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Abstract.

Relaxor-ferroelectrics display exceptional dielectric properties resulting from the

underlying random dipolar fields induced by strong chemical inhomogeneity. An

unusual structural aspect of relaxors is a skin-effect where the near-surface region

in single crystals exhibit structures and critical phenomena that differ from the bulk.

Relaxors are unique in that this skin effect extends over a macroscopic lengthscale of

∼ 100 µm whereas usual surface layers only extend over a few unit cells (or ∼ nm).

We present a muon spectroscopy study of Pb(Fe1/2Nb1/2)O3 (PFN) which displays

ferroelectric order, including many relaxor-like dielectric properties such as a frequency

broadened dielectric response, and antiferromagnetism with spatially short-range polar

correlations and hence can be termed a multiferroic. In terms of the magnetic behavior

determined by the Fe3+ (S = 5/2, L ≈ 0) ions, PFN has been characterized as a unique

example of a “cluster spin-glass”. We use variable momentum muon spectroscopy to

study the depth dependence of the slow magnetic relaxations in a large 1 cm3 crystal

of PFN. Zero-field positive muon spin relaxation is parameterized using a stretched

exponential, indicative of a distribution of relaxation rates of the Fe3+ spins. This

bandwidth of frequencies changes as a function of muon momentum, indicative of

a change in the Fe3+ relaxation rates as a function of muon implantation depth

in our single crystal. Using negative muon elemental analysis, we find small-to-no

measurable change in the Fe3+/Nb5+ concentration with depth implying that chemical

concentration alone cannot account for the change in the relaxational dynamics. PFN

displays an analogous magnetic skin effect reported to exist in the structural properties

of relaxor-ferroelectrics.

‡ Present address: Department of Physics, University of California, Berkeley, California 94720, USA
§ Author to whom any correspondence should be addressed.
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1. Introduction

Lead-based relaxor-ferroelectrics have attracted great attention in recent years with

exceptional dielectric properties reported [1–6]. Prototypical relaxors based on

mixed perovskites with structure A(BxB
′
1−x)O3 include Pb(Mg1/3Nb2/3)O3 (PMN) and

Pb(Zn1/3Nb2/3)O3 (PZN) [7]. These materials exhibit a random mixture of cations on

the B site and this inherent disorder has been implicated as, at least partially, a reason

for their unique performance [4, 7, 8]. The phase transitions of these materials have

challenged the understanding of ferroelectric transitions in the presence of disorder as

relaxors characteristically display a diffuse transition with a temperature and frequency

broadened dielectric response [9–13]. However, and the purpose of this paper, a

particularly unusual aspect of relaxor materials is the presence of a distinct macroscopic

near-surface skin region where the structure is different from bulk phases [14, 15].

Here we demonstrate the magnetic analogue of this skin region in the multiferroic

Pb(Fe1/2Nb1/2)O3 (PFN).

Whereas conventionally measured in stoichiometric perovskites like PbTiO3, a

single temperature scale is associated with the onset of ferroelectric order, multiple

temperature scales have been observed in relaxors and the relaxor-like PFN. A high

temperature scale, defined by the Burn’s temperature [16, 17] where deviations in the

index of refraction are observed and a zone center transverse optical phonon mode

softens in energy [18–22], defines the onset of a root-mean-squared electric polarization

caused by spatially localized and dynamic correlations [16,17,23]. These so-called polar

nanoregions have been directly observed in neutron and X-ray diffuse measurements

and are characterized by an anisotropic momentum broadened [24–26] scattering cross

sections indicative of spatially short-range correlations. The second, lower, temperature

scale corresponds to when long-range ferroelectric correlations become purely static and

can be stabilized under an applied electric field [27,28]. This is concomitant with a large

drop in the piezoelectric response [8]. The series of temperature scales characterizing

the changes in bulk properties of the relaxors has been interpreted in terms of random

field models [7, 29–32], in analogy to model magnets. In the case of relaxors, random

dipolar fields are introduced through the disorder on the B-site in the ABO3 structure

where in model magnets random fields are introduced through application of a magnetic

field (known as the ‘Aharony trick’ [33]).

Similar to model random field magnets, relaxors have also been shown to display a

“skin effect” where near-surface regions (where the unit cell shape differs from the bulk)

have been directly observed using diffraction techniques in lead based relaxors including

PZN, PMN and their PT doped variants [34–41]. This has also been demonstrated in

lead-free relaxors [15] illustrating the commonality of this macroscopic skin region in

disordered relaxors. Depth dependent chemical analysis in large single crystals have

suggested the relative concentration on the B-site to be a possible origin [42] which

would in turn lead to a change in the random fields. However, recent depth dependent

X-ray diffraction [14] has pointed to relative oxygen concentration as the origin of this



Magnetic skin effect in Pb(Fe1/2Nb1/2)O3 3

skin-region and indeed have been able to tune dielectric properties through oxygen

doping [15]. Chemical homogeneity was actually implicated in the original paper by

Smolenski [43] as the origin of the diffuse phase transitions in relaxors. We note that

the observation of a skin region that is physically distinct from the bulk have been made

in free-standing single crystals in a number of compounds and has been referred to as the

two-lengthscale problem. [44] Examples include rare-earth metals Ho [45–48] and Tb,

the perovskite insulator SrTiO3 [49–51], and the spin-Peierls compound CuGeO3 [52].

Recently, differing magnetic properties at the surface in comparison to the bulk have

been reported in van der Waals magnets with Fe1+xTe being an example. [53, 54]

However, relaxors are distinguished over these systems with a macroscopic (∼ 100 µm)

“skin” present over a very wide temperature range. We note that this lengthscale has

been directly verified with both X-ray [14, 36, 37, 39] and neutron diffraction utilizing

spatial strain scanning [39,40].

Whilst there has been some debate in the literature over the relaxor nature of

PFN [55], it typically displays broadened dielectric properties similar to those for PMN

and PZN [56–59], undergoes a ferroelectric transition at ∼ 400 K [60, 61] and displays

spatially short-range polar correlations similar to the polar nanoregions in PMN and

PZN [17]. This suggests that it shares much of the fundamental physics of more standard

relaxor materials and also underlies the sensitivity to composition which will be discussed

specifically in this paper.

A relatively unique feature of PFN compared to other relaxors is the presence of

magnetic Fe3+ correlations which are potentially related to the dielectric properties. This

is of interest in the context of the broader field of multiferroics where, conventionally,

magnetic and electrical order are both present in the same phase [62,63]. The coupling

of these order parameters would allow the design of hybrid magnetoelectric devices that

are independently controllable using magnetic and electric fields [64]. However, in usual

multiferroic materials this coupling is typically weak due to the competing interests of

ferromagnetism (requiring partially occupied orbitals) and ferroelectricity (preferring

filled orbitals) [65].

