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Abstract
A notable feature of the elephant trunk is the pronounced wrinkling that enables
its great flexibility. Here, we devise a general mathematical model that accounts
for the characteristic skin wrinkles formed during morphogenesis in the ele-
phant trunk. Using physically realistic parameters and operating within the
theoretical framework of nonlinear morphoelasticity, we elucidate analytically
and numerically the effect of skin thickness, relative stiffness, and differential
growth on the physiological pattern of transverse wrinkles distributed along
the trunk. We conclude that since the skin and muscle components have similar
material properties, geometric parameters, such as curvature, play an important
role. In particular, our model predicts that, in the proximal region close to the
skull, where the curvature is lower, fewer wrinkles form and will form sooner
than in the distal narrower region, where more wrinkles develop. Similarly,
less wrinkling is found on the ventral side, which is flatter, compared to the
dorsal side. In summary, the mechanical compatibility between the skin and
the muscle enables them to grow seamlessly, while the wrinkled skin acts as
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a protective barrier that is both thicker and more flexible than the unwrinkled
skin.

Keywords: hyperelastic solids, nonlinear deformation, instabilities,
wrinkling, bilayer systems, mathematical modeling

Mathematics Subject Classification numbers: 74B20, 74G10, 74G60, 9210

‘Elephants have wrinkles, wrinkles, wrinkles,
Elephants have wrinkles, wrinkles everywhere.
On their trunks, on their ears, on their knees,
On their toes, no one knows, no one knows
Why-I-I-I-Ih!’— Nursery Rhyme

1. Introduction

The elephant trunk (Latin proboscis, Ancient Greek mpoyookic¢ or proboskis) is an iconic,
highly versatile limb containing approximately 100 000 radial and lateral muscles fibers, con-
nected to the elephant’s head by an opening in the skull and controlled by a proboscis nerve [1—
4]. Due to its exceptional characteristics, it has attracted much interest from the research com-
munity motivated by mimicking its properties and movements [5—10], known as biomimicry.

A salient feature contributing to elephant trunk’s agility [11-13] is its rich pattern of
wrinkles (see figure 1), which form and develop throughout elephant’s life [14—19]. During
foetal growth, transverse trunk wrinkles and furrows appear gradually [19-21]. In adult ele-
phants, the number of transverse wrinkles differs longitudinally, with more wrinkles formed
distally (at the tip) than proximally (near the skull), and more dorsal than ventral wrinkles. The
number of wrinkles further changes with trunk-lateralization. MicroCT-imaging indicates that
the outer trunk skin has a relatively constant thickness, while the inner skin is thinner within
folds than between folds. Thus the generation of wrinkles in elephant trunk is primarily a result
of differential growth appearing during development [22].

Wrinkling instability is a ubiquitous mechanism involving deformations across the scales.
A general theory of small strain superposed on large strain deformations for homogeneous iso-
tropic hyperelastic materials was developed by Green et al [23]. Particular cases of infinites-
imal deformations superposed on finite extension or compression were analyzed in [24-26].
The stability of a solid circular cylinder subject to finite extension and torsion was treated in
Duka et al [27]. For tubes of Mooney—Rivlin material with arbitrary length and thickness, by
applying the Stroh formalism [28], an explicit formulation for the Euler buckling load with its
first nonlinear corrections was derived by Goriely et al [29]. A similar approach was employed
in De Pascalis ef al [30] to calculate the nonlinear buckling load of a compressible elastic cylin-
der. Surface wrinkles formed by straightening of a circular sector or by bending of a cylindrical
sector were examined in Destrade ef al [31] and Sigaeva et al [32], respectively. Wrinkling
due to bending of an inflated cylindrical shell was discussed in Wu et al [33]. An extension
of Fliigge’s formalism [34, 35] applied to the buckling of thin-walled cylinders of nonlinear
elastic material was presented in Springhetti et al [36]. The instability of a thick-walled hypere-
lastic tube subject to external pressure and axial compression was considered by Zhu et al [37].
Other forms of instability, like necking or bulging, also arise during inflation of elastic tubes.
These phenomena were studied extensively in [38—45]. The influence of residual stresses on
the stability of circular cylinders, and in particular on stretch-induced localized bulging and
necking, was addressed by Liu and Dorfmann [46] and by Liu et al [47]. Post-buckling modes
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Asian elephants
(Elephas maximus)

—

African savanna elephant
(Loxodonta africana)

Figure 1. Elephants showing trunk wrinkles (photograph of African savanna elephant
courtesy of Zéphyr Goriely).

for a core—shell cylindrical system of neo-Hookean material under axial compression with a
perfectly bonded interface were investigated experimentally, theoretically and computation-
ally in Zhao et al [48]. The influence of geometrical incompatibility on pattern selection of
growing bilayer tubes was modeled in Liu et al [49]. A cylinder with shear modulus arbit-
rarily varying along the radial direction which buckled and wrinkled under axial compression
was examined semi-analytically by Jia er al [50]. The onset of wrinkling in an anisotropically
growing fiber-reinforced tube was analyzed in Ye et al [51]. Wrinkling patterns in a cylindrical
bilayer where only the outer layer grows were explored in Jia et al [52]. Radially distributed
wrinkles induced by a thin elastic film growing on a soft elastic substrate were presented in
Jia et al [53].

Surface wrinkling is also the primary mode of bifurcation in morphoelasticity [54] where
growth is the bifurcation parameter for the governing system. Past the critical bifurcation point,
further growth can induce various pattern transitions [55, 56]. For instance, when a thin film is
much stiffer than its substrate, the wrinkling mode will give way to a period-doubling pattern
due to a secondary bifurcation [55, 57]. Moreover, if the film is around 10 times stiffer than the
substrate, wrinkles can develop into period-doubling and further into folding [56]. In addition,
wrinkles can also directly evolve into folds or creases [58, 59].

For elephant trunks, in [20], major and minor wrinkles are distinguished based on the wave
amplitude. This difference is similar to the period-doubling mode where one valley deepens as
adjacent valleys rise [57]. Since these more complex patterns depend on the initial wrinkles,
insights into the influence of geometric or material parameters on wrinkling formation is crit-
ical for understanding skin patterns on elephant trunks.

