¥a (1-¢5, )+ 230, (1-6", ).

Vig Vi Vig Vi

ATv,Lfoss +ATRL5€055

. .62
AT, (z(a, +, )}ATR [ZZ(% o )]
= Vig Vi
L™= Z ;65 + zbﬁ/g;t' ’
vy vi (63)

L = Zzaﬂ;m + Zzbﬂ;m ATy

Vit Vi Vig Vi

Fig. 2 shows the flowchart of the proposed model to better
illustrate the MCRM formulation. During the fault isolation
stage, the variables include the PDS/DHS network topology
variables in this stage and the PDS/DHS operation variables.
During the service restoration stage, the variables include the
coordinated maintenance variables of the PDS and DHS,
PDS/DHS network topology variables in this stage and
PDS/DHS operation variables.

Input system data and fault scenario

v

Solve the MRCM

v

Fault isolation stage

Topological variables
« Isolate faults
o Identify faulted regions

Operational variables

PDS Operational variables
DHS Operational variables

* Power flow

e Voltage ¢ Heat flow

o CHP power output + CHPheat output

« EB power consumption ¢ EB heat output

e DG power output ¢ HB heat output i

o Substation power output * Heat load shedding
o Electric load shedding

v

Service restoration stage

Coordinated Maintenance variables

e Maintenance Crew Dispatch

e Maintenance Time

o Coupling Constraints of Maintenance and Reconfiguration

Topological variables
o Network reconfiguration of non-faulted/repaired pipes/lines

Operational variables

PDS Operational variables DHS Operational variables

o Power flow e Heat flow

e Voltage o CHP heat output

o CHP power output o EB heat output

« EB power consumption o HB heat output

e DG power output o Heat load shedding
o Substation power output

o Electric load shedding

Calculate resilience indices

Fig. 2. The flowchart of MCRM.



IV. PROPOSED MCRM SOLUTION PROCEDURE

The proposed MCRM contains many integer variables
representing load statuses, travel routes for PDS/DHS
maintenance crews, and PDS/DHS network topologies, which
can lead to slow convergence and excessive solution time [35].
To reduce the computational complexity, we propose a two-
stage acceleration algorithm (TSAA) in this section to balance
computation accuracy and efficiency, which is suitable for fast
decision-making in the load restoration problem.

A. MCRM in Compact Form

The multiperiod coordinated restoration model is presented
concisely as a matrix expression.

MCRM: max f(g)
s.t. Iy,s,¢)=0, E(y,s,c)=0,

y,g € {0’]}’ ce [cmin’cmax]
where the integer variable vector ¢ denotes the load status

(64)

(65)

variables. The integer variable vector y excludes the

aforementioned variables. The vector of continuous variables
¢ is defined. The I(y,g,¢) >0 and E(y,s,c)=0 are defined

as inequality and equality constraints, , respectively.

B. Two-stage Acceleration Algorithm for MCRM

To deal with the integer variables in MCRM, a two-stage
acceleration algorithm is proposed as follows:

Stage 1: Maintenance Sequence and Radial Network Determination
e Determine reasonable maintenance sequences and network topologies for

PDS/DHS after relaxing the load status variables to enhance computation
efficiency with high accuracy.

Stage 2: Load Status Iterative Solution

e The load status iterative solution is employed to correct the load statuses
obtained in Stage 1, ensuring the accuracy and efficiency improvement of

v

Multiperiod Coordinated Restoration Strategy

the solution of the load statuses.

Fig. 3. The two-stage acceleration algorithm framework for MCRM.

The integer variables in MCRM are divided into two types,
i.e., load status variables, and variables associated with travel
routes for maintenance crews and network topologies of the
PDS and DHS.

In Stage 1, we determine reasonable maintenance sequences
and network topologies for the PDS/DHS after relaxing the load
status variables. The original MCRM is transformed into a more
tractable problem under relaxed constraints, which
approximates the optimal solution. In Stage 2, we adjust the
solution of the load statuses. The load status iterative solution
is used to correct or improve the load statuses obtained in Stage
1 to ensure the accuracy and efficiency improvement of the
solution of the load statuses. The problem is formulated as an
SOCP. The load status iterative solution is used based on the

results established in Stage 1 to determine the load status
according to the proposed acceleration principles.

