
 ORCA – Online Research @
Cardiff

This is an Open Access document downloaded from ORCA, Cardiff University's institutional
repository:https://orca.cardiff.ac.uk/id/eprint/172106/

This is the author’s version of a work that was submitted to / accepted for publication.

Citation for final published version:

Liu, Hongchen, Su, Huaizhi, Yang, Jiaquan and Li, Haijiang 2024. Multi-fidelity deep neural network with
Monte Carlo dropout technique for uncertainty-aware risk recognition of backward erosion piping in dikes.

Applied Soft Computing 166 , 112165. 10.1016/j.asoc.2024.112165 

Publishers page: http://dx.doi.org/10.1016/j.asoc.2024.112165 

Please note: 
Changes made as a result of publishing processes such as copy-editing, formatting and page numbers may
not be reflected in this version. For the definitive version of this publication, please refer to the published

source. You are advised to consult the publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See 
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for publications made

available in ORCA are retained by the copyright holders.



1 

Multi-fidelity deep neural network with Monte Carlo dropout 1 

technique for uncertainty-aware risk recognition of backward 2 

erosion piping in dikes 3 

Hongchen Liua,b, Huaizhi Sua,b,c, Jiaquan Yanga,b, Haijiang Lid 4 

a The National Key Laboratory of Water Disaster Prevention, Hohai University, Nanjing, China 5 
b College of Water Conservancy and Hydropower Engineering, Hohai University, Nanjing, China 6 
c Cooperative Innovation Center for Water Safety and Hydro Science, Hohai University, Nanjing, China 7 
d School of Engineering, Cardiff University, Cardiff, UK 8 

Abstract: Backward erosion piping (BEP) is an increasingly critical failure mechanism in dike 9 

systems, often triggered by floods resulting from extreme rainfall events, which are exacerbated by 10 

the ongoing shifts in climate patterns. This study embarks on a nuanced examination of BEP, a 11 

phenomenon that substantially undermines flood control and emergency management endeavors. 12 

Addressing the complexities of BEP incidents and the consequential variable impact on dike 13 

infrastructure, we have incorporated Monte Carlo dropout techniques within a multi-fidelity deep 14 

learning framework to enhance predictive accuracy and provide an uncertainty-aware assessment of 15 

BEP risk. Drawing on 16 sets of physical model experiments emulating dike structures from the 16 

lower Yangtze River basin in China, we conducted a detailed study of the BEP evolution mechanism 17 

under various hydrological scenarios intensified by climate change. These experiments allowed us 18 

to observe the initiation and progression of BEP in different conditions. The development of a 19 

structural equation model quantifies the effects of several critical factors—including those 20 

exacerbated by climatic variability—on BEP dynamics. Seven key factors were identified as 21 

influential to BEP risk levels, integrating distinct BEP traits, hydrological attributes, and dike 22 

engineering conditions. A Monte Carlo dropout-enhanced multi-fidelity deep neural network 23 

(MFDNN) was crafted, synthesizing low-fidelity experimental data with high-fidelity field case 24 

studies, to construct an advanced model for BEP risk level identification. Compared against four 25 

sophisticated machine learning models, our MFDNN demonstrated superior performance, 26 

effectively blending experimental insights with real-world occurrences. The proposed model 27 

emerges as a scientifically robust and pragmatic tool for delineating BEP risk levels in dike systems, 28 

providing vital guidance for categorizing BEP incidents and forging targeted, climate-informed 29 

emergency response strategies. 30 

Keywords: Backward erosion piping (BEP); Risk level; Criticality; Multi-fidelity deep neural 31 

network (MFDNN); Data science; Dike 32 

1. Introduction 33 

In the realm of geotechnical engineering, piping emerges as a critical phenomenon, implicated 34 

in nearly half of all dam failures [1]. A comprehensive review of the existing literature on piping 35 

entailed a thorough investigation of case studies to identify the primary patterns of piping failure. 36 

The failure mechanism most commonly observed was determined to be concentrated leak erosion, 37 

which is typically linked with conduits or other forms of structural damage in dams [2]. Remarkably, 38 

backward erosion piping (BEP) accounts for up to one-third of piping failures, manifesting through 39 
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erosion processes in embankments and beneath impermeable earthen dams or levees [3]. BEP is 40 

characterized by the incremental erosion of the finer soil fractions from the foundations of flood 41 

protection systems (FPS)[4]. Initiation of this process occurs on the downstream side of the FPS, 42 

often precipitated by localized damage that exposes permeable soils, thereby establishing elevated 43 

local hydraulic gradients. This incipient damage propagates retrograde towards the upstream side of 44 

the water-retention structure, culminating in forming a fully developed conduit (refer to Fig. 1) that 45 

undermines the structural integrity of the entire system. BEP is acknowledged as a complex interplay 46 

of sediment transport, subterranean water flow, hydrodynamics, and soil mechanics. Historical 47 

documentation reveals a multitude of dike failures globally, including significant incidents in the 48 

United States, China, and the Netherlands, attributable to BEP [5]. A notable instance occurred 49 

during the 1998 Yangtze River basin flood, where 51.2% of the 1,702 dikes assessed sustained 50 

damage as a result of BEP. These extensive experiences in flood mitigation underscore the criticality 51 

and intricacy of BEP as a hazard in the management of dike systems, highlighting the necessity for 52 

continued research and development in this area. 53 

Contemporary investigations into BEP predominantly evaluate the probability of its occurrence 54 

within FPS structures. Traditional methods for design assessment include Bligh’s approach, 55 

Terzaghi’s technique, and the concept of the blanket method [6][7]. A streamlined analytical 56 

framework offers a method to differentiate critical from non-critical states in the event of localized 57 

impairments on the leeward side of flood protection structures, commonly known as “sand boils” 58 

[8][9]. An evidence-based approach for evaluating the erosion potential within these structures was 59 

developed, leveraging data from a comprehensive analysis of over 1,462 dam embankments [10]. 60 

This approach has significantly enriched our understanding of erosion potential. Further 61 

investigations into the interactions between soil particles beneath dike foundations have led to the 62 

development of improved equations. These equations are instrumental in identifying the pivotal 63 

gradient, substantially advancing our knowledge of Bulkhead Erosion Potential dynamics 64 

[11][12][13]. 65 

In view of the complexity of the phenomenon, several experimental works have been carried 66 

out to quantify the dependence of BEP on the relevant, measurable soil, geometry, and load 67 

parameters. Investigations have been conducted into various aspects, including the erosion 68 

mechanism at the tip of the BEP channel [14], critical gradients, formation of pipes, erosion 69 

mechanisms [15], and the impact of soil particle size, distribution, shape, specific gravity, and flow 70 

at the BEP outlet [16][17][18]. Regarding external factors influencing BEP progression, studies have 71 

examined the effects of particle characteristics, soil structure of the dike foundation, and the 72 

geometry of the BEP channel [19][20][21][22][23]. Concerning hydraulic conditions, the impact of 73 

suddenly applied critical and supercritical hydraulic loads on BEP was scrutinized [24]. Variations 74 

in the erosion mechanism of BEP were noted when differing upstream water head rise rates were 75 

applied [25][26]. Innovative testing methods have been developed for more accurate data 76 

acquisition during BEP development [27], examining the regularity of BEP evolution across 77 

different test specimen sizes. Large-scale backward erosion BEP experiments were undertaken to 78 

explore the relationship between upstream gradient and progression rate, revealing significant pipe 79 

volumes relative to previous laboratory tests and an approximate linear relationship between pipe 80 

length and volume [28]. Field testing along the Mississippi and Waal Rivers measured head loss in 81 

sand boils, comparing the results with predictions from a basic theoretical model. This demonstrated 82 

that head loss is not a constant but varies with grain size, sand boil throat diameter, and flow rate 83 
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[29]. 84 

The capability of predicting the evolution of BEP in FPSs is highly desirable due to the transient 85 

nature of the phenomenon. BEP events are inherently dynamic, influenced by a multitude of factors 86 

that can vary significantly over time and space, making real-time prediction and monitoring essential 87 

for effective flood risk management. Although the experiments clarify the relevance of various 88 

quantities with respect to the evolution of the erosion process, in situ conditions are often very 89 

different from the laboratory environment because of the time and spatial variability of the driving 90 

factors (hydraulic loads, soil properties, seasonality of the water table, presence of localized defects, 91 

and damage). These discrepancies highlight the challenges in extrapolating laboratory findings 92 

directly to real-world scenarios without incorporating adaptive and robust predictive models. To this 93 

end, numerical predictions offer a valuable tool to assess the likelihood of BEP progression, helping 94 

designers and decision makers quantify the health of the systems and plan maintenance accordingly. 95 