PFN combines both ferroelectric and magnetic properties and so is classed as a

multiferroic. Evidence for this has been reported [66,67] along with exceptionally large

magnetoelectric coupling [68, 69]. PFN contains a mixture of Fe3+ (magnetic with

S = 5/2, L ≈ 0) and Nb5+ (non-magnetic) on the B-site [70]. Ferroelectric order

has been observed below TC ≈ 400 K, evidenced through neutron spectroscopy by

the corresponding low temperature energy hardening of a zone center transverse optic

soft mode [67]. Unlike classic ferroelectrics [71, 72] and non-magnetic relaxors [29, 73]

where the soft phonon (h̄Ω0) driving polar correlations scales as (h̄Ω0)
2 ∝ (T −TC), the

energy of the soft mode in PFN deviates from this mean-field result at low temperatures.

Based on sum rules of magnetic neutron scattering, this was suggested to result from

the development of spatially short-range magnetic correlations and indicative of an

underlying coupling between magnetic and polar orders [67].

PFN has been reported to undergo two magnetic phase transitions/anomalies with
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the first at TN ≈ 150 K [74, 75] which corresponds to the formation of spatially

long-range antiferromagnetic ordering of Fe3+ spins and the second below Tg ≈ 15-

20 K which corresponds to a glass transition [76, 77] where zero and field cooled

susceptibilities diverge. Single crystal neutron diffraction measurements indicate that

in PFN samples that display antiferromagnetic order, the Fe3+ spins orders as a

G-type antiferromagnet characterized by a resolution-limited (in momentum) Bragg

peak measured at Q⃗ = (1/2, 1/2, 1/2) [75], indicative of spatially long-range magnetic

correlations. But, single crystal [78] (Fig. 4) and magnetic powder work [79] have shown

that such spatially long-ranged magnetic order is not complete and coexists with short-

range correlations in materials where single crystal neutron diffraction data has been

reported. Of particular relevance is powder diffraction data showing only a fraction

(∼ 3 µB) of the full magnetic moment (gS = 5 µB) accounted for in the magnetic Bragg

peaks. [80] This is also consistent with NMR work on Fe3+ based relaxors. [81] At low

temperatures below Tg, a cluster spin-glass phase [82] coexists with the previous static

long/short-range magnetic correlations [78, 83].

The details of the magnetic properties in Fe3+ relaxors has been shown to be

sensitive to the relative Fe3+ concentration. While the cluster spin-glass transition have

been found in all samples (along with ferroelectric transitions), where reported, the Néel

transition [79] at TN ∼ 150 K is not universal across samples [84]. In particular, [81]

report a study of the magnetic properties of PFN and also Pb(Fe1/2Sb1/2)O3 applying

NMR and find only partial magnetic order. This is further illustrated in [85] who

report the magnetic properties in PFN synthesized with differing relative Fe3+/Nb5+

concentrations with the antiferromagnetic peak in the susceptibility not being observable

for reduced iron concentrations. The spatially long-ranged Néel phase is not universal to

all PFN samples and given the issue of random fields in controlling the relaxor properties

(which share the compositional disorder), this needs to be characterized in detail in large

single crystals.

This paper examines the magnetism in a large (1 cm3) single crystal sample

of PFN grown with the modified-Bridgman method [86]. We characterize the low

frequency and nearly static magnetic properties using muon spectroscopy. By tuning

the momentum of the incident muons, we control the implantation depth of the muons,

thereby characterizing the slow magnetic fluctuations as a function of depth. We find a

change in the magnetic fluctuations over the same lengthscale reported for ferroelectric

skin effects in relaxors. We therefore report a magnetic skin effect in PFN.

This paper is split into three further sections. Section 2 describes the two

experimental muon techniques that were used in this paper. This is followed by section 3

which outlines the results - section 3.1 for the positive muon (µSR) experiment and

section 3.2 for the negative muon compositional analysis experiment. Lastly, we present

a discussion of the results in section 4.
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2. Experimental methods

In this section we discuss the materials characterization of our PFN sample followed by

a description of the muon experiments.

2.1. Materials

As outlined above, the magnetism in disordered Pb(Fe1/2Nb1/2)O3 has been reported

to have a variety of responses. Therefore, we outline the synthesis and characterization

in our 1 cm3 single crystal used in both the muon measurements discussed here and

in [67, 87]. The single crystal was grown using the modified-Bridgman technique

(outlined in [86]) following the procedure in [88].

A small piece taken from our large single crystal was previously used to perform

Raman spectroscopy [60] as a function of pressure where it was found to undergo two

structural transitions consistent with X-ray diffraction reporting the same ferroelectric

transitions [61]. This is also consistent with a softening of the optical transverse phonon

mode at the nuclear zone center reported using neutron spectroscopy [67] which is

indicative of ferroelectric order in perovskites. As a further check of the sample, we

performed single crystal neutron diffraction where the Fe and Nb concentrations refined

to 0.5:0.5, within error. We note that the structural and ferroelectric transitions in our

sample are consistent with those reported previously.

The temperature dependent magnetic susceptibility in our sample has been reported

previously in [67] where a low temperature (∼ 15-20 K) anomaly was found with

differences between field and zero-field cooled behavior observed. This is consistent

with other reports of the low-temperature susceptibility such as in [69, 83, 89, 90]. At

higher temperatures, a deviation from the Curie-Weiss law in the magnetic susceptibility

is observed below ∼ 150 K [67]. This contrasts with some other reports of a peak

in the magnetic susceptibility at the same temperature (example in [83, 90]) taken

as evidence for long-range antiferromagnetic order. However, neutron diffraction [91]

found that the low temperature magnetic neutron response had two components with a

momentum resolution-limited Bragg peak and a momentum broadened component. The

former Bragg peak corresponds to magnetic correlations that are spatially long-ranged

on the resolution of neutron diffraction, while the later momentum broadened peak

corresponds to only spatially short-range order. This is different than a simple bulk

phase antiferromagnetic transition and implies two components at low temperatures.

The peak in susceptibility is also not universally reported in the literature with [85]

showing a wide variety of responses depending on relative Fe3+/Nb5+ concentrations.

A comparison amongst a number of Fe3+ lead-based relaxors using NMR was reported

in [81] and found that this peak was strongly related to the disorder on the B-site as well

as confirmation of multiple Fe3+ sites. However, consistent with the literature and the

discussion above, it was found that the ferroelectric transition and the low temperature

magnetic susceptibility anomaly (tied with a cluster spin-glass transition) to be robust.
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To summarize, the single crystal discussed here displays the universal low-

temperature glass anomaly in the susceptibility and the ferroelectric transitions at high

temperature consistent with previous samples reported in the literature. An observable

peak in the susceptibility at ∼ 150 K is absent in our sample while only a deviation

from the Curie-Weiss law is found. However, this susceptibility peak is not universally

reported in the literature and is found to be highly dependent on disorder on the Fe3+

site and also found to coexist with spatially short-range magnetic order where single

crystal neutron diffraction work has been reported.