It is worth noting that the solution of the MCRM in Stage 2
can be infeasible when the energy balance of the coupling units
cannot be satisfied with the new restrictions. Thus, we modify
the additional constraints by removing the extra load
restorations from small to large, which are connected to the
coupling elements.

Acceleration Algorithm for the Two-stage MCRM

1 Determine the maintenance sequences and network topologies of PDS
and DHS based on MCRM-MISOCP
Establish MCRM-SOCP based on the determined maintenance
sequences and topologies and solve the MCRM-SOCP model

3 ¢ «¢ solved by MCRM-SOCP

2

4 while g* contains non-integer values

5 Execute function A in PDS and DHS respectively and add
constraints. Solve the MCRM-SOCP model with new constraints

6 if the model with new constraints can be solved

7 g* «—solution ¢ of updated MCRM-SOCP

8 else

Compare load restorations connected to the coupling elements
and remove the extra load restorations from small to large

10 end

11 end while

Based on this g* , solve the energy flow with the minimum network
loss as the objective

13 return the solution g* and energy flow

1) Maintenance Sequence and Radial Network Determination

The MCRM-MISOCTP is formulated in (66) and (67) in stage
1, where ¢ is relaxed to be a vector of continuous variables.

Notably, the load status variables are relaxed to enhance the
computational speed with high accuracy.
MCRM - MISOCP : max f(¢)

s.t. Iy,s,¢)=0, E(y,s,c)=0,

ye{0,1}, 0<¢<1, cefe,,. ¢l

After solving the MCRM-MISOCP, we determine a
reasonable PDS/DHS maintenance sequence and a radial
topology. Most load statuses are integers, and there are few
non-integer values. The main reasons are summarized as
follows: the load weights are included in the objective function,
and the load weights a, > Z ay b, > Z b, are satisfied

jerk jerk

(66)

(67)

when the load level k <k,, where Y* indicates that the load
set that load level is k,. Thus, the important loads have much

larger weights than other loads, and important loads that satisfy
all constraints can be fully restored; ii) the objective function
ensures the smallest network loss, and the determined recovered
load statuses should be the optimal solutions; iii) only a few
loads are partially recovered when the capacities of the energy
sources, branch current, heat quantity of the pipe, and node
voltage are limited, i.e., the load statuses are non-integer values.
Thus, the original MCRM is transformed into a more tractable
problem after ¢ has been relaxed to become a vector of

continuous variables. The optimal solution is approximated,



and the MCRM-MISOCP can enhance the computational
efficiency without significantly compromising the accuracy.

2) Load Status Iterative Solution

After determining the PDS/DHS maintenance sequences and
topologies, we solve the MCRM-SOCP stated in (68) and (69),
execute function A in the PDS/DHS, and add new constraints.
We remove the extra load restorations connected to the
coupling elements from small to large to guarantee the energy
balance of the coupling units. Fig. 4 shows the flowchart of
function A in the PDS and DHS.

MCRM -SOCP : max f(¢)
s.t. I(y,c,)>0, E(y,s,c)=0,

(68)

y=y, 0<c<l, ce [cmin,cmax] 69)

where y" is the vector of the binary variables determined by the

MCRM-MISOCEP solution in Stage 1.

We analyze the acceleration principles for determining the
load status variables in PDS/DHS that can be rapidly processed
Y,,, Y

and introduce three corresponding load sets, i.e., Y, Y,,, Y,

as shown in Fig. 4. The three acceleration principles of the
PDS/DHS load status are described in detail as follows:

) If Y, #0, we add the constraint ¢, =1,j€Y,, . For

detailed analysis, we take the acceleration principle for electric
loads as an example. With appropriate generality, the inequality
constraint (70) will be formulated in each iteration.

£(8) < Fiienn < Fircnarsocr- (70)
where £y msocr and fiom, denote the optimal values of
electric load restoration in the MCRM-SOCP and MCRM.
f (g) denotes the optimal values in each iteration.

The reason for adding the constraint is that if any load in Y7,
is restored, the inequality (71) will be formulated based on the
identification of the load level and sets in Fig. 4, i.e.,

W > fiomesoor — f5 - - This conflicts with inequality (70).

