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Industrial design of aerostructures is a complex process stemming from challenges associated
with quantifying and managing the uncertainty in loading and operating conditions, variable
levels of design immaturity and the potential variability in manufacturing and assembly. Setting
the margins on design parameters, particularly at the early design stage of aerostructures
poses significant challenges. For aircraft wing design, the loads envelopes are generated with a
set of industry standard simulations of aircraft maneuver and aerodynamic loads, but these
simulations are expensive and time consuming and unsuitable for rapid exploration of the
design space. The study presented here develops an industrial design workflow with the aims of
providing a holistic Bayesian approach for design optimization and uncertainty management in
early stages of design. In order to explore the limits of the design space, it is essential to create
a Bayesian data-driven surrogate model that maps the design parameters to vector-valued
outputs of load-bearing and aerodynamic performance. The surrogate model is then utilized
in an inverse problem setting to optimize a set of important design parameters based on
user-defined operational constraints. Data compression methods have been employed to reduce
the dimensionality of high-dimensional vector-valued outputs in order to effectively manage the
computational overhead and ensure optimal fitting of multi-output Gaussian process regression
model. Optimization of the parameters of interest is performed with Bayesian inference with
novel objective functions to accommodate the variability introduced due to the presence of
stochastic variables. The proposed approach is applied to an aircraft wing, parametrized by jig
twists and bending and torsional stiffnesses across its span. The training data is produced as a
design of experiment from coupled structural mechanics and computational fluid dynamics
models that generate coefficients of lift over drag, as well as shear force, bending moment,
and torque responses at a selection of flight envelopes and discrete points along the span. The
results demonstrate multiple design scenarios with performance objectives and constraints for
various flight envelope. It has been shown that it is possible to produce probabilistic estimates
of design parameters with a Bayesian approach, while leveraging the computational efficacy
of a pre-trained a stochastic surrogate model. The proposed framework therefore provides
industrial design teams with information regarding potential limits of particular design choices,
and help with setting design margins for later detailed design stages.

L. Introduction
HE data used in this study is provided from the Airbus robust wing twist optimization academic challenge. This data
Tset is a normalized data set for academic use of high fidelity simulations for the aerodynamic drag and external loads
for a representative long range aircraft. This forms the basis of the surrogate, which has been created for the robust
optimization of wing twist (jig shape) to balance aerodynamic performance with the risk of exceeding the design loads
margins under various operational loads and aircraft manoeuvre scenarios.

In recent years, data-driven surrogate models have been used to provide insight into the correlation between model
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parameters and quantities of interest (Qol) over a full range of potential designs at a reduced cost [1} 2]. There is
great interest within the aerospace industry in developing and understanding the application of this technology [3H5]].
Bayesian methods can address the challenge of understanding the epistemic uncertainty introduced through surrogate
modelling and, by extension, understand the confidence level in model predictions [6H8]].

For complex systems operating under diverse, high-stress conditions, detailed information about Qol at important
locations is desirable, posing the challenge of mapping design of experiments (DOE) to a vector-valued output. Methods
have been developed to formulate multi-output Gaussian process regression (GPR) models [9H11]]. However, these
approaches require inference of a coregionalization matrix, which becomes prohibitively large for high-dimensional
problems. Alternatively, dimensionality reduction techniques such as principal component analysis can be employed to
reduce the number of independent GPR models required, though they may introduce additional uncertainty into the
model form [[12H14]).

The development of surrogate models relies on collecting data from high-fidelity numerical simulations, which provide
accurate insights into multiphysics design but are computationally expensive. Such models are widely used in structural
analysis (e.g., finite element analysis) [15], computational fluid dynamics [[16], and thermal analysis [[17]. While they
expand the design space and allow the exploration of diverse options [18]], their high computational cost is a limiting
factor in iterative optimization workflows [[19]. Optimization algorithms, including genetic algorithms, particle swarm
optimization, and Markov Chain Monte Carlo (MCMC) methods, often require numerous evaluations of models, making
surrogate models indispensable in reducing computational cost.

This paper explores Bayesian optimization of a subset of wing design parameters, focusing on their coupled aerodynamic
and load responses. GP surrogate models, trained on data from FEM simulations, are utilized to optimize wing twist
while maintaining computational efficiency. MCMC sampling is employed to optimize the parameters of interest,
incorporating a novel likelihood function formulation to enforce bounded constraints. The surrogate model is further
leveraged to evaluate the impact of design variations across a range of operating conditions, providing valuable insights
into system behavior under scenarios not explicitly included in the optimization process.