In this paper, building on the rich methodology for elastic instabilities, we construct a math-
ematical model that accounts for transverse skin wrinkling in elephant trunk. Working within
the theoretical framework of large strain morphoelasticity, we address the following key ques-
tion: What is the effect of the relative thickness, stiffness, and growth of the skin and muscle
substrate on wrinkles formation along the elephant trunk? In section 2, we model the trunk as
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a tubular cylindrical bilayer where the skin forms the thin outer layer, the muscle constitutes
the thick inner layer, and a perfect bond exists between these two constituents. To account for
large elastic strains, we describe each layer as an incompressible homogeneous isotropic non-
linear hyperelastic material. Assuming axisymmetric deformations, in section 3, we present
extensive numerical results for skin wrinkling when some model parameters change while
others are fixed. In section 4, we treat analytically and numerically different limiting cases.
From our comprehensive analysis, we conclude that relative growth, geometry and material
properties, together with loading conditions, compete to generate the characteristic pattern of
transverse wrinkles in elephant trunks. While this study is motivated by a specific application
scenario, our fundamental results extend further and are relevant to other applications as well.

2. Problem formulation

We model (a segment of) the elephant trunk as a cylindrical tube bilayer composed of two
concentric homogeneous isotropic incompressible hyperelastic tubes. The skin forms the outer
shell, while the muscle substrate constitutes the inner thicker core. We denote the reference
state by By, and set Ry, Ry, hy and [y the inner and outer radii of the core, the uniform radial
shell thickness, and the axial length of the cylindrical system, respectively, where Ry < R;
and hy < R; — Ry. Assuming that both the shell and the core grow until a deformed state is
attained, we designate 5 as the current configuration where the cylindrical geometry is main-
tained and the geometrical parameters become ry, ry, /i, and [, respectively, with ry < r; and
h < r; —rp. In an elephant trunk, the skin on the dorsal side can reach 2.2 mm in thickness,
which is approximately 100 times more than typical human skin, while the inner and outer
radiiare Ry=1.5cmand R; =7.5cmin [15],and Ry = 1.1 cmand Ry =2.2 cm in [17]). In
our mathematical model, we use these to obtain non-dimensionalized quantities. We further
assume that, at one end, the cylindrical system is fixed (homogeneous Dirichlet boundary con-
dition), while at the other end, the system is constrained elastically (Robin boundary condition
[60]) by a linear (Hookean) spring of stiffness K (Hooke’s constant). Our bilayer system is
represented schematically in figure 2.

Within the usual system of cylindrical polar coordinates, we denote by X = (R,©,Z) and
x = (r,0,z) the coordinates of a material point in the reference and current configurations,
respectively, where

2.1)

For both the shell and the core, the deformation gradient F from the reference to the current
configuration takes the form [54, 61]

F = AG, (2.2

where A is the elastic deformation tensor and G is the growth tensor.

Given the strain-energy function W(A) of an incompressible homogeneous isotropic hyper-
elastic material, assuming that the growth tensor G is constant, the nominal stress tensor S and
Cauchy stress tensor o are, respectively,

oW

- _ —14—1 A
S=JG™' - —pIGT'A and o=A L 2.3)
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Spring with
stiffness K

T

Figure 2. The reference bilayer cylindrical structure attached to a linear spring of stiff-
ness K. The inner and outer radii are Ry and R;, respectively, the radial thickness of the
shell is ko, and the axial length of both the core and the shell is /.

where J = detF = det G represents the volume change due to biological growth, p denotes the
Lagrange multiplier associated with the incompressibility constraint for the isochoric elastic
deformation detA = 1, and I is the second-order identity tensor.

In the current configuration, the equilibrium equation for a quasi-static problem without
body forces takes the form

div o =0. 2.4)
For the axisymmetric deformation considered here, the only non-trivial equation is

doyy | o1 —ox
_+— =

2.
dr r 0, 2.5

where the indices 1,2, 3, correspond to r-, §-, z-directions, respectively. We will use subscripts
to distinguish between physical quantities associated with the skin shell (s) and the muscle
core (c). For example, W; is the strain-energy function for the skin and Wy, for the muscle. For
equations that are valid for both these components, we omit the subscripts.

The primary deformation from By to B is given by

r= V(R) ’ 0=0, 2= A7, (2.6)

where the longitudinal stretch ratio A, is a constant. The deformation gradient then simplifies
as follows:

dr r
F= d—Rer®e,+ I_?ee Reyp+ Ae, Re, 2.7

where {e,,eg,e,} is the usual orthonormal basis for the coordinate system.

Denoting by {A;};=123 the principal stretch ratios in the radial, azimuthal and axial direc-
tion, respectively, by equation (2.7), we obtain

dr r
Al = — A= — 3=\, 2.8
1 dRa 2 Ra 3 ¥4 ( )
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We further consider the following growth tensors for the skin and muscle, respectively:
Gy = e,®e +eyRey+ge: e, 2.9)
Gm:er®er+e9®e9+gez®eza -

where g > 1 is their common growth factor and -y > 1 is the differential (or relative) growth
factor between the skin (outer layer) and the muscle (inner layer) in the axial (length) direction.
Hence,

G, =G,Gp, where G, = eRe +eRe+7e,Xe,. (2.10)

Note that, we assume homogeneous growth, with a constant (albeit different) growth factor
for both the skin and the muscle. In [62], the influence of a gradient growth was found to have
marginal influence on the wrinkling pattern.

From equation (2.2), we deduce that

As = o1, Qe+ agney ® eg + age, e, @.11)
Am: amler®er+amle9 ®e9+am3ez®eza .
and, by equation (2.7), we have
Qs = Y3 = A g (2.12)

From the incompressibility conditions detA; = a3 = 1 and det A, = a1 Qo3 =
1, together with the multiplicative decomposition (2.2), we infer that

d 27! R, forri <r<r+h,
LA SN ! : 2.13)
dR A 'gR, for ro<r<r.
By integration, we obtain
B A g (RZ,R%)JH%, for ri<r<r+h, 2.14)
A g (R —Ry) +r5, for ro<r<n. '
The geometry of the system in the current configuration B is described by
- 1/2
n=[\"g (R - RR)+73)”
1/2
h={\er R+ ho) — B 472} =, 2.15)

l = )\Zl07

where the deformed inner radius ro remains to be determined.
Expressing the strain-energy function in terms of the three principal elastic stretches as
W(ay,an,3), the non-zero components of Cauchy stress tensor take the following form:

(2.16)

