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S U M M A R Y 

Based on both forced oscillation and ultrasonic pulse transmission methods, we investigated 

solid pore infill influences on rock elastic moduli in a broad frequency range [ 1 − 3000 , 10 

6 ] 
Hz for different differential pressures. For a Berea sandstone sample, filled sequentially by 

solid ( 22 

o C ), quasi-solid ( 26 

o C ) and liquid ( 34 

o C ) octadecane, a frequency-dependence was 
found for the Poisson’s ratio, Young’s modulus and bulk modulus, nevertheless, these elastic 
parameters were strongly suppressed by increasing pressures. Experimental measurements 
showed that shear wave velocity and modulus of solid-octadecane-filled samples are signif- 
icantly larger than those of the dry and liquid-octadecane-filled ones, implying the potential 
stif fening ef fects related to solid infill in compliant pores. A three porosity structure model, 
which describes the solid stiffening effects related to equant, compliant and the intermediate 
pores with aspect ratios larger than those of compliant pores but much less than those of 
stif f pores, w as used to compare against the experimentally measured elastic properties for 
octadecane pore infill, together with several other fluid/solid substitution theories. The agree- 
ment between experimental measurements and theoretical predictions is reasonably good for 
the sandstone tested, providing that the three porosity model can be applied for pressure- and 

frequency-dependent elastic moduli estimations for a viscoelastic pore-infill-saturated sand- 
stone. Evaluating the combined squirt flow mechanism responsible for the observed moduli 
dispersion and attenuation is of great importance to reduce potential errors in seismic AVO 

inversion and 4-D seismic monitoring of gas-hydrate or bitumen-saturated reservoir, especially 

for reservoir rocks with complex microstructures and heterogeneous pore types. 

Key words: Elasticity and anelasticity; Microstructure; Acoustic properties; Seismic atten- 
uation. 
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1  I N T RO D U C T I O N  

Strengthening our current knowledge of the impacts of changes 
in pore-filling materials on dynamic elastic properties of porous- 
cracked rocks might be significant in geophysical practices of seis- 
mic exploration and monitoring of heavy-oil, gas-hydrates or bitu- 
men saturated reservoirs (e.g. see Das & Batzle 2008 ; Han et al. 
2008 ; Grechka 2009 ; Yuan et al. 2017 ; Zhao et al. 2017 ), as well 
as characterizing CO 2 geosequestration, hydrogen storage, contam- 
inant hydrology and nuclear waste storage effects related to salt 
precipitation and rock frame dissolution (see Vanorio et al. 2011 ). 
It is thus crucial to reduce uncertainties in these practices through 
more accurately relating physical properties of reservoir rocks with 
liquid , solid , or viscoelastic pore infills to their elastic responses. 
Ne vertheless, quantitati ve rock physics analysis for the integrated 
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permits unrestricted reuse, distribution, and reproduction in
influences of rock lithology and the pore infills through direct field 
measurements is often challenging partially due to limited cores of 
the investigated specimen volumes. Thus, laboratory experiments 
(e.g. Batzle et al. 2006 ; Subramaniyan et al. 2015 ; Yin et al. 2017 , 
and references therein), theoretical studies (e.g. Deng & Morozov 
2016 ; Han et al. 2021 ; He et al. 2022 ; He et al. 2024a , and refer-
ences therein) and numerical modelling methods focusing on Biot’s 
theory (e.g. Rubino & Holliger 2012 ; Mallet et al. 2017 ; Quintal 
et al. 2019 ; Alkhimenkov et al. 2020 ; Caspari et al. 2020 ; Alkhi- 
menkov & Quintal 2022a , 2022b ; Zhang et al. 2023 ) are particularly 
valuable for the non-destructive description of the poro-elasticity of 
reservoir rocks with viscoelastic pore infills. 

The fluid substitution theory of Gassmann ( 1951 ), which is inde- 
pendent of pore geometries but relies on porosity, matrix stiffness 
and fluid, is commonly used to estimate variations in the elastic 
ress on behalf of The Royal Astronomical Society. This is an Open Access 
s Attribution License ( https://creati vecommons.org/licenses/b y/4.0/ ), which 
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oduli for a macroscopically and microscopically isotropic homo-
eneous bulk rock frame upon fluid property changes. For rocks
lled with conventional fluids (e.g. oil and gas), their elastic proper-

ies are significantly different from those of rocks filled with highly
iscous (e.g. heavy-oil) or viscoelastic solid (e.g. bitumen) infills
e.g. Spencer 2013 ). In the deri v ation and application of Gassmann’s
ulk modulus equation, it is assumed that a rock’s pores are inter-
onnected and the fluid pressure remains equilibrated throughout
he pore system at suf ficientl y low frequency. Thus, the Gassmann
quations and all their extensions can be invalid at seismic frequen-
ies in the case of pores filled with solid or highly viscous materials
r non-Newtonian fluids, as the shear compliance of the pore-filling
aterial with its viscoelastic rheology can strongly restrict pressure

ommunications within the pore space at the representative elemen-
ary volume (REV) scale and make Pascal’s law inapplicable (e.g.
un et al. 2019a ; Solazzi et al. 2021 ). Similarly, the Biot theory,
hich assumes shear stresses in the pore fluid are insignificant in

ontrast with those in the solid frame, may not be valid for vis-
oelastic media in the seismic exploration frequency (e.g. Gurevich
t al. 2008 ). 

In view of this, several analytical theories were proposed to esti-
ate dynamic elastic moduli of a poroelastic rock filled with highly

iscoelastic or solid substances. Gurevich et al. ( 2008 ) introduced a
elf-consistent equi v alent-medium approach for approximate fluid
ubstitution of heavy-oil, frequency-dependent elastic moduli of
hich were in general agreement with experimental measurements.
hey reported the influence of temperature-dependent shear vis-
osity of the frequency-dependent shear modulus of a saturated
ock, and pointed out the underestimated P-wave dispersion can
e associated with stiffening effects of squirt flow in heavy-oil-
lled samples in the experiments. According to equations in Brown
 Korringa ( 1975 ), Ciz & Shapiro ( 2007 ) proposed a generalized
assmann approach applicable for calculating an ef fecti ve elastic

ensor of poroelastic media saturated with a highly viscous fluid
hat behaves as an elastic quasi-solid infill. Their analytical results
howed that the ef fecti ve solid-filled rock shear modulus, which is
ssociated with pore-space volume-averaged strain and relied on
ore shape and shear modulus of pore-filling materials, exhibited
ignificant discrepancies from the dry rock shear modulus. Based on
he recently presented embedded bound method, Saxena & Mavko
 2014 ) proposed exact substitution equations of modelling solid-
r viscoelastic fluids-filled rock stiffness (bulk and shear moduli)
sing reciprocity from the fluid-saturated and/or dry rock stiffness
easurements, for a general case of compression caused heteroge-

eous mean pressure in pores of arbitrary shape. The substitution
quations were expressed in terms of some measureable quantities
ather than heuristic pore infill compliance parameters. Moreover,
he authors argued that the model in Ciz & Shapiro ( 2007 ) may
nderestimated influences of solid or high-viscosity fluid on rock
lastic properties, considering the truth that it did not take into
ccount the spatially non-uniform stresses. 

Besides, an increasing number of controlled laboratory experi-
ents confirmed the important role of pore microstructure on rock

lastic moduli, which increase with increased differential pressures
ue to the closure of crack-like soft pores (microcracks; e.g. see
hapiro 2003 ; de Paula et al. 2012 ; Sun & Gurevich 2020 ; He et al.
021 , and references therein). The soft pores with small aspect ra-
ios were observed usually to possess a more important effect on
ock elastic properties compared to those of stiff pores. Also note
hat most crustal rocks exhibit microcracks with heterogeneous as-
ect ratio distributions. Although parameters characterizing pore
icrostructure including the compliant porosity and crack density
ay not be measured directly, they can be estimated through the
ressure dependence of dry rock ultrasonic elastic properties (see
avid & Zimmerman 2012 ; Duan et al. 2018 ). On the basics that

onfining stress causes different pressure gradients in the stiff and
ompliant porosities, Saxena & Mavko ( 2015 ) presented a quanti-
ative model to estimate the influences of solid-saturated soft pores
n ef fecti v e elastic properties. This model shows that the ov erall
ock stiffening are induced by the integrated effects of unrelaxed
quirt and shear (viscous solid-squirt) dispersion of rocks filled with
olid or high-viscosity infills. Ho wever , the model prediction may
ot be consistent with the low frequency Gassmann theory in the
ituation of fluid pore infills, as it assumes the soft pores are com-
letely disconnected from stiff pores. Subsequently, a generalized
ual-porosity structure for the fluid–solid substitution method was
eveloped in Glubokovskikh et al. ( 2016 ) to interpret the squirt
ffects and the partially relaxed condition between the low- and
igh-frequency limits. The model predictions, nevertheless, show
bvious deviations from the experimental measurements, which can
e attributed to the oversimplified pore microstructure underlying
he model. Indeed, the important difference between the measure-
ents and predictions implies that compliant and stiff pores cannot

uf ficientl y account for the so-called solid-squirt effect in solid sub-
titution experiments, an effect similar to the stiffening influence
f local (squirt) fluid flow in fluid-saturated cores, as shown in
akarynska et al. ( 2010 ) and recognized by Leurer & Dvorkin

 2006 ). 
It is also important to realize that, the porous saturated rocks have

een long shown to be dispersive, and thus frequency dependence
f ef fecti ve elastic moduli should be taken into considerations when
omparing theoretical predictions against laboratory measurements
e.g. see Yin et al. 2017 ; He et al. 2022 , and references therein). In
ar ticular, laborator y e xperiments hav e reported that elastic prop-
rties of the heavy-oil in its quasi-solid condition possess marked
requency dependence (e.g. see Batzle et al. 2006 ) and correspond-
ngly, the experimental measurements at low frequencies may be
trongl y dif ferent from those obtained at ultrasonic frequencies (e.g.
ee Han et al. 2008 ; Yuan et al. 2016 ). Therefore, direct laboratory
bservations of solid stiffening effects on rock elastic moduli in the
ow seismic frequencies are of considerable importance to help us to
nderstand the squirt mechanisms, as well as how they might affect
eismic surv e ys. Howev er, the related laboratory studies of elastic
ispersion and attenuation in solid-filled rocks are very sparsely
eported. 