Such predictive capabilities are crucial for proactive management, allowing for timely interventions 96 

that can prevent catastrophic failures and optimize resource allocation. The scientific community 97 

has developed a trio of key computational methodologies to address the complexities of predicting 98 

BEP. First, some methods focus on modeling the progression of erosion by improving the 99 

representation of soil conductivity [30][3][31][32][19]. These methods typically involve detailed 100 

characterizations of soil permeability and hydraulic conductivity, enabling more accurate 101 

simulations of water flow and soil particle migration. Second, others have merged the discrete 102 

element method (DEM) with simulations of fluid dynamics [33][34]. This hybrid approach allows 103 

for a granular analysis of soil particle interactions and fluid movements, providing insights into the 104 

microscale processes that drive BEP development. Third, there are sophisticated multiphase models 105 

that simulate changes in particle density due to erosion, based on well-defined constitutive laws and 106 

their influence on fluid flow [35][36][37][38]. These models integrate the complex interactions 107 

between solid and fluid phases, capturing the feedback mechanisms that govern the initiation and 108 

evolution of BEP. By combining these advanced computational techniques, researchers can achieve 109 

a more comprehensive understanding of BEP dynamics, facilitating the development of more 110 

effective mitigation strategies and decision-support tools. 111 

Predicting the evolution of BEP hazards in dikes and discerning their level of danger are critical 112 

yet challenging tasks for frontline flood control personnel [39]. This complexity primarily arises 113 

from the multitude of factors influencing BEP incidents in dikes, making it difficult to judge their 114 

trends based on a single factor. Extensive physical model experiments and numerical simulations 115 

have shown that BEP development, characterized by the migration and reformation of soil particles 116 

in the embankment, does not inevitably lead to dike failure. Dikes often exhibit multiple BEP 117 

occurrences simultaneously during floods, potentially numbering in the hundreds. Implementing 118 

emergency measures on all these instances simultaneously can significantly strain rescue efforts, 119 

with the risk of overlooking critical BEP leading to dike breaches. Prioritizing high-risk BEP 120 

incidents through risk level identification and classification can markedly enhance the efficiency 121 

and scientific approach of emergency interventions. The risk level of BEP can be defined based on 122 

factors such as the rate of soil particle migration, the size and location of the affected area, the 123 

saturation level of the dike, and the historical performance of the dike under similar conditions. 124 

High-risk BEP incidents are those that exhibit rapid progression, affect critical structural points, or 125 

occur in dikes with a history of previous failures under similar conditions. Medium-risk incidents 126 

might show moderate progression or affect less critical areas, while low-risk incidents are those with 127 
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slow progression and occur in non-critical zones. However, the complexity of BEP, combined with 128 

limitations in model scale and boundary conditions in physical experiments and numerical 129 

simulations, often impedes precise identification, leading to scant research on classifying BEP risk 130 

levels. Recently, the application of artificial intelligence has introduced a new paradigm for 131 

addressing complex engineering challenges. Data-driven methods have made some progress in BEP 132 

prediction [3]. This approach leverages multilayer machine learning models for real-time 133 

predictions at the system level and has demonstrated its potential in assessing BEP risks in flood 134 

control infrastructure through a case study. However, research in this area remains limited, 135 

particularly due to the scarcity of case-specific data on BEP incidents. Moreover, the results of data-136 

driven predictive methods based on machine learning are often questioned due to their inherent 137 

uncertainties, which can undermine their credibility. Therefore, quantifying uncertainty and 138 

establishing uncertainty-aware data-driven methods are crucial for enhancing the reliability and 139 

acceptance of these predictive models. 140 

In this study, a methodology for multi-fidelity identification of Bank Erosion Problem (BEP) 141 

risk levels is proposed, incorporating a diverse range of factors influencing BEP incidents and the 142 

availability of dike hazard information. This methodology is further enhanced by the integration of 143 

the Monte Carlo dropout technique to quantify the uncertainty of predictions. Initially, a series of 144 

physical model experiments were conducted based on the current conditions of the dikes in the lower 145 

Yangtze River basin, China, to reveal the evolutionary mechanisms of BEP and quantitatively 146 

analyze the impact of various factors. A database was then established, consisting of abundant but 147 

less precise low-fidelity data from these experiments, and scarce but more accurate high-fidelity 148 

data from engineering cases in the Yangtze River basin. By leveraging the strengths of data with 149 

varying fidelities, a multi-fidelity BEP risk level identification model was trained, incorporating the 150 

Monte Carlo dropout method to evaluate prediction uncertainty. This significantly enhances the 151 

model's robustness and accuracy in real-world applications. 152 

 153 

Fig. 1. Schematic description of the backward erosion piping (BEP). 154 

2. Methodology 155 

2.1. Design of experimental model 156 

Fig. 2 presents the experimental setup conducted on the Yangtze River dike, the subject of our 157 

Dike

Cohesive soil

Sand aquifer

BEP progression

Sand boil

Upstream water level
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investigation. The dike’s substructure is characterized by a dual-layer composition: an upper stratum 158 

of sedimentary clay and a lower stratum of permeable fine sand. The experimental methodology is 159 

executed in a sandbox model, detailed schematically in Fig. 3. Employing a mesoscale model 160 

measuring 60 cm in length, 30 cm in width, and 30 cm in height, the setup is enclosed with a clear 161 

cover plate, which is strategically perforated to accommodate the installation of apparatus for 162 

backward erosion BEP and relief well simulations. Two distinct configurations are prepared: one 163 

for a conventional backward erosion BEP test, as depicted in Fig. 3a, and another incorporating 164 

relief well interventions, as shown in Fig. 3b. The exact dimensions of these configurations are 165 

delineated in Fig. 3c. 166 

 167 

Fig. 2. Schematic figure of dike foundation structure. 168 



6 

 169 

Fig. 3. Schematic figure of test model. 170 

During the experiments, a PPR pipe with a 20 mm diameter outlet, wrapped in a filtration net 171 

and a permeable sponge, simulates the relief well, maintaining a counter-filtration rate consistent 172 

with typical engineering standards at 18%. As demonstrated in Fig. 4, Piezometric tubes are 173 

embedded within the model to track pore water pressure variations during erosion. A turbidity 174 

recorder positioned at the outlet continuously measures turbidity fluctuations, thereby capturing 175 

real-time data on sediment concentration throughout the experiment. 176 
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 177 

Fig. 4. Physical figure of test model. 178 

2.2. Experimental materials and plans 179 

The permeability of surface sedimentary clay is considerably lower than that of the bottom 180 

sand layer. In an effort to bolster the precision of the test outcomes, the clay employed in these 181 

experiments is meticulously sourced from the Yangtze River dike site. This clay, once collected 182 

onsite, undergoes a sequence of drying, crushing, and screening processes. Particles that measure 183 

less than 5mm are designated as test materials, and the samples are subsequently prepared with a 184 

20% water content. For the purpose of these experiments, we use sand originating from the Yangtze 185 

River Basin, which has been comprehensively cleaned. Prior to initiating the sandbox model tests, 186 

both particle analysis and seepage deformation tests are conducted to ascertain the distinctive 187 

characteristics of the test material. Test results indicate that the test material’s median particle size 188 

(d30) is 0.14 mm, while the control particle size (d60) is 0.19 mm. Furthermore, the test material 189 

exhibits a non-uniformity coefficient (Cu) of 1.86, a curvature coefficient (Cc) of 1.01, and a 190 

permeability coefficient (k) of 8.7×10-3 cm·s-1. 191 

Through a systematic analysis of existing literature, we have identified that the density of the 192 

embankment foundation cover layer, thickness of the cover layer, diameter of the BEP, and distance 193 

of the BEP all exert a certain level of influence on BEP. However, there has been limited research 194 

addressing the interface characteristics between the foundation cover layer and the sand layer. In 195 

traditional binary embankment foundations, a mixed transitional layer of soil and sand has gradually 196 

formed at the interface due to years of geological sedimentation and animal activity. Nonetheless, 197 

in some sections of the embankment that have been subject to human intervention, excavation has 198 

disrupted these transitional layers, and subsequent backfilling operations have resulted in distinct 199 

interfaces between the cover and sand layers. Consequently, this paper considers the differences in 200 

geological conditions of the embankment foundation and traditional influencing factors. Given that 201 

a significant portion of the embankments in the Yangtze River basin have been fortified against BEP 202 

through the installation of relief wells, our experimental design also incorporates tests involving 203 

