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1. Introduction

The study of stochastic partial differential equations (SPDEs) has seen significant growth in the past four decades, with a variety
of approaches emerging in the literature. While the semigroup approach developed by Da Prato and Zabczyk in [1], and the random
field approach introduced in Walsh’s lecture notes [2] are foundational, they represent only part of the picture. A substantial body
of work is also devoted to weak solutions in the PDE sense, where one can fully utilize PDE methods and Sobolev spaces. This
broader framework, extensively detailed in recent monographs [3,4] has opened new avenues for applying SPDE techniques to a
wider range of problems.

In the present work, we will use the random field approach. This choice is motivated by the specific structure of the (mild)
solution, which allows us to exploit a variety of analytical tools. Classical equations which have been studied using the random field
approach are: the stochastic heat equation (SHE), and the stochastic wave equation (SWE). When these equations are perturbed by
a space-time Gaussian white noise, random field solutions exist only in spatial dimension d = 1. A systematic study of SPDEs in
higher dimensions was initiated by Dalang in the seminal article [5], by considering a spatially-homogeneous Gaussian noise with
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spatial covariance given by a non-negative-definite function y : R? — [0, o]. A typical example is the Riesz kernel y(x) = |x|~# with
p € (0,d). The case y = §,, where §, is the Dirac distribution at 0, corresponds formally to the white noise in space. Subsequent
investigations revealed that the solutions to these equations have many interesting properties, such as: intermittency [6], Holder
continuity [7], strict positivity [8], dense blow-up [9], to mention just a few. Recent investigations focus on relaxing the conditions
on the coefficients of the equation, as for instance in [10-12].

In the 1990’s, fractional Brownian motion (fBm) became a popular model for the noise in various problems in stochastic analysis.
Recall that a fBm is a zero-mean Gaussian process (BU") ., with covariance

1
BB BT = S(x P+ 1P = 1x = ) =1 Ry (x, ),

where H € (0, 1) is the Hurst index. If H = 1/2, the fBm is a Brownian motion. The paths of fBm are Holder continuous of order less
than H, and hence, are smoother or rougher than the Brownian paths, depending on whether H > 1/2 or H < 1/2. In the “regular”
case H > 1/2, the covariance of fBm can be written as:

X ry
Ry(x,y)= HQH — 1)/ / lu—o/*"2dudv, (1.1)
0 0

using the Riesz kernel y(x) = H(2H — 1)|x|>!'=2, which is the second derivative (|x|>!)"" in the sense of distributions. In the “rough”
case H < 1/2, (1.1) does not hold since (|x|27)" is not a locally integrable function. In this case, it is useful to work with the spectral
representation:

Ry(x,y) =cy /R Flq@F 1, @12 de, 1.2)

where
I'2H + 1)sin(zH)
cyg=———,
2z

and Fo(&) = [ e p(x)dx is the Fourier transform.
The fBm is not a semi-martingale, and It6 calculus cannot be used. Two methods were proposed for developing stochastic
analysis with respect to fBm, using either (i) Malliavin calculus, or (ii) pathwise integration (which exploits the Holder continuity
of the paths). Pioneer works in this direction are: [13-16]. Method (i) is relevant for the present article, and can be explained
briefly as follows: we endow the space £ of linear combinations of indicator functions of the form 1y, with the inner product
(Lo Lpoy1)py = Rp(x.), so that the map 1y — B e L2(Q) becomes an isometry; then, the closure P, of £ is the domain of

(1.3)

1
the Wiener integral with respect to B4, In [17], Jolis proved that P, coincides with the fractional Sobolev space w2 H(R), and
therefore it is a space of distributions if H > 1/2, and a space of functions if H < 1/2. An alternative representation in [18] for the
norm || - ||p, was obtained in the case H < 1/2, namely:

191, = Cur [, 1o = 0Pl = 51 2axa, .4

where Cyy = w Relation (1.4) is called the Gagliardo representation and is very useful for problems in stochastic analysis, and
in particular for the present article.

SPDEs with colored noise in time have been considered for the first time in [19]. Since then, this area has been growing steadily.
However, the basic question of existence of solutions to (SHE) or (SWE) with colored (or fractional) noise in time is still an open
problem in the case when the noise is multiplied by a Lipschitz function o(u) of the solution. The only case when it is known that
these equations have unique solutions is the linear case, o(1) = u. This case, which is known in the literature as the parabolic Anderson
model (PAM) for the heat equation, respectively the hyperbolic Anderson model (HAM) for the wave equation, is studied using tools
from Malliavin calculus, since the solution has an explicit Wiener chaos expansion. This method was initiated by Hu and Nualart
in [20]. Various properties of the solution have been developed in [21-23] for (PAM), respectively [24,25] for (HAM), to name just
a few of the recent references.

In the present article, we consider the (HAM) driven by a Gaussian noise W which is white in time and fractional in space with
Hurst index H € (i, %):

u %u ;

—(t,x)= —@,x)+ult,x)W(t,x), (tx)€R, xR,

or? 9, MZ (1.5)
u(0,x) =1, E(O,x):O, Vx € R.

Formally, W is a zero-mean Gaussian noise with covariance
E[W (1,0)W (s, )] = 8yt = s)y(x = ). where y(x) = (Ix*")"".

Rigorously, W = {W (¢); ¢ € D} is a zero-mean Gaussian process defined on a complete probability space (£2, F,P) and indexed by
the set D of infinitely differentiable functions on R, X R, with compact support. The covariance of W is inspired by (1.2) (in which
we replace 1y, and 1y ,; by smooth functions), and is given by:

E[W (@)W )] = cy /0 /}R Folt, NEOFw(t, )OIEI' 2 dedt = (@, vy, 1.6)
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where ¢y is given by (1.3). Note that the noise given by Hypothesis 2 of [26] has the same spatial structure as W, but with constant
cy replaced by

’ 1 1—cosx ,  TI'CH+1)sin(zH) _ oy

_1 - = 1.7
BT 7 Je epem 7H(l - 2H) Cy a.7)

which means that in the Gagliardo representation (1.4) of the norm in [26], C;{ =1.

We denote by H the Hilbert space defined as the completion of D with respect to the inner product (.,-);;. Then the map
D5 ¢ — W(p) € L*(2) becomes an isometry which can be extended to H. The process {W(¢); ¢ € H} is an isonormal Gaussian
process, as defined in Malliavin calculus (see [271), and M is isomorphic to L*(R,; P,). Indicator functions of the form 1y 0. lie
in H and the process {W,(x) = W (1|g x0.x))} xer has the same distribution as V1B, since its covariance matches (1.2).

A predictable process u = {u(t,x);t > 0,x € R} is a (mild) solution to Eq. (1.5) if it satisfies the following integral equation:

1
u(t,x) =1+ / / G,_(x = y)u(s, )W (ds,dy), (1.8)
o JR
where G, is the fundamental solution to the deterministic wave equation on R, X R:
1
Gi() 1= 5 1{jujar)- (1.9)

The integral on the right-hand side of (1.8) is a Dalang-Walsh integral, which was developed in [2,5] as an extension of the Itd
integral to multi-parameter processes, and coincides with the Skorohod integral, as observed in [28].

The existence and weak intermittency of the solution to (1.5) was proved in [29], respectively [28]. In [30], the existence of
solution was studied in a more general scenario, where u is replaced by a Lipschitz function o(u). The existence of the solution to
(PAM) with the same noise W as above was obtained in [31], while the exact asymptotic behavior of its moments was established
in [32]. The existence and Holder continuity of the solution to (PAM) with space-time fractional noise of indices H, > 1/2 in time
and H < 1/2 in space was obtained in [33], under the condition Hy, + H > 3/4. This condition has been recently improved to
2H,+ H > 5/4 in [34]. Moreover, when (H,, H) € (1/2,1) x(1/20, 1/2), the condition 2H, + H > 5/4 is necessary and sufficient for
the existence of the solution to (PAM). The same problem for (HAM) was studied in [35] under the assumption H € (%, %). (SHE)
with the same noise and a general Lipschitz function o(«) multiplying the noise was studied in [36], under the restriction ¢(0) = 0;
this condition was later removed in [37]. In the case of the white noise in time, condition H > 1/4 is necessary for the existence of
the solution of (HAM), or (PAM); see Theorem 1.1 of [38] and Proposition 3.7 of [29].

In all these references, the noise is spatially-homogeneous, i.e. it is invariant under translations. This property is transmitted to
the solution u in the form of strict stationarity of the process {u(t,x)} cr. Without considerable effort, it is possible to prove that
this process is also ergodic. The spatial ergodicity of the solution to an SPDE was proved for the first time in [39] for the SHE with
spatially homogeneous Gaussian noise (white noise in time), and a Lipshitz function ¢(z) multiplying the noise.

