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 A B S T R A C T

This paper presents a finite element microstructure model specifically designed to predict scalar anisotropic 
magnetic permeability. The model integrates crystallographic texture and grain size considerations within 
specific microstructures, offering a significant advancement in the analysis of scalar permeability and magnetic 
anisotropy. The model’s precision and robustness have been validated with two types of steel: commercial-grade 
grain-oriented electrical steel and industrially recrystallised Interstitial-Free steel. Validation was accomplished 
through comparative magnetic measurements using a modified rotational single sheet tester under varying 
magnetic field strengths. Additionally, the model employs a generalised power law approach to account for 
grain size effects, adapting different power laws as necessary. This aspect of the model has been corroborated 
with experimental data from the literature.
1. Introduction

Anisotropy in steel, the directional dependency of material proper-
ties, can be either beneficial or detrimental. Certain steels, like grain-
oriented electrical steels (GOES) and deep drawing grades, are engi-
neered to exploit these directional properties for optimal performance 
in specific applications. Conversely, undesirable anisotropy, as seen in 
non-oriented electrical steels and hot-rolled plates, can compromise the 
quality of these products. In either case, it is imperative to be able 
to non-destructively and accurately evaluate the anisotropy in steels. 
Magnetic Non-Destructive Evaluation (NDE) techniques are emerg-
ing as a prominent tool, offering significant value beyond traditional 
methods for microstructural analysis and property assessment in steel. 
Due to their inherent directional measurement capabilities, most mag-
netic NDE systems are intrinsically sensitive to magnetic anisotropy, 
providing an effective means of assessment [1].

Iron and steel crystal structures exhibit magnetic anisotropy, pri-
marily due to the alignment of magnetic dipoles within their crystal 
cells [2]. This inherent magnetic anisotropy in each grain influences the 
overall behaviour of polycrystalline steels. When grains are randomly 
oriented, the steel tends to behave isotropically. However, the presence 
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of preferred crystallographic orientations, or crystallographic texture, 
imparts a noticeable anisotropy to the material’s average properties.

This understanding has led to models that predict anisotropic prop-
erties of polycrystalline materials by averaging the properties of single 
crystals. Daniel et al. [3] estimated the effective magnetic permeabil-
ity of polycrystalline materials based on single-crystal anisotropy and 
effective medium approximations. L. Kestens [4] took a more basic 
and simplified approach proposing an ‘A’ parameter, as opposed to 
a fundamental magnetic property, that averages the minimum angle 
between the magnetisation (implicitly assumed to be homogeneous) 
and the closest easy magnetic direction to characterise the so-called 
magnetic quality of a given texture for non-oriented electrical steels.

Both Daniel’s and Kestens’ models overlooked significant aspects of 
the microstructure, particularly the morphology of individual grains 
and the overall microstructure, which can influence magnetic flux 
behaviours and, consequently, the effective permeability. These models 
are effective for uniform, equiaxed single-phase materials but cannot be 
applied to more complex microstructures. For instance, alignment in 
the microstructure, especially of the second phase, often occurs during 
steel processing, such as rolling [5], and is sometimes present in the 
final product. Examples include superduplex stainless steel (banded 
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austenite and ferrite structures), dual-phase steels (banded ferrite and 
martensite), or hot-rolled C-Mn grades (banded ferrite and pearlite 
structures), which can lead to magnetic anisotropy. Zhou et al. [6] pre-
dicted the effective permeability for dual-phase steel microstructures 
using digitised and processed real micrographs (identifying different 
phases) through finite element (FE) modelling. Whilst this approach 
allows for the study of the separate effects of aligned microstructures, 
phase balance, and grain size [7], it does not account for the effect of 
crystallographic texture. Ignoring this factor could result in mislead-
ing predictions and interpretations if textures significantly influence 
magnetic properties and anisotropy in the measurement direction.

