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Abstract

In this thesis we look at R-matrix representations of the BMW algebra and the
Bloop group, a new group arising from the quandalisation process of racks. Both
the BMW algebra and the Bloop group have diagrammatic presentations involv-
ing adding loops to the braid group, although the structures of these loops are
different.

We define the contractive R-matrices, a restriction of which form a represen-
tation of the BMW algebra, and show that they are stable under equivalence. We
show that they have a maximum of 3 eigenvalues and we classify all 2-dimensional
examples. Then we utilise a Markov trace to deduce restrictions on the possible
values of the contraction constant c¢. In particular, we show that |c|~2 is the
Jones Index [pr(Bw) : ¢(pr(Bs))] and we deduce the form of the contractive

R-matrices for each value in the discrete range of the Jones Index.

The rack-induced R-matrices are shown to be closely tied with the racks from
which they are derived. In particular, isomorphic racks induce equivalent R-
matrices (though the opposite is not necessarily true), and if two rack-induced
R-matrices are equivalent then the quandalisations of their underlying racks also
produce equivalent R-matrices. We show that quandle-induced R-matrices are
equivalent if and only if their coloring numbers are equal for all oriented links.
The quandalisation process of racks is the inspiration for the Bloop Group devel-

oped in this thesis, and we develop an R-matrix representation of this new group.

These developments contribute to ongoing area of research of the classification
of unitary R-matrices, which has applications in many areas including quantum
groups, knot theory and topological quantum computing. Further research in this

area would include the analysis of /R-matrix representations of other structures.
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Conventions and Notation

Here we denote conventions and notations used throughout this thesis.

Chapter 1:

R will denote an R-matrix, i.e. a solution to the quantum Yang-Baxter

equation (1.2).

We are only considering unitary R-matrices, as defined in Equation (1.5).

R(d) will denote the set of all unitary R-matrices.

V' will denote a finite-dimensional vector space of dimension d.

1y will denote the identity of V.

We are working over the complex numbers C.

All diagrams are to be read top-to-bottom.

Ax will denote the adjoint of an operator A.

When dealing with multiple tensor copies of kets we use the short-hand
notation R|xq,x2) := R(|x1) ® |x2)).

B,, will denote the Braid group on n strands, defined in Section 1.2.

¢©(R) will denote the canonical shift endomorphism, as defined in Equation
(1.9).

Ry will denote the shift endomorphism being applied £ — 1 times, i.e.
Ry = ¢* (R).

X



pr will denote the representation of the Braid group induced by R, as de-
fined in (1.12).

7(R) will denote the normalised trace of R, defined by (1.14).

When taking partial traces we can take the left or right partial trace, as for

unitary R-matrices these are equivalent [13].

Tr will denote the character of R, as defined in Definition 18.

R ~ S will denote the equivalence of R and S. Our notion of equivalence
is defined in Definition 20.

B(#) will denote the set of bounded operators on a Hilbert space ¢ .

F' will denote the commutant of a set .# C B(J) of bounded operators,
as defined in (1.18).

[ )] will denote the Jones index of a type II; subfactor A C ., as
defined in Equation (1.19).

Chapter 2:

Cn(r, q) will denote the BMW algebra, as defined in Definition 27.

C(d) will denote the set of all contractive Z-matrices with contractive eigen-

value «, as defined in Definition 29.

TL,(6) will denote the Temperley-Lieb algebra, defined in Definition 33.

Chapter 3:

r will denote a solution to the set-theoretic Yang Baxter equation, as de-
fined in Definition 2.



e (X, \) and (X,r) will both denote a rack. Both notations are used as some-

times one notation is clearer than the other. Racks are defined in Definition

37.

e Rack tables are to be read as the element in the i** row and j* column

denoting 7 > j.
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Chapter 1

Introduction

The Yang-Baxter equation is deceptively simplistic, defined on V@V ® V| where
V' is a vector space with identity 1y, for some R € End(V @ V):

(R 1y)(ly @ R)(R®1y) = (1y @ R)(R® 1v)(1y ® R) (1.1)

It was first introduced by Yang in 1967 [34] in the context of studying 1-
dimensional Bose gas. Baxter later independently developed the equation in
1972 [5] whilst working on the eight-vertex lattice model in statistical mechanics.
Since then it has seen applications in quantum groups developed by Drinfeld and
Jimbo in 1988 [15], in the representation theory of braids by Wenzl in 1990 [33],
and more recently in the field of topological quantum computing by Kauffman

[23] to name but a few applications.

Although it may appear on the surface to be a straightforward equation, the
solutions to the Yang-Baxter equation (known as R-matrices) are notoriously
difficult to find. Recent development in the literature has looked at finding and
classifying solutions of the Yang-Baxter equation up to various notions of equiv-
alence. In 2019 Lechner, Pennig and Wood [25] classified all involutive (R* = 1)
solutions up to an equivalence where two R-matrices are equivalent iff they have

the same character and dimension.

In this thesis we explore the braid group B,,, the BMW algebra C,(r, q), and
the Bloop group BY,, - a new group inspired by the quandalisation of racks. In par-
ticular we analyse the R-matrix representations of these structures and examine
their properties to advance the ongoing effort to classify all unitary R-matrices

up to equivalence (in terms of having the same dimension and character).

In Chapter 1 we define the Yang-Baxter equation and its solutions, known as

R-matrices. We then look at the braid group and how these R-matrices form a



representation of it. We examine the traces and partial traces of these matrices,
and detail the notions of equivalence we use in this thesis. Finally, we discuss
how R-matrices can be used to induce a type II; von-Neumann factor, which is

utilised in Chapter 2 by considering a Jones Index.

In Chapter 2 we look at the BMW algebra in detail, and we define a new
class of R-matrices named contractive R-matrices, a restriction upon whom form
a representation of the BMW algebra. We then analyse the properties of con-
tractive R-matrices, including showing that they have at most 3 eigenvalues, are
stable under equivalence, and that they satisfy a number of relations. We discuss
when the normalised trace is a Markov trace, and utilise this to form restrictions
on the possible values of the contraction constant. In particular, we show that
lc|~% is equal to the Jones Index of a factor and subfactor induced from a con-
tractive R-matrix, and classify examples of contractive R-matrices by the value

of its related Jones Index in the discrete range.

In Chapter 3 we look at the set-theoretic Yang-Baxter equation and anal-
yse R-matrices that arise from linearising its non-degenerate solutions. These
R-matrices are shown in the literature to be equivalent to those derived from
racks. We analyse these rack-derived R-matrices and consider their various prop-
erties. In particular, we look at quandles (a particular type of rack that has a
trivial square map), and analyse the quandalisation process through the lens of
R-matrices. This analysis led to the development of the Bloop group, for which
we create an R-matrix representation. We restrict even further to Alexander
quandles, a type of quandle extremely useful in knot theory, and analyse when
Alexander-quandle-induced R-matrices are equivalent. Finally, we show that,
given 2 racks with equivalent R-matrices, the quandle-induced R-matrices aris-

ing from the quandalisations of the racks are equivalent.

In Chapter 4 we conclude the thesis, highlighting the main results and dis-

cussing future implications of this body of work.



1.1 The Yang-Baxter Equation

In this section we discuss the Yang-Baxter equation (YBE) and its solutions,
known as R—matrices. We restrict ourselves to considering unitary (RR* =
R*R = 1) R—matrices and denote this subset of solutions by R(d), where d is

the dimension of the underlying vector space V.

1.1.1 The Yang-Baxter Equations

The most significant form of the Yang-Baxter Equation (YBE) is the Quantum
YBE.

Definition 1. The Quantum Yang-Baxter Equation (QYBE): Let V' be
a finite-dimensional vector space of dimension d with identity operator 1y, and
let R € End(V ®@V). Then the Quantum YBE is given by

(R 1ly)(ly @ R)(R®1y) =(1y @ R)(R® 1y)(1ly ® R) (1.2)

The solutions to the Quantum YBE are called R-matrices.

Example 1. The following matriz is an R-matrix.

0 0 1 O
0O 0 0 1
10 0 0
0 1 0 O

The calculation to show this is long but elementary, so it is left out here.

There are several forms of the YBE. It can also be defined on copies of a set

X x X x X as opposed to a vector space - this is the set-theoretic YBE.
Definition 2. The Set-Theoretic Yang-Baxter Equation. The set-
theoretic YBE is defined on X x X x X, where X is a set, and is given by

(rx1x)(Ix xr)(rxlyx)=(1x x7)(rx1x)(1x x7) (1.3)

where 1x s the identity map on X.

Throughout this thesis we will describe the R-matrix solutions to the Quan-

tum YBE by utilising “Dirac” notation, also known as “bra-ket” notation.



1.1.2 Dirac Notation

An R-matrix can be considered as a bounded operator acting on a Hilbert Space,
R € B(). In this subsection we briefly define Hilbert spaces, bounded opera-
tors and give an overview of the Dirac (AKA “bra-ket”) notation used throughout

this thesis to describe R-matrices.

Definition 3. Hilbert Space: A Hilbert space 5 is a complete! inner product

space.

A “ket” |z) represents a column vector in a Hilbert space. For example, in a

2= (2)

A “bra” (z| is the Hermitian conjugate of a ket. For example, for the above

2-dimensional space,

ket the corresponding bra is given by

(@ = (|2)' = (&7 23)

where x] and z3 are the complex conjugates of x; and x, respectively.

The inner product of a bra and a ket is a complex number defined by

(zly) ==Y iy,
The norm of an inner product space, in particular a Hilbert space, is defined

by

[|z]] == (z]2)

An operator R acts on kets |x) and can be represented as a matrix in Dirac

notation. This action is denoted by A|x).

The adjoint of an operator A is denoted A* and is defined by

(Azly) = (z]Ay)
Example 2. Let A be any matriz with real coefficients, i.e.
A€ Myya,a;j €ER Vi, j

Then the adjoint A* is given by the transpose AT.

!The limit of every Cauchy sequence is contained in the space.

4



When we are dealing with multiple tensor copies of kets, such as an R-matrix

which operates on End (V ® V'), we use the following short-hand notation

Rz, 22) = R(|z1) @ |22))

Definition 4. Bounded operators on a Hilbert space: The bounded Hilbert
Space, B(F), is the set of all bounded operators on the Hilbert space 7. When
paired with the norm (B(), || - ||) it forms a C*-algebra

1A] = sup 1A%

ver Y]]

Any R-matrix is a bounded operator on a Hilbert space.

1.1.3 Types of Solution To The Yang-Baxter Equation

There are various special cases of R-matrices, whose classifications we will explore

further in this thesis.

Definition 5. Involutive R-matrix: An involutive R—matrixz is a matrizc R €
End(V ® V) that satisfies the YBE (1.2) and has the following property

R =1y (1.4)
where 1y is the identity of the underlying vector space V.
The involutive R-matrices were completely classified by Lechner, Pennig and

Wood [25] in 2019 under the notion of equivalence defined by R ~ S if and only

if they have the same dimension and character.

In this thesis we consider the special case of unitary R-matrices, R € R(d),
where d := dim V is the dimension of R. These are a particularly useful subset
of Yang-Baxter solutions - for example, the braiding of anyons for the construc-
tion of quantum gates in topological quantum computing requires the describing

R-matrices to be unitary [11].

Definition 6. Unitary R-matrixz: A unitary R—matriz is a matric R €
End(V ® V') that satisfies the YBE (1.2) and has the following property

RR*=R'R=1y (1.5)

where R* is the adjoint of R. The set of all unitary R-matrices is denoted
R(d), where d :==dimV is defined to be the dimension of the R—matriz.

Y



For d < oo, one can clearly see that an R-matrix R|x) is unitary iff, Vx,y € V,

(Rx|Ry) = (x]y)

Example 3. Define the Flip matriz F|xy,xs) := |z, x1). This is a classic exam-
ple of a unitary R—matriz. We see that it satisfies the YBE:

(Feoly)(ly @ F)(Fely)zyz) = (Fely)(ly® Fly,z,z)
= (Fely)ly 2 )
=lz,y,2)
= (v ® F)lz,z,y)
=lv @ F)(F @ 1y)|z, 2,y)
(lv @ F)(F @ 1y)(lvy ® F)|z,y, 2)

As for unitarity, we see that

<F371,5U2’Fy173/2> = <x2,x1]y2,y1)
= <$1,$2|y1,y2>

Hence, F € R(d).

1.2 The Braid Group

In this section we define the braid group B,, on n strands and consider its presenta-
tion in terms of generators and relations as well as its diagrammatic presentation
established by Artin [3]. We examine how any braid o € B,, induces a permuta-

tion ¢, € S,. Finally, we recall how R-matrices form a representation of B,,.

1.2.1 Defining the Braid Group

We now define the braid group.

Definition 7. Braid Group B,: The braid group on n strands (n € N, n > 2),
denoted B, is the group generated by the elementary braids® b;, i € 1,...,n — 1,

with the following relations

2The elementary braids are the “building blocks” of braid concatenations, i.e. a single
overlap.



bib; = b;b;  V|i —j| > 2 (1.6)

bibit1b; = bip1bibiyq (1.7)

In [3] Artin showed that B,, has an equivalent presentation in terms of dia-
grams of n strands. A generator b; is presented by an overlap of the j* strand
over the j + 1'* strand, as in Figure 1.1. Its inverse bj_1 is presented as the over-
lap of the j 4+ 1** strand over the j** strand, as in Figure 1.2. Elements of B,
are presented as concatenations of generator diagrams, an example of which is

demonstrated in Figure 1.3. Note that in this thesis we use the convention of

reading diagrams top-to-bottom.

1 Jj—1 J j+1 542 n

-
-~

Figure 1.1: Diagrammatic representation of b;, generator of B,.

1 Jj—1 J j+1  7+2 n

<
™~

Figure 1.2: Diagrammatic representation of bj_l, generator of B,,.

Example 4. The braid bib,* € By is presented diagrammatically as in Figure

s B

\

Figure 1.3: Diagrammatic presentation of bib,! € B,

The braid Relations (1.6) and (1.7) are presented in Figures 1.4 and 1.5 re-
spectively as elements of Bs;. Note that these diagrammatic equations can be

seen to hold by allowing the strands to be manipulated by pulling on them in 2



g K K g

Figure 1.4: Diagrammatic presentation of equation (1.6) in B;

] -
_ /
/

- -

Figure 1.5: Diagrammatic presentation of equation (1.7) in Bs

dimensions, with the end points on the top and bottom being fixed.

Any braid ¢ € B,, can be considered as a braid in a larger braid group B,

by adding an additional identity strand to the right hand side, as in Figure 1.6.

/ /
/ /

Figure 1.6: Left: b € Bs. Right: by € B,.

In this way, any braid can be considered as an element in any larger braid
group. In particular, we may consider the infinite braid group B, with a count-

ably infinite number of strands, to which every braid belongs.

Definition 8. Infinite braid group B.,: The infinite braid group is the braid

group B, with an infinite amount of strands, n — oo. It is denoted By,

Example 5. Figure 1.7 denotes by as an element in the infinite braid group By

/
/

Figure 1.7: b € B.



The braid group has many interesting applications across mathematics, in-
cluding modeling non-abelian anyons in topological quantum computing [11],

braid cryptography [16], and a basis for knot theory (see Section 1.2.3).

1.2.2 Inducing Permutations from Braids

Any braid induces a permutation via the following surjective group homomor-

phism

VB, — S,
bi — 7 (1.8)

where 7; € S, is the permutation (7,7 4 1), i.e. swaps ¢ and 7 + 1 only. Note
that 7,' = 7;, so b; and b; ' both map to 7;. Also, clearly every permutation can
be written as the image of some braid under ). Hence this is a surjective but not

injective map.
We denote the permutation induced by a braid ¢ € B,, as ¢, € S,,.

Diagrammatically this can be seen by “flattening”® the braid diagram and

reading it in the opposite direction. For example:

Example 6. Let 0 = bsb, ' € Bs.
Then 1, = 1379 € S5, as demonstrated in Figure 1.9.

Explicitly this map 1s given by:

3L.e. ignoring the over/under-strands and only considering which element each element is
mappted to.



\

Figure 1.8: Diagrammatic representation of b3by € Bs.
1 2 3 4 5

1 2 3 4 )

Figure 1.9: Diagrammatic representation of ¢y, (= 7372) € Ss.

1.2.3 Closing braids

Braids can undergo “closure” to transform into links. In fact, it was shown by

Alexander in 1923 that all links can be represented as a closed braid [1].

Definition 9. Closure of a braid: The closure of a braid b € B,,, denoted l;, 18
an oriented link obtained by joining the top strands of a braid b to their respective
bottom strands, as demonstrated in Figure 1.10. The orientation of the link arises

from the braid being oriented top-to-bottom.

Figure 1.10: Closure of a braid b € B, to b

10



Example 7. The closure of o = bibsby € B3 is given in Figure 1.11. This is a
so-called Hopf* link.

/
N

Figure 1.11: Closure of the braid b1b2b; to an oriented link.

Note that the correspondence between braids and links is not one-to-one;
braids that can be transformed to each other under a sequence of the following

Markov moves close to the same link [6].

Definition 10. Markov mowves: Let A, B € B,,. The Markov moves are given
by

Markov move I (conjugation): A+ BAB™*
Markov move II (stabilization): A — Ab:!

Note that the stabilisation results in a braid in B,,1.

Diagrammatically these moves are given by Figure 1.12.

1.2.4 Representation of B, with R-matrices

Any invertible R-matrix R € End (V ® V') forms a representation of B,, by using
the canonical shift endomorphism to operate on n tensor factors in the same

pattern as a braid’s overlaps on n strands.

4A link consisting of two circles linked together exactly once.

11



1
A | = | B
A
B—l
y
A | = | A

Figure 1.12: Markov moves I and II
Definition 11. Canonical shift endomorphism p: Let R € End (V@ V)

and consider it acting in V" (by considering R ® 1y & ... ® 1y). Then the

canonical shift endomorphism is defined by

o VO e

RR1y 1y ® .01y —m 1y @ RRLy ® ... ® 1y (1.9)
~~ -~ ——
n — 2 times n — 3 times

We sometimes use the following shorthand notation for R € R(d) operating
on Vom:

Vv vV
k—1 times n —k — 1 times

The Yang-Baxter endomorphism was defined by Cuntz [14] to be

/\R : V®OO — V®Oo

X — lim Rp(R)¢*(R)...0"(R)X"(R)...0* (R )(R*)R*  (1.10)

n—oo
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Using the fact that R satisfies the YBE and commutes with any operator that

does not operate on the tensor factors it is itself operating on, we have that

Ar(R) = lim Ro(R)@*(R)...¢"(R)X¢"(R")...0"(R")p(R") R*
= Ro(R)Ry(R") R
= ¢(R)Re(R)p(R")R"
= ¢(R)

It is important to highlight the following equation from the above:

p(R) = o(R)Rp(R)p(R") R’ (1.11)
This result will be particularly useful later on in this thesis. Note that this

equation also holds for the adjoint R* and for spectral projections of R, since

they can be expressed as linear combinations of R.

We now recall how R-matrices form a representation of the braid group.

