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KK-theory is a bivariant and homotopy-invariant functor on C∗-algebras that combines K-theory and
K-homology. KK-groups form the morphisms in a triangulated category. Spanier–Whitehead K-duality
intertwines the homological with the cohomological side of KK-theory. Any extension of a unital
C∗-algebra by the compacts has two natural exact triangles associated to it (the extension sequence
itself and a mapping cone sequence). We find a duality (based on Spanier–Whitehead K-duality) that
interchanges the roles of these two triangles together with their six-term exact sequences. This allows
us to give a categorical picture for the duality of Cuntz–Krieger–Toeplitz extensions discovered by K.
Matsumoto.

1 Introduction
Kasparov’s KK-theory combines both of K-homology and K-theory of C∗-algebras into one additive
bivariant functor. The KK-groups provide topological invariants that play a crucial role in index theory
and the classification of nuclear C∗-algebras and their extensions. In this context they are used as
a tool for understanding ∗-homomorphisms between them. In some situations the KK-groups even
contain the complete information about the set of ∗-homomorphisms between two C∗-algebras up to
homotopy: by the celebrated Kirchberg-Phillips theorem this happens, for example, for stable Kirchberg
algebras (see [15] for a survey). More precisely, for two stable Kirchberg algebras A, B, the theorem shows
that every element of KK(A, B) is represented by a ∗-homomorphism A → B and the choice of the ∗-
homomorphism is unique up to homotopy. The composition of the homomorphisms is described by
the Kasparov product. It is associative and unital and therefore allows us to view the KK-groups as
morphisms in a category with rich additional structure, including several dualities. Moreover, it was
shown in [13] that it is a tensor triangulated category.

In the present paper we analyse the interplay of Spanier–Whitehead K-duality with the triangulated
structure. Classical Spanier–Whitehead duality takes place in the stable homotopy category of topolog-
ical spaces. The dual of an object X is witnessed by two morphisms νX,Y : X∧Y → S0 and μX,Y : S0 → Y∧X,
which have to satisfy certain zig-zag relations. Following the idea that KK-theory can be viewed as stable
homotopy theory for C∗-algebras this duality was transferred to the KK-category in [8, 9], where the
authors called it Spanier–Whitehead K-duality (see Def. 3.2).

It was shown in [9] that any separable UCT C∗-algebra with finitely gK-groups is dualizable with
a separable UCT dual algebra. For a separable C∗-algebra A and its separable dual algebra D(A), the
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2 | U. Pennig and T. Sogabe

duality provides an isomorphism

KK(A,C) ∼= KK(C, D(A)).

Thus, the assumption that the K-groups are finitely generated cannot be dropped because separable
algebras have countable K-groups. The duality is defined by two duality classes

μA ∈ KK(C, A ⊗ D(A)), νA ∈ KK(D(A) ⊗ A,C),

which give rise to a group isomorphism (see Sec. 3.2)

DμA ,νB (−) : KK(A, B) → KK(D(B), D(A)).

The triangulated structure on the KK-category defined in [13] can be understood in terms of exact
triangles induced by abstract mapping cone sequences

where the algebra Cf denotes the mapping cone algebra of f . This is a non-commutative analogue of
the Puppe sequence in topology, and we can extend this sequence as follows:

· · · SB
Sf−→ SA

i(f )−→ Cf
e(f )−−→ B

f−→ A
d(f )−−→ SCf

Se(f )−−→ SB · · ·

via a morphism d(f ) ∈ KK(A, SCf ) to obtain Puppe’s exact sequence (see Sec. 3.3, [1, Thm. 19.4.3.]).
With the duality and the tensor triangulated structure at hand it is a natural question whether and

how these two are compatible. We give a partial answer to this question in our first main theorem of
this paper:

Theorem 1.1 (Thm. 3.10, Cor. 3.16). Let A, B, C be separable nuclear UCT C∗-algebras with dual
algebras D(A), D(B), D(C).

(1) Let f : B → A and D(f ) : D(A) → D(B) be ∗-homomorphisms satisfying

DμB ,νA (KK(f )) = KK(D(f )) ∈ KK(D(A), D(B)),

then SCD(f ) is a dual algebra of the mapping cone Cf and there is a duality class μ ∈ KK(C, Cf ⊗
(SCD(f ))) satisfying

Dμ,νB (KK(e(f ))) = d(D(f )).

(2) For an appropriate choice of duality classes, Spanier–Whitehead K-duality maps the exact triangle
SA → C → B → A to another exact triangle D(SA) ← D(C) ← D(B) ← D(A).

The construction of the duality class μ ∈ KK(C, Cf ⊗ SCD(f )) is an adaptation to C∗-algebras of the one
used in [18, Lem. 14.31]. It is based on a difference map

ϕ : (SA ⊗ D(A)) ⊕ (SB ⊗ D(B)) → SA ⊗ D(B),

defined in Lem. 3.11, whose mapping cone can be identified with a subalgebra of Cf ⊗ CD(f ). Since KK(ϕ)

kills the pair of (suspended) duality classes for A and B, it gives rise to an element sμ ∈ KK(S, Cϕ), which
gives μ via Bott periodicity and the appropriate identifications.
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Spanier–Whitehead K-Duality | 3

As an application of the above theorem, we obtain a categorical picture of strong K-theoretic duality
for extensions introduced in [12] (see Def. 5.1). In [12, Thm. 1.1.], K. Matsumoto discovered an interesting
duality between K-theory and strong extension groups of the Toeplitz extension of Cuntz–Krieger
algebras (Rem. 5.4). He introduces the notion of strong K-theoretic duality for unital extensions. Roughly
speaking, two extensions K → E → A and K → F → B are dual to one another if the Ext-group six-term
exact sequence of the first extension is isomorphic to the K-theory six-term exact sequence of the
second and vice versa. As mentioned above, this duality relates the following Toeplitz extensions of
Cuntz–Krieger algebras:

K → TA → OA, K → TAt → OAt .

It was not known whether there are any other pairs of strongly K-theoretic dual extensions. In the
second part of this paper, we show the following theorem.

Theorem 1.2 (Thm. 5.9). Let A be a unital separable nuclear UCT C∗-algebra with finitely
generated K-groups, and let K → E → A be a unital essential extension. Then, there exists
a unital separable nuclear UCT C∗-algebra B and a unital essential extension K → F → B,
which is strongly K-theoretic dual to K → E → A.

We also show that strong K-theoretic duality can be understood as the Spanier–Whitehead duality
of the following mapping cone sequences (Thm. 5.9 (2)):

A key ingredient in the proof is the observation that all KK-theoretic information about the extension
K → E → A, that is, its class in Exts(A) and the K-theory class of the unit, is in fact encapsulated in the
single KK-class KK(e(ξE)), where e(ξE) is the evaluation map of the mapping cone CξE (see Prop. 5.6 proven
in the appendix). To see this, we need the isomorphism

�A : Exts(A) → KK(CuA ,C),

which is carefully defined in Cor. 4.9 in such a way that it maps the image of the generator of K1(Q(K)) ∼=
Z in Exts(A) to the KK-class of the evaluation map on the cone. An interesting feature of strong K-
theoretic duality revealed in this picture is that it interchanges the roles of C and K under the duality.
The dual extension can then be constructed by first replacing E by a KK-equivalent Kirchberg algebra
R and then using reciprocality defined in [17]. In fact, the mapping cone CuB of the reciprocal algebra B
is a dual of R ∼KK E. Using the inverse of �B it is then easy to check, for example, that B has the correct
extension groups.

The paper is structured as follows: we fix some notation used throughout the paper in Section 2.
We then recall some basic facts about KK-groups and exact triangles in KK at the beginning

of Section 3. We continue with a discussion of Spanier–Whitehead K-duality (see Def. 3.2) and its
properties. The main focus of Sec. 3 is the construction of the difference map ϕ in Lem. 3.11, the
identification of its mapping cone Cϕ (Lem. 3.12), the construction of the duality classes in Lem. 3.14
and finally the proof of Lem. 3.10 and Cor. 3.16.

In Section 4 we first state some well-known theorems about (strong and weak) extension groups,
Busby invariants and the six-term exact sequence of extension groups. We also recall the identification
of the strong extensions of A with Ext(CuA , SK). In the rest of this section we then construct the
isomorphism �A mentioned above in Cor. 4.9.

The second main result is discussed in Section 5. We recall the definition of (strong) K-theoretic
duality for unital extensions (see Def. 5.1) at the beginning. As mentioned above, Prop. 5.6 and Prop. 5.8
provide an interpretation of the duality in terms of cones, which is then used in the proof of the main
result, Thm. 5.9. The construction of the dual extension using reciprocality can be found in Lem. 5.10.

2 Notation
Throughout the paper the letters A, B, C denote separable nuclear UCT C∗-algebras. If A is unital, then
we denote by 1A ∈ A its unit and write uA : C 
 λ �→ λ1A ∈ A. Let K (resp. Mn) denote the algebra
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4 | U. Pennig and T. Sogabe

of compact operators acting on a separable infinite dimensional (resp. n-dimensional) Hilbert space,
and let e ∈ K denote a rank 1 projection. We also write e : C 
 λ �→ λe ∈ K for the corresponding ∗-
homomorphism by abuse of notation. We denote by M(B ⊗K) the multiplier algebra of B ⊗K and write
Q(B ⊗ K) := M(B ⊗ K)/(B ⊗ K). The quotient map M(B ⊗ K) → Q(B ⊗ K) is denoted by π for short. We
denote by

σA,B : A ⊗ B 
 a ⊗ b �→ b ⊗ a ∈ B ⊗ A

the flip isomorphism.
We denote by Ki(A), i = 0, 1 the i-th K-group of A and write [p]0 ∈ K0(A) (resp. [u]1 ∈ K1(A)) the

equivalence class of the projection p (resp. unitary u). We identify K0(K) and K1(Q(K)) with Z as follows:

K0(K) 
 [e]0 �→ 1 ∈ Z,

K1(Q(K)) 
 [π(V)]1 �→ Index(V) ∈ Z,

where V ∈ M(K) is a Fredholm operator and we write Index(V) := dim KerV − dim CokerV. We denote
the index map by

Ind : K1(Q(K)) 
 [π(V)]1 �→ Index(V) ∈ K0(K).

Let S = C0(0, 1) be the algebra of continuous functions on [0, 1] vanishing at the boundary. For a ∗-
homomorphism f : B → A, we write SnA := S⊗n ⊗ A, Snf := idSn ⊗ f . A function [0, 1] 
 t �→ a(t) ∈ A
vanishing at {0, 1} is an element of SA and denoted by a(t) ∈ SA by abuse of notation. The mapping cone
algebra Cf of f is defined by

Cf := {(a(t), b) ∈ (C0(0, 1] ⊗ A) ⊕ B | a(1) = f (b)},

and it fits into an exact sequence

0 → SA
i(f )−→ Cf

e(f )−−→ B → 0,

where the two maps i(f ) and e(f ) are given by

i(f ) : SA 
 a(t) �→ (a(t), 0) ∈ Cf , e(f ) : Cf 
 (a(t), b) �→ b ∈ B.