During the past two decades, several laboratory apparatus based
n the forced oscillation method have been introduced that allow for
irect measurements at low frequencies and thus e v aluation of the
requency dependence of ef fecti ve elastic moduli of saturated rocks
e.g. see Batzle et al. 2006 ; Adelinet et al. 2010 ; David et al. 2013 ;

ikhaltse vitch et al. 2016 ; Ri viere et al. 2016 ; Pimienta et al. 2017 ;
orgomano et al. 2019 ; Chapman et al. 2019 ; Sun et al. 2020 , and

eferences therein). Batzle et al. ( 2006 ) conducted laboratory ex-
eriments of low-frequency forced axial oscillations and ultrasonic
ransmission methods on Uvalde bitumen-saturated carbonate, and
iscussed the apparent influence of high-viscosity pore infill on fre-
uency dependence of rock elastic properties. Through considering
eavy oils in the heavy-oil filled reservoirs as solid materials at
oom temperature and as liquid infills at higher temperatures, pre-
ious experimental studies also showed that shear wave properties
n heavy-oil reservoir exhibited stronger temperature dependence
t ultrasonic and seismic frequencies than the rock bulk modulus
e.g. see Behura et al. 2007 ; Han et al. 2008 ; Kato et al. 2008 ;

olf et al. 2008 ). In particular, Spencer ( 2013 ) investigated the
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effect of temperature and frequency on elastic moduli and the as- 
sociated attenuation in Ells River bitumen sand at low frequency 
range (00.2–2.5 Hz), and indicated that the formation heating ef- 
fect can be suf ficientl y large to be detected in time-lapse seismic 
monitoring surv e ys. More recentl y, Mikhaltse vitch et al. ( 2019 ) per- 
formed seismic frequency (2 Hz) laboratory measurements on solid 
(23 ◦C) and liquid (40 ◦C) octadecane filled Bentheim sandstone. 
They found that the stiffening effect of compliant pores on elastic 
moduli of a rock with solid pore-filling can be negligible at the low 

frequency and the measured ultrasonic shear modulus is larger than 
that obtained at the low frequency. 

In this work, we conducted a series of laboratory experiments 
to explore the effects of pore infill on the frequency dependence 
of the elastic moduli in a Berea sandstone at a range of ef fecti ve 
pressures across a wide frequency band, based on the forced os- 
cillation stress–strain approach complemented with the ultrasonic 
pulse technique. To contribute to current understanding of the com- 
bined effects of pore infills and pore shapes (i.e. pores and mi- 
crocracks), elastic property measurements were performed on the 
sandstone sample filled sequentially with gas, and solid (22 ◦C), 
highly viscous (or quasi-solid) (26 ◦C) and liquid (34 ◦C) octade- 
cane. Pressure-dependent moduli dispersion and attenuation upon 
the sandstone rock saturated with various pore infill phase states 
were observed and, the potential physical mechanisms responsible 
for experimental results were investigated. Predictions from sev- 
eral theoretical models were compared against the measured elastic 
moduli and a fluid–solid substitution model that we derived con- 
sidering the solid stiffening effects associated with heterogeneous 
pore types and complex microstructures. 

2  E X P E R I M E N TA L  M E T H O D O L O G Y  

2.1 Measur ement a pparatus f or dynamic moduli and 

attenuation 

The experimental apparatus, which uses a forced axial oscillation 
method, for the dynamic Young’s modulus E and Poisson’s ratio ν
measurements over a wide frequency range of f = [ 1 − 3000 ] Hz 
is illustrated schematically in Fig. 1 (see Yin et al. 2017 ; Sun et al. 
2020 ; He et al. 2024b ). It was designed to be put into a high-pressure 
container, which can attain confining pressures P C up to 45 MPa 
with nitrogen gas and regulate temperature between −20 and 100 ◦C 

via heating bath circulation thermostats. The system incorporates 
a multislice piezoceramic actuator to address a uniaxial sinusoidal 
force oscillation exerted at top of the testing sample, generating 
strain amplitudes < 10 −6 . The resulting bulk strain oscillations are 
recorded using four pairs of BCM semiconductor strain gauges 
bonded at the core sample centre and another two pairs of strain 
gauges attached on the bottom end reference aluminium, as shown 
in Fig. 1(b). From the measured strains, we calculate the complex 
and frequency-dependent Poisson’s ratio ν and Young’s modulus E
of a stressed core using (e.g. see Batzel et al. 2006 ): 

ν ( f ) = −ε rad ( f ) 

ε ax ( f ) 
, E 

( f ) = E Al ∗ ε Al ( f ) 

ε ax ( f ) 
, (1) 

where ε rad and ε ax represent, respecti vel y, mean radial and axial 
strains measured from the testing sample, ε Al is the axial strain of 
the reference aluminium and E Al is the known Young’s modulus for 
a standard aluminium sample. According to a phase shifts θ between 
the stress and strain, tangent of Poisson’s phases difference Q 

−1 
υ and 

extensional attenuation Q 

−1 
E are inferred as (e.g. see Batzel et al. 
2006 ; Subramaniyan et al. 2015 ; Sun et al. 2020 ): 

Q 

−1 
υ = tan ( θrad − θal ) , Q 

−1 
E = tan ( θal − θax ) , (2) 

where θal and θal represent the axial strain phases in the aluminium 

and the sample, respecti vel y, and θrad represents the sample’s ra- 
dial strain phase. Subsequently, the low-frequency bulk and shear 
moduli, K and μ, of the core sample can be derived using: 

K = 

E 

3 ( 1 − 2 υ) 
, μ = 

E 

2 ( 1 + υ) 
, (3) 

As shown in Fig. 1(b), from the ultrasonic pulse transmission 
method and the sample’s length, we calculate the high-frequency 
ultrasonic compressional and shear velocities, V P and V S , at the 
frequency of 1 MHz. Combined with bulk density ρ, the ultrasonic 
bulk and shear moduli, K HF and μHF , can be extracted using: 

K HF = ρ
(
V 

2 
P − 4 / 3 V 

2 
S 

)
, G HF = ρV 

2 
S . (4) 

Accordingly, ultrasonic Poisson’s ratio υHF and Young’s modulus 
E HF can be inferred as: 

υHF = 

3 K HF − 2 G HF 

2 ( 3 K HF + G HF ) 
, E HF = 

9 K HF × G HF 

3 K HF + G HF 
. (5) 

In our device, semiconductor strain gauges are bonded onto the 
sample surfaces with sticky epoxy (Devcon 5 Minute Epoxy) to 
keep the gauges fixed during the sample sealing and, in particular, 
to achieve a better coupling between the testing sample and the 
gauge during dynamic oscillation experiments under influences of 
different saturation fluid, pressure and temperature, although the 
actual mechanical coupling is primarily exerted by the confining 
pressure P C . In addition, for the ease of sample preparation and 
sealing it with epoxy resin from the nitrogen gas confining medium, 
a plexiglass-made mould was designed to guarantee that the 12 
electric wires connected to the six pairs of strain gauges attached on 
the sample surface can be fed out. Plenty of experiments proved that 
this sample sealing technique with the excellent air tightness can 
both successfully perverse the tested sample and release interface 
friction between the epoxy and the strain gauges. During all experi- 
mental measurements, the pore pressure w as successfull y regulated 
steady at approximately 1 MPa using a syringe pump linked to the 
core sample. 

2.2 Ph ysical pr operties of the sandstone sample 

The cylindrical rock specimen, measured in this study, is a Berea 
sandstone precisely grounded to diameter d = 38 . 1 mm and length 
L = 71 . 2 mm (see Fig. 2 ). The core plug was drilled, approxi- 
mately parallel to the poorly determined bedding plane, from an 
outcrop of Berea sandstone from the western United States. The 
sample possesses a porosity of ∼20 per cent, and we determined 
a permeability in the range of 267 × 10 −15 − 274 × 10 −15 m 

2 (or 
267 − 274 mD) by flushing the sandstone core with helium at a 
gas flow rate of 1 . 5 ml min −1 under controlled differential pressure 
P diff = P c − P f based on Darcy’s law, as shown in Fig. 3 . Accord- 
ing to X-ray diffraction and polarizing microscope analysis, we 
obtained the petrophysical properties and mineral compositions of 
the core plug. The porous sandstone has a quartz content of ap- 
proximately 80 . 3 per cent , feldspar 5 . 3 per cent , calcite 3 . 5 per cent 
and many other fillings such as clays and albite, as listed in Ta- 
ble 1 . In accordance with the Voigt–Reuss–Hill average, the elastic 
properties of rock frame, K g and G g , were estimated via volumetric 
contributions of individual mineral grain and their corresponding 
elastic properties. 
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Figure 1. Schematic drawings of the multifrequency band elastic parameters measurement apparatus: (a) the low-frequency stress–strain system based on the 
forced-oscillation method and (b) photograph of the sample stack and the testing core with axial and radial strain gauges. The specific indies represent A , 
oscillator; B , support rod; C , standard aluminium; D , ultrasonic transducers; E , strain gauges and F , Fluid pipes. 
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The selected sandstone, consisting of the approximately pure
uar tz-for med skeleton grains and cement, exhibits complex mi-
rostructures of heterogeneous pore types. A core sample of 3.8 mm
iameter was imaged with an X-ray microscope (MicroXCT-400)
o obtain a comprehensive knowledge of pore microstructure, distri-
ution and connectivity (Figs 2 c and d). The assumption of homo-
eneity and isotropy of a core sample at the REV scale (i.e. volume

grain’s v olume), w hich represents one key requirement for uni-
orm stress distribution in the low-frequency forced axial oscillation
ethod, is consistently verified through microscopic cross-section

mages. The different quartz grains of the core specimen exhibits
and grain orientations (Figs 2 a and b) and, the average size of min-
ral grain is around 200 μm, much smaller than the strain gages
ength of ∼ 5 mm. 