2.2. Muon spectroscopy

In this paper both positive (µ+) and negative (µ−) muons are used to characterize a

1×1×1 cm3 cube single crystal of PFN. All experiments were carried out at the RIKEN-

RAL facility (ISIS, STFC Rutherford Appleton Laboratory, UK) on CHRONUS (µ+)

and MuX (µ−).

Firstly, the positive muon spin relaxation (µSR) technique was used to probe the

internal magnetic dynamics of PFN [92, 93]. This technique uses a polarized beam of

µ+ which will show spin precession under a uniform magnetic field. Upon generation,

the muon beam at ISIS is polarized (due to the parity-violating electro-weak pion decay

process) and, when the µ+ subsequently decay into positrons (e+), they are preferentially

emitted along the direction of the spin (again due to electro-weak interaction). As

the spin of a µ+ will precess under the influence of a magnetic field, by detecting the

direction of the e+, this precession can be measured. As the precession frequency is

directly proportional to the field strength, this measurement can be used to determine

the magnetic field at the site of muon implantation (the incident polarization direction

of the muon is known due to the polarized beam).

In a µSR experiment, this directional anisotropy of the muon decay is characterized

by a quantity known as the asymmetry, A. This is defined as the normalized difference

between the number of e+ detected in the forward (F ) and backwards (B) directions

A =
F − αB

F + αB
, (1)

where the parameter α corrects for the difference in efficiency between the two detectors.

This normalized difference removes the characteristic decay curve of the muons which

would otherwise be superimposed on the data. The sample was wrapped in Ag foil for

this experiment and placed in a Janis dynamic He flow cryostat with aluminum windows

for beam access. We note the use of Ag foil owing to the fact that has been measured

not to depolarize the muon beam [94] and slits were used to mask the sample holder so

that the muon beam only is incident on the PFN sample and surrounding Ag foil.

Secondly, the µ− technique provides a method to analyze the composition of a

material in a non-destructive way. In this technique [95, 96], µ−s are implanted into

the sample where they interact locally with an ionic site. After muon capture onto

the valence band, the µ− cascades down the (modified) atomic orbitals emitting a
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characteristic X-ray spectrum which allows the ionic site to be identified. Due to the

larger mass of the µ− (105.7 MeV/c2), these muonic X-rays show less re-absorption by

the material than if this experiment were carried out with electrons (0.511 MeV/c2).

The µ− experimental setup consists of four detectors (two upstream and two

downstream) placed on a flat surface with the sample held in the center. The sample

was held in an Al foil packet and suspended into the beam.

Being a spallation source, the muons at ISIS are produced by the interaction

of an accelerated proton beam with a graphite target [97]. This reaction consumes

approximately 5% the incident proton beam and produces pions which in turn decay

into muons. Each spill from the accelerator produces two pulses of pions (separated by

320 ns) with each pulse having an FWHM of 55 ns [98]. Depending on the energy of the

pion when it decays, it can produce either ‘surface’ or ‘decay’ muons. The former are

from pions that form at rest (and so on the surface of the target) and are only capable

of producing µ+ (due to the re-capture of µ−) whilst the latter form from pions that

decay in the beamline and can produce both µ+ and µ− [98].

Whereas the other beamlines at ISIS operate at a fixed momentum (28 MeV/c), the

RIKEN-RAL beamline contains an array of magnets which allow the momentum of the

muon beam to be tuned to the experimental need. These magnets also enable pions to

be extracted from the muon target and thus allow the formation of decay muons in the

beamline. Hence, RIKEN-RAL is capable of production of both µ+ and µ− at a range of

momenta [98]. Given that the key advantage of muon techniques is that they are local

probes (the µ− due to its sensitivity to the ionic structure at the implantation site and

the µ+ to the local magnetic field), varying the momentum of the muon beam allows the

implantation depth to be controlled and thus provides a method for depth dependent

magnetic analysis. Due to the depth profile required for this experiment, other sources of

low energy muons such LEM at PSI (Villigen, Switzerland) are unsuitable; RIKEN-RAL

is the only beamline that fulfills our requirements.

In this way both the spatially-local magnetic field and composition of PFN were

profiled against depth. Whilst decay muons were necessarily used for the µ− elemental

analysis, surface muons were used for the µSR experiment as, in the momentum range

required to achieve desired penetration into the sample, they have a much higher

production rate. However, this also limited the upper momentum to 27 MeV/c as,

above this, the intensity quickly drops by several orders of magnitude [98,99].

3. Results

This section presents results from two series of muon experiments that studied

the magnetic properties (section 3.1) and composition (section 3.2). Both sets of

experiments investigated the properties as a function of muon momentum tuned with the

goal of investigating depth dependent properties of the sample. For both experiments

the µ± beam was incident onto a [100] crystallographic face. We first present the results

of both µ+ and µ− experiments followed by the discussion.
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3.1. Muon spin relaxation with µ+

In order to study the magnetic properties, the µSR technique was used with µ+. In this

section we first describe zero field µSR measurements as a function of depth, tuned with

the incident muon momentum. We also confirm the lack of strong magnetic order using

longitudinal fields. Finally we discuss on the temperature dependence of the stretched

exponential parameters under warming.

3.1.1. Depth study Firstly, experimental runs at different momenta (implantation

depth) were undertaken in order to allow the local magnetic properties to be profiled

against depth in our PFN single crystal. Muon implantation at a given momentum

was simulated in SRIM/TRIM [100] and the results of these calculations are shown in

figure 1 (a). For the purpose of this simulation, the muon was treated as a modified H+

ion (being approximately nine times lighter than the proton). The experimental setup

was reconstructed in the simulation which allowed the stopping profile of the µ+ to be

determined for a given momenta. It was found that, for the µ+ experiment, 23 MeV/c

corresponded best to an implantation depth of ≈ 5 µm, indicated by the maximum

of the distribution (blue in figure 1 (a)). The maximum momentum of 27 MeV/c is

also shown (red) and corresponds to an implantation depth of ≈ 110 µm. As mentioned

above in section 2, any momentum above 27 MeV/c would require a change from surface

to decay muons to avoid a large drop the µ+ production rate and this was not feasible

due to beam time constraints. This penetration range overlaps with the lengthscales

observed for the skin effect in non-magnetic relaxors [36,39,40,101].

Characterization of the experimental setup was carried out under an applied field of

20 G orientated transverse (TF) to the direction of spin polarization (as standard). This

allowed the value of the forward-backward efficiency correction α and the initial values

of the asymmetry to be extracted for each momentum. To achieve this the forward

and backward detector groups were fitted separately in WiMDA [102] and these were

combined to produce a fitted asymmetry profile. The data have been corrected for the

double pulse structure of the ISIS beam by implementation of a time offset of 244 bins

(1 bin = 16 ns) such that the fitted range only corresponds to the sample response.