Proposition 1. Let R € End(V®V') and let ¢ : R — 1y ® R define the canonical
shift endomorphism on V. Then the following map defines a representation of

the braid group

pr : B, — GL(V®™)
b — " (R) (1.12)

Proof. 1t is trivial to see that, for all |i — j| > 2,

¢ (R)¢'(R) = ¢ (R)¢'(R)
This is because ¢’(R) operates on tensor factors ¢ and 7 + 1, and thus will

commute with any operator that does not operate on these factors.

It is clear to see that the representation of the second braid equation is the

Yang-Baxter equation, which is satisfied by the definition of an R-matrix. O

This representation allows us to diagrammatically represent equations of R-
matrices.

Using R-matrices to represent groups and algebras is the main technique used
throughout this thesis, as it allows us to analyse the original structure as well as

to classify types of R-matrices by the structure that they arise from.

13



NP
s
4 4

Figure 1.13: Diagrammatic presentation of the Yang-Baxter equation (1.2)

1.3 Traces and Equivalence of R-Matrices

In this section we examine traces and partial traces, and explore various notions

of equivalence of R-matrices.

1.3.1 Traces and Partial Traces of R-Matrices

We first define traces on a general matrix, then examine the various types of

traces used in analysing R-matrices.

Definition 12. Trace of a matrixz: Let V be a finite-dimensional vector space
with basis By and M € End (V™). Taking the trace in the zi" tensor space is
defined by

Try, (M) = Z (X1, ey Ty ey T | M |21, oy Ty ooy )

TR €EBy

where (i|j) = 6;;, where ¢ is the Kronecker delta.

Taking the full trace is defined by

TropanM) = (Tr@Tr®. . @Tr) (M) =Y (21, x| M|z1, ..., 2)

n times T1,...,en€BYy

Therefore the trace of an R-matrix R € R(d) that operates over the vector
space V is given by:

Tr(R) = Y (x,y|Rlz,y) (1.13)

z,yeV

since R € End (V ® V).

When dealing with R-matrices it is often useful to normalise this trace with

the dimension of the R-matrix.
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Definition 13. Normalised trace of an R-matriz: Let R € R(d) operate

over the vector space V', which has dimension d. Then the normalised trace of R

is defined by:

1 1

7(R) = Tr(R) = - > (a,ylRlz,y) (1.14)

x,yEBV

The normalised trace 7 is the main trace used in this thesis, but given a space
such as a von-Neumann algebra (see section 1.5) there could be many different
notions of a trace. We now define what it is to be a trace in a general von-

Neumann algebra.

Definition 14. Trace: A trace tr, on a von Neumannn algebra <7, is a map
try : o/ — C such that

troy(AB) = tr (BA) VYA,B € o

This is known as the “tracial property”,
Note that the trace on a given von Neumann algebra is always unique [13].

A trace may also have additional properties, such as positivity and faithful-

ness.

Definition 15. Positive Trace: A trace tr,, on a von Neumannn algebra of
is said to be positive iff the trace of any positive operator A € <, such that
A*A > 0), is positive, i.e.

troy(A*A) >0 VA€ o

Definition 16. Faithful Trace: A trace tr,, on a von Neumannn algebra <7 is

said to be faithful iff the trace is only 0 when the operator is 0, i.e.

try(A)=0 = A=0 VYAe o

These two properties of traces can be combined into one equation. We say
that tr, is positive and faithful iff

try(A"A) =0 <= A=0 VAc

It is clear that our R-matrix trace is positive and faithful. Indeed, for any
A € R4, we have that:

15



Tr(A"A)=0 = > (z,y|A"Alz,y) =0

— D (A, y)|Ax,y)) =0
— A=0

And:

A=0 = Tr(A*A) =Tr(0%0)
= (z,y[0]z,y)
x,y

= (a.yl0)

=0

This is especially obvious for unitary R-matrices, as we have that RR* =
1y # 0 unless R = 0.

On R-matrices an important concept is considering the trace on only one
tensor factor. Taking the trace on only the left or right tensor factor of an R-

matrix is referred to as taking the partial trace.
Definition 17. Partial traces of an R-matrixz: The left partial trace of an
R-matriz R € End (V@ V) is given by

Lptr(R) = (Tr ® 1y)(R)

The right partial trace is defined by

Rptr = (1y @ Tr)(R) (1.15)

In [13] it is proven that for all unitary R-matrices the left and right partial
traces coincide. Since in this thesis we solely focus on unitary R-matrices, we

simply write ptr to mean either.

The trace of a product of R-matrices can be considered diagrammatically by
looking at the closure of the related braid diagram and summing over all labels in
the underlying vector space. The partial trace can be considered by only closing

the left or right strand, depending upon if you are considering the left or right

16



partial trace.
For example, if we label pg(b;) in the following way we see that its trace is

given by the closure of the braid and its right partial trace is given by the closure
of the right strand.

Example 8. Let R|x,y) = |ri(z,y),r2(z,y)) € R(d). Its trace and (right)

partial trace are given by

Tr(R) =) (r,ylri(z,y),r2(z,y))
ptr(R) =Y |ra(z,y)){yl

Now look at the conditions imposed from the closure of by in Figure 1.14.

_ S
ri(z,y) o, y)
T Y,
S
ri(z,y) ro(,y)

Figure 1.14: Top: closure of both strands of b; (diagrammatic presentation of
taking the trace). Bottom: closure of the right strand of b; (diagrammatic pre-
sentation of taking the right partial trace).

By summing over all x,y € V', we see that closing the braid is exactly taking

the trace and closing one strand is exactly taking the partial trace of the R-matriz.

The above notion holds true in general and is particularly useful for products

of R-matrices.

The normalised trace 7 of an R-matrix arising from a representation of a brad

group is called the character.
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Definition 18. Character: Let R € R(d) and let pr denote the braid group
representation induced by R. Then, the character of R, denoted Tr, is defined by:

TR =T O PR (1.16)

1.3.2 Notions of Equivalence of R-Matrices

The classification of R-matrices up to equivalence is a large ongoing area of
research. There are various notions of equivalence of R-matrices, some of which

have stronger conditions than others.

Definition 19. Unitary Equivalence: Two R-matrices R, S € R(d) are said
to be unitarily equivalent, denoted R ~ S, iff 3 some unitary U € End (V ® V)
such that

R=USU"

Here, U is called a (unitary) “intertwiner”.

The following notion of equivalence, that of equivalence of braid represen-
tations, is one of the strongest notions of equivalence. This is the notion of
equivalence we consider in this thesis. In [13] it is shown that equivalence of

braid representations can be defined as follows.
Definition 20. Equivalence of R-matrices: Two R-matrices R,S € R(d)
are said to be equivalent iff they have the same dimension and character, i.e.
R~ S < dim (R) = dim (S) and T = 75
where TR 1s defined in Definition 18.

Equivalence is a stronger condition than unitary equivalence. In fact, equiv-
alence implies unitary equivalence. Below we state and prove a proposition re-

garding notions of equivalence.

Proposition 2. Let R € R(d) be a unitary R-matriz of dimension d, and let U

be a unitary d x d matriz.
Suppose R commutes with U @ U. Then S € R(d) and R ~ S, where

S=(1®U)R(1eU"
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Proof. This statement is equivalent to stating that the representations p}, and p%
of the braid Group B, are unitarily equivalent for all n € N [25]. Explicitly, this
means finding a unitary matrix V;, € End(V®") such that

VPV = ps(b;) fori=1,..,n—1

where b; are the generators of B,,.
We claim that an appropriate intertwiner is given by

V, =1UQU?® ... U™ !
Indeed,

Vopr@)V = (10U ® ..U N1®..0R® ..o 1) (1oU* ®...0 U 1)
=1..91® ((UH QUHYRU" ' ® U*i)> 1.1

The centre section can be re-written as

~ (1®U)R(1 e U

S

Thus,

Vapr(b:)V = ps(b;)

And so V,, intertwines p% and p§ as required.

As for S satisfying the YBE, it is clear from the definition of S, the unitarity
of U and the fact that R satisfies the YBE that this is the case.
O]

1.4 Spectral Projections of R-Matrices

In this section we briefly define spectral projection of matrices.

Let R € My be a d x d matrix with spectrum o(R) = {50, 1, B2, ..., Bn-1} SO
that R has precisely n distinct eigenvalues, where n < d. Then we may decompose

R in terms of its spectral projections in the following way
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n—1
R=> BnQm
m=0
where @), is the spectral projection associated to eigenvalue f,,, for all

m=0,1,....n — 1.

Recall that all spectral projections satisfy the following equations for all 7.

Q? = Q;‘k = Q;
QiQ; = 0:;Q;
Q:R = RQ: = 5iQ;

Z Qi = lvgv

where * denotes the adjoint and ¢;; is the Kronecker delta.

Using these properties we may derive a formula for any spectral projection );

of R in terms of a polynomial in R:

1
Q= ] (R— By - 1) (1.17)
m=0,...,n=1(£1) ﬁl - Bm

This polynomial will become relevant in Chapter 2.

1.5 Inducing Factors from R-Matrices

In this section we introduce Hilbert spaces, von Neumann algebras, factors, sub-
factors and the Jones Index [18]. We introduce Zx := pr(Bs)”, which is a type

11, factor induced from an R-matrix.

Let B(#) denote the set of bounded operators on a Hilbert space 7. We

now define some concepts on this space.

Definition 21. von Neumann algebra: A von Neumann algebra is a unital *-
subalgebra of B(F) that is closed in the weak operator topology, i.e. for every net
sequence (A, @), where A, is a sequence operator and v, ¢ are vectors in H,

its limit limy, oo (Ant), @) = (A, @) is contained in the von Neumann algebra.

Definition 22. (Von Neumann) Factor: A factor is a von Neumann algebra

with trivial centre
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There are four main types of factor, I,,, 117, I1,, and I1I,. The most impor-

tant type of factors for this area of research is the I1; factor.

Definition 23. Type 11, factor: a type [1; factor is an infinite-dimensional

von Neumann factor that has a unique trace that is positive, normalised and

faithful.

Definition 24. Subfactor: A subfactor is a factor that is fully contained in

another factor. i.e. a subfactor is a subalgebra that is also a factor.

The commutant, in particular the bicommutant #” = (.#')’, is especially
important in the theory of von Neumann algebras as it allows us to construct a
von Neumann algebra from any unital x-subalgebra of B(7#) using the bicom-

mutant theorem.

Definition 25. Commutant: The commutant of a set F C B(A) of bounded
operators is the set of all bounded operators that commute with every element in
the subset 7. The commutant is denoted F' and is defined by

F'={TeB(XH):TS=ST VSeZF} (1.18)
We now state the Bicommutant theorem.
Theorem 1. Bicommutant theorem: Let .7 C B(J) be a unital x-subalgebra
of B(). Then
FN — FWOT
Where WOT is the weak operator topology.[4]

Thus, the bicommutant of a subset of bounded Hilbert operators is a von

Neumann algebra.

Example 9. Let R € R(d) and define £ := pr(Bs)”. This is a von Neumann
algebra by the bicommutant theorem. It is a type Il factor as it is infinite-

dimensional and T satisfies the necessary tracial conditions.

Note that this is clearly a subfactor of o(Zr).

Given a factor and a subfactor one can consider their Jones Index, which was
originally intended to be a type of measure of the relative size of the subfactor in
the factor.
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Definition 26. Jones Index: The Jones index of a type 1, subfactor N C A
1s defined by
(N ] = dim y (L*(A)) (1.19)
i.e. the dimension of M considered as an A -module.

The Jones Index is used as a way of differentiating different subfactors, and

its values have some interesting restrictions.

It is shown in [21] that the Jones index can only take the following values for

type 11 factors

[N+ M) = {4cos*(7/n) :n = 3,4,5..} U[4,00) (1.20)

The lowest value the Jones index can take is 1, but this only occurs if M = N.

This result, along with the other restrictions on the Jones Index in [13], will

be utilised in Section 2.6.3 to form restrictions on the contraction constant.
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Chapter 2

R-matrix Representations of the
BMW Algebra

In this chapter we explore the BMW algebra C,(r, ¢) and define the “contractive”
R-matrices, of which a restriction forms a representation of the BMW algebra.
We then discuss examples and properties of the contractive R-matrices, especially

looking at restrictions on the possible values the contraction constant ¢ can take.

The BMW algebra C,(r, q) is a deformation of the Brauer algebra established
in the 1980s [7]. It has various applications, most notably in knot theory as it
has strong connections to the Kauffmann polynomial, as well as quantum groups,

statistical mechanics, and topological quantum field theory.

Some exploration of R-matrix representations has appeared in the literature
[19], but this has focused on the skew-invertible BMW-type R-matrices and
follows a different line of inquiry as in this thesis, as it does not focus on the

classification of examples of unitary R-matrices up to equivalence.

2.1 The BMW Algebra

In this section we describe the BMW algebra in terms of generators and relations

as well as its diagrammatic presentation.

Definition 27. The BMW Algebra C,(r,q): The BMW algebra (Birman-
Murakami- Wenzl algebra) C,(r,q), where n € N and r,q € T, q # q~' is gener-
ated by g1, g2, ..., gn_1 with the relations

IT is used to denote the unit circle
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9i9i+19i = Ji+19iGi+1 (2.1)
9i9; = 9;9; if li—jl>2 (2.2)
eigi =1 e (2.3)

eigf_lle,; =r¥le; (2.4)

where e; is defined by

1 _

In [7] it is shown that C,(r, ¢) has a diagrammatic presentation. The diagrams

of its generators are shown in Figure 2.1 and Figure 2.2.

1 -1 i j+1 j+2  n

-
-~

Figure 2.1: Diagrammatic representation of g; in C,(r, q)

1 g—1 J J+1 542 n
Figure 2.2: Diagrammatic representation of e; in C,(r, q)

Example 10. Let us look at an ezample in C3(r,q). By Equation (2.4), we have
that

€201€2 = T'€g

Diagrammatically this is presented by Figure 2.3.

We now make some observations that will later motivate our choices in the

representation of this algebra.

Note that the first two equations of the definition of the BMW algebra, (2.1)
and (2.2), are precisely the braid equations.

24



Figure 2.3: Diagrammatic presentation of esgies = rey in Cs(r,q), the BMW
algebra on 3 strands

Remark 1. See also that Equation (2.3) is an eigenvalue equation for e;.

Also, note that multiplying Equation (2.5) (the defining equation for e;) by e;

yields
1 _
ef = e — g—1-1 (eigi — €ig; ')
1 1
=¢; — (r—e; —re;)
q—1-"
_ -1
= ez<1 + i 1)
qa—q
= ze; (2.6)

r—r—1
where z 1= (1+ ==

).

This has interesting implications in the diagrammatic presentation of the
BMW algebra, as laid out in the following example. This will form part of the

motivation of considering the Temperley-Lieb algebra in Section 2.2.3.

Example 11. Consider €3 € C3(r,q). By equation (2.6), we have that

e} = re

Diagrammatically this is shown in Figure 2.4. This shows that x is analogous
to the loop parameter in the Temperley-Lieb algebra, which we explore in more
detail in Section 2.2.3.
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O] ..

Figure 2.4: Diagrammatic presentation of e? = xe; in C3(r, q).

Equation (2.6) means that e; is a multiple of the characteristic idempotent
p; belonging to the characteristic value r~! of g;. Since equation (2.3) is exactly
an eigenvalue equation, we see that e; operates analogously to a multiple of a

spectral projection.

Recall that we assume that r and ¢ lie on the unit circle, i.e. r,q € T. Thisisin
order to force a trace to be positive by ensuring its weight-vector components are
non-negative. This will then induce a well-defined inner product (a,b) := tr(b*a)
on a C*-algebra.

These observations motivate us to form an R-matrix representation of C,(r, q)
in Section 2.2.4. First, we define a class of R-matrices that satisfy the Contraction

Relation, inspired by equation (2.4).

2.2 Contractive R-Matrices

In this section we define contractive R-matrices and define a restriction on them
to form a representation of the BMW algebra. We show that contractive R-

matrices must have 3 eigenvalues and we explore some examples.

2.2.1 The Contraction Relation

In this section we define the Contraction Relation, which we then use to define
contractive R-matrices. The contraction relation is a generalisation of Equation

(2.4) in terms of R-matrices.

Definition 28. Contraction relation: The contraction relation is an equation
in terms of a d-dimensional R-matrix R and a spectral projection of R denoted

by P. The contraction relation is defined by:
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p(P)Rp(P) = c-o(P) (2.7)

where ¢ 1is the canonical shift endomorphism ¢ : R® 1+ 1® R and c € C.

Restrictions of the possible values of ¢ are explored in Section 2.6.

We now define a set of R-matrices defined by whether or not they are a

solution to the contraction relation.

Definition 29. Contractive R-matrix: A contractive R-matriz is a unitary
R-matrix R € R(d) that has a spectral projection P such that R and P satisfy

the contraction relation.

We define the set of all d-dimensional contractive R-matrices as Co(d), where

« is the contractive eigenvalue.

The set of all contractive R-matrices with arbitrary eigenvalues is defined to
be C(d) = U,Cul(d) .

We formally define the projection P, its associated eigenvalue o and the con-

stant ¢ in the contraction relation below.

Definition 30. Contractive Projection: A contractive projection P of a con-
tractive R-matriz R € R(d) is a spectral projection of R such that R and P
satisfy the contraction relation p(P)Rp(P) = c¢- ¢(P) for some ¢ € C.

Definition 31. Contractive FEigenvalue: A contractive eigenvalue o of a
contractive R-matrizx R € R(d) is an eigenvalue of R such that its associated

spectral projection P is a contractive projection of R.

Definition 32. Contractive Constant: A contractive constant ¢ of a con-
tractive R-matriz R € R(d) is a complex number ¢ € C such that, for some
contractive projection P of R, the contraction relation o(P)Rp(P) = ¢ - p(P) is
satisfied.

2.2.2 Eigenvalue Properties of Contractive R-Matrices

Before forming a representation of the BMW algebra, we first show that the

spectrum of a contractive R-matrix must have the following spectrum structure:

o(R)={a,B,7} a,B,7eT VReC(d)

2We note that this has the structure of a vector space.
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Consider the following representation map of the BMW algebra.

7R Co(r,q) — End(V®")

where

r—r"
xz(l—i— _1)
q9—9q

It is shown in Theorem 3 that this does indeed form a representation of the

BMW algebra with some restrictions.

For 7g(g:) :== ¢! (R), we show that R will have at most 3 eigenvalues. This
is because g; has a maximum of 3 characteristic values. We can clearly see that
r~! is a characteristic value from equation (2.3). We claim that the other 2
characteristic values are ¢ and —¢~!. This can be seen by inputting the defining

equation for e; (2.5) into the characteristic equation for r (2.3):

-1
€igi =T €

a1 a1
(1_91 gi1>gi:,r—1<1_gl gil)
q—q q—q
gilag—ag =g +1=rg—qg")—r"g+r"g"
ai—a ' —g +g=r"agi—r ¢ g —rgl +r7!
0=g+g/ (=" +¢" —q) +g(-1+rlg—r7l¢") +r
= (g =7 g — (g +q?)

Therefore there are at most 3 characteristic values on g¢;, namely r—!, ¢, and
—q~'. We thus require |o0(R)| < 3.

