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(1) Considering the transmission of meshing forces by the oil film at the chipping defect under
elastohydrodynamic lubrication and introducing elastohydrodynamic torsional stiffnessk., this study

investigates the variation of time-varying mesh stiffness using this computational method.

(2) Considering the changes in surface roughness with varying defect sizes and establishing an
elastohydrodynamic lubrication stiffness calculation model, this study investigates the impact of surface
roughness on the friction coefficient.

(3) Investigating the influence of oil film stiffness and roughness on time-varying mesh stiffness under chipping
conditions, this study finds that as chipping faults occur, the roughness at the chipping defect increases, altering
the meshing contact area. The occurrence of chipping leads to system load imbalance, causing significant
fluctuations in oil film stiffness.

Abstract: This paper proposes a calculation method for Time-Varying Mesh Stiffness (TVMS) in the presence of
tooth tip chipping defects under elastohydrodynamic lubrication (EHL). A contact stiffness model for tooth tip
chipping defects under EHL is established, and an analytical equation for the TVMS of chipping defects under EHL
is derived. The torsional stiffness at the chipping defect under EHL is introduced, considering the influence of
roughness at the chipping defect on the characteristics of the oil film and its stiffness. The effects of chipping defect
size, torsional stiffness of the chipping defect under EHL, roughness, and oil film stiffness on TVMS are analyzed,
providing methodological support for improving the calculation accuracy of gear TVMS.

Keywords: tooth tip chipping; time-varying mesh stiffness (TVMS); elastohydrodynamic lubrication (EHL);
surface roughness



Introduction

Gears have the advantages of high transmission efficiency, high precision, and strong bearing capacity, and
are widely used in aerospace, engineering machinery, marine engineering, and other fields. However, gears are
often subjected to poor load conditions, heavy lubrication, and high-intensity cyclic stress during operation. This
can lead to issues such as pitting, root cracks, tooth fractures, and other faults, which can seriously affect the normal
operation of machinery and equipment, and even result in significant economic losses or safety risks. Therefore,
studying the generation mechanisms and evolution of gear failure, as well as identifying early failure characteristics,
is crucial to ensuring the operational safety of gear transmission systems.

Numerous scholars, both domestically and internationally, have extensively researched the fault mechanisms,
dynamic characteristics, and fault diagnosis of gear systems. Vibration-based signal and neural network diagnostics
have become effective tools for detecting gear damage and fatigue [1]. The study investigates crack propagation
and fracture surfaces and establishes an empirical model.[2]. Establishing dynamic models and the simulation of
faults can help explain vibration characteristics, failure mechanisms, and life prediction, among other factors. Local
damage such as pitting, cracking, and spalling increases the risk of fault propagation and further damage. As a result,
the TVMS is reduced. TVMS, being a core parameter of the gear transmission system, significantly influences the
vibration, noise, and efficiency of gear transmissions[3][4][5]. In recent years, studies on TVMS have commonly
employed the finite element analysis method and potential energy method, However, the finite element method's
calculation process is complex, and its cycle time is too long, making it primarily useful for verifying the accuracy
of the potential energy method. The results of the two methods are generally in good agreement. Additionally, the
solution model for time-varying meshing stiffness can be directly derived using the potential energy method,
combined with geometrical and material parameters, Efficient failure simulation can also be achieved by utilizing
the dynamic model of gears[6]. Therefore, simulation technology based on analytical models has become a research
hotspot for studying gear failure mechanisms, condition monitoring, and fault diagnosis.

Yang et al. [7] were the first to model the gear tooth as a variable section cantilever beam model and applied
cantilever beam theory to calculate meshing stiffness. Chen et al. [8] used the finite element method (FEM) to
calculate the mesh stiffness of a gear pair and examined the impact of tooth cracks on mesh stiffness. Tian et al. [9]
enhanced the calculation theory by incorporating shear energy and including shear stiffness in the calculation
formula. The expression for TVMS was derived based on the potential energy method to estimate the meshing
stiffness of cracked gear faults [10][11][12][13][14]. Liang et al. [15] derived equations for the TVMS of gear teeth
at different crack levels, established a stiffness model for pitting in gears and investigated the effect of the severity
of pitting faults on the meshing stiffness. Ma et al. [16] proposed an improved meshing stiffness model that
considered the transition curve between the root and base circles, a TVMS model with different crack types, and
further refined the model by incorporating the extended tooth contact effect [17], modifying the base stiffness of
the fillet [18], and accounting for tooth shape correction [19]. Luo et al. [20] proposed a method for calculating
meshing stiffness for gear spalling failures that does not depend on specific geometry.

Current research mainly focuses on the meshing stiffness of gears under failures such as pitting, cracking, and
spalling, with less attention given to top chipping failures. Alireza Behvar et al. [21] investigated fatigue cracks
within the internal gears of a differential, proposing that cracks are more likely to form at various heights within the
tooth rather than solely at the tooth surface or near the surface. This challenges the traditional view that cracks
primarily originate at or near the surface of the tooth. Wang et al. [22] simulated chipping failures in gears use a
periodic impulse function and investigated their vibration response. chaari et al. [23] considered the dynamic
response of gears in spalled and failed states, analyzing the tooth fracture curve under friction by simplifying it to a



straight line. They assumed that only the tooth width is affected by failure defects, neglecting the changes in cross-
sectional area and moment of inertia. To better match the actual working conditions, Li et al. [24] developed a
TVMS calculation method for tooth top chipping faults that accounts for variations in tooth width, area and moment
of inertia, also investigated the characteristic response of composite planetary gear sets under tooth top chipping
faults. However, in their model, the tooth fracture line is still simplified to a straight line, which may lead to
estimation errors in TVMS calculations for tooth top chipping faults. Meanwhile, Liu et al. [25] proposed an
improved potential energy method to derive a bending fracture line equation, which produced theoretical results
more consistent with finite element analysis. Yang et al.[26] used a modified potential energy method that considers
the stress distribution in the chipping region caused by chipping defects.