In our recent work [8], we introduced a microstructural magnetic 
model that incorporates crystallographic textures to predict tensorial 
permeability anisotropy. This model represents a fundamental advance 
in magnetic property prediction based on crystallographic textures, 
relying solely on essential material properties, specifically the funda-
mental permeability of an elemental domain. Whilst it provides the 
capability to predict anhysteretic BH curves its non-linear nature results 
in relatively high computational demands. This aspect poses a signif-
icant challenge for applications that require extensive computations, 
such as inversion and optimisation problems and those involving 3D 
microstructures. This complexity necessitates a balance between model 
precision and computational efficiency, especially in scenarios where 
rapid or numerous calculations are essential.

In this paper, we introduce a microstructural model based on scalar 
permeability. The foremost attribute of this model, compared to the 
tensorial permeability model, is its computational speed, achieved 
through use of a linear-material FE model. It is worth noting this 
improved performance requires a more complex parameter set, specif-
ically the single crystal permeabilities in three different directions at 
various magnetic fields. The challenge of determining these intricate 
material properties, especially in the context of commercial steels, is 
notable. To overcome this, a hybrid approach combining experimental 
techniques with modelling was taken to obtain these parameters. This 
integrative method enhances the model’s efficiency and ensures its rel-
evance in practical applications. Consequently, this model has become 
a useful tool for NDE of steel anisotropy [9]. It is especially valuable in 
situations where quick computation and efficient use of resources are 
critical, and where scalar permeability offers a reliable approximation.

2. Model

The FE microstructure model considers a magnetostatics problem 
that involves a uniform static field applied to the microstructure. It 
accepts either modelled virtual microstructures or measured electron 
backscatter diffraction (EBSD) data as the geometry. The model has 
been implemented in the AC/DC module of COMSOL Multiphysics 
and Livelink with MATLAB. A MATLAB-based software, EBSD Poly-
gonizer [10], was developed to convert the raster EBSD data into 
polygons representing each grain ready for FE geometry. Each grain is 
considered as an individual entity associated with a material defining 
its relative permeability. A uniform background magnetic flux density, 
𝑩𝒃, is applied, together with the External Vector Potential boundary 
condition on the surface of a sphere or the circumference of a circle 
of a diameter five times larger than the microstructure dimensions 
representing the air in the case of the 3D or 2D model respectively, 
in COMSOL Multiphysics [11].

The relative permeability for grain 𝑖, 𝜇𝑖, is given by an empirical 
relationship reported in [3], which was originally inspired by the for-
mula of the magnetocrystalline anisotropy energy and is also analogical 
to the empirical relationship for the directional elastic modulus [12]: 
𝜇𝑖 = 𝜇100 + 3(𝜇111 − 𝜇100)(𝛾2𝑥𝑖𝛾
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where 𝜇100 and 𝜇111 are the permeability of a single crystal along the 
⟨100⟩ and ⟨111⟩ directions respectively, 𝛾𝑥𝑖, 𝛾𝑦𝑖 and 𝛾𝑧𝑖 are the direction 
cosine of 𝑩  vector with respect to the [100], [010] and [001] direction 
𝒃

2 
respectively, which are calculated from the grain orientation data. A 
refined version introducing an additional single crystal permeability 
along the ⟨110⟩ direction, 𝜇110, to improve the accuracy is given as 
follows after [3]:
𝜇𝑖 = 𝜇100 + 4(𝜇110 − 𝜇100)(𝛾2𝑥𝑖𝛾
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In this paper, Eq. (2) was chosen for better fitting whilst Eq. (1) was 
used in Section 6. The effective permeability 

𝜇𝑒𝑓𝑓
def
= 𝐵

𝜇0𝐻
(3)

is averaged over the whole microstructure where 𝜇0 is the permeability 
for free space and 𝐵 and 𝐻 are the magnitude of the solved 𝑩 and 
𝑯 vectors respectively. The magnitude of 𝑩𝒃 has no influence on 
𝜇𝑒𝑓𝑓  in the model. Its direction is specified by a polar angle, 𝜃, and 
an azimuthal angle, 𝜑. In reality, it is known that permeability is 
dependent on the applied field and the 𝐵, which can be captured by 
using different 𝜇100, 𝜇110 and 𝜇111 for different magnitude of 𝐵.