Therefore, loads Y, cannot be recovered.
e e e K¢ -1 e*
f(g):fg/:()-‘rwj ngj:o +w > fucraesoors  (T1)
where | is the load level of load j in Y, f: o denotes the

value of the electric load restoration after modifying the non-
integer electric load status into 1.
ii) If Y,, =& and Y,, #<J, we increase the constraint

g; =1 for the load with the largest load status valuein Y, . The

reason is that if all loads in Y,, are restored, the node voltage,

branch current, or heat quantity of the pipe will exceed the limit.
Therefore, at least one load in Y,, cannot be recovered and the
load with the largest load shedding is disregarded.

iii) If Y,, =& and Y, #, we disregard partial loads
with larger load status in Y,,. For a clear illustration, we

analyze the acceleration principle in PDS. Since there is a

considerable disparity in load weights in the objective, the high-
level loads are recovered in priority and the loads in Y, are at

the same level as k< . Thus, the maximum number of
completely restored loads is recorded in (72) and the loads with
larger load statuses are disregarded.

% K
n, = ﬂOor{(f;;'CRM-SOCP _fgi:O)/ w }v

The reason is that if (n, +1) loads at the K" level can be

(72)

fully recovered, we will formulate the inequality (73) based on
wemesocr —F< - <(ns +1)w"” in (72), which will have a

conflict with inequality (70).

e*(OJ

f (g) = fg,:() + (n:(, + 1>WKP > f:;f(}RM—S()CP' (73)

Notably, the MCRM-SOCP can guarantee computational
accuracy based on the results of Stage 1. The detailed proof of
the convergence and global optimality of the load status

iterative solution is provided in Appendices A and B.

Add the constraint ¢; =0 for je Y}, Y; = {j‘é‘:/;mwfsoov (]) = 0}>
§Jh =0 forje YZ, Yz = {j‘g/zy(‘RMfsocP (]) = 0}

v

Identify the electric and heat load level K, K"
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Return

Fig. 4. Flowchart of the function A in PDS and DHS.

V. CASE STUDIES

A. Case Description

The effectiveness of the coordinated restoration strategy is
evaluated using a modified P33H14 system (shown in Fig. 5).



The DHS has installed three heating stations, which equipped
with CHP units, EBs, and HBs. Normally, the sectionalizing
valves are closed, while the tie valves on pipes PN3-9, PN8-12,
and PN9-13 remain open. The DHS network topology is
adjusted by open or close these valves as necessary. The
DHS/PDS maintenance crews will respectively repair the
damaged pipes/lines, where the travel paths will be coordinated
to facilitate load restorations.

The electric and heating demands are 1.27 MW+1.03 MVar
and 0.77 MW respectively. The DG and CHP unit each possess
capacities of 0.5 MVA and 0.5 MW. The specific parameters
are listed in [36]. The tests are performed on a desktop
workstation configured with an i19-13900K CPU, a Samsung
980 Pro SSD (2TB), and Kingston FURY™ Beast DDRS RAM
at 6000MHz (128GB). MATLAB R2020a is used for
programming.

(EB)
313233 HSI

MC

/A The first level load

Non-faulty zone of PDS === Line equipped with switch e Line

Non-faulty zone of DHS = Pipeline equipped
with valve

#"\. Maintenance /. Maintenance
UU  center in PDS UU center in DHS

Substation @ Distributed generation

——Pipeline /\ The second level load

%‘ PDS maintainer %ﬁ DHS maintainer

Fig. 5. P33H14 system in pre-disaster.

B. Efficacy of restoration in the P33H14 test system

After the catastrophic event, damage is sustained to lines L6-
26, L16-17, L23-24, L30-31, and pipes PN2-3, PN9-13, and
PN12-13. To assess the impact of coordinated maintenance
with reconfiguration on the load restoration of IEHS, three
cases are devised.

Case 1. Reconfiguration in PDS is utilized and DHS
topology remains constant throughout the restoration process.
Also, PDS and DHS maintenance crews are separately
dispatched to repair the faults.

Case 2: PDS and DHS reconfigurations are coordinated, as
the PDS and DHS maintenance crews are dispatched
respectively.

Case 3: PDS and DHS reconfigurations are coordinated and
maintenance crews in two subsystems are jointly dispatched for
the network restoration.

