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1. Introduction

Consider the free Dirac operator in three dimensions,

D,, = —ia-V+mfp (1.1)
m 0 —i03 —i01 — 02
_ 0 m —i01 + 0o 103
B —iag —z’@l — 82 —m 0 ’
—301 + 0o 103 0 —m

where a1, as, ag and § are Dirac matrices and m > 0 is the particle mass, and the corresponding operator
discretised on a cubic lattice of mesh size h > 0,
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m 0 i@;;h 281‘ nt 8; h
. 0 m 107 ,— 05 1, 283 h
]D)m’h - —Z'ag)h _iaLh_ 827h —-m 0 ’ (1'2)
—i01,h+ O2.1 03,1, 0 —m

In the latter operator, the partial derivatives are replaced by difference operators
1
(0 £1(m) 1= 5 { Fh(n + €)= F(hm)},
§ 1
01 f1(0m) 2= 5 { F(h(n = e5)) = f(hm) |

where e; is the unit vector in the direction of the jth coordinate axis. We prove that the resolvent of
the embedded discrete Dirac operator (D, @ 05, — 2z)~! strongly converges to (D, — 2z)~! in L?(R3)*
as h — 0; see the beginning of Section 2 for details of the embedding. The proof presented here in the
three dimensional case is simpler, shorter and more natural than in [3], where the two dimensional case was
discussed. In addition, we prove that (D, @ 05 — 2)~! does not converge in the operator norm sense to
(D,, — z)~% as h — 0. The proof of the non-convergence is an adaptation of the proof of the corresponding
result in the two-dimensional case in [3]; the adaptation enables us to provide an explicit lower estimate
of the norm of the resolvent difference as shown in Theorem 2.1(ii) below (compare [1, Theorems 4.11 and
5.7]). In order to get norm resolvent convergence, one has to modify the discrete Dirac operators in the
cubic (resp., square) lattices. Such modifications are discussed in [1] and [2]. We remark that our imbedding
operator Jp, defined in the next section is different from those introduced in [1] and [2] and exactly preserves
the discrete Dirac operator in ¢2(Z3).

We mention that using central difference operators, instead of forward and backward difference operators,
to define D,,, ;, does not change the fundamental issue that leads to the positive lower bound for the norm of
the resolvent difference in the limit (Theorem 2.1(ii)). The authors would like to thank John Pryce, Cardiff
University, for suggesting the use of central difference operators.

2. Main theorem

As in [3], we make the resolvents of D,,, and of Dy, , comparable by embedding the discrete Hilbert space
0*(Z3), where Z3 = hZ?, into the continuum Hilbert space L?(R3) by extending any function f € ¢(Z3)
to the step function

(Jnf)(x) = > f(hn)x, ,(x) € L*(R?),

neZ3

where Xy, , is the characteristic function of the half-open cube
Lp={x €R®[hn; <z; <h(n;+1) (j €{1,2,3})}.

Clearly \|th||%2(R3) = h*3, czs |f(hn)2. The image of the embedding L?(Z3) := J,(¢*(Z3})) is a closed
subspace of L?(R?3), and Dy, ;, naturally acts on this subspace. Then D,, , @ 0y is the extension of this
operator to all of L?(R?) by setting it equal to the null operator on the orthogonal complement of L?(Z3).
The orthogonal projector Py, of L?(R?) onto L?*(Z3) is given by (cf. [3, eq. (2.10)])

(Pug)(z) == > 73 / y) dy xr, , (). (2.1)

nez?

We now state the main theorem, in which B denotes the Banach space of all bounded linear operators
in L2(R?)*, equipped with the operator norm.
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Theorem 2.1. Let z € C \ R. Then
(i) (Dy,p @ 0p — 2)~ 1 strongly converges to (D, — 2)~* in L2(R3)* as h — 0.
(ii) lim infp_yo |(Dpp & 04 — 2)~L — (D, — 2)~! || > max (|m—1_‘ ﬁ)

The proof will use the following asymptotics.