In the recent years, there has been a lot of interest in examining the asymptotic behavior of the spatial average:

R
Fr(t) = / (u(t,x) = 1)dx. (1.10)
-R

Since {u(t, x)} g is strictly stationary and ergodic, by Brirkoff and von Neumann mean ergodic theorem, the following law of large
numbers holds:
Fr(n)

— 0 as. andin L2(Q), as R - o.

A natural question is to investigate if Fy(¢) satisfies also a central limit theorem. For this, a novel technique was initiated in [40],
which combines Stein’s method for normal approximation with tools from Malliavin calculus. This method was originally developed
for (SHE) with space-time white noise, and has been rapidly extended to other models. The paramount result is the Quantitative
Central Limit Theorem (QCLT), which gives an estimate for the total variation distance dy), between Fg(r)/ox(f) and a standard
normal random variable Z, as a quantifier for the speed of convergence in distribution, when R — . Here, "?z(’) = Var(Fg(?)) is
the variance of Fg(r). We recall that the total variation distance between random variables X and Y is given by:

dry(X,Y)= sup |P(X € B)—P(Y € B)],
BeB(R)
where B(R) stands for the collections of all Borel subsets of R. The QCLT is closely related to a study of the order of magnitude of
of{(t), and can be extended to functional convergence.

The following table summarizes the most important contributions to date, related to the problem of QCLT for solutions to SPDEs
with spatially-homogeneous Gaussian noise, which can be white in time, fractional in time with index H,, > 1/2, or time-independent.
In some of these references, the temporal covariance of the noise can be more general, given by a non-negative-definite function
7o : R — [0, co]. For the sake of conciseness, we present only the fractional noise in time, when y,(?) = [¢|*#0=2 with H, € (%, 1). In
this table, y(x) denotes the spatial covariance of the noise, ai = 531(1)’ and dyy = dpy (Fg/og. Z) where Fp = Fg(1). The notation
ag ~ by indicates that ag/bgr — C when R — oo, and ap < by means that ag < Chy, where C > 0 is a constant.
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Noise (SHE) (SWE)
White Regular in space Regular in space
in time c[40L:d =1,y =6, < [411:d = Ly = |xPP2 H e [3,1)
1 — —
(Hy=3) ox ~ Rdry S RV o ~ R dpy S R
o arb. o [42]: y(x) = |x|7?,p€(0,d) < [43]:d =2,7(x) = |x|"?, 8 €(0,2)
o2 ~ R¥ dpy, 5 R/ 0% ~ R*P dp, S R
e [44]: d <2,y € L'(RY)
0% ~ R, dpy S R4/
Rough in space [26] Rough in space
d=1,HE€e(,3) d=1,He(,1)
0'122 ~ R, dry SR/ Open Problem 1
Fractional Regular in space [26,45], Regular in space [24]
in time ey e L'RY ed <2,y e L'(RY)
Hye (3,1 o2 ~ R dpy, S R/ o3 ~ R, dpy, S R
o) =u <y =Ix|7, g € (0,d) «d <2,y = x|, p€0.d)
02 ~ R¥F dry, S RPI? o2 ~ R¥=F dry, S R7P/2
Rough in space [26,46] Rough in space
d=1H<i Hy+H>?3 d=1He 4.1
02 ~ Rodpy SRV Open Problem 2
Time- Regular in space [47] Regular in space [48]
independent .y € L'(R%) ed <2,y € L'(RY)
(Hy=1) 02 ~ R, dpy S R/ o2 ~ R, dpy, S R4/
o) =u cr(x) = x|, p € 0,d) «d <2,y =IxI".pe 0.

Rough in space [47]
_ 11

d=1,H€e(g.3)

02 ~ R.dpy S RV/2

Rough in space [49]
_ 11

d=1,H€e(3.3)

0% ~ R,dpy S R/

In the case of the white noise in time (regular in space), Ref. [50] gives the CLT for a function g(u(t, x)) of the spatial average of the
solution to (SHE), while Refs. [51,52] studied the QCLT problem for a normalized version of the solution to (PAM) with delta initial
condition. In the case of the (SWE) with white noise in time, the spatial ergodicity of the solution was proved in [53] for dimensions
d < 3, while [54,55] proved the convergence in the Wasserstein distance for the spatial average of the solution, in dimension 4 > 3.

In this paper, we study the Open Problem 1 mentioned above, in the case o(u) = u. We first show that the solution is strictly
stationary and ergodic in the space variable, then we prove that "?z ~ R. The major effort is dedicated to the proof of QCLT. For
this, we use the same method as in [26] for (PAM), which relies on a second-order Poincaré inequality (Proposition 2.4 of [26]).
Due to the Gagliardo representation (1.4) of the norm || - ||, we encounter the problem of estimating the fourth moments of the
increments of the Malliavin derivative Du(t, x), and of the rectangular increments of the second Malliavin derivative D?u(t, x). In the
case of (PAM), these estimates are obtained in [26] using highly non-trivial methods, that cannot be applied for (HAM).

Our method is simpler than that of [26], and relies on the following key relation

D, _u(t, x) = u(r, 20" (1, x), (1.11)

between Du and the solution v = v"? of the stochastic integral equation (of Volterra type):

1
v(t,x)=G,_(x —2z)+ / / G,_(x—yu(s,yW(ds,dy), t>r,xeR. (1.12)
r R

Relation (1.11) is valid for the solution « of any SPDE with white noise in time, constant initial condition, and linear function o(u) = u
multiplying the noise. But it may not hold for equations with colored noise in time, or time-independent noise. (Nevertheless, in
the case of (HAM) with time-independent noise, it is still possible to derive an indirect argument relating Du and v which leads to
estimates for the moments of Du and its increments; see [49, Theorem 4.1].) Key properties of v"»?, which lie at the core of our
methods, are:

(i) the moments of v">?(z, x) are uniformly bounded in (r, z,, x) (see [49, Example B.2]);
(ii) v"? satisfies the following relation (see the proof of Lemma 2.4 below*):

v"A(t,x) = 2G,_, (x = )0 (1, x); 1.13)

(iii) the increments of v~? have translation-invariance properties (see Lemma 2.5 below).
Properties (i) and (ii) may not hold for other models, such as (PAM); see [49, Remark B.3].

4 Properties (i) and (ii) may not hold for other models, such as (PAM); see [49, Remark B.3].
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We are now ready to state the main results of the present article.

Theorem 1.1 (Spatial Ergodicity). For any t > 0, the process {u(t,x)} g is strictly stationary and ergodic.

Theorem 1.2 (QCLT). For anyt> 0 and R > 0,

Fr(®) @ p-1/2
d ,Z ) <c? R12,
R <‘7R(t) ) oA

where Fg(t) is given by (1.10) and szgl > 0 is a constant depending on t and H.

Theorem 1.3 (Functional CLT). Let Fy(r) be given by (1.10). The process (R1/2 Fgr(1);t > 0} converges in distribution as R — oo, to a
zero-mean Gaussian process {G(t);t > 0} with covariance

E[G(OG(s)] = K(t A 9),

where K(t) is given by (2.25).

Theorem 1.1 is derived from an ergodicity criterion credited to Maruyama [56]. By combining this criterion with the Gaussian—
Poincaré inequality (see e.g., [57,58]), the spatial ergodicity of the solution to (SHE) was investigated in [39]. For the solution to
(SWE), the spatial ergodicity in dimensions d < 3 was proved in [53]. However, in the paper [53], the spatial correlation function has
to be a function (or a measure), rendering the result inapplicable in our case, when the correlation is a distribution. Consequently,
new methods must be employed to establish the validity of Theorem 1.1.

The major effort is dedicated to the proof of Theorem 1.2. Although the key mathematical tools used for this proof are
not new, non-trivial technical computations are required. This proof is based on the second-order Gaussian-Poincaré inequality
(referenced as in e.g., [59-61]) following the strategy initially discovered in [24], and further applied/developed in [26,47-49].
By thoroughly analyzing the implementation of the Gaussian—-Poincaré inequality, certain precise (but unnecessary) computations
from [26] for (PAM) with time-dependent noise, had already been successfully eliminated in [49], when dealing with (HAM) with
time-independent noise. It turns out that the methodology of [49] is also applicable in case of (HAM) with time-dependent noise
(considered in the present article), and this procedure yields a significant reduction in the complexity of the terms yielded by the
Gaussian-Poincaré inequality. But most computations from [49] cannot be transferred directly to the case of time-dependent noise.
The contribution of this paper is to present the new arguments which are required to treat this case.