A (relatively strong) transverse field ensures that there will be measurable muon

precession signal and the amplitude of this gives an estimate of the initial asymmetry.

The results of this are shown in figure 2. The full asymmetry on CHRONUS (at time of

measurement) is ≈ 23%. The measured values of initial asymmetry and α are plotted

in figure 1 (b) and (c) respectively against momentum. These are taken from the fits

shown in figure 2 in red. The crystal surface corresponds to the momentum where the

asymmetry drops below 23% because it indicates a reduced sample implantation. This

agrees with the simulations shown in figure 1 (a). A further SRIM/TRIM simulation

confirmed that for momenta below 23 MeV/c the majority of muons do not stop in the

sample or Ag foil rather in the cryostat. We speculate that the depolarization observed

could be the result of muonium formation in the mylar layer of the cryostat [103]. Based
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Figure 1. (a) Shows the results of a simulation in SRIM/TRIM [100] of µ+

implantation with momenta of 23 MeV/c, 25 MeV/c and 27 MeV/c. The peak of

the distributions give the implantation depths as ≈ 5 µm, ≈ 50 µm and ≈ 110 µm

respectively. The y-axis units correspond to implantation density (muons/cm3) per

unit flux through the implantation surface (muons/cm2). Also shown are the measured

initial asymmetry (b) and α (c) values plotted against depth for a 20 G magnetic

field orientated in the direction transverse to the muon spin polarization measured on

CHRONUS. The drop in asymmetry below 23 MeV/c indicates that the surface is near

here which is in excellent agreement with the simulation.

on these preliminary measurements, the momenta for the main experiment were chosen

as 23 MeV/c, 25 MeV/c and 27 MeV/c.

The main experiment was carried out under zero field (ZF) conditions at a

temperature of 5 K. The data for two extremes of muon momentum (corresponding

to ‘surface’ and ‘bulk’ measurements) are compared in figure 3 where a slowing down

of the relaxation with depth can be seen. The data were fitted using the stretched
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Figure 2. Muon asymmetry against time showing the µSR response under transverse

field (TF) conditions against momentum (depth) for a field = 20 G at room

temperature. Oscillating fit is shown in red. The drop-off in amplitude below 23 MeV/c

indicates that this is the surface region in agreement with the simulations shown in

figure 1 (a).

exponential function

A(t) = A0e
−(λt)β +B0, (2)

where A0 is the amplitude of the (normalized) relaxing asymmetry, λ is the effective

depolarization rate, β is a power exponent and B0 is a background term. The use of

this function and its relation to the local magnetic field distribution will be discussed

later, but it allows effective parameterization of the asymmetry decay curve.

The data were normalized using the initial asymmetry values taken from the

preliminary TF runs i.e. the amplitude of the oscillations in figure 1 (b). The period

of oscillation is determined by the applied field. This normalization allows meaningful

comparisons between data at different momenta as the change in implantation depth

will affect the value of α which has the effect of shifting the relaxation curve. However,

it is important to note that the relaxation parameters λ and β are unaffected by this

correction.

Although, we note that the measured relaxation response differs from what is

expected in Ag [94] used to mount the sample (which shows no relaxation), the effect of

µ+ stopping short must be accounted for, especially near the surface. The proportion

of µ+ which stop in Ag was calculated from the stimulated stopping profiles shown in
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Figure 3. Muon asymmetry against time showing the µSR response under zero field

(ZF) conditions. Plotted are the shallowest (23 MeV/c, blue) and deepest (27 MeV/c,

red) depths to highlight the difference in the muon spin relaxation as a function of

depth. Also plotted are the stretched exponential fits (solid lines) that are discussed

further in the main text. The expected response for silver is also plotted taken from [94].

figure 1 and found to be 11.5% at 23 MeV/c dropping to 0.33% at 25 MeV/c and 0.04%

at 27 MeV/c. This was implemented into the fitting procedure through a constraint on

the value of B0.

The fitted values for the relaxation parameters λ and β are plotted against muon

momentum (and hence varying depth) in figure 4. It can be seen that both λ and β

decrease with depth. This would indicate there is indeed a change in the magnetic

properties as the depth is increased. We discuss what these measurements correspond

to in the frequency domain in the discussion below.

3.1.2. Longitudinal field study With the absence of any observable long-range order

in the ZF measurements, a longitudinal field (LF) study was used to characterize the

local magnetic field in our PFN sample. Figure 5 shows the µSR relaxation under LF

conditions for various µ+ momenta. In this setup the magnetic field is oriented parallel

to the initial µ+ spin polarization direction and so, under a large enough field, the spin

of the µ+ will align to this rather than the local magnetic structure of the sample. This

causes the asymmetry to remain near unity. Due to this external coupling being parallel

to the measurement direction, the forwards-backwards correction factor is affected and
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Figure 4. Values of relaxation rate, λ, and exponent, β, plotted against muon

momentum (depth). Both λ and β decrease with depth. The error bars are smaller

than the symbols used to plot the data.

the data have been corrected for a field-dependent α.

The flattening of the relaxation above ZF shown in figure 5 indicates that the µ+

response decouples from the internal magnetic structure of the PFN sample at low fields.

Fields up to 500 G were also applied but no changes in the response were seen after 20 G

with the asymmetry decoupling towards unity. This was found to be consistent across

all depths and such a low decoupling threshold would indicate that the internal magnetic

fields are weak. This agrees with the glassy behavior seen in the ZF measurements and

the almost immediate decoupling from the internal magnetic field from PFN is consistent

with the absence of any spatially long-ranged Néel phase. This suggests that the effective

moments measured in this sample are small. Furthermore, if the response arose from

nuclear moments, these would fluctuate and decouple and, in principle, one would see the

relaxation actually being unity with short time fluctuations. The relaxation in figure 5

never reaches unity which confirms, along with the depth profiling, that the signal is

from magnetic ions. Because the glass transition is slow (< µs) we would not expect to

see any contribution from any time variations during each snapshot which provides our

µSR distribution at low temperature.

Lastly, to confirm the presence of the glass transition and the absence of the long-

range transition, the longitudinal field was removed and the sample warmed from base to

room temperature. The ZF response was measured during the warming and a stretched

exponential was used to fit the data. The fitted parameters are shown in figure 6.
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Figure 5. Muon asymmetry against time showing the µSR response under longitudinal

field (LF) conditions at a momentum of (a) 23 MeV/c and (b) 27 MeV/c. Magnetic

field strengths from 0 G (ZF) to 100 G are shown. A bunching factor (average) of 5

was used in WiMDA [102] and the data have been corrected for a field dependent α.

