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Abstract

Motivated by filtering tasks under a linear system with non-Gaussian heavy-tailed noise, various robust

Kalman filters (RKFs) based on different heavy-tailed distributions have been proposed. Although the sub-

Gaussian α-stable (SGαS) distribution captures heavy tails well and is applicable in various scenarios, its

potential has not yet been explored for RKFs. The main hindrance is that there is no closed-form expression

of its mixing density. This paper proposes a novel RKF framework, RKF-SGαS, where the process noise is

assumed to be Gaussian and the heavy-tailed measurement noise is modelled by the SGαS distribution. The

corresponding joint posterior distribution of the state vector and auxiliary random variables is approximated

by the Variational Bayesian approach. Also, four different minimum mean square error (MMSE) estimators of

the scale function are presented. The first two methods are based on the Importance Sampling (IS) and Gauss-

Laguerre quadrature (GLQ), respectively. In contrast, the last two estimators combine a proposed Gamma

series (GS) based method with the IS and GLQ estimators and hence are called GSIS and GSGL. Besides,

the RKF-SGαS is compared with the state-of-the-art RKFs under three kinds of heavy-tailed measurement

noises, and the simulation results demonstrate its estimation accuracy and efficiency.

Keywords: sub-Gaussian α-stable distribution, Kalman filter, heavy-tailed noise, Variational Bayesian.

1. Introduction1

Kalman filtering is a technique that uses a sequence of observations to estimate the unknown states2

of a system over time [1]. By judiciously defining the state vector of the relevant system, this algorithm3

can be employed and be beneficial in many applications. For example, in target tracking, the state vector4

represents the kinematics of the target [2]; in GPS navigation, Kalman filter (KF) is applied to GPS receiver5

position/velocity determination [3]; in robotics, the KF combines inertial, contact and kinematic data to6

estimate the robot’s base pose, velocity and contact states [4]; in economics, it can capture interest rates,7

inflation, etc [5]. When the dynamic and observation models of the state-space model are both linear and8

Gaussian, the minimum mean squared error (MMSE) estimate can optimally be obtained by the KF. However,9

when the noise contains outliers and is hence heavy-tailed, the estimation precision of the KF degrades since10
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the Gaussianity assumption is violated.11

To improve the performance of the KF under heavy-tailed noise, three main types of M-estimator-based12

robust KFs (RKFs) have been proposed. These are the Huber-based RKF [6], which is a generalized maximum13

likelihood-type estimator that minimises the Huber function, the maximum correntropy Kalman filter [7],14

and the statistical similarity measure based KF [8]. Alternatively, one has proposed several outlier-detection-15

based RKFs. For example, [9, 10] detect the measurement outliers using the Chi-Square test, and variational16

Bayes strategies are employed in [11, 12]. However, these filters do not exploit the stochastic properties of17

the heavy-tailed noise, and hence their filtering performance is limited.18

Different from M-estimator-based filters, another category of RKFs models the noise using heavy-tailed19

distributions. The Student’s t (ST) distribution was the first model to be used for this purpose, and there were20

two types of approaches involving it. First, the ST-distribution-based RKFs assume that the measurements21

are contaminated by heavy-tailed noise. For example, in [13], the symmetric measurement noise is modelled22

as an ST distribution. Also, skewed noise is fitted by the skewed ST distribution in [14]. However, when23

the process noise is heavy-tailed, these filters are not applicable because of the Gaussian assumption which24

is violated. In a second group of techniques, RKFs are based on the assumption that both the one-step25

prediction and likelihood densities can be captured by ST distributions. In [15, 16], the ST-distribution-based26

filter considers that the heavy-tailed posterior probability density function (PDF) follows the ST distribution.27

However, its filtering accuracy is limited due to the requirement that the prediction and observation PDFs28

should be characterised by the same degree of impulsiveness. By contrast, in [17], the robust Student’s t-29

based Kalman filter (RSTKF) eliminates this requirement and expresses the prediction and likelihood PDFs30

in hierarchical Gaussian forms. Hence, it exhibits higher computation complexity but produces more precise31

estimates. Despite all these improvements, two drawbacks of the RSTKF remain. First, due to the symmetric32

assumption, it only provides a rough estimation under skewed noise. Also, the degree of freedom (dof) value33

of the ST distribution is set manually for each filtering scenario, which degrades its overall performance.34

Owing to these disadvantages, other heavy-tailed distributions have also been investigated for the purpose35

of designing RKFs. In [18, 19], an RKF based on the multivariate Laplace distribution was considered. As36

the Laplace distribution is only determined by its mean and covariance, the selection of the dof value is37

unnecessary. Nevertheless, without a shape parameter, the filter cannot adapt to varying types of noise.38

Hence, for heavy-tailed and/or skewed state and measurement noises, the RKF based on the Gaussian scale39

mixture (RKF-GSM) distribution was proposed in [20]. However, the MMSE estimate of the scale function40

is not available, and the maximum a posteriori probability (MAP) estimate introduces more errors. Also,41

the dof values are still manually set, which debases the estimation precision.42

This work focuses on linear models with heavy-tailed sub-Gaussian α-stable (SGαS) noise, and various43

RKFs can be used for the posterior estimation. However, the M-estimator-based and outlier-detection-based44

RKFs cannot exploit the stochastic characteristics of the SGαS noise, and the performance of the RKFs45

using heavy-tailed distributions might degrade due to the model error between the utilised heavy-tailed46
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distributions and the SGαS noise. Hence, a new RKF framework based on the SGαS distribution [21, 22]47

is considered in this work. The motivation for this choice is twofold. 1) The SGαS distribution belongs to48

the α-stable family of distributions and is hence theoretically motivated by the generalized Central Limit49

Theorem, which means many practical types of noise can be modelled by this density [23, 24]. For example,50

work by Lachmann in the early 20th century [25] shows that the SGαS distribution can well fit the noise in51

real audio data and filtering based on a SGαS distribution was proposed for music enhancement. Also, [26]52

and [27] utilise the SGαS distribution to inflation forecasting in macroeconomic analysis and acoustic source53

target tracking, respectively, where the isotropic complex symmetric α stable noise can be considered a SGαS54

variable [21]. Besides, the multiple access interference in ad hoc networks can be precisely represented by the55