For an extension

0 → J → E
f−→ E/J → 0,

we write j(E) : J 
 x �→ (0, x) ∈ Cf .

3 Exactness of Spanier–Whitehead K-Duality
In this section, we will show that, for an appropriate choice of duality classes, Spanier–Whitehead K-
duality maps an exact triangle to another exact triangle (see Thm. 3.10, Cor. 3.16).

3.1 KK-groups and exact triangles
We refer to [1] for the basic definition and facts about KK-theory. For two C∗-algebras A, B, Kasparov’s
KK-group is denoted by KK(A, B). The Kasparov module given by a ∗-homomorphism f : A → B is
denoted by KK(f ) ∈ KK(A, B), and for two ∗-homomorphisms f : A → B, g : B → C, their Kasparov product
is denoted by

⊗̂ : KK(A, B) × KK(B, C) 
 (KK(f ), KK(g)) �→ KK(f )⊗̂KK(g) = KK(g ◦ f ) ∈ KK(A, C).
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Spanier–Whitehead K-Duality | 5

We write IA := KK(idA) ∈ KK(A, A), and one has natural maps

IA ⊗ − : KK(B, C) 
 KK(g) �→ IA ⊗ KK(g) = KK(idA ⊗ g) ∈ KK(A ⊗ B, A ⊗ C),

− ⊗ IA : KK(B, C) 
 KK(g) �→ KK(g) ⊗ IA = KK(g ⊗ idA) ∈ KK(B ⊗ A, C ⊗ A).

The following identities are consequences of the definition of Kasparov modules:

1) IA ⊗ b = (b ⊗ IA)⊗̂KK(σB,A) ∈ KK(A, A ⊗ B), b ∈ KK(C, B),
2) IA ⊗ c = KK(σA,C)⊗̂(c ⊗ IA) ∈ KK(A ⊗ C, A), c ∈ KK(C,C),
3) (a ⊗ IC)⊗̂(IB ⊗ c) = (IA ⊗ c)⊗̂(a ⊗ ID), a ∈ KK(A, B), c ∈ KK(C, D),

and will be used in this paper without mentioning.
We denote by KK the category of separable C∗-algebras whose morphism set Mor(A, B) is KK(A, B), and

the composition of the morphisms is given by ⊗̂. A morphism α ∈ KK(A, B) is called a KK-equivalence if
there exists α−1 ∈ KK(B, A) satisfying α⊗̂α−1 = IA, α−1⊗̂α = IB and we denote by KK(A, B)−1 the subset of
KK-equivalences. If KK(A, B)−1 
= ∅, A and B are called KK-equivalent.

In [13], R. Meyer and R. Nest showed that KK is triangulated. A sequence

SÃ → C̃ → B̃ → Ã

in KK is called an exact triangle if there is a ∗-homomorphism f : B → A and KK-equivalences α ∈
KK(Ã, A)−1, β ∈ KK(B̃, B)−1, γ ∈ KK(C̃, Cf )

−1 making the following diagram commute:

Lemma 3.1 ([13, Sec. 2.1, ]). For two exact triangles sa : i → Ci → Bi → Ai, i = 1, 2 fitting into the
commutative diagram in KK shown below

we have γ ∈ KK(C1, C2) making the above diagram commute. If α, β are KK-equivalences, then
so is γ .

3.2 Spanier–Whitehead K-duality
In this section we recall the definition of Spanier–Whitehead K-duality and the existence of duals for
C∗-algebras with finitely generated K-groups following [9].

Definition 3.2 ([9, Def. 2.1]). Let A and D(A) be separable C∗-algebras. They are Spanier–
Whitehead K-dual if and only if there are elements, called duality classes,

μA ∈ KK(C, A ⊗ D(A)), νA ∈ KK(D(A) ⊗ A,C)

satisfying the unit co-unit adjunction formula

(μA ⊗ IA)⊗̂(IA ⊗ νA) = IA ∈ KK(A, A), (ID(A) ⊗ μA)⊗̂(νA ⊗ ID(A)) = ID(A) ∈ KK(D(A), D(A)).

Remark 3.3. We frequently denote by D(A) a dual algebra of A. It should be noted, however,
that this notation is misleading. There is in general no way to determine D(A) from A up
to isomorphism, only up to KK-equivalence. Let A and D be dual with the duality classes
μ ∈ KK(C, A ⊗ D) and ν ∈ KK(D ⊗ A,C). If there is another algebra D̃ with a KK-equivalence
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6 | U. Pennig and T. Sogabe

γ ∈ KK(D, D̃)−1, D̃ is also a dual of A with the following duality classes:

(μ⊗̂(IA ⊗ γ ), (γ −1 ⊗ IA)⊗̂ν).

Duality classes (μ, ν) are determined up to KK(A, A)−1 ∼= KK(D(A), D(A))−1 as in the above
manner (see e.g., [17, Lem. 2.10]). If we fix one of the duality classes then the other is uniquely
determined. So if A and D are dual and (μ, νi), i = 1, 2 are duality classes, then one has
ν1 = ν2 ∈ KK(D ⊗ A,C).

We have the following characterization of the duality.

Lemma 3.4. Let A, D, P, Q be separable nuclear C∗-algebras, and let μ ∈ KK(C, A⊗D) be an element
such that the natural transformation

μ⊗̂ : KK(P ⊗ A, Q) 
 x �→ (IP ⊗ μ)⊗̂(x ⊗ ID) ∈ KK(P, Q ⊗ D)

is an isomorphism for any P, Q. Then, there exists ν ∈ KK(D⊗A,C), and A and D are the Spanier–
Whitehead K-dual with duality classes (μ, ν).

Proof. Since μ⊗̂ : KK(D ⊗ A,C) ∼= KK(D, D), the element ν := (μ⊗̂)−1(ID) satisfies

(ID ⊗ μ)⊗̂(ν ⊗ ID) = ID,

and the above equation implies

μ⊗̂ : KK(A, A) 
 (μ ⊗ IA)⊗̂(IA ⊗ ν) �→ μ ∈ KK(C, A ⊗ D).

We also have

μ⊗̂ : KK(A, A) 
 IA �→ μ ∈ KK(C, A ⊗ D),

and the assumption shows (μ ⊗ IA)⊗̂(IA ⊗ ν) = IA. �

We have an easy picture to understand the duality if we focus on the UCT C∗-algebras with finitely
generated K-groups as in the following proposition.

Proposition 3.5 (cf. [9, Thm. 3.1, 6.2]). Let A be a separable nuclear UCT C∗-algebra with finitely
generated K-groups. Then, A is KK-equivalent to an algebra of the following form:

C
⊕a ⊕ S⊕b ⊕ O⊕c

n+1 ⊕ (SOm+1)
⊕d ⊕ · · ·

and a dual algebra D(A) is given by

D(A) := C
⊕a ⊕ S⊕b ⊕ (SOn+1)

⊕c ⊕ O⊕d
m+1 ⊕ · · · .

Remark 3.6. The C∗-algebra On+1 is the Cuntz algebra whose K-groups are given by

K0(On+1) = Z/nZ, K1(On+1) = 0.

Two UCT C∗-algebras are KK-equivalent if and only if they have isomorphic K-groups, and the
finitely generated K-groups of A

K0(A) = Z
⊕a ⊕ (Z/nZ)⊕c ⊕ · · · , K1(A) = Z

⊕b ⊕ (Z/mZ)⊕d ⊕ · · ·

are the same as the K-groups of the UCT C∗-algebra C
⊕a ⊕ S⊕b ⊕ O⊕c

n+1 ⊕ (SOm+1)
⊕d ⊕ · · · .
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Spanier–Whitehead K-Duality | 7

Remark 3.7. In [8], two Cuntz–Krieger algebras OA and OAt are proved to be dual with respect to
duality classes that are elements in the respective KK1-groups. This implies D(OA) = SOAt in
our setting. In particular, one has D(On+1) = SOn+1.

Obviously, C is self-dual with μ = ν = ±IC. Since KK(σS,S) = −IS2 , it is also easy to check that S is
self-dual with the duality classes (βS, β−1

S ) given by the Bott element βS ∈ KK(C, S2). Let K + C1 denote
the unitization of K in M(K) (i.e., 1 = 1M(K)). Using the UCT

KK(C, (K + C1)⊗2) = Hom(K0(C), K0((K + C1)⊗2)),

KK((K + C1)⊗2,C) = Hom(K0((K + C1)⊗2), K0(C)),

we define two elements με,δ ∈ KK(C, (K + C1)⊗2) and νε,δ ∈ KK((K + C1)⊗2,C) by

με,δ : [1C]0 �→ ε[e ⊗ 1]0 + δ[1 ⊗ e]0, (1)

νε,δ : [1 ⊗ e]0 �→ ε[1C]0,

νε,δ : [e ⊗ 1]0 �→ δ[1C]0,

νε,δ : [e ⊗ e]0 �→ 0,

νε,δ : [1 ⊗ 1]0 �→ 0

for ε, δ ∈ {±1}. One can easily check the following lemma.

Lemma 3.8. The algebra K + C1 is self-dual with the duality classes (με,δ , νε,δ).

Let A and B be dualizable C∗-algebras with dual algebras D(A), D(B), and let (μA, νA), (μB, νB) be their
duality classes. One has two isomorphisms

KK(A, B) 
 x �→ μA⊗̂(x ⊗ ID(A)) ∈ KK(C, B ⊗ D(A)),

KK(C, B ⊗ D(A)) 
 y �→ (ID(B) ⊗ y)⊗̂(νB ⊗ ID(A)) ∈ KK(D(B), D(A)),

where the inverse of the first map is

KK(C, B ⊗ D(A)) 
 y �→ (y ⊗ IA)⊗̂(IB ⊗ νA) ∈ KK(A, B)

and the inverse of the second one is given similarly. Thus, we have the following isomorphism:

DμA ,νB (−) : KK(A, B) 
 x �→ (ID(B) ⊗ μA)⊗̂(ID(B) ⊗ x ⊗ ID(A))⊗̂(νB ⊗ ID(A)) ∈ KK(D(B), D(A)),

which provides a dual morphism D(A)
DμA ,νB (x)←−−−−− D(B) for a given morphism A

x−→ B. Using the three
equations for the Kasparov product listed in the previous section, a direct computation yields the
following lemma.

Lemma 3.9. Let (μA, νA) be duality classes for A and D(A). Then, the following elements

μA⊗̂KK(σA,D(A)) ∈ KK(C, D(A) ⊗ A), KK(σA,D(A))⊗̂νA ∈ KK(A ⊗ D(A),C)

are duality classes for D(A) and A, and one has

DμA ,νB (−)−1 = DμB⊗̂KK(σB,D(B)),KK(σA,D(A))⊗̂νA
(−).