In the above literature, contact deformation stiffness is primarily calculated using Hertzian contact theory
[27][28][29] and finite element nonlinear algorithms[30][31]. However, when considering the effects of EHL, the
mechanical behavior of the contact body may change significantly due to its interaction with the lubricant. Lu et
al.[32] examined load distribution and transmission error in spur gears, accounting for extended tooth contact and
EHL. Similarly, Huang et al. [33][34] included EHL effects in their analytic-slice coupling model, calculated TVMS,
and analyzed the impacts of gear modifications. Cheng et al.[35][36]calculated TVMS for the elastic-fluid contact
taking into account a three-dimensional rough surface. Wang and Zhu [37] proposed a helical gear TVMS model
that incorporates lubrication and friction, where the friction coefficient is obtained using an elastoplastic model
under different surface roughness conditions. According to the literature [38], TVMS is typically obtained through
the mean slope method. However, stiffness models for EHL contact and rough surface contact primarily use the
local slope method. Due to the coordination of deformations across multiple contact points in gear meshing design,

the deformation of the lubrication film cannot be directly equated to contact deformation.

Given the aforementioned limitations, the primary objective of this study is to propose a computational method
for the TVMS of gear tip chipping defects under EHL. This method primarily considers the transmission of meshing
forces through the oil film at the site of the chipping conditions. As a result, a TVMS model for gear tip chipping
faults under EHL is established. This model aims to elucidate the influence of different tooth surface morphologies
on TVMS, reveal the intrinsic relationship between internal fault mechanisms and external manifestations, and holds
significant value for identifying early weak fault features. The main innovations of this method are as follows:

(4) Considering the impact of the oil film on meshing force transmission at tooth tip chipping defects under EHL,
taking into account the lubrication insufficiency as the defect size increases, and introducing
elastohydrodynamic torsional stiffnessk , this study investigates variations in TVMS using the proposed

computational method.

(5) Accounting for changes in surface roughness with varying defect sizes and establishing an EHL stiffness
calculation model, this study examines the impact of surface roughness on the friction coefficient.

(6) This study explores the influence of oil film stiffness and surface roughness on TVMS under chipping
conditions, It finds that as chipping faults occur, the roughness at the defect site increases, altering the meshing
contact area. The presence of chipping leads to an imbalance in system load, resulting in significant
fluctuations in oil film stiffness.



1 Model of TVMS for gear tooth tip chipping failure

1.1 Analysis of force distribution on gear tooth tip chipping failure

Tooth tip chipping fault is a form of failure mode where part of the material breaks away near the tooth tip[25].

As shown in Fig. 1, the tooth top chipping defect starts from the tooth tip, where W} is the width of the defect, [

is the height of the defect, Z, is the depth of the defect, L is the width of the tooth, A4, and is the area of the tooth

cross-section along the width of the tooth at any position on the involute line. The main focus of this paper is the

early failure of gears, the tooth tip chipping defect is of relatively small size.

Fig. 1. Model of the tooth tip chipping

In applying the potential energy method to calculate the gear meshing stiffness, the gear tooth is considered as
a variable cross-section cantilever beam, and the case where the root circle is not aligned with the base circle is
taken into account, as shown in Fig. 2. The tooth profile includes transition curve AB, involute curve BE and top
curve EF, of which A and B are the starting point and end point of the transition curve and their shapes are
determined by the fillet angle of the top end of the tooth, G is the intersection point of the involute curve and the
base circle, R and R, are the radius of the root circle and the base circle, respectively, and R, is the radius of the
transition circle passing through the B point, d indicates the distance from the action point to the root circle, £
indicates the distance from the action point to the tooth center axis, x indicates the distance from any point on the

involute line to the root circle.
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Fig. 2. Schematic diagram of a healthy gear

Fig. 3(a), and (b) depict the tooth apex cross-section, the tooth apex chipping failure model, and the tooth apex
chipping cantilever beam structure, respectively. The cross-section axes in the tip region are specifically shown in

Fig. 3(a), which can depict the changes in the defect geometric parameters caused by tooth apex chipping failures,
and the rectangular shape GHC,K is the tooth apex cross-section of the healthy gear when the center of mass is Q.

Polygon GHIJK for the top of the tooth chipping cross-section, at this time the center of mass for the Q, , obviously
chipping defects so that the tooth width, the load force area is reduced, Triangle ICJ is the cross-sectional area of
chipping defects with the center of mass Q,, where ¢, denotes the depth of the defect and w, denotes the width of
the defect. In Fig. 3(b), the cantilever beam structure of the chipping defect at the top of the tooth is represented, D
is the starting point of the chipping defective portion, d,p represents the distance from the starting point of the
chipping defective portion D to the root of the tooth along the direction of the tooth height, and L,,,, represents the
distance from the root of the tooth to the tip of the tooth, which can be represented by the equation:

L. =R][(a, +p,)sina, +cosa,]-x, (D)

2

R
Where, a, = R“ 1-4, (2)

T
d

(o)
A
J 1
(a)



(b)

Fig. 3. Model of gear tooth tip chipping: (a) Tooth tip Cross-section Diagram; (b) Cantilever Beam Model
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B, =E+tana0—a0 3)

where @, is the standard pressure angle and Z is the number of gear teeth.

-L, 4)

According to the cantilever beam model, it is possible to calculate the depth of the defect 7, and the width of

the defect w, of the arm beam at position x .

h,+t,—h,

Z‘)c:L—('X_Lmax)-'-hx—'—Z‘d_he’dADS‘xSLmax (5)
d
h, = R,[(B, + B,)cos B —sin f3] (6)
hx: yc_'\/ptz_(xc_xa_x)z’ OSXSdAB (7)
R,[(B,—P)cosf+sinf], d,,<x=<d

w,o=—1

X X2
d

dAD Sx< Lmax (8)

where &, , h, , h, are half of the thickness of the chord tooth at position D, position x, and the chipped tip

x

at the top of the tooth, respectively.