SGαS distribution [28]. 2) Besides being a member of the more general family of α-stable distributions, the56

SGαS is also a special case of the GSM class of distributions [29, 30]. Hence, the design of an RKF framework57

based on the SGαS distribution can, in principle, be based on the structure of the RKF-GSM. However, as58

there is no closed-form expression for its mixing density, the MMSE estimation of the scale function cannot59

be achieved simply based on the RKF-GSM and hence remains challenging. Thus, despite its many appealing60

properties and various practical applications, the use of the SGαS distribution for the design of RKFs has61

not been investigated, and this constitutes the primary focus of this manuscript.62

Specifically, the main contributions of this work consist in:63

1. We propose a RKF framework based on the SGαS distribution (RKF-SGαS), where four different64

estimators are proposed to approximate the MMSE of the scale function. For the first two methods,65

the expectation of the scale function is approximated by the Importance Sampling (IS) [31] and Gauss-66

Laguerre quadrature (GLQ) methods [32], respectively. Two additional hybrid estimators, the gamma67

series IS (GSIS) and gamma series GLQ (GSGL), are proposed for situations when the proposed GS68

estimator diverges and is thus replaced with the IS and GLQ-based methods, respectively.69

2. The properties of the four proposed RKF-SGαS variants based on the different estimators are thoroughly70

analysed and the RKF-SGαS is compared with the benchmark heavy-tailed-distribution-based RKFs71

in different measurement noise environments. Particularly, the parameters of the SGαS distribution72

and the benchmark GSM distributions are estimated based on the existing expectation maximisation73

(EM) and maximum likelihood estimation (MLE) methods, respectively, which reduces the model errors74

caused by the empirical parameters.75

As a side contribution, for the RKF based on the slash distribution (RKF-SL)[20], which is one of the filters76

we benchmark against in the simulations section, we propose a novel MMSE estimate of the scale function77

in Appendix A.78

The rest of the paper is organised as follows: we begin, in Section 2, with a description of the theoretical79

background on the Linear Discrete-Time State-Space Model and the SGαS distribution. In Section 3, we80

present the details of the proposed RKF-SGαS. The proposed framework is tested in target tracking scenarios81

in Section 4, whilst Section 5 concludes the paper with a summary.82
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2. Theoretical preliminary83

In this section, we provide brief, necessary details, on the key concepts on which our main developments84

in subsequent sections build. We start by providing a list of the main mathematical symbols and notations85

used throughout the work, in Table 1.

Table 1: Mathematical Notations

Notations Definitions

N (µ,Σ),

N (.;µ,Σ)

Multivariate Gaussian pdf with mean vector µ and covariance matrix Σ.

S(.;α, β, γ, δ) Univariate stable distribution pdf with the shape parameter α, the skewness pa-

rameter β, the scale parameter γ and the location parameter δ.

G(.; a, b) Gamma pdf with the shape parameter a and rate parameter b.

Be(.; a, b) Beta pdf with the shape parameter a and scale parameter b.

IG(.; a, b) Inverse-Gamma pdf with the shape parameter a and b.

IW(.; v,Σ) Inverse-Wishart pdf with the shape parameter a and scale matrix Σ.

Γ(·), ψ(·) Gamma function and Digamma function.

γ(a, x) Lower Incomplete Gamma function defined as
∫ x

0
ta−1e−tdt.

In n× n identity matrix.

tr{},(·)T Trace operation and transpose operation.

| · | Absolute value operation.

abs(X) Element-wise absolute value operation.

sum(X) Summation for all the elements.

x ∼ p(x) The pdf of the variable x is p(x).

d
=,

d→ Equality and convergence in distribution.

86

2.1. Linear Discrete-Time State-Space Model87

A linear discrete-time state-space model can be described as a probabilistic graph structure and includes88

two models. The dynamic noise describes the state transition over time, whilst the measurement model89

explains the relationship between the states and corresponding measurements. A generic linear discrete-time90

state-space model is written as91 xk = Fkxk−1 +wk−1

zk = Hkxk + vk

(1)

where xk ∈ Rn and zk ∈ Rm denote the hidden state and the measurement vectors at time k, respectively.92

Also the process and measurement noises are represented aswk ∈ Rn and vk ∈ Rm, respectively. Additionally,93
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Fk ∈ Rn×n and Hk ∈ Rm×n are the state transition and measurement matrices. In this work, we assume wk94

follows a Gaussian distribution, whilst vk contains outliers and is thus heavy-tailed.95

2.2. α-stable Distributions and the Sub-Gaussian Case96

In this section, we first introduce the α-stable family of distributions whereby its sub-Gaussian subclass,97

the SGαS distribution, is also illustrated. Furthermore, the tail behaviour of this subclass is analysed.98

In probability theory, the α-stable distribution is a family of probability distributions which is generally99

used to model heavy-tailed behaviour and outlier effects [33, 34, 23]. A stable random variable can be defined100

based on the generalized Central Limit Theorem [29]:101

Definition 1. A random variable x has a stable distribution if it has a domain of attraction, i.e., if there is a102

sequence of i.i.d. random variables y1, y2, . . . and sequence of positive numbers (dn′)(n′∈N) and real numbers103

(Dn′)(n′∈N), such that104

y1 + y2 + · · ·+ yn′

dn′
+Dn′

d→ x

Also, the multivariate α-stable distribution extends the concept of the univariate stable distribution to105

high-dimensional cases. Thus, stable random vectors also exhibit the stability property and allow for the106

generalized Central Limit Theorem. However, we cannot directly apply the multivariate stable distribution107

to RKF frameworks due to the challenge of estimating the spectral measure of its characteristic function [29].108

Instead, we focus on a more suitable subclass of the multivariate stable distribution, known as the SGαS109

distribution. As previously noted, the SGαS distribution is also a special case of the GSM distribution which110

can be written as111

p(x) =

∫ +∞

0

N (x;µ+ yβ,Σ/κ(y))π(y)dy, (2)

where µ is the mean vector and β is the skewness vector. Also, Σ is the scale matrix, y > 0 is the112

mixing parameter, and κ(y) and π(y) are the scale function and mixing density, respectively. For the SGαS113

distribution [29], β = 0, κ(y) = 1/y and π(y) can be represented as a totally skewed univariate stable114

distribution, i.e.,115

p(x) =

∫ +∞

0

N (x;µ, yΣ)S(y;α/2, 1, cos(πα/2)2/α, 0)dy. (3)