Remark 1.4. (i) In this article, we consider only the case when the noise is multiplied by the linear function o(u) = u. Given
the white-in-time nature of the driving noise, the diffusion coefficient u can be relaxed to a Lipschitz function o(u) in (1.5), while
preserving existence, uniqueness, and certain regularity results, as established in [30]. A natural question arises: can the results
presented in this article be extended to the case of a general Lipschitz function ¢? We believe the answer is “yes”, though the chaos
expansion method used here cannot be directly applied to the nonlinear case. While some technical adjustments may handle the
moment estimates for the solution and its Malliavin derivative, the limiting covariance, as derived in Section 2.5 below, presents a
significant challenge. Proposition 2.12 expresses the limiting covariance Cov(Fg(t), Fx(s)) through the chaos expansion, a powerful
tool which is not available for the nonlinear case, leaving the formulation of a similar result unresolved. See Remark 2.14 for a
detailed discussion.

(ii) There are several ways of defining the solution to (SWE), including through a system of SPDEs. In the present article, we
opted for the mild form, because it straightforwardly associates to the chaos expansion via the Picard iteration. Given that the chaos
expansion plays a crucial role in our proofs, the mild formulation aligns better with our approach.

(iii) The next natural step is to consider (HAM) in dimension d > 2 driven by a Gaussian noise which is fractional in space with
Hurst indices H, ..., H; € (0, 1). The case of (PAM) with this type of noise was studied in [62], examining carefully what happens
when some of the H,’s are less than 1/2. The case of (HAM) is significantly more involved, especially since in dimension d > 3, the
fundamental solution G is not a function. We do not even know what is a sufficient condition for the existence of the solution. For
this reason, in the present paper, we consider only the case d = 1.

(iv) Parameter estimation for SDEs and SPDEs is an active and modern research area (see https://sites.google.com/prod/view/
stats4spdes/), which can be traced back to [63] where estimators of the drift parameter were constructed in the case of (SHE)
with Gaussian space-time white noise in dimension d = 1, and Lipschitz non-linearity o(u). More recently, this problem has been
considered in [64,65] for (SHE), respectively the Burgers equation, with additive noise which may be correlated in space. To our
knowledge, no results have been established so far in this direction for (SWE) or (HAM), even in the case of Gaussian space-time
white noise.

This article is organized as follows. In Section 2, we include the preliminary results, leading to the estimates for Malliavin
derivatives of the solution, which are essential for our developments. Section 3 contains the proofs of Theorems 1.1,2.12,1.2 and
1.3.

Throughout this paper, we denote by || - ||, the L?(£2)-norm of a random variable on the probability space (£, 7,P). For any
positive integer n, we make use of the notation x, := (x|, ..., x,) for an element in R”, and for any ¢ € R, T,,(¢) stands for a subset
of [0,1]": T,,(t) :={t, =(ty,....1,);0 <t; < --- <1, <t}. In all the results which are stated for fixed ¢ > 0 and which involve moments
of order p > 2, we denote by C a constant that depends on (7, H, p) and may be different in each of its appearances.
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2. Preliminary estimates

In this section, we present an overview of (HAM) driven by noise W as above, including relevant preliminaries. We reference
existing literature for certain results, while also introducing a few novel estimates supported by detailed proofs.

The next two identities will be used, whose proof follows from elementary calculus, and thus are omitted. Let t > 0. Then the
following two identities hold. For any a € (-1, 1),

/ S IEDIEI2de = Co' @1
R

where C, > 0 is a constant depending on «. For any a; > —1,...,a, > -1,

n M, [(a; +1)
foog —1)%dt, = 2= T~ jlaln 2.2
/Tn [T =%t = s @2

o) j=1

where we use the convention 7, =, and we denote |a| = Z;’:l aj.

2.1. Properties of the solution

In this section, we present some properties of the solution that will be needed in the sequel, including the spatial strict stationarity
mentioned in Theorem 1.1.
As discussed in [35], the solution to Eq. (1.5) has the Wiener chaos expansion:

u(t,x) = 1+ 30 L,(f,( 1, ),

n>1
where I, is the multiple integral with respect to W and the kernel f,(-,1, x) is given by:
Ju@ X1, %) =f,(t1, ot X, e, X, 1, X)
=G, (x = x,) X X Gy (g — Xl)lT,,(t)(tn)‘
In this case,

Elu(t, x)|> = Y nll| (.1, )|

HO
n>1 0

where f,,(~, t,x) is the symmetrization of f,(-,¢, x):

~ 1
Sulty. %, 1.) = — Z Fuprys - st pmys Xp(1ys -+ > X pmys 15 %)
' pES,

with S, denoting the set of all permutations on {1, ...,n}.
The following result was proved in [28,29]; see [29, Theorem 3.9] or [28, Theorem 3.5].

Lemma 2.1. For any H € (1/4,1/2), Eq. (1.5) has a unique solution. Moreover, for any p >?2 and t > 0,

sup |lu(r,x)ll, < C, (2.3)
(rX)El0,1IxR

where C > 0 is a constant that depends on (t, p, H).
The following result gives the spatial stationarity of u.

Lemma 2.2. For any t > 0, the process {u(t,x)},cg is strictly stationary. In particular, for any x,h € R,

u(t, %) — u(t, x + h) < u(t, 0) — u(t, h).

Proof. We show that for any m > 1 and for any z,,...,z,,,h € R
d
(u(t, z)), ..., u(t, z,,)) = (u(t, zy + h), ... u(t, z,, + h)).

For any j = 1, ..., m, the variable u(t, z; + h) has the chaos expansion:

n—1

TERES ) INCRIORTEEA) | (CRRIEHERY
nx1 T,(HxR" i=1

x W(dty,dx,) ... W(dt,,dx,), 2.4

recalling that T,,() = {0 < t; < -- <1, < t}. Let W = (WP (g); p € DR, x R)} be the shifted noise, where W (@) = W (@(- — h)).
Performing the formal change of variables y; = x; — h for i = 1, ..., n, we see that the multiple integral above is equal to
n—1

/ Gty = 9 [ Grrpym, Gisr = ydW Pdty dyy) .. W1, dy,).
T, (H)xR" i=1

6
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d
Since W is spatially homogeneous, W’ = W. Therefore, the vector of dimension m whose jth component is given by the series
(2.4) has the same distribution as the vector whose jth component is u(t, z . O

Lemma 2.3. For any t > 0 and p > 2, we have

sup / ”u(s,O) - u(s,h)“i [n12H2qn < C,
R

0<s<t

where C > 0 is a constant that depends on (t, H, p).

Proof. Using the uniform bound for ||u(s, x)||, given by (2.3), we have:
/ llu(s, 0) — u(s, W)II ,|AI* " 2dh < c/ |h|*12dh < .
[Al>1 |A|>1

It remains to treat the integral over the set |4| < 1. By using the chaos expansion (2.4) for u(t,0) — u(t, x), and hypercontractivity
(see e.g., [66, Corollary 2.8.14]), for any p > 2,

lluCs, 0) = uCs, W, < Y (0 = DL (fui 05Dl = D0 = D, 4172, (2.5)

n>1 n>1

where J, ,(s) 1= n!|| f,, 4,0, 9)|12 o, It follows from (1.6) that

H®n
n
2
Jn(s) = ¢y / / (Ff,,,,,(r,1,4,s,x>(z:1,...,g) [1 112" dg,at,
T,(s) JR" j=1

ey / /
T, JR"
c / /
H
T, JR"

where ¢ is given by (1.3), and by convention t,,; = s and 5, = 0. We use the inequality |a + b|'=2# < |a|'2H + |p|!=2H for all
a,b € R, and the identity