Lemma 2.1. For 8 > 0,

S e = \/ng o(1) (B 0), (2.2)

keZ
i k2 e PF = 4\\;3 +0(B™YH  (B=0). (2.3)
k=1

Proof of Lemma 2.1. For the proof of (2.2), we split the sum into the parts with positive and with negative
k (these sums are evidently equal) and the term for k = 0, which can be subsumed in the O(1) term. For a
differentiable function f : [0,00) — C, integration by parts gives the first-order Euler-Maclaurin formula

n— 1k+1

f /f dt+Z/f (t—k (n € N).

k=0 3.

;_.

Hence
oo o0 o0 k
1
Do = / DY / 2Bt e (t—kydt = = | =+ 0(1),
2V
k=1 o k=1,"
as |t — k| <1 in each integral in the sum, and also

k+1

3 ke = /t2 —0 gt + Z / 2t (1 — Bt2) e ¥ (t — k) dt
k=1 ) k=0 3,
1 oo
=55 [ a0 = s os)
2p ) 4y/B
by an integration by parts in the first integral and as
50 k+1 oo
2\ _—pBt? 2 52
S 2 -pt)e (- B Is|[1—s%le* ds. W
k=0 7% 0
In the proof of Theorem 2.1, we need both the discrete Fourier transform Fj, : L*(Z3) — L*(T}3,,) and

the Fourier transform F : L?(R3) — L?(R?), where

T = [=n/h, 7/h) = {€ € R® | max{|&1], [€], &3]} < m/h}.

The precise definitions of F, F and their basic properties can be found in sections 2 and 3 of [3]. Following
[3], we define the (multiplication) operators D,,, := FD,, F and D, 5, := Fj Dy nFp. Since
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[Fn(05n)1(€) = 7 ("% = 1)[FufI(€)

(2.4)

[Fn(0; 5 )I€) = +-(e7™ = 1)[Fnf(€)

S S =

we can obtain the matrix kernel ﬁ)m,h(g) in an explicit form which shows that for each & € R3, (]ﬁ)mh(f) —

H/)\)m(g))X']I‘f/h () = 0as h—0.
The orthogonal projection Qyp, of L?(R?) onto L2(T13/ ,) is defined as the operator of multiplication with

the chafucteristic function of Tl?’/h. Using the projections P, Qyj € B(L%(R?)), we extend Fj and its
inverse Fj, to become elements of B(L?(R?)) by setting

Fn = Qun FnPn, Fn = PaFnQyn. (2.5)
It is clear that
FnFn =Py, FnFn = Quyn, (2.6)
and
Py Frn=0, Qp,Fn=0. (2.7)

Proof of Theorem 2.1. (i) Since S(R3)*, the Schwartz space of rapidly decreasing functions, is dense in
L2(R3)* and

(D, —2)7" @ OplB < 1/[Imz], (2.8)
it is sufficient to prove that
. -1 _ -1 _
lim [[{(Byu ~2)™ & 0 — (B — 2) " Jelzye = 0
for p € S(R?)*. We begin with

{(Dmp = 2) 7 @0 = (D — 2) " }p — F(D — 2) 7 Fp
= Fn{(Dmp —2) L @04} (Fr — Fp
+ (Fn = I Dy —2) L @04} Fp
+ F{(Dyp —2) " @0, — (D, — 2) "} Fp.