BEP with relief wells. To quantify the impact of various external factors on the risk of collapse due 204 

to BEP under consistent experimental conditions, we have devised a systematic experimental study 205 

drawing upon previous research and engineering characteristics, ultimately conducting 16 sets of 206 

mesoscale physical model experiments as shown in Table 1. 207 

Tabel 1 Experimental plan for BEP. 208 

Number Thickness 

of soil 

Density of 

soil layer 

Thickness of 

soil-sand 

Diameter 

of BEP 

Distance 

of 

Depth of 

relief 

Location of 

relief well 

Numbering of pressure measuring 

tubes: P1 to P9 (from left to right)

P0:Upstream water level

(a) Sink model for piping simulation (b) Sink model with pressure-reducing wells for piping simulation
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layer(cm) (g/cm3) contact 

layer(cm) 

(cm) BEP(cm) well(cm) 

E1 2.5 1.45 0 3 40 \ \ 

E2 5 1.45 0 3 40 \ \ 

E3 10 1.45 0 3 40 \ \ 

E4 5 1.4 0 3 40 \ \ 

E5 5 1.5 0 3 40 \ \ 

E6 5 1.45 2.5 3 40 \ \ 

E7 5 1.45 5 3 40 \ \ 

E8 5 1.45 0 2 40 \ \ 

E9 5 1.45 0 5 40 \ \ 

E10 5 1.45 0 3 30 \ \ 

E11 5 1.45 0 3 50 \ \ 

E12 5 1.45 0 3 40 10 Ahead 10 cm 

(away from the 

dike) 

E13 5 1.45 0 3 40 15 Ahead 10 cm 

(away from the 

dike) 

E14 5 1.45 0 3 40 30 Ahead 10 cm 

(away from the 

dike) 

E15 5 1.45 0 3 40 30 Behand 10 cm 

(closer to the 

dike ) 

E16 5 1.45 0 3 40 30 Beside 10 cm 

2.3. Theoretical background of Multi-fidelity deep neural network surrogate model 209 

(MFDNN) 210 

This subsection details the MFDNN model, which crafts precise responses through the 211 

integration of information from multiple fidelity sources. A critical aspect of multi-fidelity modeling 212 

is the effective utilization of the relationship between low-fidelity and high-fidelity data. In this 213 

approach, auto-regressive method[40] is utilized, as expressed in Equation (1) 214 

( ) ( )H Ly x y x = +  (1) 

where yL and yH denote the low-fidelity and high-fidelity data, respectively; ρ(x) is a scaling factor 215 

that quantifies the correlation between, yH, yL and δ is the corresponding noise. This approach is 216 

capable of yielding satisfactory outcomes when managing the linear correlation present between 217 

data of low and high fidelity. To effectively capture the nonlinear correlation between low- and high-218 

fidelity data, an enhanced autoregressive scheme is employed, as described in Equation (2): [41] 219 

( ) ( ), (1 ) ,H l H L nl H Ly F x y F x y = + − , [0,1]   (2) 
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 220 

Fig. 5. Architecture of the MFDNN. 221 

Fig. 5 illustrates the architecture of a Multi-Fidelity Deep Neural Network (MFDNN). This 222 

innovative network architecture capitalizes on data from two distinct fidelity levels: low-fidelity 223 

(NNL) and high-fidelity (NNH) [42]. The development of this multi-fidelity neural network draws 224 

inspiration from Bayesian methods, optimizing the integration of both low- and high-fidelity data 225 

to enhance model performance. Initially, the network trains a preliminary prediction model LL(x) with 226 

a dataset of low-fidelity (xL, yL). Following this, it processes high-fidelity input data (xH) through a 227 

dedicated branch (NNH1). In parallel, another branch (NNH2) synthesizes the output yL from the low-228 

fidelity model with the high-fidelity input, facilitating a sophisticated fusion of data. This branching 229 

mechanism enables the seamless integration of predictions from the low-fidelity model with direct 230 

high-fidelity inputs, significantly enhancing prediction accuracy. Moreover, the architecture 231 

innovatively combines high-fidelity input data xH with the low-fidelity model’s output yHL to create 232 

an extended vector xeH . This vector serves as the foundation for training a subsequent high-fidelity 233 

prediction model LH(Xe). A learned fusion parameter α merges the outputs from the two high-fidelity 234 

models, yielding the ultimate high-fidelity output yH. This fusion strategy not only uncovers the 235 

inherent relationships between low- and high-fidelity data but also empowers the model to master 236 

data interactions through adaptive learning, moving beyond the limitations of fixed, static equations. 237 

Additionally, the model incorporates a unique expansion vector xeL to derive more precise 238 

predictions yLH for low-fidelity data points xL. By enhancing the low-fidelity data and integrating it 239 

with high-fidelity data for further training, the network achieves remarkable accuracy in predicting 240 

combined multi-fidelity data. The integration of Bayesian methods allows for the adaptive 241 

adjustment of model parameters by updating probability distributions based on observed data, 242 

ensuring robust predictions despite data fidelity variability. The auto-regressive scheme initially 243 

uses ordinary least squares (OLS) to estimate baseline parameters, followed by iterative 244 

optimization techniques such as gradient descent or the Levenberg-Marquardt algorithm to refine 245 

scaling factors and noise parameters, minimizing prediction errors. The enhanced auto-regressive 246 

scheme incorporates non-linearities through polynomial regression or kernel methods, further 247 

optimized using backpropagation to update neural network weights and biases. Cross-validation 248 

techniques are employed throughout the training process to prevent overfitting and ensure 249 
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generalization to unseen data, with final model parameters selected based on validation dataset 250 

performance. 251 

This advanced multi-fidelity modeling approach significantly boosts the model's performance 252 

and reliability, enabling optimal utilization of available data resources while ensuring high 253 

prediction accuracy [43][44]. The loss function typically involves a term for the discrepancy 254 

between the predicted high-fidelity output yH and the true high-fidelity data, often using coefficient 255 

of determination (R²), mean absolute error (MAE), mean squared error (MSE), root mean squared 256 

error (RMSE) , and the mean absolute percentage error (MAPE) is calculated as shown in Equations 257 

(3)~(7).  258 

( )

( )

2

, ,2 1

2

, ,1

1

N

H i H ii

N

H i H ii

y y

y y

R
=

=

−

−

= −



 (3) 

, ,

1
1 H i H iy y

NMAE iN
−= =  (4) 

( ), ,

21
1 H i H i

NMSE y yiN
= −=  (5) 

( ), ,

21
1 H i H i

NRMSE y yiN
= −=  (6) 

, ,

1
,

1 N H i H i

i
H i

y y

N y
MAPE

=

−
=   (7) 

 259 

Where N is the number of data points;  yH,i  is the true high-fidelity output for the ith  data point 260 

and 𝑦̂𝐻,𝑖 is the predicted high-fidelity output from the model,𝑦𝐻,𝑖 is the average of the true values. 261 

2.4. Monte Carlo dropout for uncertainty estimation in deep learning model 262 

Monte Carlo Dropout (MCD) is a sophisticated technique that quantifies the uncertainty in 263 

neural network predictions, drawing on Bayesian inference principles [45]. It leverages dropout not 264 

merely as a regulariser but also as a strategic means to approximate the posterior distribution of the 265 

network weights. During the training phase, dropout is employed to selectively and randomly 266 

deactivate subsets of neurons, thereby crafting a progressively refined network at each iteration. 267 

This introduction of randomness helps to mitigate the risk of overfitting by preventing the co-268 

adaptation of neurons [46]. For prediction and uncertainty quantification, MCD uniquely applies 269 

dropout during the inference phase, allowing the network to engage in multiple stochastic forward 270 

passes. This approach deviates from the typical practice of disabling dropout post-training. As a 271 

result of the stochastic neuron exclusion, each forward pass culminates in a distinct prediction set, 272 

tantamount to sampling from the approximate posterior distribution. Collating these varied 273 

predictions yields not a single deterministic output but a robust probabilistic distribution. The 274 

variance within this distribution is indicative of the prediction’s uncertainty; a higher variance 275 

signals increased uncertainty and, conversely, decreased confidence in the model's outputs. Thus, 276 

MCD enhances the predictive power of neural networks by providing a nuanced, probabilistic 277 

framework for understanding and articulating forecast uncertainty. By integrating MCD, our model 278 

becomes uncertainty-aware, allowing for more reliable and informative predictions that account for 279 

the inherent uncertainties in the data. This uncertainty-aware approach is crucial for improving the 280 

robustness and credibility of our predictive models, particularly in the context of risk assessment 281 
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and emergency response in flood control systems. 282 