1) Effect of Coordinated Reconfiguration

The results of operating the valves and switches are shown
in Fig. 6 and load restoration is interpreted in Fig. 7. Table I
presents the outcomes of multiperiod load restoration and
resilience metrics. The following is a summary of the
conclusions reached.

i) The faults in the DHS/PDS can propagate to additional
subsystems via their interconnected units, which may result in
concurrent energy disruptions in the IEHS. During the fault
isolation phase, the electric load curtailment at bus 33 reduces
the heat output of the EB in HS1 to zero, which interrupts all
heat loads connected to HS1. In the fault isolation stage, the
total electrical and heat loads are 0.750 MW and 0.103 MW,
which are the same in three Cases.

ii) The coordinated reconfiguration can fully explore the
flexibility of network topology for fault recovery. This is
achieved through modifications to the DHS network topology
in conjunction with PDS switch operations.

In Case 1, the PDS and DHS maintenance crews conduct
maintenance to minimize time costs. Since the heating network
topology remains constant, electric and heating loads start to be
recovered until /=30 minutes. The PDS maintenance crew
repairs the fault on line L.30-31 at =30 minutes, which restores
the EB in HS1 connected to bus 33 and supplies the heating
loads at N7, N9, and N10.

In Case 2, the DHS maintenance crew repairs the fault on
pipe PN2-N3 at /=12 minutes. At this time, the transfer of
energy is achieved by the valve operation on pipes PN3-9, PN7-
8, PN8-9, and PN8-12, which transfer lost heating loads at N3,
N4, N6, and N12 to HS2. HS2 is then maximized to ensure the
optimal distribution of energy to meet the heating demands. Fig.
7 shows that the load restoration is significantly increased and
a shorter time is required to recover all loads.
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Fig. 6. Network topology in the service restoration stage.



TABLEI
MULTIPERIOD LOAD RESTORATION AND RESILIENCE METRICS
Total load Multi!)eriod Resilie.nce Restoration

Case restoration _restoration (kW) metrics time
(kW) Electric  Heat R (min.)

Case 1 20558 15874 4684 0.62 30

Case 2 24810 15894 8916 0.73 30

Case 3 25758 16404 9354 0.75 21

iii) Coordinated reconfiguration achieves a better service
restoration. As shown in Table I, the overall multiperiod
restoration has gone up by 20.7% in Case 2 in comparison to
Case 1, and the value of R is increased by 17.7%.

2) Effect of Coordinated Maintenance

Table II presents the travel paths for maintenance crews in
PDS and DHS and the repair completion time. The summarized
conclusions are shown as follows.

i) Coordinated maintenance can redesign the optimal travel
paths for the maintenance crews to ensure that essential
electrical and heating demands receive energy in a prompt and
efficient manner by considering the intricate mutual interaction
of PDS and DHS.

In Case 2, PDS and DHS maintenance crews are
independently dispatched to achieve fast maintenance of faults
in the respective subsystems. DHS maintenance crew repairs
the fault on pipe PN2-3 and HS2 can provide greater flexibility
in the DHS supply of energy. Then, the PDS maintenance crew
repairs the faults on lines L6-26 and L23-24 to reduce
maintenance time costs in PDS.

In Case 3, after the fault on pipe PN2-3 is repaired, the PDS
maintenance crew repairs the fault on line L30-31 to fast
recover the power supply to EB in HS1, so that EB can supply
more heating loads on its island, which can provide more
flexibility for DHS restoration. Then the fault on line L16-17 is
prioritized for maintenance after the fault on pipe PN12-13 is
repaired since the CHP unit can provide more operation
flexibility to achieve better load restoration.

ii) Coordinated maintenance can entirely provide the
flexibility of energy redistribution to ensure a timely energy
supply for essential loads, especially when combined with
coordinated reconfiguration.

As shown in Table III, in Case 2, at = 21 minutes, the electric
loads at buses 25, 31, 32, and 33 are completely lost to ensure
the heat output of EB. At this time, EB is powered by DG at bus
24 with restricted capacity.

In Case 3, at = 21 minutes, EB can provide more operation
flexibility to supply the electric and heating loads on its island
since the faults on pipe PN2-3 and line L30-31 are repaired. The
lost heating loads at N3, N4, N6, and N12 are shifted to HS2 by
valve operation and EB is powered by the CHP unit by the
operation of line L30-31. There is only partial load loss at N12.

iii) In Case 3, the total multiperiod restoration increased by
3.8% in comparison to Case 2, and the value of R is increased
by 2.7%. The electric and heating loads will be completely
recovered in 21 minutes, earlier than that in Cases 1 and 2 (i.e.,
in 30 minutes). However, the repair work will be fully
completed in 39 minutes, which is slower than that with
independent maintenance (i.e., in 33 minutes).