.3 Pore-filling substitution procedures 

ctadecane CH 3 (CH 2 ) 16 CH 3 , which is a hydrocarbon with a melt-
ng point at ∼ 28 o C , was used as pore infill in its solid ( 22 o C ),
uasi-solid ( 26 o C ) and liquid ( 34 o C ) forms in our experimental
tudy. The measured octadecane densities are 778 and 785 kg m 

−3 

t pressure of 1 MPa for the liquid and solid phases, respecti vel y,
hich may cause significant impacts on elastic properties of com-
letely saturated core sample (e.g. Sun et al . 2019b ; Mikhaltsevitch
t al. 2019 ). Accordingly, densities of the core sample, respec-
i vel y, filled b y liquid- and solid-octadecane are close and equal
o ρliq = 2260 kg m 

−3 and ρsol = 2263 kg m 

−3 . Elastic moduli of
K = 3 . 82 GPa and G = 1 . 43 GPa are used for the solid octade-
ane, and K = 1 . 48 GPa used for the liquid phase, as summarized

n Table 2 . p  
Via laying the core sample on the top solid octadecane and heating
he target in an oven over 36 hours at temperature T = 60 o C ,
ore system of the core sample can achieve complete octadecane
aturation through the vacuum method. After the core plug was
 v acuated over 48 hr till no bubbles emerged, full fluid saturation
an be examined by observing the increased sample weight did not
hange with time, corresponding to the rock porosity and density
f pore-infilling. And vice versa, the pore space can be filled with
olid octadecane by cooling the sample down to T = 22 o C . 

.4 Measurement protocols 

uring laboratory experiments, the sandstone sample was measured
rst under dry state with nitrogen gas saturation. Subsequently, the
ore plug was measured with octadecane-saturated conditions in
he solid, quasi-solid (or highly viscous) and liquid forms. Physical
roperties of the pore-filling materials are listed in Table 2 . Prior
o experimental measurements of frequency and pressure effects
f the dry Young’s modulus E and Poisson’s ratio ν at tempera-
ure of T = 22 o C , the core plug was oven-dried at temperature of

T = 80 o C during 30 hours to make it consistent with local ambient
oisture. Moreover, in order to achieve a balanced stress distribu-

ion, exerted pressure was maintained over a period of ∼ 2 hr prior
o each measurement. It should be mentioned that a constant stress
P = 0 . 5 MPa was imposed under axial oscillations to guarantee a
reat seamless contact between the actuator and the test sandstone.
hree low-frequency stress–strain experiments were performed to

nspect the repeatability of experimentally measured results at each
ressure and, the mean value for all measured data sets was applied

art/ggae195_f1.eps
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Figure 2. Selected 2-D microscopic images illustrating microstructures of the sandstone sample: (a) and (b) thin section photomicrograph at two different 
scales and, (c) and (d) mutually perpendicular X-ray micro-CT image of core plug with a diameter of 3 . 8 mm. 

Figure 3. Measured (a) rock porosity and (b) permeability variations with differential pressure P diff . 
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as the final measurement. The system errors in the measured re- 
sults, as indicated using error bars, may arise from: (i) the bonding 
of strain gauges and their accuracy limit (gauge factor and resistance 
deviation), (ii) possible misalignment of the device with the axial 
stress, (iii) small non-parallelism deviation of core sample prepa- 
ration and epoxy coatings thickness and (iv) electronic jamming. 
After the forced axial oscillation measurements, ultrasonic trans- 
mission experiments were performed to derive the corresponding 
high-frequency dry elastic properties. 

Following experimental measurements performed for the dry 
core, the solid-octadecane-filled core was jacked, reassembled into 
the apparatus. Pressures and frequencies for the forced axial oscil- 
lation and ultrasonic transmission experiments were entirely con- 
sistent with that for the dry case, but at temperatures of T = 22 o C , 
26 o C and 34 o C subsequently. Following the measurements of 
solid-filled sample at T = 22 o C , the test vessel was heated at 
T = 26 o C for 12 hr and the core sample was filled with quasi-solid 
octadecane in the solid form. After that, the sample was heated 
up to 34 − 36 o C and the frequency-dependent elastic properties of 
liquid-octadecane-filled sandstone were measured under the differ- 
ential pressures used in the previous procedure, but with a constant 
pore pressure at about P P = 1 MPa. 

art/ggae195_f2.eps
art/ggae195_f3.eps
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Table 1. Petrophysical properties and mineral compositions of the Berea 
sandstone used in the experiments. 

Core sample number Berea sandstone 

Porosity (at 5 MPa), φ (per cent) 
Helium permeability (at 5 MPa), κ ( ×10 −15 m 

2 ) 
Bulk modulus of solid grains, K g (GPa) 
Shear modulus of solid grains, G g (GPa) 
Density of solid grains, ρg (kg m 

−3 ) 
Length, L (mm) 
Diameter, D (mm) 
Dry frame bulk modulus (at 5 MPa), K m 

(GPa) 
Dry frame shear modulus (at 5 MPa), G m 

(GPa) 
Quartz (per cent) 
Feldspar (per cent) 
Calcite (per cent) 
Dolomite (per cent) 
Clay (per cent) 
Albite (per cent) 

20.1 
272.1 
35.6 
36.2 
2638 
71.2 
38.1 
14.1 
10.8 
80.3 
5.3 
3.5 
4.3 
3.2 
3.4 
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 E X P E R I M E N TA L  R E S U LT S  

.1 Measurements at seismic frequencies on the dry 
ample 

he frequency dependence of dry Young’s modulus E (Fig. 4 a)
nd Poisson’s ratio ν (Fig. 4 b), as well as their error bars, mea-
ured from the sandstone core filled with nitrogen gas at each
ifferential pressure P diff under axial oscillation are presented in
ig. 4 . Their corresponding maximum attenuation 1 / Q E (Fig. 4 c)
nd 1 / Q ν (Fig. 4 d) are less than 0 . 02 and, decrease with the increas-
ng differential pressure. The bulk modulus K (Fig. 4 e) and shear

odulus G (Fig. 4 f) were derived from the measured frequency- and
ressure-dependent E and υ using eq. ( 3 ). We see that the differen-
ial pressure has a significant effect on measured Young’s modulus,
oisson’s ratio, bulk modulus and shear modulus, which increase
y about 100 per cent , 38 per cent , 111 per cent and 65 per cent , re-
pecti vel y, with the increase of P diff from 1 to 20 MPa. Within the
requency range of f = [ 1 − 3000 ] Hz for the forced axial oscil-
ations, nevertheless, E , ν, K and G exhibit negligible frequency
ependence (non-dispersive) at each P diff , which is likely due to a
ystem response (e.g. Chapman et al. 2019 ; Sun et al. 2020 ; He et al.
022 ). Attributed to the impact of gradually closing of rock compli-
nt pores, experimentally measured dry E and ν increase from about
8 GPa and 0 . 123 at the smallest pressure P diff = 1 MPa to about
6 GPa and 0 . 17 at a relati vel y higher pressure P diff = 20 MPa. 

.2 Ultrasonic measurements 

or the sandstone sample filled with nitrogen gas (at 22 o C ), solid
at 22 o C ), quasi-solid (at 26 o C ) and liquid (at 34 o C ) octadecane
Fig. 5 ), we observe similar variations of ultrasonic velocities, V P 

nd V S , as functions of differential pressure P diff . After solid pore
ubstitution to octadecane having a higher bulk modulus, measured

V P and V S exhibit the highest velocities (solid green curves in Fig. 5 ).
orrespondingly, the sandstone has a smaller P-wav e v elocity when
lled with nitrogen gas or liquid octadecane of a smaller bulk mod-
lus. At pressures P diff < 20 MPa, ultrasonic compressional ve-
ocities V P under the dry and liquid filled cases are distinguished
 y unusuall y rapid non-linear increase with the increasing pressure

P diff . As P diff exceeds over 20 MPa, the velocity–pressure curve
xhibits approximately linear variations with a decreasing slope.
evertheless, magnitudes of compressional and shear wav e v eloc-
ties from the dry and the liquid substance filled cores exhibit sig-
ificant differences. At pressures P diff > 20 MPa, on the contrary,
 -wav e v elocities V S of the sandstone after fluid substitution to liq-
id octadecane saturation are lower than those of the dry sample. We
bserve the obvious ‘crossover point’ at an intermediate differential
ressure of ∼ 18 MPa in Fig. 5 (b), similar to previous experimental
easurements for different kinds of sandstones (e.g. see David et al.

013 ; Yin et al. 2017 ; He et al. 2022 ). 
After heating the sample with solid octadecane ( 22 o C ) pore

nfills to quasi-solid octadecane ( 26 o C ) saturation, V P decreases
y about 60 m s −1 while V S decreases by about 300 m s −1 at the
ame differential pressure, which is likely due to the declines of
hear modulus of octadecane with the increasing temperature. These
esults also demonstrate that at P diff = 30 MPa when changing the
ore pore-filling form from the gas-saturated to the fully liquid-
ctadecane-filled and from the latter to the solid-octadecane-filled,
he wav e v elocities V P increase by ∼ 3 . 8 per cent and ∼ 14 . 6 per cent ,
especti vel y. In addition, shear wave velocity V S in the case of liquid-
ctadecane saturation at T = 34 o C is ∼ 11 . 6 per cent smaller than
hose in the case of solid pore infills at T = 22 o C . 

.3 Fr equenc y and pr essur e dependence of the 
ctadecane-saturated sandstone 

or the sandstone sample fully filled by octadecane, there are dis-
incti ve v ariation characteristics in elastic moduli dispersion and
ttenuation under different pressures P diff at different temperatures

T , as shown in Figs 6 –8 at T = 22 o C , 26 o C and 34 o C . As mea-
uring frequency increases, Young’s modulus E increase at most of
ifferential pressures. Poisson’s ratio ν in the liquid and quasi-solid
ctadecane-saturated cases tend to increase with the increasing fre-
uency at each pressure P diff , while the measured ν in the solid
ctadecane-saturated sandstone exhibits fluctuation and appears to
lightly decrease. The corresponding attenuation show some fre-
uency dependence phenomenon in Figs 6 (c), (d), 7 (c), (d), 8 (c)
nd (d). The measured variation of moduli dispersion on the poroe-
astic specimens can be quantitati vel y related to the corresponding
ttenuation using the causality principle typically represented by the
ramers–Kronig (K-K) relationship (e.g. see Mikhaltsevitch et al.
016 ). The Young’s moduli determined from the K-K fitting method
ith a linear interpolation (solid curves in Figs 6 a, 7 a and 8 a) show
 satisfactory fit to experimental measurements over the interested
requencies f = [ 1 − 3000 ] Hz. Although the fitting procedure may
ely on some particular physical assumptions on the frequency de-
endence of elastic moduli, the reasonable good agreement between
he predicted Young’s modulus and the measurements indicates that
he measured E and 1 / Q E are consistent with the Kramers–Kronig
elation. This reflects that the measured results are causal and ex-
ibit a common physical source, and hence guaranteeing that our
xperimental measurements are reliable and related to viscoelastic
nergy dissipation. 

