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Abstract

We obtain new transference bounds that connect the additive integrality gap and spar-
sity of solutions for integer linear programs. Specifically, we consider the integer
programs min{c - x : x € PNZ"}, where P = {x € R" : Ax = b,x > 0}isa
polyhedron in the standard form determined by an integer m x n matrix A and an
integer vector b. The main result of the paper gives an upper bound for the integral-
ity gap that drops exponentially in the size of the support of the optimal solutions
corresponding to the vertices of the integer hull of P. Additionally, we obtain a new
proximity estimate for the £,-distance from a vertex of P to its nearest integer point
in P. We also strengthen previously known bounds for the integer Carathéodory rank,
a key sparsity characteristic which estimates the minimum size of the support of an
integer point in P in terms of the matrix A. The proofs make use of the results from
the geometry of numbers and convex geometry.
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1 Introduction and main results

The proximity and sparsity of solutions to integer programs are well-established direc-
tions of research in the theory of mathematical programming.

Proximity-type results study approximations of the solutions to integer programs
by the solutions of linear programming relaxations. This is a traditional research
topic with the first contributions dated back at least to Gomory [19, 20]. The most
influential results in this area also include the proximity bounds by Cook et al. [15]
and by Eisenbrand and Weismantel [18]. For more recent contributions, we refer the
reader to Celaya et al. [13], Lee et al. [21, 22], and Paat et al. [24].

Sparsity-type results study the size of support of solutions to integer programs. This
area of research takes its origin from the integer Carathéodory theorems of Cook et
al. [14] and Sebd [26] and later major contributions by Eisenbrand and Shmonin [17].
In recent years, this topic has been studied in numerous papers, including Abdi et al.
[1], Aliev et al. [2, 4, 5], Berndt et al. [7], Dubey and Liu [16] and Oertel et al. [23].

Recent works of Lee et al. [21] and Aliev et al. [3] show that the proximity and
sparsity areas are highly interconnected. The paper [3] establishes transference bounds
that link both areas in two special cases: for corner polyhedra and knapsacks with
positive entries. Remarkably, this gives a drastic improvement on the previously known
proximity bounds for knapsacks obtained in [6].

In this paper, we establish the first transference bounds that involve the integrality
gap of integer linear programs and hold in the general case, addressing a future research
question posed in [3]. The proofs explore a new geometric approach that combines
Minkowski’s geometry of numbers and box slicing inequalities.

Firstly, we will introduce the proximity and sparsity results most relevant to the
contributions of this paper. Let A € Z™*" with m < n and b € Z™. We define the
polyhedron

P(A,b) = {x € Ry : Ax = b}

and assume that P(A, b) contains integer points. Given a cost vector ¢ € R", we
consider the integer linear programming problem

min{c-x :x € P(A, b) NZ"}, (1)
where ¢-x stands for the standard inner product. In this paper, we assume that (1) is fea-

sible and bounded. A very successful and traditional approach for solving optimisation
problems of the form (1) is based on solving their linear programming relaxations

min{c-x : x € P(A, b)}, 2)
obtained by dropping the integrality constraint. Subsequently, various methods are
used to construct a feasible integer solution z* to (1) from a fractional solution x* of
(2). In this setting, the proximity-type results play a central role by providing estimates

for the size of a region containing z* in terms of various parameters of the matrix A.
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Sparsity and proximity transference in integer programming

We will now introduce the notation needed to state the proximity results. Let [n] =
{1,...,n},let ([Zl) be the set of all k-element subsets of [n], and for T = {iy, ..., ik} €
([Z]) with i{ < --- < ig, let A, denote the m x k submatrix of A with columns
indexed by 7. In the same manner, given x € R”, we will denote by x, the vector
(xi] yee ey x,-k)T.

Without loss of generality, we assume that A has rank m and, for 1 < r < m,
denote by A, (A) the maximum absolute value of an r x r subdeterminant of A, that
is

Ar(A) = max {|det B| : B is anr X r submatrix of A}.

Further, by || - ||; and || - ||oc We denote the €1 and £+, norms, respectively.

Let x* be a vertex optimal solution for (2). The sensitivity theorems of Cook et
al. [15] (see also Celaya et al. [13] for further improvements) imply existence of an
optimal solution z* to (1) with

x* = 2%lloo < (n — m)Ap (A). 3

In the same setting, a more recent result of Eisenbrand and Weismantel [18] gives the
estimate

lx* —2z"[1 < m@2mA(A) + D™, “)

which is, remarkably, independent of the dimension n.