Clearly |o(R)| = 1 is the trivial case of the identity, so we do not consider

this possibility.

As for |o(R)|=2, all unitary R-matrices of spectrum size 2 have already been
classified. These matrices form a representative of the Temperley-Lieb algebra.
We give a brief overview of Temperley-Lieb R-matrices below in Section 2.2.3.

We consider the spectrum of size 3 thereafter.
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2.2.3 Temperley-Lieb

The Temperley-Lieb algebra is defined as follows.

Definition 33. Temperley-Lieb Algebra: The Temperley-Lieb algebra T L,,(9)

is a unital algebra over C with generators T, ..., T,_1 and relations

T2 =6-T,
T T =T,
TT; =T;T; V|i—j|>2

where n € N, n > 2 is the number of strands and § € C.

This has a diagrammatic presentation as in Figure 2.5.

1 7 —1 J j+1 542 n
NI
2

Figure 2.5: Diagrammatic presentation of 7} in the Temperley-Lieb algebra
TLy,(9).

Let us consider the element S € TL,(0) defined by T; = 65; for all i =
1,2,...,n — 1. Then we have that

TTinT; =T, = 6°S;5i115; = 65; = 5;Si418; = 6725,

Hence, the defining relations of the Temperley-Lieb algebra may be rewritten

as
S? =5,
SiS; = 9;S; Vi—j|>2
where ¢’ := 6~2. We henceforth refer to ¢’ as the loop parameter, and Equa-

tion (2.8) as the Temperley-Lieb equation.
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We consider a contractive R-matrix R with precisely two eigenvalues® and

denote the spectrum without loss of generality* to be

o(R) = {-1q}

Thus, the spectral decomposition of R is given by

R=—P+q(ly — P) (2.9)

Where 1y is the unit of the vector space V on which Re V ® V.

By the Yang-Baxter equation we have that

(=P +q(ly = P))-o(=P+q(ly — P)) - (=P +q(ly — P)) =
o(=P+q(ly = P))- (=P +q(ly = P)) - (=P + q(1y — P))

q B q
= Pp(P)P — WP = p(P)Pp(P) — T qr q)Qw(P)

By Theorem 7, P satisfies the Temperley-Lieb equations, i.e.

Po(P)P =§'P
(P)Pp(P) = §'p(P)

Hence, we have that

5 =1 (2.10)

(1+¢)?
We will now use restrictions on the possible values of the loop parameter to

limit the possible eigenvalues a contractive R-matrix with |o(R)| = 2 can have.

Theorem 2. Let R be a contractive R-matriz with contractive projection P.
Suppose R has the following spectral decomposition:

R:—P+q(1v—P)

Then we must have that

3This is sometimes referred to as the “Hecke” R-matrices as these form a representation of
the Hecke algebra, which is closely related to the Temperley-Lieb algebra.

4For a spectrum o(R) = {p, ¢} one can always multiply with —p~! to obtain this form of
spectrum.
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g€ {e”:a=2cos! (

d
2l
where d = dim(V') and n = Trygy(P).

Proof. Recall Equation (2.10):
/ q

" (1+q)

We shall use restrictions of this loop parameter to impose restrictions on gq.

Firstly, note that 6’ € R. This is because

P projection == Pp(P)P = P*¢o(P*)P*
— P =J§P" =P

— § =4

Secondly, [0'| <1, since

|1Po(P)PIl = 6" - (1Pl
= [[PlllleP)IIPN = 151 P

— 1>

We also see that § is positive, as for any vector ) € V/,

(, Po(P)P) = 6(¢, PY)
= (Py, Py)
= [|[Py]* =0
Since g € T, we re-write this eigenvalue in polar notation
q= eia

Where « € [0,27). We will go on to show the required restrictions of a.

So we may rewrite Equation (2.10) as
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eioz
1
- (e—ie/2  ein/2)2
1

- 4 cos*(5)

/

Since the largest value cos can take is 1, we have that

§ >

|

Finally, note that ¢ # —1 means that we do not have an opposite pair of
eigenvalues, and so 7g is a Markov trace (see Section 2.5). We will utilise the
Markov trace to show that ' = 7(P), but first we write a rearrangement of
Equation (2.9)

P (R—qu) (2.11)
I+g¢q

Now we consider taking the Markov trace of the Temperley-Lieb equation

0'r(P) = 7(Pe(P)P)

= 7(Pp(P)) (Tracial)

~ 12T (ReP)) + = rle(P) By (211))
~1 1

=1 qT(R)T(P) + 1—+q7(g0(P)) (Markov trace)

—1

_ T(l i q1v))T(P)

=7(P)7(P)

= 7(P)?

So, we have that

, 1

- 4 cos?(%)

We denote n = Trygy (P) and recall that d =dim(V'). Then we have that

€cQ
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fcos?(2) &2

as required.

]

We do not delve into the classification of these /R-matrices as all Temperley-

5

Lieb R-matrices® are classified in [25].

2.2.4 Representing the BMW Algebra with R-matrices

Now that we have defined contractive R-matrices, we can show that a restriction
on this class of R-matrices does indeed induce a representation of the BMW
algebra. Having already considered the case of |o0(R)| = 2, we henceforth assume

|o(R)| = 3 and denote this spectrum to be

o(R) = {a, 8,7}

where «, 3,7 € T, since the characteristic values =1, ¢, —¢~! € T.

Theorem 3. Let R € C(d), with contractive projection P and contractive eigen-
value o Let the spectrum of R be o(R) := {a, 8,7} such that B+ v # a — o™ L.

Then there exists a unique representation of the BMW algebra C,(r,q) that is

given by the representation map mg, defined by:

When

5R-matrices with 2 eigenvalues and a spectral projection that satisfies the Temperley-Lieb
equation.
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_ B+
Il+a(f+y—a)

Recalling that x = (1 + Z:;:i ).

Proof. For mr to be a representation of the BMW algebra, it must satisfy the
defining relations of the BMW algebra, namely

(1) 7r(9:)7R(9i+1)TR(9:) = TR(Git1)TR(9:)TR(Gi+1)
(2) 7r(9:)7r(9;) = WR(QJ)WR(gz) for [t —j| = 2
(3) mr(e)mr(g:) = —Wr(ez)

(4)  7r(e)mr(gi- 1)7TR(61) = rmg(e:)

Notice that (1) and (2) are immediately satisfied, since these are the braid
equations. The use of R—matrices to represent the braid group has been very

extensively studied, so I do not replicate a proof here.

As for (3);

Thus, we require

As for (4);

mr(e)mr(gi1)mr(e:) = @' (@ P)g"*(R)' ™ (¢ P)



Thus, we require

xe=r (2.12)

In [33], Wenzl’s defining equation for e; is given by
(@—a (1 —e)=g—g "

Applying g yields

(¢—¢ (1 -2P)=R—-FR
—= (¢—q¢ ") (R—2aP)=R*-1

— zaP =R — q_lq_l(RQ—]l)
— 0=80- ——(FQ-0Q)
q—dq
o 1
_Q(ﬁ q_qil)

— 0=3-(¢g—q¢ ")p—1

This gives solutions f = ¢, —¢~'. An exactly analogous calculation yields
v =q,—q ! It is interesting to note that there are no distinguishable features of

(,~ and their relative spectral projections.

1 1

This was to be expected as =, ¢, —¢~" are the characteristic values of g; and

a, 3, are the eigenvalues of R. Thus, we have:

a=r"' By=q—q"

Plugging these into equation (2.12) yields:

= =1
o+ e
B+~

T 1+a(f+y-a)

Therefore, g is a representation of the BMW algebra with the above restric-

tion on the constant factors. O
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2.3 Equivalence of Contractive R-Matrices

In this section, we show that contractive /R-matrices are stable under equivalence.

We then provide some 2-dimensional examples of contractive R-matrices.

Firstly, we show that unit scalar multiples of contractive R-matrices are con-

tractive /R-matrices.

Proposition 3. Let R € C,(d). Then, for all A\ € T, AR € C,(d).

Proof. Since R := aP + Q) + @', we have that AR = AaP + \5Q + A\yQ', and

so if P is a spectral projection of R then it is a spectral projection of AR.

Now, in order to show that R € C,(d) = AR € C,(d) we simply need to

show how ) interacts with the contraction relation.

p(P)AR@(P) = Ap(P)Re(P)
= Ac-p(P)
Since A\ € T, the contraction constant remains of the same magnitude, so it

will still satisfy the same requirements. Thus, AR is a contractive R-matrix.
m

We now show a brief proposition that will be used to show that contractivity
is stable under equivalence in Theorem 4. Note that we describe this proposition

in terms of R-matrices, but it does hold true for matrices in general.

Proposition 4. Let R € R(d) be unitarily equivalent to S, i.e. R = USU".
Then PE = UPJU* where PE is the spectral projection of eigenvalue X in R and

PY is the spectral projection of eigenvalue X in S.

Proof. Firstly, recall that Pf* := fy(R) is a spectral projection of R iff

HA) =1
H(y)=0 forallyeo(R),vy#A

Thus, each spectral projection can be expressed as

Pl =TI RA_ﬂ



Thus, R ~ S implies

We now show that contractive /R-matrices are stable under equivalence.

Theorem 4. Let R € Co(d) and R ~ S. Then, S € C,(d).

Proof. To begin, we recall that two equivalent matrices have the same spectrum.

To show that the contraction relation holds, recall that if R ~ S then there
exists some unitary intertwiner U € End(V ® V ® V') such that

S®1y =U(R® 1y)U*
1y ®S =U(ly ® R)U*

By Proposition 4, this also means that

ly ® Ps =U(ly ® Pr)U”

where Pg, Py is the contractive projection in the spectral decomposition of S

and R respectively.

Now consider the LHS of the contraction relation for S:

©(Ps)Sp(Ps) = (ly ® Ps) ® (S ® 1y)(1 ® Ps)
= U(ly ® PR)U*U(R® 1) U*U(1, ® PR)U*
=U(ly ® Pp)(R® 1y)(1y ® PR)U*
—c - U(ly ® PR)U"
=c-(ly ® Ps)
=c-¢(Ps)

37



Thus, S satisfies the contraction relation, and so S is a contractive matrix. [J

Now that we have shown being contractive is stable under our notion of equiva-
lence, we may classify all 2-dimensional contractive R-matrices, utilising the work

of Conti and Lechner [13].

Theorem 5. Let R € C,(2), i.e. a contractive unitary R-matriz with d = 2.

Then R is equivalent to a multiple of one of the three following R-matrices:

1,
x
1
1 where v € T
x
z
y y where y,z € T
1

Proof. In [13], Conti and Lechner classify all unitary R(2) matrices to be equiv-

alent to one of the following four forms:

Ri=a-1 aeT
a
b
Ry = . a,b,c,de T
d
a
b
Rs; = b b,a-ceT
c
1 1
a -1 1
R4:E 1 -1 aeT
1 1

The spectra of these matrices are:
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NCARRAN.

Recall that we insist on having a maximum of 3 eigenvalues. We begin by

(1+4)}

looking at R; and Rs, then provide a restriction of Ry to reduce its number of

eigenvalues to 3.

Ry

It is clear that the identity satisfies the contraction relation.
2z}
1

We begin by rescaling R3 via multiplication of a factor e to be in the form

R3: y

W =

where y, z € T.

This rescales the spectrum to be

0(R3> = {y7 17 _1}

The spectral projection of eigenvalue 1 of R is given by

|
—_

Then
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|
—_

(1®P)(Rs 2 1)(1® Py) = 71;

Wl
—

1
=5(1®h)

Using the “right into left” tensor product convention.

Therefore R3 € C1(2). Note that we can also take —1 to be the contractive
eigenvalue but not y, since this would mean that ¢ is associated to 1 or —1, mean-

1

ing that ¢ — ¢~ = 0, which we cannot have by the definition of a BMW matrix.

Iy

The spectral decomposition of Ry is

1
a | -1 1
= NG 1 -1
11
1—2
a? . 1—i
5= 14

141

Testing the contraction equation for each spectral projection shows that nei-

ther are contractive projections. Therefore Ry ¢ C(2).
Ry
Now for R,. Firstly, we show that the sub-family of Ry whereby b = c is

equivalent to the case when b # ¢. Using Proposition 2, notice Ry commutes
with U ® U, where

and
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1eU)R,(1®U") = Ve Ve

d

Thus, by Therorem 2, the 2 cases are equivalent and we may continue to just

work with the subfamily of Ry matrices where b = c.

We rescale Ry to be in the form

R2:

This re-scales the spectrum to be

0(Ry) =A{w,z,1,—1}

There are 3 distinct ways to restrict Ry to have precisely 3 eigenvalues;

w=z(#+l) w=1 w=-1

Note that = +1 is equivalent to w = +1.

We restrict by letting w = = (see remarks below for further details) so that

our final Ry matrix becomes

Ry = lo| = 1,2 # +1
x

The spectral projection of eigenvalue 1 of R, is given by

0
Q1=

—_ =
—_ =

1
2

Then
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11
11
(16 Q)R e 1)1 Q) - .
11
11
0
=5(1©Q)

2

Thus, R, in this restricted form satisfies the contraction relation.

Since we have exhausted all possibilities of matrices in R(2), all C(2) matrices

must be in one of the forms we have shown above.

]

Some remarks about the C(2) matrices:

1. The only possible contractive eigenvalues for both Ry and R3 are +1. The
spectral projections associated to z and y in Ry and Rj3 respectively do not

satisfy the contraction relation.

2. The restriction we make of Ry (namely w = z) is in fact the only restriction
of Ry that results in a matrix which satisfies the contraction relation with

any of its eigenvalues’ spectral projections.

3. All of these spectra contain 1 and —1, i.e. have an opposite pair of eigen-
values. A further area of research would be to search for examples in higher
dimensions without opposite pairs of eigenvalues to ensure the normalised

trace is Markov (see Section 2.5).

2.4 Results for Contractive R-matrices

In this section we prove some interesting results relating to R, P and their shifted

versions.

Firstly, we prove a couple of useful results that hold for general R-matrices.
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Proposition 5. Let R be an R-matriz. Then for any n € N the following

equations hold.

p(R")Rp(R) = Ro(R)R" (2.13)

R"p(R)R = o(R)Rp(R") (2.14)

Proof. The proofs of these 2 statements are analogous, so we just show (2.13).
The result is clear for n = 1 as this is simply the YBE. Thus, let n > 2 and
consider the following, noting that we underline the places where the Yang-Baxter

equation is being used for clarity:

p(R")Rp(R) = ¢

as required. O

Theorem 6. Let R be an R-matriz and Q be any of its spectral projections®.

Then the following equations hold.

p(Q)Ro(R) = Ro(R)Q (2.15)

Qp(R)R = ¢(R)Ro(Q) (2.16)

Proof. Firstly we show (2.15).

6Note that the following equations do hold for = P but they do not require the selection
of any particular spectral projection.
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©(Q)Rp(R) = gp(z a;R))Rp(R)  Using equation (1.17)

The proof for (2.16) is analogous to the above proof.

We now look at relations of contractive R-matrices.

Theorem 7. Let R € C,(d) and let P be the spectral projection of R associated

to the eigenvalue o. Then the following equations hold.
p(R)Po(P) = ac- R~ o(P)
Po(R)P=c-P
Ro(P)P = ac- (R P
ac- Po(R)R = Py(P)
Po(P)P = |c|*P

p(P)Pp(P) = |c[*o(P)

1
P_a+aﬂv—(ﬂ+v>

Proof. To show (2.17) we prove the equivalent relation

R+ ByR™ = (B+9)1

Ro(R)Po(P) = ac- ¢(P)

44
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Ro(R)Pp(P) = ¢(P)Ro(R)p(P) by (2.15)
= p(P)Rp(RP)
= a - p(P)Rp(P)
= ac-p(P)

as required.

We will shortly show (2.18), which we note is similar to the contraction rela-

tion. We first state a re-arrangement of (2.16).

Po(R)R = ¢(R)Rp(P)
= o(R")Pp(R)R = Rp(P)
= o(R")Pp(R) = Rp(P)R"
= p(R")P = Rp(P)R"p(R)

Using the contraction relation (1.11) and the above re-arrangement of (2.16),

we have that

Po(R)P = P{Rp(R)Rp(R*)R*} P by (1.11)
= aaPp(R)Rp(R")P
= Pp(R)R*o(P)R*p(R")
= @(R)Rp(P)Ro(P) R ¢(R)
= ¢ p(R)Rp(P)R*p(R")
=c-Ppo(R)RR*p(R")
=c-P

Now for (2.19), we show the equivalent equation ¢(R)Rp(P)P = ac- P.

p(R)Rp(P)P = Pp(R)RP
= aPyp(R)P

=ac- P

Next we look at (2.20). Consider the Yang-Baxter endomorphism defined in
Equation (1.10). We have that
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Ar+(P) = ¢(P) = R'p(R")Po(R)R

Also, P being a spectral projection of R implies that it is also a spectral
projection of R* since the adjoint simply conjugates the eigenvalues. Therefore
if the contraction relation holds for R and P then it holds for R* and P with

conjugation of the constant, i.e.

Py(R*)P = ¢P

Now to show (2.20)

Pp(P) = P(R"p(R")Pp(R)R)
=aPp(R)Pp(R)R
— acPy(R)R

Finally we look at the Temperley-Lieb equations (2.21) and (2.22).

We use (1.11) and both the contraction relation and its adjoint equivalent to
show (2.21):

Po(P)P = PRy(R)Po(R*)R*P
= aa(Pp(R)P)p(R")P
= cPp(R")P
= ccP
= |c]*P

To show (2.22) we first rearrange the equation for ¢(P), equation (1.11):

¢(P) = Rp(R)Pp(R*)R*
= R'p(P)R = p(R)Pp(R")
= o(R")R*o(P)Rp(R) = P

Now, using this and both the contraction relation and its adjoint equation,
we show (2.22):
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P(P)Pp(P) = o(P)(p(R")R*¢(P)Rp(R))p(P)
= ad(p(P)R"¢(P))Ro(P)

Finally, we show the equation for expanding P in terms of R, R, and 1.

Recall

R=aP+ pQ +~Q'
R =aP+ BQ +7Q'

Now, consider

R+ ByR™" = (a+aBy)P+(B+7)(Q+Q)
= (a+apy)P+(B+7)(1—P)
=(a+afy—(B+7)P+(B+)1

A simple rearrangement gives us our required equation.
O

These last 2 equations are the Temperley-Lieb equations. These were utilised
in Section 2.2.3 and we analyse these in further detail in Section 2.6 where we

explore the significance of |c|> as the loop parameter.

2.5 Markov Traces

The normalised trace 7 having the Markov trace property is utilised in this thesis
to derive restrictions on the contractive constant c¢. In this section we define a
Markov trace, discuss some results from the literature regarding when the nor-
malised trace is Markov, and show that if a positive faithful normalised Markov

trace exists on pr(Bs) then it is unique.
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Definition 34. Markov Trace: A Markov trace in the representation of the
braid group is defined as a trace m : pr(CBy) — C such that

m(xe"(R)) = m(x)m(R) (2.24)
for any x € pr(CBy), n € N.[17]

It is shown in [24] that for any R € R(d) with no pair of opposite eigenvalues’,
the normalised trace 7z is a Markov trace. In Proposition 7 we also show that
for the discrete range of a certain Jones Index, defined by Equation (2.34), the

normalised trace is Markov.