3. Materials and experimental details

A commercial-grade GOES with a thickness of 0.27 mm and two 
Interstitial-Free (IF) steels – one fully recrystallised and the other 
partially recrystallised – were studied to validate the proposed model. 
The GOES, characterised as a soft magnetic material, exhibits a strong, 
single-component texture and high permeability. Conversely, the IF 
steel, a ferromagnetic structural steel, has a considerably lower per-
meability and a more complex, albeit weaker, texture. The two IF 
steel samples were taken from the same industrially processed coil, 
which underwent varying degrees of recrystallisation at different coil 
positions. As a result, they are expected to share the same 𝜇100, 𝜇110 and 
𝜇111 parameters disregarding the effects of dislocations anticipated in 
the unrecrystallised regions in the partially recrystallised sample as a 
first approximation but differ in texture. The fully-recrystallised sample 
was used to identify these parameters from experimental magnetic 
measurements whilst the partially-recrystallised sample was employed 
to validate the model using the identified parameters.

For EBSD analysis, metallographic samples were prepared. EBSD 
data for the GOES sample covered a substantial area of approximately 
12 × 11mm2 containing 60 grains, with a step size of 10 μm, revealing 
very coarse grains with equivalent circular diameters (ECD) ranging 
from 60 μm to 10.6 mm and being 871 μm on average and a pronounced 
Goss ({110}⟨001⟩) texture, typical for this steel grade, as evidenced by 
the inverse pole figure (IPF) maps and the Orientation Distribution 
Function (ODF) map shown in Fig.  1. For the IF steel samples, EBSD 
data encompassed a smaller yet representative area of 398 × 274 μm2

containing approximately 350 grains, at a finer step size of 0.3 μm. 
Fig.  2 shows the IPF and the ODF maps for the IF steel samples. The 
fully-recrystallised sample exhibits fine equiaxed grains with an ECD of 
16.8 ± 12.0 μm (Fig.  2(e)–(g)) and moderate {111} ∥ ND fibre textures, 
Fig.  2(h). In contrast, the partially recrystallised sample displays a mix 
of many finer equiaxed grains and some elongated grains distributed 
along the RD. In addition to the {111} ∥ ND texture, the partially-
recrystallised sample also exhibits a weaker {110} ∥ RD fibre texture, 
with a peak near (0◦, 27.7◦, 45◦) in the Euler space, as shown in Fig. 
2(h).

Permeability measurements were conducted using an in-house 2D 
Rotational Single Sheet Tester (RSST). This involved measuring the 
permeability at various angles (𝜑) relative to the RD within the sheet 
plane (i.e., 𝜃 = 90◦), by rotating the 𝑩 vector while maintaining its 
magnitude constant. These measurements were performed at 20Hz and 
different magnitudes of 𝐵. Disk samples, each 80 mm in diameter, were 
prepared via Electron Discharge Machining for these tests. To ensure 
repeatability, four measurements were conducted for each sample. 
Between each measurement, the sample was removed, rotated by 180◦, 
and repositioned on the apparatus. Further details about the RSST 
system and methodology are available elsewhere [13].
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Fig. 1. IPF and ODF maps illustrating crystallographic orientations and textures of the GOES sample. Panels (a), (b), and (c) display the Rolling Direction (RD), Transverse Direction 
(TD), and Normal Direction (ND) poles, respectively. All IPF maps are oriented in the RD-TD plane. Panels (d) shows the ODF section for 𝜑2 = 45◦.
Fig. 2. IPF and ODF maps of the IF steel samples illustrating their crystallographic orientations and textures. Panels (a), (b) and (c) display the RD, TD and ND poles of the IPF maps 
respectively and panel (d) the ODF map for the 𝜑2 = 45◦ section, for the fully-recrystallised sample. Panels (e), (f), (g) and (h) display the counterparts for the partially-recrystallised 
one.
4. Identification of the model parameters

Fig.  3 showcases a comparison between the measured and pre-
dicted anisotropic permeability curves at various angles relative to 
the RD under different magnetic field strengths (𝐵). Model parame-
ters were identified through optimisation, specifically, non-linear least 
square fitting the predicted permeability values with the measurements. 
The optimisation procedure is described in detail in Appendix. The 
identified single crystal permeability parameters are detailed in Table 
1.