3.3 Duals of exact triangles

For SA
i(f )−→ Cf

e(f )−−→ B
f−→ A and the Bott element βS ∈ KK(C, S⊗2), one has a morphism

d(f ) := (βS ⊗ IA)⊗̂(IS ⊗ KK(i(f ))) ∈ KK(A, SCf ).
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8 | U. Pennig and T. Sogabe

In the following, we fix duality classes (μA, νA), (μB, νB) and dual algebras D(A), D(B) as in Def. 3.2. Assume
that there is a ∗-homomorphism D(f ) : D(A) → D(B) satisfying

DμB ,νA (KK(f )) = KK(D(f )) ∈ KK(D(A), D(B)).

Note that one can always choose D(A), D(B) as stable Kirchberg algebras, and then DμB ,νA (KK(f )) is
represented by a ∗-homomorphism D(f ) : D(A) → D(B).

Following [18, Chap. 14], we will show the following theorem in the next two subsections.

Theorem 3.10. Let f : B → A be a ∗-homomorphism with mapping cone algebra Cf and dual
homomorphism D(f ) : D(A) → D(B) as described above. The two algebras Cf and SCD(f ) are
Spanier–Whitehead K-dual with a duality class

μ ∈ KK(C, Cf ⊗ SCD(f ))

satisfying

Dμ,νB (KK(e(f ))) =(ID(B) ⊗ μ)⊗̂(ID(B) ⊗ KK(e(f )) ⊗ ISCD(f ) )⊗̂(νB ⊗ ISCD(f ) )

=d(D(f )).

3.3.1 Construction of μ

Let φ : S ⊕ S → S be the map sending (α, β) ∈ S ⊕ S to the function γ ∈ S defined by

γ (t) := α(2t), t ∈ [0, 1/2], γ (t) := β(2 − 2t), t ∈ [1/2, 1].

We identify KK(A, (S ⊕ S) ⊗ B) with KK(A, SB)⊕2, and φ induces a map

− ⊗̂(KK(φ) ⊗ IB) : KK(A, (S ⊕ S) ⊗ B) 
 (α, β) �→ α − β ∈ KK(A, SB).

Let f : B → A be a ∗-homomorphism with dual homomorphism D(f ) : D(A) → D(B) satisfying
DμB ,νA (KK(f )) = KK(D(f )).

Lemma 3.11. Let ϕ : (SA ⊗ D(A)) ⊕ (SB ⊗ D(B)) → SA ⊗ D(B) be the ∗-homomorphism

ϕ := (φ ⊗ idA⊗D(B)) ◦ ((idSA ⊗ D(f )) ⊕ (idS ⊗ f ⊗ idD(B))).

For (IS ⊗ μA, IS ⊗ μB) ∈ KK(S, (SA ⊗ D(A)) ⊕ (SB ⊗ D(B))), we have

(IS ⊗ μA, IS ⊗ μB)⊗̂KK(ϕ) = 0 ∈ KK(S, SA ⊗ D(B)).

Proof. By the definition of D(f ), one has

μB⊗̂KK(f ⊗ idD(B)) = (IC ⊗ μB)⊗̂(IC ⊗ KK(f ) ⊗ ID(B))

= (IC ⊗ μB)⊗̂(IC ⊗ KK(f ) ⊗ ID(B))⊗̂(μA ⊗ IA⊗D(B))⊗̂(IA ⊗ νA ⊗ ID(B))

= μA⊗̂(IA ⊗ KK(D(f ))).

Thus, we obtain

(IS ⊗ μA, IS ⊗ μB)⊗̂KK(ϕ)

=(IS ⊗ (μA⊗̂(IA ⊗ KK(D(f )))), IS ⊗ (μB⊗̂(KK(f ) ⊗ ID(B))))⊗̂(KK(φ) ⊗ IA⊗D(B))

=IS ⊗ (μA⊗̂(IA ⊗ KK(D(f ))) − μB⊗̂(KK(f ) ⊗ ID(B)))

=0.

�
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Combining the above lemma with Puppe’s exact sequence (see [1, Thm. 19.4.3.])

KK(S, Cϕ)
−⊗̂KK(e(ϕ))−−−−−−→ KK(S, S(A ⊗ D(A)) ⊕ S(B ⊗ D(B)))

−⊗̂KK(ϕ)−−−−−→ KK(S, SA ⊗ D(B)),

there is an element sμ ∈ KK(S, Cϕ) satisfying sμ⊗̂KK(e(ϕ)) = (IS ⊗ μA, IS ⊗ μB).
Below we will identify the mapping cone Cϕ with

Kf ,D(f ) := Ker(Cf ⊗ CD(f )
e(f )⊗e(D(f ))−−−−−−→ B ⊗ D(A)).

By the definition of the mapping cone algebras, it is easy to check that Cϕ is identified with a
subalgebra of

C([0, 1]2, A ⊗ D(B)) ⊕ C([0, 1], A ⊗ D(A)) ⊕ C([0, 1], B ⊗ D(B)),

where an element (F(−, −), a(−), b(−)) lies in Cϕ if and only if it satisfies the following conditions:

F(p, 0) = F(0, q) = F(p, 1) = 0, a(0) = a(1) = 0, b(0) = b(1) = 0,

F(1, q) = idA ⊗ D(f )(a(2q)), q ∈ [0, 1/2],

F(1, q) = f ⊗ idD(B)(b(2 − 2q)), q ∈ [1/2, 1].

Recall that Cf ⊗ CD(f ) is a subalgebra of

((C0(0, 1] ⊗ A) ⊕ B) ⊗ ((C0(0, 1] ⊗ D(B)) ⊕ D(A)).

Lemma 3.12. The algebra Kf ,D(f ) is identified with a subalgebra of

C([0, 1]2, A ⊗ D(B)) ⊕ C([0, 1], A ⊗ D(A)) ⊕ C([0, 1], B ⊗ D(B))

consisting of the functions satisfying the following boundary conditions:

F(0, s) = F(t, 0) = 0, a(0) = a(1) = 0, b(0) = b(1) = 0,

F(t, 1) = id ⊗ D(f )(a(t)), F(1, s) = f ⊗ id(b(s)).

Proof. We write CA := C0(0, 1] ⊗ A for short and define a completely bounded map by

Ev1 − f : CA ⊕ B 
 (α(t), β) �→ α(1) − f (β) ∈ A.

By [14, Page 12], one has the diagram below whose vertical and horizontal sequences are exact:

The above diagram implies

Cf ⊗ CD(f ) = Ker((Ev1 − f ) ⊗ id) ∩ Ker(id ⊗ (Ev1 − D(f ))).
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10 | U. Pennig and T. Sogabe

Fig. 1. The graphical representation of the identity used for μSA ⊗ ISA.

Identifying

(α(t), β) ⊗ (x(s), y) ∈ (CA ⊕ B) ⊗ (CD(B) ⊕ D(A))

with

(α(t) ⊗ x(s), α(t) ⊗ y, β ⊗ x(s), β ⊗ y) = (F(t, s), a(t), b(s), d)

∈ C0((0, 1]2, A ⊗ D(B)) ⊕ C0((0, 1], A ⊗ D(A)) ⊕ C0((0, 1], B ⊗ D(B)) ⊕ (B ⊗ D(A)),

one has

id ⊗ (Ev1 − D(f ))(F, a, b, d) = (F(t, 1) − id ⊗ D(f )(a(t)), b(1) − id ⊗ D(f )(d)),

(Ev1 − f ) ⊗ id(F, a, b, d) = (F(1, s) − f ⊗ id(b(s)), a(1) − f ⊗ id(d)),

Kf ,D(f ) = Cf ⊗ CD(f ) ∩ C0((0, 1]2, A ⊗ D(B)) ⊕ C0((0, 1], A ⊗ D(A)) ⊕ C0((0, 1], B ⊗ D(B)) ⊕ 0.

Now it is straightforward to prove the statement. �

We define a map r : [0, 1]2 → [0, 1]2 by

r(p, q) := (2qp, p), q ∈ [0, 1/2], r(p, q) := (p, (2 − 2q)p), q ∈ [1/2, 1],

(see [18, proof of Lem. 14.30] for a sketch) and this map induces an isomorphism

r∗ : Kf ,D(f ) 
 (F(t, s), a, b) �→ (F(r(p, q)), a, b) ∈ Cϕ .

Let μ ∈ KK(C, Cf ⊗ (SCD(f ))) be the composition of the following morphisms:

C
βS−→ S2 IS⊗(sμ)−−−−→ SCϕ

KK(S(r∗−1))−−−−−−→ SKf ,D(f ) ⊂ S(Cf ⊗ CD(f ))
KK(σS,Cf

⊗idCD(f )
)

−−−−−−−−−→ Cf ⊗ (SCD(f )).

3.3.2 Proof of Thm. 3.10
Lemma 3.13. Let (μA, νA) be the duality classes for A, D(A). Then the following elements are

duality classes for SA, SD(A):

μSA := μA⊗̂(βS ⊗ IA⊗D(A))⊗̂(KK(σS,SA) ⊗ ID(A)) ∈ KK(C, SA ⊗ SD(A)),

νSA := (KK(σSD(A),S) ⊗ IA)⊗̂(β−1
S ⊗ ID(A)⊗A)⊗̂νA ∈ KK(SD(A) ⊗ SA,C).

Proof. We check the unit co-unit adjunction formula. One has

μSA ⊗ IS = (IS ⊗ μSA)⊗̂KK(σS,SA⊗SD(A)),

IA ⊗ β−1
S = KK(σA,S2 )⊗̂(β−1

S ⊗ IA).
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Fig. 2. The graphical representation of equation (2).

Thus, a direct computation yields

μSA ⊗ ISA

=(IS ⊗ μA ⊗ IA)⊗̂(IS ⊗ βS ⊗ IA⊗D(A)⊗A)⊗̂(KK(σS,S2A⊗D(A)) ⊗ IA)⊗̂(KK(σS,SA) ⊗ ID(A)⊗SA),

ISA ⊗ νSA

=(IS ⊗ KK(σA⊗SD(A),S) ⊗ IA)⊗̂(IS2 ⊗ KK(σA,S) ⊗ ID(A)⊗A)⊗̂(IS ⊗ β−1
S ⊗ IA⊗D(A)⊗A)⊗̂(ISA ⊗ νA).

In symmetric tensor categories we can represent composition of morphisms as string diagrams, in which
the duality class μA corresponds to a cap (and νA to a cup) and the transposition of tensor factors to a
crossing. The graphical representation of the above identity for μSA ⊗ ISA is shown in Figure 1.

It is easy to see that

(KK(σS,S2A⊗D(A)) ⊗ IA)⊗̂(KK(σS,SA) ⊗ ID(A)⊗SA)⊗̂ (2)

(IS ⊗ KK(σA⊗SD(A),S) ⊗ IA)⊗̂(IS2 ⊗ KK(σA,S) ⊗ ID(A)⊗A)

=KK(σS2,S) ⊗ IA⊗D(A)⊗A = (−1)2IS3A⊗D(A)⊗A.