Osji = asiWsi — Ds»
Omii = Omi Wi — Pm,
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where Wy; = OW,/0c; and Wyy; = OWy, /Oy, i = 1,2,3 (no summation on repeated indices),
and ps and p,, are the Lagrange multipliers associated with the incompressibility constraint.
Assuming that both the outer and inner surfaces are traction-free and, at the interface between
the shell and the core, the tractions remain continuous (there is perfectly bonded contact), we
have

Omll =0, Osl1 =0, (Os11 — Omi1) =0. (2.17)

r=rp r=ri+h r=ri

Since ajay 3 = 1, we can define the following function depending only on two variables,
w(a,a3) = W(ar,az,03), (2.18)
where ap = a and o = o~ lag !, Applying the chain rule, we obtain

ow

:%:

_ ow _
aNaaWa—ayWy),  wr=——=0a;" (a3Ws—a W)). (2.19)

w1
8043

From (2.16) and (2.17), it follows that

Qs
- Ws1 d
o511 = T azasdo
oy + T3

m Wsi o Ws1
= —d —d
Omll /a 1~ 2o a+/a 1~ o2an Q, (2.20)

n

Qg w Oy
sl Wsi
0 = / — B dat / N da,
o l—a*ams o 1 —ofag

|

where
ro ry r + h
o= —, "=, = . 2.21
TRy TR TRt h 221)
In view of (2.15), the above elastic stretches are connected by
AR e (R R)
r R2 ’
1
(2.22)
L AR+ (R = RY) + gy | (Ri+ho)’ — R}
Q= .
§ (Rl + h0)2

The associated Lagrange multipliers can be determined from the following identities:

{ps = agWa — o, (2.23)

Pm = Am1 Wit — omii.
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The resultant axial force is equal to

r ri+h
N=2m / Om33rdr + / Omazrdr
] r

r
= 77/ [2 (am3Wm3 - amIWml) - (am2wm2 - amLWml)] rdr

o

ri+h
=+ ’/T/ [2 (as3 W%B — Qg Ws]) - (QSZWQ — Qg W%l)} rdr

r

“n 20im1 Wim2 — OWm1
=7R:(\.a? — / oo o ada
o( 2y 8) o, (1— a2am3) (g — a2ams)

+ 7R} (\.o? — /
1( 2Oy 87) o, (1—a2ag) (g7 — A2ag)

a,

! 2051 W52 — QW)

ada. (2.24)

Since the axial displacement is restricted at one end while the other end is attached to a
spring of stiffness K, we can express the axial force as

N=K(I—Ip)=K(\.— 1)lp. (2.25)

Then, for a given value of g, we can derive the axial extension ), and the deformed inner radius
ro from the system of equations

N(ro,)\z> :K<)\Z— 1)10, Omll (ro,)\z> =0. (226)
For definiteness, we consider the incompressible neo-Hookean-type functions:

W= (X423 -3).

1 (2.27)
Wi = 7‘“(A%+A§+A§—3),
where s > 0 and ppy, > 0 are the ground-state shear moduli.
It is useful to introduce the following dimensionless quantities:
~ RO ~ Rl -~ hO hO
20 R — — ho = — = 2.28
0 lO ) 1 10 ; 0 l() ’ C R] ) ( )
~ N = K s
N: y a' = 17 K: R ﬁ = L
T m [(Rl + h0)2 - R(z)} Hm Thm (R + ho + Ro) Hm
(2.29)
Then, by equation (2.25), the dimensionless resultant axial force is
- KO\ —1
N=_ KA. —1) (2.30)

R+ Zo ~Ry
For simplicity, henceforth, we drop the over-hat from notation.
The solutions of ), and ry are illustrated in figure 3(a), and the respective non-
dimensionalized axial Cauchy stress components are indicated in figure 3(b).

Since the skin shell is stiffer than the muscle core, surface wrinkles will be generated at
some critical growth.
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1.20}
_0_2.
(0.1032,1.0639)
1.15}F —0.4}
A
“ 110} T3 _oe]
1.05} 08 — T33
— Om33
-1.0} _
0 S . . .
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.10 0.15 0.20 0.25
ro r

(a) (b)

Figure 3. The dimensionless (a) implicit functions A; and ry determined by solving
the first and second equations in (2.26), and (b) axial Cauchy stress o33 as a function
of the radius r for the skin shell (blue) and muscle core (red) when Ry =0.1, R =
0.25, (=0.04 (ho =0.01), p=1.27, g=1.1, y=1.2, and K = 1. The dashed line in
(b) indicates stress jump across the interface r = ry.

Figure 4. Schematic of the deformed model structure with transverse wrinkles.

3. Linear bifurcation analysis

In this section, we derive the critical condition for transverse wrinkling (see figure 4) using the
Stroh formalism [28]. We then construct a robust numerical scheme using the surface imped-
ance matrix method [63] to solve the eigenvalue problem arising from wrinkling instability.

3.1. Incremental theory

To obtain the incremental equations for the stability analysis, we denote the perturbed state
for the bilayer system by B, with the associated position vector X. The relation between the
position vectors in B and B is

X(r,z) =x+u, 3.1
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where u = u;(r,z)e, + uz(r,z)e; is the incremental displacement when 6 is fixed. We focus
on the axial instability [48] since major wrinkles in an elephant trunk tend to develop in the
longitudinal direction [20].
__ The deformation gradient from the reference configuration By to the perturbed configuration
B can be expressed as follows,

~  Ox

F=-x=0+n)F, (3.2)

where 1 = gradu stands for the displacement gradient given by

up
i) Up—— U3 wp 0 w3
Uy
n= Uz 1 “u ‘uxy U3 = 0 7 0 > (3.3)
r
u3 us3 us33 usr 0 w33
with u; | = Ou;/Or, u;» = Ou; /(rol), u; 3 = Ou;/dz, i = 1,2,3.
For constant growth tensor G, we have
AG =F = (1+7)F = (1+7)AG, (3.4)
and therefore,
A=(I+n)A. (3.5)

Recalling that the elastic deformation is isochoric, incompressibility implies det(I+n) =
1, which in its linearized form specializes to

u
trn =u +71+M3,3 =0, (3.6)

where ‘tr’ is the trace operator.
The nominal stress tensor in 3 takes the form

§:7G‘1%V753G‘1K_1, (3.7)

with p the associated Lagrange multiplier.
We define the Lagrange multiplier increment

P=p—p (3.8)
and introduce the incremental stress tensor
— T
XT:J‘IF(S—S) , (3.9)

where ‘T’ denotes the transpose operator.
The incremental equilibrium equation reads

divxT =0. (3.10)
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As the magnitude of each component of 7 is small, we can expand x in terms of 7, retaining
the linear terms, i.e.