Throughout this thesis we assume that 7z has the Markov property by either
enforcing no pairs of opposite eigenvalues or the Jones Index defined in Equation
(2.34) being 2 or 3. Further research could entail analysing exactly when else the
normalised trace is Markov, which could perhaps generalise the results laid out

in this thesis to include further cases.

We show now that if there exists a positive faithful normalised trace on

8

pr(CBy), then it is unique.® We first show a short proposition that will be

used in our uniqueness proof later, adapted from an analogous proof shown for
the BMW algebra in [8].

Proposition 6. Any element of pr(CB,) may be written as linear combinations

of elements of the form

w = axb (2.25)
where a, be pR(CBn—l) and X € {@"_2(R)7 @”_2(P)’ ]1}

Proof. We will use the method of proof by induction.

Firstly we look at n = 2. In this case, our algebra is pr(CBsy), which simply
consists of polynomials in R. Thus, for this base case, we need only to show that
any power of R may be written as linear combinations of 1, R, and P. To do this,

recall equation (2.23)

"By “opposite pair” we mean ¢; = —o; for any 4, j in the spectrum o(R) = {071, ..., 05, }.
8This does follow from the fact that a trace on any Il factor is unique [13], but we still
state an explicit proof.
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R=(a+apy—(B+7)P—ByR + (B+7)1
— R’=a(a+afy—(B+7)P -1+ (B+7)R
— R’ =o*(a+apBy— (B+7)P - ByR+ (B+7)R?
= o*(a+ @By — (B+7)P = YR+ (B+7)(ala+aBy — (6+7))P
=B+ (B+7)R)

ete.

)
)

This gives a recursion relation for any power of R, namely

R =o' Nat+aby - (B+7)P - pByR+ (B+7)R™

where

R=(a+afy—(B+7)P—ByR +(B+)1

So, n = 2 is shown, and we move on to the induction.

We note that any element of pr(CB,,) can be written as linear combinations

of elements of the form

w = WolYoW1Y1..- WrYr

= WoYoW1Y12 (2 = wayo...w,Yy,)

where w; € pr(CB,_1) and y; € {©"2(R), " 2(P)}.

Note that y; is not assumed to be able to take the value 1, since if this were

the case one would have w;lw;;; = w;w;41, which we can combine to make ;.
Now, by induction on n, we have that

w1 = YgSU1

where vy, v € pr(CB,_2) and s € {¢"3(R), ¢"*(P)}

Since vy and v; only operate on n — 2 strings, and yg and y; operate on the

n — 1" and n! strings, our v’s must commute with our #’s. So, w becomes

w = wWoYo(Vosv1)Y12

= WoVoYoSY1V12
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Induction shows that we can always “push” the braids on n —1 or less strands
to the outside of w. Now all that remains to show is that the middle part, yosy;,
is always in the set {¢"2(R), " 2(P),1}.

Let A,B,C € {R,P}. Note that yosy; = " 2(A)p"3(B)p"2(C) =
0" 3(p(A)Bp(C)), so equivalently we need to show that ¢(A)Bp(C) reduces

to something in the form A'¢(B’)C" where B’ € {R, P,1}.

There are precisely 8 possibilities for A, B, and C. Namely

e~ Raclavi=vii=vii=vi}=v] g
aeli=>Bavii=vRaviiacli=cli=v]lve
gelav=A="Ravli-slyc -~ k@)

p(R)Rp(R)
By Yang-Baxter,
p(R)Rp(R) = Rp(R)R
p(R)Ro(P)
By (2.17),
@(R)Ro(P) = ac- R™'¢(P)

p(R)Po(R)
Since we are dealing with linear combinations anyway, it is enough to show
that p(R)Py(1), o(R)Pp(R*) and ¢(R)Pyp(P) can be reduced to the required

form, as ¢(R) can be written as a linear combination of 1.R*, and P by (2.23).

©(R)Pp(1) is already in the required form
p(R)Pp(P) = acR™¢(P) by (2.17)

As for p(R)Pp(R*), recall the equation for the shift endomorphism

50



¢(P) = Rp(R)Pp(R") R
= p(R)Pp(R") = R*p(P)R

p(R)Po(P)
Similarly, P can be expressed in terms of linear combinations of R, R*, and 1.

©(R)Pp(1) is already in the required form
©(R)Pp(R) is shown above
©(R)Pp(R") is shown above
p(P)Ro(R)

Using linear combinations again, this time on ¢(P),

©(R)Re(R) shown above
©(1)Rp(R) is already in the required form
©(R*)Rp(R) = Rp(R)R" is clear from the YBE (1.2)

p(P)Po(R)
Expanding ¢(P) in terms of its linear combinations,

©(1)Pp(R) is already in the required form
¢(R)Pp(P) is shown above
p(R7)Pp(P) = p(R")acRp(R)Po(P)Pe(P) by (2.17)
= acRp(R)R*P*o(P)P by Temperley-Lieb (2.21) and Yang-Baxter (1.2)
= a’cRp(R)Pyp(P)P
and ¢(R)Py(P) is shown above

p(P)Ro(P)

©(P)Py(P) = c- p(P) by the contraction relation (2.7)
p(P)Po(P)

©(P)Pp(P) = Pp(P)P by Temperley-Lieb (2.21)

Thus, by induction, we have shown that every element of pr(CB,) may be
written as linear combinations of elements of the form w = AyB where A, B €
pr(CB, 1) and x € {¢"7*(R),¢"*(P), 1}.

]
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We now show a theorem about the uniqueness of positive faithful normalised

Markov traces.

Theorem 8. If there exists a positive faithful normalised Markov trace on

pr(CBy), then it is unique.

Proof. Assume m : pr(CBy) — C to be a positive faithful normalised Markov

trace, i.e.
Normalised: m(1) =1
Linear: m is linear
Positive and faithful: m(a*a) =0 <= a =0 for all a € pr(CBy)
Markov: m(zp" ' (R)) = m(z)m(R) for all z € pr(CB,)
Tracial: m(ab) = m(ba) for all a,b € pr(CBy)

Note that m being Markov for R immediately implies that it is Markov for
R*, ie. m(xg" (R*)) = m(z)m(R*) for all x € pr(CB,). We can see this by

taking the conjugate of the Markov equation:

m(zp(R") = m(zp(R)) = m(x)m(R) = m(@)m(p(R"))

To show that m, if it exists, is unique on pr(CBy ), we show that it is uniquely

fixed on

1,R R", ¢ (R) forallneZ,lcN

Note that we need not show it is fixed on R* as pr(CB) = pr«(CBy)

Applying m to the contraction relation yields

m(p(P)Rp(P)) = m(c-¢(P))
= m(p(P)’R) = cm(p(P))
— m(p(P))m(R) = cm(p(P))
= m(R)=c (2.26)

Note that m(p(P)) # 0 since m is faithful and P is positive.

By assumption m is Hermitian, so this implies
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m(R*) =¢

To show that m is uniquely fixed on all powers (positive and negative) of R,
recall that

where i = 1,..., |spec(R)|, \; are the eigenvalues of R and P,, is the spectral

projection associated to the eigenvalue \;.

Therefore, since m is linear, we may show that m is fixed for all powers of R
by showing that it is fixed for all spectral projections of R.
Applying m to the Temperley-Lieb relation yields

m(p(P)Py(P)) = m(|c[*o(P))
= m(P)m(p(P)) = |c|*m(p(P))
= m(P) = [’ (2.27)

As for the other spectral projections, recall that the sum of spectral projections

equal the identity. Applying m to this yields

m(P+Q+ Q') =m(1)
= | +m(Q)+m(Q) =1

Also, applying m to the spectral decomposition of R gives us

m(aP + 5Q + Q")
= alc]> + Bm(Q) +ym(Q")

m(R)

c

Solving the above 2 equations as a system of simultaneous equations gives

(y—a)le* +ec—~y

m(Q) = 5 (2.28)
m(Ql) -1 |C|2— (7_05)|C|2+C_7 (2‘29)
B—n

Thus we have shown that if m exists, it is uniquely fixed on all R", n € Z.
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Now all that is left is to show that it exists on shifts of R, i.e. ¢ (R) for all
m € N. We do this by using induction on pr(CBs) to show that if m exists here,

it will also exist on any higher number of strings.
We have already shown that m is uniquely fixed on 1 (by assumption) and
all powers of R. This covers every element of pr(CB,), giving us the base step of

our induction.

As we have shown in equation (2.25), any element w of pgr(CB,) may be

written as linear combinations of elements of the form

w = axb

where a,b € pr(CB,_1) and x € {¢" %(R), 9" %(P),1}.

Applying m to this gives

i
S
NS
£§
|
s

This last step holds regardless of which value y takes, since it’s true by defi-
nition if x = ¢" ?(R) and since m is linear and P can be expressed as a linear

combination of R and R* it also must hold for y = P. It is trivial if x = 1.

Thus, if m exists, it is uniquely fixed for all elements of pr(CBy) as we have
defined above.
O

2.6 Contraction Constant

In this section, we use various properties, including the Markov trace, the
Temperley-Lieb equation, and the Jones index, to find restrictions on the possible

values of the contraction constant c.
Throughout this section we assume 7 : pr(Bs) — C is a normalised Markov

trace. To enforce a Markov trace we assume that we do not have an opposite pair

of eigenvalues, i.e.
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a#—p
aF =y
B# =
2.6.1 Rationality of the Loop Parameter

Recall that 7 is the normalised Markov trace. Then

op = r(p) = TV D) ¢ g

Also, note that |c|*> being the loop parameter in the Temperley-Lieb relation,
which in our case consists of spectral projections, automatically implies 0 < |¢|* <

1, since

1Po(P)P = [l|c[*P]
= [IPlllleP)IIPIl = le*]|P]
= 1> |¢|* (||P|| =1 for spectral projections)

Actually, we cannot have |c¢|> = 7(P) = 1 since this occurs iff P = 1 which is

a special case that can be considered seperately. Thus,
1> eQ (2.30)

2.6.2 Skein Relations

In this section we investigate the restrictions induced from a Skein-type relation.

A Skein relation is an equation of the form

R+ R =z(E+1) (2.31)

where F = ﬁP satisfies the following relations that form an equivalence class

on “hooks” on the diagram monoid D,, [22]

1 1

FP= —_F=EFE—

] |cf?
Eo(E)E=E

Calculating the LHS of the Skein relation in our 3-eigenvalue setting yields
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R+ R =(a+@)P+(B+P)Q+ (v +7)Q

We make the simplifying assumption that Sy = 1, i.e. v = [ (since they lie
on the unit circle), since as discussed before we can rotate the spectrum of R.

We calculate

R+ ByR* = (a+ fya)P + (6 +7)(Q + Q')
e R+ R =(a+a—(B+B8)|dE+(B+05)1

This becomes of Skein form when

cdf(a+a—(B+B8)=58+78
B+5
at+a—(6+0)

> |c] =

Note that this denominator # 0, as

at+a—(B+5)=0 ata=p4+p
a1+a2i+a1—a2i:ﬁ1+62i+61—62i

200 = 26,

FEi

041:/81

where o := ay + ani and 8 = By + Pai (a1, ag, 1, P2 € R).

If a; = B (i.e. Re(a) = Re(B)) then we would have a = f3 as all eigenvalues
lie on the unit circle. However, we have already rotated the spectrum so that
f=7,s0a=3 = o= which contradicts our assumption of having distinct
eigenvalues. Therefore the above denominator # 0.

Now, since o and ( are on the unit circle, they may be re-written as

azeia 6:€7Lb

where a,b € [0, 27].

Then this becomes
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eib 1 o—ib

eit + e—ia — (b 1 e-ib)
B cos(b)

~ cos(a) — cos(b)

(2.32)

This denominator is never 0 since we have distinct eigenvalues. There are 2
possibilities to make cos(a) = cos(b): either a = b, which does not occur since

a # 3, or a = 2 — b, which does not occur since a # f3.

We divide top and bottom by cos(b), which is not 0 since this would give

3 =1, making v = 3 = 1 = 8 which cannot occur as we have distinct eigenvalues.

Thus,

1

cos(a)
cos(b) 1

e =

This is a strong restriction on the values that ¢ can take. In particular we can

use it to restrict the values of 5.

Recall that 0 < |¢| < 1. This means that there are 2 possible cases:

(1)cos(a) > cos(b) = 0 < 2cos(b) < cos(a)

(2)cos(b) > cos(a) = 0 > 2cos(b) > cos(a)

Since cos € [—1, —1] we must therefore have that

lcos(b)| < 1/2

On the unit circle, this means that 5 (and v since § = 7) can only exist in

the range highlighted in Figure 2.6.

2.6.3 Jones Index

In this section we discuss the relationship between the contraction constant and

the Jones index.
Recall the following type I1; factor

Zr = pr(Ba)" (2.33)



—Q.5 0%5

Figure 2.6: Range of possible values of
We consider the following Jones index

]R = [XR . (,O(XR)] (234)

Theorem 9. Let Iy be the Jones Index as above and let E be the (unique) trace-

preserving conditional expectation. Then the following relation holds [27]

Ip = [Lr : o(ZLr)| = (inf{||E(P)|| : P(0) is a projection on L”R})*1 (2.35)

Let us suppose that 7 : £z — C, the normalised trace, has the Markov
property.

Proposition 7. Let R be a contractive R-matriz. Suppose Ir < 4. Then the
T-preserving conditional expectation coincides with T on R and all Py (spectral
projections of R), i.e.
E(R)=7(R)-1 and E(Py) =7(Py) -1 (2.36)
Proof. Let Ir < 4. Then by Jones [21], we must have that the relative commutant
is trivial, i.e.
fRﬂ(p(gR), =C-1

In [13] Equation (3.17), Conti and Lechner show that the conditional expec-

tation must always be in the relative commutant, i.e.
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E(R) € ZrN gO(gR), =C-1

Since the conditional expectation is trace-preserving, we therefore must have
that

E(R)=7(R) -1

In particular, since Py can be expressed as a polynomial in R (1.17), we have
that

E(P)\> = T(P)\) -1
As required. O]

We now show a key lemma demonstrating the connection between the con-

tractive constant and the Jones Index.

Lemma 1. Let Iy be the Jones Index relating to the contractive R—matriz R as

above, and let ¢ be the contractive constant of R. Then,
Ip = |e|™
Proof. Note that in [13] it is shown that

E(R) = po¢r(R)
and that 7 is a Markov trace <= ¢r(R) = 7(R) - 1. Hence, by the above

theorem, we have that for Iz < 4 the normalised trace 7 is Markov.
From (2.35) we have the follwing, where P, is any spectral projection of R:

I;' <7(P)

Taking in particular Py, = P (i.e. choosing the contractive spectral projec-

tion), for which 7(P) = |¢|?, we therefore have

|2 < Ig

Also recall from [13] that
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Therefore |c|™2 < Ix < |¢|72, and so
Ip = e~
[

The above equation is an extremely important result, as it allows us to restrict

the possible values of ¢ in many ways.

There are a number of inequalities already known about I [13]:

Ir < d* (where d is the dimension of the base space)
Ip < |7(R)[7
lo(Rr)| < Ir
lo(ptr(R))|* < Ir
1/7(Py) < Ig for any spectral projection Py of R

where P, is any spectral projection of R.

Therefore we have that

|C|_2 S d2
o(R)] < [e] ™
o (ptr(R))[* < |e| ™
le] 72 < 7(Py)

where P, is any spectral projection of R.

Note that this final inequality has equality for Py, = P, so all “other” spectral
projections have a Markov trace greater than or equal to the contractive projec-

tion.

Recall that in the case of type II; factors, the Jones index can only take

specific values [20], namely

Ir = {4cos*(m/n) : n = 3,4,5..} U [4, 00) (1.20)

Since Iz = |c|72, there are further restrictions on the value the Jones Index

can take - in the discrete range, it may only take integer values.
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Theorem 10. Let Ig = [Zr : ©(ZLRr)]. Then

In € 12,3} U4, 00)

Proof. Recall that |c|* = 7(P) € Q. Therefore we must have that Ig = |c|™2 €
Q. Focusing on the discrete range of Ig, this is equivalent to asking when
4cos*(m/n) € Q for n € N.

Firstly, note that

iT/n —iT/n 2
cos*(m/n) = (%)
e?iﬂ'/n +e—2i7r/n 1+ 92
4

1 62i7r/n_|_672i7r/n .
5( 2 - )

1 2m
— —(cos(ZZ 1)

5 <cos( - )+

2

For this to be rational, we need to consider when cos(=") is rational.

By Niven’s Theorem [26] ¢ we have that

40082(%) € {4,3,2}

As required.
]

The lowest value the Jones index can take is 1, but this only occurs if M = N.

The next value it can take is 2, so we therefore must have

2< [Zrp(Lr)] < |T(R)

Now recall that in our contraction setting 7(R) = ¢, so this becomes

i 1
2< ] = || < —

V2

This is a strong restriction on the possible values that ¢ can take.

9If /7 and cos(0) are rational, then 6 € {0,7/3,7/2}.
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In the previous subsections we have shown the following restrictions on the

value of ¢

0§|c|§%
|c* =7(P) € Q

Now, let us look at specific values of Ir(= |c[2) in the discrete range and

deduce information about R.

2.7 Contractive R-Matrices Classified By Their
(Discrete) Jones Index

In this section we use the fact that Ir = |c|=2 to deduce the form of a contractive

R-matrix for each discrete integer value of the Jones Index.

2.7.1 Ip=2

For this case, we have that |o(R)| < 2 as Ir < |o(R)|. Note that the case
|o(R)| =1 is trivial, so we only consider |o(R)| = 2, which is the Temperley-Lieb
case discussed in Section 2.2.3. We now state a formal theorem showing the exact

form of a contractive R-matrix of this type.

Theorem 11. Let R be a contractive R-matriz with Ir = 2. Then R is of the

form
tR=—-P+i(1 - P)
where t € T.

Proof. Since |o(R)| < Igr, we must have that |o(R)| = 2 (as |[0(R)] = 1 <
Ir = 1) since this only occurs for R being a multiple of the identity matrix).

Thus, we know R must be of the form

R=—-P+p5(1-P)
Recall
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T(R) =c
7(P) = ||’

Ip=|c| ™
Thus, in our situation we have that 7(P) = 1/2. Consider
c=1(R)
=7(—P+5(1-P)
= (1+B)lcf* + 8

\]

Equivalently,

B-1=Vv2

Now, as |5| = 1, we consider where the unit circle and the circle centred

at 1 with radius v/2 intersect by solving the following as a set of simultaneous
equations:

x2+y2:1
(z—1)+y*=2

which have intersection (0, £1), i.e. § = %i.
This shows that for Iz = 2, we always have that R is of the form

R=—P+i(l—P)

We have already shown that any matrix equivalent to a contractive R-matrix

must also be contractive, so any scalar multiple will also be permitted. O

This is indeed unsurprising, as in [24], Lechner fully classifies Temperley-Lieb
matrices in terms of, in his notation, 7g(e;). This is exactly our 7(P), and Lechner

states all unitary R-matrices such that 7g(e;) = 1/2, i.e. Ip = 2, are equivalent

to

63



R:—G_TMGQ&]_k or R:(_G_TMGQIE].k)*

where G5 is the Gaussian R-matrix of dimension 2.