I1. Problem Statement and Setup
Investigated in this paper is the early-stage design of an aircraft wing, where the design parameters () include the jig
twists and wing stiffness. The jig twists, 61 5, illustrated in Figure[T} are the primary parameters being optimized. These
define the wing’s jig shape— its unloaded configuration—designed to allow aerodynamic forces to deform the wing in
flight, achieving the desired angle of attack (@). This deformation also depends on the bending and torsional stiffness
(EI and GJ respectively) of the wing at specific spanwise locations, represented by 63 . 10. These stiffness values are
treated as uncertain and modeled as random variables that follow predefined distributions during optimization.

The optimization process considers several Quantities of Interest (Qols), including the in-flight load responses (shear
force, bending moment, and torque) along the wing span, which are dependent on the design parameters. The objective
is to find a distribution over 6 » that satisfies constraints on the lift-to-drag ratio (L /D) while also adhering to limits on
in-flight force responses (F).

The framework, inspired by the work of [20} 21]], involves generating data from FEM analysis of the wing at a
predetermined number of DOE points that uniformly sample the design space. This data is then used to train a number of
separate GP surrogate models, mapping the design parameters 6 to the L/D as f4 : @ — L/D,andtoFas f; : § — F,
and f = {fL. fa}.

Optimization of 6 is performed using Bayesian inference [22] using MCMC sampling [23] with surrogate models
employed for the evaluation of likelihood function. Points are accepted based on their posterior probability of satisfying
the specified constraints captured in the likelihood function.

m(0lf, D, M, 1) o« LIf(0)IM,7)n(0]D) 1)
———
Posterior Likelihood Prior

where D and M are the data and model respectively, and 7 is a set containing the targets associated with L/D (74) and
F (1) such that 7 = {14, 7. }. 7(.), has been used to define probability distributions of priors and posteriors while £(.)
is the likelihood function.



The Bayesian framework is demonstrated through experiments that enforce two distinct types of constraints: point and
bound constraints. These constraints are incorporated into the likelihood function of the inference model. For the
point-constrained task, the likelihood is formulated as a Gaussian probability density function (PDF). In contrast, the
bound constraint requires a more novel approach, utilising cumulative distribution functions (CDFs) to define the bounds
within the optimization process. The techniques used to create the Bayesian framework are outlined in Section [[II} The
experimental results and discussion are presented in Section [[V] followed by concluding remarks in Section[V]
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Fig.1 Approximate location of design parameters on aircraft wing. 6, ; are located at a point midway between
the root and the tip, and at the tip itself. 05 ;o are parameter values between the the root, three separating
lines, and the tip. In the bottom right hand corner is a standard depiction of an airfoil with applied aerodynamic
forces (L, D, Fr) and angle of attack « for reference when reading the text.

II1. Methodology
The Bayesian frameworks for the optimization tasks have two main elements, the foward models, and the inverse models.
The forward models are data-driven surrogate models in the form of trained Gaussian processes (Section [[IL.A). These
GPs provide the model functions for the Bayesian inverse models (Section [[ILB). The inverse models sample from
the posterior distribution over the random variables 6} ; using the No-U-Turn Sampler (NUTS) which is an adaptive
MCMC algorithm based on Hamiltonian Monte Carlo (HMC) (Section [[T.C).

A. Gaussian Process Regression for Surrogate Modelling

The coupled computational fluid dynamics and computational structural mechanics model is emulated by separate
Gaussian possesses [24] so they can be queried individually at new design points during MCMC sampling. This method
gives an estimate of the output as a normally distributed random variable and can be expressed as follows: The surrogate
is a map (f) from the multi-dimensional input space to the output f : R? i R. From Equations (2) and (3} it can been
seen that a GP is a normal distribution over functions that is parametrized by a mean function (M (8)), and covariance
function or covariance kernel (K (6, 6’)).

f61D) ~ GP(M(6),K(6,6') )
GP(M(6,),K(0,0)) ~ N(ui, a}) A3)

For vector-valued outputs and multitask learning, independent GPs can be trained on each output to create a set of
surrogate models for the entire system. Alternatively, the covariance structure between outputs can be exploited, and the
multi-output GP surrogate can be expressed in the Linear Model of Coregionalization (LMC) form [25].