The equations for the derivation of the tooth width and cross-sectional area at the top chipped tip of the tooth
are:



L, =L-w,x>d,, ©)]
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x“x?

AC,“.p =2hXL—%wt x>d,, (10)

As shown in Fig. 3(a), due to the occurrence of tooth apex chipping failure, at this time the area of meshing
force action is changed and the center of mass will be shifted, according to the parallel axis theorem the rotational

inertia J,, of the whole cross-section and the rotational inertia J;, at the chipping defect can be expressed as

respectively:
e %hjL +2h LA’
(11)
JVz:LW t3+lthu2 (12)
B 36 xx 2 x'x t

where Au. denotes the perpendicular distance from the center of mass Q1 to ¥, and Au, denotes the

perpendicular distance from the center of mass &, to the ¥-axis, which is expressed by the equation:

Au, = {lthv (hx —HXH / [2th—1th¥} (13)
273 SRR

1
Au[ :Aur+hx —EZ‘X (14)

Therefore, the moment of inertia of the cross-section about the shaft with a toothed-top chipping failure can be
inferred as:

JV:JV,r_JV,t (15)

Based on the inference and calculation of the above equations, the bending stiffness &, , axial compression

stiffness %, , shear stiffness &  , Hertzian contact stiffness k, and rounded base stiffness k, of the tooth apex

chipping defect faults can be calculated, and the equations can be inferred as:
1 dw 3[R, —x,cosf —xcos BT
= J‘ d 1 | — dx
261 3, P ~(v.~x, ) |
[ 7 ML cos AIP. = fysin p—cos PV (fy — fcos
~Fu 2EL[sin g +(f, - f)cos B]

+I*ﬁa R) {1+ cos B[(B, — B)sin S —cos B1}* (B, — B)cos
A EJ,

dg (16)

dg



where E is Young's modulus.

1 du sin® A3
- = d
k, '[0 2EL[yc _\/P;Z —(x.—x, —x)z} i
+.[—ﬂ4 (B, — B)cos Bsin’ B, i (17)

~f: 2EL[sin B+ (B, — B)cos 8]
-8 R, (B, — B)cos Bsin’ B,
[, EA @

chip

where p, is the radius of the transition curve, which can be defined as:
p,=c'm/(1-sina,) (18)

In the above equation, ¢ is the tip clearance coefficient, » modulus, and » is pressure angle.

L:J-dw 1.2(1+v)cos2ﬂ’l
ko o0 EL[yc—«/pf—(xl.—xa—x)zJ
+I_,;4 1.2(1+v)(B, - f)cos ficos’ 3, ap (19)

i EL[sin S+ (S, — B)cos f3]
+J~—ﬂd 2.4(1+ V)R, (B, — B)cos Bcos’ 5, ap
-A EA

chip

Based nonlinear contact forces[39], Based on nonlinear contact forces, the nonlinear Hertzian contact

stiffness [40] can be expressed as

EO.‘JLO.S. F-O.l
= IC;I; i aE = F)(LSR, (20)

h

where F, is the gear mesh force for the ist tooth team in contact and LSR, is the load distribution ratio for the

ist tooth pair.

The gear fillet-foundation deflection should also be considered in the total deflection. Corresponding fillet-

foundation stiffness can be calculated according to Sainsot et al.[41].

oo AL () () e o 21
P 7L {L [SfJ +M [SJ+P (1+Q tan ﬂ,)} (21)

f chip

where f, is the pressure angle of the action point, and the parameters of L, M, P, O, u ,,and S, are

given in Table 1.



Table 1

Values of coefficient

L'(h,0,)  -5574x107°  -1.9986x10* -23015x10*  4.7702x10° 00271~ 6.8045

M'(h;,0,)  60.111x10°  28.100x10°  -83.431x10™* -9.9256x10°  0.1624  0.9086

P'(h,0,) -50.592x10°  185.50x10”  0.0538x10° 53.3x10° 02885 RQ. 79

Q'(h;,0,) —6.2042x10"  9.0889x10°  -4.0964x10*  7.8297x10°  ~0.1472 0.6904

1.2 Calculation of TVMS for tooth tip chipping failure

1.2.1 Calculation of TVMS for tooth tip chipping failure without EHL

In the calculation of TVMS for chipped gear pair, the simplified computational model, as shown in Fig. 4,
shows the meshing process of the gear pair at the defect during meshing, and the occurrence of chipping faults at
the top of the teeth causes changes in the cross-sectional moments of inertia, cross-sectional area, and length of the

meshing line.



(a)Hertzian contact meshing process (b) Hertzian contact force analysis

Fig. 4. Contact Force Diagram During Gear Meshing

If the elastic flow lubrication is not considered, the chipping defect EF has no contact during meshing, as shown
in Fig. 4, at this time, the cross-sectional load-acting area is reduced, and the force is unbalanced, but the gears work
in a complex environment, often in heavy oil environments, so it is very necessary to consider the elastic flow

lubrication.

Under rigid conditions, the point of action of the total load is changed due to the torsional effect, which,
together with the chipping tip notch at the top of the tooth, leads to a change in the center of mass. The position of
the gear load force F, is deflected from the vertical center axisu, by Av. . Therefore, the synthetic load will

torsionally twist the toothed top chipped tooth with a torque whose torsional energy, according to the cantilever
beam theory, is expressed as P, :

2 2
PRSI L (22)
2%k 026U,
G being the shear modulus G = L
2(1+v)

J) is the polar moment of inertia of polygon GHIJK, J,, is the rotational moment of inertia of the chipping
tip defect region around the Vj-axis, and J, is the rotational moment of inertia of the chipping tip defect region

around the % -axis, which can be expressed as Eq:
Jy=J, +J, (23)

Calculate the rotational moment of inertia o/, . of the healthy cross-section around % and the rotational

u,r



moment of inertia J. u Of the chipped tip defect region around 4, respectively.