These R-matrices have spectra {1,7} and {1, —i} respectively, and thus are

equivalent to the form stated in the theorem above.

272 Ip=3

The case for Ir = 3 is a little more complicated, since we can have |o(R)| = 2 or
lo(R)] = 3.

2.7.2.1 In=3,|0(R)| =2

In an analogous calculation to the proof of Theorem 6, R must be of the form

1+iv3
2

R=-P+ (1—P)

Again, Lechner [24] showed that all Temperley-Lieb matrices such that

Tr(e1) = 1/3 are equivalent to

R = ZG3 X 1% or R = (ZGg X lk)*
where k = dimV.

These R-matrices have spectra {1,e3 } and {1,e”3 } respectively, and thus

are equivalent to the form stated above.

2.7.2.2 Iz =3,|o(R) =3

This case seems to be difficult to find examples for. In this subsection we show
that we cannot extend the Ir = 3,|0(R)| = 2 case to have 3 eigenvalues as it
results in contradiction. Future research could entail continuing to search for

examples of this type.

Let R’ be the Ir = 3, |0(R)| = 2 solution, i.e.

-
R = iGys®1, = — Py + +2“/§

(1 — Pr)

where
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2

1

Gy=—Y MU
3 k=0

S

U is a unitary operator defined by

Ulk, 1) == (&) "k + 1,1+ 1)

and £ := 5" is a third root of unity.
This operator applied to some basis vectors ey, €;,'% yields:

Uler ® e)) = & F(ery1 @ er1)

In 3 dimensions U can be expressed explicitly as:

Ao
[N}

coor oo oo
cooMooocoo
|

coocoo/l ooo
cCoocoo oo
coocoocococoo
comoocoococoo

cooco oo

|
coococoo/l oo
[l e Rl e Rl e Rl e Wi e R R

[es}
(e}
—
]
(=]

We aim to construct an R from R’ by using its spectral projection Pg and
using other equations around R to solve for the other unknowns in the spectral

decomposition of R, i.e. construct

R=MP+XQ+ (1 —-P—-0Q)
where P := Pg.

Since P is a spectral projection of ¢GG3, which is a linear combination of powers
of U’s, it follows that there must be a way to write P as a linear combination of
U’s. Indeed, we find that any spectral projection with Markov trace % that can
be written in terms of U as defined above must be in the form described in the

following theorem.

Theorem 12. Let U be defined as Uk, 1) := (&) *|k + 1,1+ 1).

Let @ be a spectral projection such that 7(Q) = %, and suppose ) can be

written as a linear combination of 1,U, U?.

Owhere ej, operates as a 1 in the k*" space and 0’s everywhere else.
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Then, we must have that

2
1 v ik
— . 1 Ul
Q=73 ;0 §
where v € T.
Proof. We begin by supposing that () can be written as a linear combination of

1,U,U?, i.e. is in the form

Q= al +bU + cU?

Firstly, note that 7(Q) = 3 & 7(U) = 0 immediately implies that a = 5.

Secondly, () is a projection. By definition this gives us 2 relations:

L Q=@

2. Q=@?

We now see how these relations impact a, b, and c.

L Q=@

1 1 -
Q=0Q" = g]1+bU+cU2=§]1+bU"‘+E(U"‘)2
1 _
:§]1+bU2+EU

Since U? =1, and so U* = U? and (U?)* = U.

Therefore
2. Q =Q?

1 1
Q=0qQ> = §]l+bU+cU2:(§]l+bU+cU2)2
1 2 2
= (= +2b0)1 + (5b+ AU + (e + b*)U?
9 3 3

By equating coefficients in the above 2 equations we get that

1 1
|b] =3 and |c| =3

66



This gives precisely 3 possible scenarios (up to multiplication of a normed

scalar):

1 1
b—g,c—g
1 1
b= —€.c= &2
s&e=3¢

1 1
b= - c¢c=—
58 0=3¢

Therefore () must be in the above form.
m

We insist on the following labeling convention for the 3 possible projections:

2
=0

Or, explicitly,

Qo=1+U+U?
Q1 =1+¢U 407
Q2 =1+&U +¢U?

Note that Pj, = (Qo. Recall that we wish to express R in terms of 3 spectral
projections, one of which being Pp. We claim that Qy, k € {0, 1,2} is the set of

spectral projections of R, i.e.

2
R=Y_\Qi
=0

Theorem 13. Let Qx, k = 0,1,2 be as described above. Then {Qo, Q1,Q2} is a

complete set of spectral projections.

Proof. For {Qr : k = 0,1,2} to be a complete set of spectral projections, the

Q1’s must satisfy 3 properties:

1. Qr=Q;=Q3 for all k
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2. Zi:o Qr=1

3. Q;Qk = 0;Q) where d;;, is the Kronecker delta.

Property 1 is automatically satisfied by the construction of Q).

For property 2, recall that the sum of all roots of unity is 0 and consider

k=0 k=0 =0
2
1 k
— - zUz
%} 5(€9)

As for property 3:

2
9Q,Qx = Y _€VU"- Y U
n=0 m=0

2
— E 5nj+mkUn+m
n,m

we do an index change of s =n +m
2

— Z gnj—&-(s—n)kUs

s=0,n
2
— Z(gn)j—k’gskUs
s,n
this is only non-zero for j=k since the sum of roots of unity is 0

2
_ Z 6jk€skUs
s=0

= 30, Qk

So, we consider

R = XQo + MQ1 + Xa2Q2
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Before we continue we state a list of helpful equations:

Theorem 14. Let & be a 3" root of unity and consider U, Q;, and R as above.

We restate these definitions for ease:

Ulk,1) == &7k +1,14+1)
2

Q=g Y

=0
2
R:=> " \Q;
=0

Then, the following equations hold:

U'p(U7) = e (U")U

U o(Qr) = ©(Qrroy) U7
U'Qr = £7MQ = QiU

ngp(Uj) = SO(Uj)Qk+2j

SO(Uj)Qk = Qk-Qj@(Uj)

P(Q)Qyp(Qe) = 1s<k-z‘>f'so<czi>m—i

1

Qip(Q))Qk = &V Qup(U™E

RU =UR = Zg—u@

0(Qr)Rp(Qr) = Z AiQr

Proof. 1. By definition,

U'lk,l,m) == U'(ex ® e, @ )
= Fep1 ® ey @ em)
o(UN)|k,l,m) == o(U?)(er, @ & ® em)

=" Mep @ ey @ emin)

Thus, consider

Ulp(U7)(ex ® €1 ® em) = U & D (ex @ €14 @ )
= gDt~k (g, ® e11in © emaj)

= MDA () 3 @ erying @ ey g)
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Compare this with

e(UNU (e, ® €1 @ em) = (U (€115 ® €147 @ e)

= RGN (e @ erying @ emyy)

_ g—kz—‘rl(z—])‘*‘mj_” (€k+i X €pprit; Q em-i-j)

Thus,

Uip(U) = 490"

2
Ul(Qu) = 50U S E(U")
n=0

2

1 .

-3 E U p(U™)
n=0

2
1 } .
— g E :fkn—&—QmSO(Un)Uz
n=0

2
1 4 ,
— g § fn(k+2z)g0(Un) LUt
n=0

= @(kaz‘)w

2
U'Qu=3U n§:0j§ U

1 2
n=0

We shift this index by ¢ and use the new summation index m =17+ n

2
1 m—1i m
m=0
2

m=0

=<MQu

4. and 5.
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Qup(U7) = Zs‘“"U" (U7)

=3 Z grgp(U7)U”
n=0
2

_ L n(k+25) 71
p(U7) 3 ey

n=0

= (:O(Uj)Qk—Hj

p(Q1)Qp(Qx) = ZS’”U” (Qr)
—QO(QZ-) Zﬁ”jw(Qk+zn)U”

=2 Z E90(Qi)p(Qrran)U"

Since the Qi’s are spectral projections, this can only be non-zero

fori=k—n,ie. n=k—1

L k—i)j —i
= gf(k )J@(Qi)Uk

Qi0(Q))Q 1@2@ U")Q

3

= gQi Z £ Qr—2np(U™)
n=0

2
1 nj n
—3 25 'QiQrnp(U™)
n=0
Since the );’s are spectral projections, this can only be non-zero

fori=k+n,ie. n=1—k

1o, .
= SERIQup(UH

2
RU = Z QiU

1=0

2
= Z NET' Qi
i=0
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2

P(Qu)Ro(Qr) =D Xip(Qr)Qip(Qr)

=3 Z Ai - Qr
i=0

O

We now explore if R = 37 Z?:o \€¥9U7 is indeed an R-matrix, as it does
not necessarily follow that it would be from the current construction, and our

ultimate goal is to seek R-matrices.

For R to satisfy the Yang-Baxter equation, we must have that for any spectral

projections Q, @; of R, the following equation is satisfied:

QrRe(R)Up(R*)R*Q; = Qrp(U)Q

In particular this must be true for £ 4+ 2 = [. In this case, we have that

QrRo(R)Up(R*)R* Qri2 = Qro(U)Qryz
= NAer2Que(R)UQ(RY)Qriz2 = 0(U)Qrr2

Looking at the left hand side we have

2
LHS = MAs Y 2@Qup(UNU (U ™) Qi

i=0,j=0
= Z Nk 2Z TP (U Qry2iU Qryarajp(U ™)
1,J
= Z NeXe2 2T E ™ T o(UN) QpyaiQrasajp(U )
1,J
This can only be non-zero for k+2i =k +2+4+2k < 1=1+
= > Mo T EIT (U Qpra4050(U )

J

= Z Mg 225 1 T FFER2DQuo(UTT) (U )

J

= Z MM 225 175 P2 QLo (U)

J

Equating this with the RHS yields
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D Aoz T EPQu(U) = Qup(U)

J

Therefore we must have that

2
ApAjyp€~ (FF2H20) Z Tjp1xT; =1
=0

Regardless of the choice of k this equation must always hold if R satisfies the
Yang-Baxter equation. Since the summation does not depend on k, we must have

that ApA\pio&~*+2+2) must always be equal regardless of the choice of k, i.e.

Aoda = A Al = Mg €72

If we rotate the spectrum such that Ay = 1, which we may do as we have not

made any restriction thus far on the spectrum, then we have that

AL = A& = N3¢

The first equality yields Ay = €)Xy, which when substituted into the second

equality gives

A(EM)E® = (EM)%¢
== A\ = )\_12
— =1

Therefore \; is a 3™ root of unity. This gives 2 possibilities for the values of

the eigenvalues:

=1 )\1:€:>>\2:£>\_1:1
=1 M= = ,\225)\_1252

Both of these possibilities lead to contradictions, as the first case would mean
that Ay = X\¢ and the second case would mean that Ay = A;. Therefore it is not

possible to construct an R—matrix in this way.
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2.8 Summary

In this section we briefly summarize the results in Chapter 2.

We defined the BMW algebra C,(r, q) and used one of its defining relations
(2.4) to define the contraction relation (2.7) in terms of R-matrices and spectral
projections. We then showed that any R-matrix that forms a representation of

the BMW algebra must have at most 3 eigenvalues.

After forming a restriction on ¢ in terms of the eigenvalues of R, we show that
the class of R-matrices that satisfy the contraction relation with this restriction
on c¢ forms a representation of the BMW algebra. All examples in 2 dimensions

are explored, utilising Conti and Lechner’s classification [13].

We then prove some results for contractive R-matrices, drawing on [7], and
show that for any contractive R-matrix, any equivalent R-matrix is also contrac-

tive.

We go on to define Markov traces and and show that if there exists a positive,
faithful and normalised Markov trace on p(CB,,) then it is unique. We then

utilize the Markov trace to form restrictions on the possible values of c.

Continuing with the search for restrictions on the contraction constant, we
utilise the fact that |c|? is a Temperley-Lieb loop parameter to show that it must
be rational and less than 1. We then use Skein relations to restrict the values of

an eigenvalue [, which in turn limits the possible values of c.

Finally, we define a Jones index I such that Iz = |c|™2. There are many
known results about the restriction of a Jones index, which can then be applied
to the contraction constant. We then show that for a contractive R-matrix this
Jones index can only take integer values in this discrete range. The chapter
finishes with an attempt to classify all examples of contractive R-matrices with

Jones indices 2 and 3.
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Chapter 3

Linearisation of the Set-Theoretic
Yang-Baxter Equation

In this chapter we examine racks and show how they form solutions to the set-
theoretic Yang-Baxter equation. In fact, all solutions to the set-theoretic Yang-
Baxter equation are equivalent to a rack-derived solution, which motivates us to

explore rack-derived solutions further.

These rack-derived solutions are linearised to solutions of the Quantum Yang-
Baxter equation, and we establish a relationship between isomorphisms of racks

and equivalence of their linearised R-matrices.

We go on to define a new group called the Bloop group, inspired by a dia-
grammatic representation of the quandalisation process of racks. We establish a
representation of this group and utilise this to prove a relationship between the
equivalence of rack-induced R-matrices and the equivalence of the R-matrices

induced from the quandalisations of these racks.

We delve into a special type of rack called an Alexander quandle, which has
close ties to knot theory. We explore the concept of coloring a braid with a quandle
and show that the coloring invariant presents a notion of equivalence of quandle-
derived R-matrices. We use this to show that the equivalence of Alexander-
quandle-derived R-matrices is entirely dependant upon the k-parameter of the

Alexander quandles being equal or being inverses of one another.

3.1 The Set-Theoretic Yang-Baxter Equation

In this section we recall the definition of the set-theoretic YBE and define its

non-degenerate solutions.
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Recall Definition 2:
The Set-Theoretic Yang-Baxter Equation. The set-theoretic YBE s
defined on X x X x X, where X is a set, and is given by

(rxlx)(Ixy xr)(rxlyx)=(1x x7)(rx1x)(1x x7)

where 1x 1s the identity map on X.
We define solutions to the set-theoretic YBE in the following way.

Definition 35. Non-degenerate solution: A non-degenerate solution to the
set-theoretic YBE is a map r: X x X — X x X defined by

r(z,y) = (Aae(y), py(2))

such that r solves the set-theoretic Yang-Baxter equation, where A, and p, are

bijective functions on X for all x,y € X.

Example 12. Let G be a group. The “Venkov” solution is given by

r(z,y) = (x5 zy)

It is elementary to show that this is indeed a solution to the Set-Theoretic
YBE.

3.2 The Bloop Group

In this section we define the Bloop group B/, in terms of a semi-direct product
of groups as well as its presentation in terms of braid and loop generators and
their relations. We also give its diagrammatic presentation and highlight a key

relation arising from pulling a loop under a strand.

Definition 36. Bloop Group B(,: The Bloop Group B, is the group defined
by the semi-direct product of tuples of integers and the Braid group:

B, =7Z" x B,

with the following group law for all z;, z; € Z" and o0;, 0; € B,
(Zi,Ui) : (Zj,Uj) = (Zz + Ay, (Zj)aaiaj)

where X denotes the semi-direct product, V5, € S, is the permutation induced

by the braid o; as in equation (1.8) and o, is defined by
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awi:Z”—>Z”

o

(21, ey 2n) (Z¢;il(1), s Zw;il(n))

The ay,, map essentially swaps the it" and (i + 1) entries of the element of

7"

Example 13. We show an example calculation in the Bloop group.

((07 07 1)7 bl) : ((07 17 0)7 b2)

((07 07 1) + al/ibl ((07 17 0))7 blb?)
((0,0,1) 4+ (1,0,0), bybs)
((17 07 1)a ble)

One can derive a presentation of Bf,, with generators b; from the braid group
and /; having a diagrammatic representation as a loop on strand j as in Figures

3.1 and 3.2 respectively.

These generators relate to the semi-direct product presentation in the follow-

ing way.

lj = (Zj,G) = ((0, 0, 1 ,O7 O),G)

jth position

b; = (0,b;) = ((0,...,0),b))

where e is the identity element of the braid group. We see that

(i) - (0,05) = (li + ay, (0), ebj) = (L, by)

The group relations are given by:

bibry10r = bi1bpbrsa (3
bib = bib; Vi — k| > 2 (3

Wl =Ll Y.k 3.

Libe = bless  Vk 3
Lorbe = bl Yk 3
Lib; = byl V)i — k| > 2 3

A key relation in BY, is the ability to pull a loop under a strand:
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1 j—1 J j+1 542 n

-
—

Figure 3.1: Diagrammatic representation of b;, the “braid” generator of the Bloop
group B,

1 j—1 j j+1 42 n

Figure 3.2: Diagrammatic representation of /;, the “loop” generator of the Bloop
group BY,,.

I = b o1 br (3.7)

This equation arises from applying b, on the left of both sides of equation
(3.5). It is demonstrated in Figure 3.3.

AN
YOI

/

Figure 3.3: Diagrammatic presentation of equation (3.7)

The Bloop group was inspired by the quandalisation process of racks (see Sec-
tion 3.4.3).

We may use R-matrices to form a representation of BY¢,, as follows:

Proposition 8. Let BY, be the Bloop group on n strands, R be an R-matriz in
End(V®™) and T := ptr(R) be the partial trace of R. Then the following map is

a representation of Bl,,.
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TRn : Bl, — End(V®")
by = ¢’ H(R)
lj — ng_l(T*)

Proof. We show that this forms a representation by considering the generators

and relations. Recall the following relations of the Bloop group (?7)

bibr10k = by 1brbrs1
bib = bib; Vi — k| > 2
Wl =Ll Y.k
Libe = bless  Vk
Leoibe = bl Vk
b = byl V) — k| > 2

The first two equations (3.1) and (3.2) are the relations for the braid group,

and this representation is already well-established.
The third equation (3.3) is obvious as 1" operates on a single tensor factor.
The next two equations (3.4) and (3.5) are already proven in Lemma 2.

Finally, the last equation (3.6) is obvious by the properties of V®™.

3.3 Racks and Quandles

In this section we introduce racks, the square map Sq of a rack, and quandles -

a subset of racks that have a trivial square map.

3.3.1 Racks

Definition 37. Racks: A rack is a pair (X, \) where X is a set and \;, i €
X, are bijective maps N; : X — X, j — N(j) that satisfy the following self-

distributive property
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An alternative notation for X;(j) is the “triangle operator”, defined by

i>7 = X(j)
This notation is sometimes clearer, for example we re-write the self-

distributive property as

i>(>k)=(>j)>(i>k) (3.9)

Although racks do not need to be finite, we restrict to finite racks in order to

have finite-dimensional linearisations (see Section 3.3.4).

Example 14. Let X be a finite set and define i>j = j Vi € X. Then (X,>) is

a rack.

Proof. Clearly \; = idx is bijective. As for the self-distributive property (3.9),
we show it is satisfied Vi, j, k € X

i>(jrk)=ivk=k=jok=_(ivj)>(i>k)
[

Example 15. Let G be a finite group and let \;(j) = iji~t, where i~! is the
inverse of i with respect to the group operation of G. Then (G, \) is a rack.