Xij = At + pnji — i, 1,j,k,1=1,2,3, (3.11)

where the summation convention for repeated indices is applied and A = (Aj[]k)l' Jiki=1,2,3
denotes the first-order instantaneous modulus tensor with the following nonzero entries:

Ajiji = aio W; W,
Ay = 2=l i £
Y (3.12)
Ay = Aiiii — -Agjj + aiW,-’ i jand o =
Aijii = A — Wi, i#].

Note that there is no summation for repeated indices in the above expressions and the tensor
A has pairwise symmetry, Ay = Ay;j.
By (3.3), the nonzero incremental stress components are

x11 = A +Anene + Anzanss +p ni —p,

X22 = Aon11mi1 + Ax2m22 + A233133 +p 122 — P,

X33 = Asziinin + Aszme + As333n33 +p 033 — P, (3.13)
X13 = A3131m13 + A3113m31 +p 131,

x31 = Aimst + Aizsimis +p mis.

Then equation (3.10) reduces to

rxi)  +rxin3—x2 =0,
{( & (3.14)

(rxs1)  +7rx33,3=0.
We emphasize that the above general formulae are valid for both the skin and muscle layers.

To specify a layer, the related subscript will be added to indicate its affiliation.
The corresponding boundary and interface conditions are, respectively:

Xer =0,  (X,—Xwme&| =0 (3.15)
r=ri+h r=r;
and
(l/ls] —um]) :0, (us3 —I/lm3) ZO (316)
r=r r=rj
The sliding conditions at the ends are
e, Xs€; =0, € Xme: =0. (3.17)
z=0,/ z=0,/

1
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3.2. Stroh formalism

Employing the Stroh method [28], we look for periodic solutions of the form:

(3.18)

uy (r,z) = U(r)coskz, uz (r,z) = W(r)sinkz,
x11 (r,z) = Ty (r) coskz, x31(r,2) = T3 (r) sinkz,

where k represents the wave number in the axial direction. In view of equations (3.13), (3.18),
denoting the dimensionless wave number by 7, the sliding conditions (3.17) yield

k:TW, n=1,2,3,. (3.19)

We further define a displacement-traction vector

C=[U), T, with U@ =[UF),W()]" and T(r)=[Ty (r), T3 (r)]".
(3.20)
From (3.6), (3.10) and (3.13); 5, we obtain
I (F) = AN()T (), 3.21)

with the prime denoting differentiation with respect to r and the Stroh block matrix taking the
form

CIN N
N= { Ny NT ] (3.22)

where N; (i = 1,2,3) are 2 x 2 sub-matrices, and, in particular, N, and N3 are symmetric.
These sub-matrices can be expressed as follows:

—1 —rk 0 0 " :
R R e P P T
Aiz13 VIEE
(3.23)
where
72k2 2
th = A — 2A12 + Ay + P Asiz — T (Ai331 +p)”" +2p,
1313
(3.24)

tiy =rk(Ann — Az — Anss + Axnss +p),
ty = Pk (A — 2A1133 + Aszz3 +2p) .

3.3. The surface impedance matrix method

Next, we apply the surface impedance matrix method [64—66], and introduce the conditional
impedance matrix Z(r) through

T=2()U. (3.25)
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On substituting this into (3.21), we obtain
p 1 p 1 T
U’ '=—-(NyU+N,T), T =- (N3U —NIT) , (3.26)
r r
and the Riccati equation
1
7' = - (N3 —N|Z—ZN, —ZN,Z). (3.27)

We then apply the above general expressions to the bilayer system. For the skin layer, we use
the boundary condition Z,(r; + ) = 0 determined from (3.15) to integrate (3.27) from r; + h
to r; and find Z(r;). Applying the same procedure to the muscle layer yields Z,(r;). The
displacement and traction continuities at interface result in (Zy,(r;) — Zs(r1)) Us(r1) = 0. For
surface wrinkling, the existence of a non-trivial solution of U finally leads to the bifurcation
condition

©(67’y7n7g7R0aRl7hOaK) = det<Zm (rl) _ZS (rl)) =0. (328)

3.4. Numerical examples

We capture the interplay between different model parameters by a parametric study of the
bifurcation condition (3.28) where some model parameters vary while others are kept fixed.
For the elephant trunk, in [16, 67], the Young moduli of skin and muscle tissue are estimated
as E; = 3ps < 1190 120 kPa and E,, = 3um ~ 938 kPa, respectively, and the skin is found
at most 1.27 times stiffer than the muscle. Nonetheless, we should mention that those moduli
were measured by deforming wrinkled skin samples, first at small strain then at large strains,
and therefore, the large strain measurements would be closer to those for the unwrinkled skin,
which are not available. Additionally, these quantities will be different in the unborn elephant,
where wrinkles first form [20], than in calf and in adult elephants where wrinkles continue to
evolve. Further measurements are needed. Meanwhile, our relevant plots in this paper are those
where the modulus ratio is 8 = 1.27. Notwithstanding these estimates, our modeling approach
is valid more generally, and we include a wide range of examples which are valuable in their
own right and can be useful to this and other applications as well.

In figure 5, we present bifurcation curves identified from the solutions of (3.28) for different
parameter values. These plots suggest that the relative growth factor v decreases as a function
of the wave number n when the pre-growth factor g increases and also when the relative mod-
ulus 3 increases. For each curve, the local minimum gives the first bifurcation point with the
critical relative growth -, and the critical wave number n,. In particular, when 5 =1.27, the
relative growth factor v ~ 1.43 appears to be optimal.

For f large, as illustrated in figure 6(a) showing bifurcation curves, all closed curves tend
to shrink when [ increases. This indicates that a higher modulus ratio, corresponding to stiffer
skin, delays the critical relative growth .. This feature is quite different from the previously
known result that a stiffer film triggers an earlier instability. Additionally, the bifurcation con-
dition (3.28) has no solution for some values of n.