Table 2 details the parameters of SGαS along with several GSM distributions investigated in this paper,116

where v refers to the shape parameters of the GSM distributions. For simplicity, we only consider the zero-117

mean symmetric heavy-tailed noise as in previous works [13, 35] where the mean and skewness vectors are118

zero for both the SGαS and the GSM distributions.119

Subsequent to the succint introduction of the SGαS distribution, we explain its tails behaviour, which is120

determined by its mixing density. Figure 1-(a) shows the mixing density is a Dirac delta distribution at 1121

for α = 2 and a totally skewed heavy-tailed stable distribution for α < 2. Besides, smaller α values result122

in heavier tails as in Figure 1-(b). As the SGαS distribution is motivated by the generalized Central Limit123

Theorem, and has a hierarchical Gaussian form and flexible heavy tails, it has been employed in various124

practical applications.125
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Table 2: EXEMPLARY GSM DISTRIBUTIONS AND THEIR PARAMETERS

GSM distribution κ(y) π(y) Constraints

SGαS y−1 S(y;α/2, 1, cos(πα/2)2/α, 0) y > 0, 0 < α ≤ 2

Student’s t y G(y; v
2 ,

v
2 ) y > 0, v > 0

Slash y Be(y; v
2 , 1) 0 < y < 1, v > 0

Variance Gamma y IG(y; v
2 ,

v
2 ) y > 0, v > 0

Figure 1: Mixing density and tail behaviour analysis. (a) and (b) plot the pdf and tail behaviours of the mixing density

S(y;α/2, 1, cos(πα/2)2/α, 0), respectively.

3. RKF-SGαS126

This section begins by introducing the proposed robust Kalman filtering framework based on the SGαS127

distribution in section 3.1. Subsequently, Section 3.2 details the four MMSE estimators used to estimate the128

scale function. Moreover, Section 3.3 describes the convergence test strategy employed for the RKF-SGαS.129

3.1. Proposed Robust Kalman Filtering Framework130

Assume the zero-mean signal and measurement noises are subject to Gaussian and SGαS distributions,131

respectively. Then, both are modelled as132

p(wk−1) = N (0,Qk−1) (4)

p(vk) =

∫ +∞

0

N (vk;0, λkRk)S(λk)dλk (5)

where Qk−1 is the covariance matrix of the process noise at time k − 1 whilst Rk and λk refer to the scale133

matrix and mixing parameter of the measurement noise at time k, respectively. Also, the mixing density134

S(λk;α/2, 1, cos(πα/2)
2/α, 0) is simplified as S(λk). Assume the posterior distribution of xk−1 at time k−1 is135
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approximated as a Gaussian distribution, i.e. p (xk−1|z1:k−1) = N (xk−1; x̂k−1|k−1,Pk−1|k−1), where x̂k−1|k−1136

and Pk−1|k−1 are the mean vector and covariance matrix. The forecast pdf p(xk|z1:k−1) and likelihood pdf137

p(zk|xk) can be expressed as138

p(xk|z1:k−1) = N (xk;Fkx̂k−1|k−1,Pk|k−1) (6)

p(zk|xk) =

∫ +∞

0

N (zk;Hkxk, λkRk)S(λk)dλk (7)

where139

Pk|k−1 = FkPk−1|k−1F
T
k +Qk−1 (8)

denotes the forecast error covariance matrix at time k − 1. According to (7), p(zk|xk) follows a hierarchical140

Gaussian form of141

p(zk|xk, λk,Rk) = N (zk;Hkxk, λkRk) (9)

where λk ∼ S(λk). Assume the true value of Rk is unknown, and we model its uncertainty using the inverse-142

Wishart distribution, i.e. p(Rk) = IW(Rk;uk,Uk), where uk and Uk are the dof parameter and scale matrix,143

respectively. According to equations (4)-(9), the joint posterior distribution p(Θ|z1:k) can be expressed as144

p(Θ|z1:k) ∝ p(zk|Θ)p(Θ|z1:k−1)

= N (zk;Hkxk, λkRk)×N (xk;Fkx̂k−1|k−1,Pk|k−1)× S(λk)× IW(Rk;uk,Uk)
(10)

where Θk = {xk, λk,Rk}. As there is no analytic expression for p(Θk|z1:k), the Variational Bayesian145

approach [36] based on the EM algorithm is employed to approximate the posterior density from146

p(Θk|z1:k) ≈ q(xk)q(λk)q(Rk). (11)

Then, the density q(·) can be calculated by147

log q(ϕ) = E
Θ

(−ϕ)
k

[log p(Θk, z1:k)] + cϕ (12)

where ϕ ⊂ Θk, ϕ ∪Θ
(−ϕ)
k = Θk and cϕ is a constant number related to ϕ.148

Next, the fixed-point iteration is employed to solve equation (12). At the t + 1-th iteration, q(t+1)(ϕ) is149

approximated by employing q(t)(ϕ) to calculate the expectation in (12). Proposition 1-3 present the updated150

formulation, but their proofs are not provided in this work as similar proofs have been made in previous151

work [20, 35, 37]. For completeness of the presentation however, these propositions are provided below.152

Proposition 1 ([35] Proposition 2). Let ϕ = xk, then q
(t)(xk) can be updated as the Gaussian distribution,153

i.e.,154

q(t+1)(xk) = N
(
xk; x̂

(t+1)
k|k ,P

(t+1)
k|k

)
,
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where155

x̂k|k−1 = Fkx̂k−1|k−1

K
(t+1)
k = Pk|k−1H

T
k

(
HkP

T
k|k−1H

T
k + R̃

(t)
k

)−1

x̂
(t+1)
k|k = x̂k|k−1 +K

(t+1)
k

(
zk −Hkx̂k|k−1

)
P

(t+1)
k|k =

(
In −K

(t+1)
k Hk

)
Pk|k−1.