J,, = %th3 +2h LAV} (24)
151 )
S =36l We + Wl AV, (25)

where AV denotes the horizontal distance from the center of mass Ql to the Y, -axis and AVt denotes the
horizontal distance from the center of mass & to the U, -axis, which can be expressed by the equation.

1 [l 1 )
Wi | ——=—Ww
B 2 XX 2 3 X

2h L—lthx
5

X

(26)

1 1
AV, =AV. +=L——w, (27)
2 37
Then the rotational moment of inertia of the chipping defect region around the 4 -axis after the occurrence of
tooth apex chipping can be expressed by Eq.28.

Jy=d, —~J, . x>d,, (28)

u u,t?

From there, the equivalent torque can be calculated:

T.=EAV, (29)
F =Fcosf (30)
AVFJ;'—AV,,pdAD 31)

The torsional stiffness k, can be calculated as:

0,x<d,,
1
— =94 21 2BAV.2R - 32
. J-ﬁ (1+v)cos" BAV."R, (B, ﬂ)cosﬁdﬂ,x>dw (32)
! -A EJ,

Therefore, when a toothed top chipping failure occurs on gear 1, the meshing stiffness of the chipped single



tooth pair can be expressed as So when a toothed top chipping failure occurs on one of the gear toothed tops, the

meshing stiffness of the single tooth pair of the chipped gear pair k is:

1
= 33
k 1 1 1 1 1 1 (33)

Lo r,r.r
kh kbl kal ksl krl k/'l kb2 kaZ k92 ku

To achieve a smooth transition between single-tooth and double-tooth meshing regions, a continuous function
can be used to describe the variation of stiffness with respect to time or the gear rotation angle. For the single-tooth

meshing region, the stiffness can be expressed as £

single °

for the double-tooth meshing region, the stiffness can be

expressed as £k,

louble *

This continuous function would ensure that the stiffness transitions smoothly between the single-tooth and
double-tooth meshing zones, maintaining stability in the gear system's dynamic behavior.

k(@) = ke (1= S () + Ky S (0) (34

t—t,
T

4ﬂ0=%U—WMm ) (35)

Here, f(¢)is a continuously varying interpolation function, typically taking values in the range [0,1],

representing the smooth transition from single-tooth to double-tooth meshing.

When multiple pairs of single teeth have meshed simultaneously, the total TVMS k, for the multiple pairs of

gears meshing in contact shall be determined as:
k=2 k (36)
The related parameters of the gear pair are shown in Table 2.

Table 2

Basic Parameters of Gear Pair

Parameter Value Parameter Value
Tooth number, Z,/Z, 25/53 Pressure angle(), 20
Modules, m 3 Poisson’s ratio, v 0.3

Young’s modulus(Pa) 2.068 X 10"  Tooth width (mm) 38




Tip clearance coefficient cx 0.25 Addendum coefficient 1

1.2.2 Calculation of TVMS with EHL under gear tip chipping failure.

To better calculate the effect of chipping defect size on the TVMS under elastic flow lubrication, as well as to
consider the case where the oil film can transmit the gear meshing force at the first instant of meshing, the model is
shown in Fig. 5.

(a)EHL contact meshing process (b)EHL contact meshing process

Fig. 5. Contact State at Gear Meshing with EHL
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Fig. 6. Analysis of Torsional Effects and Force Distribution on Defective Gears under EHL

Lubrication conditions, as shown in Fig.6, when the chipping fault gear meshing, due to the presence of



lubricant between the gears, under the action of the meshing force, the chipping defects in the oil film can transfer
the meshing force, according to the law of parallelogram force analysis, this time, the lubricant transfer of the

meshing force £ will produce a transverse force on the gears i, the resulting chipping region of the asymmetric

distribution of the force may cause torsional effect of gears, the torsional effect. The lubrication torsional stiffness
is introduced to differentiate from the torsional effect under rigid conditions.

I, =(F, +F,)AV, (37

AV, :V; ~AV ., x>d,, (38)
0,x<d,,

k, = J-—/fd 2(1+v)cos’ BAV,’R, (B, —ﬂ)cosﬂdﬂ’x d, (39)
- EJ,

Because of the relatively small size of the chipping defect,  is close to zero, £y, is very small, and the meshing

force Fy transmitted by the oil film is almost equal to the gear meshing force, disregarding the moment £, along

the v axis.

2 EHL model considering surface roughness.

The contact mode of the gear is line contact, the line contact model of the gear pair is shown in Fig. Along
with the occurrence of chipping failure, the roughness at the defect gradually increases, where the line contact model

of the Newtonian fluid considering the roughness, the Reynolds equation can be expressed as[42]:

Fig. 7. Gear Line Contact Model



3 3
o é. ph” p, +i ¢y&ﬁph :(”1+uzj§(phr)+(ul_uzjﬁ(p¢.c) (40)
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where P, is the fluid dynamic water pressure, / is the oil film thickness, 7, is the average gap between the

two surfaces, » and p are the viscosity and density of the lubricant, respectively, and ¢, and ¢, denote the

pressure flow coefficients in the x and , directions, respectively[43], 4 and u, represent the speeds of the

master and slave gears, respectively.

Considering the Hertzian geometry and elastic deformation under elastic-fluid lubrication contact, the

lubrication film thickness / can be expressed as:

2
X

2R

X

h(x, y) = hy () +

+v(x, 1)+ 0, (X, , ) + 0, (x, y,t) 41

where 7,(¢f) denotes the initial film thickness, R _ denotes the local radius of curvature at the contact width,

S,(x,y,t) and denotes the surface roughness of the contact surface, respectively, and v(x,y,t) is the elastic

deformation with the following expression:

p(&,8)+p.(E,0) dEde
Ja—ey +(y-¢)

V(xxy’t):%.g (42)

where p is the fluid dynamic pressure, p, is the rough contact pressure, Q denotes the contact area of the

gear pair, £ and ¢ are variables defining the contact area, and E is the effective modulus of elasticity.