Another inference is that, for large enough g, the bifurcation curve may vanish. To study
this, we plot in figure 6(b) the function ®, described by equation (3.28), with the differential
growth factor v increasing while n =40 and the other parameters as in figure 6(a). The dots
where the black arrow crosses the curves in figure 6(b) highlight the minimum points, not the
bifurcation points (note that the bifurcation point satisfies the bifurcation condition & = 0).
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Figure 5. The relative growth factor ~ as a function of the wave number » identified
from the bifurcation condition (3.28), for different values of the pre-growth factor g and
of the modulus ratio 8, when Ry = 0.05, R; = 0.25, { =0.04 (ho = 0.01), K =20, and
(@ p=127o0r(b)g=1.1.
4.0F ] ;
— =114 60000F
— B=113
— B=110 50000
3.5} ]
40000f
y30 o 30000f
20000f
2.5F 10000f
O L
2.0L R . . K .
30 40 50 60 70 2.0

(a) (b)

Figure 6. (a) The relative growth factor «y as a function of the wave number # identified
from the bifurcation condition (3.28) when g=1.1, Ry = 0.1, R; = 0.25,(=0.04 (hy =
0.01), K =0 and (b) the function ®, given by equation (3.28), depending on the growth
factor v when the wave number is n = 40.

(n=40)

The arrow indicates that all curves increase with increasing 3, until a critical value [pax
where the function @ is tangential to the line ® = 0. When /3 exceeds this value, the bifurcation
condition has no solution (i.e. there is no surface wrinkling).
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Table 1. Maximum modulus ratio Smax, for different values of K, when g=1.1, Ry =
0.1, Ry =0.25, and ¢ =0.04 (hp = 0.01).

Spring stiffness K 0 0.02 0.02 0.03 0.04

Maximum modulus ratio Bmax 114.49 120.85 126.96 134.02 141.34

1.54
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Figure 7. The critical (a) relative growth factor v, and (b) wave number 7, as functions
of skin thickness iy when g=1.1, Ry =0.1, R} =0.25, K=1, and 5 =1.27.

In general, for n = ng;, the critical value is By.x, giving the global maximum value of 8
for generating wrinkles. This optimal value can be identified by solving the simultaneous
equations:

0 _ 0% _

D= — = — =0. 3.29
0, an =0 PN 0 (3.29)

The maximum modulus ratio Sy, is recorded in table 1, for several values of the spring stiff-
ness K. We find that SB,,x grows quickly with K. For instance, Sy.x — 0o when K = 1.

To investigate the effect of different parameters on the critical state, we set §=1.27.
Figure 7 shows how the critical relative growth factor and wave number vary with respect
to the skin thickness . It suggests that a thicker skin always retards surface wrinkling and, at
the same time, reduces the number of wrinkles. This is consistent with other reported results
for growth-induced wrinkling [54]. Since R; = 0.25, a thicker skin layer will give rise to a
lower curvature. As a result, we have that curvature increase will cause an earlier instability
if the muscle thickness is fixed.

The plots in figure 8 show the dependence of 7., and n on the radius of the bilayer tube
Ry + hy. In particular, the thickness ratio { = ho/R; is kept constant, meaning that both kg
and R; increase when R; + A increases. It can be seen that the critical differential growth
~er Mmonotonically increases, while the critical wave number n., decreases. This implies that,
when the thickness ratio ( is fixed, the critical differential growth does not alter much as the
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Figure 8. The critical (a) relative growth factor v, and (b) wave number . as functions
of trunk outer radius R + 4o when g=1.1, Ry =0.1,(=0.04, K=1, and 5 =1.27.

bilayer tube becomes thicker or thinner. However, the wave number changes rapidly. This may
explain why there are more wrinkles in the distal narrower part of the elephant trunk than in
the proximal wider part near the skull (see figure 1).

For planar film/substrate bilayers, surface wrinkles are usually not affected by the thickness
of the substrate which can be seen as a half-space [68]. To further check whether this is true
for curved structures, we display in figure 9 the variations of 7., and n,, as functions of R; by
fixing all other parameters. As expected, R; alone has no effect on the wrinkled pattern but
it does affect the critical differential growth ... We find that a thicker muscle substrate will
cause an earlier instability. Since & is constant in this case, a higher R; corresponds to a lower
curvature. We summarize by stating that curvature increase can delay surface wrinkles if the
thickness of the skin layer is fixed. Furthermore, we discover that the inner radius Rj has no
influence on either the critical differential growth or the critical wave number, thus we do not
show the associated results here.

Figure 10 illustrates the effect of the spring stiffness K on the critical state, namely that
the critical differential growth ~., decreases as K increases, while the critical wave number 7,
decreases from n., = 46 for K =0 (the free end without spring) to n., = 38 for K — oo (the
fixed length restriction).

Figure 11 shows the critical relative growth factor ~., and wave number n., when the rel-
ative modulus [ varies. We observe from figure 11(a) that the dependence of v, on S is
non-monotonic, which is different from the case when K — oo [52, 69]. An analysis of the
deformation reveals that it is induced by the resultant axial force N. By equation (2.25), N
is proportional to both K and A,. When /3 increases, corresponding to a stiffer outer layer,
a larger axial force N is needed to generate an instability. Figure 11(b) presents the critical
stretch A" as a function of /3. Since this function increases, more force is required to trigger
surface wrinkling as (3 increases. In figure 11(c), the critical wave number n., decreases with
increasing [3, consistent with the other results.
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Figure 9. The critical (a) relative growth factor -, and (b) wave number n., as func-
tions of muscle substrate outer radius R; when g=1.1, Ry =0.1, (=0.1, K=1, and
B =1.27. The critical wave number is constant.
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Figure 10. The critical (a) relative growth factor 7. and (b) wave number 7., as functions
of the spring stiffness K at the external boundary when g=1.1, Ry = 0.1, R; =0.25,
¢=0.04 (h=0.01), and 8 = 1.27. The critical wave number remains constant and equal
to nee = 38 if K > 10.

4. Asymptotic analysis

To provide explicit expressions for the dependence of the critical growth rate and wave number
on various parameters, we present approximate analytical results for the primary deformation
and the bifurcation condition.
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Figure 11. The critical (a) relative growth factor ~cr, (b) longitudinal stretch ratio A"

and (c) wave number ng; as functions of the relative modulus 5 when g = 1.1, Ry = 0.1,
R, =0.25,(=0.04 (hp =0.01), and K = 1.