Proof. Since G is a group, J\; is clearly bijective. As for the self-distributive
property (3.8),

(M) 0 Ailk)) = )\Z-ji,l(iki—l)
= (igi)(iki i)
= (iji Y (ki) (it
=i(jkj )i
= Xi(jki™")
= Ao A;(k)
O

Example 16. Let X be a finite set and define N\;(j) = f(j), where f: X — X is
a bijective map. Since all X\ maps are the same, this clearly satisfies the required

properties to be a rack. This is known as the permutation rack.

Given a rack it is natural to consider its subracks. Subracks are explored in
detail in Section 3.4.2.
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3.3.2 The Sq Map

The square Map, denoted Sgq, arises from considering A\,(x), z € (X,>). In par-
ticular it is used to define quandles (see Section 3.3.3) and its linearisation is the
partial trace of a rack-derived R-matrix (see Section 3.3.4). Deceptively simplis-

tic, the S¢ map has many interesting properties that are of use to us in this thesis.

Definition 38. The Square Map Sq: (X,>) — (X,>) is the map defined by:

Sq(x) :==az>ax = N\(2)

The Sq map is in the centralizer of the rack, which induces several interesting
properties as seen below. Firstly, to show that Sq is in the centralizer, we intro-

duce a few definitions.

Definition 39. Automorphism: An automorphism o € Sx of a rack (X,r) is

a map such that

a(zey) = a(z)>a(y)

The set of all automorphisms of a rack is defined as

Auty(X) :={a € Sx : a(z>y) = a(z)>a(y)}
where Sx is the symmetric group on X.

Note that all A\, in a rack are automatically automorphisms by their self-

distributive property.

We see that Sq € Auty(X), as

Sq(z>y) = Sq(\(v))
= M)A ()
= )\x)\y)\;l/\x(y) (By definition of a rack)
= )‘z)‘y<y)
= A Aa A Ay ()
= Sq(z) > Sq(y)
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Note that Sq € Sx (the symmetric group of X) and so is bijective and, in

particular, invertible.

The centralizer is made up of automorphisms of a rack that commute with

the maps of the rack.

Definition 40. Centralizer: The centralizer Cy(X) of a rack (X, \;) is the set

of all automorphisms that commute with all inner automorphisms, i.e.

O\X) :={a € Auty : a)\, = \pa Vx € X}

Note that for all central automorphisms o € C,(X), the following equations
must hold for all x,y € X. We repeat the equations in triangle and A notations

for clarity:

zra(y) =alzry) = alz)>aly)
)\xa<y> = a/\ac(y) = )‘a(x)a(y)

Since the centralizer also contains all inverses, the above equations will apply
when we consider y = a~!(z), which implies the following equations. Once again

we repeat the equations in both notations for clarity:

rez=a (z)>z=az)>z
)\x(Z) = )‘ofl(a:)(z) - )‘a(x)(Z>
We now prove that the Sq map is in the centralizer of the rack.

Proposition 9. Let (X,r) be a rack, and let Sq : (X,>) — (X,>) be the square
mapping on this rack. Then Sq is in the centralizer of the rack, Sq € Cp(X).

Proof. For the Sq map to be in the centralizer, we must have that for all x,y € X:

Ae - Sq(y) = Sq-Ae(y) Ve eX

By the self-distributive property we have that

Ae - Sq(y) = x> (y>y)
=(z>y)>(zry)
:Sq/\:n<y)

Therefore the Sq map of a rack is always in its centralizer. n
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Hence, the following equations hold Vz € (X, \) by equation (?7).

Ao = Asy(a) (3.10)
Ae = Asg-1(a) (3.11)

The Sq map plays a particularly important role in the representation theory
of racks, as its linearisation is the partial trace of a rack-derived R-matrix - see
Section 3.3.4.

Racks that have trivial S¢ map are an important class of racks called quandles.

3.3.3 Quandles

Quandles are a special type of rack that play an important role in knot theory
(see Section 3.5). The process of transforming a rack into a quandle, called quan-
dalisation, is the inspiration for the Bloop group (see Section 3.4.3). We now
define quandles and explain the process of transforming a rack into a quandle,

called “quandalisation”.

Definition 41. Quandles: A quandle is a rack (X, \) with the additional prop-
erty

() =20 VerelX

This property may be re-written as

rbr=x VrelX
Sqx)=x VreX

Example 17. Ezamples 14 and 15 are quandles.

Example 18. Let G be an abelian group and let x>y =y +y —x forx,y € G.
Then (G,r) is a clearly a quandle, since x +x —x = x. This is known as the

Takasaki quandle.

From any rack we can produce a quandle via a process called “quandalisa-

tion”. This process was first described by Brieskorn [9], and entails the following.
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Proposition 10. Let (X, \) be a rack and define the following map for allxz € X :

Az 1= Ay 0 SqH(x)
Then (X, 5\) is a quandle.

Proof. We first prove that (X, 5\) is a rack, then we show that its Sq map is trivial.

Recall that (X, \) is a rack if and only if the following equation holds.

~ -1

)\x ©) Xy (] XCE = 5\)\~m(y)

We have that

\, 0 S\y o 5\;1 =S¢ oA, Sq o (NS
= X:Sq o A SqT o SgA?
= A AA, 1S
= M.wSa

= Asq(n )54

= AAIOSQ(Z/) Sq_ !

Using the fact that Sq is in the centralizer.

Therefore (X, \) is a rack. We now show that its Sq map is trivial.

Sq(x) = Mo()
=\, 0S¢ ()
=S¢ o\ (2)
= Sq7" o Sq(x)

=X

Hence, (X, \) is a quandle. O

Quandles, and racks in general, can be used to define R-matrices.
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3.3.4 Rack-Derived R-Matrices and Linearisations of
Non-Degenerate YBE Solutions

Given a rack (X, \) one can produce a set-theoretic Yang-Baxter solution

r(z,y) = (Aa(y), ) (3.12)

Indeed, we see that

rirari(x,y, 2) = rra( A (y), x, 2)
= r1(Aa(y), Xa(2), 7)
= (Mu() © Au(2), Aa(y), 7)
= (Ao 0 Ay(2) 2 (), @)
= 72(20Ay(2), 2,)
= rari(@, Ay(2), )

= T1TraTe (l’, Y, Z)

Utilising the rack property (3.8).

Given a set-theoretic Yang-Baxter solution we may linearise it to a quantum

Yang-Baxter solution by defining the quantum solution as follows.

Definition 42. Linearised Solution: A linearised solution to the quantum
Yang-Baxter equation is defined by the following equation, where r(x,y) is a non-

degenerate solution to the set-theoretic Yang-Baxter equation:

R|az,y> = |7n(x>y)> = |)‘r(y)7x>

The trace of a rack-derived R-matrix R|z,y) = |z >y, z) is given by

Tr(R) =) (x,y|Rlz,y)

x?y

= (zylrey,x)

Yy

= (zlzoy){yl)

x?y

= Z(a:]x > )

T

= (z|Sq(x))

T
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The (right) partial trace is given by

ptr(R) =) (z,y)lzvy){z]

=3 Java)al
= 3" |Sq()) (a]

We denote this partial trace, the linearisation of the Sq map, by 7.

T:=ptr(R) =) |Sq(x))(z| (3.13)

Since Sq € Sx, i.e. is a permutation, this shows that the partial trace of a

rack-derived R—matrix is always a permutation matrix.

We note that R € End(V ® V'), where V is the vector space spanned by X.
This vector space must have an orthonormal basis (by having a suitable scalar

product), and this ensures R is unitary. Indeed, we see that

)‘901 (1‘2), $1|)‘y1 (y2)a y1>
Az, (x2)> $1|)‘x1 (y2)> yl)

T2, 5U1|3/2, Z/1>

<R$1$2|Ry1y2> = <
=
=
= <$17$2|y1,y2>

As Mg, (x2) = Mgy (y2) <= x2 = yo, as A, is a bijective function for all x € X

by the definition of a rack.

Since any rack can produce a solution to the set-theoretic Yang-Baxter equa-
tion, we have that any rack can produce a solution to the quantum Yang-Baxter

equation:

Rlz,y) = [A\:(y), x)

Indeed, any linearised set-theoretic solution is equivalent to a rack-derived

solution as above.

Proposition 11. Let r(z,y) = (M\:(v), py(x)), where A\, and p, are bijective

functions for all x,y in a set X, be a non-degenerate solution to the set-theoretic
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Yang-Bagter equation with linearisation R|x,y) = |\ (y), py(x)).

Then there exists a rack (X,\) which induces the quantum YBE solution
R\z,y) = |\.(y),z) such that R ~ R’.

Proof. In order to show that R ~ S we show that there is a unitary intertwiner
U™ such that U"R; = S;U™.

We define the following intertwiner U™, called the “guitar map”, as in [2] Prop
5.4. Define

Qn|x17 Y xn+1> = |pxn+1 (ml)a sy pxn+1 (l’n), l’n+1>
U2|£E1, £IZ’2> = |p12 (:Cl)? l’2>
Uz, ..xp) = Q" HU™ ! xid)|zy, ..., 7,)

Note that since U™ does not rearrange any tensor factors, we can re-write it

in the form

UMy, ooy @) = UM (1), oo Ul(2), o UR (1), T) (3.14)

We complete this proof by induction. Firstly, see that for n = 2, the LHS is

U?R|z,y) = U?| A (y), py(2))
= |ppy(a:) o )\x(y)vpy(x»

For the RHS we have

SU%|z,y) = Slpy(x),y)
= |py(z) >y, py(2))
= |Ppy(2) © Ap=10p, () (y)) Dy the previous proposition

= 1pp, @) © Xa(y), py(2))

As required.

Therefore we can assume for any n(> 2) € N that U"R; = S;U",! i.e.

Where R; = ¢'"Y(R), S; = ¢ 1(S)
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UnRZ‘|(L’1, covy In> = Un|.’E1, ey Lj_1, )\z2 (.TZ'_H), pzi+1 (.I'Z), Lig 2y vy (L’n>

= |U1n(x1>v . Uito )\l’i(xi"!‘l)? UZ-L}-I © Pzitq (.I'Z), 71771>
RHS

S U™ w1, ooy xn) = Si|UT (1), ooy Tr)
= Uf' (1), ., U (i), Ui (@5) & Uy (wi41), Ui (24), -, )

Looking at the i"* and i 4+ 1** positions yields the following two equations:

Ui 0 Api (ig1) = Ui (i) > Uiy (ig) (3.15)
Uity © Py (i) = U (23) (3.16)
(3.17)

Now for the induction. Calculating the LHS and RHS of U"*'R; = S;U"+!
yields

LHS

U™ Rilz, ooy ngr) = U2, o Ay (Tig1)s Py (T4) 5wy Ti1)
= Q" U™ ®@id)|x1, ooy A, (Tis 1), Pavys (Ti)s ooy Tigr)
= Q" MU (@1), -, Ul 0 X (2i11), U y) © payy (i), ooy Tngr)
= |pa,n @ UL (1), s Py © U 0 A (Tig1), Py © Uiy
0 Pay 1 (L), oy Tny)

RHS

SU™ M2y, ooy i) = SiQ™ HU™ x id)|xy, ..., Tpy)
= S;Q" U x1), ..., UM(xn), Tri1)
= Silpznir © UL (@1), +os Pass © Uy (), Tnr)
= 1Prna © UL (1), oo Py © U (@) > (Prs © Uls (i), P

o UM(i)y ooy Tpy1)

Looking at the i** position we require

Pzpi1 © Uzn © /\901 = (pxn+1 © Uzn(xl)) > (p$n+1 o Uin—kl($i+1))

Consider the RHS:
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rnir © Ui (i rni1 © Ul (Tig1)) = pa, o (U (@) 2 U (4
(Prpir © Ul (20)) B (P © Uy (Ti41)) = P (U (0) > Ul (2i41)
= Ponys © U 0 Ay, (2i41) by equation (3.15)

1th

As required. Now for the 7 + position, for which we require

Pzpy1 © UzT—lH O Pxitq ((L’Z) = Pzpi1 © Uzn(xl)

Note that this is immediate from applying p,,.,, on the left to both sides of
equation (3.16).

Therefore we have shown that U"R; = S;U™ for any n € N, i.e. that R ~ §.
O

Rack-derived R-matrices are very closely tied to their originating racks. We

now explore some of these properties.

3.4 Properties of Racks and Rack-Derived R-
Matrices

In this section we define what it means for two racks to be isomorphic. We show
that the disjoint union of all subracks of a rack does satisfy the rack proper-
ties but is not isomorphic to the original rack. We show that isomorphic racks
induce equivalent R-matrices. We then examine the quandalisation process in
terms of rack-induced R-matrices. Finally, we show that given two racks that
induce equivalent R-matrices, their quandalisations must also produce equivalent

R-matrices.

3.4.1 Isomorphisms of Racks

We now define isomorphisms of racks, give examples, and show that if two racks

are isomorphic then their linearisations are equivalent as R-matrices.

Definition 43. Isomorphic racks: Two racks (X,\), (Y,u) are said to be

1somorphic if they are of the same size and their permutations are conjugate i.e.

(X, ) ~ (Y,n) < |X|=1Y]| and 37 € Sx such that (3.18)
ANi =T O [ip-1(3) © ! Vi=1,..|X]|
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All racks of size 3 are classified up to isomorphism in Appendix A.

If two racks are isomorphic, then their linearisations are equivalent as R-

matrices.

Theorem 15. Let (X,>) and (X',>') be racks such that | X| = |X'| = n with

linearisations Rx|x,y) := |z >y, ) and Rx/|x,y) := |z’ y, x) respectively. Then

(X,l>) ~ (X/,l>/) — Rx ~ Rx/

Proof. By definition of the isomorphism (X,) ~ (X’ '), there must exist some
m € Sx such that, foralli € 1,2,....n

Ai =T O firipom |

Recall that

Rx ~ Ry <= 3V, :pp, (b)) = Vaph, (b:)V,, Vb € B,

n

where pj. (b;) here is the representation of the generator b; € B, induced by
the R-matrix Rx|z,y) := |A\:(y),x).

Let us define the unitary intertwiner V,, as the linearisation of the m map
above, i.e.

Valxy, oy @) = |m(21), ooy m(20))

Since 7 is a permutation this is clearly unitary with its adjoint given by

Vi1, oo ) 2= 17 (1), ooy 7 (@)

We now show that p%_(b;) = Vipl, (0:)V,, Vb; € B,.

n

Va0 iy (0 0 Vi fon, oo ) = (Vi © iy (b)) oo 7 )
= Volm (@1), ey TN (@im1)s 1) © T (i),
7N wy), m (@i, (1))
= |1y ey i1, TO flp1(gy) © 7 N @), ™ (28), Tiga, ooy Tp)
= Py (bi)|T1, s 20)

Hence, the required equation is satisfied for all ¢ € 1,...,n and so Rx ~

Ry. [l
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3.4.2 Decomposability of Racks

We can create new racks from a given rack. For example, we can create subracks

or consider the union of two racks.

Definition 44. Subrack: A subrack is a rack (S, ') that arises from another
rack (X,\) such that X = S U S+ and the rack action N on S satisfies the
self-distributive condition as in Equation (3.8) and is defined by:

. Ai(j)  wheni~j
Ai(j)::{_(J) j
7 else

where we denote i ~j <= i,5€ S ori,j € St
Not every subset of the defining set of a rack will produce a subrack.

Example 19. Consider the rack (X, \) where X = {1,2,3} and the rack opera-
tion is given by the table below. The entry X, ; in this table is to be read as > j,
where i is the row and j is the column of the entry. More details of this rack can

be found in Appendiz A.

~

\S)
~| ol ||~
[NSTIRACE IRACHIIRAS)
Qo| ~| Col| Qo

Consider the subset S = {1,2}. Then \y(1) =3 ¢ S. Hence S cannot be a

subrack as it is not closed.
A rack is said to be decomposable if it contains any subracks.

Definition 45. Decomposable rack: A rack (X,\) is decomposable if 3 a
subset S C X such that (S, \') is a rack.

One can always create a new rack from two existing racks by forming their

disjoint union.

Proposition 12. Let (X, \) and (Y, n) be racks. Let X UY be the disjoint union
of X and'Y and define the following function for alli,7 € X UY

Ai(j)  wheni je X
pi(g) == qm(j) wheni,jey
J else

Then (X UY,pn) is a rack.
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Proof. Clearly p; is bijective for all i € X UY as it is a piece-wise function made

up solely of bijective functions whose conditions cover the entire domain of ;.

It only remains to show that the self-distributive property holds, i.e.

piti (k) = pugypa(k) Vi, j, k€ XUY

There are four possibilities to consider:
1. i,5,ke X

2. j,keX,1eY

3. i,keX,jeY

4. 4,5e X, keY

Although one might consider the further cases of replacing X with Y in the
above list, there is no material difference between the racks (X, \) and (Y, n) so
to consider these cases explicitly would simply be repeating the below proof and

replacing A with 7.

Case 1

:uﬂi(j)/'bi(k> = Mi(j)&'(k)
= \iA;(k)

Case 2

(k)

|
=
S,

=~

Case 3
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Case 4

Mm(j),ui(k) =k
= it (k)

Therefore the self-distributive property holds for all elements in the set, and
so (X UY,p) is a rack. O

Given a decomposable rack (X, \) such that the subsets S and S+ both form
subracks (S,v) and (S*,7), it is not the case that the disjoint union of the sub-
racks (S U S+, ) as defined in the above Proposition 12 is isomorphic to the

original rack (X, \). We provide a counter-example below.

Example 20. Consider the rack (X,\) where X = {1,2,3} and X is given by
the table below

|

Lo| Lo| Col| 2o
INSTRASTIRNSY NS

1
1
1
1

Consider the subsets S = {1} and St = {2,3}. Their tables are given by

ElRIEIE] ESEIEIE]
11]2]3 1 [1]2]3
21]2[3 2 1132
F1]2[3 31132

Thewr disjoint union is given by

| Sust]1
1 1
2 1
3 1

[2] 3]

Lol Lo| || o
| | Lol Lo

By the table in Appendix A, this is not isomorphic to (X, \).
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3.4.3 (Quandalisation in terms of R-matrices

Recall that if (X, \) is a rack, then (X, o Sq™1) is its quandalisation. Let us
consider this in terms of R-matrices by considering the linearisation of this pro-

Cess.

Let (X, \) be arack and let (X, \) be its quandalisation, where X, := A\,0Sq ™"
for all z € X.

The set-theoretic solution derived from this rack is given by

r(z,y) = (Aa(y), )

The set-theoretic solution for the quandalisation of this rack is thus given by

(a,y) == (Aa(y), 7) (3.19)
= (A0 Sq 7 (y), ) (3.20)
= (ro(1x 8¢ ))(x,y) (3.21)

We now consider the linearisation of this.

Let us define the following operator T', which acts as the partial trace (notably

it is the linearisation of the Sq map of a rack) on a single tensor factor.

