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KK-theory is a bivariant and homotopy-invariant functor on C*-algebras that combines K-theory and
K-homology. KK-groups form the morphisms in a triangulated category. Spanier-Whitehead K-duality
intertwines the homological with the cohomological side of KK-theory. Any extension of a unital
C*-algebra by the compacts has two natural exact triangles associated to it (the extension sequence
itself and a mapping cone sequence). We find a duality (based on Spanier-Whitehead K-duality) that
interchanges the roles of these two triangles together with their six-term exact sequences. This allows
us to give a categorical picture for the duality of Cuntz-Krieger-Toeplitz extensions discovered by K.
Matsumoto.

1 Introduction

Kasparov's KK-theory combines both of K-homology and K-theory of C*-algebras into one additive
bivariant functor. The KK-groups provide topological invariants that play a crucial role in index theory
and the classification of nuclear C*-algebras and their extensions. In this context they are used as
a tool for understanding x-homomorphisms between them. In some situations the KK-groups even
contain the complete information about the set of x-homomorphisms between two C*-algebras up to
homotopy: by the celebrated Kirchberg-Phillips theorem this happens, for example, for stable Kirchberg
algebras (see [15] for a survey). More precisely, for two stable Kirchberg algebras A, B, the theorem shows
that every element of KK(A, B) is represented by a #-homomorphism A — B and the choice of the x-
homomorphism is unique up to homotopy. The composition of the homomorphisms is described by
the Kasparov product. It is associative and unital and therefore allows us to view the KK-groups as
morphisms in a category with rich additional structure, including several dualities. Moreover, it was
shown in [13] that it is a tensor triangulated category.

In the present paper we analyse the interplay of Spanier-Whitehead K-duality with the triangulated
structure. Classical Spanier-Whitehead duality takes place in the stable homotopy category of topolog-
ical spaces. The dual of an object X is witnessed by two morphisms vxy: XAY — S® and uxy: S° — YAX,
which have to satisfy certain zig-zag relations. Following the idea that KK-theory can be viewed as stable
homotopy theory for C*-algebras this duality was transferred to the KK-category in [8, 9], where the
authors called it Spanier-Whitehead K-duality (see Def. 3.2).

It was shown in [9] that any separable UCT C*-algebra with finitely gK-groups is dualizable with
a separable UCT dual algebra. For a separable C*-algebra A and its separable dual algebra D(A), the
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2 | U Pennigand T. Sogabe

duality provides an isomorphism
KK(A, C) Z KK(C, D(A)).

Thus, the assumption that the K-groups are finitely generated cannot be dropped because separable
algebras have countable K-groups. The duality is defined by two duality classes

na € KK(C,A®D(A)), vaeKKDA)®A,OC,

which give rise to a group isomorphism (see Sec. 3.2)

Dy v (=) : KK(A, B) = KK(D(B), D(A)).

The triangulated structure on the KK-category defined in [13] can be understood in terms of exact
triangles induced by abstract mapping cone sequences

i(f) e(f)

SA o B—1,4

where the algebra C; denotes the mapping cone algebra of f. This is a non-commutative analogue of
the Puppe sequence in topology, and we can extend this sequence as follows:

Sf if) ef)  f d(f) Se(f)
—

sBhsa o Bl Al sc XS

via a morphism d(f) € KK(A, SCy) to obtain Puppe’s exact sequence (see Sec. 3.3, [1, Thm. 19.4.3.]).

With the duality and the tensor triangulated structure at hand it is a natural question whether and
how these two are compatible. We give a partial answer to this question in our first main theorem of
this paper:

Theorem 1.1 (Thm. 3.10, Cor. 3.16). Let A, B, C be separable nuclear UCT C*-algebras with dual
algebras D(A), D(B), D(C).

(1) Let f : B— A and D(f) : D(A) — D(B) be x-homomorphisms satisfying
Dyiz.a (KK(f)) = KK(D(f)) € KK(D(A), D(B)),

then SCpr, is a dual algebra of the mapping cone Cr and there is a duality class u € KK(C,Cf ®
(SCpys))) satisfying

D/L,\JB (KK(Q(f))) = d(D(f))

(2) For an appropriate choice of duality classes, Spanier-Whitehead K-duality maps the exact triangle
SA — C — B — A to another exact triangle D(SA) < D(C) < D(B) <~ D(A).

The construction of the duality class u € KK(C, C; ® SCpyy)) is an adaptation to C*-algebras of the one
used in [18, Lem. 14.31]. It is based on a difference map

¢: (SA®D(A)) @ (SB® D(B)) - SA® D(B),
defined in Lem. 3.11, whose mapping cone can be identified with a subalgebra of C¢ ® Cpys. Since KK(¢p)

kills the pair of (suspended) duality classes for A and B, it gives rise to an element su € KK(S, C,), which
gives u via Bott periodicity and the appropriate identifications.
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As an application of the above theorem, we obtain a categorical picture of strong K-theoretic duality
for extensions introduced in [12] (see Def. 5.1). In [12, Thm. 1.1.], K. Matsumoto discovered an interesting
duality between K-theory and strong extension groups of the Toeplitz extension of Cuntz—Krieger
algebras (Rem. 5.4). He introduces the notion of strong K-theoretic duality for unital extensions. Roughly
speaking, two extensions K — E — A and K — F — B are dual to one another if the Ext-group six-term
exact sequence of the first extension is isomorphic to the K-theory six-term exact sequence of the
second and vice versa. As mentioned above, this duality relates the following Toeplitz extensions of
Cuntz-Krieger algebras:

K—)ﬂ—)OA, K—)ﬁt—)@An

It was not known whether there are any other pairs of strongly K-theoretic dual extensions. In the
second part of this paper, we show the following theorem.

Theorem 1.2 (Thm. 5.9). Let A be a unital separable nuclear UCT C*-algebra with finitely
generated K-groups, and let K — E — A be a unital essential extension. Then, there exists
a unital separable nuclear UCT C*-algebra B and a unital essential extension K — F — B,
which is strongly K-theoretic dual to K — E — A.

We also show that strong K-theoretic duality can be understood as the Spanier-Whitehead duality
of the following mapping cone sequences (Thm. 5.9 (2)):

Cep 224 K4 Clp <225 B, F s clp+ K & o,

A key ingredient in the proof is the observation that all KK-theoretic information about the extension
K — E — A, that s, its class in Exts(A) and the K-theory class of the unit, is in fact encapsulated in the
single KK-class KK(e(&r)), where e(&g) is the evaluation map of the mapping cone Cg, (see Prop. 5.6 proven
in the appendix). To see this, we need the isomorphism

Wy : Extg(A) > KK(C,,,C),

which is carefully defined in Cor. 4.9 in such a way that it maps the image of the generator of K; (Q(K)) =
Z in Exts(A) to the KK-class of the evaluation map on the cone. An interesting feature of strong K-
theoretic duality revealed in this picture is that it interchanges the roles of C and K under the duality.
The dual extension can then be constructed by first replacing E by a KK-equivalent Kirchberg algebra
R and then using reciprocality defined in [17]. In fact, the mapping cone C,, of the reciprocal algebra B
is a dual of R ~¢x E. Using the inverse of Wp it is then easy to check, for example, that B has the correct
extension groups.

The paper is structured as follows: we fix some notation used throughout the paper in Section 2.

We then recall some basic facts about KK-groups and exact triangles in KK at the beginning
of Section 3. We continue with a discussion of Spanier-Whitehead K-duality (see Def. 3.2) and its
properties. The main focus of Sec. 3 is the construction of the difference map ¢ in Lem. 3.11, the
identification of its mapping cone C, (Lem. 3.12), the construction of the duality classes in Lem. 3.14
and finally the proof of Lem. 3.10 and Cor. 3.16.

In Section 4 we first state some well-known theorems about (strong and weak) extension groups,
Busby invariants and the six-term exact sequence of extension groups. We also recall the identification
of the strong extensions of A with Ext(C,,,SK). In the rest of this section we then construct the
isomorphism ¥, mentioned above in Cor. 4.9.

The second main result is discussed in Section 5. We recall the definition of (strong) K-theoretic
duality for unital extensions (see Def. 5.1) at the beginning. As mentioned above, Prop. 5.6 and Prop. 5.8
provide an interpretation of the duality in terms of cones, which is then used in the proof of the main
result, Thm. 5.9. The construction of the dual extension using reciprocality can be found in Lem. 5.10.

2 Notation

Throughout the paper the letters A, B, C denote separable nuclear UCT C*-algebras. If A is unital, then
we denote by 14 € A its unit and write uy : C > A > A1y € A. Let K (resp. M) denote the algebra
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of compact operators acting on a separable infinite dimensional (resp. n-dimensional) Hilbert space,
and let e € K denote a rank 1 projection. We also write e : C 3 A +— xe € K for the corresponding x-
homomorphism by abuse of notation. We denote by M (B ® K) the multiplier algebra of B® K and write
OBQK) = MB®K)/B®K). The quotient map MB ®K) - QB ®K) is denoted by = for short. We
denote by

opap: A®B>a®b—>b®acB®A

the flip isomorphism.
We denote by Ki(A),i = 0,1 the i-th K-group of A and write [p]o € Ko(A) (resp. [u]1 € Ki(A)) the
equivalence class of the projection p (resp. unitary u). We identify Ko (K) and K1 (Q(K)) with Z as follows:

Ko(K) > [e]o —1leZ,

K1(Q(K)) o [r(V)]1 — Index(V) € Z,

where V e M(K) is a Fredholm operator and we write Index(V) := dim KerV —dim CokerV. We denote
the index map by

Ind : K1(Q(K)) 2 [x(V)]1 = Index(V) € Ko(K).

Let S = Co(0, 1) be the algebra of continuous functions on [0, 1] vanishing at the boundary. For a x-
homomorphism f : B - A, we write S"A 1= S®" ® A, S"f :=ids» ® f. A function [0,1] 5 t — a(t) € A
vanishing at {0, 1} is an element of SA and denoted by a(t) € SA by abuse of notation. The mapping cone
algebra Cs of f is defined by

Cr == {(a(t),b) € (Co(0,1] ® A) ® B| a(1) =f(b)},
and it fits into an exact sequence

0>saB B,

where the two maps i(f) and e(f) are given by
i(f) : SA > a(t) — (a(t),0) € G, e(f): Cr > (a(t),b) > b eB.
For an extension
0-J>ELEg>0,
we write J(E) : ] 3 x = (0,x) € Cy.