4.1 Primary deformation

To make analytical progress, we assume v — 1, and set A\, = 1, corresponding to the case with
Dirichlet boundary conditions at both ends of the cylindrical system. This is also the limiting
case when the elastic spring is infinitely stiff, i.e. K — co. Given that the inner surface of the
tubular system is free, the equation for the elastic hoop stretch o, is determined by

2 2
i-;+m -85 +m 4+ Bylog =2 =0, @)

az r rl rO 1
where o and o7 depend on o? , through the relations (2.22). The assumption v — 1 yields
a;2~0 ~ &, afl ~ &, ai ~ & 4.2)

We have the Taylor expansions

2 2 2 2
o " o o,

log 3~ —% —1, log—é’%a—z—l (4.3)

o o n
Then (4.1) is approximated as follows
g 8 o g
7—74‘57 57*4—*—1—1—5’7 — —1)=0, (4.4)
®r al arl h o g

or equivalently,

2 2 2 2 2 2 2 2
%(%_%ﬂ<%+0+m%«%_%q(%+ﬁzo 4.5)
8 8 8 8 8 8 8 8

Expressing of and o in terms of a ,as in (2.22), yields a cubic equation in x = o? /&, which

admits only one real solution and can be solved directly. In particular, if y=1, then Oy, =
o = ol/2

oy =ap=g"'".
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Figure 12. Comparisons between exact (solid) and asymptotic (dashed) solutions of ro
as a function of the relative growth factor ~, for different values of g and R;, when
Ro=0.1, hp =0.01, and S =1.27.

Considering the scaling R% ~ holp, we can approximate o, ~ g'/? by seeking a solution of
the form

oy, = X0+ X1h +X2h(2)+)€3h(3)+"' R (4.6)
where x;,i = 0,1,2,---, are unknowns to be determined. After inserting the above formula into
the cubic equation for afo /g, then expanding in powers of /o and collecting the coefficients
of ki, i =0,1,2,---, we obtain infinitely many algebraic equations. Therefore we are able to

solve for xg, x;, x; and find an asymptotic solution for ry = o, Ry of the form

1+

R2 387 (2 =1 —2(42 =~y +3) (v —1
o~ 'Ry tho(1+8 0)(72_1)Jr By(V=1)" =242 —v+3)(v—1)

2R, R? 8R?

“.7)

Note that ro — g'/?Ry as v — 1, which is the exact solution when there is no differential
growth, i.e. the skin and the muscle grow simultaneously at the same rate.

Figure 12 illustrates the exact and asymptotic solutions for 7y as functions of the differential
growth factor v, when the pre-growth factor g and muscle outer radius R, are given, the inner
radius is Ry = 0.1, the skin thickness is 4y = 0.01, and the relative stiffness is 8= 1.27, as
estimated in an elephant trunk.

4.2. Wentzel-Kramers—Birillouin (WKB) approximation

To derive analytical formulae for the critical stretch and critical wave number, we employ the
WKB method [70], which has been found useful in the context of wrinkling in curved and
graded structures [53, 69, 71, 72].
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Starting from the original eigenvalue problem arising from equation (3.14), we introduce a
stream function

¥ (r,z) =f(r)sin (kz). (4.8)
Then the incremental displacements are

19y
r o7’

10y

u(r,z) = w(r,z) = R (4.9)

and the linearized incremental incompressibility condition is automatically satisfied.
In terms of the stream function, the incremental equations and boundary conditions become,
respectively,

PAif" + 27 (rAly;; — Aisis) £ +ax (r)f +ai (r)f +aof =0, (4.10)
and

osti (r+h) =0, o031 (ri+h)=0, omi(ro) =0, omsi(r0)=0,
osti (r) =omi1 (1), o1 (rn) =oms1(r), fi(r)=fm(r), fi(n)=rfuln),
@11

where

{911 =P Aiiaf’" + (P A3 — rAii) 4+ by (r)f +bo (r)f =0, @.12)

031 = rAiaf — Aisiaf’ +Kr (Aizis +p)f =0,
with the coefficients {a;};=0,1,2 and {b;};— 1 taking the following forms:

ao = Kr (A — Anin + 241133 — 2403 + A1y — Al — Alzs — Al + Apss)
+ P Az PP A F 2P

ap = I2r (A — 241331 — 2A133 + Assss) + K7 (2A] 133 — Al + 2 A s — Alsss)
—3Ai313 4+ 3rA 3 — P A,

ay =K (2A1133 — A + 2A1331 — Asazs) + 3rAiais — 3P Al + P Al

by = kr (A — Az — Aiiss + Aoz +p+ Afss +p7).

by = kr(2A13 — A + Aissi — Asszs —p') + Apzis — rA 35

(4.13)

For the WKB-type solution to (4.10), we have

f=exp </rS(T)dT> , 4.14)

where S(r) is a function to be determined, the lower limit of integration is r, = r| for the skin
and r. = rq for the muscle.

20
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To solve the eigenvalue problem with variable coefficients, arising from the mathematical
model for transverse wrinkles when the wave number n = k/7 is large, we look for solutions
of the form

§(r) = 180 (1) +81 (1) + -8+ (4.15)

where S; (i =1,2,3,---) are unknown functions.

Substituting the forms (4.14) and (4.15) into (4.10) and then equating the coefficient of
n to zero provides an algebraic equation for Sp. Solving this equation directly yields four
independent solutions. Similarly, we are able to derive &) and S, in a systematic manner.

To gain insight into the effect of different geometrical and material parameters on the crit-
ical state, we make further simplifications. First, we see from figure 10(b) that the boundary
spring stiffness K has a relatively minor influence on the critical wave number 7, especially
when K > 10. Therefore, we can assume K — oo, which is equivalent to A\, = 1 (i.e. Dirichlet
boundary conditions are imposed at both ends of the tubular system). Second, we take v =1
so there is no differential growth and the pre-growth factor g is taken as the control parameter.
For the neo-Hookean material and the restricted growth case considered here, namely, v =1
and )\, = 1, we obtain the following estimates:

3/2
12 G4 _3/2 (234 1 a2, 3 G4 38
Sy =+m, SV =4mg? S =5 SV =t SV =2
(4.16)
As aresult, we express the general solutions as follows
4 p
fom(r) = ZC,-exp (/ S (T)dT) , forrp<r<n,
= "’ 4.17)
filr)= ZCi+4exp (/ 85(5) (1) dT) , forry<r<r+h.
i=1 n
Substituting these into the boundary and interface conditions (4.11), we obtain
MC=0, (4.18)
where
C=[C1,02,C35,C4,C5,Cs, 01, Gy (4.19)
and
My Mp
M= . 4.20
[ My Mp. } (4.20)
The sub-matrices are
0 0 0 0
M = 0 0 0 0 4.21)