The graphical representation of eq. (2) is shown in Figure 2.
It is straightforward to check that

(μSA ⊗ ISA)⊗̂(ISA ⊗ νSA) = ISA.

The other equation in the adjunction formula is verified similarly. �

Lemma 3.14. For the ∗-homomorphisms f : B → A and D(f ) : D(A) → D(B), the element in KK-
theory μ ∈ KK(C, Cf ⊗ (SCD(f ))) satisfies

Dμ,νB (KK(e(f ))) = d(D(f )) := (βS ⊗ ID(B))⊗̂(IS ⊗ KK(i(D(f )))),

μSA⊗̂(KK(i(f )) ⊗ ISD(A)) = μ⊗̂(ICf ⊗ IS ⊗ KK(e(D(f )))).

Proof. Recall the following notation from Lem. 3.12

(F, a, b) ∈ Kf ,D(f ) ⊂ C0((0, 1]2, A ⊗ D(B)) ⊕ C0((0, 1], A ⊗ D(A)) ⊕ C0((0, 1], B ⊗ D(B)).

It is straightforward to check that with this identification

e(f ) ⊗ idCD(f ) : Kf ,D(f ) 
 (F, a, b) �→ σS,B ⊗ idD(B)(b) ∈ B ⊗ SD(B) ⊂ B ⊗ CD(f ),

idCf ⊗ e(D(f )) : Kf ,D(f ) 
 (F, a, b) �→ a ∈ SA ⊗ D(A) ⊂ Cf ⊗ D(A).
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12 | U. Pennig and T. Sogabe

Now we have the following commutative diagrams:

where Pri denotes the projection onto the ith summand. By the first diagram and the construction of μ,
one verifies

μ⊗̂(KK(e(f )) ⊗ ISCD(f ) )

=βS⊗̂(IS ⊗ sμ)⊗̂(IS ⊗ KK(Pr2 ◦ e(ϕ)))⊗̂(IS ⊗ KK((idB ⊗ i(D(f ))) ◦ (σS,B ⊗ idD(B))))

⊗̂(KK(σS,B) ⊗ ICD(f ) )

=βS⊗̂(IS2 ⊗ μB)⊗̂(KK(σS2,B) ⊗ ID(B))⊗̂(IB⊗S ⊗ KK(i(D(f )))),

and a direct computation yields

βS⊗̂(IS2 ⊗ μB)⊗̂(KK(σS2,B) ⊗ ID(B))⊗̂(IB⊗S ⊗ KK(i(D(f ))))

=μB⊗̂(βS ⊗ IB⊗D(B))⊗̂(KK(σS2,B) ⊗ ID(B))⊗̂(IB⊗S ⊗ KK(i(D(f ))))

=μB⊗̂(IB⊗D(B) ⊗ βS)⊗̂(IB ⊗ KK(σD(B),S2 ))⊗̂(IB⊗S ⊗ KK(i(D(f )))).

Thus we have

Dμ,νB (KK(e(f ))) =(ID(B) ⊗ (μ⊗̂(KK(e(f )) ⊗ ISCD(f ) )))⊗̂(νB ⊗ ISCD(f ) )

=(ID(B) ⊗ μB)⊗̂(ID(B)⊗B ⊗ ((ID(B) ⊗ βS)⊗̂KK(σD(B),S2 )⊗̂(IS ⊗ KK(i(D(f ))))))

⊗̂(νB ⊗ ISCD(f ) )

=(ID(B) ⊗ βS)⊗̂KK(σD(B),S2 )⊗̂(IS ⊗ KK(i(D(f ))))

=(βS ⊗ ID(B))⊗̂(IS ⊗ KK(i(D(f ))))

=d(D(f )).
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Similarly, the second diagram shows

μ⊗̂(ICf ⊗S ⊗ KK(e(D(f )))

=βS⊗̂(IS2 ⊗ μA)⊗̂(IS ⊗ KK(i(f )) ⊗ ID(A))⊗̂(KK(σS,Cf ) ⊗ ID(A))

=μSA⊗̂(KK(i(f )) ⊗ ISD(A)).

�

Proof of Thm. 3.10. By Lem. 3.4 and Lem. 3.14, it is enough to show the bijectivity of the natural
transformation

μ⊗̂ : KK(P ⊗ Cf , Q) → KK(P, Q ⊗ (SCD(f ))).

Since P ⊗ Cf (resp. Q ⊗ SCD(f )) is identified with CidP⊗f (resp. SCD(f )⊗idQ ), the Puppe sequence (see [1, Thm.
19.4.3.]) gives the following horizontal exact sequences:

Note that

KK(SD(f )) = (−1)2IS ⊗ DμB ,νA (KK(f )) = DμSB ,νSA (KK(Sf ))

(cf. Proof of Lem. 3.13). In the above diagram, the two squares in the middle commute by Lem. 3.14, and
the left and right squares commute by the definition of the dual morphisms. The Five-Lemma shows
the bijectivity of μ⊗̂. �

Remark 3.15. Applying the exact sequence in the above proof for P = SCD(f ), Q = C, Lem. 3.4
implies that μ and ν := (μ⊗̂)−1(ISCD(f ) ) are duality classes and one has DμSA ,ν (KK(i(f ))) = IS ⊗
KK(e(D(f ))).

Corollary 3.16. Let SA
i−→ C

e−→ B
f−→ A be an exact triangle of separable nuclear UCT C∗-

algebras with finitely generated K-groups. Then there exist separable nuclear UCT C∗-algebras
D(SA), D(C), D(B), D(A) with finitely generated K-groups and duality classes

μsa ∈ KK(C, SA ⊗ D(SA)), νsa ∈ KK(D(SA) ⊗ SA,C),

μc ∈ KK(C, C ⊗ D(C)), νc ∈ KK(D(C) ⊗ C,C),

μb ∈ KK(C, B ⊗ D(B)), νb ∈ KK(D(B) ⊗ B,C),

μa ∈ KK(C, A ⊗ D(A)), νa ∈ KK(D(A) ⊗ A,C)

such that the dual sequence

D(SA)
Dμsa ,νc (i)←−−−−− D(C)

Dμc ,νb
(e)←−−−− D(B)

Dμb ,νa (f )←−−−−− D(A)

is an exact triangle.
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14 | U. Pennig and T. Sogabe

Proof. It is enough to prove the statement for the mapping cone sequence

SA
i(f )−→ Cf

e(f )−−→ B
f−→ A.

By Prop. 3.5 and [2, Thm. 2.5], one has a dual Kirchberg algebra DA of A (resp. DB of B) with duality classes
(μA, νA) (resp. (μB, νB)). By [5, Thm. E], the dual morphism DμB ,νA (f ) is represented by a ∗-homomorphism
Df : DA → DB, and Thm. 3.10 and Rem. 3.15 give duality classes (μ, ν) for Cf and D(Cf ) := SCDf satisfying

(i) Dμ,νB (KK(e(f ))) = (β ⊗ IDB )⊗̂(IS ⊗ KK(i(Df ))),
(ii) DμSA ,ν (KK(i(f ))) = IS ⊗ KK(e(Df )),

where we write μSA := μA⊗̂(β ⊗ IA⊗DA )⊗̂(KK(σS,SA) ⊗ IDA ). By

S((C0(0, 1] ⊗ DB) ⊕ DA) ∼= (C0(0, 1] ⊗ SDB) ⊕ SDA

we have an isomorphism γ : SCDf → CSDf . We write D(Cf ) := CSDf and define (μc, νc) by

μc := μ⊗̂(ICf ⊗ KK(γ )), νc := (KK(γ −1) ⊗ ICf )⊗̂ν.

We write D(SA) := SDA, D(B) := S(SDB), D(A) := S(SDA) and define (μb, νb), (μsa, νsa) as follows:

μb := μB⊗̂(IB ⊗ ((β⊗̂KK(σS,S)) ⊗ IDB )), νb := (((KK(σS,S) ⊗ β−1) ⊗ IDB ) ⊗ IB)⊗̂νB,

μsa := μSA, νsa := (KK(σSDA ,S) ⊗ IA)⊗̂(β−1 ⊗ I(DA⊗A))⊗̂νA.

The equations γ ◦ S(i(Df )) ◦ σS,S = i(SDf ) and S(e(Df )) ◦ γ −1 = e(SDf ) and (i) and (ii) imply

Dμc ,νb (KK(e(f ))) = KK(i(SDf )), Dμsa ,νc (KK(i(f ))) = KK(e(SDf )).

Now we define (μa, νa) by

μa := μA⊗̂(IA ⊗ (β ⊗ IDA )), νa := ((β−1 ⊗ IDA ) ⊗ IA)⊗̂νA

so that the equation Dμb ,νa (KK(f )) = −KK(S(SDf )) holds. Now we obtain

where the bottom sequence is an exact triangle. �

We will use the following corollary in Section 5.

Corollary 3.17. Let f : B → A be a ∗-homomorphism between dualizable algebras, and let D, D(B)

be dual algebras of Cf and B, respectively, with duality classes

μC ∈ KK(C, Cf ⊗ D), νC ∈ KK(D ⊗ Cf ,C),

μB ∈ KK(C, B ⊗ D(B)), νB ∈ KK(D(B) ⊗ B,C).

Assume that there is a ∗-homomorphism g : D(B) → D satisfying

DμC ,νB (KK(e(f ))) = KK(g).

Then, there exists a duality class μ ∈ KK(C, Cg ⊗ A) satisfying

Dμ,σB,D(B)⊗̂νB
(KK(e(g))) = KK(f ).
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Proof. The assumption implies

DμB⊗̂σB,D(B) ,σCf ,D⊗̂νC
(KK(g)) = KK(e(f )),

and Thm. 3.10 gives a duality class μ̄ ∈ KK(C, Cg ⊗ SCe(f )) satisfying

Dμ̄,σB,D(B)⊗̂νB
(KK(e(g))) = d(e(f )) := (βS ⊗ IB)⊗̂(IS ⊗ KK(i(e(f )))).

One may identify Ce(f ) with the algebra

{(b(t), a(s)) ∈ (C0(0, 1] ⊗ B) ⊕ (C0(0, 1] ⊗ A) | f (b(1)) = a(1)}.

The exact sequence

0 → SA → Ce(f ) → C0(0, 1] ⊗ B → 0

shows that the inclusion SA ↪→ Ce(f ) is a KK-equivalence making the following diagram commute:

and a KK-equivalence γ ∈ KK(A, SCe(f ))
−1 defined by

γ : A
−βS⊗IA−−−−→ S2A ↪→ SCe(f )

satisfies

d(e(f ))⊗̂γ −1 = KK(f ).