3 Exactness of Spanier-Whitehead K-Duality

In this section, we will show that, for an appropriate choice of duality classes, Spanier-Whitehead K-
duality maps an exact triangle to another exact triangle (see Thm. 3.10, Cor. 3.16).

3.1 KK-groups and exact triangles

We refer to [1] for the basic definition and facts about KK-theory. For two C*-algebras A, B, Kasparov's
KK-group is denoted by KK(A, B). The Kasparov module given by a x-homomorphism f : A — B is
denoted by KK(f) € KK(A, B), and for two x-homomorphisms f : A — B, g : B — C, their Kasparov product
is denoted by

® : KK(A, B) x KK(B, C) > (KK(f), KK(9)) — KK(f)®KK(g) = KK(g o f) € KK(A, C).
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We write I := KK(ida) € KK(A, A), and one has natural maps
1o ® — : KK(B,C) 5 KK(g) — I» ® KK(g) = KK(idx ® g) € KK(A ® B,A ® C),
—®1Ia : KK(B,C) 3 KK(g) > KK(9) ® Ia = KK(g ® id4) e KK(B® A, C ® A).
The following identities are consequences of the definition of Kasparov modules:

1 Ia®b=(b®I4)®KK(opa) € KK(A,A®B), beKK(C,B),
2) I ® c =KK(oa0)®(c®14) e KK(A®C,A), ceKK(C,O),
3) @®I)®Iz®0) = (Ia®0O®@®Ip), aeKK(A,B), ceKK(C,D),

and will be used in this paper without mentioning.

We denote by KK the category of separable C*-algebras whose morphism set Mor(A, B) is KK(A, B), and
the composition of the morphisms is given by &. A morphism « € KK(A, B) is called a KK-equivalence if
there exists @~! € KK(B, A) satisfying ea®a ! =14, @~ '&®a = Iz and we denote by KK(A, B)~? the subset of
KK-equivalences. If KK(A, B)~! # @, A and B are called KK-equivalent.

In [13], R. Meyer and R. Nest showed that KK is triangulated. A sequence

SA->C—>B—A

in KK is called an exact triangle if there is a x-homomorphism f : B — A and KK-equivalences o €
KK(A,A)", B € KK(B,B)"1, y e KK(C, Cp)~! making the following diagram commute:

SA C B A
lls Ra Yy lﬁ J/(I
SA c B A
" e 7
Lemma 3.1 ([13, Sec. 2.1, ]). For two exact triangles sa : i - C; — B; — A;, 1 = 1,2 fitting into the
commutative diagram in KK shown below
SAl 01 Bl Al
e b
SAQ CQ BQ A2a

we have y € KK(Cq, Cp) making the above diagram commute. If o, g are KK-equivalences, then
sois y.

3.2 Spanier-Whitehead K-duality

In this section we recall the definition of Spanier-Whitehead K-duality and the existence of duals for
C*-algebras with finitely generated K-groups following [9].

Definition 3.2 ([9, Def. 2.1]). Let A and D(A) be separable C*-algebras. They are Spanier—
Whitehead K-dual if and only if there are elements, called duality classes,

na € KK(C,A®D(A)), vaeKKDMA)®A,C)
satisfying the unit co-unit adjunction formula
(1A ®@10)&®(Ia ® va) =1a € KK(A, A),  (Ipw) ® £a)®(va ® Ipa)) = Ipa) € KK(D(A), D(A)).
Remark 3.3. We frequently denote by D(A) a dual algebra of A. It should be noted, however,
that this notation is misleading. There is in general no way to determine D(A) from A up

to isomorphism, only up to KK-equivalence. Let A and D be dual with the duality classes
u € KK(C,A®D) and v € KK(D ® A, C). If there is another algebra D with a KK-equivalence
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y € KK(D,D)~!, D is also a dual of A with the following duality classes:
W®Ia®y), (' ®@1)&v).

Duality classes (u,v) are determined up to KK(A,A)™* = KK(D(A),D(A))™! as in the above
manner (see e.g., [17, Lem. 2.10]). If we fix one of the duality classes then the other is uniquely
determined. So if A and D are dual and (u,v), i = 1,2 are duality classes, then one has
vy =1 e KK(D® A,C).

We have the following characterization of the duality.

Lemma 3.4. Let A, D, P, Q be separable nuclear C*-algebras, and let u € KK(C, A®D) be an element
such that the natural transformation

u® KKP®A Q 3x— (Ip®u)®Xx®Ip) € KK(P,Q ® D)

is an isomorphism for any P, Q. Then, there exists v € KK(D®A, C), and A and D are the Spanier—
Whitehead K-dual with duality classes (u, v).

Proof. Since u® : KK(D ® A, C) = KK(D, D), the element v := (u®)1(Ip) satisfies
(Ip ® W ®Ip) =1Ip,
and the above equation implies
n® 1 KK(A,A) 5 (u®14)®Is ® v) - n € KK(C,A®D).
We also have
u® :KK(A,A) 3[4 = n € KK(C,A®D),
and the assumption shows (1 ® I4)®I4 ® v) = I4. [ |

We have an easy picture to understand the duality if we focus on the UCT C*-algebras with finitely
generated K-groups as in the following proposition.

Proposition 3.5 (cf. [9, Thm. 3.1, 6.2]). Let A be a separable nuclear UCT C*-algebra with finitely
generated K-groups. Then, A is KK-equivalent to an algebra of the following form:

C* @S g O, @ (SO ) @ -
and a dual algebra D(A) is given by
DA) =C" @S @ SOuN* 0% & .
Remark 3.6. The C*-algebra Oy, is the Cuntz algebra whose K-groups are given by

Ko(Ony1) = Z/nZ, K1(Ony1) =0.

Two UCT C*-algebras are KK-equivalent if and only if they have isomorphic K-groups, and the
finitely generated K-groups of A

Ko(A) =Z2% @ Z/MZ)* @ ---, Ki(A) = VAN (Z/‘mZ)@d @D

are the same as the K-groups of the UCT C*-algebra C®** @ S®* @ O, & (SOmy1)® @ - -.
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Remark 3.7. In [8], two Cuntz—Krieger algebras O and Oa: are proved to be dual with respect to
duality classes that are elements in the respective KK!-groups. This implies D(O4) = SOg: in
our setting. In particular, one has D(Op41) = SOpy1.

Obviously, C is self-dual with u = v = %I¢. Since KK(oss) = —Ig, it is also easy to check that S is
self-dual with the duality classes (8s, ﬂs‘l) given by the Bott element gs € KK(C,S?). Let K 4+ C1 denote
the unitization of K in M(K) (i.e., 1 = 1ymx)). Using the UCT

KK(C, (K + C1)®?) = Hom(Ko(C), Ko (K 4+ C1)®?)),

KK((K + C1)®%,C) = Hom(Ko ((K + C1)®?%), Ko (C)),
we define two elements p.; € KK(C, (K + C1)®?) and v s € KK((K + C1)#?,C) by
Hes  [Lelo > ele® 1o+ 8[1@€lo, @
ves : [1®e]o = €[lc]o,
ves : [e® 1o = 8[1c]o,
ves i [e®e]o 0,
Vs [1® 1o~ 0

for €,8 € {£1}. One can easily check the following lemma.
Lemma 3.8. The algebra K + C1 is self-dual with the duality classes (ucs, ves)-

Let A and B be dualizable C*-algebras with dual algebras D(A), D(B), and let (ua, va), (us, vg) be their
duality classes. One has two isomorphisms

KK(A,B) 3 x > a®(X ® Ipca)) € KK(C,B® D(A)),

KK(C,B®D(A)) 3y — (Ipe ® Y)®s ® Ipa)) € KK(D(B), D(A)),
where the inverse of the first map is
KK(C,B®D(A)) 3y (y®1a)&(s ® va) € KK(A, B)
and the inverse of the second one is given similarly. Thus, we have the following isomorphism:

Dyuuws (=)  KK(A,B) 3 x > (Ip@) ® 1a)®(Up@) ® X ® Ina))® (s ® Ina)) € KK(D(B), D(A)),

. . . Dyugvg ) . . .
which provides a dual morphism D(A) it D(B) for a given morphism A 5 B. Using the three
equations for the Kasparov product listed in the previous section, a direct computation yields the
following lemma.

Lemma 3.9. Let (14, va) be duality classes for A and D(A). Then, the following elements
wa®KK(oapay) € KK(C,D(A) ® A), KK(oapn))®va € KK(A ® D(A),C)
are duality classes for D(A) and A, and one has

-1 _ R . _
DI»‘A b ()= Dun@KK(ma,mm).KK(JA,Dzm)®vA ().

3.3 Duals of exact triangles

For SA ﬁ Cs if)) B i> A and the Bott element 8s € KK(C, S®?), one has a morphism

d(f) == (Bs ® 1a)&(s ® KK(i(f))) € KK(A, SCp).
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8 | U. Pennigand T. Sogabe
In the following, we fix duality classes (ua, va), (s, vg) and dual algebras D(A), D(B) as in Def. 3.2. Assume
that there is a x-homomorphism D(f) : D(A) — D(B) satisfying

Dyus0x (KK(f)) = KK(D(f)) € KK(D(A), D(B)).

Note that one can always choose D(A), D(B) as stable Kirchberg algebras, and then D, ,, (KK(f)) is
represented by a x-homomorphism D(f) : D(A) — D(B).
Following [18, Chap. 14], we will show the following theorem in the next two subsections.

Theorem 3.10. Let f: B — A be a x-homomorphism with mapping cone algebra C¢ and dual
homomorphism D(f): D(A) — D(B) as described above. The two algebras Cy and SCp;, are
Spanier-Whitehead K-dual with a duality class

JZS KK((C, Cf ® SCD(f))
satisfying
Dy KK(e(f))) =(Ipe) ® )& (@) ® KK(@() ® Isc,; ) O @ Isc,y,)

=d(D(f)).