Representative relaxation curves over the temperature range are shown in figure 7.

These measurements were done in the bulk (27 MeV/c) as this momentum has the

highest µ+ flux and is representative of the bulk of the sample. Upon removal of the

longitudinal field, AR is increased by about 10% from the value measured in the depth

study presented in section 3.1.1. This is attributed to the glassy nature of the spin

system pining a small fraction of spins along the LF axis with respect to the original

distribution.

Step-like changes are observed in all three relaxation parameters near 25 K with

a reduction in AR and increase in both λ and β. This is near the value for the glass

transition TG reported by in [78] and coincides with temperature anomalies in previously

reported magnetic susceptibility measurements [66] as well as where zero field and field

cooled susceptibility data diverge [67] (Figure 1 (d)). This has been interpreted as a

transition to glass state, which is consistent with a reduction in the exponent at low

temperatures as, in a spin-glass, β → 1/3 is expected [104]. It is also the temperature

scale where Q⃗ = (1/2, 1/2, 1/2) magnetic dynamics are observed to enter the elastic

resolution of neutrons [87].

A glass transition is also consistent with the reduction in AR. As the system is
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warmed through TG, this extra asymmetry quickly relaxes and AR then remains at

unity (within error) to high temperature. We note that unity here represents agreement

with the low temperature depth study as shown in figure 3. This suggests that the ZF

AR is (within error) independent of temperature.

Furthermore, the Néel transition at ∼ 150 K is not observable in the bulk of our

sample from the measurements discussed here. Such a transition should produce a

reduction AR → 1/3 at low temperature (as seen in [78]) - this is not seen in figure 6

with AR ≈ 1 further pointing to a lack of a spatially long-range ordered component in

our sample in agreement with neutron measurements.

Finally, the critical-like divergence in λ and low temperature recovery of β reported

in [78] are absent here. We attribute this to the presence of the remnant field at low

temperature which suppresses the relaxation curve as seen in figure 5. The impact of this

suppressed relaxation can be seen in the 10 K curve in figure 7. To truly characterize

the static component that would indicate frozen spins, the baseline of the stretched

exponential would need characterizing which would require measurements on much

longer timescales such as using neutron spin echo. We discuss the physical connection of

these parameters to frequency below after we discuss the stretched exponential in more

detail.

3.2. Compositional analysis with µ−

The momentum dependent study outlined in the previous section indicates a variation

as a function of depth sampled through increasing momentum of the incident muons.

Given the discussion in the introduction and the apparent sensitivity of properties in

Fe-based relaxors to relative Fe concentration [81,105] and also the existence of a ‘skin

effect’ in non magnetic relaxors [42], we applied negative muon (µ−) spectroscopy to

characterize the chemical composition (and particular the relative Fe/Nb ratio) over the

same momentum transfer range at room temperature.

Six experimental runs, each at a different muon momentum (corresponding to

different implantation depths), allowed the relative concentration of Fe3+ and Nb5+

to be estimated with respect to depth. Stopping of the muons was again simulated

in SRIM/TRIM [100]. In this µ− experiment, the range of muon momenta was

20 MeV/c - 35 MeV/c and the simulated stopping profiles for three of these momenta

are shown in figure 8. This shows that 20 MeV/c corresponds to ‘surface’ implantation

at ≈ 65 µm and 35 MeV/c to ‘bulk’ implantation at ≈ 570 µm, as indicated by the

maxima of the distributions in figure 8. Also shown is the stopping distribution for

28 MeV/c to illustrate the shape of the intermediate profiles. All profiles indicate that

no µ− are stopping in the Al foil packet used to mount the sample. This was confirmed

by the lack of any Al signal observed in the measured spectra.

The main X-ray energy range of interest to characterize the relative Fe:Nb ratio for

this experiment is 220 - 280 keV and the emission lines contained within were tracked

against implantation momentum. These peaks result from muonic X-ray emission by
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Figure 6. Values of (normalized) relaxing asymmetry, AR, relaxation rate, λ, and

exponent, β plotted against temperature. The reduction in AR and increase in λ

and β with increasing temperature are consistent with a transition from a glassy to

paramagnetic phase.

Table 1. Theoretical energies of the muonic transition lines of Pb, Fe and Nb that

are relevant to this study [106,107].

Atom Atomic Transition Energy (keV)

Pb O (6h → 5g) 233.7, 235

Fe L (3d → 2p) 265.7, 269.4

Nb M (4f → 3d) 231.4

Nb, Pb and Fe and the energies and corresponding atomic transitions are detailed in

table 1 [106, 107]. This was facilitated by the use of a Ge-based ORTEC (Oak Ridge,

TN, US) X-ray detector with range 3 keV - 1 MeV.

Figures 9 and 10 show the five emission lines resulting from the transitions in table 1.

The data were corrected to account for detector efficiency and the errors were estimated

using Poisson/counting statistics. The emission lines were fitted with Gaussian functions

and the widths were constrained to be the same for all emission lines consistent with

experimental broadening. A linear background term was also included. The spectra are

normalized with respect to the Nb line at ≈ 231 keV to aid in comparison with the Fe
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Figure 7. Representative muon relaxation curves at 10, 30, and 160 K. The fit

to a stretched exponential is shown illustrating the differences between the different

temperature regions.

lines.

However, analysis of the Fe L muonic X-ray transition lines (at 265.7 and 269.4 keV)

is complicated by the presence of a γ emission at 265.8 keV which can be attributed

to muon capture by the Pb nucleus. In this process the µ− is captured by the nucleus

following its cascade in a process analogous to electron capture. This results in an

excited nucleus of reduced atomic number (Z), which subsequently undergoes γ decay.

In PFN, a µ− may be captured by a Pb nucleus (Z = 82) which will produce an excited

isotope of Tl (Z = 81). 206Tl decays from the first excited state to the ground state by

γ emission with energy = 265.8 keV [108].

This γ line can also be seen in Pb reference spectrum presented in [107], in the

spectra reported for PMN in [42] and was also found to be present in unpublished data

on the solid solution Pb(In1/2Nb1/2)O3-Pb(Mg1/3Nb2/3)O3-PbTiO3 (PIN-PMN-PT) by

the authors. All of these samples do not contain Fe and so this peak should represent

the pure γ contribution. By comparison to these spectra, the intensity of the 206Tl γ

emission was estimated to be ≈ 36% of the Pb muonic X-ray line at 233.7 keV. For a

given µ− momentum, these two signals should both be proportional to the abundance

of Pb and hence to each other. In this way, an estimate for the contribution of the γ at

265.8 keV was included in the fitting of the Fe L doublet.