Thus, the duality class

μ := μ̄⊗̂(ICg ⊗ γ −1) ∈ KK(C, Cg ⊗ A)

fulfills the required condition. �

4 Extensions of C∗-Algebras and KK-Theory
4.1 Extension groups
We first recall some basic facts about extension groups and refer to [1] for reference. Let A, B be
separable, nuclear C∗-algebras, and let τ1, τ2 : A → Q(B ⊗ K) be ∗-homomorphisms called Busby
invariants. Two homomorphisms are strongly equivalent (resp. weakly equivalent) if there is a unitary
U ∈ M(B ⊗ K) (resp. u ∈ Q(B ⊗ K)) satisfying τ1 = Adπ(U) ◦ τ2 (resp. τ1 = Adu ◦ τ2). The Busby invariants
τ1 and τ2 are called stably equivalent if there are ∗-homomorphisms ρ1, ρ2 : A → M(B ⊗ K) such that
τ1 ⊕ π ◦ ρ1 and τ2 ⊕ π ◦ ρ2 are strongly equivalent. If τ : A → Q(B ⊗ K) is injective, the Busby invariant is
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16 | U. Pennig and T. Sogabe

called essential, and it gives an essential extension

For a unital C∗-algebra A, the Busby invariant is called unital if τ : A → Q(B ⊗ K) is unital, and the
corresponding extension is called unital extension. We denote by Ext(A, B ⊗ K) the group of stable
equivalence classes of the Busby invariants. It is well-known that the group Ext(A, B⊗K) can be naturally
identified with KK1(A, B).

Recall that every element of KK(A, B) is represented by a Cuntz pair [φ0, φ1], where φ0, φ1 : A →
M(B ⊗ K) are ∗-homomorphisms satisfying φ0(a) − φ1(a) ∈ B ⊗ K, and one has KK(f ) = [f ⊗ e, 0] for
a ∗-homomorphism f : A → B. The pull-back of the extension

SB ⊗ K → C0(0, 1] ⊗ B ⊗ K
ev1−→ B ⊗ K

by f ⊗ e : A → B ⊗ K gives an element of Ext(A, SB ⊗ K), and this extends to the following natural
isomorphism:

ηA,B : KK(A, B) 
 [φ0, φ1] �→ [τ[φ0,φ1]] ∈ Ext(A, SB ⊗ K), (3)

where the Busby invariant τ[φ0,φ1] is defined by (see [1, 19.2.6.] and the proof in the appendix)

τ[φ0,φ1](a) = π(tφ0(a) + (1 − t)φ1(a)) ∈ Q(SB ⊗ K). (4)

Here, we identify the function [0, 1] 
 t �→ tφ0(a) + (1 − t)φ1(a) ∈ M(B ⊗ K) with an element of C[0, 1] ⊗
M(B ⊗ K) ⊂ M(SB ⊗ K).

Remark 4.1. Note that the definition of τ[φ0,φ1] is slightly different from the one in [1, 19.2.6.], and
the difference comes from the definition of mapping cone algebra. To construct the mapping
cone, we use C0(0, 1] and the reference uses C0[0, 1).

Remark 4.2. The extension τ[Sφ0,Sφ1] is identified with

SA
idS⊗τ[φ0 ,φ1]−−−−−−→ SQ(SB ⊗ K) ⊂ Q(S2B ⊗ K)

σS,S⊗idB⊗K−−−−−−→ Q(S2B ⊗ K).

Thus, one has ηSA,SB(IS ⊗ x) = −IS ⊗ ηA,B(x) for x ∈ KK(A, B).

Since A is nuclear, every essential extension

SB ⊗ K → E
πE−→ A

is semi-split and the morphism KK(j(E)) ∈ KK(SB ⊗K, CπE ) is known to be a KK-equivalence (see [1, Thm.
19.5.5.]).

Lemma 4.3 (cf. [1, Lem. 19.5.6, Thm. 19.5.7.]). Let E := π−1(τ (A)) ⊂ M(SB ⊗ K) be an essential
extension of A with the quotient map πE : E 
 x �→ τ−1(π(x)) ∈ A. Then, we have

− IS ⊗ (η−1
A,B([τ ])⊗̂KK(e)) = KK(i(πE))⊗̂KK(j(E))−1.

In particular, the following sequence is an exact triangle:

SA
−IS⊗(η−1

A,B([τ ])⊗̂KK(e))−−−−−−−−−−−−→ SB ⊗ K → E
πE−→ A.
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Spanier–Whitehead K-Duality | 17

Proof. Recall that for the extension the map j(E) : SB⊗K → CπE is defined
to be j(E)(x) = (0, x). For an element x ∈ KK(−, SiB), we use the following short-hand notation:

x⊗̂KK(e) := x⊗̂(ISiB ⊗ KK(e)) ∈ KK(−, SiB ⊗ K).

One has the following diagram:

where the middle and right squares commute. The surjective map

C0(0, 1] ⊗ E 
 x(t) �→ (πE(x(t)), x(1)) ∈ CπE

gives an essential extension

S(SB ⊗ K) → C0(0, 1] ⊗ E → CπE .

For the pull-back j(E)∗ : Ext(CπE , S(SB ⊗ K)) → Ext(SB ⊗ K, S(SB ⊗ K)), one has

j(E)∗([S(SB ⊗ K) → C0(0, 1] ⊗ E → CπE ])

=[S(SB ⊗ K) → C0(0, 1] ⊗ (SB ⊗ K) → SB ⊗ K]

=[τ[idSB⊗K ,0]]

=ηSB⊗K,SB([idSB⊗K, 0]) ∈ Ext(SB ⊗ K, S(SB ⊗ K)).

Since [idSB⊗K, 0]⊗̂KK(e) is represented by the Cuntz pair [φ, 0] with

φ : SB ⊗ K = SB ⊗ e ⊗ K ⊂ SB ⊗ K ⊗ K,

one has

[idSB⊗K, 0]⊗̂KK(e) =[φ, 0]

=[idSB⊗K ⊗ e, 0]

=ISB⊗K + (degenerate module)

=ISB⊗K,

and the naturality of j(E)⊗̂− and η−,− implies

ηCπE ,SB(KK(j(E))−1⊗̂KK(e)−1)

=[S(SB ⊗ K) → C0(0, 1] ⊗ E → CπE ] ∈ Ext(CπE , S(SB ⊗ K)).

One has

i(πE)
∗([S(SB ⊗ K) → C0(0, 1] ⊗ E → CπE ])

=[S(SB ⊗ K) → SE
SπE−−→ SA]

=[idS ⊗ τ ] ∈ Ext(SA, S(SB ⊗ K)).

Rem. 4.2 and the naturality of η−,− show

KK(i(πE))⊗̂KK(j(E))−1⊗̂KK(e)−1 = η−1
SA,SB(IS ⊗ [τ ]) = −IS ⊗ η−1

A,B([τ ]).

�
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18 | U. Pennig and T. Sogabe

4.2 Strong extension groups
For a unital C∗-algebra A, we identify the mapping cone CuA with the algebra

{a(t) ∈ C0(0, 1] ⊗ A | a(1) ∈ C1A}.

For a separable C∗-algebra B and a unital, separable, nuclear C∗-algebra A, G. Skandalis [16] introduces
the strong extension group

Exts(A, B ⊗ K) := {τ : A → Q(B ⊗ K) | τ : unital extension}/∼

where τ1 ∼ τ2 means that there exist unital ∗-homomorphisms ρ1, ρ2 : A → M(B ⊗ K) and a unitary
U ∈ M2(M(B ⊗ K)) satisfying

τ1 ⊕ π ◦ ρ1 = Ad(π ⊗ idM2 )(U) ◦ (τ2 ⊕ π ◦ ρ2).

He shows the following theorem.

Theorem 4.4 ([16, Thm. 2.3., Cor. 2.4.]).

1) There exists a 6-term exact sequence

2) We have a natural isomorphism

Exts(A, B ⊗ K) → Ext(CuA , SB ⊗ K)

sending [B ⊗ K → E → A] to [SB ⊗ K → CuE → CuA ].

Following [11], we denote by Exts(A) the group of strong equivalence classes of unital essential
extensions τ : A → Q(K). Note that Voiculescu’s theorem shows Exts(A) = Exts(A,K), and the second
statement of the above theorem implies Exts(A) ∼= KK(CuA ,C).

In the rest of this subsection, we take a closer look at the above theorem in the case of B = C to fix
notation. For the unital extension τ with E := π−1(τ (A)) ⊂ M(K), we write [τ ]s = [E]s ∈ Exts(A). The
nuclearity of A provides a unital completely positive lift Lτ : A → M(K) of τ , and the composition of the
following maps:

CuA 
 a(t) �→ Lτ (a(t)) ∈ C0(0, 1] ⊗ M(K),

C0(0, 1] ⊗ M(K) ⊂ M(SK)
π−→ Q(SK)

define an essential extension c(τ ) : CuA → Q(SK) with π−1(c(τ )(CuA )) = CuE ⊂ C0(0, 1] ⊗ M(K). It is easy
to check that c(τ ) is independent of the choice of the unital completely positive lift Lτ . This construction
induces a group homomorphism

mA : Exts(A) 
 [τ ]s = [E]s �→ [c(τ )] = [SK → CuE → CuA ] ∈ Ext(CuA , SK).

For the above essential extensions E, CuE , we write πE := τ−1◦π , πCuE
:= c(τ )−1 ◦π , and πCuE

= idC0(0,1]⊗ ∼πE

holds by definition.
We denote by Extw(A) the group of weak equivalence classes of unital essential extensions of A

by K. For a general ∗-homomorphism σ : A → Q(K), we may assume that the projection τ(1A) ∈
Q(K) is properly infinite and is Murray–von Neumann equivalent to 1Q(K). Combining the above and
Voiculescu’s absorption theorem (see [1, Chap. 15.12.]), it is well-known that the natural map

Extw(A) 
 [τ ]w �→ [τ ] ∈ Ext(A,K)

is an isomorphism.
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Spanier–Whitehead K-Duality | 19

We denote by τA := π◦ρ an essential unital trivial extension with an injective unital ∗-homomorphism
ρ : A → M(K), and the kernel of the natural surjection

qA : Exts(A) 
 [τ ]s �→ [τ ]w ∈ Extw(A)

is the image of the following group homomorphism:

ιA : K1(Q(K)) 
 [u]1 �→ [Adu ◦ τA]s ∈ Exts(A),

where we identify K1(Q(K)) with U(Q(K))/ ∼h (see [11, Lem. 1.2.]). Let V be an isometry such that e := 1−
VV∗ ∈ K is a rank 1 projection, and we identify [π(V)]1 ∈ K1(Q(K)) with −1 = Ind(V) = −[e]0 ∈ Z = K0(K)

as in [12]. For the map e : C → Ce ⊂ K and a Cuntz pair [e, 0] = IC ∈ KK(C,C), we identify Ext(C, SK) with
K1(Q(K)) by

− I : K1(Q(K)) 
 [π(V)]1 �→ [τ[e,0]] ∈ Ext(C, SK).

The groups Exts(A) can be computed from KK-groups as shown in the following theorem.