Let IP(A, b, ¢) and LP(A, b, c¢) denote the optimal values of (1) and (2), respec-
tively. The main focus of this paper is on estimating the (additive) integrality gap
IG(A, b, ¢) defined as

IG(A, b, ¢) = IP(A, b, ¢) — LP(A, b, ¢).

The integrality gap is a fundamental proximity characteristic of the problem (1) exten-
sively studied in the literature. Upper bounds for IG(A, b, ¢) appear already in the
work of Blair and Jeroslow [8, 9].

In view of (3), the additive integrality gap satisfies the bound

IG(A,b,¢) < llclli(n —m)An(A). )
The estimate (4), in its turn, gives the bound
IG(A, b, ¢) < |lcllccm(2mA;(A) + D™. (6)
In the special cases, such as the knapsack scenario m = 1 studied in [3, 6], stronger
proximity bounds are known.
To introduce the sparsity results relevant to this paper, we will need the following

notation. Given a vector x = (x1,...,x,)" € R”, we will denote by supp(x) the
support of x, that is supp(x) = {i : x; # 0}. To measure the size of the support, we
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use the 0-norm ||x||g = [supp(x)|, widely used in the theory of compressed sensing
[10, 11].

Let us consider the size of the support of solutions to the system of linear equations
Ax = b, where x is restricted to a structured domain D C R". The sparsest solutions
are optimal solutions of the optimisation problem

min {||x|lo : Ax = b, x € D}. @)

The 0-norm minimisation problem (7) is central in the theory of the compressed
sensing, where for the classical choice D = R" an appropriate linear programming
relaxation of (7) provides a guaranteed approximation [10, 11]. The case D = Z.,,
relevant to the integer programming setting, has been extensively studied in [2, 4, 5,
17] and other works.

When D = R" and D = R, the tight upper bounds on (7) in terms of A
are given by the rank of A, which follows from basic linear algebra and the well-
known Carathéodory’s theorem from convexity, respectively. The paper Aliev et al.
[2] introduced the integer Carathéodory rank ICR(A) of the matrix A, defined as the
tight upper bound on the optimisation problem (7) with D = ZZ in terms of A.
Specifically,

ICR(A) = mgz( min{||x]o: x € P(A, Ay) NZ"}.
YEL5

Let
A(A) =+Vdet AAT.

Geometrically, A(A) is the m-dimensional volume of the parallelepiped determined
by the rows of A. Note that

A(A)= | Y det(A)? ®)

el

by the Cauchy-Binet formula. Let further gcd(A) be the greatest common divisor of
all m x m subdeterminants of A.
The results of Aliev et al. [4] imply the general bound

ICR(A) < m + \}og <&>J 9
- *\ged(4) ) |

In what follows, we denote by cone(A) the cone generated by the columns of the
matrix A. Recall that a cone C is pointed if C N (—C) = {0}. Assuming that cone(A)
is pointed, let

A) = mi det(A,))2, 10
4(4) = min > (det(An)) (10)

oCl[n]:
lo|=m,jeo
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where the minimum in (10) is taken over the indices j which correspond to the extreme
rays of cone(A). Note that g(A) < A(A) by (8). Theorem 3 in [2] shows that (9) can
be strengthened by replacing A(A) with g(A). That is the bound

q(A)
ICR(A) < m + Llogz (M)J (11)

holds.
We will now state the main results of this paper. Observe that the integrality gap is
positive homogeneous of degree one in ¢, that is for ¢ > 0

IG(A, b, tc) = tIG(A, b, ¢). (12)

In what follows, we use the notation || - ||2 for the £, norm. In view of (12), we may
assume without loss of generality that ¢ is a unit vector, that is ||¢||> = 1.

Given a set K C R" we will denote by conv(K) the convex hull of K. The poly-
hedron

P;(A,b) =conv(P(A,b)NZ")

is traditionally referred to as the integer hull of P (A, b). Given an optimal solution z*
to (1) which is a vertex of the integer hull P;(A, b), we obtain transference bounds
that link the integrality gap IG(A, b, ¢) with the size of the support of z*.

Theorem1 Let A € Z™*", m < n, be a matrix of rank m, b € 7™ and ¢ € R"
be a unit cost vector. Suppose that (1) is feasible and bounded. Let z* be an optimal
solution to (1) which is a vertex of P;(A, b). Then

P A(A)
2s—m=1 " gcd(A)’

IG(A, b, ¢) < 13)

where s = ||12*]|o.