Overall, the predictions align reasonably well with the experimental 
data, particularly at higher 𝐵 values, such as 1.3 T for the GOES 
3 
sample, where crystallographic texture plays a more significant role. 
Notably, at lower fields (Fig.  3(a)–(c)), the GOES sample exhibits an 
anisotropy unexpected of purely crystallographic texture effects, with 
permeability around 55◦ from the RD (close to ⟨111⟩ directions) being 
higher than along the TD (near ⟨110⟩ directions). This discrepancy may 
be attributed to stress effects from the coating, enhancing GOES perfor-
mance along the RD but significantly reducing permeability along the 
TD [14]. Consequently, the fitted 𝜇110 < 𝜇111. At higher 𝐵, the influence 
of crystal orientation becomes more pronounced, overshadowing the 
stress effects.

For the fully-recrystallised IF steel samples, the fit with experimen-
tal data is relatively accurate. The fitted parameters indicate 𝜇 =
111
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Fig. 3. Predicted permeability curves at various angles relative to RD with different model parameters, i.e., the single crystal permeability values corresponding for different 
magnetic fields (𝐵) for GOES and the fully-recrystallised IF Steel Samples, alongside experimental measurements. The error bars represent the standard deviation of the measured 
permeability data. Panels (a) to (d) illustrate the permeability curves for the GOES sample at magnetic field strengths (𝐵) of 0.1 T, 0.5 T, 0.9 T, and 1.3 T, respectively. Panels 
(e) to (h) display corresponding curves for the fully recrystallised IF steel sample.
Table 1
Identified model parameter values for the single-crystal permeability along the ⟨111⟩, 
⟨110⟩ and ⟨100⟩ directions. 
 Materials 𝐵 (T) 𝜇111 𝜇110 𝜇100  
 
GOES

0.1 2395 1 7398  
 0.5 4594 29 13736 
 0.9 3505 1.2 16716 
 1.3 717 24 17122 
 
IF Steel

0.1 466 466 1532  
 0.5 1163 1163 5950  
 0.9 825 825 8824  
 1.3 292 292 4347  

𝜇110, leading to a simplification of Eq. (2) to Eq. (1), discounting the 
higher order term of 𝛾2𝑥𝑖𝛾2𝑦𝑖𝛾2𝑧𝑖. In this scenario, only two parameters, 𝜇111
and 𝜇100, are required to achieve similar accuracy.

Fig.  4(a) to (c) presents the predicted permeability maps using 
the fitted parameters for 𝐵 = 1.3T for the RD, TD, and ND of the 
GOES sample, respectively. The RD map predominantly displays high 
permeability values, indicated by more red hues, aligning with the IPF 
maps despite a visually distinct colour resolution due to different colour 
spaces representing varied data types. Conversely, the TD and ND maps 
predominantly show lower permeability, evidenced by bluer tones.

Similarly, Fig.  4(d) to (f) illustrate the predicted permeability maps 
for 𝐵 = 1.3T for the RD, TD, and ND of the full-recrystallised IF steel 
sample. Here, a consistent correlation with the IPF maps is observed. 
The ND map, in particular, displays predominantly low permeability 
values, indicated by a darker and more uniform blue, correlating with 
the {111} ∥ ND texture observed in the IPF maps (Fig.  2(c)). The RD 
and TD maps, on the other hand, show higher and more randomly 
distributed permeability values, further substantiating this consistency.