The Fe/Nb fraction was then calculated as the ratio of the total integrated

intensities of the two peaks from the Fe L doublet (around ∼ 267 keV) and the Nb

M line (at 231.4 keV). This is shown in figure 11. Whilst a simple least-squares fit

indicates that Fe/Nb fraction decreases by ≈ 10 - 15%, the error bars resultant from the
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Figure 8. The results of a simulation in SRIM/TRIM [100] of µ− implantation with

momenta of 20 MeV/c, 28 MeV/c and 35 MeV/c. The peak of the distributions

give the implantation depths as 65 µm, 260 µm and 570 µm respectively. The y-

axis units correspond to implantation density (muons/cm3) per unit flux through the

implantation surface (muons/cm2).

fitting procedure are such that care should be taken in such a claim. Hence, on going

from the bulk to the surface, we consider the change in Fe/Nb to be within the error of

the experiment and so should not be viewed as significant. Hence, within error, we report

that the surface composition is approximately consistent with the bulk and therefore

that any variation of the Fe/Nb concentration is likely below the order of ≈ 10 - 15%.

This error could be reduced with a longer counting time but this was not feasible given

beamtime constraints. For comparison the change in relative Pb/Nb concentrations is

shown in figure 12. The axes of figures 11 and 12 are scaled such that the average

fraction agrees with single crystal diffraction measurement; Fe/Nb = 1 = 0.5/0.5 and

Pb/Nb = 2 = 1/0.5.

4. Discussion

The µSR results above indicate a change in the dynamics, parameterized by λ in the

stretched exponential, as the muons are on average implanted deeper into the sample.

To further understand how the dynamics are altered, we discuss below the relation

between the stretched exponential in the time domain to the dynamics in frequency

which can be directly compared to other probes such as neutron scattering.
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Figure 9. Muonic X-ray spectra resulting from µ− implantation into the [001] face

of PFN. The panels show different µ− momenta corresponding to implantation depths

between 65 µm (20 MeV/c) and 570 µm (35 MeV/c). This energy range shows the Pb

and Nb emission lines in table 1. The spectra are normalized with respect to the Nb

line at ≈ 231 keV. The red line shows the fit to the data and the linear background has

been subtracted. Errors were estimated using Poisson/counting statistics. The small

feature at ≈ 238 keV is likely another Nb emission line. However, it was not taken

into account for this study as it is noticeably weaker than the line at ≈ 231 keV.

4.1. Stretched exponential in relation to PFN

Given the complexity of the time structure of the stretched exponential (shown in (2))

used to parameterize our data, we discuss in detail the structure in the frequency domain.

The use of the stretched exponential can be motivated by a general phenomenological

argument: the muon spin experiences exponential relaxation e−st with the relaxation

rate s determined by the strength and fluctuation rate of the local magnetic field

experienced by the muon [109, 110]. However, the total µSR signal will correspond

to the spatial average of relaxation rates which is important in the context of PFN

that has significant site disorder. The overall relaxation can be modeled stochastically,

averaged over a probability distribution Hλ,β(s) based on the implantation site, which

mathematically corresponds to the stretched exponential [111]

e−(λt)β =
∫ ∞

0
dsHλ,β(s)e

−st. (3)

An integral representation for Hλ,β(s) was first obtained by Pollard [112] using

contour integration (shown in (4)). A complementary form (5) was also derived by

Berberan-Santos et al. [113, 114] and this derivation is reproduced in Appendix A.

The equivalence of these two forms is explicitly shown in Appendix A. However, these

integrals are only solvable in terms of standard functions for the cases where β = 1 or
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Figure 10. Muonic X-ray spectra resulting from µ− implantation into the [001] face

of PFN. The panels show different µ− momenta corresponding to implantation depths

between 65 µm (20 MeV/c) and 570 µm (35 MeV/c). This energy range shows the

Fe emission lines in table 1. The spectra are normalized with respect to the Nb line

at ≈ 231 keV. The red line shows the fit to the data and the linear background has

been subtracted. The black dotted line under the 265 keV peak shows the contribution

from the γ emission from muon capture by the Pb nucleus (discussed in the main text).

Errors were estimated using Poisson/counting statistics.

Figure 11. The Fe/Nb fraction against momentum (depth). The figure is scaled such

that the average fraction is unity in agreement with the average determined by single

crystal diffraction. This fraction was calculated as the ratio of the sum total integrated

peak intensity of the Fe L muonic transition lines to the Nb M line.
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Figure 12. The Pb/Nb fraction against momentum (depth). The figure is scaled such

that the average fraction is equal to two in agreement with the average composition

determined by single crystal diffraction. This fraction was calculated as the ratio of

the sum total integrated peak intensity of the Pb O muonic transition lines to the Nb

M line.

β = 1/2 [115]. Finally, a series form for Hλ,β(s) is derived in Appendix B and shown

in (6). This series was first derived by Humbert and is convergent for all s [116]. It

provides an easy computation method [117] and was used to tabulate the distribution

by Dishon et al. [118]. The normalization of Hλ,β is guaranteed by the assumption that

the relaxing asymmetry is likewise normalized - i.e. it starts from unity.

Hλ,β(s) =
1

πλ

∫ ∞

0
du exp

(
−su

λ

)
exp

[
− uβ cos(βπ)

]
sin

(
uβ sin(βπ)

)
. (4)

Hλ,β(s) =
1

πλ

∫ ∞

0
dy exp

[
− yβ cos (

βπ

2
)
]
cos

[
yβ sin

(βπ
2

)
− sy

λ

]
. (5)

Hλ,β(s) =
1

πλ

∞∑
n=1

sin(βnπ)

n!
(−1)n+1

(λ
s

)βn+1
Γ(1 + βn). (6)

Connecting this analysis with our data, figure 13 shows the distribution of local

relaxation rates that produce the observed relaxation of the µ+ polarization under ZF

conditions for all momentum transfers. These distributions were computed using (6)

as tabulated in [118]. It shows that the distribution narrows with increasing depth

into the sample and that the peak moves left indicating that the relaxation slows

(lower frequency) in the bulk. At first this narrowing may seem counter-intuitive as

the exponent β is usually considered as a measure of the width of the distribution.

However, we emphasize that this is only true near β = 1 where the full width at half

maximum (FWHM) increases as β decreases from unity for a given value of λ. The

FWHM then encounters a maximum value at β ≈ 0.64 and then gradually decreases to

β = 0.
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Figure 13. Distribution of relaxation rates Hλ,β that, when averaged, produce the

observed stretched exponential relaxation from the ZF measurements at 5 K. All

depths are shown along with the distribution that produces the relaxation observed

by Rotaru et al. [78]. Inset shows the full width at half maximum (FWHM) against

momentum (depth). As the penetration depth increases, the distribution narrows and

slows.