In the Reynolds equation, the function of dynamic water pressure can be expressed in terms of viscosity and

density:
7 =17, xp {(m " +9.67)[(1+5.1x 10°p,)" —1}} 43)
-9
e 12 26X10" 44)

1+1.7x107 p,

where 7, is the initial viscosity, o, is the initial lubricating density, Z, is the coefficient of viscous pressure,

and p, is the fluid dynamic water pressure.

According to the literature[44][45][46][47], in the proposed elastic-plastic model, which incorporates elastic
deformation, elastic-plastic deformation, and fully plastic deformation, the pressure exerted on the micro convex
body can be expressed by Eq:
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I =y +w) d A ’2”- " —y; +w
1 S 1 L SH K 3 * SH 3
nw, —lnw wo—w w—-w .
x| 1-0.6—2—— |x|1-2| —— | +3| —— | |dz
Inw, —lnw, w, =W, W, =W,

where w* =z'h" + y. , normalized by o, & denotes the distance between two rough surfaces marked by a

mean line, B , n denote the radius and density of the rough surface, respectively, and /4, denotes the Vickers
hardness. w;, w, denote the critical interferences for initial yielding and full plastic flow, respectively, w, =54w, .

o, and y, denote the labeling deviation of the vertices and the distance of the mean line of the surface height from

the surface vertices, respectively, and the following equations can be written according to McCool[48]:

\/ 3.7169%10™
o,=|l1-————oc

(nBo)
o =Aol +07 (46)
0. 0459
Y= ﬂa

The product of nfio can be viewed as a constant, which, according to relevant studies, can be set at 0.05[49].

By integrating the fluid dynamic pressure and contact pressure in the calculation area, the fluid dynamic
pressure bearing capacity and contact bearing capacity are obtained respectively, and the total bearing capacity can
be obtained by adding the two, which can be expressed as:

F, = ” p,dxdy+ J.J‘ p.dxdy 47)
4, 4,

From the rheological properties of the lubricant, it can be seen that when the shear stress 7 of the fluid is
relatively small, when 7 <z,, 7 varies linearly with the shear rate and behaves as a Newtonian fluid; when 7 >z,

7 varies nonlinearly with the shear rate and behaves a non-Newtonian fluid. In this paper, we address elastic fluid
dynamics calculations, where the fluid shear stress is relatively large, and the shear stress can be derived from the
Eyring model.

7, =T, arcsin h( ) (48)

where 7, is the Eyring shear stress, so the effect of surface roughness on the coefficient of friction under

elastofluid lubrication can be expressed as:



[[71 e y)dxdy + [[ 1, p, (x, y)dxdy

P F,+F, % (49)
F, ” p,dxdy + ” p.dxdy
4 A,
where u, is the boundary friction coefficient and the dynamic pressure zone area 4, = 4, — A4, , where 4,

is the nominal area and A, is the actual contact area.

At steady state, the oil film pressure on the contact zone should be equal to the applied load so that the
equilibrium equation can be established:

] pCx,y,d = F(2) (50)

Q

where F(¢) denotes the meshing force of one tooth pair, and then the numerical solution of the above elastic-

fluid equations can be computed based on the Thomas model[50] to obtain the oil film pressure P and the oil film

thickness, and the normal oil film is computed by using the additional force AF" in the contact force:

M K
AF _ Aﬂzlk:lApm,k(f) 1)

1 AZIZ §Ah
Wm:[k:] m,k (t)

K. =
Silm Ah

where Ah denotes the additional deformation induced by AF', M and K denote the discrete increments of

the contact film in the x and Y directions, respectively. Arefers to the contact film area. The relevant parameters

are shown in Table 3.
Table 2

Parameters in the simulations

Parameter Value Parameter Value

Lubricant ambient density (kg/m3), po 890 Ree-Erying shear stress (Pa), 1, 0.5x107

Lubricant ambient viscosity (Pas), o 0.05  Lubricant ambient temperature (°C) 25

3 TVMS model considering surface roughness

The gear meshing process can be divided into meshing in and out, and friction in the different meshing
processes to do the role of different directions, with the occurrence of chipping failure, the top of the tooth chipping

defects at the surface roughness gradually increased, the friction coefficient is also increasing. The bending stiffness
k, , axial compression stiffness k,, , shear stiffness &, , Hertzian contact stiffness %, , and fillet base stiffness

k, , for a tooth apex chipping defect fault considering surface roughness, can be expressed as:
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E0'9L0"8. F.O'l
:#F = Fx LSR, (55)

h

where F, is the gear meshing force for the ith tooth team in contact and LSR, is the load distribution ratio for
the ith tooth pair.

L_M * ﬂ ’ v ﬁ * K 2
K = iL,, {L (Sf] +M (Sfj+P (1+Q tan ,Bl)} (56)

Parameters uf and Sf are gear parameters, while L. M. P and Q* can be calculated using the
following equations:

* 2 2
X! (h;.0,)=4,10} +Bh, +Ch,/0,+D,/0, +Eh,+F, (57)

As shown in Fig.8, the illustrations depict Hertzian contact under smooth surfaces in Fig.8(a), smooth EHL
contact in Fig.8(b), and rough surface EHL contact in Fig.8(c). Due to differences in surface morphology and
lubrication, elastohydrodynamic lubrication, and surface roughness are indispensable components in the calculation

of time-varying mesh stiffness.
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(a)Hertz contact

(c) EHL contact on the rough surface.

Fig. 8. Elastohydrodynamic Lubrication Stiffness Model

4 Results and Discussion

4.1 The impact of chipping size on TVMS

Time-varying meshing stiffness is the gear in the meshing process, due to the elastic deformation produced by
the force of the gear teeth to resist the ability, and with the rotation of the gear and producing cyclical changes, the
increase in the size of the chipping tip will increase the gear meshing process of the shock and vibration, aggravate
the wear of the tooth surface, make the gear transmission performance decline, but also will make the time-varying
mesh stiffness size and change law more complex and unstable. To investigate the effect of chipping defect size on

the time-varying meshing stiffness, the height [ , width W), and depth Z; of the chipping defects are investigated

separately. The chipping dimensions are varied in three directions as shown in Fig. 9.