Both types of multi-output GPs are employed in this work. The outputs of interest for the optimization task are represented
by independent GP surrogates, while a specific instance of LMC is used to construct the complete multi-output GP across



the broader output space, enabling an assessment of the impact of the optimized parameters across flight envelopes and
locations on the wing.

B. Bayesian Inference for Parameter Estimation
Bayesian inference is grounded in Bayes’ rule (Equation (@), which relates conditional probabilities through the joint,
marginal, and conditional properties of probability distributions.

2(Yalys) = L(yglya)n(ya) @)
p(ys)
Here, y4 and yp are disjoint sets partitioned from a set of random variables yi, ..., y,. This relationship forms the
basis for Bayesian inference by conditioning one variable on another. In Bayesian inference, the goal is to compute
the posterior distribution (7(y 4]yg)) of a variable of interest, given noisy data modeled as a function of independent
variables. Below is a breakdown of the key terms in Equation (@):

The prior (n(y 4)) represents prior assumptions about the variable of interest, described by a probability distribution.
For instance, a Gamma distribution may be used for strictly positive variables, while uninformed priors, such as flat
distributions, are used when no assumptions are available. The likelihood (n(ygl|y 4)) quantifies the fit between the
model and the data. While not necessarily a probability function, a Gaussian likelihood is common in simple models,
parameterized by its mean, and standard deviation which represents the data noise. If the noise level is unknown, a prior
can be placed on the standard deviation, enabling inference of its posterior along with the variables of interest. The
marginal likelihood (n(yg)) is the normalizing constant ensuring the posterior is a valid probability distribution. It is
obtained by integrating the product of the prior and likelihood over the variable space. Since it serves as a normalization
term, Bayes’ rule is often expressed without it, as it is in Equation (T).

Bayesian inference provides a generative framework to model data and uncertainty, enabling robust parameter estimation
and prediction through posterior sampling.

C. Sampling the Posterior: No-U-Turn Sampler (NUTS)

The No-U-Turn Sampler (NUTS), introduced by [26], is an adaptive extension of HMC that eliminates the need to
specify a fixed trajectory length by dynamically adjusting the number of leapfrog steps. This prevents "U-turns" in
the Hamiltonian path, ensuring efficient sampling without manual tuning, especially in high-dimensional spaces with
complex posteriors.

HMC employs Hamiltonian dynamics to propose transitions in parameter space by treating the parameters as "positions"
with associated "momentum" variables, p, sampled from a Gaussian distribution. The joint probability density of 8 and
p is expressed by the Hamiltonian function as

H(6,p) =U(6) +K(p), &)

where U(6) is the potential energy, corresponding to the negative log-posterior such that regions of high probability
correspond to low potential energy. K(p) is the kinetic energy, which is equivalent to the step size taken in parameter
space, where the value of K is dependent on the realization of p and a mass matrix associated with it that scales p
across all dimensions [27]. The evolution of this system follows Hamilton’s equations

d9 O0H dp  O0H
dt — dp’ dr 98’
where dt is the evolution of steps in the Markov chain rather than time. Numerical integration, such as the leapfrog

method, approximates these continuous equations in discrete steps. However, traditional HMC requires a pre-specified
number of steps, which is difficult to tune.

(6)

NUTS resolves this by incrementally building a binary tree of trajectory states, dynamically doubling its length until
a U-turn is detected. A U-turn occurs if (6; — 6g)p; < 0, where 6y is the starting state and 6; is a proposed state.
This approach balances computational efficiency with effective exploration, avoiding redundant computations. The
Metropolis-Hastings criterion (Equation (7)) ensures acceptance of proposed states.

@ = min (1, eXP(H(ecurrem, Deurrent) — H(eproposed, Pproposed))) @)



By automatically adapting trajectory lengths and step sizes, NUTS simplifies tuning and enhances robustness, making it
well-suited for exploring complex, high-dimensional posterior distributions.

D. PDF and CDF Likelihood Functions for Applying Constraints
Two types of optimization targets are presented here, point constrained, and bound constrained, therefore, the likelihood
functions take on different forms. The point constraint requires a target 7y for which the likelihood is in the form of a
Gaussian distribution PDF
1 ~((r() = f() - w)?
exp .