This turning point can be further seen by considering the forms of Hλ,β(s) at β = 1,

1/2 and 0: For β = 1, the stretched exponential reduces to a normal exponential decay

and so Hλ,1(s) ∝ δ(s − λ) where δ(x) is the Dirac delta in order to produce the single

relaxation rate. This means that the FWHM must become zero in this limit. At β = 0,

the decay curve is flattened as e−(λt)0 = e−1. In this case, Hλ,0(s) must also have the

form of a Dirac delta but centered at s = 0 to produce the uniform response. As such,

the FWHM must also become zero as β → 0. Finally, as mentioned above, a closed form

for Hλ,1(s) can be derived for β = 1/2 [115]. In this case, the FWHM can be calculated

as ≈ 0.45λ ̸= 0 and, hence, the frequency FWHM must possess a turning point over the

range 0 < β < 1.

Furthermore, the FWHM will scale linearly with λ. This dependence may be

deduced by considering that λ corresponds to a scaling parameter and may be removed

by the transforming to a universal distribution Gβ(s) = λHλ,β(λs) (see Appendix A).

Critically, the argument above for the β dependence of the FWHM also holds for Gβ(s)

and so we see that the FWHM of Hλ,β(λs) may be related to that of Gβ(s) by a factor

of λ corresponding to stretching of the variable s.

This illustrates the importance to plot the frequency distribution for a given

parameter (β, λ) set over extrapolating results taking the approximation of β = 1. This

is particularly important given the disorder and expected complex local magnetism in

PFN. The depth-narrowing of the FWHM seen in figure 13 is consistent with these two
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Table 2. Table comparing the muon relaxation parameterization for the extreme

depths in this study with the literature values taken from Rotaru et al. [78].

AR λ (MHz) β

Rotaru et al. (‘Bulk’) [78] ≈ 1/3 ≈ 0.07 ≈ 0.78
T
h
is

st
u
d
y Bulk (27 MeV/c) 1.1(1) 0.016(1) 0.63(2)

Surface (23 MeV/c) 0.9(1) 0.046(2) 0.74(2)

behaviors: λ was found to decrease with depth which would be expected to produce a

reduction in FWHM with depth. The fitted values of β also decreased with depth but,

as they are far from unity, this cannot be interpreted as corresponding to broadening.

In fact, they are near the turning point at β ≈ 0.64 and so we should expect the FWHM

to either remain near stationary or decrease with depth. Thus the combination of these

two effects can explain the trend seen in figure 13.

4.2. Comparison to other samples and experiments

In order to put this into context, the results reported in this paper may be compared

to the study performed at PSI by Rotaru et al. [78] who also parameterized their decay

with a stretched exponential. Two key points are summarized in table 2 which we now

discuss.

Firstly, the PSI study’s relaxing asymmetry begins at 1/3 below TN whereas the

relaxation in this study begins from unity. This can be attributed to the lack of long-

range order in this sample as, with the G-type order reported in [78], the experiment

will only effectively be sensitive to one (out of three) component of the relaxation. No

strong evidence of the Néel transition at ≈ 140 - 160 K is seen in λ or β in the sample

studied in this report. However, it should be noted that λ and β are only reported

in [78] for T < 80 K so a full comparison of the two cases cannot be made presently in

the high temperature limit where the response maybe expected to be similar.

Secondly, the two PSI relaxation parameters (λ, β) can be seen to agree more

with our lower momentum (‘surface’) measurements than the higher momentum

measurements probing the ‘bulk’. Further illustrating this, the frequency distribution

from the PSI relaxation (λ, β) parameters is calculated and plotted in figure 13. This

graphically illustrates the similarity between that study and our ‘surface’ measurements

and shows that the PSI response contains a much broader range of frequencies.

4.3. Skin effect in PFN

We observe a change in the magnetic relaxation with momentum transfer (and hence

implantation depth) over a lengthscale on the order of ∼ 100 µm which is a similar

structural lengthscale observed in other relaxors as discussed above. There is a large

change (greater than a factor of 2) in the spin relaxation rate (λ) with muon momentum
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over this lengthscale. This is difficult to reconcile in terms of a small (less than) 10-

15% in Fe3+ concentration indicated with negative muon spectroscopy. We speculate

that one possible origin of this skin effect is tied with the a change in lattice constant

(or strain) reported using both X-ray [14] and neutron and X-ray diffraction [39, 40] in

analogous relaxor materials. Such a mechanism, while over a much larger lengthscale,

is similar to suggestions of the differing critical properties reported in the bulk and

surface of SrTiO3. [51, 119] We note that our previous neutron spectrosocpy studies

of PFN [67] found a correlation between the first moment of the magnetic response

and also energy scale of the soft optical phonon. This suggests a link between zone

center and finite momentum magnetic dynamics. We speculate that the strain induced

from the formation of ferroelectric order may result in the exchange constants are

more frustrated in the near-surface resulting in a broader frequency distribution for

the magnetic dynamics as observed here. It would be interesting to perform analogous

studies to that of [15] by oxygen doping, however, given the size of surface areas required

for muon spectroscopy such a study would be difficult. We further note that an analogous

macroscopic structural skin region has been been observed in thin films of the classical

perovskite SrTiO3 and tied to changes in strain fields. [120,121]

5. Conclusions

In conclusion, momentum dependent muon spectroscopy was used to probe the

depth dependent properties of a large single crystal sample of the multiferroic PFN.

Zero field positive µSR experiments showed that there is a change in the magnetic

properties over this region over the lengthscale of ∼ 100 µm, analogous to the “skin”

region in the structural properties of relaxor-ferroelectrics. By parameterizing the

relaxing asymmetry in terms of a phenomenologically motivated stretched exponential,

this change may be quantified and compared to literature measurements. Links to

compositional heterogeneity were investigated and any possible small changes in the

Fe/Nb concentration in the near-surface are difficult to reconcile with the µSR spectra.

Hence, we propose that there is a magnetic skin effect in PFN analogous to the structural

skin effect observed in non magnetic relaxor compounds.
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Appendix A. Derivation of an integral form for the stretched exponential

distribution

The stretched exponential function e−(λt)β can be motivated as an average over individual

exponential relaxations e−st with the relaxation rate s drawn from a distribution

Hλ,β(s) [111]:

e−(λt)β =
∫ ∞

0
dsHλ,β(s)e

−st. (A.1)

The dependence of the effective relaxation rate λ can be removed but introducing the

variables T = λt and S = s
λ
so that

e−Tβ

=
∫ ∞

0
dSGβ(S)e

−ST , (A.2)

where the function Gβ(S) = λHλ,β(s) is the scaled distribution. Clearly, this integral

amounts to a Laplace transform [124] and so Gβ(S) may be calculated by performing

the inverse Laplace transform of e−Tβ
[113].

This result was first obtained by Pollard [112] but this appendix will outline a

method similar to that used by Berberan-Santos et al. [113]. These two papers give

equivalent integrals and this equivalence will be illustrated here too. A series from for

Hλ,β(s) will be derived from this integral in Appendix B.