1 — e i1+ +g)h

2~ 2 ~
[1176,.— &+ +&)| [T 151" ag,at,
j=1 j=1

1— e imh

2 2 2 M

1-2
[1|76.,,,—,ap| TT1n = nja 1> am,d,.
Jj=1 Jj=1

n
xIH(xj+xj,l)= Z xjj, for all x,...,x, e R, (2.6)
j=2

a,€A,

where A, is a set of multi-indices a, = (a,,...,qa,) such that a; € {1,2}, q, € {0,1}, a5,...,a,_; € {0,1,2}, Z;Zl a; = n and
a;+a;_; €{1,2,3} for any j =1,...,n— 1. Then the cardinality card(4,) = 271 (see [35, Page 7]). Hence

n n
L =na=2 < Y Tl 2.7
j=1 a,eD, j=1
where D, is the set of multi-indices a = (ay, ..., a,) with @; = (1 —=2H)a; forall j=1,...,n and a, = (a4, ..., a,) € A,. It follows that

n—1
TOETA) / H( / |FG,j+l_,/<n,)||n,-|“/dn,)
1,0 j=i \JR

a,eD,
x < /]R - e—""n"|2|FG,_,n<nn>|2|nn|“ndnn> d,.
As a result of identity (2.1) and the fact that |5,|% < 1+ |n,|'"2 (since a, € {0,1 - 2H}),
‘
VOES DY /0 ( /IR 11— "2 [FG,_, (n))*(1 + I'I,.II_ZH)dn,,>

a€A,
n—1
</ [T¢0 - tj)la/dtn—l> dt,.
Tu-1(tn) j=1

n

Due to inequality (2.2) and the fact that I'(an + b+ 1) > ¢ (n!)? for any a > 0 and b € R with some constant ¢, , depending only on
a and b, it can be proved that

n—1 cn
(U — 1)\ dt, | < ——HADI=2,
/Tn_l(!”)/l:! J J n (n!)ZHH n

Therefore,
t—t
Wlal) I(2H+1)n—zdnndtn

c" t/ —ingh 2 1am, SINZ((
J, p(5) L———— 1—e™n 1+
o s=C [f P+ ) D

cr (2H+l)n—l/ —in,h |2 120, |
<———r5 [T =™ 21 + |n, | ") dan,.
(n1)2H+1 R " 2

7
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where the last inequality follows from the bound sin®((s — t)In,]) < 1. Using the fact that |1 — e™*|? = 2(1 — cos x) and the identity
/(1 — cos(Ex))|x| % 1dx = C, €%, for any « € (0,2),
R

we obtain that J, ;(s) < (n,)g—:m (1Al + |h|**"). Plugging this inequality to (2.5), we get
C"

lluts, 0) = uts, I, < (1A' + [A]™") Y (p = 1)

n>1
This implies
/ lluCs, x) = u(s, x + WA 2dh < c/ (18172 + 1R |R1PH2d R < oo,
lnl<1

|h<1

because H > 1/4. The proof of this lemma is complete. []

2.2. (HAM) with delta initial velocity

In this section, we study Eq. (1.12).
2., 2
First, recall that the solution of the wave equation %(r, X) = ‘;T’;’(t, x),t > r,x € R with initial conditions w(r,x) = uy(x) and
‘;—';’(r, x) = vy(x) is given by:
d
w(t,x) = (G,_, * vy)(x) + E(G"’ # Uy )(X).
When u; = 0 and v = 6, (for fixed z € R), w(t,x) = G,_.(x — 2).
Consider now the following model:
o
012
Jv
u(r,-) =0, E(r, ) =6,

2 .
(t,x) = "—Z(z, X) + 0(t, )W (t,x), t > r, x €R,
ox (2.8)

A random field v"-? = {0v"?(1, x); (1, x) € [r, 00) X R} is a (mild) solution of Eq. (2.8) if it satisfies the integral Eq. (1.12).
It can be proved that Eq. (2.8) has a unique solution (see e.g., [49, Example B.2]). Moreover, this solution has the chaos expansion:

" (t,x) = G,_,(x — 2) + Z I,(g,(.r, z,t,x)), (2.9

n>1

where gy(r,z,t,x) = G,_,(x — z) and for n > 1,
Eulys X1 2,1,X) = Gy (X = x,) X = X Gy _ (X — 2). (2.10)
In addition, for any p > 2 and 7 > 0,

sup
O<r<s<t
x,zeR

orA(s, x)Hp <cC. 2.11)

Lemma 2.4. Forany0<r<s<t<oo, x,z €R, and p > 2, we have:

”U("Z)(s, x)”p =26, (x— z)”u("z)(s, x)”p <CG, ,(x - 2). (2.12)

Proof. Fix r> 0 and z € R. Taking account of the special form (1.9) of G, we see that g,(-,r, z,1,x) = 2G,_.(x — 2)g,(-, r, 2,1, x). From
this, we deduce using the chaos expansion (2.9) that v~ is supported on {(t,x) € [0, ) X R; |x — z| < t — r}. Thus, we can write

VA, %) = 1y jern 028 ).
Recall the wave kernel G,(x) = %1 {jx|<)- The indicator function in the above display is equal to 2G,_,(x — z). This verifies (1.13).
Thus, (2.12) follows from (1.13) and (2.11). The proof of this lemma is complete. []

The next lemma presents some translation-invariance properties of vt">?.

Lemma 2.5. Forany 0 <r <t < oo and x,x’, z,z’ € R, the following properties hold:

d
@ v, x) = v 0@, x - z).
®) "I, x) — vt x) < 0O, x — z) — oIt X! — 7).
(@ Y0 =0 =D + o) <

0Ot x — 2) — O, X — 2) — v (8, x — 2) + VD8, X — 7).
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Proof. (a) This is similar to the proof of Lemma 2.2.
(b) We have the following chaos expansion:
o1, x) = 0" (1, x) = Gy (x = 2) = G (X — 2 )+

[se]
Z / / <G1—t,, (x = x,)G; . (x; —2) - Gr—rn(x’ —x,)Gy _(xy — Z,))
r<t;<--<t,<t JR"

n=1

n—1
[16G...— (i1 = xoW(dty.dx,) ... W(dt,.dx,). (2.13)
i=1
Performing the formal change of variables y;, = x; — z for i = 1, ..., n, we see that the multiple integral above is equal to
[ (6= 22506, 00 = 6 = 223G, = 7 4 2)
r<t;<--<t, JR"

n—1

[16.. -G —2oWw @ dyy) ... WP, dy,).

i=

Since W = W, the series (2.13) has the same distribution as the series which gives the chaos expansion of v 9(t,x — z) —
(r.z/ —z) ! _
% (t,x" = z).
(c) The chaos expansion of the term on the left-hand side is:

G,_.(x—2)— G,_,(x’ -2)—-G,_(x - Z) + G,_,(x’ -2+

n—1
Z / / (Gt—tn (x—x,) - Gr—t,, &' - xn)) H Gt,-+1—t,-(xi+l -X;)
r<ty<--<t,<t JR" i=1

n>1

(G —r(x1 = 2) = G _,(x; = 2))W(dty,dx) ... W(dt,, dx,).

Then we perform the formal change of variables y; = x; —z for i = 1, ..., n in the multiple integral of order n. The conclusion follows
d
using the fact that W = W@, [

Lemma 2.6. Forany p>2,q>0andteR,, we have

q
sup / ) "D (s, x| dx’ + sup / ‘
o<r<s<t JR P o<r<s<t JR

zeR xeR

s, x)H:dz’ <c.
where C > 0 is a constant that depends on (1, p,q, H).

Proof. This is a direct consequence of Lemma 2.4. []

The properties listed in the following lemma have been proved in [49]: parts (a) and (c) correspond to relations (98)—(99), ibid.
and part (b) was shown in the proof of Lemma 5.4(c), ibid. Note that v"-? is denoted by Vl(r‘z) in [49].

Lemma 2.7. Forany p>2andt € R,, we have:

(a) sup / ‘
0<r<s<t JR2
(b) sup / ‘
0<r<s<t JR?

sup / |
(c) o<r<s<t JR3

2
VO (s, x) — o (s, x)H |22 2dxdh < C,
p

2
0O (s, x) — 0O (s, x + h)” |h*H"24xdh < C,
V4

2
0O (s, x) — 0 (s, x) — 0O (s, x + k) + 0P (s, x + k)”
p
x |h* 2| k)PP2dxdhdk < C.
The next lemma is formulated similarly to Lemma 2.7, but differs in the order of the “square” operation and the integration
with respect to x. Despite the fact that the proofs of these two results are similar, one cannot deduce one from the other. As we will

need both lemmas, we provide the proof of Lemma 2.8.

Lemma 2.8. Forany p>2andt € R,, we have:

@ s [(f]
0<r<s<t JR R
® s [(f]
0<r<s<t JR R
o L[]

x W22 k2" 2dhdk < C,

2
U(”O)(s, x) — U<”h)(s,x)”pdx> |h|2H—2dh <cC,

2
05, x) — "0 (s, x + h)” dx) |h*"2dn < C,
»

2
o0 (s,3) = (5, %) = 0"V (s, x4+ K) + 0P s, x 4+ K| dx)
p
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where C > 0 is a constant that depends on (t,p, H).

Proof. (a) The proof follows from the same argument as in that of [49, Lemma 5.5], with minor modifications. Denote by I, and
I, the integral in (a) on the region {A; |a| > 1} and {h; || < 1}, respectively. Then, by Lemma 2.6,

sup / |
0<r<s<t JR

and hence

I < c/ |A|*2dh = C.
|h|>1

e Ry A
R

0<r<s<t

v(”h)(s,x)”p dx)

<C,

Using (1.13), we have I, < C(I,; + I,,), where

I, = sup / (/ GS_,(X)‘
0<r<s<t J|h|<1 R

and

I, = sup / </
o<r<s<t J1n<1 \JR

As a result of the Cauchy-Schwarz inequality and the fact that ||GS_,||2

r®
I,; <C sup / ‘
0<r<s<t JR?