3.3.1 Construction of
Let¢ : S®S — S be the map sending («, 8) € S® S to the function y € S defined by

y() =at), t€[0,1/2], y®) =p2-2b), te[l/2,1].
We identify KK(A, (S@ S) ® B) with KK(A, SB)®?, and ¢ induces a map
— ®(KK(¢p) ®1I) : KK(A,(S®S)®B) 3 (o, B) — o — B € KK(A, SB).

Let f: B — A be a x-homomorphism with dual homomorphism D(f): D(A) — D(B) satisfying
Dus,vA (KK(f)) = KK(D(f))

Lemma 3.11. Let ¢ : (SA ® D(A)) @ (SB® D(B)) — SA ® D(B) be the x-homomorphism
¢ = (¢ ®1dagn@m) o ((idsa ® D(f)) ® (ids ® f ® idpe))).
For (Is ® ua,ls ® up) € KK(S, (SA ® D(A)) ® (SB® D(B))), we have

(s ® pa,Is ® us)®KK(p) = 0 € KK(S,SA ® D(B)).

Proof. By the definition of D(f), one has

us®KK(f ® idpe)) = (Ic ® up)®Uc ® KK(f) ® Ine))
= (Ic ® up)®Ic ® KK() ® In@)®(1ta ® lagn@)®@Ia ® va ® Ing)
= 1a®(a ® KK(D())).

Thus, we obtain

(Is ® pa,Is ® up)®KK(p)
=(s ® (ka®(a ® KKD()))),Is ® (up®EKK() ® Ipe))QEKK(@) ® Iagpes))
=Is ® (La®(a ® KK(D(f))) — us®(KK(f) ® In(B)))

=0.
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Combining the above lemma with Puppe’s exact sequence (see [1, Thm. 19.4.3.])

—®KK(e(p)) —®KK(p)
—_—

KK(S, Cy) KK(S,S(A ® D(A)) @ S(B® D(B))) —— KK(S,SA ® D(B)),

there is an element su € KK(S, C,) satisfying su&KK(e(g)) = (Is ® 11, Is ® uz).
Below we will identify the mapping cone C, with

e(f)®e(D(f))
—

Kf,D(f) = Ker(Cf ® CD(f) B® D(A))

By the definition of the mapping cone algebras, it is easy to check that C, is identified with a
subalgebra of

C([0,1]*,A® D(B)) ® C([0, 1], A ® D(A)) & C([0, 1], B® D(B)),
where an element (F(—, —), a(-), b(-)) lies in C,, if and only if it satisfies the following conditions:
F(p,0) =F(©0,9) =F(p,1) = 0,a(0) = a(1) = 0, b(0) = b(1) =0,
F(1,q) =1ida ® D(f)(a(2q)), q € [0,1/2],
F(1,9) =f ®idp@e (b2 — 29)), q € [1/2,1].
Recall that Cf ® Cp, is a subalgebra of

((Co(0,1] ® A) @ B) ® ((Co(0, 1] ® D(B)) ® D(A)).
Lemma 3.12. The algebra K p;, is identified with a subalgebra of
([0, 1%, A®D(B)) & C([0, 1], A ® D(A)) ® C([0, 1], B® D(B))
consisting of the functions satisfying the following boundary conditions:
F(0,s) = F(t,0) = 0, a(0) = a(1) =0, b(0) = b(1) =0,
F(t,1) =id @ D(f)(a(t)), F(1,s) = f ® id(b(s)).
Proof. We write CA := Co(0, 1] ® A for short and define a completely bounded map by
Evi —f:CA®B >3 (a(t), p) = a(l) - f(B) € A.

By [14, Page 12], one has the diagram below whose vertical and horizontal sequences are exact:

0 0
l id vy — l
0 ——— ;8 Cpyy ———— €@ (CD(B) & D(4) — =PI ¢ 6 p(B)

(CA® B)@ (CD(B) @ D(A)) — 2 =PU) 046 B) o D(B)

l(Evl—f)®id l(E'l’l_f)@id
A® (CD(B) @ D(A)) —2En=PUD 4o p(B).

The above diagram implies

Cs ® Cpys) = Ker((Evy —f) ®id) NKer@id ® (Ev1 — D(f))).
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10 | U.Pennigand T. Sogabe

[s] [4] [s][p@)][s] [4]

[s] [4] [s] @) [s] [4]

Fig. 1. The graphical representation of the identity used for uss ® Isa.

Identifying
(a(®), B) ® (x(5),y) € (CA®B) ® (CD(B) ® D(A))
with
(@O ®x(s),a()®Y, B (), BRY) = (F(t,s),a(t), b(s), d)
€ Co((0,1]>, A® D(B)) ® Co((0, 1], A ® D(A)) @ Co((0, 1], B® D(B)) @ (B ® D(A)),
one has
id® (Ev1 — D(N))(F,a,b,d) = (F(t, 1) —id ® D(fH(a®)), b(1) —id ® D(f)(d)),
(Evi - HH @idF,a,b,d) = (F(1,5) — f ®@id(b(s)), a(l) — f @ id(d)),
Kspig = Cr ® Cpi N Co((0, 1]2, A ® D(B)) @ Co((0, 1], A ® D(A)) & Co((0, 1],B® D(B)) & O.
Now it is straightforward to prove the statement.
We define a map r: [0,1]> — [0, 1]? by
"(p, @) = (2qp,p), 4€[0,1/2], 1(p, = (p,2—-29p), q € [1/2,1],
(see [18, proof of Lem. 14.30] for a sketch) and this map induces an isomorphism
™ Kspg 3 (F(t,8),a,b) = (F(r(p, @), a,b) € C,.
Let u € KK(C, Cr ® (SCp;))) be the composition of the following morphisms:

KRS KK(os.¢, ®idcp, )
B

c B g2 ket SC, ! SKs b C S(Cr ® Cp()) ————— C5 ® (SCpp))-

3.3.2 Proof of Thm. 3.10

Lemma 3.13. Let (ua,va) be the duality classes for A,D(A). Then the following elements are
duality classes for SA, SD(A):

psa = a®(Bs ® lagna))®(KK(0s54) ® Ina)) € KK(C,SA ®@ SD(A)),
vsa = (KK(0sp(a)s) ® In)®(Bs ! ® Inayea)®va € KK(SD(A) ® SA, C).
Proof. We check the unit co-unit adjunction formula. One has
psa ®Is = (Is ® usa)®KK(0s sassp(a)),

In ® Bs* = KK(oas)®(Bs ' ® In).
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[s] [s] [s] [4][p()] [4] [s] [s] [s] [a] o) [4]

- <=

[s1 [s] [s] [4] (o) [4]

[s] [s] [s] [4][p()] [4]

Fig. 2. The graphical representation of equation (2).

Thus, a direct computation yields

Hsa @ Isa
=I5 ® ta ® [)®Us ® Bs ® Lagp(a)ea)R(KK(0s 5245p4)) ® [a)R(KK(0s54) ® Ipayssa),
Isa ® vsa
=(Is ® KK(0agspa),s) ® [4)®(Is: @ KK(0as) ® Inayaa)®(s ® Bs' @ Iagpayea)@sa ® va).

In symmetric tensor categories we can represent composition of morphisms as string diagrams, in which
the duality class ua corresponds to a cap (and va to a cup) and the transposition of tensor factors to a
crossing. The graphical representation of the above identity for pusa ® Isa is shown in Figure 1.

It is easy to see that

(KK(0s.5240D4)) ® [)OKK(0554) ® Ipaygsa)® 2)
(Is ® KK(0agspa),s) ® [)®(s: ® KK(oas) ® Inayea)

=KK(0525) ® Ingpayea = (=1)Iss agpa)en-

The graphical representation of eq. (2) is shown in Figure 2.
It is straightforward to check that

(154 ® Isa)®sa ® vsp) = Isa.

The other equation in the adjunction formula is verified similarly. |

Lemma 3.14. For the x-homomorphisms f : B — A and D(f) : D(A) — D(B), the element in KK-
theory u € KK(C, Cr ® (SCpr))) satisfies

Dy (KK (e(f))) = d(D(f)) = (Bs ® In@)&(Is ® KKAD()))),
sa®KKG()) ® Ispay) = M@(Icf ® Is ® KK(e(D()))).
Proof. Recall the following notation from Lem. 3.12
(F,a,b) € Krpg € Co((0,1)%, A®D(B)) @ Co((0, 1], A ® D(A)) ® Co((0, 1], B® D(B)).
It is straightforward to check that with this identification

e(f) ® idcum : Kf,D(f) > (F,a, b) = 0sB & idD(B) (b) €eB® SD(B) CB® CDU‘)'

idcf ® e(D(f)) : Kf’D(f) 5 (F,a,b) > aeSA®D(A) C Cf ® D(A).
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12 | U. Pennigand T. Sogabe
Now we have the following commutative diagrams:

B®Cpyy «—haa— Cr®Cpw)

wei(D()| T
B® SD(B) Ky pp)
aS,B®idT lr*
SB® D(B) c,

(SA® D(A)) @ (SB® D(B)),

Cr ® D(A) «—ommm— 67 @ O
i(f)®idT

] -

(SA® D(A)) & (SB® D(B)) o C,.

where Pr; denotes the projection onto the ith summand. By the first diagram and the construction of u,

one verifies

1&EK(e(f)) ® Iscyy,)
=Bs&(s ® sp)®(Is ® KK(Pr; o e(9)))®(Is ® KK((ids ® i(D(f))) o (055 ® idpe))))
®(KK(osp) ® Iep)

=Bs® (s> ® 1p) KK (052 5) ® In))O(Ipas ® KKAD(F)))),
and a direct computation yields

Bs®(s: ® np)®(KK(0s2.3) ® Ine))®Upgs ® KKA(D())))
=1e®(Bs ® Ipgn@) ®(KK(0s28) ® Ine))®(Isgs ® KKI(D())))

=1p®(sen@) ® Bs)® (5 ® KK(0pm)52))®(sgs ® KKAD()))).