In this study, while the primary focus is on magnetic anisotropy 
within the sheet plane (i.e., 𝜃 = 90◦), it is important to note that the 
model’s applicability is not confined to specific directions or crystal ori-
entations. This versatility enables the prediction of magnetic anisotropy 
for a broad spectrum of directions and crystallographic textures, even 
those not readily accessible through experimental measurements. The 
strength of this model also lies in its microstructural approach, which 
4 
integrates crystallographic texture analysis. Consequently, magnetic 
permeability values and other magnetic parameters can be mapped 
onto individual grains, analogous to how crystallographic orientations 
are assigned in an IPF map relative to a specimen coordinate system.

This capability allows the permeability map to serve as a comple-
mentary visual representation of crystal orientations. It also provides 
a qualitative measure of texture quality. These attributes render the 
proposed FE microstructure model a useful tool for the quantitative 
prediction of magnetic anisotropy in ferritic steels and for tailoring mi-
crostructure and crystallographic texture to achieve desired magnetic 
properties.

To validate the model, the parameters identified for the IF steel 
using the fully-recrystallised sample were employed to predict the per-
meability curves for the partially-recrystallised sample. Fig.  5 demon-
strates that the predictions generally align well with the experimental 
measurements. It is important to note that the model does not account 
for the effects of dislocations expected within the non-recrystallised, 
elongated grains in the partially-recrystallised sample. These disloca-
tions predominantly form sub-grain boundaries. Although this could 
be considered as a grain size effect and thus incorporated into the 
model, doing so would significantly increase the computational cost 
associated with microstructure data processing and subsequent FE mod-
elling. Moreover, we lack a suitable set of samples with constant or 
random textures and varying grain sizes needed to derive the corre-
sponding model parameters for grain size. The consideration of grain 
size based on virtual microstructures and random textures is discussed 
in Section 6.

5. Comparison with the tensor permeability model

Fig.  6 presents the predicted permeability anisotropy for typical 
crystallographic textures, compared with results from the tensorial 
permeability model reported in [8]. This comparison demonstrates that 
the scalar permeability model closely mirrors the anisotropy behaviours 
predicted by the tensorial model. These behaviours align with expec-
tations for these textures. Notably, all curves are symmetric around 
the 90◦ axis, reflecting the cubic crystal and specimen symmetry. The 
highest permeability values are observed at the RD for the 𝜂 fibre 



J. Liu et al. Acta Materialia 289 (2025) 120863 
Fig. 4. Predicted permeability maps for different field directions. Panels (a) to (c) illustrate the permeability when the applied field is aligned with the RD, TD and ND for the 
GOES sample, respectively. Panels (d) to (f) depict similar orientations (RD, TD, and ND) for the full-recrystallised IF steel sample.
Fig. 5. Predicted permeability curves for the partially recrystallised IF steel sample at various angles relative to RD using the identified IF model parameters given in Table  1. 
The error bars represent the standard deviation of the measured permeability data. Panels (a) to (d) correspond to different magnetic field strengths (𝐵) at 0.1 T, 0.5 T, 0.9 T, and 
1.3 T, respectively.
and Goss texture, both representing ⟨100⟩ directions, the magnetic easy 
direction. Conversely, the lowest values occur around 54.7◦ from the 
RD for the Goss texture, aligning with the ⟨111⟩ direction, known as 
the magnetic hard direction. Both the 𝛾 fibre and the 𝜃 fibre display 
isotropic permeability within the microstructure plane, consistent with 
their in-plane random orientations as a ND fibre, leading to an aver-
aging out effect. Specific parameters, including 𝜇100 = 413, 𝜇110 = 355, 
and 𝜇111 = 333 were obtained by fitting with the tensor permeability 
model prediction for the Goss texture only and then employed directly 
in modelling other textures.

The scalar permeability model exhibits notable computational effi-
ciency, operating one to two orders of magnitude faster than the tensor 
permeability model. For the identical 2D microstructure and meshing 
as an example, the scalar model requires approximately 35 s on average 
to predict a data point on the curve, in contrast to the tensor model, 
which takes 1250 s using the same computing setup.