The MCD technique starts by employing dropout during the training phase, which involves 283 

randomly deactivating neurons in the network to prevent overfitting and ensure that the model 284 

generalizes well to unseen data. During the inference phase, unlike typical dropout applications 285 

where dropout is turned off, MCD keeps dropout active to perform multiple stochastic forward 286 

passes. Each pass generates a different subset of active neurons, producing a distinct output. By 287 

aggregating these outputs, we obtain a probabilistic distribution rather than a single deterministic 288 

prediction. This probabilistic approach measures uncertainty by calculating the variance among the 289 

predictions; higher variance indicates higher uncertainty, thus providing insights into the confidence 290 

level of the model’s predictions. By incorporating MCD, our model is enhanced to handle 291 

uncertainty more effectively, making it particularly valuable for applications in risk assessment 292 

where understanding the confidence and reliability of predictions is essential. 293 

2.5. Implementation process of uncertainty-aware multi-fidelity deep learning method 294 

This research details the key steps involved in implementing the multi-fidelity deep neural 295 

network (MFDNN) combined with Monte Carlo (MC) to achieve uncertainty-aware multi-fidelity 296 

deep learning. 297 

First, in the data preprocessing phase, we collected a large amount of experimental data and 298 

high-quality on-site BEP case data, serving as low-fidelity and high-fidelity data, respectively. The 299 

low-fidelity data consists of abundant laboratory data, which, although of lower accuracy, is 300 

plentiful in quantity. The high-fidelity data, on the other hand, is collected from on-site case studies, 301 

which is highly accurate despite being limited in quantity. We utilized the Scikit-learn library to 302 

standardize these data, ensuring consistency in input data. 303 

In the model architecture design, we used the TensorFlow framework to construct the MFDNN 304 

model. The low-fidelity network (LL) is used for initial predictions and comprises an input layer 305 

and two fully connected layers (with 64 and 32 neurons, respectively). After each fully connected 306 

layer, a 50% Dropout layer is added to prevent overfitting. The high-fidelity networks (NNH1 and 307 

NNH2) are more complex, handling high-fidelity data and fused data, respectively. Each network 308 

includes an input layer and two fully connected layers (with 128 and 64 neurons, respectively), 309 

followed by a 50% Dropout layer after each fully connected layer to improve prediction accuracy. 310 

The low-fidelity data, being abundant but less accurate, allows the model to use fewer neurons to 311 

avoid overfitting, making computation more efficient. Conversely, high-fidelity data, being scarce 312 

but highly accurate, requires more neurons to capture subtle differences and complex features in the 313 

data, thus enhancing prediction accuracy. The high-fidelity networks need a more complex structure 314 

to fully utilize the high-precision data, thereby improving performance and reliability in the overall 315 

fused model. 316 

During the training process, we first trained the low-fidelity model using the Adam optimizer 317 

and mean squared error (MSE) loss function. Then, we combined the output of the low-fidelity 318 

model with the high-fidelity input data to form an extended vector, which was used to train the high-319 

fidelity model. In the inference phase, we kept the Dropout layers active and performed multiple 320 

stochastic forward passes to generate a series of prediction results. We assessed the model's 321 

uncertainty by calculating the mean and variance of these predictions. 322 

To quantify uncertainty and achieve uncertainty-aware functionality, we customized the 323 

Dropout layer to remain active during inference, performing multiple stochastic forward passes to 324 
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generate a series of prediction results. This approach forms a probability distribution used to 325 

quantify uncertainty. Finally, we evaluated the model’s uncertainty by calculating the mean and 326 

variance of the prediction results and assessed model performance using metrics such as R², MAE, 327 

MSE, RMSE, and MAPE. 328 

2.6. Research framework 329 

The research commences by amalgamating high-fidelity data from on-site case monitoring and 330 

contrasting this with low-fidelity observations derived from physical experimental models. This 331 

combined dataset informs the development and refinement of the Multi-Fidelity Deep Neural 332 

Network (MFDNN), which assimilates risk assessments leveraging both sets of data, bolstered by 333 

strategic enrichment of low-fidelity samples. To encapsulate the uncertainty of predictions and 334 

facilitate the digital management of dike disasters, the MFDNN is further augmented with a Monte 335 

Carlo Dropout (MCD) layer. This layer acts during both the training and predictive phases, enabling 336 

the network to estimate the uncertainty associated with its predictions through stochastic forward 337 

passes. By incorporating MCD, the MFDNN becomes uncertainty-aware, providing a quantitative 338 

measure of predictive uncertainty and enhancing the digitalization of risk management with a 339 

probabilistic assessment of BEP risks. The MFDNN, empowered by Bayesian optimization, 340 

undergoes iterative enhancements until its forecasts correlate with the high-fidelity data, leading to 341 

improved convergence and elevated predictive precision. This advancement marks a significant leap 342 

in the accurate identification of BEP risks in dikes, contributing to the advancement of digital 343 

disaster management strategies. The enhanced research framework, inclusive of the MCD 344 

component for uncertainty quantification, is depicted in Fig 6. 345 

 346 
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 347 

Fig. 6. Framework of the research. 348 

3. Results 349 
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Fig. 7~9 encapsulates the intricate interactions between hydraulic gradients, flow dynamics, 351 
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and suggesting a more imminent risk of dike failure. According to the data, relief wells have a 366 

significant impact on the development of BEP. Deeper wells correlate with lower gradients and thus 367 

play a role in impeding the formation and growth of BEP. BEP that occur outside the relief wells 368 

(positioned away from the dike) exhibit a higher gradient, resulting in a greater resistance to erosion. 369 

Conversely, BEP observed within the relief wells (located closer to the dike) demonstrate a lower 370 

gradient, which corresponds to a higher risk factor. Combining the insights from hydraulic gradients, 371 

flow rates, and turbidity patterns reveals a comprehensive picture of the conditions conducive to 372 

BEP. These findings underscore the necessity of considering the overlying layer’s density and 373 

thickness, the interface quality, the relief wells’ positioning, and the physical characteristics of the 374 

piping itself when assessing the risk of BEP. 375 

After conducting a detailed analysis of 16 sets of backward erosion BEP physical model 376 

experiments, this research observed some regular and similar phenomena during the development 377 

of BEP. Taking the phenomena of one set of experiments (E1) as shown in Fig. 10 as an example, 378 

our analysis is as follows: In the initial stages of BEP, its development is relatively slow, with clear 379 

water flow and only a small amount of sediment being flushed out, as shown in Fig. 10 (A). As the 380 

water level gradually rises, the BEP enters a rapid development phase, where the sediment content 381 

at the BEP outlet significantly increases, and the flow rate also increases accordingly, as revealed in 382 

Fig. 10 (B) and (C). When the BEP is about to penetrate the dike, the flow rate and sediment content 383 

at the outlet sharply rise, making the BEP phenomena extremely intense, as demonstrated in Fig. 10 384 

(D). The condition of the BEP channels after destruction is illustrated in Fig. 10 (E) and (F). Based 385 

on these observations, we can classify the risk levels of BEP into three stages: slow development, 386 

rapid development, and imminent destruction. In the slow development stage, BEP is relatively mild 387 

with weak destructiveness and lower risk; during the rapid development stage, the intensity of water 388 

and sand ejection increases, enhancing its destructiveness; in the stage nearing destruction, BEP 389 

become extremely severe, posing the highest risk of causing dike failure. 390 
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 391 

Fig. 7. Hydraulic gradient variation law in BEP experiments. 392 
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 393 

Fig. 8. Flow rate variation law in BEP experiments. 394 
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 395 

Fig. 9. Turbidity variation law in BEP experiments. 396 

 397 

Fig. 10. The phenomenon of BEP experiments (E1). 398 
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3.2. Correlation analysis of factors affecting BEP  399 

With numerous factors influencing BEP risk, identifying those with high correlation is crucial. 400 

The structural equation model excels in pinpointing factors with significant correlation, essential for 401 

determining the various elements impacting BEP risk. Based on experimental data, this study 402 

developed a structural equation model to explore the relationships between upstream water level, 403 

BEP outlet flow rate, turbidity at the BEP outlet, thickness and density of the covering soil layer, 404 

characteristics of the soil-sand contact surface, BEP diameter, distance of BEP occurrence from 405 

upstream, depth of relief wells, and their location, and the risk levels of BEP. As depicted in Fig. 11, 406 

the structural equation model shows that the BEP risk level is influenced by multiple environmental 407 

and engineering parameters. The upstream water level significantly positively affects the flow rate 408 

(0.727), which in turn significantly impacts turbidity (0.817). These factors notably influence the 409 

BEP risk level, with upstream water level and BEP outlet turbidity positively correlated with the 410 