Thus we have

Dy (KK (e(f))) =(Ipe) ® (u®EKK(E()) @ Isc,;, NS & Iscyy,)
=(Io®) ® up)®(pmes @ (Ine) ® Bs)OKK(0p),s2)& (s ® KKA(D())))))
&z ® Isc,y,)
=(In®) ® Bs)®KK(op) )@ (s ® KKA(D())))
=(Bs ® Ine)®(Is ® KK(I(D())))
:d(D(f})
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Similarly, the second diagram shows
1®(ces ® KK(e(D(f)))
=585 ® na)®(Is ® KK(i(f)) ® ID(A))@(KK(‘TS,Cf) ® Ipa)y)
=usa®(KK((f)) ® Ispa)).-

Proof of Thm. 3.10. By Lem. 3.4 and Lem. 3.14, it is enough to show the bijectivity of the natural
transformation

1® : KK(P ® Cf, Q) — KK(P,Q ® (SCpyp))).

Since P ® Cr (resp. Q ® SCpys)) is identified with Cig,ef (resp. SCp)eid,), the Puppe sequence (see [1, Thm.
19.4.3.]) gives the following horizontal exact sequences:

lﬂsa@ lusxx(z% lﬂ@

KK(P, SD(B KK(P, SD(A KK(P, SC
(P,Q®SD( ))W (P,Q® SD( ))W (P,Q®SCpy)) «——

—— KK(P®B, +———— KK(P®A,
% (P®B,Q) % (P®AQ)
J/NB@ LUAG?

“sapgy BEPQ®D(B) b —— KK(P,Q® D(4)).

Note that
KK(SD(f)) = (—1)?I5 ® Dyuy v, (KK() = Dyugy 0 (KK(SP))

(cf. Proof of Lem. 3.13). In the above diagram, the two squares in the middle commute by Lem. 3.14, and
the left and right squares commute by the definition of the dual morphisms. The Five-Lemma shows
the bijectivity of u®. |

Remark 3.15. Applying the exact sequence in the above proof for P = SCpy),Q = C, Lem. 3.4
implies that u and v := (M@)’l(lscw,) are duality classes and one has D, ,(KK(i(f))) = s ®
KK(e(D())).

Corollary 3.16. Let SA L c 5 B L Abean exact triangle of separable nuclear UCT C*-

algebras with finitely generated K-groups. Then there exist separable nuclear UCT C*-algebras
D(SA),D(C), D(B), D(A) with finitely generated K-groups and duality classes

1sa € KK(C,SA ® D(SA)), vsq € KK(D(SA) ® SA, C),
e € KK(C,C®D(C)), v. e KK(D(EC)®C,C),
np € KK(C,B® D(B)), v, € KK(D(B) ® B,C),
na € KK(C,A®D(A)), v, € KK(D(A)® A,C)
such that the dual sequence

ve Dyc .y, (©) Dy va ()
usave (D) D(C) p (@ D(B) b (f D(A)

D
D(SA)

is an exact triangle.
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14 | U. Pennigand T. Sogabe
Proof. It is enough to prove the statement for the mapping cone sequence
salcpla

By Prop. 3.5 and [2, Thm. 2.5], one has a dual Kirchberg algebra D4 of A (resp. Dg of B) with duality classes
(a,va) (resp. (us, ve)). By [5, Thm. E], the dual morphism D,, ,, (f) is represented by a x-homomorphism
Dy : Da — Dg, and Thm. 3.10 and Rem. 3.15 give duality classes (u, v) for C; and D(Cy) := SCp, satisfying

(i) Dy (KK (e(F))) = (B ® In,)®(Is ® KK((Dy))),
(i) Dyss 0 (KK(i(f))) = Is ® KK(e(Dy)),

where we write usa == ua®(B ® Iagp, )®(KK(0ss4) ® Ip, ). By
S((Co(0,1] ® D) ® Da) = (Co(0, 1] ® SDg) @ SDa

we have an isomorphism y : SCp, — Csp,. We write D(Cy) := Csp, and define (uc, vc) by

pe = u®(e; ®KK(y)), ve = KK(y™) ®Ic)&v.
We write D(SA) := SDa, D(B) := S(SD3), D(A) := S(SDx) and define (up, vp), (4sa, vsa) as follows:
wp = u®p ® (B&KK(0ss)) ®Ip,)), v = (KK(oss) ® B ® Ip,) ® [p)&vs,
Isa i= psa, Vsa = (KK(0sp,,5) ® [)B(B ™ ® D, 04))®Va.
The equations y o S(i(Dy)) o oss = i(SDs) and S(e(Dy)) o y = = e(SDy) and (i) and (ii) imply
Dy, KK(e(f))) = KK(i(SDy)), Dy, v (KK(i(f))) = KK(e(SDy)).
Now we define (uq, va) by
ta = pa®la® (B®Ip,)), vei= (" ®Ip,) ®L)&vs

so that the equation D,,, ,, (KK(f)) = —KK(S(SDy)) holds. Now we obtain

%
D(L‘TA) b Diyva (f)

D(B
by ) Doy (e(£)) (H)

D(A)
— — —
SDa e(SDy) Csp; “—mp,y — S15PB) 55, — S5Da);
where the bottom sequence is an exact triangle. |
We will use the following corollary in Section 5.

Corollary 3.17. Let f : B — A be a x-homomorphism between dualizable algebras, and let D, D(B)
be dual algebras of C; and B, respectively, with duality classes

pc € KK(C,C ®D), vc € KK(D® Cf,C),
up € KK(C,B® D(B)), vs € KK(D(B) ® B,C).
Assume that there is a x-homomorphism g : D(B) — D satisfying
Dyc.us KK (e(f))) = KK(9).
Then, there exists a duality class u € KK(C, Cy ® A) satisfying

D, s (KK(€(@))) = KK(f).
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Proof. The assumption implies
DliBé)”B‘D(B) ,Gcf,D®Vc (KK(g)) = KK(E(f)),

and Thm. 3.10 gives a duality class i € KK(C, Cy ® SC,)) satisfying

Dy 5 00 (KK(e(@))) = d(e(f)) = (Bs ® [5)®(Is ® KK(i(e(f)))).

One may identify C,5 with the algebra

{(b(t),a(s)) € (Co(0,1] ® B) ® (Co(0, 1] ® A) | f(b(1)) = a(D)}.

The exact sequence

0— SA — Cey > Co(0,1]®B— 0

shows that the inclusion SA < Cg, is a KK-equivalence making the following diagram commute:

B KK(i(e(f))) Ce(f)
SB —Is@KK(f) SA,

and a KK-equivalence y € KK(A, SCe(f))*l defined by

y A ZEES S24 ¢, sCy,

satisfies
de(f )&y~ = KK(f).
Thus, the duality class
pui=a®(Ic, ® y~") € KK(C,Cy ® A)
fulfills the required condition.

4 Extensions of C*-Algebras and KK-Theory
4.1 Extension groups

15

We first recall some basic facts about extension groups and refer to [1] for reference. Let A,B be
separable, nuclear C*-algebras, and let 71,7, : A - O(B ® K) be x-homomorphisms called Busby
invariants. Two homomorphisms are strongly equivalent (resp. weakly equivalent) if there is a unitary
Ue MB®K) (resp. u € QB ® K)) satisfying r1 = Adzx(U) o 15 (resp. 11 = Adu o 15). The Busby invariants
71 and v, are called stably equivalent if there are x-homomorphisms p1, p2 : A - M(B ® K) such that
71 @7 opand v, @ o py are strongly equivalent. If 7 : A — OQ(B ® K) is injective, the Busby invariant is
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called essential, and it gives an essential extension

BeK —— 7 1(r(4) ——— A

| | [

B®K —s M(B®K) — Q(B®K).

For a unital C*-algebra A, the Busby invariant is called unital if  : A - QB ® K) is unital, and the
corresponding extension is called unital extension. We denote by Ext(A,B ® K) the group of stable
equivalence classes of the Busby invariants. Itis well-known that the group Ext(A, BQK) can be naturally
identified with KK'(A, B).

Recall that every element of KK(A,B) is represented by a Cuntz pair [¢o, ¢1], Where ¢o,¢1 : A —
M(B ® K) are x-homomorphisms satisfying ¢o(a) — ¢1(a) € B ® K, and one has KK(f) = [f ® ¢, 0] for
a x-homomorphism f : A — B. The pull-back of the extension

SB®K — Co(0,1]®B®K 2> B®K

by f®e: A - B®K gives an element of Ext(A,SB ® K), and this extends to the following natural
isomorphism:

NAB : KK(A, B) > [(Po, (]51] = [T[¢O,¢1]] S EXt(A, SB ® K), (3)
where the Busby invariant rj, 4, is defined by (see [1, 19.2.6.] and the proof in the appendix)
Tlgo.1) (@) = 7 (tho (@) + (1 — Dp1(a)) € Q(SB®K). (4)

Here, we identify the function [0, 1] 3 t = tgo(a) + (1 — D¢1(a) € M(B ® K) with an element of C[0, 1] ®
M(B®K) c M(SBQ®K).

Remark 4.1. Note that the definition of rj, 4,) is slightly different from the one in [1, 19.2.6.], and
the difference comes from the definition of mapping cone algebra. To construct the mapping
cone, we use Co(0, 1] and the reference uses Cy[0, 1).

Remark 4.2. The extension t(sy, 54, is identified with

1ds @119, 05,5®idpgiK
-

SA SQBB®K) c Q(S°BR®K) O(S’B®K).

Thus, one has nsa sg(Is ® x) = —Is ® na p(x) for x € KK(A, B).
Since A is nuclear, every essential extension
SB®K—-E5 A

is semi-split and the morphism KK(j(E)) € KK(SB® K, C,) is known to be a KK-equivalence (see [1, Thm.
19.5.5.]).

Lemma 4.3 (cf. [1, Lem. 19.5.6, Thm. 19.5.7.]). Let E := 7' (r(A)) € M(SB ® K) be an essential
extension of A with the quotient map #g : E 3 x = t~*(7(x)) € A. Then, we have

—Is ® (5 ([T ®KK(e)) = KK(i(z) ®KK((E)) ™.