Theorem 4.5 (cf. [16, Cor. 2.4.]). For a unital C∗-algebra A, the map mA is an isomorphism making
the following diagram commute:

Lemma 4.6 (cf. [12, Sec. 2.2.]). The following is an exact sequence:

K1(τA(A)′ ∩ Q(K)) → K1(Q(K))
ιA−→ Exts(A)

qA−→ Extw(A) → 0,

where the map K1(τA(A)′ ∩ Q(K)) → K1(Q(K) is induced by the inclusion τA(A)′ ∩ Q(K) ⊂ Q(K).

Proof. It is enough to show Ker ιA ⊂ Im(K1(τA(A)′ ∩ Q(K)) → K1(Q(K))). For a unitary w ∈ Q(K) with
[Adw ◦ τA]s = 0, there is a unitary U ∈ M(K) satisfying Adπ(U)w ◦ τA = τA, and [w]1 = [π(U)w]1 ∈ Ker ιA

lies in the image of K1(τA(A)′ ∩ Q(K)) → K1(Q(K)). �

Lemma 4.7. There is an isomorphism pA : K1(τA(A)′ ∩ Q(K)) → Ext(SA,K) making the following
square commute:

Proof. By Paschke duality, one has an isomorphism

PτA : K1(τA(A)′ ∩ Q(K)) → Ext(SA,K),

which sends w ∈ U(τA(A)′ ∩ Q(K)) to an extension defined by

SA 
 f ⊗ a �→ f (w)τA(a) ∈ Q(K).

Note that S ∼= C∗(z − 1) ⊆ C(S1). Therefore f ⊗ a �→ f (w)τA(a) is well-defined using functional calculus,
since it is the restriction to SA of C(S1) ⊗ A 
 z ⊗ a �→ w τA(a) ∈ Q(K). Thus, one has the commutative
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20 | U. Pennig and T. Sogabe

square

The generator −1 ∈ Z = K1(Q(K)) is given by [π(V)]1, where V ∈ M(K) is an isometry with a rank 1
projection e := 1 − VV∗. Multiplying by the appropriate sign ±1, one can find a natural isomorphism
θA,B : Ext(SA, B ⊗ K) → Ext(A, SB ⊗ K) such that

θC,C(P(τA◦uA)([π(V)])) = [τ[e,0]]

(i.e., θC,C ◦ P(τA◦uA) = −I). For the isomorphism pA := θA,C ◦ PτA , the naturality of θ−,− implies u∗
A ◦ pA =

θC,C ◦ (SuA)∗ ◦ PτA , and this proves the statement. �

Proof. of Thm. 4.5 Let fA : Extw(A) → Ext(SA, SK) be the composition of the isomorphism Extw(A) →
Ext(A,K) and the suspension isomorphism IS ⊗− : Ext(A,K) → Ext(SA, SK). Since c(τ ) ◦ i(uA) = Sτ : SA →
SQ(K) ⊂ Q(SK), one has fA ◦ qA = i(uA)∗ ◦ mA. By Lem. 4.6 and Lem. 4.7, one has the following diagram
with exact horizontal sequences

.

We will show mA ◦ ιA = e(uA)∗ ◦ −I. The statement then follows from the Five-Lemma.
Let V ∈ M(K) be the isometry with a rank 1 projection e := 1 − VV∗. It is enough to show mA ◦

ιA([π(V)]1) = e(uA)∗ ◦ −I([π(V)]1). For a state ψ of A and a(t) ∈ CuA , one has ta(1) − ψ(a(t)) ∈ C0(0, 1). Thus,
one has the following contractible completely positive lift of τ[e,0] ◦ e(uA) : CuA → Q(SK):

θ : CuA 
 a(t) �→ ψ(a(t))(1 − VV∗) ∈ C[0, 1] ⊗ M(K) ⊂ M(SK).

A unital completely positive lift LAdπ(V)◦τA : A → M(K) of Adπ(V) ◦ τA is given by

AdV ◦ ρ + (1 − VV∗)ψ ,

and we have the following lift of c(Adπ(V) ◦ τA) : CuA → Q(K):

σ : CuA 
 a(t) �→ Vρ(a(t))V∗ + ψ(a(t))(1 − VV∗) ∈ C[0, 1] ⊗ M(K) ⊂ M(SK).

Now one has a unitary

U := 1C[0,1] ⊗
(

V e
0 V∗

)
∈ C[0, 1] ⊗ M2 ⊗ M(K) ⊂ M2 ⊗ M(SK)

satisfying AdU ◦ ((idC0(0,1]ρ|CuA
) ⊕ θ) = (σ ⊕ 0). Since [c(τA)] = 0 ∈ Ext(CuA , SK), this implies

e(uA)∗ ◦ −I([π(V)]1) = [τ[e,0] ◦ e(uA)] = [c(τA) ⊕ τ[e,0] ◦ e(uA)] = [c(Adπ(V) ◦ τA) ⊕ 0] = mA ◦ ιA([π(V)]1).

�
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Spanier–Whitehead K-Duality | 21

Another way to understand Exts(A) is via the dual algebra D(A) due to [7]. For the injective unital
∗-homomorphism ρ : A → M(K) with ρ(A) ∩ K = {0}, one has the dual algebra

D(A) := {T ∈ M(K) | [T, ρ(a)] ∈ K}.

For a projection p ∈ D(A)\K (resp. q ∈ τA(A)′ ∩Q(K)), there is an isometry W ∈ M(K) with p = WW∗(resp.
w ∈ Q(K) with q = ww∗), which defines a unital essential extension Adπ(W∗) ◦ τA (resp. Adw∗ ◦ τA).
Since strong (resp. weak) equivalence classes of the above extension do not depend on the choice of the
isometry, this gives the following isomorphisms (see [7, Chap. 5]):

K0(D(A)) ∼= Exts(A), K0(τA(A)′ ∩ Q(K))) ∼= Extw(A).

For −[e]0 = [1D(A) − e]0 ∈ K0(D(A)) and the isometry V with 1 − VV∗ = e, −[e]0 ∈ K0(D(A)) corresponds to
[Adπ(V∗) ◦ τA]s = ιA([π(V∗)]1) ∈ Exts(A). Thus, one has the following commutative diagram:

For the exact sequence

0 → K → D(A) → τA(A)′ ∩ Q(K) → 0,

the associated six-term exact sequence fits into the following commutative diagram:

Remark 4.8. If K0(A), K1(A) are finitely generated (i.e., A has a Spanier–Whitehead K-dual D(A)),
CuA is dualizable, and one can observe the isomorphisms

K∗(D(A)) ∼= K∗(D(CuA )), K∗(τA(A)′ ∩ Q(K)) ∼= K∗−1(D(A)).

Summarising the results of this section, we have the following corollary.

Corollary 4.9. Let A be a separable nuclear unital C∗-algebras, and let W ∈ Q(K) be a unitary with
Ind(W) = 1. There is an isomorphism �A : Exts(A) → KK(CuA ,C) satisfying

IS ⊗ �A([E]s) = KK(i(πCuE
))⊗̂KK(j(CuE ))

−1⊗̂KK(e)−1 ∈ KK(SCuA , S),

�A(ιA([W]1)) = KK(e(uA)) ∈ KK(CuA ,C)

for any unital essential extension [τ ]s = [E]s.

Proof. The isomorphism is defined by

�A := −η−1
CuA ,C ◦ mA.
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22 | U. Pennig and T. Sogabe

Then, Lem. 4.3 implies

IS ⊗ �A([E]s) = IS ⊗ (−η−1
CuA ,C([c(τ )]s))

= KK(i(πCuE
))⊗̂KK(j(CuE ))

−1⊗̂KK(e)−1,

and Thm. 4.5 implies

−�A(ιA([W]1)) = −η−1
CuA ,C(mA(ιA(−[W]1)))

= −η−1
CuA ,C(e(uA)∗([τ[e,0]]))

= −η−1
CuA ,C([τ[e◦e(uA),0]])

= −[e ◦ e(uA), 0]

= −[e(uA) ⊗ e, 0]

= −KK(e(uA)).

�

5 Strong K-Theoretic Duality for Unital Extensions
We first recall the definition of this duality from [12]:

Definition 5.1 ([12, Def. 6.1.]). Let A, B be separable nuclear unital C∗-algebras, and let τ : A →
Q(K) and σ : B → Q(K) be unital essential extensions with E := π−1(τ (A)), F := π−1(σ (B)).
Two extension τ , σ are K-theoretic dual if there are vertical arrows given by isomorphisms that
make the following diagram commute:

We call τ and σ are strongly K-theoretic dual with respect to ε ∈ {±1} if

�A([E]s) = ε[1F]0, �B([F]s) = ε[1E]0

holds.

Remark 5.2. It is easy to see that E and F are strongly K-theoretic dual with respect to ε if and
only if we have the following isomorphisms:

�B : (Exts(B), [F]s, ιB([W]1), K1(D(B))) ∼= (K0(E), ε[1E]0, [e]0, K1(E)),

�A : (Exts(A), [E]s, ιA([W]1), K1(D(A))) ∼= (K0(F), ε[1F]0, [e]0, K1(F)),

where W ∈ Q(K) is a unitary of Ind(W) = 1.
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Spanier–Whitehead K-Duality | 23

Remark 5.3. Thanks to [6, Thm. A], if both of A and B are Kirchberg algebras, then the isomorphism
class of F is uniquely determined by E and vice versa.

Remark 5.4. In [12], K. Matsumoto computed the strong extension groups of the Cuntz–Krieger
algebras explicitly and discovered the isomorphism

(Exts(OA), [TA]s, ιA([W]1), K1(D(OA))) ∼= (K0(TAt ), −[1TAt ]0, [e]0, K1(TAt )),

where TA is the Toeplitz extension of OA (see [3, 4, 11]). In particular, the following Toeplitz
extensions are proved to be strongly K-theoretic dual with respect to ε = −1:

K → TA → OA, K → TAt → OAt .

Let ξE (resp. ξF) be the inclusion K+C1E → E (resp.K+C1F → F) and denote by qE (resp. qF) the quotient
map CξE → CξE /C0(0, 1] ⊗ K = CuA (resp. CξF → CuB ). Let iK (resp. iC) be the inclusion K ↪→ K + C (resp.
C ↪→ K + C). For the elements �B([F]s), KK(e(uB)) (see Cor. 4.9), we write

�B([F]s) := �B([F]s)⊗̂KK(e)⊗̂KK(iK) ∈ KK(CuB ,K + C),

KK(e(uB)) := KK(e(uB))⊗̂KK(iC) ∈ KK(CuB ,K + C).

Using Cor. 3.17 and the following two propositions, we give a categorical picture to understand strong
K-theoretic duality and prove the existence of dual extensions (Thm. 5.9). Denote by pK and pC the
morphisms defined by

pK ∈ KK(K + C,K) = Hom(K0(K + C), K0(K)), pK⊗̂[e]0 = [e]0, pK⊗̂[1]0 = 0,

pC ∈ KK(K + C,C) = Hom(K0(K + C), K0(C)), pC⊗̂[e]0 = 0, pC⊗̂[1]0 = [1]0.