Fig. 9. Different locations of gear tooth tip chipping failure: (a) Chipping defect height; (b) Chipping defect width;



(c) Chipping defect depth

As shown in Fig.10, with a fixed defect width and depth, the impact of varying defect height on TVMS is
analyzed. When the height of the edge chipping defect increases, the effect of the defect on TVMS becomes more
pronounced. Additionally, as the defect height increases, the reduction in TVMS becomes significantly larger.
Therefore, variations in the height of the tip chipping defect can influence both the magnitude of TVMS and the

duration of the defect's impact.
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Fig. 10. The effect of defect height on TVMS

As shown in Fig.11, the impact of defect width on TVMS is analyzed, with defect height and depth held
constant while varying the defect width. It is evident that as the tip chipping defect occurs, the TVMS curve
decreases further with the increase in defect width. This indicates that defect width only affects the magnitude of

TVMS, but does not influence the duration of the defect's impact.
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Fig 11 The influence of defect width on TVMS



When the defect height and defect width are certain, the effect of defect depth on the time-varying engagement
stiffness is investigated, as shown in Fig. 12, which exhibits the variation of the defect depth on the time-varying
engagement stiffness curve. Unlike the changes brought about by defect height and defect depth, the change in
defect depth does not affect the tooth width and the extent of the defect, but it affects the cross-sectional area, which
leads to a change in the rotational inertia, and therefore the effect of defect depth on the time-varying meshing

stiffness is very limited.
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Fig. 12. The effect of defect depth on TVMS

4.2 The influence of torsional effects

Torsional effects and their influence on asymmetric forces are investigated using TVMS modeling of chipping
tip failures under elastic-fluid lubrication. To better characterize the influence of torsional effects, a torsional
stiffness can be introduced. Torsional stiffness, as an own property of gear stiffness, is the ability of a gear to exhibit
resistance to deformation when subjected to a torque, which is added to the total TVMS to assess the impact and
significance of torsional stiffness. The results were studied and analyzed through three chipping tip defect sizes, as
shown in Table 4, and whether torsional stiffness was introduced as a variable, for which three assumptions needed
to be made: It is assumed that chipping defects and lubricants do not introduce friction; Assume that the temperature
is always constant; Assuming that the gear pair is adequately Iubricated, the oil film at the defect transmits the

meshing force.
Table 4

Three Types of Defect Sizes

A slight chip case A medium chip case A serious chip case




0.1mm 0.5mm 0.lmm 2.0mm

1.0mm 0.8mm 3.2mm 1.5mm 2.0mm

As shown in Fig.13-Fig.15, the corresponding results for minor tip chipping defects, moderate tip chipping

defects, and severe tip chipping defects are respectively presented. In the case of minor tip chipping defects, because

the chipping size is relatively small, the oil film can quickly fill the defect and transmit the meshing force under the

push of the meshing force. The load contact area remains essentially unchanged, reducing the asymmetry in load

distribution. EHL can mitigate the torsional effect caused by tip chipping failure; under rigid conditions, the

torsional effect is influenced by the small load contact area, affecting the rotational inertia. However, at this time,

the tooth tip chipping defect is minor, and the asymmetry in load distribution is not significant, so the torsional

effect has a very limited impact on the stiffness of the tooth surface.
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Fig.13. The influence of small defect torsional stiffness on TVMS

In the case of moderate tip chipping defects, as shown in Fig. 14, as the size of the tip chipping increases, the

differences become more pronounced, although the overall differences are not obvious from the figures. However,

due to the increased size of the tip chipping defects at this time, the oil film cannot quickly fill the defects under the

action of the meshing force, resulting in less smooth transmission of the meshing force. At this time, the tip chipping

failure under EHL has a more significant impact on the TVMS.
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In the case of severe tooth chipping defects, as shown in Fig. 15, the load transmission capacity of the
lubricating oil during the gear meshing process is significantly weakened with the increase in chipping defect size.
This leads to a reduced ability to cushion and distribute the meshing forces effectively, and it also increases the

friction coefficient in the contact areas of the gear surfaces.

From the perspective of time-varying mesh stiffness, the combined effect of tooth chipping and insufficient
lubrication results in noticeable fluctuations in gear mesh stiffness. Firstly, the tooth profile changes caused by the
tooth chipping reduce the contact area between the meshing teeth, which weakens the load-bearing capacity at the

contact points. The center of mass shifts, and k, gradually approaches the torsional stiffness under rigid conditions,

manifesting as periodic decreases in time-varying mesh stiffness. Secondly, as the effectiveness of the lubricant
diminishes, the friction between the gears increases, making the dynamic characteristics of the mesh stiffness more

unstable
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Fig.15. The influence of severe defect torsional stiffness on TVMS

Overall, the influence of torsional stiffness on the total TVMS under rigid conditions is not particularly
significant. The primary reasons are as follows: The total TVMS of a gear pair is determined by a combination of
factors including the Hertzian contact stiffness, single tooth stiffness, and base circle stiffness. Torsional stiffness
is merely one component of single-tooth stiffness, which also encompasses bending stiffness, axial compression
stiffness, and shear stiffness. Consequently, the impact of each component on the total TVMS is limited. However,
under EHL, the lubricant's ability to transmit meshing forces balances the load, thereby reducing the effect of tip-
chipping defects on TVMS. This demonstrates that torsional stiffness is a crucial parameter for the calculation of
TVMS in the presence of tip-chipping defects.