In particular, the following sequence is an exact triangle:

~Is@(, 5 ([T &KK (@)
A

SA SB®K —ES A.
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Proof. Recall that for the extension SB ® K —— F —2+ Athe mapj(E): SBOK — Cy, is defined
to be j(E)(x) = (0, ). For an element x € KK(—, S'B), we use the following short-hand notation:

X®KK(e) = x& (55 ® KK(e)) € KK(—, SBRK).
One has the following diagram:

~Is®(n; L (T)OK K (e))

SA SBeK E ul: A
H s H H
SA Hrz) Cry elxz) E ul: A,

where the middle and right squares commute. The surjective map
Co(0, 1] ® E 3 (1) = (me(x(D), x(1)) € Cre
gives an essential extension
S(SB®K) — Co(0,1] ® E — Cy,.
For the pull-back j(E)* : Ext(C,,, S(SB® K)) — Ext(SB® K, S(SB ® K)), one has
JE(SEB®K) = Co(0, 1] ® E — Cr,])
=[S(SB®K) — Co(0,1] ® (SB®K) - SB® K]
=[Tfidsser 0]
=nssek,ss([1dssex, 0]) € EXt(SB ® K, S(SB ® K)).
Since [idspex, O]®KK(e) is represented by the Cuntz pair [¢, 0] with
¢ :SBRK=SB®e®KCSBRK®K,
one has
[idspex, OJ®KK(e) =[¢, 0]
=[idspex ® €, 0]
=Ispgk + (degenerate module)
=IspexK,
and the naturality of j(E)®— and n_ _ implies
nc,, ss(KKG(E) '®KK(e)™)
=[S(SB®K) — Co(0,1] ® E — C,,] € Ext(Cy,, S(SB ® K)).
One has
I(7e)*([S(SBR®K) — Co(0, 1] ® E — Cx,])
=[S(SB®K) — SE X5 SA]
=[ids ® 7] € Ext(SA, S(SB ® K)).

Rem. 4.2 and the naturality of n_ _ show

KK(i(re)®KK( () " ®KK(e) " = ng, g5 (s ® [t]) = —Is @ m, 5([7]).
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4.2 Strong extension groups
For a unital C*-algebra A, we identify the mapping cone C,, with the algebra

{a(t) € Co(0,1] ® A | a(l) € Cla}.

For a separable C*-algebra B and a unital, separable, nuclear C*-algebra A, G. Skandalis [16] introduces
the strong extension group

Exts(A,B®K) :={r: A — QB®K) |7 :unital extension}/~

where 11 ~ 1 means that there exist unital *-homomorphisms p1,0, : A - M(B ® K) and a unitary
U € My(M (B ® K)) satisfying

11 @ mopr =Adm ®idy,) (U)o (12 ® 7 0 py).

He shows the following theorem.

Theorem 4.4 ([16, Thm. 2.3., Cor. 2.4.]).
1) There exists a 6-term exact sequence

Ko(B) —— Eat,(A,B®K) — Eat(A, BoK)

[ l

Ext(A,SB®K) «+—— Eat,(A, SB®K) «+—— Ko(SB).

2) We have a natural isomorphism
Exts(A, B ® K) — Ext(Cy,, SB ® K)

sending B K - E — AJt0 [SBQK — C,, — Cy,].

Following [11], we denote by Exts(A) the group of strong equivalence classes of unital essential
extensions 7 : A — Q(K). Note that Voiculescu’s theorem shows Exts(A) = Exts(A,K), and the second
statement of the above theorem implies Exts(A) = KK(Cy,, C).

In the rest of this subsection, we take a closer look at the above theorem in the case of B = C to fix
notation. For the unital extension ¢ with E := 7~ (r(A)) ¢ M(K), we write [tr]s = [E]s € Exts(A). The
nuclearity of A provides a unital completely positive lift L, : A — M(K) of r, and the composition of the
following maps:

Cy, 2 a(t) = L (a®) € Co(0, 1] @ M(K),

Co(0,1] ® M(K) c M(SK) 5> Q(SK)

define an essential extension c(r) : Cy, — Q(SK) with 7~ (c(t)(Cy,)) = Cyuz C Co(0,1] ® M(K). It is easy
to check that c(r) is independent of the choice of the unital completely positive lift L,. This construction
induces a group homomorphism

ma @ Exts(A) 3 [t]s = [E]s = [c(v)] = [SK — Cy, — Cy,] € Ext(Cy,, SK).

For the above essential extensions E, Cy,, we write n := v~ Lox, 7c, = c(r) ‘om,and nc, =1idc,0® ~m:
holds by definition.

We denote by Ext,(A) the group of weak equivalence classes of unital essential extensions of A
by K. For a general x-homomorphism o : A — Q(K), we may assume that the projection r(1a) €
Q(K) is properly infinite and is Murray-von Neumann equivalent to 14k,. Combining the above and
Voiculescu’s absorption theorem (see [1, Chap. 15.12.]), it is well-known that the natural map

Exty(A) 3 [t]w > [r] € ExXt(A,K)

is an isomorphism.
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We denote by ta := mop an essential unital trivial extension with an injective unital x-homomorphism
p A — M(K), and the kernel of the natural surjection
qa @ Exts(A) 3 [t]s > [t]w € Extw(A)
is the image of the following group homomorphism:
ta : K1(Q(K)) 3 [u]1 + [AdU o ta]s € Exts(A),

where we identify K1 (Q(K)) with U(Q(K))/ ~ (see [11, Lem. 1.2.]). Let V be an isometry such thate := 1—
VV* € Kis a rank 1 projection, and we identify [z (V)]1 € K1(Q(K)) with —1 = Ind(V) = —[e]o € Z = Ko(K)
as in [12]. For the map e : C — Ce Cc K and a Cuntz pair [, 0] = I¢ € KK(C, C), we identify Ext(C, SK) with
K1(Q(K)) by

—1:K(QK)) 3 [r(V)]1 = [1e0)] € Ext(C, SK).
The groups Exts(A) can be computed from KK-groups as shown in the following theorem.

Theorem 4.5 (cf. [16, Cor. 2.4.]). For a unital C*-algebra A, the map my is an isomorphism making
the following diagram commute:

K1(Q(K)) —“A— Ext,(A)

L I

Ext(C, SK) % Eaxt(C,,, SK).
Lemma 4.6 (cf.[12, Sec. 2.2.]). The following is an exact sequence:
Ki(ta(A)Y N Q(K)) — K1 (Q(K)) & Exts(A) 25 Extyy(A) — 0,
where the map K1 (za(A)' N Q(K)) — K1 (Q(K) is induced by the inclusion 74 (A) N Q(K) C O(K).
Proof. It is enough to show Ker 14 € Im(K1(za(A)' N Q(K)) — K1(Q(K))). For a unitary w € Q(K) with

[Adw o t4]s = 0, there is a unitary U € M(K) satisfying Adz(U)w o 14 = 4, and [w]; = [r(U)w]; € Ker 4
lies in the image of K; (4 (A)' N Q(K)) — K1 (Q(K)). |

Lemma 4.7. There is an isomorphism pa : Ki(za(A)' N Q(K)) — Ext(SA, K) making the following
square commute:

Ki(ra(4) N Q(K)) —— K1 (Q(K))

b b

Ext(A, SK) —2— Ezt(C, SK)
Proof. By Paschke duality, one has an isomorphism
P, 1 Ki(za(A) N Q(K)) — Ext(SA,K),
which sends w € U(za(A) N Q(K)) to an extension defined by
SAsf®ar> f(wra(a) € QK).

Note that S = C*(z — 1) € C(S'). Therefore f ® a +— f(w)za(a) is well-defined using functional calculus,
since it is the restriction to SA of C(SH @ A 3 z® a — wra(a) € Q(K). Thus, one has the commutative
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20 | U.Pennigand T. Sogabe

square

Ki(1a(4) N Q(K)) — K1(Q(K))

lP.,—A lP(TAO'U/A)

Ext(SA,K) 2"V Bry(S,K).

The generator —1 € Z = K1(Q(K)) is given by [r(V)]1, where V € M(K) is an isometry with a rank 1
projection e := 1 — VV*. Multiplying by the appropriate sign +1, one can find a natural isomorphism
Oap - EXt(SA, B ® K) — Ext(A, SB® K) such that

Oc,c Piepoun) [T]) = [Tie0]

(i.e., 6c,c © Piryouny = —I). For the isomorphism pa := 6ac o P,, the naturality of 6_ _ implies u} o pa =
Occ o (Sua)* o P, , and this proves the statement.

Proof. of Thm. 4.5 Let fa : Ext,(A) — Ext(SA, SK) be the composition of the isomorphism Ext,(A) —
Ext(A,K) and the suspension isomorphism Is ® — : Ext(A, K) — Ext(SA, SK). Since c(r) oi(Uus) = St : SA —
SO(K) c O(SK), one has fa o qa = i(Ua)* o ma. By Lem. 4.6 and Lem. 4.7, one has the following diagram
with exact horizontal sequences

Ki(ta(A) N Q(K)) —— K1(Q(K)) —=2— Euat (A) —2— Ext,(A) —— 0

b b T

e(ua)? i(ua)?

Ext(A, SK) —"* & Ext(C, SK) 2% Eat(C,,, SK) 25 Ert(SA,SK) — 0.

We will show ma ota = e(ua)* o —I. The statement then follows from the Five-Lemma.

Let V € M(K) be the isometry with a rank 1 projection e := 1 — VV*. It is enough to show m, o
ta([r(N)]1) = e(ua)* o =I([x(V)]1). For a state ¢ of A and a(t) € Cy,, one has ta(1) — ¢ (a(t)) € Co(0, 1). Thus,
one has the following contractible completely positive lift of zj, g o e(ua) : Cy, — Q(SK):

0 :Cy, 3a(t) — y@at)(l —Vv*) e C[0,1] ® M(K) C M(SK).
A unital completely positive lift Lagz(vyor, : A = M(K) of Adm(V) o 74 is given by
AdVop + (1 —VVy,
and we have the following lift of c(Adn (V) o 74) : Cy, - Q(K):
o Cy, 3 at) > Vp@®)V* + ¥ @) (1 — Vv*) € C[0,1] @ MK) C M(SK).
Now one has a unitary
Vv e
0

v ) € C[0,1] @ My ® M(K) C My ® M(SK)

U:= 1C[O,1] ®(
satisfying AdU o ((idco(o,np\cuﬂ) @ 0) = (o @ 0). Since [c(ra)] = 0 € Ext(Cy,, SK), this implies

e(ua)* o =I([m(V)]1) = [te0) 0 €(Ua)] = [c(Ta) ® Tl 0] 0 €(Ua)] = [c(AdT (V) 0 Ta) @ O] = M4 0 ta([T(V)]1).
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Another way to understand Exts(A) is via the dual algebra ©(A) due to [7]. For the injective unital
x-homomorphism p : A - M(K) with p(A) NK = {0}, one has the dual algebra

D(A) :={T e M) | [T, p(@)] € K}.
For a projection p € D(A)\K (resp. q € ta(A) N Q(K)), there is an isometry W € M(K) with p = WW*(resp.
w € Q(K) with q = ww*), which defines a unital essential extension Adsz(W*) o 74 (resp. Adw* o 4).
Since strong (resp. weak) equivalence classes of the above extension do not depend on the choice of the
isometry, this gives the following isomorphisms (see [7, Chap. 5]):

Ko(D(A)) ZExts(A),  Ko(za(A) N Q(K))) = Extyy(A).