In particular, as frequency increases from 1 to 3000 Hz, the
easured Young’s modulus E (Fig. 8 a) of the completely liquid-

ctadecane-filled sandstone increases from ∼ 19 . 5 to ∼23.5 GPa by
0 . 5 per cent at P diff = 1 MPa , the Poisson’s ratio ν (Fig. 8 b) from

0 . 14 to ∼ 0 . 2 by 42 . 9 per cent , the bulk modulus K (Fig. 8 e)
rom ∼ 9 . 2 to ∼ 12 . 6 GPa by 36 . 9 per cent , and the shear modulus

G (Fig. 8 f) from ∼ 8 . 6 to ∼ 9 . 7 GPa by 12 . 8 per cent . For the quasi-
olid and solid octadecane-filled sample, we find that the elastic
oduli show similar tendency with those of the liquid-filled case,
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Table 2. The physical properties of pore-filling materials used in this study. 

Properties of pore-filling 
materials at 1 MPa 

Nitrogen gas (at 
22 o C ) 

Liquid octadecane (at 
34 o C ) 

Quasi-solid octadecane 
(at 26 o C ) 

Solid octadecane (at 
22 o C ) 

Bulk modulus (GPa) 
Shear modulus (GPa) 
Density (kg m 

−3 ) 
Viscosity ( ×10 −3 Pa ·s) 

K NG = 0 . 00142 
G NG = 0 
ρNG = 12 

ηNG = 0 . 0175 

K LO = 1 . 48 
G LO = 0 

ρLO = 778 
ηLO = 3 . 3 

K SO = 3 . 14 
G SO = 1 . 12 
ρSO = 782 
ηSO ≈ 10 6 

K SO = 3 . 82 
G SO = 1 . 43 
ρLO = 785 
ηSO > 10 7 

Figure 4. The measured frequency dependence of (a) Young’s modulus E and (c) its corresponding attenuation 1 / Q E , (b) Poisson’s ratio ν and (d) its 
attenuation 1 / Q ν , (e) bulk K and (f) shear G moduli for the Berea sandstone filled by nitrogen gas (at 22 o C ) at different pressures P diff . Please note that each 
symbol of open circle represents the mean measurement of three experiments and their corresponding error bars are illustrated. 
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but with smaller frequency and pressure dependence. The observed 
discrepancies may be attributed to the difference in the pore infill 
state at different experimental temperatures, which leads to the 
increase in bulk and shear moduli and the fluid viscosity due to the 
variation from liquid to solid octadecane (see Table 2 ). Fur ther more, 
we observe rapid transitions of E , ν, K and G , with the change 
of the core infilling state from the fully liquid-saturated case to 
the quasi-solid-filled infills and from the quasi-solid-filled case to 
the solid-filled pore infills. Under any given P diff at low seismic 
frequencies, we see E increases by ∼ 5 and ∼ 7 GPa, ν increases 
by ∼ 0 . 022 and ∼ 0 . 02 , K increases by ∼ 2 and ∼ 5 . 5 GPa, and G
increases by ∼ 1 . 4 and ∼ 2 . 8 GPa, respecti vel y. 

In addition, from the low-frequency experimental results, we ob- 
serve that the largest dispersion and its associated attenuation peaks 
of measured elastic properties happen at around 165 Hz for liquid- 
octadecane saturation at 34 o C and at around 1 Hz for the quasi-solid 
state at 26 o C . It is interesting to find that this frequency dependence 
and the corresponding attenuation are decreasing with the increas- 
ing differential pressure, as well as the increasing viscosity of oc- 
tadecane as temperature decreases. For pressure P diff = 15 MPa, 
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Figure 5. Ultrasonic P - and S -wave velocities experimentally measured on the core sample filled by nitrogen gas (at T = 22 o C ), solid (at T = 22 o C ), 
quasi-solid (at T = 26 o C ) and liquid (at T = 34 o C ) octadecane under different differential pressures P diff . Graphs (a) and (b) represent mean values of P - 
and S -wave velocities V P and V S and their standard error bars. 

Figure 6. The measured frequency dependence of (a) Young’s modulus E and (c) its corresponding attenuation 1 / Q E , (b) Poisson’s ratio ν and (d) its 
attenuation 1 / Q ν and (e) bulk K and (f) shear G moduli for the sandstone core filled by solid octadecane at T = 22 o C under different pressures P diff . In graph 
(a), solid curves indicate a parametric fit to the laboratory measurements based on the Kramers–Kronig relationship (e.g. see Mikhaltsevitch et al. 2016 ). Note 
that each symbol of open circle represents the mean measurement of three experiments and their corresponding error bars are illustrated. 
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Figure 7. The measured frequency dependence of (a) Young’s modulus E and (c) its corresponding attenuation 1 / Q E , (b) Poisson’s ratio ν and (d) its 
attenuation 1 / Q ν and (e) bulk K and (f) shear G moduli for the sandstone core saturated with quasi-solid octadecane at T = 26 o C under different pressures 
P diff . In graph (a), solid curves indicate a parametric fit to the laboratory measurements based on the Kramers–Kronig relationship (e.g. see Mikhaltsevitch 
et al. 2016 ). Note that each symbol of open circle represents the mean measurement of three experiments and their corresponding error bars are illustrated. 
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the measured Young’s modulus exhibits nearly no frequency de- 
pendence and, apparently the associated attenuation possess peak 
magnitudes below 0.015 over the seismic frequency band for the 
case at temperatures of 22 o C and 26 o C . In the case of liquid- 
octadecane saturation at T = 34 o C , nevertheless, the bell-shaped 
curve of attenuation (Fig. 8 c) appears to increase and is consistent 
with evolution of Young’s modulus E at each pressure P diff (see 
Fig. 8 a). 

For a comparison of pore-filling substance and frequency ef- 
fects, pressure-dependent Young’s modulus E and Poisson’s ratio υ
measured in the sandstone with liquid and solid pore infills at differ- 
ent measuring frequencies f = [ 10 , 100 , 10 6 ] Hz are illustrated in 
Fig. 9 , together with dry E and υ. The values of E HF and νHF were de- 
rived from the measured ultrasonic velocities (see Fig. 4 ) using eqs 
( 4 ) and ( 5 ). Overall, an obvious distinction between pressure, fre- 
quency and pore infills is found. Obtained Young’s modulus E and 
Poisson’s ratio ν exhibit measureable pressure sensitivity under the 
nitrogen gas and octadecane-filled conditions for frequencies higher 
than 10 Hz. For measuring pressures of P diff = [ 1 , 5 , 10 , 15 , 20 ] 
MPa, E and υ increase with frequency, while the ultrasonic mea- 
surements are sharply larger than the low-frequency forced oscil- 
lation results. It is easy to understand this experimental observa- 
tion if we recall that at ultrasonic frequencies, there’s no time 
for rock pore space to equilibrate, resulting in much higher rock 
stiffness. In particular, for the fully liquid- and solid-filled rock at 
P diff = 5 MPa, E increases from 24 and 35 GPa to around 30 and 
42 . 2 GPa, and υ increases from 0 . 155 and 0 . 197 to around 0 . 195
and 0 . 238 , respecti vel y. Fur ther more, at an y gi v en frequenc y, the
liquid-octadecane-filled E and υ measurements are of lower mag- 
nitudes as compared with the solid-octadecane-filled results. When 
the solid infill is substituted with the liquid one, the pressure P d iff 

seems not to enhance the frequency dependence of E and υ. Corre- 
spondingl y, at an y gi ven P d iff , phase transition of pore infills causes 
a decline of deduced ultrasonic results of Young’s modulus E by 
about 42 per cent , whereas the Poison’s ratio ν decreases by about 
20 per cent . 
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Figure 8. The measured frequency dependence of (a) Young’s modulus E and (c) its corresponding attenuation 1 / Q E , (b) Poisson’s ratio ν and (d) its 
attenuation 1 / Q ν and (e) bulk K and (f) shear G moduli for the sandstone core filled by liquid octadecane at T = 34 o C under different pressures P diff . In 
graph (a), solid curves indicate a parametric fit to the laboratory measurements based on the Kramers–Kronig relationship (e.g. see Mikhaltsevitch et al. 2016 ). 
Note that each symbol of open circle represents the mean measurement of three experiments and their corresponding error bars are illustrated. 
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 I N T E R P R E TAT I O N :  D I S P E R S I O N  I N  

C TA D E C A N E - S A  T U R A  T E D  

A N D S T O N E  OV E R  T H E  F R E Q U E N C Y  

A N G E  

he non-linear relationship between the steep increase of ultrasonic
ompressional and shear velocities with differential pressure P d iff ,
speciall y under relati vel y low confining pressures (Figs 4 a and b),
an be likely due to the effect of deforming the pore space and clos-
ng cracks having low aspect ratios on the pressure sensitivity of
lastic properties of the porous core (e.g. see David & Zimmerman
012 ; Duan et al. 2018 ). The increase of pressure P diff leads to an
ncrease in elastic moduli, related to the strong squeezing of solid
 rains and g radual closing of thin cracks with various aspect ratios.
t suf ficientl y high P diff where the compliant pores are substan-

iall y closed, ne ver theless, dr y ultrasonic velocities are approaching
o the liquid-filled ones and, discrepancies in rock elastic proper-
ies between the seismic and ultrasonic frequencies are gradually
educed (Fig. 9 ). Apparently, this kind of pressure dependence is
ock type dependent and especially depends on pore microstructure
 a  
arameters (e.g. see de Paula et al. 2012 ; Borgomano et al. 2019 ;
un et al. 2020 ). In response to pore-filling substitution with oc-

adecane having a higher bulk modulus, the rock stiffnesses also
ncrease, leading to a higher compressional velocity and the derived
ulk modulus under the octadecane saturation compared to those
n the dry case (Figs 4 a and 11 a). In addition, considering non-
egligible shear compliance of the quasi-solid or solid pore infill,
hear wave velocities are significantly higher than the dry and the
iquid-saturated ones (Figs 4 b and 11 b). The discrepancies between
hear wave velocities, as well as the deduced shear moduli, under
as and completely liquid-saturated rocks decline gradually with
ncreasing pressure P diff . 