Hence, we obtain an upper bound for the integrality gap that drops exponentially in
the size of the support of any optimal solution to (1) which is a vertex of the integer
hull P;(A, b). In this vein, we remark that [3] gives optimal transference bounds for
positive knapsacks and corner polyhedra that connect the £,-distance proximity and
the size of the support of integer feasible solutions. Theorem 1 applies in the general
case m > 1 and a different setting; it connects the integrality gap and the size of the
support of optimal solutions to (1).

Next, we obtain from Theorem 1 transference bounds in terms of A, (A) and A (A).

Corollary 2 Assume the conditions of Theorem 1. Then the bounds

s(s+m)1/2 Am(A)

m

2s—m—1 ) ng(A)

IG(A, b, ¢) < (14)

@ Springer



I. Aliev et al.

and
s(s +m)™? (A (A))"

IG(A, b, ¢) < .
2s—m—1 ged(A)

15)
hold.

For a unit cost vector ¢, the bound (14) improves on (5) when s > 4m, and the bound
(15) improves on (6) when s > 6m.

The proof of Theorem 1 makes use of results from convex geometry and
Minkowski’s geometry of numbers. Exploring this geometric approach, we obtain
the following new proximity and sparsity bounds. Firstly, we estimate the £,-distance
from a vertex of the polyhedron P (A, b) a nearest integer point in P (A, b).

Theorem3 Let A € Z™*"', m < n, be a matrix of rank m, b € 7", and suppose that
P (A, b) contains integer points. Let x* be a vertex of P(A, b). There exists an integer
point z* € P(A, b) such that

*

=

= ged(A) (16)

llx

We remark that for certain matrices A the bound (16) is smaller than the £,-norm
proximity bounds /n(n — m)A,;(A) and m(2mA(A) + 1) that can be derived
from [13] and [18], respectively. It is sufficient to observe that the ratio A(A)/ A, (A)
can be arbitrarily close to one and the ratio A(A)/A1(A) can be arbitrarily small.
For instance, we can consider the sequence of matrices A; = (¢I,,|B) where I,
is the m x m identity matrix and B is a fixed m x (n — m) integer matrix. Then
A(A;)/Am(A;) — last — oo. Further, the quantity A(A) is the determinant of the
lattice generated by the rows of A. The same lattice can be generated by the rows of
a matrix A with arbitrarily large A; (A) Hence the ratio A(A) /A1 (A) can be made
arbitrarily small.

Applying Theorem 3 to a vertex optimal solution x* of (2) we obtain the following
estimate.

Corollary4 Let A € 7Z"*", m < n, be a matrix of rank m, b € Z™ and ¢ € R" be a
unit cost vector. Suppose that (1) is feasible and bounded. Then the bound

A(A)
ged(A)

IG(A, b, ¢) < (17

holds.

For a unit cost vector ¢, the bound (17) improves (5) when A(A)/ gcd(A) < (n —
m) A, (A)+1 and improves (6) when A(A)/ ged(A) < mn~?Q2mA(A)+1)"+1.

Next, we use the geometric tools developed for the proof of Theorem 1 to obtain a
new estimate for the integer Carathéodory rank that generalises Theorem 4 in [2] and
strengthens the bound (11).
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Theorem5 Let A € Z™*", m < n, be a matrix of rank m. Assume that cone(A) is
pointed. Then

p(A)
where
A) = mi Ag))2. 1
u(4) = min ;} (det(Aq)) (19)
|lo|=m,jeo

Theorem 4 in [2] gives the bound (18) in the knapsack scenario m = 1. The
bound (11), in its turn, restricts the minimum in (19) to the indices j € [n] which
correspond to the extreme rays of the cone generated by the columns of A. The ratio
(A)/q(A) can be arbitrarily small. For instance, consider the sequence of matrices
A; = (tI,|B) where B is a fixed m x (n — m) integer matrix with positive entries.
Observe that (u (A))isa polynomial in ¢ and its degree is 2(m — 1) for sufficiently
large 7. Similarly, (g(A;))? is a polynomial in ¢ of degree 2m for sufficiently large 7.
Hence 1(A;)/q(A;) — Qast — oo.

Note also that Proposition 3 in [2] implies that the bound (18) is optimal.

2 Volumes and linear transforms

In this section, we develop geometric tools needed for the proof of the transference
bounds.