BEP risk level, while BEP outlet flow rate is negatively correlated. The thickness of the soil-sand 411 

contact surface, density, and thickness of the covering soil layer are negatively correlated with BEP 412 

risk level, with notable impacts from the soil-sand contact surface thickness (-0.152) and covering 413 

soil layer density (-0.272). The distance of BEP occurrence from the dike base negatively correlates 414 

with BEP risk level and is significantly impactful, while the diameter of BEP (Diameter of BEP) 415 

has a lower correlation (0.187) but remains an important factor. The positive correlation (0.232) 416 

between the depth of the relief well and risk level, and the slight negative impact (-0.006) of the 417 

relief well location on risk level, indicate that the configuration of relief wells affects BEP risk level, 418 

with depth having a more pronounced impact than location. 419 

 420 

Fig.11 The structural equation model visualizes the relationship of factors affecting BEP. The 421 

dotted and solid lines are insignificant and significant effects. The level of significance is 422 

denoted by *p < 0.05, **p < 0.01, and ***p < 0.001. Numbers above the arrow line indicate 423 

correlation. The black and red lines represent positive and negative correlations. 424 

Given the challenges in measuring and recording certain factors in actual embankment 425 

engineering projects, this study strives to harness the full potential of the BEP case dataset to 426 

establish a viable BEP risk level identification model. The research involved a critical analysis of 427 

the factors influencing BEP risk levels, streamlining them based on their significance to formulate 428 

a pragmatic index system. This system encompasses BEP hazard characteristics, water level features, 429 
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and the intrinsic conditions of embankment projects. 430 

Specifically, BEP hazard characteristics include variables such as the proximity of the BEP 431 

incident point to the bank base, the diameter of the BEP, and the turbidity at the BEP outlet. Water 432 

level characteristics pertain to the levels in front of the embankment, while the embankment 433 

conditions cover aspects like the geological state of the embankment foundation, the caliber of 434 

foundational construction, and existing engineering measures, including the implementation of 435 

pressure relief wells. Although turbidity at the BEP outlet can be quantified in experimental setups, 436 

corresponding monitored values in case data are often absent. Hence, turbidity has been categorized 437 

into four evaluative criteria: clear, light sand, heavy sand, and turbulent sand discharge, based on a 438 

synthesis of experimental observations and turbidity readings. While experimental data indicate that 439 

the depth of relief wells influences the BEP risk level, the precise parameters of these wells are 440 

typically not logged in the engineering datasets. Consequently, the model accounts for the presence 441 

of relief wells as part of the embankment's inherent conditions. Moreover, the thickness and density 442 

of the experimentally established covering layer serve as proxies for construction quality. These 443 

factors are integrated and stratified into five levels that align with the dike grade classifications 444 

documented in the BEP cases. Lastly, the thickness of the soil-sand mixture contact layer in the 445 

embankment foundation is adopted as an evaluative metric for the geological conditions of the 446 

foundation, which is also recorded in the actual BEP case repository. 447 

3.3. Multi-Fidelity model parameter settings 448 

In this study, a MFDNN model was designed and implemented, focusing on accurately 449 

identifying and assessing the risk levels of BEP in dikes. Uniquely, this model integrates two input 450 

layers, one for low-fidelity (LF) indoor experimental data and the other for high-fidelity (HF) field 451 

case data. Each input layer consists of 7 nodes that precisely map key characteristics like BEP 452 

diameter, distance of BEP, upstream water level, geological conditions, dike quality, and the 453 

presence of mitigation measures. The output of the model is the risk level of BEP, categorized into 454 

three levels based on regular conclusions obtained from experiments and records of on-site BEP 455 

cases: low risk, medium risk, and high risk. These risk levels are then labeled within the dataset. 456 

The architecture of the model further includes three hidden layers, with the first two layers 457 

each equipped with 64 neurons, and the third layer fitted with 32 neurons. All these layers employ 458 

the ReLU activation function as shown in Equation (8), which enhances the model’s non-linear 459 

learning capability and helps prevent the issue of gradient vanishing, enabling the network to capture 460 

more complex feature patterns. 461 

( ) ( )max 0,f x x=  (8) 

The core fusion layer F employs a weighted average strategy, as shown in Equation (9), to integrate 462 

information from the two different fidelity data sources. In the equation, α is a predefined 463 

hyperparameter, whose value is adjusted based on the reliability and relevance of the data sources. 464 

This adjustment is made to balance the contributions of low-fidelity and high-fidelity data to the 465 

final prediction. The output layer consists of three neurons and utilizes the softmax function as 466 

shown in Equation (10) to output the probability distribution of risk levels. This enables effective 467 

classification into three risk categories: low risk, medium risk, and high risk. 468 

( ) ( ) ( )1LF LF HF HFF NN X NN X =  + −   (9) 
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3.4. Application and evaluation of MFDNN in BEP risk level recognition 469 

To further validate the efficacy of this model in identifying embankment erosion problems 470 

(BEP), this study collected 241 sets of BEP risk data from actual Yangtze River embankment 471 

sections. Among these, 161 data sets were chosen as training samples, with the remaining 80 472 

designated for validation. The research followed these steps: firstly, seven key influencing factors 473 

were selected as model inputs, with BEP risk level designated as the model output. Risk levels were 474 

categorized into three tiers: level 1 for low risk, level 2 for medium risk, and level 3 for high risk. 475 

The model was trained using the training samples to establish non-linear relationships between input 476 

factors and risk level outputs. Subsequently, the model made predictions on both training and 477 

validation samples. Comparison between predicted and actual risk levels, as illustrated in Fig. 12, 478 

demonstrated superior performance of the model on the training set compared to the validation set. 479 

This disparity is primarily attributed to the model being finely tuned to the training data during its 480 

learning process, rendering it more adept at handling such data. On the validation set, the model 481 

exhibited a coefficient of determination (R²) value of 0.89, Mean Absolute Error (MAE) of 0.15, 482 

Mean Squared Error (MSE) of 0.08, and Root Mean Squared Error (RMSE) of 0.28, indicative of 483 

its high predictive accuracy. 484 

Fig. 13(a)(b) illustrates the results obtained through the application of the Monte Carlo Dropout 485 

technique to evaluate uncertainty distribution across various risk levels within both the training and 486 

test datasets. In the figure, we use standard deviation to represent the uncertainty score. The 487 

uncertainty score quantifies the level of uncertainty or variability in the data, with a higher standard 488 

deviation indicating greater uncertainty. In the training dataset, there is a consistent uncertainty 489 

distribution among low, medium, and high risk levels, characterised by tightly clustered medians 490 

and moderate interquartile ranges indicating a similar spread of uncertainty scores within each risk 491 

category. However, in the test dataset, a notable trend emerges. The median uncertainty scores for 492 

low and medium-risk levels are significantly lower compared to those for high-risk levels. This 493 

trend is emphasized by the wider dispersion of uncertainty scores for high-risk levels, as indicated 494 

by their extended range and interquartile width. These findings suggest a heightened difficulty in 495 

accurately predicting high-risk events compared to low-risk events, likely due to the complexity of 496 

high-risk scenarios or limited data availability. By employing an uncertainty-aware approach 497 

through Monte Carlo Dropout, our model can better account for the variability and unpredictability 498 

inherent in the data, providing more reliable and informative predictions. This uncertainty-aware 499 

methodology highlights the challenges in predicting high-risk scenarios and underscores the 500 

importance of incorporating uncertainty quantification in risk assessment models. 501 

Fig. 14(c)(d) depicts a scatter plot illustrating the relationship between the maximum predicted 502 

probability and uncertainty score. As the maximum prediction probability increases, signaling 503 

heightened confidence in a specific prediction, the corresponding uncertainty score gradually 504 

diminishes. This observed trend holds true across both datasets, underscoring the efficacy of the 505 

Monte Carlo dropout technique in delivering predictive certainty. Predictions characterized by high 506 

model confidence display minimal uncertainty, whereas those with lower forecast probabilities 507 

exhibit higher levels of uncertainty. In Fig. 14(a), the prediction outcomes from the training set 508 
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exhibit a conspicuous inverse correlation between the maximum prediction probability and 509 

uncertainty score. Meanwhile, Fig. 14(b) portrays darker points denoting outliers in the test set, 510 

suggesting that the uncertainty within the test set's prediction outcomes surpasses that of the training 511 

set, aligning with anticipated outcomes. Analysis of prediction uncertainty underscores potential 512 

areas necessitating additional training data or further refinement of the model. 513 

 514 

Fig. 12. Prediction results by MFDNN. 515 
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 516 

Fig. 13. Results of uncertainty-aware evaluation. 517 

4. Discussion 518 

4.1. Influence of different model 519 

The study conducted a comparative analysis of the performance of MFDNN against other 520 

prominent machine learning techniques in terms of predictive accuracy. Each model was trained 15 521 

times, and the results were subjected to statistical analysis using standard errors to reflect the 522 

reliability and statistical significance of the computed results. As depicted in Table 2, we conducted 523 

a comprehensive assessment of various models using key statistical metrics such as R², MAE, MSE, 524 