.1 Fluid and solid substitution theories 

or porous rocks under full saturation, elastic moduli dispersion
nd attenuation are induced presumabl y b y w ave-induced fluid flow
WIFF) at various length scales in pores with different geometries
nd orientations. Most earlier studies on investigation of aspect ratio

art/ggae195_f8.eps
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Figure 9. Pressure-dependent experimental results of (a) Young’s modulus 
E and (b) Poisson’s ratio υ at frequencies f = [ 10 , 100 , 10 6 ] Hz, respec- 
ti vel y, for the Berea sandstone sample saturated with nitrogen gas (magenta 
line), liquid- (blue line) and solid-octadecane (red line). 
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distributions of rock microcrcaks are based on the assumption that 
the pore system of most crustal rocks exhibits a dual-porosity struc- 
ture including stiff matrix pores ( φs ) and compliant crack-like pores 
( φc ) (e.g. see Shapiro 2003 ; Gurevich et al. 2010 ; David & Zim- 
merman 2012 ; Duan et al. 2018 ), or a triple-porosity scheme which 
is consisted of the equant pore ( φe ) with aspect ratios approximate 
to 1, moderately stiff (or intermediate) porosity ( φm 

) and compliant 
porosity ( φc ) of often 0 . 001 or less (e.g. see de Paula et al. 2012 ; 
Sun et al . 2018). By construction, the characteristic aspect ratio of 
the so-called intermediate pore, in the range of 10 −3 − 2 × 10 −1 , 
is much lower than that of the stiff pore but larger than that of 
the compliant pore. Such moderatel y stif f porosity may decline ex- 
ponentially as the pressure increases and close approximately at 
P c = αs K e , where K e is the bulk modulus of a rock hypothermic 
rock with only equant pores of usually on the order of the grain 
bulk modulus and αs is the fitting pressure sensitivity coefficient. 
Accordingly, for a sedimentary sandstone, such intermediate poros- 
ity is only expected to hypothetically close at confining pressure in 
the range between 200 and 2000 MPa. Via controlled laboratory 
experiments, He et al. ( 2022 ) confirmed that the pressure and fre- 
quency dependence of elastic properties in fluid-filled sandstones 
can be reasonably accounted for using the a generalized model of 
Triple Pore structure that considers the effects of inhomogeneous 
Aspect ratio distributions of compliant pores, or referred to as TPA 

model. For rock porosity described by a mix of three types of pores 
( φ = φe + φm 

+ φc ), the impacts of equant, moderately stiff and 
compliant pores filled by solid or highly viscous inclusions can be 
treated sequentially, and two kinds of squirt flow processes exist: 
squirt between equant and intermediate pores having a high charac- 
teristic frequency within normal scope of ultrasonic measurements, 
and squirt between fractions of stiff ( φs = φe + φm 

) and compliant 
pores occurring at a lower characteristic frequency that may be im- 
portant in typical seismic frequency range. The frequency and pres- 
sure dependence of unrelaxed bulk and shear moduli, K mf ( P , ω ) 
and G mf ( P , ω ) , for the modified rock matrix associated with the 
combined squirt flow effects, where φm 

and φc are fully saturated 
with fluid while φe remains empty, can be expressed as (e.g. see 
Gurevich et al. 2010 ; Sun et al. 2019a ; Sun et al. 2019b ) 

K m f ( P, ω ) = 

⎡ 

⎢ ⎣ 

1 

K ep 
+ 

1 (
1 

K cp ( P ) 
− 1 

K ep 

)−1 
+ 

M f m 

φm ( P ) 

+ 

1 (
1 

K dr y ( P ) 
− 1 

K cp ( P ) 

)−1 
+ 

M f c 

φc ( P ) 

⎤ 

⎥ ⎦ 

−1 

, 

(6
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G ep 
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15 
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) 

]
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G f m 
+ 
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G f m 

= 

1 
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15 
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)−1 
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5 

2 
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φc ( P 

) 
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(9)

In above equations, ω = 2 π f denotes angular frequency, P is the 
differential pressure ( P = P diff ), and G f represents shear modulus 
of the pore inclusion. M fm 

and M fc refer to the ef fecti ve compres- 
sional stiffness of the pore infill for intermediate and compliant 
pores, respecti vel y. K dry ( P ) and G dry ( P ) are rock elastic moduli 
estimated from ultrasonic dry velocity measurements using eq. ( 4 ). 
K cp ( P ) and G cp ( P ) represent the pressure-dependent unrelaxed dry 
moduli of a hypothetical rock in which all compliant pores are com- 
pletely closed at relatively high pressures. K ep and G ep denote dry 
frame elastic moduli of a supposed rock containing equant pores 
solely and both compliant and intermediate pores are closed com- 
pletely at the high pressure limit. It is important to mention here 
that the squirt flow theory in Gurevich et al. ( 2010 ) assumes the 
radical fluid flow in rock cracks that is connected to a toroidal pore 
and therefore, the frequency dependence of this analytical model 
is not accurate as shown by 3-D numerical solutions of frequency- 
dependent dispersion and attenuation due to squirt flow in Alkhi- 
menkov et al. ( 2020 ). 

In this work, the ef fecti ve compressional stif fness of a typical 
compliant or intermediate inclusion M f can be approximately rep- 
resented using (e.g. Tsai & Lee 1998 ; Glubokovskikh et al. 2016 ) 

M f = K f + 

4 

3 
G f −

(
K f − 2 

3 G f 

)2 

(
K f + 

2 
3 G f 

) αγ f ·I 0 ( αγ f ) 
2 I 1 ( αγ f ) 

− G f 

, (10) 

where α denotes an inverse aspect ratio of intermediate or com- 
pliant pores, I k denotes the a modified Bessel function of the first 

kind for the k th order, and γ f = 

√ 

36 G f 
3 K f + 4 G f 

. According to above for- 

mations, when the rock compliant and intermediate pores are fully 
saturated by an inviscid fluid, G f = 0 , and hence M fm 

= M fc = 0 . 
Consequentl y, the partiall y relaxed rock frame elastic moduli (eqs 6 
and 7 ) can be written as 
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Figure 10. (a) The pressure-dependent crack density (blue circle and dashed curve) estimated using the ultrasonically measured dry elastic properties and 
the fitting curve (solid curve), and (b) the intermediate porosity φm 

(open circle and blue line) and the compliant porosity φc (open diamond and orange 
line) at v arious dif ferential pressure P diff . The estimated (c) crack porosity and (d) the cumulative crack density as a function of α at different pressures 
P diff = [ 1 , 5 , 10 , 15 , 20 ] MPa. 
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K mf ( P, ω ) = 
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⎢ ⎣ 
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) 
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(12) 

here η is fluid viscosity and, αm 

and αc represent aspect ra-
ios of the intermediate porosity φm 

and compliant porosity φc ,
especti vel y. Once the unrelaxed elastic moduli, K mf ( P , ω ) and

G mf ( P , ω ) , for the modified rock matrix are available, frequency-
nd pressure-dependent dynamic elastic moduli, K 

fluid 
Gass and G 

fluid 
Gass ,

f the fully fluid- or inviscid-liquid-saturated rock can be calculated
sing Gassman’s ( 1951 ) equation 

K 

fluid 
Gass ( P, ω 

) = 

[ 
1 

K g 
+ 

φ
(
1 / K f − 1 / K g 

)
1 + φ

(
1 / K f − 1 / K g 

)
/ 
(
1 / K m f ( P, ω 

) − 1 / K g 

)
] −1 

, 

(13

G 

fluid 
Gass ( P , ω 

) = G mf ( P , ω 

) , (14) 

here K f and K g denote bulk modulus of the pore infill and the
olid mineral, respecti vel y. 

Appendix A presents the main procedures for the microstructure
stimation of compliant and intermediate pores and, the pressure-
nd frequency-dependent elastic moduli prediction in fully satu-
ated rocks. The experimentally measured (open circle) and fitted
solid curve) crack density as a function of differential pressure are
hown in Fig. 10(a). Fig. 10(b) illustrates the pressure-dependent
ock porosities, φm 

( P ) (blue) and φc ( P ) (red), of intermediate and
ompliant pores estimated from the ultrasonic dry moduli measure-
ents, respecti vel y, using φi 

c ( P ) = 

4 
3 παi 

c ( P ) �( P ) and eqs ( B5 ) and
 B6 ). As can be found, the compliant porosity φc declines exponen-
ially as the increasing pressure, while the compliant porosity φm 

xhibits a more linear feature at pressures below 50 MPa. The crack
orosity φc and cumulative crack density � against compliant aspect
atio αi 

c at five differential pressures are illustrated in Fig. 10(c) and
0(d), respecti vel y. We find the main aspect ratio corresponds to the
eak in the curves φi 

c at each pressure P diff , and thus the cumulative
rack density can be extracted. The obtained total crack density
s about 0 . 34 at P diff = 1 MPa, implying that the sandstone spec-
men represents a typical dual porosity scheme that is controlled
 y stif f pores and compliant pores with low aspect ratio. This can
lso be verified from the 2-D microtomographic images in Fig. 2 .
ccording to rock microstructural characteristics of compliant and

ntermediate pores (their porosity and aspect ratio), the TPA model
s generalized to consider the effects of complex pore microstructure
n dynamic elastic properties. 