For —[e]o = [1oa) —€Jo € Ko(D(A)) and the isometry V with 1 — VV* = e, —[e]p € Ko(D (A)) corresponds to
[Adm (V*) o tals = ta([(V*)]1) € Exts(A). Thus, one has the following commutative diagram:

Ko(K) —— Ko(D(4))

_IndT lg

K1(Q(K)) —2— Ext,(A).
For the exact sequence
0> K- DA) - 14A)' N OK) = 0,

the associated six-term exact sequence fits into the following commutative diagram:

Ki1(9(4)) — Ki(ra(4)' n Q(K)) Ko(K) Ko(D(A)) ———— Ko(ra(4)' N Q(K))
|k
Ki(ta(A) N Q(K)) —— Ki(Q(K)) — Exts(A) N Exty(A)
oA 1 ma fa
l l e(ua)” l i(ua)” l

Eat(A, SK) v, Ext(C, SK) ——2"— Bat(Cy,, SK) ———2— Eat(SA, SK)

_ 1 .
l”,q c l"’r c l”c .C lng AC

d(u u e(u i(u
KK(SCu,,C) —228 ppea,0) K008 ppc, o) KECUE e, o) LK@ prsa,0).

Remark 4.8. If Ko(A), K1 (A) are finitely generated (i.e., A has a Spanier-Whitehead K-dual D(A)),
Cy, is dualizable, and one can observe the isomorphisms

K.(®(A) 2K.(D(Cy,)), Ki(ra(A)' N QEK)) = K.—1(D(A).
Summarising the results of this section, we have the following corollary.

Corollary 4.9. Let A be a separable nuclear unital C*-algebras, and let W € Q(K) be a unitary with
Ind(W) = 1. There is an isomorphism W, : Exts(A) — KK(C,,, C) satisfying

Is ® Wa([E]s) = KK(i(rc,, ))®KK((Cy;)) ' ®KK(e) ™" € KK(SCy,, S),

W4 (ta([W]1)) = KK(e(ua)) € KK(Cy,,C)

for any unital essential extension [t]s = [E]s.

Proof. The isomorphism is defined by

. -1
Wy = _nCuA,C oMa.
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Then, Lem. 4.3 implies

Is ® WA(([E]e) =I5 ® (11, c([c(D)]s))

= KK(i(mc, DEKK((Cu)) ' ®KK (),

and Thm. 4.5 implies
—Ya(a((W))) = —ng, c(MaGa(=[W]1))
=g, @) ()
=~ c([Tecews 0]
= —[eoe(ua),0]
= —[e(ur) ®e,0]

= —KK(e(ua)).

5 Strong K-Theoretic Duality for Unital Extensions
We first recall the definition of this duality from [12]:

Definition 5.1 ([12, Def. 6.1.]). Let A, B be separable nuclear unital C*-algebras, and let r : A —
Q) and ¢ : B — Q(K) be unital essential extensions with E := 7~ 1(z(A)),F = n~ (¢ (B)).
Two extension r, o are K-theoretic dual if there are vertical arrows given by isomorphisms that
make the following diagram commute:

K1 (D(A) —— Ki(ta(A)' N Q(K)) —— K,1(Q(K)) —2> Ext,(A) 2 Eaxt,(A)

l( | [ [ |

Ki(F) — 5 K (B) — & Ko(K) —— Ko(F) 22U i (B),

K1(D(B)) —— Ki(15(B)' N Q(K)) —— Ki(Q(K)) —2— Eat,(B) —2— Ext,(B)

| | Jm J== |

Ki(B) ———— Ki(A) — 1 Ko(K) ——— Ko(B) 272 Ko(A).

We call = and o are strongly K-theoretic dual with respect to € € {1} if
PA([E]s) = €[1rlo,  Ps([Fs) = €[1e]o

holds.

Remark 5.2. It is easy to see that E and F are strongly K-theoretic dual with respect to € if and
only if we have the following isomorphisms:

@3 : (Exts(B), [Fls, t3([W]1), K1 (D (B))) = (Ko(E), €[1E]o, [e]o, K1 (E)),

@, 1 (Exts(A), [E]s, ta((W]1), K1 (D (A))) = (Ko(F), €[1F]o, [e]o, K1 (F)),

where W € Q(K) is a unitary of Ind(W) = 1.
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Remark 5.3. Thanks to [6, Thm. A],if both of A and B are Kirchberg algebras, then the isomorphism
class of F is uniquely determined by E and vice versa.

Remark 5.4. In [12], K. Matsumoto computed the strong extension groups of the Cuntz—Krieger
algebras explicitly and discovered the isomorphism

(Exts(Oa), [Tals, ta((W]h), K1 (D (Oa))) = (Ko(Tae), —[17,.Jo, [e]o, K1 (Ta)),
where T, is the Toeplitz extension of O, (see [3, 4, 11]). In particular, the following Toeplitz
extensions are proved to be strongly K-theoretic dual with respect to € = —1:
K—Ta— Oap, K— Tar— Op.
Let & (resp. &) be the inclusion K+C1g — E (resp. K+C1r — F) and denote by gk (resp. gr) the quotient

map Cg, — C;/Co(0,1] @ K = Cy, (resp. Cg, — Cy,). Let i (resp. ic) be the inclusion K < K + C (resp.
C < K + C). For the elements Wz ([F]s), KK(e(ug)) (see Cor. 4.9), we write

Wx([F]s) := W5 ([Fls)&KK(e)®KK(ig) € KK(Cyy, K+ C),

KK(e(up)) := KK(e(up))®KK(ic) € KK(Cyy, K+ C).

Using Cor. 3.17 and the following two propositions, we give a categorical picture to understand strong
K-theoretic duality and prove the existence of dual extensions (Thm. 5.9). Denote by px and pc the
morphisms defined by

px € KKK + C,K) = Hom(Ko (K + C),Ko(K)), px®[e]o = [elo, px&[1]o =0,

pe € KKK + C,C) = Hom(Ko(K + ©),Ko(C)), pc®lelo = 0, pe®[1o = [L]o.

One has pg®KK(ix) + pc®KK(ic) = Ik c.

Lemma 5.5. The following diagram commutes:

SCEF Is®@KK(e(F))

IS®KK(‘1F)\L

SCu,

S(K + C1)

lls ®pr

Is@(VE([F],)®KK (e)) SK.

In particular, one has KK(e(&r)®px ®KK(ix) = KK(qr)®Wz([F]s)

Proof. Recall the Busby invariant o : B — Q(K) of the extension K — F — B. We write CB := Cy(0, 1] ® B,
CF := Co(0, 1] ® F for short. We use the following identification:

SCe = {ft(s) € Co(0,1] ® (CF) | fr(1) € K+ C1f, fi(s) =0},
SCyy = {br(s) € Co(0,1] ® (CB) | be(1) € Clp, bi(s) =0},
Cre,, = {(0e(5),f(5)) € (Co(0,1] ® (CB)) ® (CF) | b1(s) = 7r(f(s)), be(1) € Clg, f(1) € Clr},
where the third algebra is the mapping cone obtained from the extension

[c(@)] = [SK = Cuy —5 Cy].
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For the mapping cone Ci. = {f(s) € Co(0,1] ® K+ C) | f(1) € C}, we define two maps x : SK — C;. and
y:Ci = Cx, by
x:SK 3 f(s) — f(s) € Cy,
Y :Cie 2f(8) > (r(f(t9)),f(s)) € Cr,_,

where 7r : F - F/K = B is the quotient map. Consider the following diagram:

SCe, 27 (K + 1)

zwi \

Sqr Ci. +—— 5K
(o, J/ %F
SCuB “ F ﬂ-C“F

where the triangles on the right-hand side commute. By the extension
0— SKS G — Co(0,1] = 0,

the inclusion x is a KK-equivalence and y = x7*®j(C,,) is also a KK-equivalence. The exact sequence

Ko(S) 29 g sk + C1)) 2N g, (¢,

and the commutativity of the upper right triangle implies KK(i(ic))®KK(x) ™! = Is ® px.
Since Cor. 4.9 shows KK(l’(nch))Q?)KK(}'(CM)*1 = Is ® (W([Fls)®KK(e)), it is enough to check that the
large square commutes up to homotopy. For ¢ := y o i(ic) o Se(ér) and ¢ = i(ﬂcu}) o Sqr, one has

¢ fe(S) = (E(fis (1), fs(1), ¥ 2 fi(9) = (wr(fi(9)), 0).
Itis straightforward to check that the following maps from SCq, to Cr, are well-defined for h € [0, 1]:
on : fr(8) = (wr(fis(hs + (1 = ))), fs(hs + (1 = hy)),
Vi fe(8) = (Tr(frns+1-m) (), fns+1-my (8)),
and one has

@ =@0 ~hp1="1Y1~n Yo =1.

Proposition 5.6. The quotient map gr gives a KK-equivalence KK(qr) € KK(Cs,, Cy,)~* and one has

KK(qr)®(Ws([FJs) + KK(e(up))) = KK(e(&)) € KK(Cg,, K+ C).

Proof. The kernel of gr is Co(0, 1] ® K and this implies gr is a KK-equivalence.
We have KK(e(ug)) = KK(e(up))®KK(ic) by definition, and it is easy to check 7 o e(£r) = e(ug) o gr for the
quotient map = : K+ C — C. Since p¢ = KK(x), one has

KK(e(§r))®pc®KK(ic) = KK(qr)®KK(e(up)),

and Lem. 5.5 shows

KK(e(£r)) = KK(e(€r)® (px ®KK(ix) + pc®KK(ic)) = KK(qr) & (Vp([Fls) + KK(e(us))).
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We will also use the following lemma proved in [10].