4.3 The effect of surface roughness on friction coefficient

Under different tooth surface roughness conditions, the distribution of oil film thickness is depicted in Fig.16,
where all parameters except surface roughness are constants. As surface roughness increases, the oil film thickness
also increases, a relationship influenced by the flow factor in the modified Reynolds equation. Furthermore, with
increasing roughness, the minimum film thickness location approaches the contact area's center. Additionally, as
surface roughness increases, central and minimum film thickness values tend to converge.
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Fig.16. The effect of surface roughness on film thickness



According to the above formula, the influence of surface roughness on friction coefficient under EHL
conditions can be calculated. As depicted in Fig.17, during the meshing process of gears, the friction coefficient
increases with surface roughness. This increase occurs due to the formation of more tiny contact points during
mutual contact, leading to an increase in contact area. As the contact points change with gear rotation and contact
status, the friction coefficient reaches its maximum at the tooth root or crest and gradually decreases thereafter.
Particularly in the area of tip chipping, where the cross-section is irregularly protruding and the surface is rough,
fluid lubrication effectiveness is compromised, resulting in increased frictional resistance.
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Fig.17. The influence of surface roughness on tooth surface friction coefficient

As shown in Fig.18, with the occurrence of tip chipping failure, the number and height of asperities increase
accordingly. As surface roughness gradually increases, these asperities come into contact more frequently during
the gear meshing process, leading to increased local pressure at the contact points. The presence of these asperities
prevents the complete formation and maintenance of the Iubricating oil film at these contact points, thereby reducing
the load-bearing capacity of the oil film and further exacerbating the load pressure on the asperities.

Increasing roughness causes the distribution of asperities on the gear surface to become more uneven. This
uneven distribution results in uneven pressure distribution on the gear contact surface, leading to localized high-
pressure and low-pressure areas. As roughness increases, the height of pressure peaks decreases, and with high
roughness, these peaks can nearly disappear.



Fig.18. The effect of surface roughness on the distribution of contact pressure on rough surfaces

4.4 The effect of surface roughness on TVMS

As shown in Figure 19, when oil film lubrication is not considered, the TVMS curve begins to exhibit a certain
degree of fluctuation as surface roughness gradually increases. Moreover, the degree of fluctuation becomes more
pronounced with greater surface roughness. This is because surface roughness leads to microscopic irregularities
on the gear meshing contact surfaces, causing localized variations in contact stiffness. When the roughness is high,
the actual contact area is smaller, resulting in greater fluctuations in localized contact stiffness.

The surface roughness changes also cause dynamic load distribution during the gear meshing process. When
rough surfaces lead to uneven load distribution on the tooth surfaces, it results in fluctuations in TVMS. Additionally,
rough surfaces increase friction and wear during the gear meshing process. The increase in friction force leads to
changes in contact stiffness, while wear alters the tooth surface morphology, further affecting TVMS.
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Fig.19. Time-varying mesh stiffness of gear pairs under different roughness levels

As shown in Fig.20, the calculation of oil film stiffness is illustrated for healthy and gear tooth tip chipping
failure conditions. The study reveals that both healthy and chipped gear pairs exhibit significant fluctuations in oil



film stiffness during alternate meshing cycles of gear pairs. These fluctuations are attributed to the oscillations in
gear tooth loads. Notably, gear tooth tip chipping intensifies the oscillations in gear load variations. Compared to
the oil film stiffness in healthy conditions, tip chipping failure results in an increase in oil film stiffness during the
period of chipped tooth engagement, particularly at the moment of chipping, where a sudden mutation occurs.
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Fig.20. EHL Stiffness Considering Surface Roughness

In the context of tip chipping, oil film stiffness refers to the resistance generated by the oil film against relative
motion between the meshing surfaces of gears. Under chipped conditions, an increase in surface roughness of the
gear teeth makes it difficult for the oil film to form effectively at the tooth tips, thereby affecting the oil film stiffness.
As depicted in Fig.21, with an increase in the size of gear tooth tip chipping defects, there is a significant alteration
in the geometric shape of the meshing area, leading to a reduction in the effective contact area. This reduction
impairs the formation and maintenance of the oil film, thereby influencing the TVMS.

As the tooth chipping enlarges, the thickness of the oil film decreases, leading to time-varying characteristics
of the oil film stiffness, which gradually diminishes. For smaller tooth chipping sizes, the change in oil film stiffness
is relatively minor; however, with larger tooth chipping sizes, the reduction in oil film stiffness becomes more
pronounced. In the early stages of tooth chipping formation, there is an increase in pressure concentration within
the contact area. As the chipping size continues to grow, the failure of the oil film and the irregularities of the contact
surface cause the mesh stiffness to start decreasing.

When the tooth chipping size is small, the oil film can still maintain a certain thickness and stiffness, resulting
in a relatively uniform pressure distribution in the gear contact area, and the time-varying characteristics of mesh
stiffness remain stable. However, as the chipping size increases, local pressure rises, and the oil film stiffness
gradually decreases, leading to a possible initial increase in mesh stiffness, followed by a decrease as the oil film
thickness reduces. When the tooth chipping size becomes large, the oil film can hardly sustain sufficient thickness,
and the contact surface may exhibit direct metal-to-metal contact, causing a significant drop in mesh stiffness.
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Fig.21. TVMS with Oil Film Stiffness for Different tooth tip Chipping Sizes

4.5 Verification of Stiffness Calculation

To verify the accuracy of the time-varying mesh stiffness (TVMS) calculations under different defects, a
comparison is made with the dynamic analysis of a straight cylindrical gear rotor system with tooth tip chipping,
based on an improved TVMS model proposed in reference [26]. This model accounts for the calculation of TVMS
under the torsional effects of tooth tip chipping in frigid conditions. The method proposed in this paper is compared
with the results from the reference, as shown in Figure 22. The variation trends of TVMS under different defects
calculated by the proposed method are largely consistent with those from the reference. Furthermore, the TVMS
calculations under EHL considered in this paper also align with the general trend. The results demonstrate that this
method not only accurately computes TVMS under EHL but also achieves a high level of precision in the

calculations.
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5 Conclusion

This paper proposes a time-varying mesh stiffness calculation method for gear tooth tip chipping failure
considering EHL. Based on this method, the influence of tip chipping failure under EHL on TVMS is studied. The
effects of surface roughness and oil film stiffness under chipped conditions on TVMS are also considered. The

conclusions drawn from this study are as follows:

1. Under rigid conditions, the size of tip chipping defects decreases the TVMS, and as the size of the chipping
increases, the reduction in TVMS also increases. Under EHL, the oil film transmits meshing forces at the tooth tip
chipping defect, balancing the load and mitigating the impact of tooth tip chipping defects on TVMS. Therefore,
torsional stiffness is an important indicator.