For a matrix A € R'*" we denote by lin(A) the linear subspace of R’ spanned
by the columns of A. Given aset M C R” we let AM = {Ax € R! : x € M} and
use the notation [A] = A[0, 1]". For a set X C R’ and a linear subspace L of R,
we denote by X|L the orthogonal projection of X onto L. Further, vol; (-) denotes the
i-dimensional volume.

Let S be an (I — k)-dimensional subspace of R!. Consider an orthonormal basis
STy« SI—kySI—k+1,.--,8 of R’ such that the first / — k vectors form a basis of S.
Let further Sj_x = (s1, ..., 8;—x) € RXU=5 and §; = (S1—k+1,---,81) € RIxk,

Given a measurable set M in the subspace S, we are interested in the (I — k)-
dimensional volume of its image DM, where we assume that D € R is an
invertible matrix. The first result gives a general expression for vol;_x (D M) in terms
of vol;_x (M).

Lemma 1 Let S be an (I — k)-dimensional subspace of R. Let M C S be measurable,
D e R be nonsingular and let the rows of B € R**! form a basis of the subspace
(DS)*, the orthogonal complement of the subspace DS = lin(D S;_;). Then

det(BBT)
VOll_k(DM) = |det(D)| mvoll_k(M).
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Proof By the elementary properties of volume, we have
volj— g (DM) = vol;— ([DS;—i])vol;—r (M). (20)
On the other hand, we have

| det(D)| = vol;([D(S)—, Si)])
= vol;_ ([DS;_i)vol ([D Sy lin(D 8;_1) ™) (21)
= vol;_ ([DS;—i)volg ([D S¢]|lin(B T)).

Now, according to the definition of projections, we have
[DSi|lin(B") = BT (BBT)"'B[DSk]

and hence, recalling that the columns of Sy are part of an orthonormal basis, we have

volg ([DSk1Nlin(B 1)) = \/det(SkTDTBT(BBT)*lBBT(BBT)*lBDSk)

— Jdet((BBT) 1), /det(BDS.S] DTBT)

_ |det(BDDTBT)
- det(BBT)

Substituting this expression in (21) gives along (20) the identity. O

The second result provides a lower bound for vol;_; (D M) that involves the eigen-
values of the matrix DT D and vol;_ (M).

Lemma?2 Let M C S be measurable, D € R!*! nonsingular and let Ay < Xy < ---
M be the positive eigenvalues of D' D. Then

IA

-k

voli_(DM) = (1"[ JAT-) Vol (M).

i=1

Proof According to (20), we need to estimate

vol,_y([DS_1]) = \/det(slkDTDSl_k).

Let O € R/ be a matrix such that its rows form an orthonormal basis consisting
of eigenvectors of DT D. For convenience, we will denote by diag(;) the diagonal
matrix with the eigenvalues A1, ..., A; on the main diagonal. Then we have DD =
0 Tdiag(»,)0.
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Let [/] = {1,...,1} and let ([i]) be the set of all r-element subsets of [/]. With
g;__; = 0 8;_; we get by the Cauchy-Binet formula
T —
det(S, DT DS;_y) = det(S;_; diag(r,’*)diag(r)"*)S—¢)
—
= Y det(diagh;/%)")?(det(S~¢ ))?

le (l[i]k)

1—k
(H m) 3 (@et(Si))?

i=l Ie(l@k)

Ik =k
= (l_[ )»i) det(S;—«x Si—x) = l_[?»i-
i=1 i=1

v

Here diag(%;/*)! is the (I — k) x (I — k) diagonal matrix with %'/ indexed by I and

—— P
Si—k isthe (Il —k) x (I — k) submatrix of S;_; with rows indexed by /. In the second
to last identity we used again the Cauchy-Binet formula. O

From Lemma?2 we obtain the following corollary.

Corollary 6 Let S be an (I — k)-dimensional subspace of R' and let D =
diag(dy, ..., dj)) with0 <dy <dy <--- <dy. Then

1—k
vol,_x(D(S N (=1, DY) > Zl_kl_[dl-. (22)
i=1

Proof By Vaaler’s cube slicing inequality [28], we have vol;_; (S N (—1, 1)’) > 2=k,
Now the bound (22) immediately follows from Lemma?2. O

3 Proofs of the transference bounds
We will derive Theorem 1 from Corollary 4 and from the following result.

Theorem7 Let A € Z™*", withn > m+1, be amatrix of rankm, b € Z" andc € R"
be a unit cost vector. Suppose that (1) is feasible and bounded. Let z* = (7, .. ., Z,’i)—r
be an optimal solution of (1) which is a vertex of P;(A, b). Assuming without loss of
generality 7§ < --- <z}, the bound