(13)

where R̃
(t)
k is the modified measurement noise covariance matrix and can be written as156

R̃
(t)
k =

[
E(t)

(
R−1

k

)]−1

E(t) (κ(λk))
=

[
E(t)

(
R−1

k

)]−1

E(t)
(
λ−1
k

) . (14)

Proposition 2 ([35] Proposition 4). Let ϕ = λk, logq
(t+1)(λk) can be expressed as,157

logq(t+1)(λk) = −
η

2
λ−1
k −

m

2
logλk + logS(λk) + C ′, (15)

where C ′ is a constant number and158

η = tr
{
B

(t+1)
k E(t)

(
R−1

k

)}
B

(t+1)
k =

(
zk −Hkx̂

(t+1)
k|k

)(
zk −Hkx̂

(t+1)
k|k

)T

+HkP
(t+1)
k|k HT

k

(16)

Proposition 3 ([37] Proposition 4). Let ϕ = Rk, q
(t+1)(Rk) is written as the inverse-Wishart distribution,159

i.e.,160

q(t+1)(Rk) = IW
(
Rk;u

(t+1)
k ,U

(t+1)
k

)
,

where161

u
(t+1)
k = uk + 1,U

(t+1)
k = Uk +D

(t+1)
k

D
(t+1)
k = E(t+1)

(
λ−1
k

)
×

[
b
(t+1)
k

(
b
(t+1)
k

)T

+HkP̂
(t+1)
k|k HT

k

]
b
(t+1)
k = zk −Hkx̂

(t+1)
k|k

(17)

Thence, we have162

E(t+1)
(
R−1

k

)
=

(
u
(t+1)
k −m− 1

)(
U

(t+1)
k

)−1

(18)

Remark 1. In equations (14) and (17), the expectation of the scale function E (κ(λk)) = E
(
λ−1
k

)
is required.163

While Proposition 2 provides the pdf of λk, the calculation of the expectation is not straightforward due to164

the lack of a closed-form expression of S(λk) in equation (15).165

3.2. MMSE Estimators of the Scale Function166

To estimate the expectation of the scale function, this section introduces four estimators of E(t+1)
(
λ−1
k

)
,167

including IS and GLQ-based estimators, along with their corresponding hybrid estimators with the incorpo-168

ration of the GS based estimator. For simplicity, we replace λk with y and omit the iteration number t+ 1169
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in (15), and then we have170

E(t+1)
(
λ−1
k

)
= E

(
y−1

)
(19)

logq(y) = −η
2
y−1 − m

2
logy + logS(y) + C ′ (20)

q(y) ∝ q′(y) = y−
m
2 exp

(
− η

2y

)
S(y), (21)

where q′(y) is a function proportional to the density q(y). Then,171

E
(
y−1

)
=

∫ +∞
0

y−1q′(y)dy∫ +∞
0

q′(y)dy
. (22)

3.2.1. Importance Sampling Based Estimator172

Here we introduce the estimation method of E
(
y−1

)
based on the IS technique. The IS-based estimator is173

elaborated in Theorem 1. The proof is not provided in this work, and Theorem 1 can be easily demonstrated174

based on the IS formulation as shown in [31].175

Theorem 1. Let yi (i = 1, . . . , N) be samples from the target distribution S(y). Then E
(
y−1

)
can be176

estimated by177

E
(
y−1

)
=

N∑
i=1

wiy
−1
i (23)

where178

wi =
y
−m

2
i exp

(
− η

2yi

)
∑N

i′=1 y
−m

2

i′ exp
(
− η

2yi′

) . (24)

Remark 2. For simplicity, the prior distribution S(y) is selected as the importance proposal of the IS.179

Although the approximation of the S(y) value in (21) is computationally expensive [38], it can be efficiently180

sampled [39]. Hence, based on the IS algorithm, we first obtain the samples of S(y), and then the numerator181

and denominator integrals in (22) can be approximated.182

3.2.2. Gauss–Laguerre Quadrature Based Estimator183

An alternative estimator of E
(
y−1

)
, this time based on the GLQ, is discussed in this section. The details184

of this estimator are provided in Theorem 2. The proof of Theorem 2 is not provided in this work, but can185

be easily obtained based on the GLQ formulation as shown in [32].186

Theorem 2. Based on the GLQ method, E
(
y−1

)
can be approximated by187

E
(
y−1

)
=

∑L
l=1 wlxlf(xl)

η
2

∑L
l=1 wlf(xl)

. (25)

where xl, l = 1, . . . , L, is the l-th root of Laguerre polynomial LL(x) and f(xl) = x
m
2 −2

l S( η
2xl

). Also, the188

weight wl can be written as189

wl =
xl

(L+ 1)2 [LL+1(xl)]
2 . (26)
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Remark 3. Considering the exponential function in q′(y), the GLQ is a suitable method to approximate190

the integrals in (22). The GLQ-based estimator in Theorem 2 requires calculating f(xl) in which the ap-191

proximation of S( η
2xl

) cannot be avoided. However, compared to the IS method, the GLQ requires fewer192

samples [32]. Thus, despite the large computational load of approximating S(y) values [38], the GLQ is still193

applicable to the estimation of E
(
y−1

)
.194

3.2.3. Gamma Series Based Estimator195

Both the IS and GLQ-based estimators suffer from low efficiency due to their requirements of numerous196

particles and the approximation of S(y), respectively. In contrast, a more efficient estimator based on the197

GS is explained in detail in this section. We first show how the density q′(y) can be represented by a series198

based on the inverse Gamma density (cf. Lemma 1). Subsequently, a corresponding estimator of E
(
y−1

)
is199

introduced as a result of Theorem 3.200

Lemma 1. For the SGαS distribution with shape parameter α, let α1 = α
2 , then q

′(y) can be represented as201

an Inverse-Gamma-pdf-based series, i.e.,202

q′(y) =

+∞∑
ξ=1

cξ
Γ(aξ)

baξ
IG(y; aξ, b) (27)

where203

aξ = ξα1 +
m

2
, b =

η

2
, cξ = (−1)ξ+1Γ(ξα1 + 1)

πξ!
sin(ξα1π). (28)

Proof. For the SGαS with shape parameter α, let α1 = α
2 , then S(y) can be represented as a series [40]204

S(y) = − 1

πy

+∞∑
ξ=1

Γ(ξα1 + 1)

ξ!