The last integral is uniformly bounded, by Lemma 2.7(a). Using (2.11) and the fact that ||G,_.(-) = G,_,(- = M|l L1, < ||, we have:

I,, <C sup / </
’ o<r<s<t J1n)<1 \JR

(b) The proof is similar to that of (a), and thus skipped.
(c) Denote by J the left hand-side of the inequality. Then,
4

2
o0 (s,3) = o5, 0)|| dx> |h*H=2dh,
P

G, (x)—Gy_.(x— h)|”y(f,h)(s, x)“pdx>2 |h|2H_2dh,

(s=n/2,

2
o0 (s, x) — oI, x)” |h12H2dxdh.
14

2
G, ,(x)— G, (x— h)‘dx) |h12H24n < C/w 1 (2" dh = C.
<

J <4 sup ZJ,-(r,s),

0<r<s<t ;=)

where
2
Ji(r,5) :=/ (/ F,.(x,h,k)dx> A2 kP 2 dhdk, i=1,...,4,
R2 R

with
Fy(x, h,k):= GH(x))

005, x) — 0 (s, x) — 0O (s, x + k) + 0" (s, x + k)” ,
P
Fy(x, h,k):=1G,_,(x) — G,_,(x + k)| ”U("O)(s, x+ k) — 0rP(s, x + k)” ,
p
Fy(x, h,k):=|G,_(x) = Gy_,(x = ) = G,_,(x + k) + G,_,(x + k — h)| ”U("h)(s, x)“p,

Fy(x, h,k):=|G,_(x + k) = G,_,(x + k — h)|(

oM (s, x) = v (s, x + k)H .
P

We suppress the dependence in (r, s) in the above notation for F,’s.
To treat these terms, we proceed as in the proof of [49, Lemma 5.5.e)]. Since F;isa product of two terms (which involve G,
respectively v), we bound /R F;(x, h, k)dx using the Cauchy-Schwarz inequality. For the first term, since /R Gf__r(x)dx = C, we have:

mesc/(
R3

By Lemma 2.7.(c), the last integral is uniformly bounded for all 0 < r < s <. Next,

J2(r,s)5/ </ |GS_,(x)—GS_,(x+k)|2dx>
R R

x ( / |

JR2

< c/ |G,_,(x) = G,_(x + k)|*|k|*H2dxdk = C(s = r*H < C1?H,
R2

2
05, x) — 0 (s, x) — 0O (s, x + k) + 0 (s, x + k)”
»

x |h 2| kPP 2d hd k.

2
o0 (s, x4 1) = o (s, x + )| |h|2”—2dhdx> k1 =2dk
p

10
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where for the last inequality, we used Lemma 2.7.(a). For the third term,

J5(r, ) < / </ |G,_,(x)=G,_,(x—h)—G,_,(x+k) +G,_,(x+k— h)|2dx>
R2 R

“(/l

< c/ |G,_,(x) = Gy_,(x = h) = G,_,(x + k) + G,_.(x + k — h)[?
R3

2
U(r’h)(s,x)H dx> |R12H2 |k 2H2 g hd k
14

X |hPH 2|2 2 dxd hd k

= C(s — P! < cH

where for the last inequality we used Lemma 2.6. Finally,

Jy(r,s) < / (/ |G, (x + k) = Gy_,(x + k — h)|2dx>
R2 R

2
x (/ ( oM (s, x) = 0" (s, x + k)H dx> |22k 2H 24 hak
R p

=/ (/ |GS,,(x’)—GS,,(x’—h)|2dx>
R R

><< L

R2

< c/ |G,_,(x") = G,_,(x' = W*|h* 2dxdh = C(s — * < CPH,
R2

2
oM (s,3) = oM (s, x4 k)| [k ‘dedk> |h2H=2dn
p

where for the last inequality we used again Lemma 2.7.(a). We refer the reader to Appendix B of [49] for the identities involving
integrals of the function G, which were used above. []

2.3. Malliavin derivatives and (HAM) with the delta initial velocity
In this section, we establish the connection between the Malliavin derivatives Du and D?u and the solution v"-? of (2.8).

Lemma 2.9. Let u be the solution to (1.5), and let v"-?) be the solution to (2.8) with arbitrary (r,z) € R + XR. Then,

(@) D, u(t,x)=u(r, 201, x), forall0<r<t<owandx,z€R.

(b) D(Zg W r.ey (8 X) = (O, w)o® (i, )0 (t,x) forall 0 <O < r <t < o0 and x,z,w € R.

Proof. We only provide the proof of (a). One can show (b) similarly. Note that the Malliavin derivative D, ,u(z, x) has the chaos
expansion: for any (r, z) € [0,7] X R,

D, ou(t,x) = Y nl, g (fyCor 2t 0) = D0 D L (f]Cor 2,0, 30), (2.14)

n>1 n>1 j=1

where
f;")(t,,_l,x,,_l,r,z,t,x) :fn(tl,...,t/-_l,r,tj,...,tn_l,xl,...,xj_l,z,x/-,...,x,,_l,t,x)
=GHn-1(X —X,_) X X G,j,r(xj - z)G,,,j_l(z —x;_p)
X X Gy (X = xl)lT,{_l(t,r)(t"‘l)’
with
T/ () = {t, €[00 <t < <t <r<t;<- <t <th

Note that the function f}")(-, r,z,t,x) can be written as follows:

f;")(tn_l,x,,_l,r, z,0,%) = [ 1, %11, 28 j (15X jpm 1o T 2,1, X), (2.15)

where g,_; is given by (2.10) with gy(r,z,t,x) 1= G,_.(x = 2), t;.,_y = (t,....1,_), and x;.,,_; = (x;,..., X, ;). Because the two
functions appearing in this decomposition have “disjoint temporal supports” (see the footnote on page 16 of [24]) and the noise is
white in time, it follows

Fi=1Gor2) @ gy (o1, 2,1,x) =0, forallk=1,...,G =D A@m-j).
As a result, using the product formula e.g., [27, Proposition 1.1.3], we have

Ly (£77Cor2.0,20) = Ly (£500Cor D) Ly (80 G 2.8.0)).

11
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Interchanging the order of summation in (2.14), we obtain:

Dr,z”(ta x) = Z z In—l(f;n)("r’ z,1, x))

jz1 n>j
= Z Ij_l (fj_1(~, r, z)) z I,,_j (g,,_j(-, r,z,t, x)).
= n>j

This justifies (a). The proof of this lemma is complete. []

2.4. Moment estimates for the malliavin derivatives

In this section, we derive some estimates for the moments of the first and second Malliavin derivatives of u(z, x).
Notice that u is adapted and the noise has independent increments in time. Therefore, u(r, z) is independent of v>?). Hence, using
(2.3), for any p>2, r€[0,7] and x,z € R,

1D, u(t, )l = llu(r, ), 10”2, 0ll, < C IV, )l

A similar deduction can be done for D?u(t, x) and thus taking account of Lemma 2.4, we can summarize the next proposition.

Proposition 2.10. Let u be the solution to (1.5), then for any 0 < r < s <t < oo and x, y, z € R, the next inequalities hold:

1D, Lut, %), < C,G,_,(x - 2), (2.16)
and
1D, ) syt 0l < CG_(x = Y)Gy_y(y = 2), (2.17)

where C, > 0 depending only on 1.

The next proposition about the estimates for the increments of the Malliavin derivatives of u(z, x) will be used in the proof of
the main results. To this end, we should first introduce the following notation. For any r,s,t € R, such that 0 < rvs <t, and
x,9,¥ .,z 2z € R, we denote

A,(r, z,t,x) = D, ; pu(t,x) = D, ,u(t, x), (2.18)
and
Opn(r, 2,5, 3,1, %) :=D(2r,z+h),(x,y+h)u(t’ x) — D(2r,z),(s,y+h)u(t’ X)
- D(zr,z+h),(s,y)u(t’ x)+ D(zr,z),(s,y)u(t’ x). (2.19)

Proposition 2.11. For any t € R,, and p > 2, we have:

2
(a) sup /sup(/ “Ah(r,z,t,x)“ dx) |n)*H2an < C,
0<r<t JR zeR VR P

®) sup / HAh(r, 1, x)H ”Ah(r, 71, x’)| |h2H2dhdzdx < C,
o<r<t JRR3 p p
x' eR )

() sup / sup(/ ”I:lh a(r z, s, p, t,x)“ dxdz) A2 =2\ a1 2dhan < C,
0<rvs<t JR2 yeR \JR2 ’ P

(d) sup (/ Hth”(r’z’s’y’t’X)H dydz>2|h|2H—2|h|2H—2dhdh<C,
b R !

where C > 0 is a constant that depends on (t,p, H).