Lemma 5.7. [10,Sec.4.4.]Let A, B,E,Fbe asin Def. 5.1, and assume that they are separable nuclear
UCT C*-algebras. If there is an isomorphism

(Exts(B), [Fls, t3([W]1), K1 (D (B))) = (Ko(E), €[1t]o, 8[e]o, K1 (E)),

the K-groups K;(Cy,), 1 = 0,1 are finitely generated. In particular, the K-groups of E, A, B, F are
finitely generated.

Proof. The separability of E implies that the groups Exts(B) = KK(Cy,,C), Ki(®(B)) = KK*(Cy,, C) are
countable. Thus, UCT implies that Hom(X;(Cy,), Z) and Ext%(Ki(CuB), 7Z) are countable groups. Now the
same argument as in [10, Sec. 4.4.] shows the statement. ]

In the next proposition we will make use of the duality classes p. s and v ; that have been defined in

(D).

Proposition 5.8. Let A,B and E,F be as in Def. 5.1, and assume that they satisfy UCT. Then, the
isomorphism

(Exts(B), [Fls, i ((W]1), K1 (D (B))) = (Ko(E), €[1]o, 8[e]o, K1 (E)),
holds if and only if there exists a duality class ug € KK(C, Cg, ® E) satisfying

Dyig v s (KK(e(éF))) = KK(ép)

Proof. First, we prove the if-part. For a duality class ur € KK(C, C, ® E), we define a duality class u by
n = pe®KK(qr) ® Ie) € KK(C, Cy, ® E).

Prop. 5.6 and the assumption imply

Dyuves (W([Fls) + KK(e(up))) = KK(&p).

Since (KK(ic) ® Ix+c)®ve s = epx®KK(e)~! € KK(K + C, C), one has

[1e]o =KK(ic)®D,,y, , (Wg([F]s) + KK(e(ug)))

=u® (W5 ([Fls) + KK(e(up))) ® Ie)®((epx ®KK(e) ™) ® Ir)
=u®(eVs([Fls) ® Ip).

Similarly, the equation (KK(e) ® Ix,c)&ve s = dpc € KK(K + C, C) implies

le]o =KK(e)®D,.... , (¥5([F]s) + KK(e(up)))

=u®((W([Fls) + KK (e(up))) ® Ip)®@pc ® Ir)
=& (SKK(e(up)) ® Ig).
Now we have the desired isomorphisms

Exts(B) %5 KK(Cy,, C) 2% kK(C,E) = Ko(E),

K1(®(B)) = KK(Cy;, S) M—®> KK(C,SE) ZK4(E).
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Next, we show the only if-part. We identify [1]o, [e]o € Ko(E) with KK(ug), KK(C — Ce C E) € KK(C, E).
Assume that there is an isomorphism

@5 : (Exts(B), [Fls, 8([W]1), K1 (D (B))) — (Ko(E), €[1]o, 8[e]o, K1 (E)).

Lem. 5.7, Prop. 3.5 and the UCT imply that E and C,, are Spanier-Whitehead K-dual with a duality
class n € KK(C, Cy, ® E). The UCT gives a KK-equivalence y € KK(E, E)~! making the following diagram
commute:

KK(Coy K) —"® __, KK(C, E)
l@Bo‘Ilgl i®'y
. ~
KK(C,E) d KK(C,E).

We show that
uE = u®EKK@r) ' ® I5)®(c, ®y) € KK(C,Cs ®F)
satisfies D,,, ., (KK(e(&r))) = KK(&r). Similar computation as in the if part yields

KK(i%)®D sz v, , (KK ((&r)))
=KK(e) '®u®(8KK(e(up)) ® Ip)®y
=KK(e) "' ®®p o Wy  (5KK(e(us)))
=KK(e)"'&5%KK(C — Ce C E)
=KK(K < E)(= [e]o)

and

KK(ic)®D,, v, (KK(e(&r)))
=u®(eW([Fls ® )&y
=dgo \Iigl(e\I/B([F]s))

=KK(ug) (= [1g]o).
Thus, the UCT
KK(K + C,E) = Hom(Ko(K + C), Ko(E))
implies
Dz ves (KK(e(8F))) =(pr®KK(ix) + pe®KK(i0))®D s, v, , (KK(e(Er)))

=px®KK(K < E) + pc&®KK(C 2 E)

—KK(K 4+ C 5 E).

Theorem 5.9. Let A be a unital separable nuclear UCT C*-algebra with finitely generated
K-groups, and let K — E — A be a unital essential extension. Then the following holds:
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(1) There exists a unital separable nuclear UCT C*-algebra B and a unital essential extension K —
F — B, which is strongly K-theoretic dual to K — E — A with respect to € € {1}.
(2) Two extensions E and F are strongly K-theoretic dual if and only if there exist duality classes

1 € KK(C,Ce. ®F), vy € KK(Ce, ®F, C)

making the following diagram commute:

E C+K C
H Dy e 11 (KK (e(€r))) JHF Dy 10n (KK (Er)) te

E KK(¢p) C+K KK(e(€r)) Ces

(i.e., a dual sequence of C, D K+C S Fis given by E Ecok & Cs ).

Lemma 5.10. Let A,E be as in Thm. 5.9, and let W € Q(K) be a unitary of Ind(W) = 1. Then, there
(uniquely) exists a unital UCT Kirchberg algebra B satisfying

(Exts(B), ([W]1), K1 (D (B))) = (Ko(B), [e]o, K1 (E)).
Proof. Let R be the unital UCT Kirchberg algebra defined by

(Ko(R), [1r]o, K1(R)) = (Ko(E), [e]o, K1(E)).

By [17, Thm. 3.3.], there exist a unital Kirchberg algebra B reciprocal to R and a duality class u €
KK(C, C,;® ~R) satisfying KK(ug) = u&(KK(e(up)) ® Iz). The UCT gives a KK-equivalence y € KK(R,E)~?
satisfying KK(ug)®y = [e]o € KK(C, E) = Ko(E), and the isomorphism

Ext;(B) Y5 KK(Cy,, ©) “& KK(C,R) & KK(C,E) = Ko(E)
sends (3([W]y) to [e]o by Cor. 4.9. The reciprocality (i.e., D(Cy;) = R) and Rem. 4.8 imply
Ki(®(B)) = K1(D(Cyy)) = K1(R) = Ka(E)

and this completes the proof. |

Proof of Thm. 5.9. Since statement 2 immediately follows from Prop. 5.8 and Lem. 3.9, we only have
to show statement (1). By Lem. 5.10, one has a unital UCT Kirchberg algebra B with the following
isomorphism:

@5 : (Exts(B), 15 ([W]1), K1 (D (B))) = (Ko(E), [€]o, K1 (E)),
and there is a unital essential extension F of B by K defined by
@5 (e[1e]o) = [Fs-
By Prop. 5.8, one has a duality class ur € KK(C, Cg, ® E) satisfying
Dyz . .1 (KK(e(§r))) = KK(&p).

Since KK(og cxic)®Vve+1 = vi1e, Cor 3.17 shows that there exists a duality classes ur € KK(C,Cs, ® F)
satisfying

Dyt vir . (KK(e(82))) = KK (&p).
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Now Prop. 5.8 gives an isomorphism

edy : (Exts(A), [E]s, ta((W]1), K1(D(A))) = (Ko(F), [1r]o, €[e]o, K1 (F)).

Example 5.11. For the Cuntz algebra Oy, one has
(Exts(On), to, (W]1), [E(D)]s) = (Z,n—-1,1),

where W € U(Q(K)) is a unitary with Ind([W].1) = 1 and E(1) := E, is the Cuntz-Toeplitz algebra.
Denote by E(m) the extension that satisfies [E(m)]s = m[E(1)]s. For m € N, the algebra E(m) is
given by

Em) :=Mu(C) @ K+ 1, ® E(1) € My (C) ® M(K).
Since
KoM (E(=€))), [e]o, [L]o) = (Z,n — 1,em),
Rem. 5.3 implies that the strong K-theoretic dual of
K—Em) — O, m>0
with respect to € € {£1} is

M (K) = My (E(=€)) = Min(Op).
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Appendix

The isomorphism 7, 5: KK(A, B) — Ext(A,SB® K) in eq. (3)

In this section we will give a proof of the fact that the map nap defined in egs. (3) and (4) is an
isomorphism for two nuclear C*-algebras A and B, since we could not find a proof of this statement
in the literature. We will show that na s fits into the following commutative diagram:

KK(A,B) —22, Fxt(A,SB®K)

[

KK'Y(A,SB)

The map b: KK(A,B) — KK'(A, SB) is given by Bott periodicity and therefore an isomorphism [1, Cor.
19.2.2]. In the Cuntz picture for the group KK*(A, SB) a class [, P] is represented by a projection P e
M(SB ® K) and a x-homomorphism ¢: A — M(SB ® K) with Py(a) — ¥ (a)P € SB® K for all a € A. The
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diagonal map sends [y, P] to the Busby invariant
Tly,p) (@) = 7 (PY (@)P).

This provides an isomorphism by [1, Prop. 17.6.5]. Hence na s will turn out to be an isomorphism, once
we have shown that the above diagram commutes.

Let Cl; be the Clifford algebra in dimension 1. This is the unital C*-algebra with one self-adjoint
generator g € Cl; such that g? = 1. The homomorphism b is given by the Kasparov product with a class
b € KK(C, Co(R, Cly)) given by the Kasparov module

(*, Co(R, Ch), F)

where A: C - M(Co(R, Cly)) is the unit homomorphism and F is the multiplier on Co(R, Cly) correspond-
1 1
ing to the function xg (1 + x?)~2. Note that x > x (1 4 x?)~2 provides a homeomorphism R — (-1, 1)

with inverse map y > y (1 — Xz)’%, which induces a #-isomorphism
0: Co((—1,1),Cly) - Co(R,Cly).
Pulling back b with 6 turns it into the Kasparov module
(3, Co((=1,1),Cl), By

where Fis the multiplier on Co((—1, 1), Cly) corresponding to the function x — xg. On the interval [-1, 1]
the identity function is homotopic relative to its endpoints to s(x) = sin(%x). Hence, we may replace F
by the multiplier F corresponding to s - g without changing the KK-class. For the rest of this section we
will identify S with Co(—1, 1). The Bott class is then represented by the Kasparov module

(A, SCl, F) € KK(C, SCly).