(
−y−α1

)ξ
sin(ξα1π)

Then, replacing S(y) with the expression in (21),205

q′(y) =

+∞∑
ξ=1

cξy
−aξ−1exp

(
− b
y

)
(29)

where aξ, b and cξ are defined in (28) and (28). As y−aξ−1exp
(
− b

y

)
is proportional to an IG distribution,206

equation (29) can be reformulated as in (27), which finalises the proof.207

Theorem 3. For the SGαS distribution with shape parameter α, E
(
y−1

)
can be represented as the ratio of208

two Gamma function-based series sums as209

E
(
y−1

)
=

∑+∞
ξ=1 cξ

Γ(aξ+1)

b(aξ+1)∑+∞
ξ=1 cξ

Γ(aξ)

baξ

(30)

iff both the series sums are convergent.210

Proof. Based on equation (27), we can represent the two integrals in (22) with two series respectively as211 ∫ +∞

0

q′(y)dy =

+∞∑
ξ=1

cξ
Γ(aξ)

baξ

∫ +∞

0

IG(y; aξ, b)dy (31)
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212 ∫ +∞

0

y−1q′(y)dy =

+∞∑
ξ=1

cξ
Γ(aξ)

baξ

∫ +∞

0

IG(y; aξ, b)

y
dy (32)

assuming the above series are convergent. As
∫ +∞
0

IG(y; aξ, b)dy = 1, from (31), we have213

∫ +∞

0

q′(y)dy =

+∞∑
ξ=1

cξ
Γ(aξ)

baξ
. (33)

Following this, since y ∼ IG(y; aξ, b), y
−1 ∼ G(y; aξ, b), then214 ∫ +∞

0

IG(y; aξ, b)

y
dy =

∫ +∞

0

yG(y; aξ, b)dy =
aξ
b
. (34)

According to (32) and (34), we write215 ∫ +∞

0

y−1q′(y)dy =

+∞∑
ξ=1

cξ
Γ(aξ + 1)

baξ+1
(35)

Using the expressions in (33) and (35), we obtain the equation (30) .216

Remark 4. The numerator and denominator series in equation (30) may not always converge. Hence, the217

estimator cannot be directly applied to the RKF-SGαS, as it fails in cases when the estimator diverges.218

3.2.4. Hybrid Estimators219

Owing to the divergence of the GS-based estimator, two hybrid estimators, GSIS and GSGL, are further220

developed. When either/both the numerator or/and denominator series in (30) diverges, the GS estimator221

is replaced with the IS or GLQ-based methods.222

Considering the convergence ranges of the above-mentioned series are not available, convergence analysis223

requires testing. For this purpose, let224

r
(1)
ξ = cξ

Γ(aξ + 1)

b(aξ+1)
, r

(2)
ξ = cξ

Γ(aξ)

baξ
(36)

where r
(1)
ξ and r

(2)
ξ are the ξ-th elements of the numerator and denominator series, respectively. Then, the225

convergence conditions of these two series can be written as [41]226

ξ∑
ξ=ξ−τ1

∣∣∣∣∣ r
(j)
ξ∑ξ

ξ′=1 r
(j)
ξ′

∣∣∣∣∣ < ε1, j = 1, 2 (37)

where the threshold ε1 is a small positive number. τ1 ≥ 1 is a small positive integer used to ensure the series227

sums are stable when ξ − τ1 ≤ ξ ≤ ξ. Also, we set the largest value of ξ as Ξ. Following this, we can judge228

the convergence with the increase of ξ. If ξ < Ξ and the condition in (37) are satisfied, the estimation results229

are reliable. By contrast, we consider the estimator to diverge when ξ = Ξ and the convergence inequalities230

are violated. Then, either the IS or GLQ estimator is employed instead. The whole estimation method is231

shown in Algorithm 1.232
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Algorithm 1: GSIS and GSGL estimation

Input: η,m, α

b← η
2 ;

for ξ ← 1 to Ξ do

Calculate aξ by (28);

Calculate cξ by (28);

Calculate r
(1)

ξ
, r

(2)

ξ
by (36);

if ξ < Ξ and inequalities in (37) are satisfied then

Estimate E(y−1) by (30); Break;

if ξ = Ξ then

Estimate E(y−1) by (23) or (25);

return E(y−1)

3.3. Convergence Test for Fixed-point Iteration Method233

Under the RKF-SGαS framework, the convergence of the fixed-point iteration to solve equation (12)234

needs to be investigated. In previous work [42], x
(t)
k|k was solely tested. However, in this paper, we extend235

this approach by additionally detecting the convergence of the posterior covariance matrix P
(t)
k|k and the236

expectation of the scale function E(t) (κ(λk)) to improve the detection reliability. Furthermore, we test the237

convergence of the latest τ2 > 1 items, as opposed to only the t-th item tested in [42]. The convergence238

conditions are expressed as239

t∑
t=t−τ2

sum
(
abs

(
Φ(t) −Φ(t−1)

))
sum

(
abs

(
Φ(t)

)) < ε2 (38)

where Φ ∈ {xk|k,Pk|k,E (κ(λk))} and a small positive number ε2 is manually set. In addition, the fixed-point240

iteration has a maximum number of iterations, denoted by M , after which the algorithm will terminate and241

output the current estimation results. The implementation pseudo-code for the proposed RKF-SGαS is given242

in Algorithm 2.243

4. NUMERICAL SIMULATIONS244

4.1. Target Tracking Models and Noises245

In this section, we introduce the target tracking model used in the experimental analysis. The target246

moves uniformly in a straight line, and the state-space model is given by (1)247

Fk =

I2 △tI2
0 I2

 , Hk =
[
I2 0

]
(39)

with the observation interval of △t = 1. Also, the initial target state is chosen from N (x0|0,P0|0) randomly,248

where x0|0 = [0, 0, 10, 10]
T
, P0|0 = diag ([25, 25, 2, 2]). Besides, the process noise wk follows the Gaussian249
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Algorithm 2: One Time Step of the Proposed RKF-SGαS

Input: zk, x̂k−1|k−1, Pk−1|k−1, Fk, Hk, Qk, uk, Uk, α, m, Ξ, ε1, ε2, τ1, τ2, M , N , L

Calculate Pk|k−1 using (8);