Definition 46. T': Let (X, \) be a rack with a square map Sq(x) := A\.(x) for
allz € X. Then the T map is defined by:

(T'®1)|z,y) := |Sq(x),y)
(I @T)|z,y) = |z, 59(y))

It is clear that its adjoint (inverse) is given by

(T* @ )|z, y) = [Sq " (x),y)

Hence, we have that the linearisation of equation (3.21) is given by

Rlz,y) := RT*|z,y) (3.22)

Recalling that the partial trace is seen as closing a single strand of a braid,

the quandalisation process is expressed in diagram form as in Figure 3.4.
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7N

[

Figure 3.4: Diagrammatic presentation of quandalisation of a rack-induced R-
matrix

Note that this diagram is also the diagram of an element in the Bloop group,

specifically byly € Bl - see Section 3.2.

3.4.4 Equivalence of Quandalisations

In this section we show that if two racks have equivalent linearisations then the
linearisations of their quandalisations must also be equivalent. To do this we

utilise our R-matrix representation of the Bloop group (see Section 3.2).

Recall Equation (3.22), which describes the quandalisation process. We see
that diagrammatically, as seen in Figure 3.4, this is simply adding a loop to the

braid generator.

Two R-matrices are equivalent iff their dimensions and characters are the
same. In the quandalisation process the size of the rack does not change, so we

need only check that the characters remain the same.

We aim to show that the quandalisations are equivalent by adding a loop
after each braid generator to produce the quandle, pulling that loop to the far
right, and “stretching” it out by cutting it open, pulling and then closing the
braid. A simplified diagram of this can be seen in Figure 3.8. We then see that
considering the character of the braid over the quandalisation of the rack is equal

to considering the character of the quandalisation-deformed braid over the rack.

We begin by adding a loop to braid generators by mapping the braid group
to the Bloop group with the “add-loop” map:

Definition 47. The add-loop function: o, : B, — Bl,, is defined by
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Op : B, — B,
bj = (lj+1,b5) (3.23)
where we extend to the whole Braid group as a group homomorphism.

We show that this satisfies the braid conditions.

Firstly, we consider

brbrs1b = bt 1bibrgn
We have that

On (bkbr41r) = (Let1, Ok) - (les2, brr) - (Lo, O)

(kv be) - (v + gy, (), i1 bre)
(k1 b)) = (T2 + lrgo, bryaby)

(let1 + agy, (o2 + let2), Drbriab)
(It + liao + liro, brbr1by)

(lgt2 + Lot + U1, o1 brbry1)

(k2 + ooy, (bt + losa), Draa biber)
(Ig2: brg1) = (logr + ley2, Debig)
(ler2, beg1) - (Legn + Q. (Leg2), bibi41)

(le2, bs1) - (g1, b)) - (g2, bryr)
O (b+10kbg11)

We now see that

brb; = biby  V|j — k| > 2

This is quite clear, as:

O (brbj) = (k1 bk) - (i1, ;)

(U1 + as,, (1), biby)

(lgt1 + Uiy, biby) (As |j — k| >2)
(Ljs1 =+ Loy, byby)

(lj41 + Oy, (l+1), bibr)

1, 05) « (ley, br)

(I
07 (b;0%)
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The loop function takes an element of the braid group b € B,, and maps it to

the Bloop group BY,, by adding a loop after every braid generator.

7N

[

Figure 3.5: Add-loop function §,, as in equation (3.23)

Example 21. The add-loop function 6, adds a loop after every generator. For

example

O (b1boby) = (1o, b1)(I3,b2)(I2b1)

If we consider B, in terms of generators and relations as opposed to a semi-

direct product, this can be re-written as

05 (b1bab1) = bilabal3bil

Diagrammatically this can be seen as in Figure 3.6.

/ /

/ .

[

Figure 3.6: Diagrammatic presentation of d3(b1bgby)

We now define un-twisting the loop.
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Definition 48. The loop-untwist function 0!, : 7" — By is defined on a
single loop by

0;1 /A — Bn+1

le = by bty byt by b by

Products of uniquely ordered® loops ly,ly,...lx,,, where ky > ko > ... > k,,, are
mapped by

O (Ui Ly ) i= 00, (k)01 (k) -0 1 (L)

The loop-untwist function is extended to take B¢, as its domain by perform-

ing the identity map on braid elements.

Definition 49. The bloop-untwist function 0,, : B(,, — B, is defined on a

generic bloop element by

0, : B, = Bu
(1,b) = b-0, ()

Remark 2. FEssentially, this function takes a bloop element, orders it to be in the
form ol ..i}" where ky > ky > ... > ky, and 0 € B, and ¢; € N (any bloop can
be re-written in this form using the exchange relations ?7), then pulls the loop
generators under any strands to the right using 3.7 and untwists them. Note that

each untwist creates a new strand.

This is demonstrated in Figure 3.7.

Definition 50. The quandler function ®, : B, — B, is defined by

®, =0, 006, (3.24)

2Since all loops commute you can always manipulate a concatenation of loops to be ordered
this way.
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N
/

/ /

Figure 3.7: Bloop untwist of (I3, ).

We now prove some lemmas of exchange relations, which will be used in prov-
ing a proposition about characters of quandles, and subsequently be used to prove
the main theorem of this section. Note that these results holds in general for uni-

tary R-matrices.

Lemma 2. Let R € V®V be an R- matriz arising from the linearisation of a set-

theoretic Yang-Bazter solution and let T be its normalised partial trace. Denote
by 1 the identity in End(V'). Then

Proof. Recall that Sq, which linearises to T, has the following property

Sq(zvy) = Sq(z) > Sq(y) = x> Sq(y)

Now consider

((Sq x idx) or)(a,b) = (Sq x idx)(a>b,a)

= (Sq(a>b),a)

= (a> S9q(b),a)
(

ro (idx x Sq)(a,b)

Therefore

(Sqg xidx)or =ro(idx x Sq)

99




This linearises to the claimed result. Equation (3.26) is derived in an analo-

gous manner. O

Lemma 3. Let R € V®V be an R-matriz and let T be its normalised partial

trace. Then

RIR:!

J J+1-

RLTR, 1. Ry =T

Proof. Recall  T® 1)R=R(1®1T),ie TjR; = R;T;;;.

R;y'.RNT R, 1..R;=R;'"..R, T R\ R\ 1R, 5..R;
= R;'\R LT Ry R,
=R;'\.R LT R LR 5. R

- R;12%+1RJ
_ * D—1
=T;R;"R;
= TJ*

]

We now consider the R-matrix representation of the Bloop group B¢,,. The
following lemma shows that when we consider the closure of a Bloop, the loops
can be pulled to the far right and then “unlooped”, and this will not affect the

closure of the Bloop. A simplified diagram of this process is shown in Figure 3.8.

Figure 3.8: A simplified depiction of the equation proven in Lemma 4.
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Lemma 4. Let X € End(V ®@ V) and T,:;]j be the normalised partial trace of a
derived® R-matriz R, where k; € N and q; € {1} for all j. Let p be the Yang-
Baaxter representation of the Bloop group and let 0,, be the bloop-untwist function
as described above. Let X € Bl, be an arbitrary Bloop. Then, for all m € N:

trl“'”(XT/:lql Tl::fm) = trl.l.n—l-m(Xpn(Qn(lzi l](i:Z))

where k1 > ky > k,,.

Proof. We show this statement with a proof by induction in m.
m = 1:

1t (Xp(0n (1) = tri o (X R Ry Ry - Ry Ry, Ry, Ry,)
=tri o (XR'R) R traga(R,™) - Ry, ... Ri, Ri,)
=tri. . (XR,'R..R. TRy, ,..Ri,Ry,)
= try o (XT,")

m=j
Hence, we may assume that

01 (X0 TE0) = 1y (X (0 (12 00)))

Now the for inductive step
m=7-+1

trl.‘.(n+j+1) (Xp(@n(lql lqj [4+1 )))

k+1

= trl‘..(n-&-j-i-l)(Xp(en(lZ:i"'lqj>>Rk %H Rkn+j 17 R_qj+l : R kntj—1° Rkj+1)

=try. n+j)<Xp(9 (lql”'lqj>>R JIH Rkn+]‘ 1 trn—i—j—i-l(R nq+j ) Rkn+j—1"'Rkj+1)
= trl... n+])(Xp( (llh lq])) J+1 n+j—1 . T];kn+(]J_J+1 . Rkn+j_1...Rkj+1)

— 11y (X PO L2))T *;f“)

= t?"l...(n+j) (X,p< (lq1 lqj ))

— try o (X'TE0 . Th;*)

= tr o (XTy Thy™ T, )

where X' =T, “"X. O

ki

3i.e. Derived from a rack.
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Now for the key part of the proof - we show that considering the character of
a braid over a quandlisation of a rack is equal to considering the character over
the rack of the quandler-deformed braid - i.e. taking the normalized trace of the
R-matrix representation of the braid deformed by ®,, (3.24) is the same as taking

the normalized trace of the R-matrix induced from a quandle.

Lemma 5. Let (X, \) be a rack and let Q(X, \) be its quandalisation. Then, for
allb € B,

XQx ) () = X(x.2) (P (b)) (3.27)

Proof. By linearising the quandalisation process, we see that if R is the lineari-
sation of a solution of the set-theoretic Yang-Baxter equation from a rack, the
linearisation of the solution derived from the quandalisation of that rack is given
by

RQ = R(l ® T*)

where T is the partial trace of R.

Let b =0} .., be a generic element of B,,. Then

— tr(RPY . RO T
= (B R pu (012 12))

X(x ) (P (D))

By the previous lemma.

Finally, we show the main result of this thesis using the above results.

Theorem 16. Let (X, \) and (X, u) be racks such that their linearisations are

equivalent as R-matrices, i.e. Rixx ~ Rx

Let Q(X,\) and Q(X, u) be the quandalisations of of (X, \) and (X, pn) re-

spectively.

Then the linearisations of these quandles are also equivalent as R-matrices,

i.€.
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Roxn) ~ Ro(x,u)

Proof. By our assumptions and lemma 16, we have that

Xxn(0) =X (0)
= X(xN)(Pn(0) = X(x ) (Pn(D))
= Xouxn(b) = Xoxw(b)

]

We conjecture that the opposite case is not true, as the quandalisation process
inherently “forgets” the rack map A. Further research could entail searching for

a counter-example.

We now consider a special case of a quandle, namely the Alexander quandle,

and deduce when Alexander-quandle-derived R-matrices are equivalent.

3.5 Alexander Quandles

In this section we introduce Alexander quandles - a special type of quandle that
has close ties to knot theory. We examine how the quandle coloring of knots
is linked to the Alexander matrix, and show that two rack-derived R-matrices
are equivalent iff their dimension and coloring invariants are equal. Finally, we
show that given two Alexander quandles Q(p, k) and Q(p', k'), their induced R-

matrices are equivalent iff k = k" or k = k'~1.

Definition 51. Alexander quandle: The Alexander quandle Q(p, k), where p
is prime and k € 7Z./pZ, is the quandle that consists of the set X = Z/pZ and the

operation

xoy:=A(y) i =x—k-z+k-y
We see that this is a rack. Clearly A, is bijective, in fact its inverse is given

by

Ny =2 —k e+ kly

x

It clearly satisfies the self-distributive property:
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(xpy)>(z>2) = (z — kx + ky) > (x — kx + kz)

(
= (x — kx + ky) — k(z — kx + ky) + k(x — ko + k=2)
(

— k) + (k—Kk)y + k=
= (v — kx + ky) — k*y + k*2
=x—kr+k(y—ky+kz)
=a>(y—ky+ kz)

=zx>(y>2)
It also clearly satisfies the quandle condition:
rbr=x—kr+kr=ux

3.5.1 Linking Number and Seifert Surfaces

We now briefly define the linking number and the process of producing a Seifert

Surface, which are later used to define a Seifert matrix in Definition 54.

Definition 52. Linking number: The linking number [k(L) of an oriented link
1s defined by

lk(L) = number of positive crossings — number of negative crossings

where by convention we define a positive crossing and negative crossing as in

/ N
/ N

Figure 3.9: Left: Positive crossing in an oriented link. Right: Negative crossing
in an oriented link

We now look at the Seifert surface of an oriented link.

The Seifert surface of a knot was first described by Seifert [29] and is produced
with the following algorithm [30]. This algorithm is depicted in Figure 3.10.
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1. Assign an orientation to all components of a link

2. Eliminate all crossings by connecting the incoming over-strand to the out-
going under-strand and the incoming under-strand to the outgoing under-
strand. This will give a set of non-intersecting topological circles known as

Seifert circles. Fill in these circles to create disks.

3. Connect the disks with twisted bands. Each twisted band corresponds to a

crossing and twists in the opposite direction of the crossing.

7 .
/

Note that not all surfaces bounded by a knot arise from Seifert’s algorithm.

Figure 3.10: Seifert’s algorithm for a band projection

This algorithm was initially created to define the genus of a knot, an important
invariant in knot theory. For our purposes, we need only to consider the linking
number of the upside and downside curves that form the boundary of the Seifert

surface, as this is what is used to define a Seifert Matrix in Definition 54.

3.5.2 Quandle Coloring of Knots and the Alexander Ma-
trix

In this section we explore the quandle coloring of knots and define the Alexander

matrix.
In [12] the following process for coloring knots by quandles is described.

Given a link, choose an orientation and label each arc with an element from

the quandle. At each crossing perform the triangle operation as in Figure 3.11.
In order to get a consistent coloring one must have that each strand’s labels

are equal before and after each crossing, i.e. the following “coloring conditions”

are satisfied.
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avb a a av~ b
Figure 3.11: Creation of quandle-coloring conditions

a a

Figure 3.12: Reidemeister Move 1

red: b=anb

green: b=an>"'b

Quandle-coloring of a knot is well-defined as it produces consistent colorings

under the Reidemeister moves, as seen in Figure 3.12, Figure 3.13 and Figure 3.14.

Reidemeister move I (Figure 3.12) demonstrates that one can only color with

quandles and not racks in general, as a self-crossings of a strand will always have

the same color, i.e. we must have that a>a =a .

For each knot and quandle there may be many possibilities for the number of

ways the knot can be colored.

Definition 53. Coloring number: Given an oriented link L and a quandle )

the coloring number Colg(L) is the number of non-trivial> ways a knot can be

colored with a quandle.

4Here by trivial we mean labeling every strand with the same element of the quandle.
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at>b

)

a b a av(a>d)
A (AuB) = b

Figure 3.13: Reidemeister Move 11

c
ca /Db
c
(c>a)>(c>b) c>a c>(ab) c>a
=cp>(a>b)

Figure 3.14: Reidemeister Move 111
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It is well-known that Colg(K) is an invariant of knots [12]. In Section 3.5.3
we will show that the coloring invariant can be used as a definition of equivalence

of R-matrices.

Given an oriented link L and an Alexander quandle Q(p, k), one can formulate
the coloring conditions as a matrix in terms of k. This is the Alexander matrix,
denoted Ap (k). The Alexander matrix is defined in terms of the link’s Seifert

matrix, as defined below.

Definition 54. Seifert matriz: The Seifert matriz S(L) of an oriented link L

s given by

S(L) = (vji) = (Ik(ay , ar))
where Uk is the linking number and a; ,ay. are curves in S™, STt respectively,
where ST is the upside and S~ is the downside® of the Seifert surface of the knot.

[10]
The Seifert matrix is not a knot invariant [28], but it does distinguish between

different Seifert surfaces of a knot.

In [10] proposition 8.7 it is shown that all Seifert matrices V' have the following
form and all square matrices with even order of the following form are Seifert

matrices:

V-Vl =ri (3.28)

where Fl is the “Flip”%, given by

Fl = -1 0

The details of the Seifert matrix are not central to this thesis. We introduced
the Seifert matrix and its form in order to properly define the Alexander matrix

as follows.

Le. ST and S~ together form the boundary of the Seifert surface of the knot.
SNote that this is not the same “Flip” as in Example 3.
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Definition 55. Alexander matrix: The Alexander matriz of an oriented link
L, that is colored by an Alezander quandle Q(p, k) with Seifert matriz S(L), is
given by

Ap(k) =k-S(L) - S(L)" (3.29)

where S(L)T is the transpose of S(L).

We now give a detailed example of how one can derive an Alexander matrix

from an oriented link.

Example 22. Consider the trefoil knot. We orient the knot and label each arc

with elements of an Alezander quandle and each crossing as in the diagram below.

The coloring conditions induce the following equations

D ave=b = a—ka+kc—b=0
@ bra=c = b—kb+ka—c=0
® cerb=a = c—kc+kb—a=0

We re-write this system of equations in matrix form:

1—-k —1 k a 0
k 1—k -1 bl=10
—1 k 1—-k c 0

Since this system still counts the monochromatic colorings (a = b = ¢) we

delete one column. We choose the ¢ column.
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1—k -1
k 11—k
-1 k

We see that the rows of this matrixz are linearly dependant since
(-1 k)=(1-k -=1)+(k 1-k)
We therefore delete row 3 to yueld.
1—k -1
k 1—k
This is an” Alexander matriz for the trefoil knot.

The Alexander matrix has strong applications in knot theory, as its determi-
nant yields the Alexander polynomial, denoted A(k) [28].

Example 23. The Alexander polynomial of the trefoil knot is

4 e e e N
A(k)—det( B 1_k)_u B4+ k =k —k+1

Since by construction the Alexander matrix is the matrix form of the system
of equations that are the coloring conditions, we have that for any oriented link
L and Alexander quandle Q) = Q(p, k),

Colg(L) = |ker(AL(k))| +p (3.30)
i.e. The number of colorings is the number of solutions to the system of
equations plus the trivial colorings.

3.5.3 Equivalence of Quandle-Derived Solutions

In this section we describe how the coloring invariant can be used to define equiva-
lence of quandle-derived solutions by showing that two quandle-derived solutions

have the same character iff their coloring invariants are equal.

Recall that the trace of a rack-derived R-matrix R|z,y) = |z >y, x) is given
by (3.13)

"As we made a choice about what row and column to delete the Alexander matrix is not
unique. This is just because this system is over-determined and does not affect the kernel (the
importance of which will be clear shortly).
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Tr(R) =) (z|Sq(x))

xr
Recall also that the partial trace of a rack-derived R-matrix, which we denote

by T, is the linearisation of the square map

T :=ptr(R) =) _|Sq(x))(x]

Since Ry, ...Ry, may be considered as a representation of the braid by,...by, ,
traces of 'R—matrices may be considered diagrammatically as closing the rep-
resented braid and summing when the conditions induced by the closure are
satisfied.

Example 24. Let (X,>) be a rack and R|z,y) = |x >y, x) be an R—matriz on
yen,
The trace of RiRyRy is given by

Z(xaya Z|R1R2R1|$,y,2> - Z<$,y,Z’R1R2|ZL’[>y,ZE, Z>

z,Y,2 T,Y,z

= Z<Q?,Z/,Z’R1‘I|>y,xl>2,x>

x7y7z

= Z(x,y,z|(:p>y)>(xDZ),JSDy,@

x?yVZ

= Z(m\(mby)>($>Z)><y|x'>y><z|x>

x’y?’z

Diagrammatically this trace is presented by Figure 3.15.