(2.9)

The L? norm of the first term on the right hand side of (2.9) can be estimated by

1

|(Bp — 2) " @ 04|18 (Fn — F)oll 12msys < (\sz|

N(Fn = Frellzsys

which, by [3, Lemma 3.6], tends to 0 as A — 0. The second term on the right hand side of (2.9) can be
written as

(?h - 7){(H/)\)m,h - Z)il ©® Oh}fkp
= (Fr—F){(Dp —2) " @04} Fyp (2.10)
+ (Fn— -T){(]ﬁ)m,h —2) @0, — (D, — z) " Fo,
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where, by [3, Lemma 3.5], the L? norm of the term (2.10) tends to 0 as h — 0. Combining all the arguments
above, we infer that

hr;l;l sup H{(Dm,h - Z)_l D Oh - (Dm — Z)_I}QOHLQ(R?’)‘l
—0

< 211121 Sup H{(Iﬁ)m,h —2) &0, — (D — 2) T} F el 2wy
—

We finish the proof of statement (i) by showing that
lim {(Dump = 2) 7 & Op = (D — 2) "'} Fl L2(mays = 0. (2.11)
The expression in (2.11) is estimated by
Jim [{(Bnn = )7 & O — (D — 2) " }QuaF ool L2croys (2.12)
+ lim [{(Bm — 2) 7} Qi Fell L2 ey
The second term of (2.12) equals 0 since
(D (€) = 2)7" = (> +m® = 2%) 7 (Dm(€) + 2).

The first term of (2.12) is bounded by

}Lim H(@m,h —2) 7 (D = D) D — 2) T Qi Feoll L2(moys

im { / |(B©) ~ B () w3, ©B(6) — 2P| e}

‘sz| h—0

Note that F¢ on the right hand side of the above inequality belongs to S(R?)?*. In a similar manner to [3,
Lemma 4.2], one can show that

~ ~ h
|| (Dm,h(f) —Dn, (5))XT1/h )HB((C‘*) < §|£|2
Equation (2.11) then follows by the Lebesgue dominated convergence theorem.
(ii) Let up = (yn, O,O,O)T € LQ(R3)4,

yh(aj) = h% ei%(xl_xﬂ e—h(m§+x§+x§) ((L‘ c ]R?’)7

N4

for all k> 0; then [lup || r2rs)ys = (5)°.
is

As the function e~*"/2 (z € R) is its own Fourier transform, we find for all £ € R3

1 T \2 2
(}—yh)(ﬁ) = —— e an (- 2h) +(&2+3%) +§3].
(4h)°

E

Let z € C \ R. In the following, we show that (D,, — z) u;, tends to 0 as h — 0 (step 1), whereas the norm
of (Dyy,n @ 0, — 2)~ ! uy, remains bounded from below by |m — z|™!, up to an error that vanishes in the
limit (step 3). In step 2, we prepare application of the embedded discrete Dirac operator by calculating the
projection Py, up to small error.
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Step 1. Applying the Fourier transformation to the Dirac operator (1.1) and taking the matrix inverse

we find
(D, — 2) " tup, = F !
m h m_22+§%+€§+£§
m+ z 0 &3 &1 — &2 Fyn
" 0 m+z & +i& =& 0
&3 &—ile —m+z 0 0
&1+ & —&3 0 —m + z 0

As the Fourier transform is an isometry on L?(R3)
m+ 2 + 6+ 6 + &
m? =2 + G+ G+ G P

1D — 2) 2o = /
R3
[(El_*) +(§2+2h) +Es /2h d§

*(an)?

<C.

Now we observe that there is a constant C, > 0 (which may depend on z) such that
m+z?+ & +6+
| | gl gg gg (§ c RS),

Im? — 22 + & + & + &
since the denominator is bounded below by a positive constant and the fraction tends to 1 as [§] — oo

+(§2+ 2h) +§3]/2h

1—

Hence
G
1B =) ez sy < C: / |m2—z2+§1+§2+§3|
e~ (TG +¢3)/2
Eruveliad

[ Im? =22+ (fgl+ )2+ (VhGa— 35

_1uh||L2(R3)4 =0

The last integral converges to 0 as h — 0 by dominated convergence, as the integrand tends to 0 pointwise
2 2
—2)

and can be bounded above by an h-independent multiple of e~ (¢i+¢2+¢3)/2 We have thus established that

lim |[(ID
)
o where

Step 2. Before we can apply the discrete Dirac operator (1.2), we need to project uy into the subspace
L*(Z3)*. By equation (2.1), the projection is given by Pyyn = Y.,,cz3 Yn(hn)x,
ni1+1 na+1 n3+1
hi eiEt eI gy eTiEt e mh gy / e
na ns