6. Consideration of grain size

Incorporating grain size effects into permeability modelling requires 
adjusting each grain’s permeability, 𝜇𝑖, based on its size, 𝑑. Presently, 
there is no consensus on an empirical relationship between grain size 
and permeability, but two predominant theories are often referenced: 
the 1∕𝑑 relationship (Landgraf et al. [15]) and the 1∕

√

𝑑 relationship 
(Goodenough [16]). Our previous tensorial permeability model [8] 
utilised the former, correlating permeability changes with the reduction 
5 
of elementary domains at grain boundaries. Alternatively, the latter 
theory draws parallels with the Hall-Petch relationship, treating grain 
boundaries as domain pinning sites, akin to barriers in dislocation 
movement.

In this work, we adopt a generalised power law approach to model 
this relationship: 

𝜇𝑔𝑖 = 𝜇𝑖 −
𝑐𝑔
𝑑𝑛𝑖

(4)

Here, 𝑑𝑖 is the ECD of grain 𝑖, 𝑐𝑔 is a constant independent of 
grain size, and 𝑛 can be 0.5, 1, or another positive number determined 
experimentally. The value 𝜇𝑖 represents the permeability limit as 𝑑𝑖 →
+∞, effectively the relative permeability of a single crystal with the 
same orientation as grain 𝑖.

Fig.  7(a) depicts a series of 3D microstructures within a 0.25mm ×
0.25mm×0.25mm cube, each comprising a different number of grains, 
thus varying the average grain size. These microstructures, with ran-
dom crystallographic orientations, were generated using Laguerre tes-
sellation in Neper [17]. A broader range of grain sizes was obtained 
by adjusting the cube size while maintaining a constant grain count 
of 400, thus expanding the grain size spectrum without exceeding 
computational limits. The tessellation’s seed attributes were optimised 
to achieve a lognormal grain size distribution, similar to that observed 
in uniform equiaxed steels (Fig.  7(b)).

Fig.  7(c) illustrates that the predicted 𝜇𝑔
𝑒𝑓𝑓 , effective permeability 

for a whole microstructure, increases with average grain size, adhering 
to the power law described in Eq. (4). Different values of 𝑐  and 𝑛 were 
𝑔
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Fig. 6. The predicted effective permeability for some typical textures using the present 
scalar permeability model and the tensorial permeability model.

applied in this analysis. Specifically, the 1∕
√

𝑑 rule (i.e., 𝑛 = 0.5) aligns 
well with experimental measurements reported in [18]. The model 
parameters, including 𝑐𝑔 = 25 μm0.5, 𝜇100 = 601, and 𝜇111 = 379, were 
optimised via least square fitting with these measurements. The fitted 
pre-exponent constant (454) is close to the 𝜇𝑒𝑓𝑓  values for 𝑐𝑔 = 0, 
affirming the model’s capability in representing grain size effects.

The experimental data reported in [18] span a limited grain size 
range, approximately 3 μm to 65 μm, fitting well with the equation 
𝑦 = 489 − 564.3∕𝑥0.33. Predictions for 𝑛 = 1 also show good agreement 
with the 1∕𝑑 rule, specifically 𝑦 = 460 − 2365∕𝑥, for grain sizes above 
8 μm. The discrepancy observed at smaller grain sizes can be attributed 
to the chosen 𝑐𝑔 , which leads to setting 𝜇𝑔𝑖 for numerous grains to 1 if 
Eq. (4) results in 𝜇𝑔𝑖 < 1.

Interestingly, the FE model’s interaction with magnetic flux in grains 
of various sizes and shapes does not inherently capture the grain 
size effect. This is evident from the insensitivity of 𝜇𝑒𝑓𝑓  values to 
grain size for 𝑐𝑔 = 0, as shown in Fig.  7(c). This phenomenon is 
primarily attributed to the magnetic domain structure’s influence on 
initial permeability, a factor not easily incorporated into the classi-
cal electromagnetic framework of this model. Our proposed empirical 
power law relationship serves as a practical initial approximation for 
modelling grain size effects.