2. As the surface roughness increases, the oil film thickness between contacting tooth surfaces increases while
dynamic pressure decreases. Consequently, to maintain total pressure amplitude, surface roughness significantly
increases. The larger the surface roughness, the higher the friction coefficient, which is attributable to the larger
friction coefficient caused by greater surface roughness. Under various EHL conditions with different surface
roughnesses, the friction coefficient sharply decreases when the sliding-to-rolling ratio at nodes is zero, indicating

pure rolling friction.

3. As the size of gear tooth tip chipping defects increases, it significantly alters the geometric shape of the
meshing area, reducing the effective contact area. This decrease in contact area diminishes the ability to form and
maintain the oil film, thereby affecting the time-varying mesh stiffness.
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Fig. 1. Model of the tooth tip chiping

Fig. 2. Schematic diagram of a healthy gear

Fig. 3. Model of gear tooth tip chipping: (a) Tooth tip Cross-section Diagram; (b) Cantilever Beam Model
Fig. 4. Contact Force Diagram During Gear Meshing

Fig. 5. Contact State at Gear Meshing with EHL

Fig. 6. Analysis of Torsional Effects and Force Distribution on Defective Gears under EHL

Fig. 7. Gear Line Contact Model

Fig. 8. Elastohydrodynamic Lubrication Stiffness Model

Fig. 9. Different locations of gear tooth tip chipping failure: (a) Chipping defect height; (b) Chipping defect width; (c)
Chipping defect depth

Fig.10. The effect of defect height on TVMS
Fig. 11. The influence of defect width on TVMS
Fig. 12. The effect of defect depth on TVMS
Fig.13. The influence of small defect torsional stiffness on TVMS
Fig.14. The influence of moderate defect torsional stiffness on TVMS
Fig.15. The influence of severe defect torsional stiffness on TVMS
Fig.16. The effect of surface roughness on film thickness
Fig.17. The influence of surface roughness on tooth surface friction coefficient
Fig.18. The effect of surface roughness on the distribution of contact pressure on rough surfaces
Fig.19. Time-varying mesh stiffness of gear pairs under different roughness levels
Fig.20. EHL Stiffness Considering Surface Roughness
Fig.21. TVMS with Oil Film Stiffness for Different tooth tip Chipping Sizes

Fig.22. Comparisons of (b) the proposed method and (a) results in Ref. [26]



Fig. 23. Model of the tooth tip chiping
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Fig. 24. Schematic diagram of a healthy gear
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Fig. 25. Model of gear tooth tip chipping: (a) Tooth tip Cross-section Diagram; (b) Cantilever Beam Model

(a)Hertzian contact meshing process (b) Hertzian contact force analysis

Fig. 26. Contact Force Diagram During Gear Meshing
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(a)EHL contact meshing process (b)EHL contact meshing process

Fig. 27. Contact State at Gear Meshing with EHL
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Fig. 28. Analysis of Torsional Effects and Force Distribution on Defective Gears under EHL
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Fig. 29. Gear Line Contact Model
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(a) Hertz contact (b) EHL contact on the smooth surface

(c) EHL contact on the rough surface.

Fig. 30. Elastohydrodynamic Lubrication Stiffness Model
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Fig. 31. Different locations of gear tooth tip chipping failure: (a) Chipping defect height; (b) Chipping defect width; (c)
Chipping defect depth
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Fig. 33. The influence of defect width on TVMS
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Fig.35. The influence of small defect torsional stiffness on TVMS
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Fig.38. The effect of surface roughness on film thickness



TVMS (<10°N-m™")

0.040

0.035

0.030

0.025

= 0.020

0.015

0.010

0.005

0.000

(=]

—m—g=5.1x10"

—e—o=2.1x10"

—h—o=1.1x107

—v—o=5.1x10%
1

4
Tooth Height (mm)
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Fig.41. Time-varying mesh stiffness of gear pairs under different roughness levels
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Table 1 Values of coefficient
Table 2 Basic Parameters of Gear Pair
Table 3 Parameters in the simulations
Table 4 Three Types of Defect Sizes
Table 1
Values of coefficient
Az Bl Ci Di El F;
L'(h,.6,) ~5.574x10" -1.9986x10°  -2.3015x10°  4.7702x10° 0.0271 6.8045

M (h,,0, 60.111x10° 28.100x10° -83.431x100  —9.9256x10°  0.1624 0.9086




P'(h;,0,)  -50.592x10° 1855010 0.0538x10™* 53.3x10°° 0.2895 0.9236
O'(h,0,)  —62042x10  9.0889x10°  -4.0964x10  7.8297x10” —0.1472 0.6904
Table 2
Basic Parameters of Gear Pair
Parameter Value Parameter Value
Tooth number, Z,/Z, 25/53 Pressure angle(°), 20
Modules, m 3 Poisson’s ratio, v 0.3
Young’s modulus(Pa) 2.068 X 10! Tooth width (mm) 38
Tip clearance coefficient c* 0.25 Addendum coefficient 1
Table 3
Parameters in the simulations
Parameter Value Parameter Value
Lubricant ambient density (kg/m?3), 890 Ree-Erying shear stress (Pa), 19 0.5x107
Po
Lubricant ambient viscosity (Pa s), 0.05 Lubricant ambient temperature 25
Mo °C)




Table 4

Three Types of Defect Sizes

A slight chip case A medium chip case A serious chip case
ly Wa I ly Wa I l; Wa 4
0.1m 0.5m 0.1m 2.0m 1.0m 0.8m 3.2m 1.5m 2.0m
m m m m m m m m m