Alternati vel y, the undrained frame elastic moduli of a rock with
tif f pores full y saturated b y solid or highl y viscous inclusion
an normally be obtained using the isotropic generalized Brown-
orringa’s and Gassmann’s equations in Ciz & Shapiro ( 2007 ; CS
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Figure 11. Comparisons of the experimental results (black symbols) against 
theoretical predictions (coloured curves) of (a) bulk modulus K and (b) shear 
modulus G under different pressures P diff in the sandstone sample: ultrasonic 
moduli experimentally measured on nitrogen gas (open circle) and, liquid 
(open square) and solid (solid circle) octadecane filled core. Elastic moduli, 
which were predicted using the Gassmann, differential Mori-Tanaka (DMT) 
and TPA models for the liquid-octadecane-filled cores, as well as using 
the Ciz-Shapiro (CS), Saxena-Mavko (SM) and the TPA models for the 
solid-octadecane-filled cores, are illustrated. 
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model), or through the lower embedded bound method in Saxena 
& Mavko ( 2015 ; SM model) as the induced stress diffusion are 
likely to be equilibrated in the stiff pore infills. Descriptions of fluid 
and solid infill substitution based on the CS and SM models in an 
isotropic homogeneous rock are presented in Appendix B . 

In addition, for comparisons with our ultrasonic measurements 
of the liquid-saturated rock in Fig. 11 , a modified Mori-Tanaka 
model (Mori & Tanaka 1973 ) and the classical Gassmann ( 1951 ) 
theory in eqs. ( 13 ) and ( 14 ) were utilized collecti vel y to examine 
the accuracy and stability of experimentally measured drained rock 
elastic moduli. In Appendix D , the differential Mori-Tanaka (DMT) 
model for calculating dry frame moduli is described. 

4.2 Solid stiffening effect on rock elastic properties 

Once all required parameters for fluid/solid substitution relations 
are deriv ed, e xperimental results in the liquid- and solid-saturated 
sandstone were compared against estimations from the theoretical 
models. In Figs 11 (a) and (b), the derived dry elastic moduli (black 
open circles) from ultrasonically measured v elocities e xhibit sig- 
nificant pressure sensitivity, which becomes declining strongly for 
the sandstone with solid pore infills. Estimates of the DMT model 
(dashed red curves) show a better fit with ultrasonic elastic moduli 
measurements in the liquid-octadecane-filled sample (black open 
squares) compared to the predicted results based on the Gassmann 
theory (dashed black curves), although both theories slightly un- 
derestimate the liquid-filled results especially at small differential 
pressures, which is probably associated with the instability of ultra- 
sonic measurements at relati vel y small pressures. Compared with 
the bulk modulus K of a liquid-saturated rock, we see the predicted 
shear modulus μ from DMT and Gassmann models show smaller 
discrepancies to the e xperimental measurements. Howev er, the dif- 
ferences in predictions are mainly because the ultrasonic laboratory 
condition based DMT model considers the pore geometry effects, 
while the low/zero-frequency Gassmann’s theory is independent of 
pore shape variations, indicating elastic moduli dispersion between 
the low- and high-frequency bands. 

The SM model (Saxena & Mavko 2015 ) significantly overes- 
timates the bulk and shear moduli measurements from the solid- 
octadecane-filled sandstone, while the CS model (Ciz & Shapiro 
2007 ) produces a more reasonable estimation but still exhibits an ob- 
servable discrepancy for bulk modulus and shear modulus (Figs 11 a 
and b). After fluid substitution to solid octadecane saturation, K and 
μ increase by approximately 1 . 5 and 1 . 2 GPa at each differential 
pressure from the SM model, but both elastic moduli show a de- 
crease by around 0 . 6 GPa from the CS model. This is probably 
because the CS model, which follows the assumption of the load- 
induced homogeneous mean strain and stress distribution through- 
out the entire pore system, does not introduce stiffening impacts 
of compliant grain contacts associated with squirt flow between 
compliant and stiff pores at ultrasonic frequencies related to shear 
resistance of the solid or highly viscous pore infills. In contrast with 
model predictions in Sun et al. ( 2019a ) based on embedded bound 
equations, we see that solid substitution through the SM model for 
the rock having connected or disconnected pores tends to overfore- 
cast the measured elastic moduli, as the theory defines the smallest 
variation upon solid or high-viscosity pore fluid substitution in pore 
space with compression-induced spatially variant stresses. 

The overall rock stiffening effect, which is associated with the 
squirt and viscoelastic fluid-shear resistance impacts and can be 
increased dramatically by solid infill, is involved via substituting 
dry rock elastic properties for unrelaxed frame elastic properties. 
Such combined influences of squirt flow and solid stiffening on 
rock elastic properties can be substantial in the presence of solid 
pore infills, as illustrated with laboratory data examples in the ul- 
trasonic (Fig. 11 ) and seismic (Fig. 12 ) frequencies. Moreover, the 
viscous fluid-shear resistance, which is related to rate-dependent 
shear tractions due to fluid on the pore boundaries (see Saxena & 

Mavko 2015 ), mimics the behaviour of a solid-filled rock at the 
high-frequency limit and hence, influencing rock elastic properties. 
This fluid shear mechanism was rarely investigated in geophysics, 
partially because the shear stresses relax too fast in rocks saturated 
by low-viscosity fluid. Frequencies at which the squirt flow ( f c −sq ) 
(Alkhimenkov & Quintal 2022a ; Alkhimenkov & Quintal 2022b ) 
and the viscous shear relaxation ( f c −sh ) (e.g. Walsh 1969 ; Cleary 
1978 ; Mavko 2013 ; Saxena & Mavko 2015 ) induced dispersion 
mechanisms begin to have an impact can be expressed as 

f c −sq ≈ K dry 

η
( αsq ) 3 , and f c −sh ≈ G g 

η
αc, (15) 

where αsq = h 

sq / ( 2 l sq ) is the so-called squirt flow aspect ratio that 
controls the characteristic frequency of squirt flow and, squirt flow 

thickness h 

sq describes the crack aperture and l sq represents the 1- 
D fluid pressure diffusion in the crack. Moreover, the Biot’s flow 
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Figure 12. Comparisons between the experimental measurements and theoretical predictions for (a and b) Young’s modulus E and (c and d) Poisson’s ratio 
υ in the sandstone sample saturated with nitrogen gas (open circle) and, liquid (open square) and solid (solid circle) octadecane, at two differential pressures 
P diff = 5 and 15 MPa. Please note that octadecane-saturated elastic properties E and υ were predicted using several substitution schemes: HS upper and lower 
bounds, Saxena-Mavko (SM), the Ciz-Shapiro (CS) and the TPA models. Estimations using the TPA models exhibit a reasonably good agreement with the 
measured solid/liquid-octadecane-saturated E but a slight discrepancy for the liquid-octadecane-saturated υ. 
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elated dispersion might occur at ultrasonic frequencies, and the
ritical frequency corresponding to the drained/undrained transition
s found to be proportional to the rock hydraulic conductivity (i.e.
/η) such that (Cleary 1978 ) 

f c −b i = 

4 κK d 

ηL 

2 
, (16) 

here L is the sample’s length and K d is the drained bulk modulus
f the tested sandstone sample. 

The above analysis implies that the mismatch between the
ressure-dependent laboratory measurements and the model pre-
ictions of elastic moduli in fluid-saturated rocks might not be suf-
ciently accounted for with the rock dual porosity structure of stiff
nd compliant pores, as also stressed in Sun et al. ( 2019b ). The TPA
heory, which uses heterogeneous aspect ratios of φm 

and φc (Fig. 10 )
nd may better e v aluate the solid stiffening impacts, yields a more
recise match with the ultrasonically measured bulk and shear mod-
li in a core sample with liquid (solid pink curves) and solid pore
nfill (solid red curv es; Fig. 11 ), respectiv ely. It is also interesting
o notice that measured K HF of the solid-octadecane-filled core ex-
ibits almost no pressure dependence at P diff > 30 MPa, which is
enerally consistent with the TPA model predictions. Fur ther more,

G HF has a slight tendency to grow, in line with predictions from
he TPA theory. One possible source for the small discrepancies
etween the predicted and the measured results lies in the unstable
ltrasonic measurements at relati vel y low pressures, as well as the
otentially imprecise estimations of φm 

and φc and their aspect ratio
istributions of the rock with complex microstructure. 
Ne gligible frequenc y dependence of E and ν was observed for
he Berea sandstone saturated with nitrogen gas at two pressures of
P diff = 5 and 15 MPa (Figs 12 a–d). The observable varying degrees
f moduli dispersion in the liquid-octadecane-filled sample should
e related to wave propagation induced fluid movements in rock’s
orous system. As the viscosity of octadecane increases substan-
ially with fluid–solid substitution, the induced moduli dispersion
f E and ν under the solid-octadecane saturation is almost flat.
his phenomenon is likely to correspond to the unrelaxed regime
here the pore infill with high viscosity is approximately impos-

ible to flow within the pore spaces, and hence creating a high
ressure gradient within each filled-isolated cracks or pores and
he suppressed dispersion behaviour. We find the squirt transition
requency, which is scaled as the cube of aspect ratio of compliant
ores, of a solid-filled rock is significantly lower compared with the
iquid-saturated condition. And thus, it is more appropriate to use
 pressure-dependent pore aspect ratio (see Fig. 10 ), which enables
o reflect the rock microstructure property that the increasing pres-
ure caused decline of permeability results in the decrease of fluid
obility. 
The measured E and ν in rocks with solid substances in the

ores fall between the HS bounds (Hashin & Shtrikman 1963 )
dashed red and dotted black curves), which have a possible range
f elastic properties in rocks containing various mineral composi-
ions and solid pore infills (see Tables 1 and 2 ). The CS approxima-
ion (solid green curves) slightly underestimates the laboratory-
easured solid-saturated Young’s moduli E at low frequencies

f = [ 1 − 3000 ] Hz, as this CS model assumes equilibrated pore
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pressure distribution and its predictions of rock K 

solid 
CS ( G 

solid 
CS ) in eqs 

( A1 ) and ( A2 ) do not involve the G f ( K f ) of the pore infill. 
Moreover, the SM theory (dashed blue curves) significantly overes- 
timates the experimental data, as for the presented ultrasonic bulk 
and shear moduli in Figs 11 (a) and (b). It can be found that Pois- 
son’s ratio ν estimated from the CS model overestimates but the 
SM model underestimates the experimental results at pressures of 
P diff = 5 and 15 MPa. A comparison between the fluid/solid substi- 
tution estimations and the measurements of E and ν in the fully sat- 
urated sample illustrates that the TPA model (pink and red curves) 
reasonably characterizes the general variations of experimentally 
measured data as functions of frequency. We believe the reasonably 
good agreement implies that the combined squirt flow mechanisms 
between three pore types may have an important role for the moduli 
dispersion induced by pore-fluid movements. In addition, a compar- 
ison of predictions using the presented TPA theory with the several 
other solid-substitution schemes aforementioned reveals that it is 
necessary to account for the combined influences of the squirt flow 

and solid stiffening on the overall elastic stiffness of porous sam- 
ples filled by solids or high-viscosity fluids. Ho wever , we observe 
some systematic discrepancies of liquid-saturated Poisson’s ratio 
between model predictions and measured data at around the charac- 
teristic frequencies of squirt dispersion in Figs 12 (c) and (d), which 
is likely due to the closure of pre-existing microcracks at relatively 
high pressures. 