Initialisation: E(0)
(
R−1

k

)
= (uk −m− 1) (Uk)

−1
, E(0)

(
λ−1
k

)
= 1;

for t← 0 to M − 1 do

Calculate R̃
(t)
k using (14);

Calculate x̂
(t+1)
k|k and P

(t+1)
k|k using (13);

Calculate B
(t+1)
k and η using (16);

Calculate E(t+1)
(
λ−1
k

)
using one of the scale function estimators in section 3.2;

Calculate b
(t+1)
k , D

(t+1)
k , u

(t+1)
k and U

(t+1)
k using (17);

Calculate E(t+1)
(
R−1

k

)
using (18);

if The convergence condition in (38) is satisfied then
Terminate the iteration;

return x̂k|k = x̂
(M)
k|k , Pk|k = P

(M)
k|k

distribution, of which the covariance matrix is given by250

Qk = 0.1 ∗Q, Q =

△t3

3 I2
△t2

2 I2
△t2

2 I2 △tI2

 . (40)

Then, three kinds of heavy-tailed measurement noises are selected—the Gaussian Mixture (GM), ST and251

SGαS noises. Among them, the GM noise has been employed to test the filtering performance of RKFs in252

many references [13, 14, 20]. In contrast, we also consider the ST and SGαS noises thanks to their capability253

to fit the practical noises. The GM noise [20, 35] is written as254

GM =

N (0,R) with probability 0.9

N (0, UR) with probability 0.1,

(41)

where R = 10I2 is the nominal covariance matrix. Also, U is the augment factor which is taken from a vector255

[5, 10, 102, 103, 104, 105, 106, 107, 108]. Contrarily, the SGαS and ST noises have the same scale matrix R,256

and their shape parameters, α and v, take values from [0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5, 1.7, 1.85] and [0.3, 0.5,257

0.7, 0.9, 1.2, 1.7, 2.5, 3.5, 6], respectively. The whole tracking process lasts for 300 seconds, and 100 Monte258

Carlo runs are simulated.259

4.2. Benchmark Filters260

The RKF-SGαS is compared with 3 kinds of heavy-tailed-distribution-based RKFs in the following sim-261

ulations. The first two filters are the RKF based on the variance Gamma distribution (RKF-VG) [20] and262

the RSTKF [17]. Lastly, our improved version of RKF-SL is also used as a comparison method. Besides, the263

standard KF with true noise covariance matrices (KFTNCM) [35] is employed for reference.264
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For the RKF-SGαS, the performance of the four variants is evaluated, including RKF-SGαS-IS, RKF-265

SGαS-GLQ, RKF-SGαS-GSIS, RKF-SGαS-GSGL. Then, for the GS estimator, Ξ = 30, ε1 = 10−2 and266

τ1 = 4. Moreover, we set M = 50, ε2 = 10−2 and τ2 = 4 for all the RKF-based filters.267

4.3. Estimation of RKF Parameters268

In this section, we employ the EM or MLE method to initialise the shape parameters of the GSM269

distributions, uk, and Uk. Compared with manually setting these RKF parameters as in the previous270

work [20], this can alleviate the influence of the model errors and provide a fairer comparison among these271

RKFs. Considering the two-dimensional isotropic measurement noise, we simply assume that the covariance272

matrix of the GSM distributions is a scalar matrix. Following this, the parameter estimation of the two-273

dimensional GSM distributions can be addressed as in the univariate case. Specifically, we can first estimate274

the parameters of a univariate GSM distribution based on the one-dimensional squeezed measurement noise275

samples, and then the estimated shape and variance parameters equal the shape parameter and the diagonal276

elements of the covariance matrix of the two-dimensional GSM distribution, respectively.277

For the SGαS distribution, the EM algorithm is employed [30]. Specifically, the EM iteration number278

is 200, and the estimates of the last 15 iterations are averaged for the final estimate. Besides, to sample279

the posterior distribution of the Weibull random variable under this EM parameter estimation framework, a280

rejection sampling method is used and the sample number is 2000. In contrast to the case of SGαS mentioned281

above, the MLE algorithm is utilised for the parameter estimation of the VG, SL and ST distributions. As282

we only consider the zero-mean symmetric noise, the values of both the mean and skewness vectors for all283

the distributions are assumed to be known. The measurement noise sample size is 1000, and 1000 Monte284

Carlo runs are taken. The shape parameter (α or v) is estimated by averaging the results. Lastly, 1000 scale285

matrix estimation results are modelled by the inverse-Wishart distribution, and the MLE method is used to286

estimate its parameters uk and Uk.287

4.4. Performance Evaluation of RKF-SGαS Variants288

Based on the parameter estimation results, the properties of our proposed RKF-SGαS variants are in-289

vestigated in this section. The particle number N and the root number L are taken from the vectors [10,290

40, 100, 400, 1000, 4000, 10000] and [1, 2, 4, 6, 10, 20, 30], respectively. Also, the measurement noises come291

from SGαS distributions, and the parameter selection is explained in section 4.1.292

Figure 2 shows the experimental results of RKF-SGαS-IS. (1) From Figure 2-(a), larger particle numbers293

allow for the broader effective ranges of α and more stable filtering results. The heavier-tailed distributions294

contain larger probability spaces, and then more samples are needed for the IS approximation. (2) The295

position estimation RMSEs in Figure 2-(b) are not influenced by N within the effective ranges of α. This296

suggests that the larger estimation errors of E (κ(λk)) caused by small N have little impact on the estimation297

of the position marginal distribution. (3) From Figure 2-(c), the average iteration number is inversely298

proportional to N , as the imprecise estimate of E (κ(λk)) causes the EM estimator to fluctuate around299
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the local optimum and cannot satisfy the convergence inequalities in (38). Thus, the convergence process300

is delayed. (4) From Figure 2-(d), the execution time is proportional to the sample size. Although large301

N can reduce the iteration number, the filter with small N is still more efficient because of the shorter302

implementation time on the IS.

Figure 2: The target tracking results of the RKF-SGαS-IS under different particle numbers N . For (a), the x-axis is the particle

number index and the y-axis represents the shape parameter value. In comparison, for (b)-(d), the x-axis is the shape parameter

value, and the y-axis represents the estimation RMSE, iteration number and log(time), respectively. (a) depicts the shape

parameter ranges, where the filter can track the target steadily. By contrast, (b) show the position estimation RMSEs. Also,

(c) describes the average fixed-point iteration numbers. Besides, the average implementation time of one Monte Carlo run is

shown in (d).