Yn(hn) =
(2.13)

ni

for all n € Z3. By an integration by parts, we find for all k € Z
4h3
ko—hk? - Kzit,h

k+1
o : 2
/ eEi5te= " gt — “(1+i)et
T
k

with
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eii%k 3 2 3.2 w - 3,2

2h3 (e—h (k+1)° e—h k ):Fi / eilftte_h t dt
k

k+1 k41

/eii%kte_hBtht F i/eii%tte_hst2 dt.
k k

Noting that re—®/2 < % (z > 0), we obtain the estimate

by (2.2). Similarly,

with

L
keZ

and we have the estimate

SR, P<>

keZ

k+1

KEP<Y |2 / B (1] e (2102 =122 /2 gy
k

kEZ
k+1 2
4 h32
< - e /2 gt
<>/
kez \ %,

(h = 0)

< Sy VT o
ek:O ehz2

k+1
3 3 2 3.2
h |s|em (B2 1sD7/2 g=h"s7/2 4

keZ %
k1 2
1
< - E /e_h332/2 ds| < \/z +0(1)
e ehz2
keZ %

(h — 0). Using equations (2.13) and (2.15), we can write g5 (hn) in the form

4h3

~ 3 (2 o
yh(hn) = h% <_ (]_ + Z) ezfnle_hSnf + 7 K$17h>

™
2 i 4n?
% <; (1 _ Z) 6_17n2€_h3n§ + 7 Kn27h> <€h3n§ + 2h3K23’h)

(2.14)

(2.15)

(2.16)
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7
—yn(nh) + Z Rjnn

j=1
where

16 .= _
Rl,n,h — h3+4 71_2 ez (n1— n2) h? (”1+”2) K237h7

5Ty na,h?

8 .
Ronp=h3ti —(1+i)e 1 =h?(ni+n3) -

8

34.3
Rgnh=h3+4 —
™

3Ty

(1 — 7,) —i% n20 —h3(n3+n3) Kt

ni,

Rynp =h+% = (L+i)elme " K KD
m

na,h ns,h’

Ry =hoT8 = (1—i)e 5me " F KO

P2 'n,l, n3,h’

_ p6+3 1Y 7h3n + -
RG,n,h =h>"1 ﬂ_g 3 Knl,h an,h’

32
Ry = hoF1 —Kﬁl n Koy Koy

With the notation

Ry = > Rjnnxn., Ge{L -, T,

neZz?3

we embed the remainder term into L?(Z3) by defining Ry, = 237:1 R;Lj) and also set (yn)n = Jryn; then

8
Pyyn = 2 (yn)n + Rp- (2.17)

Each R;Lj), where j € {1,...,7}, can be estimated as follows.

1 9 256 _on3n2 _on3n2 3
||R§L)||2L2(Z§L) = h*te Py Z e 2 Z e 2 Z |h2Kp, 5l

TL1€Z ’ngGZ ’ngGZ
2
256 Jr
< not 258 ( /2h3 +0(1)> (eh; +0(1))
128 9
B ﬁe h3 + O(h2)a

where we used the first asymptotic formula in Lemma 2.1 and the estimate (2.16). Analogously,

2
IRy T2z3) < I 1 \\/ g5 TOO) T o(1)

2 0
= 26 h3 4+ O(h?)
mT2€

using the estimate (2.14); the same estimate holds for HR(3 12, (z3)- Further,
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(42 < 36+ 012 T 4y VT
1B Wz < W02 22 (g + O ) (S5 + o) )( 5 + o)

1024
= Jaata HOuT)

and the same estimate holds for ||R,(l5)||iQ(ZS). We find
h

2
(6))2 3+6+3 256 4 4y/m
IRy, N 22(z3) < 77072 T \(\ags T o(1) g 0(1)
4096

B V275 e2

15

R +O(h?)
and finally

; 51024
IR} )||2L2(Z’g) < RO i

(47 o) (L5 o)

21

16384
= h? 4+ O(h2).