As demonstrated by Example 24 it is clear that the conditions induced by
closing the braid are exactly those in the bra-kets that contribute to the trace. If
we sum up all the instances over the quandle in which the conditions are satisfied,
i.e. we calculate the coloring number Colg(b) (where b is the closure of the braid

b), we see that this is exactly the trace.

This motivates the following theorem.

Theorem 17. Let b € B, be an arbitrary braid, let Q = Q(X,>) be a quandle
such that |X| = n, and let R|z,y) = |x >y, x) be the R—matriz induced by Q.
Then
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Figure 3.15: Diagrammatic presentation of Tr(R;RyR;).

Tr(pr(b)) = Colg(b) (3.31)

where b is the closure of the braid b to an oriented link.

Proof. Let b= b} ..bj" € B, be an arbitrary braid.

The coloring conditions of the closure of the braid are deduced in the following
way. The top of every strand is labelled z;. For every crossing b, in the braid
b, one maps (z;,2;4+1) — (x> xj41, ;). The strands are labelled at the bottom
with xy,, which is equal to the result of applying the above mapping throughout
the braid.

X1 X2 L

.Z‘kl Ik2 Tk,
The coloring conditions are then given by

Vi ed{l,..,n}

Lj = Tk
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where k; is dependent upon the braid b.

The coloring invariant can be considered as the number of ways the link can

be colored by the quandle such that all of these conditions are satisfied, i.e.

COZQ(Z;): Z 51‘1,$k1"'51'n71'kn

T1,..yTp
Now, let Rgl|z,y) = R|z,y) = |z>y,z) be a rack-derived R—matrix from the

quandle ). We now represent the braid b with R and calculate its trace

Tr(pr(b)) =Y (w1, oo, Ta| RE R 21, .., )
= Z(ml, ey .rﬁRﬁ...R?::j |T1, ooy T 1, T D Tt 15 Ty T2y L)

= (X1, ooy T |They s ooy T, )

clearly pr(b)|z1...x;...00) = [Tk, ...Tp;...Tp,) since the mapping is the same as

described with the coloring conditions.

Hence, for all b € B,,,

Tr(pa(b)) = Col(h)

Recall the following definition of equivalence, Definition 20:

Two R-matrices R, S € R(d) are said to be equivalent iff they have the same

dimension and character, i.e.

R~ S < dim (R) =dim (5) and 75 = 75

where Tg :="Tr o pg, t.e. the trace of the braid representation induced by R.

Hence, by Theorem 17, two quandle-derived quantum YBE solutions are
equivalent iff they define the same coloring number. Note that having the same
coloring number will automatically imply the R-matrices have the same dimen-
sion, as in particular they will have the same coloring number of a trivial link,

whose coloring number will always be the number of elements of the quandle.
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Definition 56. FEquivalence of derived solutions: Let R, S be quandle-
derived R-matrices. They are said to be equivalent, denoted R ~ S, iff their

related quandles produce the same number of colorings for an arbitrary link, i.e.
Roxp) ~ Sqxpy <= Colg(K) = Colg/(K) for all links K
We now show that two Alexander quandles Q(p, k) and Q'(p/, k) are equiva-

lent if and only if &' =k or k' = k=1 .

Note that we must have p = p’ for the size of these two R-matrices to be the
same, which is necessary for them to have the same dimension and thus to be

equivalent.

Theorem 18. Let Q(p, k) and Q'(p, k') be Alexander quandles with p prime.
Let Roepk), Rorpiry be the Q(p, k)- and Q' (p, k')-derived R-matrices respectively.
Then

RQ(pJC) ~ RQ/(pyk/) <— k= (k:/)_l ork =k
Proof. We begin by showing <.

Let S = S(L) be a Seifert matrix of an arbitrary knot L. Then, by equation
(3.29) we have that

\ker(Ap(k))| = |ker(kS — ST)| by definition
= |ker(k(S — k~1ST))| factoring out k
= |ker(—k(k~*ST — 9))| times by factor
= |ker(k~*ST — 9)| simplifying
= |ker(k™'S — ST)T| transposition doesn’t affect size of kernel
= |ker(k™'S — ST)| applying the transposition
= |ker(AL(K')| by definition

Therefore the cardinality of the kernel of Ay (k) is always equal to that of
Ap(K'). By equation (3.30) and the definition of equivalence, we have shown that
if k=K or k= (k)" then we must have that Rgqr) ~ Ro (pi)-

Now, to show = .

To show this direction, we show the equivalent logic statement
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kg {k,(K)"} = Ropm ~ Roww)
To show this we find an Alexander matrix such that, when the knot is

quandle-colored by the quandles, the size of the matrix’s kernels are different
when k # k', (K')~1.

Suppose we have a 2 x 2 Seifert matrix, i.e. V € M, such that

(01
vert= (4 )

In particular, we consider the following specific example and show that k £ &’

or (k/)fl — RQ(p,k) ~ RQ/(p,k/).
V:(§+1c+§
c 1
Note that this is a Seifert matrix since

A+1 c+1 _ c+1 ¢ (0 1
c 1 c+1 1) \-1 0

The Alexander matrix induced from this Seifert matrix is given by

Alk)=kV = VT
_ i A+1 c+1) (41 ¢
a c 1 c+1 1

2 _k_
(k1) (c +11 C+1k1>

€~ =

We consider when the kernel is non-trivial, i.e. when it is not invertible.

det(A(k)) = (k — 1)2((;2 v1- <c+ %) (c - ﬁ)) —0

We may divide by (k — 1) since the case k = 1 is the Flip and this is a special

case that can be considered separately. This gives us




Re-written in terms of ¢ yields

1+ b
c= —_—
(k—1)7
Now, one can work through the same process simply replacing k& with &" to
get
k,/
=14
c + =17

The c-value is the same in both cases since we are examining the same Seifert
matrix of the same knot (in particular for this ¢ value we will only have trivial

colorings) so we may set the above two equations to be equal to one another.

L R S
(k — 1) (k" —1)2
koK
(k=12 " (W — 1)
k(K —1)? =k (k—1)?
0=k(k —1)* =k (k—1)?

=k(k? =2k +1) - K(k* — 2k + 1)

1
:k’2—2k’+1—k’(k—2+g))

k/
:k’2—2k’+1—k’k+2k’—z

/

:k'2—k'k—%+1
1
o
Thus, when k& = k" or k = (K')~! the determinant is 0 and we have a non-
trivial kernel. If k& # k', (k') then the determinant is non-zero and thus the

kernel is non-trivial.

0= (k—K)(; — k)

By equation (3.31) we have that two R—matrices cannot be equivalent if their
respective Alexander matrices do not have the same size kernel. Hence, we have

shown

k#k or ()" = Ropr * Ropr)

1.e.

Ropw ~ Ropw) = k=FKor k= (k)"
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3.6 Summary

In Chapter 3 we began by defining the set-theoretic YBE and a new construction
called the Bloop Group, denoted BY¢,,. We formed a representation of the Bloop

group and later linked this to the quandalisation process of racks.

We then defined racks, quandles, and their linearisations to R-matrices. We
showed that any linearised non-degenerate YBE solution is equivalent to some

rack-derived R-matrix.

We examined the relationship between isomorphisms of racks and equivalence
of their rack-derived R-matrices, showing that isomorphic racks induce equiva-

lent R-matrices.

We analysed the decomposability of racks and showed that the union of a sub-

rack and its compliment is indeed a rack but is not isomorphic to its original rack.

We utilised our representation of the Bloop group to show that given two racks
with equivalent induced R-matrices, the R-matrices induced from their quandal-

isations must also be equivalent.

Finally, we look at a particular type of quandle called an Alexander quandle.
This quandle is linked to knot theory and we utilise the coloring invariant of the
closure of a braid as a notion of equivalence of rack-derived R-matrices. In par-
ticular, we show that for Alexander quandles Q(p, k) and Q(p, k'), their relative

R-matrices are equivalent iff k = &' or k = &'~1.
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Chapter 4

Conclusion

In this thesis we focus on the furthering the research area of classification of uni-

tary R-matrices by looking at R-matrix representations of algebraic structures.

We look at the BMW algebra and define contractive /R-matrices as an R-
matrix R that satisfies the following contraction relation with one of its spectral

projections P.

p(P)Ro(P) = c-¢(P)
where ¢ is the canonical shift endomorphism and ¢ is dubbed the contractive

constant.

A restriction on the contractive R-matrices is shown to represent the BMW

algebra.

We show that contractive R matrices must have at most 3 eigenvalues. The
1-eigenvalue situation is trivial and the 2-eigenvalue situation is a Temperley-Lieb
R-matrix, which has already been fully classified, so we mainly consider the 3-

eigenvalue situation.

We show that contractive R-matrices are stable under equivalence and clas-
sify all 2-dimensional examples of contractive R-matrices. We then show various

relations for contractive R-matrices inspired by Wenzl’s work.

We rely on the concept of the normalised trace being Markov, which has been
shown to always be the case when the spectrum does not contain a pair of op-
posite eigenvalues. It has also been shown that the normalised trace is Markov

in the discrete range of the Jones Index. Further research could entail analysing
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other cases in which the normalised trace is Markov.

We show that the following relations hold for the contraction constant c:

when 7 is Markov.

These results, along with other avenues of analysis, induce the following re-

strictions of the possible values that the contraction constant ¢ can take

0§|c|§%
c[? =7(P) € Q

Further research could entail additional restrictions on the possible values of c.

In this analysis we also see that |c|™2 = [pr(Bs) : ¢(pr(Bwx))] where [ : -]
denotes the Jones Index. We go on to deduce the form of contractive R-matrices
corresponding to each discrete value of the Jones Index. We are unable to find an
example for Igr = 3 and |o(R)| = 3, but we do show that extending the Ip = 3,
|o(R)| = 2 case does not provide a required example. Finding an example of this

case presents an opportunity for possible future research.

In Chapter 3 we look at racks, how they can be used to create solutions to the
set-theoretic Yang-Baxter equation and how these can be linearised to solutions
of the quantum Yang-Baxter equation (i.e. to R-matrices). We show that iso-
morphic racks induce equivalent R-matrices. A further avenue of research could
entail finding a counter example to show that equivalent rack-derived R-matrices
do not necessarily come from isomorphic racks. We also examine the decom-
posability of racks, and show that the union of the subracks of a rack is not

necessarily isomorphic to the original rack.

We examine the quandalisations of racks, in particular developing the Bloop
group that is inspired by this process. We define an R-matrix representation
of the Bloop group and show that the quandalisation process translates to R-

matrices by the following map
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R:= RT*

where R is a rack-derived R-matrix, 7™ is the adjoint of the partial trace of R

and R is the R-matrix induced from the quandalisation of the rack that induced
R.

The main result of this chapter is that for any two racks whose associated
R-matrices are equivalent, the R-matrices produced from their quandalisations

are also equivalent.

Finally, we consider a special case of quandle called an Alexander quandle. We
consider quandle colorings of oriented links and show that two quandle-derived
R-matrices are equivalent if and only if their coloring numbers are equal for any
oriented link. We then utilise this result to show that any two Alexander-quandle
derived R-matrices are equivalent if and only if their Alexander constants k are

equal or inverses of one another.
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Appendix A

Classification of all racks of size 3

Let X = 1,2,3 and consider the racks (X, \;), where \; is a bijective map for all
i € X that satisfies the self-distributive property (3.8). Since they are bijective

maps they can be considered to be permutations.

Every rack can be encoded in a table in the following way

Lt 2 [ 3
L A1) | Ai(2) | M(3)
2 | A1) | A2(2) | A2(3)
3 As(1) | As(2) | As(3)

Table A.1: Tabulation of racks of size 3
Below we list all possible racks with |X| = 3, classifying by the notion of

isomorphism as in Definition 43. Tables in the same row are in the same isomor-

phism class.
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_JL]2]3]

1[1]2]3

21273

3123

I EREIE] I ENEIE]

1[2]3]1 1[3]1]2

2231 23712

3 2]3]1 3312

I EPIE] L [1]2]3] L[ 1]2]3]
1[1]3]2 1[2]1]3 1[[3]2]1
21372 2213 23121
31]3]2 3[2]13 3321
L [1[2]3] | [1][2]3] | [L1[2]3]
1[1]2]3 1[1]2]3 1[1]3]2
21273 23121 2 1]2]3
3213 3[1[2]3 3123
| JL[2]3] | [L1[2]3] | [L1[2]3]
1[1]2]3 1[3]2]1 1[2]1]3
2[13]2 21273 2213
3[1]3]2 3321 3123

This table was produced in Python by a brute force approach.

This work builds off of existing numerical approaches, including the GAP

libraries for the Yang-Baxter equation [32] and racks [31].

122



References

1]

[10]

[11]

[12]

J. W. Alexander. A lemma on systems of knotted curves. Proceedings of the
National Academy of Sciences, 9(3):93-95, March 1923.

N. Andruskiewitsch and M. Grana. From racks to pointed hopf algebras.
Advances in Mathematics, 178(2):177-243, September 2003.

E. Artin. Theory of braids. The Annals of Mathematics, 48(1):101, January
1947.

William Arveson. An Invitation to C*-Algebras. Springer New York, 1976.

R. J. Baxter. Partition function of the eight-vertex lattice model. Annals of
Physics, 70(1):193-228, March 1972.

J. S. Birman and W. W. Menasco. On markov’s theorem, May 2002.

J. S. Birman and H. Wenzl. Braids, link polynomials and a new algebra.
Transactions of the American Mathematical Society, 313(1):249-249, 1989.

J. S. Birman and H. Wenzl. Braids, Link Polynomials And A New Algebra,
page 455-479. WORLD SCIENTIFIC, August 1990.

E. Brieskorn. Automorphic sets and braids and singularities. In Braids
(Santa Cruz, CA, 1986), volume 78 of Contemp. Math., pages 45-115. Amer.
Math. Soc., Providence, RI, 1988.

G. Burde and H. Zieschang. Knots. Walter de Gruyter, December 2002.

P.J. Burton and M.D. Gould. Unitary r-matrices for topological quantum
computing. Reports on Mathematical Physics, 57(1):89-96, February 2006.

W. E. Clark, M. Elhamdadi, M. Saito, and T. Yeatman. Quandle colorings
of knots and applications. Journal of Knot Theory and Its Ramifications,
23(06):1450035, May 2014.

R. Conti and G. Lechner. Yang-baxter endomorphisms. Journal of the
London Mathematical Society, 103(2):633-671, October 2020.

123



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[24]

[25]

[20]

[27]

28]

J. Cuntz. Regular Actions of Hopf Algebras on the C-Algebra Generated by
a Hilbert Space. A K Peters/CRC Press.

V. G. Drinfel’d. Quantum groups. Journal of Soviet Mathematics,
41(2):898-915, April 1988.

David Garber. Braid group cryptography, 2007.

Yasushi Gomi. The markov traces and the fourier transforms. Journal of
Algebra, 303(2):566-591, September 2006.

F. M. Goodman, P. de la Harpe, and V. F. R. Jones. Cozeter Graphs and
Towers of Algebras. Springer New York, 1989.

A. P. Isaev, O. V. Ogievetsky, and P. N. Pyatov. On r-matrix representations

of birman-murakami-wenzl algebras. 2005.

Vaughan Jones. Subfactors and knots expository lectures. CBMS regional
conference series in mathematics. American Mathematical Society, Provi-

dence, RI, November 1991.

V.F.R. Jones. Index for subfactors. Inventiones mathematicae, 72:1-26,
1983.

L. Kauffman. An invariant of regular isotopy. Transactions of the American
Mathematical Society, 318, 1990.

L. H. Kauffman. Topological quantum information, khovanov homology and

the jones polynomial, 2011.

G. Lechner. Classification of unitary r-matrices with small index or small

spectrum. unpublished.

G. Lechner, U. Pennig, and S. Wood. Yang-baxter representations of the
infinite symmetric group. Advances in Mathematics, 355:106769, October
2019.

I. Niven. Irrational numbers. Carus Mathematical Monographs, 11:331-331,
1958.

Mihai Pimsner and Sorin Popa. Entropy and index for subfactors. Annales
scientifiques de I’Ecole normale supérieure, 19(1):57-106, 1986.

Dale Rolfsen. Knots and Links. AMS Chelsea Publishing. American Math-
ematical Society, Providence, RI, November 2003.

124



[29]

[30]

[31]

[32]

[33]

[34]

H. Seifert. Uber das geschlecht von knoten. Mathematische Annalen,
110(1):571-592, December 1935.

J.J. van Wijk and A.M. Cohen. Visualization of seifert surfaces. IFEFE
Transactions on Visualization and Computer Graphics, 12(4):485-496, July
2006.

L. Vendramin. rig, racks in gap, Version 1.

https://gap-packages.github.io/rig/, May 2014. GAP package.

L. Vendramin and O. Konovalov. YangBaxter, combinato-
rial  solutions for the yang-baxter equation, Version 0.10.5.

https://gap-packages.github.io/YangBaxter, Jun 2024. GAP package.

H. Wenzl. Quantum groups and subfactors of type b, ¢, and d. Communi-
cations in Mathematical Physics, 133(2):383-432, October 1990.

C. N. Yang. Some exact results for the many-body problem in one di-
mension with repulsive delta-function interaction. Physical Review Letters,
19(23):1312-1315, December 1967.

125


https://gap-packages.github.io/rig/
https://gap-packages.github.io/YangBaxter

	Introduction
	The Yang-Baxter Equation
	The Yang-Baxter Equations
	Dirac Notation
	Types of Solution To The Yang-Baxter Equation

	The Braid Group
	Defining the Braid Group
	Inducing Permutations from Braids
	Closing braids
	Representation of Bn with R-matrices

	Traces and Equivalence of R-Matrices
	Traces and Partial Traces of R-Matrices
	Notions of Equivalence of R-Matrices

	Spectral Projections of R-Matrices
	Inducing Factors from R-Matrices

	R-matrix Representations of the BMW Algebra
	The BMW Algebra
	Contractive R-Matrices
	The Contraction Relation
	Eigenvalue Properties of Contractive R-Matrices
	Temperley-Lieb
	Representing the BMW Algebra with R-matrices

	Equivalence of Contractive R-Matrices
	Results for Contractive R-matrices
	Markov Traces
	Contraction Constant
	Rationality of the Loop Parameter
	Skein Relations
	Jones Index

	Contractive R-Matrices Classified By Their (Discrete) Jones Index
	IR = 2
	IR = 3
	IR = 3, |(R)| =2
	IR = 3, |(R)|=3


	Summary

	Linearisation of the Set-Theoretic Yang-Baxter Equation
	The Set-Theoretic Yang-Baxter Equation
	The Bloop Group
	Racks and Quandles
	Racks
	The Sq Map
	Quandles
	Rack-Derived R-Matrices and Linearisations of Non-Degenerate YBE Solutions

	Properties of Racks and Rack-Derived R-Matrices
	Isomorphisms of Racks
	Decomposability of Racks
	Quandalisation in terms of R-matrices
	Equivalence of Quandalisations

	Alexander Quandles
	Linking Number and Seifert Surfaces
	Quandle Coloring of Knots and the Alexander Matrix
	Equivalence of Quandle-Derived Solutions

	Summary

	Conclusion
	Classification of all racks of size 3
	Bibliography