(n—m) A(A)

IG(A, b, ¢) < .
=@+ 1) ged(A)

(23)

holds.
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Proof Let c|ker(A) denote the orthogonal projection of the vector ¢ on the kernel
subspace ker(A) = {x € R" : Ax = 0} of the matrix A. Observe first that if ¢ is
orthogonal to ker(A), then IG(A, b, ¢) = 0 and the bound (23) holds. Hence, we may
assume without loss of generality that c|ker(A) is a nonzero vector.

Suppose, to derive a contradiction, that the bound (23) does not hold. Then there
exists a vertex x* of P(A, b) and a vertex z* of P;(A, b) optimising (1), such that,
assuming zj < --- <z, we have

(n—m) ALY
=@+ 1) gedA)

c- (2" —x > (24)

Letd; = zf +1,i € [n], D = diag(dy, . .., d,) and let B € Z"TD*" be the matrix
obtained by adding the (m + 1)-st row ¢ to the matrix A. Let further V = ker(B).
Consider the box section

K=VN(—d,d) x--x(—dy,dy).

We can write K = DM, where M is an (n — m — 1)-dimensional section of the cube
(=1, 1)". Hence, by Corollary 6,

n—m—1
voly—p—1(K) = 2" TT di. (25)
i=1
Consider the origin-symmetric convex set

L =conv(x* —z*, K, z* — x*) C ker(A).

The set L is a bi-pyramid with apexes +(x* — z*) and (n — m — 1)-dimensional basis
K. As K C ker(A) Nker(c) the height of x* — z* over K is given by

clker(A) - (z¥ —x*) c¢-(zF—x%)

lelker(A)l2 llelker(A)ll2”

Hence, we have

2¢- (2" —x*)vol,_—1(K)

vol,—, (L) = (n —m)|c|ker(A)|»

Then, using (25) and (24) and noting that the assumption |[c|[, = 1 implies
llclker(A)||2 < 1, we obtain the lower bound

_m A(A)

l,—m(L " .
vol,—p (L) > ng(A)

(26)
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Observe that the lattice A(A) = ker(A) N Z" has determinant

det(A(A)) = A (27)
ged(A)

(see e. g. [27, Chapter 1, §1]). The (n — m)-dimensional subspace ker(A) can be
considered as a usual Euclidean (n — m)-dimensional space. Therefore, by (26), (27)
and Minkowski’s first fundamental theorem (in the form of Theorem I in Chapter III of
[12]), applied to the set L and the lattice A(A), there is anonzero pointy € LN A(A).

Suppose first that ¢ - y = 0. Consider the points y© = z* + yand y~ = z* — y.
We have y*, y~ € (z* 4+ K) and, consequently, y*, y~ € P(A, b). Further, z* is the
midpoint of the segment with endpoints y* and y~, contradicting the choice of z* as
a vertex of the integer hull P; (A, b).

It remains to consider the case ¢ - y # 0. Since L is origin-symmetric, we may
assume without loss of generality that ¢ - y < 0. Observe that the point y* = z* + y
is in the set conv(z* + K, x*) and hence y* € P(A, b). Now, it is sufficient to notice
that ¢ - y* < ¢ - z*, contradicting the optimality of z*. O

3.1 Proof of Theorem 1

Given I = {i1,...,ix} C [n] withi; < iy < --- < i, we denote by R’ the k-
dimensional real space with coordinates indexed by /. The complement of I in [n]
will be denoted as 1.

Let x* be a vertex optimal solution to (2). Clearly, we may assume that x* # z*. Let
I C [n] denote the set of indices i for which at least one of z* x[ is non-zero. Let A I
be any integer matrix whose rows constitute a basis of the lattlce of all 1nteger pomts
contained inside the subspace spanned by the rows of the matrix A;. Let b=Az* T
so that A X = band A xXr = b desgrlbe the same affine subspace in R’ Letm, n
denote the dimensions of A, so that A; has m rows and 71 = |I|. Note thatif y € R
is any vector for which nyi ; is integral, then y itself is integral by construction of
/il. It follows that gcd(fi]) = 1 by [25, Corollary 4.1c].