Proof. (a) By using Lemma 2.9(a), we can write
A, (ry 2,1, %) =u(r, z + WO, x) — u(r, 202 (1, x)

=(u(r,z+ h) — u(r, z))u("z)(l, x)+u(r,z+ h)(u(””h)(t, x) — v, x)).
Then, it follows from the Cauchy-Schwartz inequality and Lemmas 2.2 and 2.5(b) that
4422, <latr ) = ur Ol "2 5,01,

+llutr 2 + Wl

v, x — 2) — O, x — Z)”2 . (2.20)
p

Hence, Proposition 2.11(a) is a consequence of Lemmas 2.1, 2.3, 2.6, and 2.8(b).
(b) Using (2.20), we can write

sup / HAh(r, 21, x)H ”Ah(r, zt, x’)” |h*H2dhdzdx = K, + K, + K; + K.
o<r<t JRR3 P 14
x'eR

12
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where
Ky o= sup [ lur, h) = ulr, O3, 1072 0l 1072, XDl | 2 dhd zdx,
0<r<t 3
x'eR R
K, := sup / llu@r, ) = u(r, )|, 1”2t )i,
o<r<t JR3
x'eR
x |lur, z + h)||2p‘ VW@ X — 2y — Ot X! — z)“z |n*H2dhd zdx,
D
K5 := sup [Ju(r, z + h)||2p‘ oM@t x = z) — 0O, x - z)”
o<r<t JR3 2p
x'eR
X (lu(r, h) = u(r, 0) |, 1072 (@, )l | A1*H 2 d hd zdx,
and
K, := sup / llu(r, z + h)Il% ‘ oWt x — z) — 0O, x — z)”
o<r<t JR3 P 2p

x'erR

x oM@, x" = z) — "0, ¥ — z)“2 |n*H2dhd zdx.
P

It follows from Lemmas 2.3 and 2.6 that
K, < sup / [Jae(r, h)—u(r,0)||§P|h|2H_2dhx sup
R

0<r<t O<r<t
zeR

/ 10"t ) dx
R

X sup/llv("z)(t,x')uzpdzsC.
R

o<r<t
x'eR

Due to Cauchy-Schwarz’s inequality and Lemmas 2.1, 2.3, 2.6, and 2.8(a), we have

Ky < sup [lutr. )l X sup / 1, ), dx
o<r<t JR

0<r<t

2/ eR zeR
1/2
X sup ( / ||u<r,h>—u(r,o>||§,,|h|2”—2dh>
0<r<t R
) 1/2
X sup (/ (/ ”v(’*h)(t,z”)—U(”O)(t,z”)dz”) “2p|h|2H’2dh) <cC,
o<r<t \JR \JR

and, with a change of variable x — z — x”/,

K3 < sup [lu(r, 2", X sup / 02, x")lpd 2
o<r<t JR

0<r<t

2/ eR x'eR
1/2
X sup ( / ||u<r,h>—u(r,0)||§,,|h|2”—2dh>
o<r<t R

2 1/2
X sup </ (/ ‘ VB Xy = O, x")dx") H2p|h|2H—2dh> <cC.
o<r<t \JR\JR
Finally, preforming a change of variables (x — z, x’ — z) - (x”, z’’), and using Cauchy-Schwarz’s inequality and Lemmas 2.1 and
2.8(a),

) 1/2
|, d2") |h|2H-2dh>
2p

Ky < sup flu(r, 213 x sup </(”v(”")(t, 2"y = v 0, 2"
P o<r<e \JR

0<r<t
2/ erR

X sup </ (/ ”v(’*h)(t, X = o0, x"
0<r<t \JR VR

The proof of Proposition 2.11(b) is complete.
(c) Without loss of generality, assume that r < s. Then, as a result of Lemmas 2.9(b), 2.2, 2.5(b) and 2.5(c), and Holder’s

inequality, we deduce that

) 1/2
R dx”) |h|2H’2dh> <cC.
P

”Dh,h(r, z, 8, ), 1, x)” SL+L+I;+14, (2.21)
p

where

1, 1= llur, ) = u(r, 0) |

Oy = 2) = sy = 2| 160703,

I :=|lu(r,z + h)||3p‘ oM (s, y+h—z) = vM(s,y - z2)

— 0O (s, y+h—z) + 005,y — z)|‘3,,||u“~y>(t, ll3ys

13
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= llutr, h) = u(r, 0)]I3, 102 (s, y + h)||3p”v(s’h)(t, x—y) — 0“0 x - y)“3p,
and

= lluCr,z + Wi, |

d

Then, preforming a change of variable (z — y,y) — (Z, y), and applying Lemmas 2.3, 2.6 and 2.8(b), we get

2
/ sup(/ Ildxdz) A2 =2| 22 dhdh
R2 yeR “JR2

yAA

x / lutr, 1) = ar, OV, [P =2 < C,
A :

o (s, y+ ) = o,y + 1)
P

oM (1, x - ) = o0Vt x - )
P

o0 (5,7 — 7) — 0 Os, Z)” dz sup /llv(”)(t x)||3pdx) [A2H2dn

with C > 0 depending on (¢, p, H). Similarly, one can show that

2
/ sup(/ Ikdxdz) |APH 2|2 2qhdh < C for all k = 2,3, 4.
R2 yeR “JR2

This completes that proof of Proposition 2.11(c).
(d) Similarly as in the proof of Proposition 2.11(c), we decompose ||, 4 (. z, 5, y. 1, Oll, by (2.21). Then, one can deduce that

2
/ ( / 1dydz) (AP R 2 ddh = / e, ) — u(r, O)I, A2
R2 R2 R

JAA

Again, similar arguments can be applied to the integrations of I,, I3 and I,, and we skip them for conciseness. The proof of this
proposition is complete. []

2 2
o5, 24 m) =05, 3|, aZ) ( / 1652 ll5,dy ) AP 2dh < C.
° R

2.5. Limiting covariance

In this section, we study the asymptotic behavior of the covariance between Fg(r) and Fg(s) as R — oo, where Fg(?) is given by
(1.10). Note that

R R
oR(1) = Var(Fg(1) = / / pi(x — y)dxdy,
-RJ-R
where
oo =3 =B [0 = 1) (utt, ) = 1)] = X Lpx =), (2.22)

n>1

and

Ya(t,x =) 1= (W)X fo (o t,%), Fo (ot 1)) yen

=nlcy /T o /IR Ffolt, ) EVF £yt 0 E) [ ] 16,172 dE it
n(t "

J=1

n n
= nle, /T . / ) e—"<fl+-"+‘f~><x-y>1'[|rGf,+lf,,(él+---+:,~>|21'[|5j|1-2ﬂd¢ndtn

sin® (141 — ¢, DD
=nlc" / / o~ itn(x= y)H /‘lfl B J H|’1, ", =2H g d,, (2.23)
T, (1) JR" nj

j=
with convention #,,; =t and 5, = 0. This shows that «,(z, x — y) and p,(x — y) depend on x and y only through the difference x — y.
In particular, {u(r, x); x € R} is a strictly stationary process with covariance function p,; see Lemma 2.2.

Proposition 2.12 (Limiting Covariance). For any t >0 and s > 0
E[Fgr(t)F,
lim M =K@ As), (2.24)

R—00

where Fg(1) is given by (1.10), and

n 1 2
K(I)=4”ZCH/T(,)/R” 1 sin ((IJ‘“ I)lrlll) (2.25)

- 2
n>2 Jj=1 |’1/|
n—1

1-2H 1-2H
X I I |’1j _nj—ll |nn—l| d”n—ldtn’
=1

14
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withn,_, = (1, ... . ) t, = (1. ..., 1,) and by convention n, = 0. In particular, ai(t)/R — K(1)>0as R - .

Proof. The proof is divided in three steps.
Step 1. In this step, we prove (2.24) in the case 7 = s. We write

O'R(l) = Z / / 7,(t,x — y)dxdy. (2.26)

n>1

Note that
)
_ Asin(RIED _ 47 RE R (&), (2.27)

R /R R 2
/ / e Mgxdy = / e ¥ dx
-RJ-R -R €12

where #(x) := (zR|x|?)! sin®(|x|R) is an approximation of the identity as R — oo; see [45, Lemma 2.1]. On the other hand, [35,
Theorem 3.2] shows that for every n>1,

_ sin® (1741 — 1)) 2
/T()/ e Y)H H|,—'1,1|1 =
t n j=

In; 12
Thus, by Fubini theorem,

1 R R
—./ / ¥altsx = y)dxdy
2
sin™((t;41 — 1)In;1) 1~
e ”dxdy) = =TTy = a1 =2 amat,
/T(r)/n</ / I:I |,1|2 1_[1 J j=1 n

Jj=

2
sin®(R|n I) sin™((141 —1)m; 1)
=4c? / / n i+ - J Hl . N g dt,. (2.28)
T, JR" I7,12 ‘71 |7'lj|

dn,dt, < co.