10

0.5
0.4
0.3

02 e Cas |
mtn Catse 2
—— Case 3

ety Case 1

0.9 o Case 2

Heating load restoration )MW)

Electric load restoration (MW

—— Case 3

0 3 6 9 121518212427 30333639

Time (min.)

(a) Electric load Restoration

0 3 6 9 12151821 24 27 30 33 36 39
Time (min.)

(b) Heat load Restoration

Fig. 7. Load Restoration in P33H14 system.
TABLEII
REPAIR SEQUENCE AND COMPLETION TIME
Repair
Case Repair sequence Completion time
(min.)

o] PN23TLE-26-PNO-13-12324 33
ase —130-31—L16-17—PN12-13

oy PN2ILE260PNO-13—123-24 33
ase —L30-31—L16-17—PN12-13

a3 PN23L303I-LIGITPNI2-I3 0
ase —16-26—123-24—PN12-13

TABLE III
SWITCH AND VALVE OPERATION AT T= 21 MINUTES

Line/Pipe Pre-event Fault isolation Restoration stage
stage stage Case 2 Case 3

PN2-3 1 0 1 1

PN12-13 1 0 1 1
PN7-8 0 0 0 1
L30-31 0 0 0 1
L16-17 1 0 0 1
L6-26 1 0 1 0

C. Efficacy of restoration in the P118H32 test system

The scalability and effectiveness of the coordinated load
restoration strategy are evaluated using a large-scale system
composed of a 32-node district heating system and a 118-bus
power distribution system, with detailed specifications
provided in [36]. The system tested includes three CHP units,
one heating boiler, three distributed generators, and one
substation. It handles heating loads of 2.12 MW and electric
loads of 3.31 MW+2.82 MVar. To demonstrate the
effectiveness of the proposed dispatch strategy, three cases are
executed. Table IV presents the results.

TABLE IV
LOAD RESTORATION AND RESILIENCE METRICS
Total load Multiperiod Resilience  Restoration
Case restoration _restoration (kW) metrics time
(kW) Electric  Heat R (min.)
Case 1 45621 30490 15131 0.64 85
Case 2 53576 30441 23135 0.71 85
Case 3 55725 30490 25235 0.73 60
The incorporation of coordinated maintenance and
reconfiguration allows for enhanced load restoration.

Specifically, Case 2 demonstrates a 17.4% increase in load
restoration compared to Case 1, accompaniedby a 10.9% rise in
the value of R. In Case 3, load restoration improves by 4.0%,
and the resilience metric R increases by 2.8% in comparison
to Case 2. Furthermore, the full recovery of both electric and
heating loads is achieved within 60 minutes, a faster process



than that achieved with independent maintenance, which takes
85 minutes.

Analyses of Computational Performance of the TSAA

The two-stage acceleration algorithm was designed to solve
the proposed problem. The numbers of binary variables in
P33H14 and P118H32 are 7946 and 12275, respectively. To
ascertain the accuracy and efficacy of the proposed algorithm,
Table V shows two solutions for comparison. The first solution
is entirely based on the Gurobi commercial solver to solve the
MRCM, which is called the SBOG. The second solution is the
TSAA. The proposed TSAA uses an iterative solution to
determine the load status variables. The remaining variables are
solved by the Gurobi commercial solver. The commercial
solver in the TSAA is illustrated in two stages. In Stage 1, the
MCRM-MISOCP is solved by the Gurobi commercial solver.
In Stage 2, the load status iterative solution is used to correct or
improve the initial outcomes to ensure that the accuracy and
efficiency improve the solution of the load statuses.
Additionally, the optimal energy flow problem is solved to
minimize network losses via the Gurobi commercial solver,
which is based on the solution of the load statuses obtained via
an iterative algorithm. This process determines the optimal
output of the energy sources and ensure an efficient and
effective energy distribution in the IEHS.

The proposed algorithm obtained identical total load
restoration to Gurobi. In P33H14, the proposed algorithm was
approximately 27.14% faster than Gurobi under the default gap
of 0.01% in Case 1. In P118H32, the proposed algorithm was
approximately 32.45% faster than Gurobi in Case 1. The two-
stage acceleration algorithm can be used to solve the multi-
period coordinated restoration problem with considerably high
efficiency while maintaining the accuracy, which is suitable for
fast decision-making.