\/27‘[ 20'2

Taking the logarithm of Equation (8) and assuming independence gives the final point-constrained likelihood .£,,, which
is to be maximized. In this formulation, the subscripts L and A refer to the load and aerodynamic responses, respectively,
while the superscripts B, S, and T correspond to the bending moment, shear force, and torque, respectively,

L(f(O) =7()) = ®)
ag

InL,=InL; +InLy, )
where L;=LPL;L]. (10)

For the bound constrained optimization the normal CDF (IT) in Equation (TT)) applies a lower bound

f(0) —(t— 11)2
L@z =1= —— [ e X, an
g JT J —00

and the survival function is used to apply an upper bound in Equation (T2)
LL(f(0) <t )=1-11 (12)

where t = (7(.) — £(6)).

The final joint likelihood of the bound constraint £; (Equation (T3)) is then calculated by the product of weights
w=[wi,...,wsland L = [ L5, £, LT, £,], and the log likelihood is evaluated with a normal distribution centered
around two. w ensures balance between output dimension during optimization. In this specific case, the weight vector
has been chosen such that w; = wp = w3 = 1/3 and w4 = 1. This ensures that the sum of all three load CDF likelihoods
within £, has a maximum value of one, and L 4 also achieves a maximum value of one. Hence, the maximum value of
w'L = 2, which maximizes Equation .

13)

In(Ly(f(0)|7L.4) =In ( —-(W'L - 2)2)

1
+1In
o’\/ﬂ) ( 202

E. Conditioning of Likelihood Functions

In order to evaluate the likelihoods as a function of just the important parameters 6 5 it is necessary to marginalize out
the effect the stiffness parameters have on f(6;) at each step in the chain with a precalculated n X d; Latin Hypercube
sample SLHS_ and an n X d; matrix T% that has T, = 6;,V¥n € {1,2,...,n}. Concatenation then gives § = [T%, SLHS]
which is the n X d argument of f(6;) in the chain that produces an n X 1 dimensional output y;. The final marginalization
step requires taking the mean of y; thus giving the approximated f(6;,2)

f(012) =E[f(0]612)] (14)

To limit bias in the likelihood function induced by the difference in scale of the variance between outputs, a normalization
step before evaluation but after f(6; ,); is obtained in the Markov chain is used giving f(6; ). This ensures that all



output variances are ~ 1 while retaining the relationship between points. The normalization in Equation (I3)) is of a
standard score form

f(012) = (f(612) — up) Zz%)’ (15)

where g is the vector containing the mean of each output dimension, and X ¢ is the covariance between outputs. Both
Up and X are pre-calculated from the data before sampling begins, along with the normalised target values, where
f () in Equation (13)) is replaced with [1z,Ta].

IV. Results and Discussion
The results of the experiments are presented here under the following conditions. A flight envelope representing
the greatest load responses is selected for optimization. The aim is to infer the posterior distribution over the twist
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Fig. 2 Distribution of the surrogate model predictions on Latin Hypercube samples of the design space (in
yellow). Point-based design targets (’x’). Boundary-based design targets (-).

parameters and recover the predictive posterior distribution over the coefficients of lift over drag, shear force, bending
moment, and torque at the root of the wing, given the surrogate model, constraints, and marginalization of the stochastic
stiffness parameters. To apply appropriate constraints it is first necessary to define the subspace of reachable regions to
ensure the prescribed constraints are valid. In Figure 2] the reachable region is shown in yellow. These data points are
the result of taking separate Latin Hypercube samples of the twist and stiffness parameters and applying the method in
Section (Equation (T4)), with the exception that the use of MCMC to draw samples from the prior of 6; and 6, is
replaced by iterating through the elements of the twist Latin Hypercube. Also shown in Figure 2] are the point and
bound constraints. The point constraint X’ is representative of the response of the wing when cruising at a common
altitude and regular gust condition. Similarly, the bound constraint defines the area above the L/D for these conditions
and below the load responses.



A. Point Constraint Optimization

This case study attempts to recover the posterior distribution over the twists at a point that exists in the training data. For
reference it is a point where all the design parameters are equal to zero. The joint distribution in Figure[3|shows that the
expectations of the Gaussian marginals are located at 6; = 0.139 and 6, ~ —0.147 which is an approximate 14% and
—15% divergence from the target given that the prescribed limits of the design parameters are between -1 and 1. In
Figure [ the divergence in twist from the target is reflected in the expected value of the posterior predictive distribution
in red that is not located directly over the target area. Contributors to this error may include the surrogate models, the
residual effects of the stochastic stiffness parameters, and the number of sampling steps. However, further research is
required to determine the relative contribution of each factor.