We treat separately the case n = 1. From [49, Page 30], we know that for any ¢, € [0,7], 8 € (H, l) and € € (0, 45),

: 2 : 2
sin“(R|ny|) sin™((t — t)|ny|) _
/ I '=2Hdny < Coy e —1)*R¥ +C, .
R

|"11|2 |'71|2
Therefore,
I%Im E/ / 71t x —y)dxdy < dcy 11m R~ l/ ( é’g_H(t—tl)2+C£’H)dtl =0.
—00 0

Next, we examine the terms correspondmg to n > 2. For any n > 2, denote

sin’((t — 1,)1n]) Sin* (141 — 1) 1m;1) -
g,(:)(i’l) = |'I|2n /]Rn 1H jln 12 : HMJ =il “fn,,.

with
g" () = lim g" ()
2
sin®((t;41 — 1)) '
=u-u? [ IH#HI =yt 2,
" i

where the last equality is due to the fact that lim,_,  sinx/x = 1. Then, g"(%) is a non-negative function on 7, (f) X R, and thus

1 R R
ot / / ¥u(t; x = y)dxdy
n.J-rJ-r

neosin® (4 = 1)1n;1)
=475c”HR/ / v [ ————=—=[1 In; — =11 " dn,t,
T,0) JR , |71 =1

Jj=1

=4nc!, R / / £ g (n,)dn,dt, = 4rc’, R / (¢ * 8")(O)dt,,. (2.29)

T, JR " T, (1) n
Using (2.7), we obtain that
.2 n—1 s02
sin”((1 = 1,)In, ) sin”((t;4 — 1)1, v
g;(:)(ﬂn) < 2 %lml""ﬂ /%lﬂjl%fim
a,ED, |7[n| j=1 R Mjl
_ sin((t = 1,)n,])
<crt Y | H(t,+1—t )= (2.30)

- 2
a,ED, 171,

where for the last inequality we used (2.1). It is not difficult to see that g’(") is continuous, locally bounded and integrable on R.
Recall that £ is an approximation of the identity as R — . Hence, for any n > 2,

15
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Jlim (£ % g)(0) = g/ (0).

Combining (2.26) and (2.29), by using the dominated convergence theorem, we see that

= lim 47 ) ¢, / (¢ * 8" )O)dt, =4z Y e} / g (0)dt,. (2.31)
Tn

n>2 n>2

As the dominated convergence theorem is applied in (2.31), one needs to justify the applicability. In other words, we have to
find a sequence of functions {h,},5, on T,(r) such that (£ = gt(”))(O) <h,t, forallt, € T,(r) and n > 1, and

X el / h,(t,)dt, < co. (2.32)
n>2 T,
In particular, this shows that
K(t):47r2 / g(")(O)dt < o0.
n>2 T(

sin’ ((t t Dlnl)

Thanks to (2.30) and the 1nequa11ty < (t —t,)*, we have:

2 .2
sin“(R|n,|) sin“((t —t,)|n,|)
£ g”)(0) <! (U1 - r-)"f/ " D | fenay
Crxs,) ZD,H " RIn|? e nl
sin*(R|n,|)
<cr! ; 1—t>"(t—t)2/ 21, dn
”neZDnJH a R erln|2 T "
n—1
< Y [t =1 @ =1, R
a,€D, j=1

n—1

< Y [t -1 -1, = by,

a,€D, j=1

for any R > 1, where identity (2.1) is used for the second last line. As a consequence of identity (2.2) and the fact that

T(an+b+1)>C"(n!)* for any a > 0,b € R, we get:

cr 142 H)n+]  (1+2H)n+2-2H
h,(t,)dt, < ———— (120 4 [ " ),
/T(t) n\'n n (n!)ZFH—I

which yields (2.32).
Step 2. In this step, we show that
oR()
lim 2~ >
R—o

Recall (2.28), we have

R /R
/ / Y.(t,x = y)dxdy > 0,
-RJ-R

for all n > 2, R > 0 and 7 > 0. Then, taking account of (2.29), we can write
o2 (1) 5
lim > lim / / 7o, x — y)dxdy = 4rc? / g )(O)drds
R-x R R— oo 2R O<res<t

sin“((s —r
=4xc? / / « 5 )m)l 1|2(1_2H)dr/1drds
O<r<s<t I |

=C / (s=r*-lgrds > 0,
O<r<s<t

where C > 0 is a constant depending on H. For the identity on the last line, we used relation (2.1) and the fact that H > 1/4.
Step 3. In this step, we complete the proof of (2.24). Without loss of generality, assume that s < ¢. Similarly to (2.23),

E[FRU)FR(s)J-Z / / Fu(t.5.x = y)dxdy,
n>l

where

Pult,5,x = y) = (WD Fu(ot, %), Fos s,y>>H®n

=nlcl / / e i (x— y)H sin ((f,+1 —t)ln;)
T,(s) JR" ;

o |71

sin((t — 1, ) sin(Gs — 1,7, 1~
.2 [T
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The same argument as for (2.29) shows that

R R
1 / / 74, 5,x — y)dxdy = 4nc", R / (¢g A(”))(O)dt,,,
n! J_rJ-r T, (s)

where
& sin((t — 1,)|n|) sin((s — 1,)|n])
, = |n|2

511’1 ((tj+1 ;) 1-2H
/R g Ll

Then, relation (2.24) follows by the dominated convergence theorem, as in Step 1. The proof of this theorem is complete. []

Remark 2.13. There might be an alternative method for proving Proposition 2.12 , which would give a different representation of
the limiting covariance. We explain this method here. If

/ [p,(X)|dx < oo, (2.33)
R

then by the dominated convergence theorem

ai(t)_/ (| B0 BRC)
R R

where By = [—R, R] (see [45, Page 27]). Recalling definition (2.22) of p,(x), (2.33) follows if one can show that

/ [y, x)|dx < 0.
n>1

Unfortunately, we could not prove that 7,(z, -) is integrable on R.

dx — Z/p,(x)dx, as R - oo,
R

Remark 2.14. Suppose we can exchange the order of integrals arbitrarily and treat the Diract distribution § as a regular function.
Then, we can write

47rc’;,/ (n)(O)dt =4xch / /50('7n)g, (n,)dn,dt,
T, ()

=2c;;/ //e""’"*IR(x)dx)g,")(nn)dnndfn
T, JR\JR "

2
== [ {fu(.1,%), f,(,1,0))pdx.
n! R
Thus it is natural to conjecture that
1,
l;gr;o RO'R =2 /]R Cov(u(t, x), u(t,0))d x. (2.34)
Actually, this has been confirmed in parabolic cases (see [45,46]) and also in hyperbolic cases assuming the non-negative correlation

in space of driven noises (see [24]). The aforementioned results rely on the nonnegativity of 7,(z, x), which does not hold in our
setting. This prevents us to provide a proof for (2.34). We expect it can be verified in the future.

3. Proofs of the main results
In this section, we present the proof of Theorems 1.1, 1.2 and 1.3.
3.1. Spatial ergodicity—Proof of Theorem 1.1
In this section, we include the proof of Theorem 1.1. Recall that the stationarity of {u(,x)},cg Was proved in Lemma 2.2. In this

section, we prove that this process is also ergodic. For this, we use a version of the ergodicity criterion given by [39, Lemma 7.2],
as stated in [67, Lemma 4.2]. More precisely, we prove that:

R k
1
Jim =5 Var(Up) = 0, where Uy _/_Rg(; bju(t,x+Cj)>dx,

where k is an arbitrary positive integer, b,,...,b, € R and ¢, ..., {, € R are arbitrary, and g(x) = cos x or g(x) = sinx.
Without loss of generality, we assume that g(x) = cosx, the case when g(x) = sinx being similar. By the Gaussian-Poincaré
inequality (see e.g, [66, Exercise 2.11.1]),

t
Var(Uy) < ENDUlE, = [ [ B1D, Uy = D, UxlPly = 2 2ayazar,
0 JR

17
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Using the chain rule Do(F) = ¢/(F)DF, we see that
R k k
D,,Ug = / sin( Y byuts. x +¢)) b, Dy yutt, x +¢,)dx.
-R j=1 j=1
Using Minkowski inequality, Cauchy-Schwarz inequality and the fact that |sin(x)| < 1,

dx)
2

E|D,,Ug — D, .Ugl* = D, ,Ug = D, .Urll;
k k 2
sin < bu(t, x + g)) X by (D, yult,x + &) = D, u(t, x +¢)))
=1 j=1

(LG
“(Lizm

and therefore,

k t R 2
Var(Ug) < C Y 52 Xsup/ /2 </ HA,,(r, z,t,x+C)”4dx> WP dhd zdr,
= 0 JR -R

o ¢eR

2
D, ju(t,x + ;) = D, u(t,x + cj))(4dx> ,

where 4 is defined as in (2.18). Notice that Proposition 2.11(b) yields that

sup/ </R HAh(r,z,t,x+C)” dx>2 |h|2H—2dhdz

cerJrR2 \J-R 4

= sup/ </R/R”Ah(r,z,t,xl +{)H HA,,(r,z,t,x2+§)” dxldx2> |h|2H—2dhdz
¢cerRJrR2 \J-R J-R 4 4

< ?161]}[13/_: <./R‘ “Ah(r, z, t,xl)H4HAh(r, z,1,X, +§)H4|h|2H—2dhdzdxl> dx,

R
(]
—R \ yeRJR3

and thus

A1, z, t,xl))(4)(4h(r, 21, y)”4|h|2H—2dhdzdx] > dx, < CR,

Var(Ug) < CR.
It follows that
%Var(UR) <CR!'-50, asR— .