TABLEV
COMPUTATION PERFORMANCE OF DIFFERENT ALGORITHMS

Computational Time

System Case (TSAA/SBOG)
ave min max
Case 1 5.1s/ 32/ 6.1/
ase 7.0's 53s 945
7.5s/ 6.0 s/ 89s/
P33H14 Case 2 975 665 105 s
Case 3 8.4/ 52/ 10.3 s/
11.6s 89s 134s
Case | 10.2 min./ 9.1 min./ 12.6 min./
ase 15.1 min. 10.8 min. 17.4 min.
11.6 min./ 8.5 min./ 13.3 min./
PI18H32 Case 2 16.3 min. 15.7 min. 18.5 min.
Case 3 12.2 min./ 9.3 min./ 16.0 min./
17.6 min. 16.1 min. 19.2 min.

VI. CONCLUSIONS

In this paper, restoration considering the coordinated
maintenance and reconfiguration was proposed to enhance the
resilience of a park-level IEHS. A two-stage solution algorithm
was designed to reduce the computational complexity, which is
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suitable for fast decision-making in recovery problems.
Comprehensive case studies demonstrate that i) the coordinated
maintenance of a PDS/DHS is a practical method for restoration
by redesigning the optimal travel path for the maintenance crew
to ensure that vital loads receive energy on time. ii) The
coordinated reconfiguration of the PDS and DHS represents a
significant step in the exploration of the potential of varying
network topologies for fault recovery. The network structure in
the DHS/PDS can be modified to halt greater fault propagation.
iii) A two-stage acceleration algorithm was proposed for the
fast decision-making of the load restoration problem. The
proposed solution can achieve an acceptable level of accuracy
while operating at a high level of efficiency.

In future studies, we will conduct comprehensive analyses
considering the unbalanced nature of PDSs, random
occurrences of pipe/line outages, uncertainties in load demands,
and discrepancies in the temporal scales of PDS and DHS in
large-scale cities.

APPENDIX A

The convergence of the load status iterative solution is
analyzed as follows: the iterative process will be terminated

when ¢,y socp Only contains integer values. There are finite
non-integer values in ¢,z socr and the function A will add

at least one constant value of ¢, 4, socp D €ach iteration.

Thus, the proposed iterative solution can obtain all values of

Swcrm_soce 10 @ finite number of iterations. The convergence

of the load status iterative solution is proven.

APPENDIX B

To prove the global optimality of the load status iterative
solution, it is sufficient to prove that 1) the initially determined
load statuses are the optimal solutions; 2) the additional load
status based on principles i) and i) in each iteration must be
identical in the global optimal solution; 3) the processing based
on principle iii) does not impact the global optimality of the
original problem.

For a clear illustration, we analyze the condition in PDS. At
first, we prove that the additional load status based on Condition
1) must be optimal. There are two types of loads being analyzed,

i.e., the h™ level loads satisfying wj; > w " and the K level

1
—ff  <w in
;.1*0

. K e*
loads according to W' < floncor — S

Section IV-B.

For the h' level load, if the load status g,fm is a non-integer
value since the node voltage/ branch current is limited and me
should be 1 in the global optimal solution. To clarify this, we
assume that g;m =0 and then the other h' level loads and
higher-level loads with gj”] =0 cannot be fully restored. The
reason is that if all loads are restored, the inequality (74) will be

—ff o <w" 7, which will
.

.
formulated based on fycpis00r — f



e*

conflict with the inequality f (g)é Farenu < Frcrasoce

formulated in each iteration.
f(s)=
jEN,N= {jlw; > w’“”l}.

e*

e e e K< -1
T, g=0 TW; 2 fiotw > Jyerm-socr

S

(74)

It means that at least one load status of the h™ level and
1]

higher-level loads should be 1. Considering that ¢\ ...

must ensure the smallest network loss, g,fm should be 1 in the
A1, | e e* 11

optimal solution, i.e., ¢, =¢; ,jell= {]|wj >wh g = O} ,

For the K™ level load with g;m =0, gj.m should be 0O since

11

Sucrirs, ~CDSUres the  smallest network loss, ie.,
e, | o Al ..
5 =¢,,jeBE= {j|W; =w »6; =0p . Thus, condition 1)

has been proven.
Conditions 2) and 3) during each iteration have been proved
in Section IV-B.
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