RMSE, and MAPE on both the training and test sets. The results presented are the averages of 15 525 

repeated experiments. The MFDNN demonstrated superior performance across all evaluation 526 

metrics on the test set. It achieved an R² value of 0.88, surpassing the artificial neural network (ANN) 527 

with an R² of 0.85, the support vector machine (SVM) with an R² of 0.86, the random forest (RF) 528 

with an R² of 0.78, and the K nearest neighbor (KNN) method with an R² of 0.84. The MFDNN also 529 

recorded the lowest mean absolute error (MAE) of 0.15, indicating a higher accuracy in predictions 530 

compared to ANN (0.21), SVM (0.23), RF (0.19), and KNN (0.26). Furthermore, the MFDNN 531 

achieved the lowest mean squared error (MSE) at 0.09, significantly lower than ANN (0.14), SVM 532 

(0.15), RF (0.12), and KNN (0.17). Its root mean square error (RMSE) was 0.27, and the mean 533 

absolute percentage error (MAPE) was 0.19, both of which were the lowest among all models tested. 534 
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These results underscore MFDNN’s robust generalization capability and its effectiveness in 535 

minimizing prediction errors when applied to unseen data. 536 

Fig. 14 and 15 provide a visual comparison of the performance of various models on the 537 

training and test sets, respectively. Both figures display key statistical metrics including R², MAE, 538 

MSE, RMSE, and MAPE, with T-shaped error bars indicating the variability in each metric. In Fig. 539 

14, which illustrates the training set performance, the MFDNN shows the highest R² value at 0.92, 540 

significantly outperforming other models such as ANN (0.87), SVM (0.89), RF (0.85), and KNN 541 

(0.89). The MFDNN also achieves the lowest MAE (0.07), MSE (0.03), RMSE (0.13), and MAPE 542 

(0.11), highlighting its superior accuracy and consistency during training. Fig. 15 depicts the 543 

performance of the test set. The MFDNN continues to lead with an R² value of 0.88, outperforming 544 

ANN (0.85), SVM (0.86), RF (0.78), and KNN (0.84). It also records the lowest MAE (0.15), MSE 545 

(0.09), RMSE (0.27), and MAPE (0.19), demonstrating its robust generalization capability and 546 

effectiveness in minimizing prediction errors on unseen data. 547 

Fig. 16 and 17 provide a detailed box plot comparison of the performance metrics for various 548 

models on the training and test sets, respectively. Each box plot illustrates the distribution of critical 549 

statistical metrics, including R², MAE, MSE, RMSE, and MAPE, with dual Y-axes to accommodate 550 

the different scales of these metrics. In Fig. 16, which represents the training set performance, the 551 

MFDNN displays the highest median R² value, close to 0.92, with relatively narrow interquartile 552 

ranges for MAE, MSE, RMSE, and MAPE, indicating consistent performance across multiple runs. 553 

The MFDNN’s MAE, MSE, RMSE, and MAPE values are all lower compared to other models such 554 

as ANN, SVM, RF, and KNN, underscoring its accuracy and reliability during training. Fig. 17 555 

shows the performance metrics on the test set. Here, the MFDNN also stands out with a median R² 556 

value of around 0.88, higher than ANN, SVM, RF, and KNN. The box plots for MFDNN reveal 557 

lower and more compact distributions for MAE, MSE, RMSE, and MAPE, highlighting its 558 

robustness and minimal prediction errors on unseen data. The other models exhibit more 559 

comprehensive interquartile ranges and higher median values for these error metrics, suggesting 560 

more variability and less accuracy in their predictions compared to MFDNN. 561 

Tabel 2 Comparison of recognition accuracy in different model. 562 

Model 
Training set Testing set 

R2 MAE MSE RMSE MAPE R2 MAE MSE RMSE MAPE 

MFDNN 0.92 0.07 0.03 0.13 0.11 0.88 0.15 0.09 0.27 0.19 

ANN 0.87 0.09 0.05 0.21 0.16 0.85 0.21 0.14 0.36 0.25 

SVM 0.89 0.09 0.07 0.27 0.24 0.86 0.23 0.15 0.36 0.28 

RF 0.85 0.12 0.08 0.25 0.18 0.78 0.19 0.12 0.34 0.25 

KNN 0.89 0.11 0.07 0.34 0.21 0.84 0.26 0.17 0.42 0.26 

 563 



24 

 564 

Fig. 14. Training set performance metrics for various models.565 

 566 

Fig. 15. Testing set performance metrics for various models. 567 

 568 

Fig. 16. Training set performance metrics box plot for various models. 569 
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 570 

Fig. 17. Testing set performance metrics box plot for various models. 571 

4.2. Influence of high-fidelity data’s percentage 572 

In this study, we delve into the efficacy of MFDNN models augmented by high-fidelity data 573 

across various scales. Each model was trained 15 times, and the results were then analyzed 574 

statistically, with standard errors calculated to reflect the reliability and statistical significance of the 575 

findings. Referencing Table 3, we scrutinize the cognitive accuracy of the model on both the training 576 

and test sets, employing pivotal statistical metrics including R², MAE, MSE, RMSE, and MAPE. 577 

The results presented are the averages of 15 repeated experiments. Our findings reveal a notable 578 

enhancement in model performance as the proportion of high-fidelity data increases within the 579 

training set. Particularly noteworthy is the substantial leap in R² value observed when the high-580 

fidelity data proportion reaches 30%, soaring from 0.85 with solely low-fidelity data (0% high-581 

fidelity data) to 0.91. This trend persists on the test set, as evidenced by the escalation in MFDNN’s 582 

R² value from 0.79 to 0.89 with the augmentation of high-fidelity data, underscoring the pivotal role 583 

of high-fidelity data in bolstering the model’s generalization prowess. The MAE, MSE, RMSE, and 584 

MAPE metrics also show consistent improvements with increasing high-fidelity data, reinforcing 585 

the effectiveness of high-fidelity data in enhancing overall model accuracy and reliability. 586 

Fig. 18 and 19 provide a comprehensive analysis of the model’s performance across different 587 

proportions of high-fidelity data in both training and test sets. T-shaped error bars represent key 588 

statistical metrics, including R², MAE, MSE, RMSE, and MAPE. In Fig. 18, which displays the 589 

training set metrics, the MFDNN demonstrates the highest R² value at 0.92. The model with 30% 590 

high-fidelity data shows a marked improvement, achieving an R² of 0.91, an MAE of 0.09, an MSE 591 

of 0.07, an RMSE of 0.13, and a MAPE of 0.13. As the proportion of high-fidelity data increases 592 

from 0% to 30%, there is an apparent enhancement in performance, indicated by the decreasing 593 

error metrics and increasing R² values. Fig. 19 illustrates the performance on the test set, where the 594 

MFDNN again outperforms other models across all metrics. With 0% high-fidelity data, the R² value 595 

is 0.79, which rises significantly to 0.89 when the high-fidelity data proportion reaches 30%. 596 

Correspondingly, the error metrics show a consistent decline, with the model achieving an MAE of 597 

0.18, an MSE of 0.12, an RMSE of 0.30, and a MAPE of 0.21 at 30% high-fidelity data, showcasing 598 

its superior performance in minimizing prediction errors. 599 

Fig. 20 and 21 provide a detailed box plot comparison of the model’s performance metrics 600 
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across different proportions of high-fidelity data. In Fig. 20, representing the training set, the 601 

MFDNN shows consistently high performance with the highest median R² value close to 0.92. The 602 

box plots reveal a clear trend: as the proportion of high-fidelity data increases, the error metrics 603 

generally decrease, indicating improved model accuracy and stability. Fig. 21 depicts the test set 604 

performance, showing that the inclusion of high-fidelity data enhances model performance. The 605 

MFNN with 30% high-fidelity data achieves the highest median R² value of 0.89, along with the 606 

lowest error metrics. The model’s performance improves markedly from an R² of 0.79 with 0% 607 

high-fidelity data, underscoring the importance of high-fidelity data in enhancing the model's 608 

generalization capabilities and reducing prediction errors on unseen data. 609 

Tabel 3 Comparison of recognition accuracy in different high-fidelity data’s percentage. 610 