303

The tracking performance of RKF-SGαS-GLQ is plotted in Figure 3. (1) The effective α range shown304

in Figure 3-(a) is related to the root number. For L = 1, the filter fails on the whole α range, because the305

GLQ cannot estimate the integral. By contrast, for L = 2, the effective range is large. However, when α306

is large, the target is lost. For the light-tailed case, the probability space of S(y) concentrates on a small307

range, and then the GLQ produces rough estimates. In comparison, the filter is stable on the whole tested308

ranges when L ≥ 4. (2) The position estimation (Figure 3-(b)) precision cannot be improved by larger L309

although the GLQ can produce more precise estimates of E (κ(λk)). (3) From Figure 3-(c), the convergence310

of the fixed-point iteration method is influenced by both α and L. When α is large, smaller L requires more311

iterations due to the fluctuation around the local optimum. By contrast, when α < 1.3, different values of312

L need similar iteration numbers since the GLQ estimation with small L is still precise in the heavy-tailed313

cases. (4) From Figure 3-(d), the relation between the execution time and L is complicated. When α is314

small, the filter with small L is more efficient. Nevertheless, for large α, its efficiency degrades caused by the315

increased number of iterations.316

The simulation results of the RKF-SGαS-GSGL are plotted in Figure 4. (1) For this hybrid-estimator-317

based filter, the ratio of the second method, GLQ, is added to Figure 4-(e). For small α, the ratio is 0.318

However, with the increase of α, the ratio of the GLQ gradually rises towards 1. This suggests that the GS319

estimator is more stable when the noise is heavy-tailed. (2) The effective range is related to L. For L = 1,320

although the RKF-SGαS-GLQ always fails in Figure 3-(a), the effective range of this hybrid filter is α ≤ 0.7,321
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Figure 3: The target tracking results of the RKF-SGαS-GLQ under different root numbers L. For (a), the x-axis is the root

number index and the y-axis represents the shape parameter value. In comparison, for (b)-(d), the x-axis is the shape parameter

value, and the y-axis represents the estimation RMSE, iteration number and log(time), respectively. (a) depicts the shape

parameter ranges, where the filter can track the target steadily. By contrast, (b) show the position estimation RMSEs. Also,

(c) describes the average fixed-point iteration numbers. Besides, the average implementation time of one Monte Carlo run is

shown in (d).

where the GS estimator always converges. By contrast, for L > 1, the effective range is the same as that322

of the RKF-SGαS-GLQ. (3) The position estimation results are always precise within the effective ranges.323

(4) The iteration number and the execution-time lines overlap for small α, where the hybrid filter mainly324

relies on the GS estimator. However, from Figure 3-(d) and 4-(d), the RKF-SGαS-GSGL is more efficient325

than the RKF-SGαS-GLQ in heavy-tailed cases, which is caused by the smaller computation loads of the GS326

estimator. By contrast, with the increase of α, their results gradually become similar due to the rising ratio327

of the GLQ estimator.328

The performance of RKF-SGαS-GSIS is evaluated in Figure 5. (1) The ratio of the second method, the329

IS method, is similar to that of the RKF-SGαS-GSGL in Figure 4-(e). (2) The hybrid filter is stable on the330

whole α range, even when N is small. The GS estimator is unstable for large α, whilst the IS method with331

few particles can produce precise results in this case (cf. Figure 2). So, the complementary advantages of the332

GS and IS strategies extend the effective range of the filter. (3) The hybrid filter can work in the α ranges333

where both the IS and GS-based filters fail. For example, from Figures 2-(a) and 4-(a), the IS estimator with334

N = 100 fails in the whole tested range, and GS estimator is effective for only α ≤ 0.7. However, Figure 5-(a)335

shows the hybrid filter with N = 100 can also work when α > 0.7. This suggests that although the GS336

estimator cannot converge at every iteration when α > 0.7, the IS method is effective when the GS diverges.337

(4) All the position estimation RMSEs are close. (5) Based on Figures 2-(c-d) and 5-(c-d), the hybrid filter338

is more efficient than the RKF-SGαS-IS when α is small because of the high ratio of the GS estimator as339

shown in Figure 5-(e). By contrast, their performances are similar when α is large.340

Figure 6 provides a filtering performance comparison among these four variants of RKF-SGαS, where341

N = 100, L = 2. (1) From Figure 6-(a), the GSIS-based filter presents the broadest effective filtering range342

owing to the complementary advantages of the IS and IG estimators. (2) Within the effective scales, all the343
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Figure 4: The target tracking results of the RKF-SGαS-GSGL under different root numbers L. For (a), the x-axis is the root

number index and the y-axis represents the shape parameter value. In comparison, for (b)-(e), the x-axis is the shape parameter

value, and the y-axis represents the estimation RMSE, iteration number, log(time) and ratio value, respectively. (a) depicts the

shape parameter ranges, where the filter can track the target. By contrast, (b) shows the position estimation RMSEs. Also, (c)

describes the average fixed-point iteration numbers. Then, the average implementation time of one Monte Carlo run is shown

in (e). Besides, (f) paints the ratio of the iterations where the GS method is replaced with the GLQ estimator.

filters produce similar filtering results in Figure 6-(b). (3) Figure 6-(c) shows the RKF-SGαS-GSIS requires344

the smallest computational loads over the whole tested scale though its implementation time is similar to345

that of the GSGL-based filter for small α.346

In summary, for the effective range, the performance of RKF-SGαS-IS is worse than the other filters, and347

numerous particles are needed for small α. Conversely, the position estimation results of all four proposed348

strategies are similar in the effective α ranges. However, benefiting from the complementary advantages of349

the GS and IS estimators, the RKF-SGαS-GSIS with few particles performs steadily and then becomes the350

most efficient.351

4.5. RKF-SGαS vs. Benchmark Filters352

Following the thorough analysis of the RKF-SGαS in the previous sections, the comparison between the353