0.2
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< —0.11

—0.21
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Fig. 3 Joint posterior distribution over 6, and 6, with marginals for point-based design targets on loads and
aerodynamic performance.
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Fig. 4 Posterior predictive distributions on the aerodynamic L/D performance and wing load at the root
("'Bending Moment, Torque, Shear Force') for point-based design targets on loads and aerodynamic performance
(in blue). Distribution of the surrogate model predictions on Latin Hypercube samples of the design space (in
yellow). Point-based design targets (’x’). Boundary-based design targets (-).

B. Bound Constraint Optimization

The following results pertain to the multiphysics optimization of 6, », with a bound constraint on L/D at the known
current design’s optimum. The bounds on F are chosen to correspond to the same design point as L /D, but for a flight
envelope case where stresses are greatest, relative to the remaining unconsidered cases. In Figure[5] the bounds are
indicated by a dashed line. The objective of the optimization is to sample from the posterior distribution over 6 that
maximizes L/D and minimises F' within these bounds. The predictive posterior distribution of F and L/D, given
7(01.2), is plotted in blue in Figure [5| The majority of the predictive posterior resides within the bounds. However,
some of its variance is observed to be below the L/D bound and above the bound on F. This may be attributed to
the negative correlation between shear force and bending moment with the torque, causing them to compete in the
optimization process and expressing likelihoods that are nearing optimal values.

An important observation is that the expected values remain entirely within the bounds for all (F, L/D) pairs, indicating
successful optimization of 6 > given the problem statement. This suggests that an optimized design point with respect
to the twist parameters has been found, achieving an improvement in L/D during cruising (potentially enhancing
efficiency) without compromising the load response at the wing root.

Considering that E[7(6; 2)] provides a posterior predictive mean that improves the structural response at the root, it is
desirable to investigate whether it has a similar effect across the entire set of flight envelopes. Figure[6]illustrates the
E[f(61,62)|m(6:1.2)] with £3 X STD error bars, plotted alongside the observed data at the bound design point at the root
for all flight envelopes. The data points are highlighted with colored ellipses, indicating whether E[ f (61, 62)|7(612)]
is less than the observed data (in green) or greater than the observed data (in red). The vertical diameter of each ellipse
is scaled relative to the difference between E[ f (01, 62)|7(61,2)] and the observed data.

It is evident from Figure[6] that the optimized twist parameters have had a positive effect on the torque, as all cases with
high torque exhibit a reduction. There are, however, five cases in the mid-to-low torque range that show relatively small
increases compared to the significant decreases observed in the other cases. The level of correlation between the shear
force and bending moment is apparent in Figure[6} with most cases showing the same direction of change. Exceptions
include cases 34 and 45, which show minimal change from their original values. Importantly, the six cases with the
highest stress (cases 35, 36, 37, 38, 41, and 42) all exhibit a reduction with the optimized twists. However, cases with
mid-to- low stresses present more mixed results, with both the shear force and bending moment showing increases in 25
cases and decreases in 15 cases.
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Fig. 6 Observed load responses at the wing root across all flight envelope cases are plotted alongside the expected
values of the responses, as predicted by the surrogate model with the optimized twists.



V. Conclusion

This paper presents an approach for using reduced surrogate modelling techniques which can be integrated with
industrial analysis tools and the overall design process of aerostructures. The significant contribution of this study lies
in the application of the proposed robust design framework to real-world case studies produced by Airbus. The results
from the two case studies exemplify the potential use cases and nature of the information produced by the proposed
framework, and highlights further areas of study, such as, investigating the individual contributions of the surrogate
model, marginalization, and response negative correlations, as well as, further manipulation of the likelihood function to
address biases. Furthermore, results regarding the generation of posterior predictive distributions across the entire set of
flight envelopes and wing spans via the reduced order multi-output Gaussian process surrogate model is not presented.
Further work would produce and analyze graphs that have practical use for structural design engineers for critical flight
envelope e.g plotting the posterior bending moment against span to assess the likelihood of exceeding collapse moments.
This would require further investigation into the expansion of the likelihood functions to include risk terms for design
failure.
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