Model Training set Testing set 

R2 MAE MSE RMSE MAPE R2 MAE MSE RMSE MAPE 

MFDNN 0.92 0.07 0.03 0.13 0.11 0.88 0.15 0.09 0.27 0.19 

0 0.85 0.11 0.12 0.15 0.16 0.79 0.27 0.19 0.34 0.35 

10% 0.89 0.12 0.08 0.17 0.18 0.84 0.25 0.16 0.33 0.25 

20% 0.88 0.10 0.09 0.15 0.16 0.87 0.22 0.14 0.35 0.26 

30% 0.91 0.09 0.07 0.13 0.13 0.89 0.18 0.12 0.30 0.21 

 611 

 612 

Fig. 18. Training set performance metrics for different proportions of high-fidelity data. 613 
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 614 

Fig. 19. Testing set performance metrics for different proportions of high-fidelity data. 615 

 616 

Fig. 20. Box plot of training set performance metrics for different proportions of high-617 

fidelity data. 618 

 619 

Fig. 21. Box plot of testing set performance metrics for different proportions of high-fidelity 620 
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data. 621 

5. Conclusions 622 

In this study, confronted with the challenge of limited availability of high-fidelity data, we 623 

propose a multi-fidelity approach utilizing deep learning algorithms to develop an accurate data-624 

driven prediction model for assessing piping risk levels. By utilizing a combination of extensive 625 

experimental data and a smaller set of high-quality field BEP case data, we introduce an innovative 626 

MFDNN model tailored for evaluating BEP risk levels. The model's effectiveness is validated 627 

against a test set, demonstrating its capability to accurately identify BEP risk levels influenced by 628 

various factors. 629 

To further validate the feasibility of our approach, we comprehensively compare the 630 

performance of our multi-fidelity model with models relying solely on extensive or limited high-631 

fidelity data, as well as models lacking enhanced multi-fidelity data. Results indicate a significant 632 

improvement in prediction accuracy with our method compared to traditional models trained on 633 

multi-fidelity data. Additionally, our study delves into the key factors influencing model 634 

performance, including machine learning algorithm selection and the proportion of high-fidelity 635 

data. Notably, the proportion of high-fidelity data is found to have a substantial impact on model 636 

performance, while the choice of machine learning algorithm plays a lesser role. 637 

Overall, the multi-fidelity deep learning model proposed in this study performs excellently in 638 

predicting piping risk levels, particularly in scenarios with limited high-fidelity data. Beyond 639 

enhancing prediction accuracy, this model provides a robust tool for identifying high-risk scenarios, 640 

which is vital for engineering safety management and the development of emergency response plans. 641 

This research not only contributes to the theoretical understanding of multi-fidelity modelling but 642 

also offers practical solutions for real-world engineering challenges. By integrating advanced 643 

computational techniques with practical applications in dike safety and flood management, our 644 

study aligns with the journal's objectives of advancing knowledge in the field of flood control and 645 

engineering safety. Future research will focus on refining the model structure, extending its 646 

application in real-world engineering contexts, and exploring automated hyperparameter tuning 647 

methods to achieve more efficient and accurate risk assessment. 648 

CRediT authorship contribution statement 649 

Hongchen Liu: Conceptualization, Methodology, Software, Investigation, Formal 650 

analysis, Writing – original draft, Writing – review & editing. Huaizhi Su: Supervision, 651 

Resources, Software, Funding acquisition. Jiaquan Yang: Conceptualization, Methodology, 652 

Visualization. Haijiang Li: Software, Writing – review & editing. 653 

Declaration of Competing Interest 654 

The authors declare that they have no known competing financial interests or personal relationships 655 

that could have appeared to influence the work reported in this paper. 656 

Data availability 657 

Data will be made available on request. 658 



29 

Acknowledgments 659 

This research has been partially supported by the National Natural Science Foundation of China 660 

(SN: 52239009, 51979093), the Postgraduate Research & Practice Innovation Program of Jiangsu 661 

Province (SN: KYCX22_0656), the National Key Research and Development Program of China 662 

(SN: 2019YFC1510801), the fund of National Key Laboratory of Water Disaster Prevention (SN: 663 

524015242) and the Fundamental Research Funds for the Central Universities (SN: B240201028, 664 

2019B69814). 665 

References 666 

[1] M. Foster, R. Fell, M. Spannagle, The statistics of embankment dam failures and accidents, Canadian 667 

Geotechnical Journal 37 (2000) 1000–1024. https://doi.org/10.1139/t00-030. 668 

[2] K.S. Richards, K.R. Reddy, Critical appraisal of piping phenomena in earth dams, Bulletin of Engineering 669 

Geology and the Environment 66 (2007) 381–402. https://doi.org/10.1007/s10064-007-0095-0. 670 

[3] A. Fascetti, C. Oskay, Multiscale modeling of backward erosion piping in flood protection system 671 

infrastructure, Computer-Aided Civil and Infrastructure Engineering 34 (2019) 1071–1086. 672 

https://doi.org/10.1111/mice.12489. 673 

[4] P. Sige, R.J. D, Measuring Critical Gradients for Soil Loosening and Initiation of Backward Erosion-Piping 674 

Mechanism, Journal of Geotechnical and Geoenvironmental Engineering 146 (2020) 04020069. 675 

https://doi.org/10.1061/(ASCE)GT.1943-5606.0002277. 676 

[5] V. VAN BEEK, A. BEZUIJEN, H. SELLMEIJER, Backward Erosion Piping, in: Erosion in Geomechanics 677 

Applied to Dams and Levees, Wiley, 2013: pp. 193–269. https://doi.org/10.1002/9781118577165.ch3. 678 

[6] K. Terzaghi, R.B. Peck, G. Mesri, Soil mechanics in engineering practice, John wiley & sons, 1996. 679 

[7] Y. Xiao, H. Pan, G. Luo, Modelling of flow in backward erosion pipes, Geomechanics for Energy and the 680 

Environment 35 (2023) 100476. https://doi.org/10.1016/j.gete.2023.100476. 681 

[8] H. Sellmeijer, J.L. de la Cruz, V.M. van Beek, H. Knoeff, Fine-tuning of the backward erosion piping model 682 

through small-scale, medium-scale and IJkdijk experiments, European Journal of Environmental and Civil 683 

Engineering 15 (2011) 1139–1154. https://doi.org/10.1080/19648189.2011.9714845. 684 

[9] Y. Liang, T.J. Yeh, Y. Wang, M. Liu, J. Wang, Y. Hao, Numerical simulation of backward erosion piping in 685 

heterogeneous fields, Water Resour Res 53 (2017) 3246–3261. https://doi.org/10.1002/2017WR020425. 686 

[10] M. Foster, R. Fell, M. Spannagle, A method for assessing the relative likelihood of failure of embankment 687 

dams by piping, Canadian Geotechnical Journal 37 (2000) 1025–1061. https://doi.org/10.1139/t00-029. 688 

[11] V.M. van Beek, B.A. Robbins, G.J.C.M. Hoffmans, A. Bezuijen, L.C. van Rijn, Use of incipient motion 689 

data for backward erosion piping models, International Journal of Sediment Research 34 (2019) 401–408. 690 

https://doi.org/10.1016/j.ijsrc.2019.03.001. 691 

[12] R. Lanzafame, N. Sitar, Reliability analysis of the influence of seepage on levee stability, Environmental 692 

Geotechnics (2018) 1–10. https://doi.org/10.1680/jenge.18.00060. 693 

[13] G.J.C.M. Hoffmans, Influence of hydraulic flow regime on backward erosion piping, Journal of Hydraulic 694 

Research 60 (2022) 667–674. https://doi.org/10.1080/00221686.2021.2022027. 695 

[14] Y. Xiao, H. Cao, G. Luo, Experimental investigation of the backward erosion mechanism near the pipe tip, 696 

Acta Geotech 14 (2019) 767–781. https://doi.org/10.1007/s11440-019-00779-w. 697 

[15] V.M. VAN BEEK, H.M. VAN ESSEN, K. VANDENBOER, A. BEZUIJEN, Developments in modelling of 698 

backward erosion piping, Géotechnique 65 (2015) 740–754. https://doi.org/10.1680/geot.14.P.119. 699 

[16] K.S. RICHARDS, K.R. REDDY, Experimental investigation of initiation of backward erosion piping in 700 



30 

soils, Géotechnique 62 (2012) 933–942. https://doi.org/10.1680/geot.11.P.058. 701 

[17] M.S. Fleshman, J.D. Rice, Laboratory Modeling of the Mechanisms of Piping Erosion Initiation, Journal of 702 

Geotechnical and Geoenvironmental Engineering 140 (2014). https://doi.org/10.1061/(ASCE)GT.1943-703 

5606.0001106. 704 

[18] V.M. VAN BEEK, A. BEZUIJEN, J.B. SELLMEIJER, F.B.J. BARENDS, Initiation of backward erosion 705 

piping in uniform sands, Géotechnique 64 (2014) 927–941. https://doi.org/10.1680/geot.13.P.210. 706 