5
m2e3

In total, this gives || RpllL2(z3) = O(h%) as h — 0. By (2.2), the first term in (2.17) satisfies

8 ) brs 64 ([T ’
I—5 Wn)nllzaqzy) =172 5 (575 TOM) )

S0 ”%(yh)hHLz(Zi) = - 82% +omd).

5
4
Step 3. We now apply the discrete Dirac operator,

(yg)h (m —z) (yn)n
Con={ o |=|  iosrim (2.18)
0

h
(—i01,h + O2.1) (Yn )
Here
Dy p(nh) := —i0s p(yn)n(nh) (n € Z3)
— _ihietE (min2) =k (ni+ng+nd) (e—h3(2ns+1) — 1) :
noting that

2k+1
o—h(2kt1) _ 1‘: —h3/ e Mt at| < (2k + 1) h®
0

and (2k + 1) <1+ 8k? for k € Ny, we find, using both asymptotic formulae in Lemma 2.1,

[ D1,n

1 13,2 13,2 13,2
|%2(Z%) S h3 ) § e 2h ni § e 2h ny 2 E e 2h n3(2n3 + 1)2h6
n1€Z na€Z n3€Ng

. 1 V2r 1
< p3-+6 [ T il yor il
<h <Wﬁ+0%9><h%+0%9)
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Vi
= Yot 0md) (-0,

1
Hence || Dyl p2(zs) < (%3) * VI + O(h?). Similarly, we find for

Do p(hn) := (=i01,n + O2,n) (Yn)n(hn)
— (—iDup + Dy )b € F () R (3 )

_ h*iei%(nlfnz)efhs(n%Jrng*ng) ((67h3(2n1+1) 7 1) — (67h3(2n2+1) o 1))
< (2n)iVh + O(h?).

the norm estimate || D2 | 2(z3)
To complete the proof, we first note that

1
(D ®0h — 2) " = (D —2) ' @ <_Z> '

By equations (2.17) and (2.18),

0 Ry,
8 8 0 0

(Din,p — 2) Prup = ﬁ(m —2) (un)n + =l SN I Dmp=2) 1 o |>
Do 0

and, using (2.17) again in the first term on the right hand side and applying ——(D,,» — z)~! on both

m—z
sides of the equation, we find

_ 1 8 1 -
(D=2 Pran = o P = 5 o D=2 py

™2 m—z

Using the estimate (2.8), we hence obtain

Pyuy,
m—z

H(Dm’h — z)_lPhuh —

L2(R3)4

) 8/ 1Pl gy + 1D24 032z L Y i .
_>
= Im — 2| [Jm z| 72 Im —z|  [Jmz| ) THIEAED)

as h — 0 by our remainder term estimates. Thus
lunll 22 s)s | (Drm,p @ O — 2) ™ = (D — 2) ™' ||B
_ 1 _
Z H(Dm,h - Z) lPhuh - ; (1 - Ph)uh||L2(R3)4 - H(Dm - Z) 1uh||L2(R3)4
-1 2 1 2 1/2
= {100, = =) Prunlfaqgys + 1 10— Punlauays |+ o)

> H(Dm,h — 2)71 P uh||L2(R3)4 + 0(1)
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1
=+ 0(1) = ||uh||L2(]R3)4 + 0(1) (h — 0),
L2(R3)4 Im — z|

1
m—z

where we used in the last step the strong convergence of P, to the identity operator., see [3, Lemma 3.3].
As [Jup||z2(rs)s is independent of h, it follows that

1
liminf |[(Dps, @0 — 2) = (D), — 2) 7L ||g > ——.
i (D @04 =)™ = (P =2 | > -
The second lower bound in statement (ii) follows analogously starting from uj, = (0,0,y;,0)7. B
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