4.3 Variability of fr equenc y effects in Berea sandstone: 
pore infill and microstructural control 

Previous studies pointed out that a variation in bulk and shear mod- 
uli of rocks filled with solid or highly viscous materials may arise 
from mechanical changes of rock framework and pore structure in- 
duced b y dif ferential pressure (e.g. see Christensen & Wang 1985 ; 
Ciz & Shapiro 2007 ; Gurevich et al. 2008 ). The differences es- 
timated in octadecane-filled ef fecti ve elastic moduli at the mea- 
sured frequencies of f = [ 10 , 10 6 ] Hz are displayed in Fig. 13 . At 
the lowest pressure P diff , the porous sandstone exhibit the largest 
sensitivity of moduli variation to the pore infill phase state tran- 
sition, except for the bulk modulus �K measured at f = 10 Hz 
which has weak pressure dependence for all saturation conditions 
(Fig. 13 a). These non-linear relationships between elastic moduli 
changes and differential pressure may be attributed to the gradual 
closing of compliant pores with little aspect ratios as wave veloc- 
ities variation against pressure. As pressure P diff increases, rock 
solid grains are compacted tightly, accompanied by closure of com- 
pliant pores and the decline of rock surface areas in contact with 
the inclusions. The resulted increase in surface energy associated 
with the fluid-solid interaction may e ventuall y lead to a reduction 
in rock moduli variations (see Yin et al. 2019 ). Additionally, we see 
bulk moduli K in the liquid-, quasi-solid- and solid-octadecane- 
saturated cases are increased by 27 . 8 per cent , 55 . 6 per cent and 
113 . 2 per cent with respective to the dry rock condition under 
the lowest pressure at the low frequency f = 10 Hz, and by 
54 . 6 per cent , 91 . 7 per cent and 119 . 8 per cent at the high ultrasonic 
frequency f = 1 MHz. Meanwhile, the shear moduli G increase by 
25 . 6 per cent , 44 . 9 per cent and 84 . 6 per cent at frequency f = 10 Hz 
and, by 27 . 2 per cent , 40 . 8 per cent and 82 . 6 per cent at frequency 
f = 1 MHz. 

To the authors’ knowledge, only the measured results of low- 
frequenc y e xperiments for solid substitution in sandstone samples 
b y Mikhaltse vitch et al. ( 2019 ) presented such an obvious stiffening 
effect of bulk and shear moduli. Even though the frequency depen- 
dence of rock elastic moduli may in some conditions dissimulate 
the real moduli stiffening at high ultrasonic frequency, the solid- 
saturated elastic moduli measured at low frequencies here were not 
significantl y af fected b y the rock stif fening ef fect associated with 
dispersive characteristics. Fur ther more, variations in shear stiffen- 
ing of the solid-octadecane-saturated rock versus increasing differ- 
ential pressure are more obvious than those of the bulk stiffening 
measured in the low-frequency band. Correspondingly, bulk stiff- 
ening variations with P diff are much more apparent than the shear 
stiffening at the ultrasonic frequency. It has been accepted that pore 
pressure has no time to equilibrate among pores or cracks of varying 
compliances at high frequencies, while the pressure may partially 
equilibrate at seismic frequencies and rock elastic moduli may rely 
not only on differential pressure but also on frequency and rock mi- 
crostructure. It is thus reasonable to observe much larger variations 
in saturated bulk moduli ( �K ) measured in the ultrasonic frequency 
at each pressure P diff compared to those obtained in typical seismic 
frequencies. 

5  C O N C LU S I O N S  

Laboratory experiments exploring dispersion of elastic properties 
were performed in a broad frequency range of f = [ 1 − 3000 , 10 6 ] 
Hz on a sample of sandstone with pore infills ranging from gases 
to solids state at differential pressures ranging from 1 to 20 MPa. 
The porous sample was filled sequentiall y b y gas, liquid or solid 
pore-filling material that was assumed to be much smaller in elastic 
properties compared to constituent materials, to imitate the rock 
fluid–solid substitution patter ns. Laborator y experiments yielded 
comprehensive data set for elastic properties and the associated at- 
tenuation as functions of frequency for each considered phase state 
of octadecane pore infill at different pressure P diff . Elastic properties 
of the gas-filled sample exhibit negligible frequency dependence, 
while the corresponding moduli in the octadecane-saturated rock 
show observable dispersion and attenuation effect. The general 
trend of the frequency dependence indicates the effects of squirt 
flow related to pore infills. For pore infill in its quasi-solid and 
solid states, the frequency dependence of elastic properties was ob- 
serv abl y smaller compared with that in the liquid-filled rock and 
w as largel y reduced with the increasing differential pressure. This 
variation in elastic properties is partially because a rock saturated 
with high-viscosity pore infills is much more difficult to compress 
than that one under the dry condition and hence, suppressing its 
pressure and frequency sensitivities in the existence of compress- 
ible microcracks. Another observation illustrates that shear wave 
moduli and velocities of the solid-octadecane-saturated rock are 
significantly larger compared to those of the dry or the liquid- 
octadecane-saturated case, which strongly points to the stiffening 
effect of solid infill that is very likely pronounced in the presence of 
huge compliant pores with heterogeneous aspect ratio distributions. 
Moreover, as temperature decreases, the characteristic frequencies 
of these frequency-dependent saturated elastic moduli tend to shift 
to lower values with the increase of octadecane viscosity. These ex- 
perimental measurements were in reasonable accordance with the 
potential impact for micromechanisms of pressure-induced poros- 
ity closing, which results in limited volume of viscous fluid flow 

among pores of various aspect ratios and the rock permeability is 
thus largely reduced due to poorer connectivity of the pore structure. 

We introduced a squirt flow model that takes into account the in- 
fluence of pore microstructure to compute elastic moduli dispersion 
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Figure 13. The differences between the dry and octadecane-filled bulk and shear moduli at two different frequencies of (a and b) f = 10 Hz and (c and d) 
f = 1 MHz as functions of pressure P diff for the Berea sandstone. 
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nd attenuation in a porous rock with solid or highly viscous pore
nfill. Geometrical parameters characterizing the pore space in the
nalytical model can be derived in the laboratory using pressure de-
endence of ultrasonically measured dry velocities. Our laboratory-
easured results from the Berea sandstone saturated by octadecane

n seismic and ultrasonic frequencies were compared against pre-
ictions of the present TPA model at different pressures, along with
everal other fluid and solid substitution schemes that cannot be
sed to appropriately characterize the solid pore infill influences
elated to the stiffening of the compliant grains’ contact. The CS
odel largely underestimates the solid-octadecane–saturated elas-

ic moduli of K , G and E due to neglecting the stiffening effects
elated to squirt flow between stiff and compliant pores, while the
M model significantly overestimates the measurements as it as-
umes the compliant pores are isolated from the stiff pores and the
tress in the pore infill is not uniform. It is important to note that the
ssumption of the rock embodying three types of pores is a crude
implification in regard to the realistic pore geometries. Neverthe-
ess, our experimental measurements and theoretical predictions of
uch treatment are in a reasonably good agreement for the solid-
lled Berea sandstone, in which the induced stresses are spatially
niform in the pore system. 

Although our presented method involves extracting pore struc-
ure parameters via fitting of the measured dry ultrasonic moduli,
his model strengthens our ability to characterize several key dif-
erences of stiffening effects in pressure and frequency dependence
f elastic moduli due to solid infills in the compliant pores, com-
ared to previous analytical models. This phenomenon indicates
hat the squirt dispersion mechanisms of equant, intermediate and
ompliant pores have a significant impact on compression and shear
tiffness of the solid-octadecane–saturated core sample and hence,
uccessfully quantifying the combined effects of squirt mechanism
n rock elasticities may have its potential applications in further
eismic inversion and time-lapse seismic monitoring of heavy-oil,
as-hydrates or bitumen-saturated reservoir properties. Ho wever , it
eems very interesting that the predicted characteristic frequencies
f Young’s modulus and Poisson’s ratio for the solid-octadecane–
aturated specimen appear at values lower than the measured fre-
uency range. In addition, the presented model is suitable for pure
andstone as the pressure impacts on the dry elastic properties are
ominantl y controlled b y the closure of compliant pores. Thus, con-
rmation of this observation and prediction requires further labo-
atory measurements of seismic dispersion and attenuation for a
road range of lithological rocks of complex pore microstructures
t a wide frequency band.thin the range of critical porosi 
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P P E N D I X  A :  W O R K F L OW  F O R  P O R E  

I C RO S T RU C T U R E  D I S T R I B U T I O N  

H A R A C T E R I Z AT I O N  

ather than reproduce the detailed deri v ations (see de Paula et al.
012 ; Glubokovskikh et al. 2016 ; Sun et al. 2019a , 2019b for more
etails), here we outline the main procedures of a plausible approach
sed to the dry ultrasonic velocities measurements for estimations
f all key parameters in eqs (6)–(14) for fluid and solid substitution
nder the assumption that dry rock elastic properties (moduli and
elocities) are independent of frequencies (non-dispersive). There is
 comprehensive description give by He et al. ( 2024a ) about calcu-
ation of pressure-dependent aspect ratio distribution and compliant
orosities. 