One has pK⊗̂KK(iK) + pC⊗̂KK(iC) = IK+C.

Lemma 5.5. The following diagram commutes:

In particular, one has KK(e(ξF))⊗̂pK⊗̂KK(iK) = KK(qF)⊗̂�B([F]s)

Proof. Recall the Busby invariant σ : B → Q(K) of the extension K → F → B. We write CB := C0(0, 1] ⊗ B,
CF := C0(0, 1] ⊗ F for short. We use the following identification:

SCξF = {ft(s) ∈ C0(0, 1] ⊗ (CF) | ft(1) ∈ K + C1F, f1(s) = 0},

SCuB = {bt(s) ∈ C0(0, 1] ⊗ (CB) | bt(1) ∈ C1B, b1(s) = 0},

CπCuF
= {(bt(s), f (s)) ∈ (C0(0, 1] ⊗ (CB)) ⊕ (CF) | b1(s) = πF(f (s)), bt(1) ∈ C1B, f (1) ∈ C1F},

where the third algebra is the mapping cone obtained from the extension

[c(σ )] = [SK → CuF

πCuF−−→ CuB ].
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24 | U. Pennig and T. Sogabe

For the mapping cone CiC = {f (s) ∈ C0(0, 1] ⊗ (K + C) | f (1) ∈ C}, we define two maps x : SK → CiC and
y : CiC → CπCuF

by

x : SK 
 f (s) �→ f (s) ∈ CiC ,

y : CiC 
 f (s) �→ (πF(f (ts)), f (s)) ∈ CπCuF
,

where πF : F → F/K = B is the quotient map. Consider the following diagram:

where the triangles on the right-hand side commute. By the extension

0 → SK
x−→ CiC → C0(0, 1] → 0,

the inclusion x is a KK-equivalence and y = x−1⊗̂j(CuF ) is also a KK-equivalence. The exact sequence

K∗(S)
K∗(SiC)−−−−→ K∗(S(K + C1))

K∗(i(iC))−−−−→ K∗(CiC ),

and the commutativity of the upper right triangle implies KK(i(iC))⊗̂KK(x)−1 = IS ⊗ pK.
Since Cor. 4.9 shows KK(i(πCuF

))⊗̂KK(j(CuF ))
−1 = IS ⊗ (�B([F]s)⊗̂KK(e)), it is enough to check that the

large square commutes up to homotopy. For ϕ := y ◦ i(iC) ◦ Se(ξF) and ψ := i(πCuF
) ◦ SqF, one has

ϕ : ft(s) �→ (πF(fts(1)), fs(1)), ψ : ft(s) �→ (πF(ft(s)), 0).

It is straightforward to check that the following maps from SCξF to CπCuF
are well-defined for h ∈ [0, 1]:

ϕh : ft(s) �→ (πF(fts(hs + (1 − h))), fs(hs + (1 − h))),

ψh : ft(s) �→ (πF(ft(hs+(1−h))(s)), f(hs+(1−h))(s)),

and one has

ϕ = ϕ0 ∼h ϕ1 = ψ1 ∼h ψ0 = ψ .

�

Proposition 5.6. The quotient map qF gives a KK-equivalence KK(qF) ∈ KK(CξF , CuB )
−1 and one has

KK(qF)⊗̂(�B([F]s) + KK(e(uB))) = KK(e(ξF)) ∈ KK(CξF ,K + C).

Proof. The kernel of qF is C0(0, 1] ⊗ K and this implies qF is a KK-equivalence.
We have KK(e(uB)) = KK(e(uB))⊗̂KK(iC) by definition, and it is easy to check π ◦ e(ξF) = e(uB) ◦ qF for the

quotient map π : K + C → C. Since pC = KK(π), one has

KK(e(ξF))⊗̂pC⊗̂KK(iC) = KK(qF)⊗̂KK(e(uB)),

and Lem. 5.5 shows

KK(e(ξF)) = KK(e(ξF))⊗̂(pK⊗̂KK(iK) + pC⊗̂KK(iC)) = KK(qF)⊗̂(�B([F]s) + KK(e(uB))).

�
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We will also use the following lemma proved in [10].

Lemma 5.7. [10, Sec. 4.4.] Let A, B, E, F be as in Def. 5.1, and assume that they are separable nuclear
UCT C∗-algebras. If there is an isomorphism

(Exts(B), [F]s, ιB([W]1), K1(D(B))) ∼= (K0(E), ε[1E]0, δ[e]0, K1(E)),

the K-groups Ki(CuB ), i = 0, 1 are finitely generated. In particular, the K-groups of E, A, B, F are
finitely generated.

Proof. The separability of E implies that the groups Exts(B) ∼= KK(CuB ,C), K1(D(B)) ∼= KK1(CuB ,C) are
countable. Thus, UCT implies that Hom(Ki(CuB ),Z) and Ext1

Z
(Ki(CuB ),Z) are countable groups. Now the

same argument as in [10, Sec. 4.4.] shows the statement. �

In the next proposition we will make use of the duality classes με,δ and νε,δ that have been defined in
(1).

Proposition 5.8. Let A, B and E, F be as in Def. 5.1, and assume that they satisfy UCT. Then, the
isomorphism

(Exts(B), [F]s, ιB([W]1), K1(D(B))) ∼= (K0(E), ε[1E]0, δ[e]0, K1(E)),

holds if and only if there exists a duality class μE ∈ KK(C, CξF ⊗ E) satisfying

DμE ,νε,δ (KK(e(ξF))) = KK(ξE)

Proof. First, we prove the if-part. For a duality class μE ∈ KK(C, CξF ⊗ E), we define a duality class μ by

μ := μE⊗̂(KK(qF) ⊗ IE) ∈ KK(C, CuB ⊗ E).

Prop. 5.6 and the assumption imply

Dμ,νε,δ (�B([F]s) + KK(e(uB))) = KK(ξE).

Since (KK(iC) ⊗ IK+C)⊗̂νε,δ = εpK⊗̂KK(e)−1 ∈ KK(K + C,C), one has

[1E]0 =KK(iC)⊗̂Dμ,νε,δ (�B([F]s) + KK(e(uB)))

=μ⊗̂((�B([F]s) + KK(e(uB))) ⊗ IE)⊗̂((εpK⊗̂KK(e)−1) ⊗ IE)

=μ⊗̂(ε�B([F]s) ⊗ IE).

Similarly, the equation (KK(e) ⊗ IK+C)⊗̂νε,δ = δpC ∈ KK(K + C,C) implies

[e]0 =KK(e)⊗̂Dμ,νε,δ (�B([F]s) + KK(e(uB)))

=μ⊗̂((�B([F]s) + KK(e(uB))) ⊗ IE)⊗̂(δpC ⊗ IE)

=μ⊗̂(δKK(e(uB)) ⊗ IE).

Now we have the desired isomorphisms

Exts(B)
�B−→ KK(CuB ,C)

μ⊗̂(−⊗IE)−−−−−→ KK(C, E) = K0(E),

K1(D(B)) ∼= KK(CuB , S)
μ⊗̂−→ KK(C, SE) ∼= K1(E).
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26 | U. Pennig and T. Sogabe

Next, we show the only if-part. We identify [1E]0, [e]0 ∈ K0(E) with KK(uE), KK(C → Ce ⊂ E) ∈ KK(C, E).
Assume that there is an isomorphism

�B : (Exts(B), [F]s, ιB([W]1), K1(D(B))) → (K0(E), ε[1E]0, δ[e]0, K1(E)).

Lem. 5.7, Prop. 3.5 and the UCT imply that E and CuB are Spanier–Whitehead K-dual with a duality
class μ ∈ KK(C, CuB ⊗ E). The UCT gives a KK-equivalence γ ∈ KK(E, E)−1 making the following diagram
commute:

We show that

μE := μ⊗̂(KK(qF)
−1 ⊗ IE)⊗̂(ICξF

⊗ γ ) ∈ KK(C, CξF ⊗ E)

satisfies DμE ,νε,δ (KK(e(ξF))) = KK(ξE). Similar computation as in the if part yields

KK(iK)⊗̂DμE ,νε,δ (KK(e(ξF)))

=KK(e)−1⊗̂μ⊗̂(δKK(e(uB)) ⊗ IE)⊗̂γ

=KK(e)−1⊗̂�B ◦ �−1
B (δKK(e(uB)))

=KK(e)−1⊗̂δ2KK(C → Ce ⊂ E)

=KK(K ↪→ E)(= [e]0)

and

KK(iC)⊗̂DμE ,νε,δ (KK(e(ξF)))

=μ⊗̂(ε�B([F]s ⊗ IE)⊗̂γ

=�B ◦ �−1
B (ε�B([F]s))

=KK(uE)(= [1E]0).

Thus, the UCT

KK(K + C, E) = Hom(K0(K + C), K0(E))

implies

DμE ,νε,δ (KK(e(ξF))) =(pK⊗̂KK(iK) + pC⊗̂KK(iC))⊗̂DμE ,νε,δ (KK(e(ξF)))

=pK⊗̂KK(K ↪→ E) + pC⊗̂KK(C
uE−→ E)

=KK(K + C
ξE−→ E).

�

Theorem 5.9. Let A be a unital separable nuclear UCT C∗-algebra with finitely generated
K-groups, and let K → E → A be a unital essential extension. Then the following holds:
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(1) There exists a unital separable nuclear UCT C∗-algebra B and a unital essential extension K →
F → B, which is strongly K-theoretic dual to K → E → A with respect to ε ∈ {±1}.

(2) Two extensions E and F are strongly K-theoretic dual if and only if there exist duality classes

μ1 ∈ KK(C, CξF ⊗ E), ν2 ∈ KK(CξE ⊗ F,C)

making the following diagram commute:

(i.e., a dual sequence of CξF

e(ξF)−−→ K + C
ξF−→ F is given by E

ξE←− C + K
e(ξE)←−− CξE .).

Lemma 5.10. Let A, E be as in Thm. 5.9, and let W ∈ Q(K) be a unitary of Ind(W) = 1. Then, there
(uniquely) exists a unital UCT Kirchberg algebra B satisfying

(Exts(B), ιB([W]1), K1(D(B))) ∼= (K0(E), [e]0, K1(E)).

Proof. Let R be the unital UCT Kirchberg algebra defined by

(K0(R), [1R]0, K1(R)) ∼= (K0(E), [e]0, K1(E)).