Ami (r0)  Am2(r0) Az (r0)  Ama(ro) |’
Bmi (r0) Bz (
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Eq2s (ri+h) EpAo(ri+h) Eggs(r+h) EuAau(r+h)
| EqBgi (ri+h) EoBo(ri+h) DBga(rn+h) EuBu(ri+h) Y
0 0 0 0
i 0 0 0 0
[ —EmiUni (1) —EmUm2 (1) —Em3™Am3 (1) —EmaAma (1)
My = | m1Bmi (1)  —EmBma(r1) — m3§m3 (r) - m4‘?m4 (r1) ’ 4.23)
—Lml —Lm2 —Lm3 —LEm4
| — 1SS (r1) _EmZSrElz)/(rl) —Em3 S (r1) —EmaSY)’ (r1)
[ A (r)  Ao(r)  Aa(r)  Aa(n)
B B B B
M, = sll(rl) 521(r1) 531(1’1) s41(rl) : (4.24)
L) 82 () 87 80 ()
with the components
ry ) ri+h )
Eni =exp (/ Sé?dr) , Ei=exp / SS(’)dr ,
o r
A N2 3
A =bo+ b1 SV +r(rAly; — Az (3(’)'> + 1 Az <S(Z)I) i=1,2,34.
+7(rAfy; — Az) SO + 32 A3 38D SO 42 A3 13897
. NN\ 2 .
B =k’ (Aisis +p) — Az + rdin <5(1)/> +rAESY,
(4.25)
Pursuing a non-trivial solution yields
detM = 0. (4.26)

It can be deduced from (4.16) that E\,; and E;,3 are exponentially large. On the other hand,
as the skin is very thin, i.e. is also small, E;, i = 1,2,3,4, no longer possess the exponentially
large or small nature. In view of these facts, the terms proportional to Ep,j Ery3 are dominant
such that

detM
© = U + exponentially small terms. 4.27)
EmlEm3
We therefore obtain an approximate bifurcation condition
W(g’nah07B7ROaRl) =0. (428)

Before proceeding further, we specify the parameter values to be used in the subsequent
calculations. To this end, we plot in figure 13 the exact bifurcation curves, in the absence of rel-
ative growth (i.e. when v = 1), for three representative values of the radius R; when Ry = 0.1,
hy =0.01, and S =1.27. We find that each curve has two local minima: a first one which
increases as R| increases, with its critical wave number decreasing, and a second one which is
independent of R}, and thus remains the same for all the curves. For example, when R; = 0.25,
the first local minimum is the global minimum, attained at the wave number n = 5, while when
R =0.35, the second local minimum is the global minimum attained at n = 35. This sug-
gest a possible mode transition as the aspect ratio of the bilayer tube increases. Similar mode

22
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Figure 13. Exact bifurcation curves, for different values of the radius R; when Ry = 0.1,
hyp=0.01,6=127,and y=1.

transitions have also been reported for compressed tubes [29] and film/substrate structures
[68, 73].

For the current problem, we can determine the critical value for the geometric parameter
R; where the mode transition occurs by applying the following two-step procedure:

(D First, setting Ry = 0.35 say, we determine g, and ny,;, for the global minimum of the
bifurcation curve by solving simultaneously the equations

_ o®(g,n)
B(gn)=0, 5= =0, (4.29)

(IT) Second, substituting g = gmin in the bifurcation condition ®, we identify R; = REm) and

the associated small wave number n(™) by solving the following two equations:

8<I>(R1,n)

<I>(R1,n) :O, (9]’1

=0. (4.30)

By applying the above procedure when Ry = 0.1, hp = 0.01, 5 =1.27 and v =1, as seen in
figure 13, we obtain Rgm) ~ 0.2989.

This interesting mode transition deserves to be treated in detail in a separate study. As
our attention here is focused on wrinkling, i.e. on the case where the wave number is large,
we select R; = 0.4 in all subsequent examples and thus avoid the mode transition mentioned
above.

Figure 14 compares the exact and asymptotic bifurcation curves for the pre-growth factor
g as a function of the wave number n, without differential growth (i.e. when « = 1), while the
skin thickness hq is given, the muscle inner radius is Ry = 0.1, the outer radius is R} = 0.25,
and the modulus ratio is 5= 1.27 (small) or 3 =50 (large). As the plots for the exact and
asymptotic curves completely overlap, excellent agreement between these results is obtained
in our examples.
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Figure 14. Comparisons between exact (solid) and asymptotic triangles) bifurcation
curves for different values of &y when Ry =0.1, Ry =0.4, y=1 and (a) 5=1.27 or
(b) B=50.

We emphasize that, when the primary deformation is homogeneous (v = 1) and the neo-
Hookean model (2.27) is applied, (4.10) can be rewritten as

d 1d 1 o\ (4 td 1 s (S0
(dr2+rdr <r2+k)><dr2+rdr <r2+g k))(r =0, .30

which admits an analytical solution [25, 29, 40]

JL:) = 11 (kr) + c2Ky (kr) + c31, (kg*/zr) + ek (kg73/ zr) : 4.32)
where ¢; (i =1,2,3,4) are constants, /; denotes the Modified Bessel function of the first kind
and K the Modified Bessel function of the second kind. After replacing g by A;"! in (4.31), we
recover the scenario where a tube is subjected to end thrust, which was originally studied in
[25]. By doing so, an analytical bifurcation condition can be derived according to the boundary
conditions and continuity conditions. We employ the corresponding bifurcation condition to
validate the bifurcation results shown in figures 13 and 14 and find exactly the same results
based on (3.28), despite poor computational efficiency compared to both the Stroh method and
the WKB approach. However, if v # 1 and the primary deformation is inhomogeneous, this
alternative approach becomes invalid and we need to apply WKB method.

Next, we concentrate on two distinct limiting cases, namely when 5 ~ 1 and when 5 — oo,
respectively.