We consider a new linear program

min{cy - X : Ale = l;, x; > 0}. (28)

Note that x} and z} are optimal fractional and integral solutions, respectively, and
that z7 is a vertex of the integer hull of P(fi 1, b). Note also that

A(A)
ged(A)’

A(Ap) < (29)

The bound (29) follows from Lemma 2.3 in [5]. Geometrically, it is sufficient to observe
that the quantity on the left is a divisor of the volume of the orthogonal projection of
a parallelepiped whose volume is given by the quantity on the right.
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If i = m + 1, then the bound (13) immediately follows from the bound (17) in
Corollary 4. Otherwise, suppose that 7 > m + 1. We have then that Ay, b, ¢;/ ¢ 12,
x7, zj satisfy the hypotheses of Theorem 7. We therefore get

A A

A A n—m ~
IG(A,b,¢) =1G(Ay, b, ¢c;) < |lcrll - Te+D A(A)), (30)
i\%f

where the product in the denominator is over the 7 — m — 1 smallest coordinates of
sk
ZI. A . . A .
Now, 7 is equal to [|z* 4+ x*|[|p. Also, x* has support of size at most 1, since
lx*llo = ||x}k ||O and x7 is a vertex of the new linear program (28). Thus we get

i < et e = el = ] = a1

On the other hand, we have the following lower bound for the product in the denomi-
nator of (30):

[ + 1) = 2= t=suepEDl = pe=i=t > go=m=1, (32)

1

Combining together (30), (31), (32), and the fact that ||c/]|, < 1, we get
Ky N
The desired conclusion (13) then follows from (29) and (33).

3.2 Proof of Corollary 2

Let I and AI be as in the proof of Theorem 1. We will derive the bounds (14) and
(15) from the bound (33). Choose any J C [r]\[ that is minimal with respect to the
property that A;yuy has rank m. Thus, |J| = m — m, and

[HUJ|=n+m—m)<s+m+ m—m)=s+m. (34)
We have, by Lemma 2.3 in [5],

A(Auy) - A(Ajuy)

A(A)) < < ) (35)
= ged(4r0)) T ged(4)
By (34) and the Cauchy-Binet formula, we have
[IUJ]| 172 s+m 172
A(Apuy) < ( " ) An(Aquy) < " Ap(A). (36)
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Combining (33), (35), and (36), we obtain the bound (14). On the other hand, if we
use (34) and Hadamard’s inequality, we get

A(Apuy) = VI UT-Ar(Au)™ < (s +m - A(A)™. (37)

Combining (33), (35), and (37), we obtain the bound (15).

4 Proof of the {,-distance proximity bound

First, we will prove two lemmas needed for the proof of Theorem 3.
Let y € R" and let

C'y)={xeR":lx = ylloo <1}

be an open cube in R"” with edge length 2 centered at the point y. Given two points
u,v € R" we will consider an open set D (u, v) defined as

D(u,v) = conv(C"(u), C"(v)).

Lemma3 Letu,v € RY. Then D(u,v) NZ" = D(u, v) NZ,.
Proof Suppose, to derive a contradiction, that there exists an integer point z =
(z1, ..., zn)T € D(u,v) such that z; < —1 for some j € [n]. Then there exist
points x = (x1,...,%,)! € C"(w)and y = (y1,...,y,) € C"(v) such that for
some A € [0, 1]
zj =Ax; + (1 —=A)y;.
Therefore, since x; > —1 and y; > —1, we must have z; > —1. |
Next, we consider an origin-symmetric open convex set £ = E(u, v) defined as
E = conv(C"(u — v), C" (v — u)).
Notice that
E=(D@m,v)—v)U(—D(u,v)+v). (38)

Lemma 4 Suppose thatu, v € P(A, b). Then the bound

voly—m (E Nker(A4)) = 2" (1 + [lu — v]|2) (39

holds.
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Proof First, we will separately consider the case n = m + 1. Then ker(A) has dimen-
sion one and, noticing that u — v € ker(A) we can write

voli (E Nker(A)) = vol{ (C"(0) Nker(A)) +2|lu — v|>.

Since vol; (C"(0) Nker(A)) > 2, we obtain the bound (39).

For the rest of the proof we assume thatn > m + 1. If u = v, then E = C"(0)
and the bound (39) immediately follows from Vaaler’s cube slicing inequality [28].
Hence, we may also assume without loss of generality that u — v # 0.

Let

S = C"(0) Nker(A) Nker((u — v)T).