The proof of Theorem 1.1 is complete.
3.2. Quantitative CLT—Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Applying [26, Proposition 2.4], we get:

dry <FRO) Z) < 2\/5 \/Z,

or(®) ) T o1

where

A=C} Aj(r,5,0)drdsdo,
1013

and
350 = [ 1D, Fa®) = Dyt FrOILN Dy Fi®) = Dy FaOl
2 2 2 2
X DG 2,5 FRWO = Dy oy 3y FRO = D oy 3y FRO + Dy (1) FrOlly
2 2 2 2
X DGg 103,50 FREO = Dig iy 5,3 FRO = Doy 5,3y FRO + Dig o (5,10y FrOll
X |y =y P2z = 2 P2 \w — ' | 2dydy dzd 2 dwd w' .
Since Proposition 2.12 concludes that "i(’) ~ CR as R - oo, it is enough to show that A < CR.
By Minkowski’s inequality, we get Ag(r,s,0) < Ay(r, s, 0), where A can be written, after a change of variables, as follows:

Ag(r,5,0) = / |yr|2H—2|Z/|2H—2|wll2H—2‘
[-R.R1* JRE

Azt x| [| 4w @, w130,
X ”I:lz/,y/(r, Z, 8, ), t, x3)”4”|:|w/’y/(0, w,s, y,t, x4)”4dydy/dzdz/dwdw'dw'dxldx2dx3dx4.

where 4 and [] are defined as in (2.18) and (2.19), respectively.

18
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Hence,
ASA +Ay+ Ay + Ay,
where

Ay :=/ Ag(r,s,0)drdsdé, A, :=/ Ay(r,s,0)drdsd,
0<rvo<s<t O<r<s<f<t

A ::/ Ay(r,s,0)drdsdd, and A, ::/ Ay(r,s,0)drdsd.
0<f<s<r<t 0<s<rAf<t
The estimates for A, ..., A, are quite similar. Here we only provide a detailed deduction of the estimate for A,.
1 1R 1
Ag(r,s,0) <T(r,0)2Ty(s,r)2 / T5(s,0,x4)2dxy, (3.1)
-R
where
2 2
Ty(r.0) = / (sup/ A0z 03| dxl) (sup / 4. 0.0, x2)”dx2)
R2 \zeR JR 4 weR JR
X |2 PH2 ! P24 2 aw! < C,
2
tsn = [ (s [ | Doyzsonnn] dxaz ) 1 PR2E 2y e <c.
R2 \ yeR JR2 ’ 4
and

2
T3(s.0,x,) = / ( / |50y @05 5.3 x)| dydw) Iy PH=2 | PH=24y du! < C,
r2 \JR? ' 4
by using Proposition 2.11. This yields immediately that for any 0 <rvé <s<t,
R
Ag(r,s,0) < C/ dx, = CR,
-R
and thus

Ay = / Ay(r,s,0)drdsdd < CR.
{O<r<svl<s}
Similar arguments ensure that A, < CR for k = 2,3, 4. Therefore, A < CR. This completes the proof of Theorem 1.2.
3.3. Functional CLT—Proof of Theorem 1.3

In this section, we include the proof of Theorem 1.3. We fix T > 0. It suffices to show the following properties (see e.g. [68,
Theorem 7.1]):

(1) The tightness of the collection of C([0, T])-valued random variables {”l_zl Fr(r);re[0,T1} ReR, -

(2) The convergence in distribution of {a;{l Fp(t), ..., 61;1 FR(tm)}R€R+ to (G(1)), ..., G(,,)) as R — o, for all positive integer m and
forall0<7 <--<t,<T.

Proof of tightness. By Kolmogorov—Chentsov criterion ([69, Theorem 23.7]), it is enough to prove that
| Fr(t) = Fr(s)ll, < CR*(t = 5)'/2, (3.2)

forall 0 < s <t <T, where C > 0 is a constant that depends on (T, p, H). Using (1.8) and the convention G,(x) = 0 for < 0, we
write:

t
u(t, x) — u(s, x) = / /(Gt—r(x - ¥ =G, (x = y))u(r, )W (dr,dy).
o Jr
By stochastic Fubini theorem,
‘ R
Fg(t) — Fr(s) = /0 /R (/ (G, (x =)= G_(x - y))dX> u(r, YW (dr,dy).
-R

We use the following inequality: for any predictable process .S,

T
/ / S@t, x)W (dt, dx)
0 R

This inequality follows from the Burkholder-Davis—Gundy inequality for the stochastic integral with respect to W (given by [29,
Theorem 2.9]) followed by Minkowski inequality for the || - ||, ,-norm. It follows that

1
VR = FIE < G [ [ 1500 = S, 2031y = 2P 2ayazar,
0 JR:

2 T
<Con / / 1S(t,x) = S )P yPH2dxdyds.
o Jre b
P
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with S(r, y) = ( JRG =) = Gy (x = y))dx) u(r, ). It follows that:

| Fr(®) = Fr(s)II% < Con(l1 + 1), (3.3
where
t R 2
I, := / / </ (G, (x=») =G (x=y) -G _(x—2)+G,_.(x— z))dx>
0o JRr2 -R
X llutr, w71y = 2 2dydzadr,
and
t R 2
I = / / ( / (Gioy(x = 2) = Gy_,(x = z))dx) llu(r, y) = u(r, DI |y = 21> *dydzdr.
o Jr2 \J-Rr
Note that
R 1 (R
/ <Gt—r(x -2 -Gy, (x - Z))dx = 2 / Lsmraix—zi<t—r dX € [0,7 = s]. 3.4
—-R -R
Thus, due to Lemmas 2.2 and 2.3, and the fact that G,_,(x) < G,_,(x), we deduce that
R t t
I, SC(t—s)/ / </ G,_,(x—z)dz) drdx:C(t—s)R/ (t—r)dr <C@—s)R. (3.5)
-rJo R 0

Next, we treat I;. By (3.4),

R
/ . (G (x =)= Gy, (x =) = G,_,(x — 2) + G,_.(x — 2))dx| <2(t — 5).

Using this bound and Lemma 2.1, we find that

R t
I, <20t - s)/ / /IR2 (1G_(x = ») = G, (x = 2| +|G,_,(x — y) = G;_,(x - 2)])
-R JO
x|y =z 2dydzdrdx.

Note that |G,(x) — G,(»)| € {1/2,0} for all t > 0 and x, y € R, thus |G,(x) — G,(»)| = 2|G,(x) — G,(»)|>. As a result,
R t
I <40-9) < [ | [ 16tx= 9= G tx = 2Ply - 2P 2ayazarax
-rJo Jr2

R t
+ / / / |Gy (x = ) = G,_,(x = 2)|?|y — z|*H 2dydzdrdx )s C(t — 5)R, (3.6)
-RJO JRZ

where the last inequality is due to [49, Inequality (58)]. As a result, (3.2) follows from plugging (3.5) and (3.6) into (3.3). The
tightness of the sequence {Jl_elF r(M;r € [0,T1}gep, is then established using (3.2) and the Kolmogorov-Chentsov criterion. []

Proof of finite-dimensional convergence. The proof follows the same idea as in [24, Section 4.2]. More precisely, it suffices to
show that:

Var ({ DF(t)), —DL-‘FR(tj))H) <CR, foranyi,j=1,...,m.

This inequality is proved using the same argument as for A in Section 3.2, based on an estimate for Var((DF,-DL~'G)y,) for two
random variables F and G, which can be deduced similarly to the estimate derived for F = G in the proof of [26, Proposition
24]. O
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