(1) Estimation of parameters ( φc ( P ) , αc ( P ) ) characterizing the
ompliant pore microstructure as follows: 

tep 1 The distribution of total crack density �(P) at each pressure
s obtained using 

 

( P 

) = � 0 e 
−P/ ( P L ) , (A1) 

where � 0 is the initial crack density at zero pressure, and P L
efers to the compaction coefficient. 

tep 2 From the stress dependence of dry ultrasonic elastic prop-
rties ( K dry , G dry ), the broad distributions of crack aspect ratios
i 
c at each pressure can be directly extracted using (see David &
immerman 2012 ; Duan et al. 2018 ) 

i 
c ( P 

) = αi 
c0 −

P 
∫ 

0 

4 
(
1 − υ2 

b 

)
3 K sp ( 1 − 2 υb ) 

dP , (A2) 

where K sp represents bulk modulus of an isotropic background
ontaining e venl y distributed stif f pores and, υb refers to Poisson’s
atio for the rock frame. The aspect ratio of the i th unstressed
ompliant pore αi 

c0 can be expressed using 

i 
c = 

3 

4 

� ( α) 

∫ 

� 0 

[ 1 / K d ( � P ) − 1 / K h ] 

� P 

dP 

d � P 
dP , (A3) 

here K d ( �( P i ) ) is the bulk modulus at varying pressures, and � ( α)
enotes the total crack density at aspect ratio larger than αi 

0 . 

tep 3 The crack porosity distribution against the compliant aspect
atio at each pressure can be obtained using 

i 
c ( αc ) = 

4 

3 
παi 

c ( P 

) � 

( αc ) , (A4) 

where �( αc ) is the cumulative crack density versus aspect ratio

c of compliant pores for each pressure P i (see Fig. 10 d) which can
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be directl y deri v ed from the measured elastic v elocities based on a 
least-squares fitting method. 

(1) Estimation of parameters for intermediate pores ( φm 

( P ) , αm 

) 
using pressure dependence of dry elastic properties as follows: 

Step 1 When the dry rock elastic properties at relati vel y high pres- 
sures are available, the intermediate porosity φm 

( P ) can be ob- 
tained using the least-fitting of the stress-dependent dry rock moduli 
through the following relations: 

K cp ( P 

) = K ep [ 1 − θm 

φm 

( P 

) ] , (A5) 

G cp ( P 

) = μep [ 1 − θm 

φm 

( P 

) ] , (A6) 

where θm 

is pressure sensitivity coefficient for intermediate pores. 
There is a detailed description in He et al. ( 2022 ) about estimation 
of intermediate porosity using pressure dependence of dry elastic 
moduli. 

Step 2 Similar to compliant pores, the characteristic aspect ratio 
αm 

of the intermediate pores can be extracted by the expression 
for bulk modulus of an elastic medium with a dilute concentration 
of ellipsoidal cavities (e.g. Kuster & Toks öz 1974 ; de Paula et al. 
2012 ) 

θm 

= 

K ep 

(
3 K ep + 4 G ep 

)
παm 

G ep 

(
3 K ep + G ep 

) . (A7) 

Moreover, the dry compressibility, 1 / K ep , can be calculated with 
ef fecti ve medium theory based on the coherent potential approxi- 
mation for the spherical pores. See Appendix C for detailed descrip- 
tions of the dependence of bulk and shear moduli, K ep and G ep , of 
the dry background on rock porosity. 

(1) Once the dry rock elastic moduli, the intermediate and com- 
pliant porosities and their associated aspect ratios are extracted, 
dynamic pressure relaxations induced rock elastic moduli can be 
calculated through eqs ( 6 )–( 9 ) or eqs ( 11 ) and ( 12 ) for the restruc-
tured rock matrix, in which both intermediate and compliant pores 
are fully saturated by solid or liquid substances while all equant 
pores are empty. 

(2) Finally, we estimate the pressure- and frequency-dependent 
bulk and shear moduli in the fully saturated rock through the 
Gassmann eqs ( 12 ) and ( 13 ) for fluid or inviscid-liquid pore in- 
fill, or eqs ( B1 ) and ( B2 ) and the eqs ( B3 ) and ( B4 ) for solid or
high-viscosity pore infill, accounting for the effects of combined 
squirt flows between the stiff and compliant pores and between 
the equant and intermediate pores. The theoretical predictions of 
elastic moduli in a saturated rock are then compared against the 
experimental measurements in the low seismic and high ultrasonic 
frequencies. 

A P P E N D I X  B :  E Q U  A  T I O N S  F O R  F LU I D  

A N D  S O L I D  I N F I L L  S U B S T I T U T I O N  

B A S E D  O N  C S  A N D  S M  M O D E L S  I N  A N  

I S O T RO P I C  H O M O G E N E O U S  RO C K  

For an isotropic homogeneous bulk rock frame filled with a solid 
infill, the corresponding ef fecti ve elastic properties, K 

solid 
CS and G 

solid 
CS 

(Ciz & Shapiro 2007 ) and K 

solid 
SM 

and G 

solid 
SM 

(Saxena & Mavko 2015 ), 
were calculated using the formula 

K 

solid 
CS = 

[ 

1 

K m f 
−

(
K 

−1 
m f − K 

−1 
g 

)2 

φs 

(
K 

−1 
f − K 

−1 
g 

) + 

(
K 

−1 
m f − K 

−1 
g 

)
] −1 

, (B1) 
G 

solid 
CS = 

[ 

1 

G m f 
−

(
G 

−1 
m f − G 

−1 
g 

)2 

φs 

(
G 

−1 
f − G 

−1 
g 

) + 

(
G 

−1 
m f − G 

−1 
g 

)
] −1 

, (B2) 

and 

K 

solid 
SM 

= K d + 

(
1 − K d 

K g 

)2 

φs 
K f 

+ 

1 −φs 
K g 

− K d 
K 2 g 

, (B3) 

G 

solid 
SM 

= G d + 

(
1 − G d 

G g 

)2 

φs 
G f 

+ 

1 −φs 
G g 

− G d 

G 

2 
g 

, (B4) 

where G g is shear modulus of the grain mineral and, 

K d = 

( 1 − φs ) 
(

1 
K g 

− 1 
K mf 

)
+ 

3 φs 
4 

(
1 

G g 
− 1 

G f 

)
1 

K g 

(
1 

K g 
− 1 

K mf 

)
+ 

3 φs 
4 

(
1 

K g G g 
− 1 

K mf G f 

) , (B5) 

G d = 

( 1 − φs ) 
(

1 
G g 

− 1 
G mf 

)
+ 

3 φs 
4 

(
1 

E g 
− 1 

E f 

)
1 

G g 

(
1 

G g 
− 1 

G mf 

)
+ 

3 φs 
4 

(
1 

G g E g 
− 1 

G mf E f 

) , (B6) 

E = 

μ

8 

9 K + 8 μ

K + 2 μ
. (B7) 

A P P E N D I X  C :  E X P R E S S I O N S  O F  B U L K  

A N D  S H E A R  M O D U L I  O F  D RY  RO C K  

B A C KG RO U N D  

For the dry rock of a porous elastic solid, its bulk modulus can be 
represented as 

K dry = K 0 ( 1 − β) , (C1) 

where K dry and K 0 are the bulk moduli of the dry rock and solid 
mineral, respecti vel y, and β is the Biot’s coef ficient. 

Krief et al. ( 1990 ) introduced a formula for β versus φ empirically 
as follows: 

1 − β = 

( 1 − φ) m ( φ) 
, (C2) 

where m ( φ) = 3 / ( 1 − φ) . For a sandstone mainly consisted of a 
single grain material (e.g. quartz), Poisson’s ratio of the dry rock 
is often approximately equal to the mineral’s Poisson’s ratio, or 
μdry / K dry = μ0 / K 0 . Thus, the dependence of bulk and shear moduli 
( K ep , G ep ) of the dry rock skeleton on porosity can be represented 
through the following empirical relation (see Krief et al. 1990 ) 

K sp 

K ep 
= 

G sp 

G ep 
= 

( 1 − φ) 3 / ( 1 −φ) 
, (C3) 

where G sp denotes dry frame shear modulus of a hypothetical rock 
in which all soft pores are closed and the stiff porosity is equal to the 
magnitude at the unstressed condition. Please note that the linear 
forms of K sp and G sp predicted from the critical porosity model by 
Nur et al. ( 1998 ) are essentially the same as the formula in Krief 
et al. ( 1990 ) within the range of critical porosity. 

A P P E N D I X  D :  D E S C R I P T I O N S  O F  T H E  

D I F F E R E N T I A L  M O R I - TA NA K A  M O D E L  

Our ne wl y presented dif ferential Mori-Tanaka model (DMT), which 
follows the idea of differential effective medium theory, considers 
a rock containing all kinds of pores with various geometries and 
is superior to the differential effective medium (DEM) theory and 
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ori-Tanaka (MT) theory. The saturated mean moduli of equi v alent
ock can be described as follows: 

K 

∗
n + 1 = K n 

⎡ 

⎣ 1 + 

N ∑ 

i= 1 

ϕ i 
1 −ϕ i 

P 

mi 
(

1 − K i 
K n 

)
1 − ϕ i 

1 −ϕ i 
P 

mi K i 
K n 

⎤ 

⎦ 

−1 

, (D1) 

G 

∗
n + 1 = G n 

⎡ 

⎣ 1 + 

N ∑ 

i= 1 

ϕ i 
1 −ϕ i 

Q 

mi 
(

1 − G i 
G n 

)
1 − ϕ i 

1 −ϕ i 
Q 

mi G i 
G n 

⎤ 

⎦ 

−1 

, (D2) 

here ϕ i represents volume concentration for the i th inclusion in
he summation over different pore types. K n and G n represent the
ulk modulus and shear modulus of the rock matrix and, K i and G i 
Table D1. Coefficients P and Q for four sp
subscripts i and m denotes the inclusion material
1995 ; Mavko et al. 2009 ). 

Pore shape P mi 

Needles 
K m + μm + 1 3 μi 

K i + μm + 1 3 μi 

1 
5 

(
Disks 

K m + 4 3 μi 

K i + 4 3 μi 

Spheres 
K m + 4 3 μm 

K i + 4 3 μm 

Penny cracks 
K m + 4 3 μi 

K i + 4 3 μi + παβm 

1 
5 

(
1 +

C © The Author(s) 2024. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License ( h
permits unrestricted reuse, distribution, and reproduction in any medium, provided
enote the elastic moduli for the i th inclusion out of N . The terms
P 

mi and Q 

mi are pore geometric factors that describe the effects of
he i th inclusion with specific material and arbitrary aspect ratio in
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