The set S is a section of the open cube C”(0). Since u — v € ker(A)\{0}, the section
S has dimension n — m — 1. Let further

ST ={x eC"0)Nker(A) : (u—v) x> 0}
and
ST ={x e C"0)Nker(A): (u—v)-x <0}

By construction, ST, S~ and S do not overlap and C"(0) Nker(4) = STU S~ US.
Further, by Vaaler’s cube slicing inequality [28], we have

VOln—m(S+) + vol,—n (S7) = vol,—,, (C"(0) Nker(A)) > 2" (40)
and
voly 1 (8) = 2" "1 (41)

Observe that E Nker(A) contains the sets ST +u — v, S~ + v — u and the cylinder
conv(u —v+S,v—u+S). These three sets do not overlap and, using (40) and (41),
we have

vol,—m (E Nker(A)) > vol,—m(ST) + vol,_m (S7)
+ vol,—,,(conv(iu — v+ S, v —u+5))
= vol,—m (C"(0) Nker(A)) + 2 voly—m—1(S) lu — v
> 21+ lu = vll2).

Hence, we obtain the bound (39). O
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4.1 Proof of Theorem 3

We willsay that B C [n]isabasis of Aif|B| = m and the submatrix A p is nonsingular.
Take any vertex x* € P(A, b). There is a basis B of A such that, denoting by N the
complement of B in [n], we have

xh=Ag'bandx}; = Oy.

Choose an integer point z* € P (A, b) with the minimum possible distance between
the points x3, = Oy and z},. Then

lzyll2 = min{llynl2: y € P(A, b)NZ"}. (42)

Suppose, to derive a contradiction, that the bound (16) does not hold for the point z*.
Then, using (27),

s 2 Geaa)) — 1 (43)
lx* —z ”2>gcd(A) =de )

Recall that we denote by A(A) the lattice formed by all integer points in the kernel
subspace of the matrix A.
The lower bound (43) and Lemma4 imply that for E = E(x*, z*) we have

vol,—m (E Nker(A)) > 2" det(A(A)). (44)

The (n — m)-dimensional subspace ker(A) can be considered as a usual Euclidean
(n — m)-dimensional space. Noting the bound (44), Minkowski’s first fundamental
theorem (in the form of Theorem Il in Chapter IIl of [ 12]) implies that the set ENker(A)
contains nonzero points £z of the lattice A(A). Using (38), we may assume without
loss of generality that we have z € D(x*, z*) — z*. Therefore, the point w = z+z* is
inthe set D(x*, z*) N (ker(A)+z*). By Lemma3, w € ZZ, and, hence, w € P(A, b).

Next, we will show that [[wy |2 < ||z ]l2, contradicting (42). Notice first that for
any x € P(A, b) we have xp = Agl(b — Anxy). Hence wy = zj, implies that
w = z*. Therefore, we may assume that wy # z}.

Take any index j € N. Since w € D(x*, z*), we have w; < z;‘.. Hence there is at
least one index jo € N with wj, < z;‘.o. Therefore [[wy |2 < llz}y Il2 and we obtain a
contradiction with (42).

5 Proof of Theorem 5

We will derive Theorem 5 from the following result.

Theorem8 Let A € Z™*", m < n, be a matrix of rank m and let b € Z™. Assume
that the polyhedron P (A, b) contains integer points and that for some index j € [n]
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the linear program
max{x; : x = (xg, .. .,xn)T € P(A, b)} 45)
is bounded. Let x* be a vertex optimal solution to (45) with a basis y. Then either

x* is integer, or there exists an integer point 7 = (71, ..., zn)T € P(A, b) such that,
letting T = supp(z) U y U {j}, the bound

[] G+D<@ddn™ | > @et4s) [] @+1)2 @6)

ieln\(j) oS e ico\(j)

holds.

Proof of Theorem 8 Let x* be a non-integer vertex optimal solution to (45) with a basis
y. Note that any integer point z € P(A, b) has supp(z) Ny # @. Let§ = y U {j}. If
& = [n] then we set Z = 0 € Z". Otherwise choose an integer point Z € P (A, b) with
the following property. The size of support of Z corresponding to the complementary
set § has the minimum possible value, that is

IZzllo = min{[|yzllo : ¥y € P(A,b) N Z"}.

Next, we choose a vertex z of the convex hull F' of the optimal integer solutions of
the integer linear program

max{y; : y € P(A, b) NZ" and supp(y) C supp(z) U &}. 47
Let

T =supp(z) UE = {i1, ..., ir}.

In what follows, we will denote by R” the coordinate subspace of R” with coordinates
indexed by .