4.2.1. The limiting case when the shear modulus ratio is close to unity.  In an elephant trunk,
the skin and muscle substrate have comparable stiffness [16], thus 5 ~ 1. In this case, it can
be seen from figure 14(a) that the critical pre-growth factor g, is far from 1, even when the
skin layer is very thin, i.e. 0 < 5y < 1. In this case, we have two small parameters o and 1/n,
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Figure 15. Comparisons between exact (solid) and asymptotic (dashed) solutions for
the critical pre-growth factor g and critical wave number ne; when Ry = 0.1, R} = 0.4,
¢=0.0025 (hp = 0.01), and v = 1.

and approximate the critical growth factor and critical wave number as follows [53]:

8or = 80+ g1ho + g2y + - (4.33)
and

e = hy ' (no +nihg +nahd + -+ ). (4.34)

Inserting the above forms into the simultaneous equations given by the bifurcation condi-
tion (4.28) and the equation O¥/0n =0, we find that the two leading order equations for
go and ng can only be solved numerically. Once they are solved, all higher order unknowns
are then derived recursively. Although we do not include here the lengthy expressions for the
leading-order equations and the recursive relations, we point out that go and ng are both inde-
pendent of Ry and R;, and are only related to (3, indicating that the critical pre-growth g is
dominated by [ only. This is useful in explaining figure 8(a) where ., belongs in the small
interval [1.5124,1.5234]. Similarly, nhg is governed by 3, and thus the critical wave number
ner decreases as hg increases, which explains the result in figure 8(b).

The three-term approximations (4.33) and (4.34) for the critical pre-growth factor g.. and
critical wave number n., when Ry = 0.1, R} = 0.4, and ¢ =0.0025 (hy = 0.01) are compared
with the exact solutions in figure 15. It can be seen from these plots that, for 3 close to 1, an
excellent agreement is found, validating our asymptotic solutions.

4.2.2. The limiting case when the shear modulus ratio is large. =~ When the modulus ratio
is large, we observe from figure 14(b) that the critical pre-growth factor is close to 1. So there
are in total four small parameters, namely, gr — 1, 1/, 1/n, and hy. Again, we assume that
there is no differential growth, i.e. v = 1. To find analytical formulae for the critical stretch and
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critical wave number, we set the scales [68, 72]
= 1~0(B727), na~n0(B), m~O(BTY), @39)

then pursue an asymptotic solution in terms of the small parameter 1//. In a similar manner as
in the previous subsection, we obtain the following explicit forms for the critical pre-growth
factor
gu= 143713723 L —3-2/3g-4/3 ¢ @3_2/%2/3 _ ﬂﬁ—l
“ 20 R 6R,

1 5441 1343 (430
4 E371/3575/3 4 mﬂ—z 4 ZOR(% 3R4ﬁz ) (677/3) 7
and the critical wave number
N = Lh 31/3-1/3 _ 335 + ﬂ 2R 3-1/33-2/3
7T1027h5 “1aptys 2h L 3 @30
WR%3 PEY - R?03 /3ﬂ7/ 2800 378 5/3+O(ﬁ )}

From equations (4.36) and (4.37) we infer that the inner radius R is not involved up to the
truncated order. Meanwhile, the muscle radius R, and the skin thickness h affect the critical
pre-growth factor through higher order terms, indicating that their influence is relatively minor
compared to that of the relative modulus 3. In addition, both Ay and 3 feature in the leading-
order term in (4.37). Recalling the notation ¢ = hy/R;, we can rewrite

|
gcr—1+3 1/36 2/3 20 2/3ﬂ 4/3_"_(2 2/352/3_8<6 1

(4.38)
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2800

It can be seen from the above equations that g.. and nmhy depend hy and R; through (. In
particular, when £ and ( are fixed, the critical pre-growth factor g, is constant.

Figure 16 shows the exact and asymptotic solutions for the critical pre-growth factor g,
given by equation (4.38) and the critical wave number ., given by equation (4.39), as functions
of the modulus ratio 3, when Ry = 0.1, Ry = 0.4, and { =0.04 (hy = 0.01), in the absence of
differential growth (i.e. when v =1).

We also remark that, in equation (4.39) for transverse wrinkles distributed along the tube
length, the leading-order term 3'/35~1/3 is the same as those for the circumferential wrinkles
in growing bilayer tubes [72], core/shell cylinders [53], and surface wrinkles in planar film/sub-
strate bilayers [69]. This analsyis further confirms the universal scaling between the modulus
ratio and number of wrinkles.
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Figure 16. Comparisons between exact (solid) and asymptotic (dashed) solutions for
the critical pre-growth factor g and critical wave number ne; when Ry = 0.1, R} = 0.4,
¢=0.025 (hp =0.01),and y=1.

5. Conclusion

This work stems from the need to understand wrinkling in elephant trunks where physical
measurements suggest that skin and muscle substrate have comparable stiffness. Due to their
mechanical compatibility, the two components can grow together seamlessly, and the wrinkled
skin acts as a protective barrier that is at the same time thicker and more flexible than the
unwrinkled skin. Moreover, geometric parameters, such as curvature, play key roles in the
formation of transverse wrinkles. In particular, the model developed here predicts that fewer
wrinkles form and earlier in the proximal region where curvature is lower than in the distal
region which has larger curvature, as observed in elephant trunks. Similarly, the dorsal side
presents more wrinkling than the ventral side, since curvature is higher dorsally than ventrally.

The skin of an elephant’s trunk exhibits variations in thickness, with the ventral side differ-
ing from the dorsal side and the proximal region differing from the distal region. Despite these
variations, our model remains applicable when the circular annular cross-section is adapted to
represent a circular annular wedge (ventral or dorsal side) or a cylindrical segment (proximal
or distal regions). Consequently, the proposed model can effectively be employed to analyze
these distinct regions of the trunk individually.

Follow-up models should account for additional deformations and loading conditions, e.g.
bending, unbending, causing wrinkling lateralization, and inflation under internal pressure, as
in a water filled elephant trunk. The cylindrical geometry used in this study could be further
refined by adopting a more realistic truncated conical shape. Additionally, more advanced
hyperelastic strain-energy functions could be used to better represent the mechanical properties
of skin and muscle tissues.

The elephant trunk is a remarkable source of inspiration for bio-mechanical devices, yet its
physiology remains insufficiently understood. We hope that our analysis will encourage further
quantitative investigations into the mechanics of the elephant trunk and the unique properties
of elephant skin. While our theoretical and numerical results describe mathematically how
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transverse wrinkles form in elephant trunks, our investigation is an important addition to the
wrinkling methodology, and can be useful to other applications as well.
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