By [17, Thm. 3.3.], there exist a unital Kirchberg algebra B reciprocal to R and a duality class μ ∈
KK(C, CuB ⊗ ∼R) satisfying KK(uR) = μ⊗̂(KK(e(uB)) ⊗ IR). The UCT gives a KK-equivalence γ ∈ KK(R, E)−1

satisfying KK(uR)⊗̂γ = [e]0 ∈ KK(C, E) = K0(E), and the isomorphism

Exts(B)
�B−→ KK(CuB ,C)

μ⊗̂−→ KK(C, R)
⊗̂γ−→ KK(C, E) = K0(E)

sends ιB([W]1) to [e]0 by Cor. 4.9. The reciprocality (i.e., D(CuB ) = R) and Rem. 4.8 imply

K1(D(B)) ∼= K1(D(CuB ))
∼= K1(R) ∼= K1(E)

and this completes the proof. �

Proof of Thm. 5.9. Since statement 2 immediately follows from Prop. 5.8 and Lem. 3.9, we only have
to show statement (1). By Lem. 5.10, one has a unital UCT Kirchberg algebra B with the following
isomorphism:

�B : (Exts(B), ιB([W]1), K1(D(B))) ∼= (K0(E), [e]0, K1(E)),

and there is a unital essential extension F of B by K defined by

�−1
B (ε[1E]0) = [F]s.

By Prop. 5.8, one has a duality class μE ∈ KK(C, CξF ⊗ E) satisfying

DμE ,νε,+1 (KK(e(ξF))) = KK(ξE).

Since KK(σK+C,K+C)⊗̂νε,+1 = ν+1,ε , Cor. 3.17 shows that there exists a duality classes μF ∈ KK(C, CξE ⊗ F)

satisfying

DμF ,ν+1,ε (KK(e(ξE))) = KK(ξF).

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/advance-article/doi/10.1093/im
rn/rnae242/7833691 by guest on 28 O

ctober 2024



28 | U. Pennig and T. Sogabe

Now Prop. 5.8 gives an isomorphism

ε�A : (Exts(A), [E]s, ιA([W]1), K1(D(A))) ∼= (K0(F), [1F]0, ε[e]0, K1(F)).

�

Example 5.11. For the Cuntz algebra On, one has

(Exts(On), ιOn ([W]1), [E(1)]s) ∼= (Z, n − 1, 1),

where W ∈ U(Q(K)) is a unitary with Ind([W]1) = 1 and E(1) := En is the Cuntz–Toeplitz algebra.
Denote by E(m) the extension that satisfies [E(m)]s = m[E(1)]s. For m ∈ N, the algebra E(m) is
given by

E(m) := Mm(C) ⊗ K + 1m ⊗ E(1) ⊂ Mm(C) ⊗ M(K).

Since

(K0(Mm(E(−ε))), [e]0, [1]0) ∼= (Z, n − 1, εm),

Rem. 5.3 implies that the strong K-theoretic dual of

K → E(m) → On, m > 0

with respect to ε ∈ {±1} is

Mm(K) → Mm(E(−ε)) → Mm(On).
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Appendix

The isomorphism ηA,B : KK(A, B) → Ext(A, SB ⊗ K) in eq. (3)
In this section we will give a proof of the fact that the map ηA,B defined in eqs. (3) and (4) is an
isomorphism for two nuclear C∗-algebras A and B, since we could not find a proof of this statement
in the literature. We will show that ηA,B fits into the following commutative diagram:

The map b : KK(A, B) → KK1(A, SB) is given by Bott periodicity and therefore an isomorphism [1, Cor.
19.2.2]. In the Cuntz picture for the group KK1(A, SB) a class [ψ , P] is represented by a projection P ∈
M(SB ⊗ K) and a ∗-homomorphism ψ : A → M(SB ⊗ K) with Pψ(a) − ψ(a)P ∈ SB ⊗ K for all a ∈ A. The
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diagonal map sends [ψ , P] to the Busby invariant

τ[ψ ,P](a) = π(Pψ(a)P).

This provides an isomorphism by [1, Prop. 17.6.5]. Hence ηA,B will turn out to be an isomorphism, once
we have shown that the above diagram commutes.

Let Cl1 be the Clifford algebra in dimension 1. This is the unital C∗-algebra with one self-adjoint
generator g ∈ Cl1 such that g2 = 1. The homomorphism b is given by the Kasparov product with a class
b ∈ KK(C, C0(R,Cl1)) given by the Kasparov module

(
λ, C0(R,Cl1), F

)
where λ : C → M(C0(R,Cl1)) is the unit homomorphism and F is the multiplier on C0(R,Cl1) correspond-

ing to the function xg (1 + x2)
− 1

2 . Note that x �→ x (1 + x2)
− 1

2 provides a homeomorphism R → (−1, 1)

with inverse map y �→ y (1 − x2)
− 1

2 , which induces a ∗-isomorphism

θ : C0((−1, 1),Cl1) → C0(R,Cl1).

Pulling back b with θ turns it into the Kasparov module

(λ, C0((−1, 1),Cl1), F̂)

where F̂ is the multiplier on C0((−1, 1),Cl1) corresponding to the function x �→ x g. On the interval [−1, 1]
the identity function is homotopic relative to its endpoints to s(x) = sin( π

2 x). Hence, we may replace F̂
by the multiplier F̃ corresponding to s · g without changing the KK-class. For the rest of this section we
will identify S with C0(−1, 1). The Bott class is then represented by the Kasparov module

(λ, SCl1, F̃) ∈ KK(C, SCl1).

Let [φ0, φ1] ∈ KK(A, B) be a Cuntz pair. Let HB = �2(N) ⊗ B and ĤB = H(0)

B ⊕ H(1)

B with the superscripts
denoting the even, respectively odd part. The class [φ0, φ1] corresponds to the Kasparov module(

φ0 ⊕ φ1, ĤB,

(
0 1
1 0

))
.

The internal graded tensor product ĤB ⊗B (SCl1 ⊗ B) is isomorphic to the external graded tensor product
ĤSB ⊗ Cl1. Note that the adjointable SCl1 ⊗ B-linear maps on this module are isomorphic to

M̂2(C) ⊗ M(SB ⊗ K) ⊗ Cl1.

This is a graded tensor product of C∗-algebras, where M̂2(C) denotes the complex 2 × 2-matrices with
the diagonal/off-diagonal grading.

Let c(x) = cos( π
2 x) and observe that c ∈ S.

Lemma A.1. Let (φ0, φ1) be a Cuntz pair representing a class in KK(A, B). The Kasparov intersection
product [φ0, φ1]⊗̂(b ⊗ IB) ∈ KK1(A, SB) is represented by the Kasparov module(

(φ0 ⊕ φ1) ⊗ 1, ĤSB ⊗ Cl1, G
)

(A.1)

where G ∈ M̂2(C) ⊗ M(SB ⊗ K) ⊗ Cl1 is the odd operator

G =
(

s 0
0 s

)
⊗ g +

(
0 c
c 0

)
⊗ 1.
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Proof. For ξ ∈ ĤB let Mξ : SCl1 → ĤSB ⊗Cl1 be the module map that sends f ⊗x ∈ SCl1 to fξ ⊗x ∈ ĤSB ⊗Cl1.
Let ξ (i) ∈ H(i)

B . Then we have

G · Mξ (0)⊕0(f ⊗ x) − Mξ (0)⊕0((s ⊗ g) · (f ⊗ x)) = (0 ⊕ cfξ (0)) ⊗ x

G · M0⊕ξ (1) (f ⊗ x) + M0⊕ξ (1) ((s ⊗ g) · (f ⊗ x))

= − (0 ⊕ sfξ (1)) ⊗ gx + (0 ⊕ sfξ (1)) ⊗ gx + (cfξ (1) ⊕ 0) ⊗ x = (cfξ (1) ⊕ 0) ⊗ x

where we used the graded multiplication on the external tensor product ĤSB ⊗Cl1 to obtain the second
equation. Note that both of these commutators are given by compact operators and the argument for
the adjoint of Mξ is completely analogous.

By the above computation, the operator G satisfies G2 = 1 (the mixed terms vanish because of the
graded tensor product) and G = G∗. The first summand commutes with (φ0 ⊕ φ1) ⊗ 1. Therefore

[G, (φ0 ⊕ φ1) ⊗ 1] =
[(

0 c
c 0

)
,

(
φ0 0
0 φ1

)]
⊗ 1 =

(
0 c(φ1 − φ0)

c(φ0 − φ1) 0

)
⊗ 1

is a compact operator. This shows that (A.1) is a Kasparov module. Finally, the graded commutator
between the operator for the class [φ0, φ1] and G evaluates to

[(
0 1
1 0

)
⊗ 1, G

]
=

(
0 s
s 0

)
⊗ g −

(
0 s
s 0

)
⊗ g +

(
2c 0
0 2c

)
⊗ 1 =

(
2c 0
0 2c

)
⊗ 1 ≥ 0

By [1, Def. 18.4.1] the Kasparov module defined in (A.1) represents [φ0, φ1]⊗̂(b ⊗ IB). �

As pointed out in [1, Cor. 14.5.3] there is a ∗-isomorphism

M̂2(C) ⊗ Cl1 ∼= M2(C) ⊕ M2(C). (A.2)

It maps an even element T ⊗ 1 to (T, T), an odd element T ⊗ 1 to (T, −T) and the odd element 1 ⊗ g to
(Tg, −Tg) where Tg is the grading operator

Tg =
(

1 0
0 −1

)
.

Lemma A.2. Let θ(x) = π
4 (x + 1), sθ (x) = sin(θ(x)), and cθ (x) = cos(θ(x)). In the Cuntz picture the

KK-class [φ0, φ1]⊗̂(b ⊗ IB) ∈ KK1(A, SB) is represented by the pair (ψ , P) with

ψ =
(

s2
θ φ0 + c2

θ φ1 sθ cθ (φ1 − φ0)

sθ cθ (φ1 − φ0) c2
θ φ0 + s2

θ φ1

)
and P =

(
1 0
0 0

)
.

In particular, the Busby invariant of the associated extension is

τ[ψ ,P](a) = π(t φ0(a) + (1 − t) φ1(a)).

Proof. The isomorphism on M̂2(C) ⊗ M(SB ⊗ K) ⊗ Cl1 induced by (A.2) maps G to the operator (T, −T)

with

T =
(

s c
c −s

)
.
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Let P̄ = 1
2 (T + 1). Then we have

P̄ = 1
2

(
(s + 1) c

c −(s − 1)

)
=

(
sθ −cθ

cθ sθ

) (
1 0
0 0

) (
sθ cθ

−cθ sθ

)
.

Therefore the Kasparov product corresponds to the Cuntz pair (φ0 ⊕ φ1, P̄) Conjugating P̄ and φ0 ⊕ φ1 by
the inverse of the rotation matrix gives P and

(
sθ cθ

−cθ sθ

) (
φ0 0
0 φ1

) (
sθ −cθ

cθ sθ

)
=

(
φ0s2

θ + φ1c2
θ (φ1 − φ0)sθ cθ

(φ1 − φ0)sθ cθ φ0c2
θ + φ1s2

θ

)
.

Note that t = s2
θ is a homeomorphism between (−1, 1) and (0, 1). The pullback of the Cuntz pair with

respect to s2
θ will therefore have tφ0 + (1 − t)φ1 in the upper left-hand corner. This shows the final

statement. �
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