Let [¢o, ¢1] € KK(A,B) be a Cuntz pair. Let Hp = ¢?(N) ® B and Ay = H}(BO) &) Hg) with the superscripts
denoting the even, respectively odd part. The class [¢o, ¢1] corresponds to the Kasparov module

(¢o D ¢1,HB,((1) (1)))

The internal graded tensor product Ar ®5 (SCl; ® B) is isomorphic to the external graded tensor product
Asp ® Cly. Note that the adjointable SCl; ® B-linear maps on this module are isomorphic to

M,(C) ® M(SB® K) ® Cl;.

This is a graded tensor product of C*-algebras, where M, (C) denotes the complex 2 x 2-matrices with
the diagonal/off-diagonal grading.
Let c(x) = cos(%x) and observe thatc € S.

Lemma A.1. Let (¢o, ¢1) be a Cuntz pair representing a class in KK(A, B). The Kasparov intersection
product [¢o, ¢1]®(b ® Is) € KK*(A, SB) is represented by the Kasparov module

(@0 ® ¢ ®1,fs ®C,G) (A1)

where G € M,(C) ® M(SB®K) ® Cl is the odd operator

s O 0 ¢
G= 1.
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Proof. For¢ e Ag let M : SCl; — Hsz ® Cl; be the module map that sends f ®x € SCl; to fé ®x € Hsp @ Cl.
Let £ € HY. Then we have

G- Meogo(f ® %) — Mrogo((5®9) - f®X) = 0@ D) @x
G - Mogeor (f ® X) + Mogew (S ® g) - (f ® X))

=—00sfEMRgx+0asfEV)gx+ (ftP @0 @x=(ftP 00 ®x

where we used the graded multiplication on the external tensor product Asp ® Cly to obtain the second
equation. Note that both of these commutators are given by compact operators and the argument for
the adjoint of M is completely analogous.

By the above computation, the operator G satisfies G*> = 1 (the mixed terms vanish because of the
graded tensor product) and G = G*. The first summand commutes with (¢o @ ¢1) ® 1. Therefore

0 ¢\ [# O 0 c(¢1 = o)
G 1= 1= '
[G.(¢o®¢1) ®1] [(C o)’(o ¢1)}® (C(¢0—¢>1) 0 )®

is a compact operator. This shows that (A.1) is a Kasparov module. Finally, the graded commutator
between the operator for the class [¢o, ¢1] and G evaluates to

0 1 0 s 0 s 2c 0 2c 0
1 = - 1= 1
By [1, Def. 18.4.1] the Kasparov module defined in (A.1) represents [¢o, ¢1]®(b ® Ip). |
As pointed out in [1, Cor. 14.5.3] there is a x-isomorphism

My(C) ® Cly = My (C) @ M (). (A2)

It maps an even element T® 1 to (T, T), an odd element T® 1 to (T, —T) and the odd element 1 ® g to
(Tq4, —T4) where Ty is the grading operator
,=(* °).
0 -1

Lemma A.2. Let 0(x) = Z(x+ 1), s4(x) = sin(6(x)), and ¢y(x) = cos(f(x)). In the Cuntz picture the
KK-class [¢o, $1]®(b ® Iz) € KK(A, SB) is represented by the pair (v, P) with

po(Sidorcio sG@-d) g p (1O
SpCo (d’l - ¢0) C@ ¢’O + Se ¢1 0 0
In particular, the Busby invariant of the associated extension is

Ty p)(@) = T (tdo(@) + (1 = 1) pa(a)).

Proof. The isomorphism on M,(C) ® M(SB ® K) ® Cl; induced by (A.2) maps G to the operator (T, —T)

with
T= (S ¢ )
C —S
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Let P = (T +1). Then we have

_} s+1) d _fse -G\l O Sy Co

T2\ —s-1) \eo s J\O 0J\~cs )

Therefore the Kasparov product corresponds to the Cuntz pair (¢, @ ¢1, P) Conjugating P and ¢, @ ¢1 by
the inverse of the rotation matrix gives P and

so o \fdo O\[se —Co)_( bosit+dici (@1 — bo)seCo
—Co S J\O 1 J\co sp (1 — p0)SeCa  PoC2 + p153 |
Note that t = s} is a homeomorphism between (-1,1) and (0, 1). The pullback of the Cuntz pair with

respect to s? will therefore have t¢o + (1 — t)¢1 in the upper left-hand corner. This shows the final
statement. [ |

lavl]

References

1. Blackadar, B. K-Theory for Operator Algebras, 2nd ed. Math. Sci. Inst. Publ., vol. 5. Cambridge: Cambridge
University Press, 1998.
2. Dadarlat, M. “Fiberwise KK-equivalence of continuous fields of C*-algebras.” J. K-Theory 3, no. 2 (2009):
205-19. https://doi.org/10.1017/is008001012jkt041.
3. Enomoto, M., M. Fujii, and Y. Watatani. “Tensor algebras on the sub-Fock space associated with Oa.”
Math. Japon 26, no. 2 (1981): 171-7.
4. Evans, D. “Gauge actions on O,.”J. Operator Theory 7, no. 1 (1982): 79-100.
5. Gabe, J. “Classification of Ou-stable C*-algebras.” Mem. Amer. Math. Soc. (2024): Preprint, arXiv:1910.
06504.
6. Gabe,]. and E. Ruiz. “The unital Ext-groups and classification of C*-algebras.” Glasgow Math. J. 62, no. 1
(2020): 201-31. https://doi.org/10.1017/S0017089519000053.
7. Higson, N. and J. Roe. “Analytic K-homology.” Oxford Mathematical Monographs. Oxford: Oxford Science
Publications, Oxford University Press, 2000.
8. Kaminker, J. and I. Putnam. “K-theoretic duality for shifts of finite type.” Comm. Math. Phys. 187, no. 3
(1997): 509-22. https://doi.org/10.1007/s002200050147.
9. Kaminker, J. and C. Schochet. “Spanier-Whitehead K-duality for C*-algebras.” J. Topol. Anal. 11, no. 1
(2019): 21-52. https://doi.org/10.1142/51793525319500055.
10. Kaminker, J, I. Putnam, and M. F. Whittaker. “K-theoretic duality for hyperbolic dynamical systems.”
J. Reine Angew. Math. 2017 (2017): 263-99. https://doi.org/10.1515/crelle-2014-0126.
11. Matsumoto, K. “On strong extension groups of Cuntz—Krieger algebras.” (2024): Preprint, arXiv:2208.
08001.
12. Matsumoto, K. “K-theoretic duality for extensions of Cuntz-Krieger algebras.” J. Math. Anal. Appl. 531,
no. 2 (2024): No. 127827.
13. Meyer, R. and R. Nest. “The Baum-Connes conjecture via localisation of categories.” Topology 45, no. 2
(2006): 209-59. https://doi.org/10.1016/j.top.2005.07.001.
14. Pisier, G. “Exact operator spaces. Recent advances in operator algebras.” Astérisque 232 (1995): 159-86.
15. Rgrdam, M., E. Stgrmer, and M. Rgrdam. “Classification of nuclear C*-algebras. Entropy in operator
algebras.” Encyclopaedia Math. Sci. 126 (2002): 1-145. https://doi.org/10.1007/978-3-662-04825-2_1.
16. Skandalis, G. “On the strong ext bifunctor.” Queen’s Univ. no 19 (1983).
17. Sogabe, T. “The reciprocal Kirchberg algebras.” ]. Funct. Anal. 286, no. 11, No. 110395.
18. Switzer, R. M. Algebraic Topology-Homotopy and Homology, Reprint of the 1975 original. Berlin: Springer,
2002.

$20Z 1890100 8z U0 1sanb Aq | 69EE8/ /2P ZeruUl/UIWI/SE0L 0| /I0P/3|o1E-80UBAPE/UIWI/WOD dNno olwapede//:sdiy Woll papeojumod


https://doi.org/10.1017/is008001012jkt041
https://doi.org/10.1017/is008001012jkt041
https://doi.org/10.1017/is008001012jkt041
https://doi.org/10.1017/is008001012jkt041
https://doi.org/10.1017/is008001012jkt041
https://doi.org/10.1017/S0017089519000053
https://doi.org/10.1017/S0017089519000053
https://doi.org/10.1017/S0017089519000053
https://doi.org/10.1017/S0017089519000053
https://doi.org/10.1007/s002200050147
https://doi.org/10.1007/s002200050147
https://doi.org/10.1007/s002200050147
https://doi.org/10.1007/s002200050147
https://doi.org/10.1142/S1793525319500055
https://doi.org/10.1142/S1793525319500055
https://doi.org/10.1142/S1793525319500055
https://doi.org/10.1142/S1793525319500055
https://doi.org/10.1515/crelle-2014-0126
https://doi.org/10.1515/crelle-2014-0126
https://doi.org/10.1515/crelle-2014-0126
https://doi.org/10.1515/crelle-2014-0126
https://doi.org/10.1016/j.top.2005.07.001
https://doi.org/10.1016/j.top.2005.07.001
https://doi.org/10.1016/j.top.2005.07.001
https://doi.org/10.1016/j.top.2005.07.001
https://doi.org/10.1016/j.top.2005.07.001
https://doi.org/10.1007/978-3-662-04825-2_1
https://doi.org/10.1007/978-3-662-04825-2_1
https://doi.org/10.1007/978-3-662-04825-2_1

	 Spanier--Whitehead K-Duality and Duality of Extensions of <0:tex-math 0:notation="LaTeX" 0:id="ImEquation1" > C*  -Algebras
	 1Introduction
	 2Notation
	 3Exactness of Spanier--Whitehead K-Duality
	 4Extensions of C* -Algebras and KK-Theory
	 5Strong K-Theoretic Duality for Unital Extensions
	Funding
	Appendix  
	The isomorphism <0:tex-math 0:notation="LaTeX" 0:id="ImEquation598" > eta A,B  mskip 2mumathpunct 
onscript mkern -	hinmuskip :mskip 6muplus1mu KKA,B 	o ExtA, SB otimes K   in eq. (3)