As standard, the Laplace transform may be inverted by the Bromwich integral

Gβ(S) = lim
γ→0

1

2πi

∫ γ+i∞

γ−i∞
dTe−Tβ+ST , (A.3)

where the customary γ allows the integration contour to be shifted away from T = 0

where the integrand has a branch point. Taking the branch cut along the negative

real axis, the integration variable may be split into real and imaginary components

T = γ + iy. Furthermore, a polar representation of T may also be implemented where

T = Reiθ and this will be used in the following to show that the imaginary part of

the integral vanishes due to symmetry. Combining these representations give R = γ
cos θ

and T = γeiθ

cos θ
= γ[1 + i tan θ]. Substitution into (A.3) then gives an integral purely in

terms of the angle θ as shown in (A.4). After some manipulation using trigonometric

identities, this may be rewritten as (A.5) where ϕ =
(

γ
cos θ

)β
sin(βθ)− Sγ tan θ.

Gβ(S) = lim
γ→0

1

2π

∫ π
2

−π
2

dθ
γ

cos2 θ
exp

{
−

( γ

cos θ

)β
[ cos(βθ) + i sin(βθ)]+

Sγ(1 + i tan θ)
}
.

(A.4)

Gβ(S) = lim
γ→0

1

2π

∫ π
2

−π
2

dθ
γ

cos2 θ
exp

{
−

( γ

cos θ

)β
cos(βθ) + Sγ

}
× [ cosϕ− i sinϕ].

(A.5)

Now, by observing that ϕ is an odd function of θ, together with the fact that the

other terms in the integrand are even, means that the real part is totally even and the
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imaginary part is totally odd. Hence, since the limits of the integral are symmetric, the

odd part must vanish due to symmetry. This leaves

Gβ(S) = lim
γ→0

1

π

∫ π
2

0
dθ

γ

cos2 θ
exp

{
−

( γ

cos θ

)β
cos(βθ) + Sγ

}
cosϕ, (A.6)

where the symmetry has also been used to reduce the integration range to positive

angles.

Having accomplished the goal of removing the imaginary part, let us now

reintroduce the variable y = γ tan θ and transform the integral to

Gβ(S) = lim
γ→0

1

π

∫ ∞

0
dy exp

{
Sγ − (γ2 + y2)

β
2 cos (βθ(y))

}
× cos

[
(γ2 + y2)

β
2 sin (βθ(y))− Sy

]
.

(A.7)

The final steps in order to arrive at the Berberan-Santos form for Hλ,β(s) is to

impose the limit γ → 0 and counteract the scaling the distribution. As y = γ tan θ, in

order for y to remain finite as γ → 0, we should set θ → π
2
so that the tangent diverges.

Hence, in order to fully account for this limit we set γ → 0 and θ → π
2
in (A.7) to give

Gβ(S) =
1

π

∫ ∞

0
dy exp

{
− yβ cos (

βπ

2
)
}
cos

[
yβ sin

(βπ
2

)
− Sy

]
. (A.8)

Then by removing the scaling we arrive at an integral form for the distribution of

relaxation rates

Hλ,β(s) =
1

πλ

∫ ∞

0
dy exp

{
− yβ cos (

βπ

2
)
}
cos

[
yβ sin

(βπ
2

)
− sy

λ

]
. (A.9)

However, Pollard first derived an alternative integral form, again using contour

integration [112]

Hλ,β(s) =
1

πλ

∫ ∞

0
du exp

{
− su

λ
− uβ cos(βπ)

}
sin

[
uβ sin(βπ)

]
. (A.10)

We will now show the equivalence of (A.9) and (A.10).

First observe that (A.9) maybe be rewritten as

Hλ,β(s) = Re

{
1

πλ

∫ ∞

0
dy exp

{
− yβ cos (

βπ

2
) + i[yβ sin (

βπ

2
)− sy

λ
]
}}

= Re

{
1

πλ

∫ ∞

0
dy exp

{
− (ye

−iπ
2 )β − isy

λ

}}
.

(A.11)

As we have already shown that the imaginary part of this is zero, this more compact

representation is valid. Performing a rotation in the complex plane, let u = iy to give

Hλ,β(s) = Re

{
−i

πλ

∫ ∞

0
du exp

{
− (ue−iπ)β − su

λ

}}

= Im
{

1

πλ

∫ ∞

0
du exp

{
− (ue−iπ)β − su

λ

}}
.

(A.12)
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Finally by expanding the complex exponentials, we arrive at

Hλ,β(s) = Im
{

1

πλ

∫ ∞

0
du exp

{
− uβ cos(βπ) + iuβ sin(βπ)− su

λ

}}

=
1

πλ

∫ ∞

0
du exp

{
− su

λ
− uβ cos(βπ)

}
Im

{
eiu

β sin(βπ)
}
,

(A.13)

which, when the imaginary part is taken, gives (A.10). As noted by Berberan-

Santos et al., these two integral representations are actually complementary.

Equation A.10 is easier to compute numerically at large s than (A.9) due to the large

oscillations of the integrand. The opposite is true for small s [113].

Appendix B. Further derivation of a series form for the stretched

exponential distribution

Returning to (A.12), we may alternatively expand the first exponential

Hλ,β(s) = Im
{

1

πλ

∫ ∞

0
du

∞∑
n=0

1

n!

[
− uβe−iβπ

]n
e−

su
λ

}
. (B.1)

Integrating term by term (permitted since the power series in convergent) this gives

Hλ,β(s) = Im
{

1

πλ

∞∑
n=0

e−iβnπ

n!
(−1)n

∫ ∞

0
duuβne−

su
λ

}
, (B.2)

which, along with the substitution x = su
λ

allows us to recognize the gamma function

Hλ,β(s) = Im
{

1

πλ

∞∑
n=0

e−iβnπ

n!
(−1)n

(λ
s

)βn+1
∫ ∞

0
dxxβne−x

}

= Im
{

1

πλ

∞∑
n=0

e−iβnπ

n!
(−1)n

(λ
s

)βn+1
Γ(1 + βn)

}
.

(B.3)

Lastly, we may observe that, apart from the complex exponential, the whole

expression is real and so taking the imaginary part simply transforms this exponential

to a sine function. Then, the odd property of sine may be used along with the fact that

sin 0 = 0 (meaning that n = 0 term correspondingly vanishes) to give the series form

for the distribution Hλ,β(s)

Hλ,β(s) =
1

πλ

∞∑
n=1

sin(βnπ)

n!
(−1)n+1

(λ
s

)βn+1
Γ(1 + βn). (B.4)

This series was first derived by Humbert and is convergent for all s [116]. It is this form

that was used by Dishon et al. to compute Hλ,β(s) [118], the values of which were used

in this work.
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