Consider the subspace G = ker(A;) of R". Since the vertex x* is not integer, we
have y C 7. Consequently, || = k > m and hence, noticing that rank(A;) = m, we
have dim(G) =k —m > 1.

Letu; =z; +1fori € t\{j} and let u; = t, where ¢ > 1 is an arbitrarily chosen

real number. Let further D = diag(u;,, ..., u; ). We will first show that
A(A;D
Uiy - Ui, SM. (48)
ged(Aq)

Subsequently, we will use (48) to derive the desired bound (46).
Consider the box section

K =GN (=i, uiy) X - X (=g, ui,).
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There exists a subspace S of R* with dim(S) = dim(G) = k — m such that
K =DQ,

where Q = SN{x e R" : —1 < x; < 1,i € 7} is a section of an open cube in R”.
Using Lemma 1, we have

A(A0)

c Uy mVOl(Q)

volg—m (K) = uj, -

By Vaaler’s cube slicing inequality [28], we have
vole—m (Q) = 247", (49)

Suppose, to derive a contradiction, that

A(A;D)
Uiy - Uy > —— (50)
gcd(Ar)
Then, using (49) and (50), we get
_m A(A7)

voly_m(K) > 2% = 25" det(A(Ay)),

gcd(Aq)

where we use (27) for the last equality. Therefore, by Minkowski’s first fundamental
theorem, the box section K contains nonzero integer points £y € A(A;). Adding
the zero coordinates indexed by [n]\t to £y, we obtain the n-dimensional integer
points £y. Let y* =z 4+ y and y~ = z — y. Observe that by construction of K the
points y* and y~ have nonnegative coordinates indexed by [r]\{;}. Furthermore, at
least one of the points y* and y~ has its j-th coordinate greater than or equal to z;.
Assume without loss of generality that this point is y*. Then y™ € P(A, b) and we
will consider two cases.
Suppose first that

+

In this case, we get a contradiction with the optimality of z for (47).

Now, consider the case yj+ =y; =z, But then both points y* and y~ are in F
and z = (y* + y7)/2. This contradicts the choice of z as a vertex of the polyhedron
F. Therefore (50) does not hold and hence (48) is justified.

Dividing both sides of (48) by u; = t and noticing that, by the Cauchy-Binet
formula,

A(A:D) = | Y (det(A,) [ [z + 12,

oCrt: ico
lo|=m
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we obtain

[] Gi+b= ] w = (geda)™

ieln]\{j} iet\{j}
(51
x| Y @et(Ao) [] @i+ )2+ 0072,
oCt: ico\(j}
lo|=m,jec

where the implicit constant in the O (t=2) term on the right hand side of (51) depends
on A and z only. Since the bound (51) holds for arbitrarily large ¢, it implies (46). O

Now we are ready to prove Theorem 5.
Proof of Theorem 5 Let us choose any y € ZZ ) such that
ICR(A) = min{||x|lop : x € P(A, Ay) N Z"}

and let b = Ay. It is sufficient to show that there exists an integer point z € P(A, b)
with

n(A) ) ‘ (52)

< 1
Izllo < m +log, (gcd(A)

Since cone(A) is pointed, P(A, b) is bounded. Further, if P(A, b) has an integer
vertex x*, then ||x*||o < m and the bound (52) is satisfied for z = x*. Hence we may
assume that all vertices of P(A, b) are non-integer.

Choose any j € [n] such that

pAy= | Y (det(A,))?

oCln]:
lo|=m,jeo

and apply Theorem 8 with A, b and the index j. Let z be an integer point in P (A, b)
that satisfies (46).

Suppose first thatm > 2. Letz;,, ..., z;,_, be the m — 1 largest entries of the point
Zmn(j) and let v = {iy, ..., im—1}. Then, dividing (46) by the product [[; ., (z; + 1),
we get

[] G@+D = (gedA)™

ieln)\(vuijh
2
< | Y (detd) | [T @+ ]@+D (53)
oCt: ieo\{j} i€v
|lo|=m,jeo
u(A)
~ ged(Ar)
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When m = 1, we set v = {J and immediately obtain (53). Observe next that, using
(53), we have

Jn_I(A)

2”Z”0 f Zm 1_[ (Zi + 1) S ng(A )
T

ie[n\{vU{j}}

(54)

Noticing that gcd(A;) > gcd(A) and taking the logarithm with base two of (54), we
obtain the bound (18).
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