Furthermore, the model adeptly averages the anisotropy of individ-
ual grains. This is demonstrated by the reducing variability of 𝜇𝑔

𝑒𝑓𝑓
with an increasing number of grains in Fig.  7(c), mirroring similar be-
haviours observed in FE modelling of elastic modulus in polycrystalline 
materials [19].

7. Conclusions

In conclusion, the developed scalar permeability finite element 
microstructure model, which integrates crystallographic texture, has 
demonstrated its proficiency in accurately predicting anisotropic mag-
netic permeability for specific microstructures. This model has under-
gone preliminary validation with a commercial Grain-Oriented Electri-
cal Steel (GOES) characterised by coarse grains and a strong Goss tex-
ture; and further experimental validation with another distinct type of 
steels, two industrially recrystallised Interstitial-Free (IF) steel, notable 
for its finer grains and a more complex yet weaker texture.

A key finding of this study is that the scalar model’s predictions of 
anisotropic effective permeability not only align closely with those from 
the tensor permeability model for typical textures but also offer a sig-
nificant increase in computational efficiency. In fact, the scalar model 
operates one to two orders of magnitude faster than its tensor counter-
part, making it particularly advantageous in scenarios demanding rapid 
computation and efficient resource management.
6 
Furthermore, the model’s ability to encapsulate the grain size effect 
via a generalised power law is corroborated by experimental data from 
the literature. Additionally, its capacity to represent averaging effects is 
evidenced by applying it to microstructures with varying grain counts. 
This capability underscores the model’s utility in accurately simulating 
the impact of microstructural variations on magnetic properties.

Overall, the scalar permeability finite element microstructure model 
proves to be a valuable tool in magnetic materials research and ap-
plications, especially when scalar permeability provides a suitable ap-
proximation and when time and computational resources are of the 
essence.
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Appendix

The optimisation process for determining the single crystal perme-
abilities, 𝜇111, 𝜇110 and 𝜇100, along the crystallographic directions ⟨111⟩, 
⟨110⟩ and ⟨100⟩ respectively, is detailed below and illustrated in the 
flow chart in Fig.  A.1.

1. Make an educated guess of 𝜇100, 𝜇110 and 𝜇111, collectively 
referred to as a variable vector𝑿, based on previous literature.

2. Solve the scalar permeability finite element model using 𝑿 and 
calculate the effective permeability values, 𝜇𝑒𝑓𝑓 , for series of 
directions, referred to as a vector 𝝁𝒑𝒓𝒆𝒅𝒊𝒄𝒕𝒆𝒅 .

3. Compare 𝝁𝒑𝒓𝒆𝒅𝒊𝒄𝒕𝒆𝒅 with the measured permeability values in the 
above directions, 𝝁𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅 .

4. If the difference between 𝝁𝒑𝒓𝒆𝒅𝒊𝒄𝒕𝒆𝒅 and 𝝁𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅 exceeds a 
tolerance 𝜉, 𝑿 is adjusted iteratively according to the Nonlinear 
Least Squares algorithm in MATLAB. The process repeats until 
the difference falls below 𝜉, at which point the final 𝑿 values 
are output as the fitted single crystal permeabilities.
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Fig. 7. Illustration of 3D microstructures and permeability analysis. Panel (a) displays a series of 3D microstructures with varying grain sizes. Panel (b) shows the grain size 
distribution. Panel (c) presents the predicted effective permeability as a function of average grain size (measured by equivalent circular diameter) using different parameters for 
the power law relationship. These predictions are compared against the baseline scenario where the grain size effect is not considered (𝑐𝑔 = 0), as well as against the measured 
relative permeability for low carbon steels as reported in [18] and predictions from the tensorial permeability model [8]. The lines in the graph indicate a strong correlation with 
the power law relationship.

Fig. A.1. Flow chart for the optimisation process for determining the single crystal permeability values.
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