[19] K. Vandenboer, F. Celette, A. Bezuijen, The effect of sudden critical and supercritical hydraulic loads on 707 

backward erosion piping: small-scale experiments, Acta Geotech 14 (2019) 783–794. 708 

https://doi.org/10.1007/s11440-018-0756-0. 709 

[20] B.A. Robbins, I.J. Stephens, D.A. Leavell, J.F. López-Soto, A.M. Montalvo-Bartolomei, Laboratory piping 710 

tests on fine gravel, Canadian Geotechnical Journal 55 (2018) 1552–1563. https://doi.org/10.1139/cgj-711 

2016-0350. 712 

[21] B.A. Robbins, A.M. Montalvo-Bartolomei, D. V. Griffiths, Analyses of Backward Erosion Progression 713 

Rates from Small-Scale Flume Experiments, Journal of Geotechnical and Geoenvironmental Engineering 714 

146 (2020). https://doi.org/10.1061/(ASCE)GT.1943-5606.0002338. 715 

[22] M. Elkholy, Y.A. Sharif, M.H. Chaudhry, J. Imran, Effect of soil composition on piping erosion of earthen 716 

levees, Journal of Hydraulic Research 53 (2015) 478–487. https://doi.org/10.1080/00221686.2015.1026951. 717 

[23] S. Akrami, A. Bezuijen, V. van Beek, E. Rosenbrand, J. Terwindt, U. Förster, Analysis of development and 718 

depth of backward erosion pipes in the presence of a coarse sand barrier, Acta Geotech 16 (2021) 381–397. 719 

https://doi.org/10.1007/s11440-020-01053-0. 720 

[24] K. Vandenboer, L. Dolphen, A. Bezuijen, Backward erosion piping through vertically layered soils, 721 

European Journal of Environmental and Civil Engineering 23 (2019) 1404–1412. 722 

https://doi.org/10.1080/19648189.2017.1373708. 723 

[25] P. Ming, J. Lu, X. Cai, M. Liu, S. Hu, Experimental study on internal erosion and seepage in the foundation 724 

of a dike under variable water head, European Journal of Environmental and Civil Engineering 26 (2022) 725 

5073–5087. https://doi.org/10.1080/19648189.2021.1883118. 726 

[26] R. Jadid, B.M. Montoya, V. Bennett, M.A. Gabr, Effect of repeated rise and fall of water level on seepage-727 

induced deformation and related stability analysis of Princeville levee, Eng Geol 266 (2020) 105458. 728 

https://doi.org/10.1016/j.enggeo.2019.105458. 729 

[27] B.A. Robbins, I.J. Stephens, D.A. Leavell, J.F. López-Soto, A.M. Montalvo-Bartolomei, Laboratory piping 730 

tests on fine gravel, Canadian Geotechnical Journal 55 (2018) 1552–1563. https://doi.org/10.1139/cgj-731 

2016-0350. 732 

[28] J.C. Pol, W. Kanning, S.N. Jonkman, Temporal Development of Backward Erosion Piping in a Large-Scale 733 

Experiment, Journal of Geotechnical and Geoenvironmental Engineering 147 (2021). 734 

https://doi.org/10.1061/(ASCE)GT.1943-5606.0002415. 735 

[29] B.A. Robbins, A.M. Montalvo-Bartolomei, D. V. Griffiths, Analyses of Backward Erosion Progression 736 

Rates from Small-Scale Flume Experiments, Journal of Geotechnical and Geoenvironmental Engineering 737 

146 (2020). https://doi.org/10.1061/(ASCE)GT.1943-5606.0002338. 738 

[30] B.A. Robbins, D.V. Griffiths, G.A. Fenton, Random finite element analysis of backward erosion piping, 739 

Comput Geotech 138 (2021) 104322. https://doi.org/10.1016/j.compgeo.2021.104322. 740 

[31] X.-W. Wang, Y.-S. Xu, Permeability property variation in sandy soil induced by suffusion via a horizontal 741 

seepage laboratory test, Acta Geotech 18 (2023) 5285–5298. https://doi.org/10.1007/s11440-023-01890-9. 742 

[32] F. Ceccato, P. Simonini, The effect of heterogeneities and small cavities on levee failures: The case study 743 

of the Panaro levee breach (Italy) on 6 December 2020, J Flood Risk Manag 16 (2023). 744 



31 

https://doi.org/10.1111/jfr3.12882. 745 

[33] M. Wewer, J.P. Aguilar-López, M. Kok, T. Bogaard, A transient backward erosion piping model based on 746 

laminar flow transport equations, Comput Geotech 132 (2021) 103992. 747 

https://doi.org/10.1016/j.compgeo.2020.103992. 748 

[34] Y. Wang, X. Ni, Hydro-mechanical analysis of piping erosion based on similarity criterion at micro-level 749 

by PFC 3D, European Journal of Environmental and Civil Engineering 17 (2013) s187–s204. 750 

https://doi.org/10.1080/19648189.2013.834594. 751 

[35] K. Fujisawa, A. Murakami, S.-I. Nishimura, Numerical Analysis of the Erosion and the Transport of Fine 752 

Particles within Soils Leading to the Piping Phenomenon, Soils and Foundations 50 (2010) 471–482. 753 

https://doi.org/10.3208/sandf.50.471. 754 

[36] K. Fujisawa, A. Murakami, K. Sakai, Numerical analysis of backward erosion by soil-water interface 755 

tracking, Japanese Geotechnical Society Special Publication 4 (2016) 84–87. 756 

https://doi.org/10.3208/jgssp.v04.j31. 757 

[37] M. Rahimi, A. Shafieezadeh, D. Wood, E.J. Kubatko, A physics-based approach for predicting time-758 

dependent progression length of backward erosion piping, Canadian Geotechnical Journal 58 (2021) 995–759 

1004. https://doi.org/10.1139/cgj-2019-0854. 760 

[38] G. Luo, J.D. Rice, S. Peng, H. Cao, H. Pan, G. Xu, Modelling Initiation Stage of Backward Erosion Piping 761 

through Analytical Models, Land (Basel) 11 (2022) 1970. https://doi.org/10.3390/land11111970. 762 

[39] W. Ruohan, C. Guan, L. Yong, Internal Piping Erosion Evaluation of Embankment Dam Considering the 763 

Spatial Variability of Soil Properties, ASCE ASME J Risk Uncertain Eng Syst A Civ Eng 10 (2024) 764 

04024006. https://doi.org/10.1061/AJRUA6.RUENG-1218. 765 

[40] M. Kennedy, Predicting the output from a complex computer code when fast approximations are available, 766 

Biometrika 87 (2000) 1–13. https://doi.org/10.1093/biomet/87.1.1. 767 

[41] X. Meng, G.E. Karniadakis, A composite neural network that learns from multi-fidelity data: Application 768 

to function approximation and inverse PDE problems, J Comput Phys 401 (2020) 109020. 769 

https://doi.org/10.1016/j.jcp.2019.109020. 770 

[42] G.-F. He, P. Zhang, Z.-Y. Yin, Y.-F. Jin, Y. Yang, Multi-fidelity data-driven modelling of rate-dependent 771 

behaviour of soft clays, Georisk: Assessment and Management of Risk for Engineered Systems and 772 

Geohazards 17 (2023) 64–76. https://doi.org/10.1080/17499518.2022.2149815. 773 

[43] S. Chen, D. Feng, Multifidelity approach for data‐driven prediction models of structural behaviors with 774 

limited data, Computer-Aided Civil and Infrastructure Engineering 37 (2022) 1566–1581. 775 

https://doi.org/10.1111/mice.12817. 776 

[44] X. Zhang, F. Xie, T. Ji, Z. Zhu, Y. Zheng, Multi-fidelity deep neural network surrogate model for 777 

aerodynamic shape optimization, Comput Methods Appl Mech Eng 373 (2021) 113485. 778 

https://doi.org/10.1016/j.cma.2020.113485. 779 

[45] P. Carreno, D. Kulic, M. Burke, Adapting Neural Models with Sequential Monte Carlo Dropout, in: K. Liu, 780 

D. Kulic, J. Ichnowski (Eds.), Proceedings of The 6th Conference on Robot Learning, PMLR, 2023: pp. 781 

1542–1552. https://proceedings.mlr.press/v205/carreno23a.html. 782 

[46] C.J. Kang, W.C.H. Peter, T.P. Siang, T.T. Jian, L. Zhaofeng, W. Yu-Hsing, An active learning framework 783 

featured Monte Carlo dropout strategy for deep learning-based semantic segmentation of concrete cracks 784 

from images, Struct Health Monit 22 (2023) 3320–3337. https://doi.org/10.1177/14759217221150376. 785 

  786 