RKF-SGαS-GSIS and the benchmark filters, listed in Section 4.2, is presented in this section. For efficiency,354

we set N = 100. Also, three kinds of measurement noises are employed, and their parameter selection is355

made as explained in section 4.1.356

In Figure 7, the effective range results are shown. The RKF-VG fails when the shape value is small under357

the SGαS noises. On the contrary, all other filters behave stably over the whole tested range.358
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Figure 5: The target tracking results of the RKF-SGαS-GSIS under different particle numbers N . For (a), the x-axis is the root

number index and the y-axis represents the shape parameter value. In comparison, for (b)-(e), the x-axis is the shape parameter

value, and the y-axis represents the estimation RMSE, iteration number, log(time) and ratio value, respectively. (a) depicts the

shape parameter ranges, where the filter can track the target. By contrast, (b) shows the position estimation RMSEs. Also, (c)

describes the average fixed-point iteration numbers. Then, the average implementation time of one Monte Carlo run is shown

in (d). Besides, (e) depicts the ratio of the iterations where the GS method is replaced with the IS estimator.

Figure 6: The target tracking results of the four RKF-SGαS variants. For (a), the x-axis is the variant index and the y-axis

represents the shape parameter value. In comparison, for (b)-(c), the x-axis is the shape parameter value, and the y-axis

represents the estimation RMSE and log(time), respectively. (a) depicts the shape parameter ranges, where the filter can track

the target. By contrast, (b) shows the position estimation RMSEs, and the average implementation time of one Monte Carlo

run is shown in (c).

The position estimation results are depicted in Figure 8. Under light-tailed noise, all the filters produce359

similar results. However, under the heavy-tailed noises, their performances vary. Compared to RKF-VG, the360

RKF-SGαS always performs better under different measurement noises. Also, the RKF-SL obtains a more361
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Figure 7: The effective shape parameter ranges of different filters under the three kinds of measurement noises. The titles of

the subplots are the noise distributions, the x-axis is the filter index, and the y-axis represents the shape parameter value. Also,

for simplicity, the parameter U of GM distribution is defined as the shape parameter.

precise estimation than RKF-SGαS under the GM noise, but worse results under SGαS noises. Further, the362

RSTKF and RKF-SGαS achieve comparable estimates under GM and ST noises. Nonetheless, the RKF-363

SGαS becomes superior under the heavy-tailed SGαS noise.

Figure 8: The position estimation RMSEs of different filters under the three kinds of measurement noises. The titles of the

subplots follow the format: position-noise distributions, the x-axis is the shape parameter value, and the y-axis represents

position estimation RMSEs. Also, for simplicity, the U of GM distribution is defined as the shape parameter.

364

Figure 9 plots the execution time of different filters. Under light-tailed noise, the computational cost of365

the RKF-SGαS is higher. Nevertheless, their performance becomes similar in the heavy-tailed cases because366

the high ratio of the GS estimator increases the filtering efficiency.367

Figure 10 presents the filtering error dynamics of the position and velocity estimation, for SGαS noise with368

characteristic exponent α = 0.3. The RKF-VG fails in this scenario, so no corresponding filtering performance369
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Figure 9: The average execution time of one Monte Carlo run of different filters under the three kinds of measurement noises.

The titles of the subplots are the noise distributions, the x-axis is the shape parameter value, and the y-axis represents the

implementation time. Also, for simplicity, the U of GM distribution is defined as the shape parameter.

is plotted. Also, all the other filters produce stable estimation results over time, and the RKF-SGαS achieves370

the best results.

Figure 10: The filtering error dynamics over time. For (a) and (b), the x-axis is the tracking times, and the y-axis represents

the position/velocity estimation RMSEs.

371

5. Conclusion372

In this paper, considering linear models with the SGαS noise, a robust Kalman filter framework based on373

the SGαS distribution is proposed. First, we present four RKF-SGαS variants based on the different MMSE374
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estimators of the scale function. Then their properties are investigated. The experimental results indicate375

that the RKF-SGαS-GSIS obtains the most efficient performance thanks to the complementary advantages of376

the GS and IS estimators. Second, the RKF-SGαS is compared with several heavy-tailed-distribution-based377

RKFs. From the simulations, the RKF-SGαS produces similar estimates under the GM and ST noises but378

obtains the best performance under the heavy-tailed SGαS noise. Considering the importance of the SGαS379

noise, this superiority over benchmark filters is significant. Besides, although our RKF-SGαS has higher380

computational complexity than the benchmark filters, their execution times become closer in particularly381

heavy-tailed cases.382

In the future, we will consider applying the proposed framework to the state-space models with both383

heavy-tailed signal and measurement noises. In this work, only the measurement noise is considered heavy-384

tailed since the parameter estimation of the one-step prediction noise is more difficult compared to that of385

the measurement noise. However, it is straightforward to apply the RKF-SGαS to dynamic models with386

heavy-tailed process noise.387
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Appendix A. Improved RKF-SL393

Here, we give the MMSE estimator of the scale function under the RKF-SL framework. As a special case394

of the GSM distribution, it has been applied to the RKF in the previous work [20, 43], whilst only the MAP395

estimate of the scale function was employed. To enhance the precision, we derived the MMSE estimate and396

Proposition 4 is presented with details.397

Proposition 4. For a slash distribution with dof parameter v, E (κ(y)) can be estimated by,398

E (κ(y)) = E (y) =
γ(a+ 1, b)

bγ(a, b)
, (A.1)

where399

a =
m+ v

2
and b =

η

2
. (A.2)

Proof. For a slash distribution, the mixing density follows Be(y; v
2 , 1) and 0 < y < 1, v > 0. Then according400

to (20), we have401

q′(y) ∝ y
m+v−2

2 exp
(
−η
2
y
)
.
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Thus q′(y) is proportional to a Gamma pdf when 0 < y < 1. As κ(y) = y, we have402

E (κ(y)) = E (y) =

∫ 1

0
yq′(y)dy∫ 1

0
q′(y)dy

(A.3)

Calculate a and b according to (A.2), then403 ∫ 1

0

yq′(y)dy =
γ(a+ 1, b)

ba+1∫ 1

0

q′(y)dy =
γ(a, b)

ba
.

(A.4)

The expressions in (A.3) and (A.4), give the expression in (A.1) which finalises the proof .404
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