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Abstract

We determine the Nakayama automorphism of the almost Calabi-Yau algebra
A associated to the braided subfactors or nimrep graphs associated to each SU(3)
modular invariant. We use this to determine a resolution of A as an A-A bimodule,
which will yield a projective resolution of A.

1 Introduction

The SU(2) and SU(3) modular invariant partition functions were classified by Cappelli,
Itzykson and Zuber [15] and Gannon [35] respectively. The SU(2) theory is closely related
to the preprojective algebras of Coxeter-Dynkin quivers. The object of this paper is to
study the analogous finite dimensional superpotential algebras associated to the SU(3)
invariants.

The classical McKay correspondence relates finite subgroups I' of SU(2) with the
algebraic geometry of the quotient Kleinian singularities C?/T" [63] but also with the
classification of SU(2) modular invariants [15, 73], classification of subfactors of index
less than 4 [57, 42, 50, 2, 43], and quantum subgroups of SU(2) [59, 60, 70, 5, 6, 10, 11].
The study of quotient singularities and their resolution has been assisted with the study
of the structure of certain noncommutative algebras. Minimal resolutions of Kleinian
singularities can be described via the moduli space of representations of the preprojective
algebra associated to the action of I'. This leads to general programme to understand
singularities via a noncommutative algebra A, often called a noncommutative resolution,
whose centre corresponds to the coordinate ring of the singularity [66]. The algebra should
be finitely generated over its centre, and the desired favourable resolution is the moduli
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space of representations of A, whose category of finitely generated modules is derived
equivalent to the category of coherent sheaves of the resolution. In the case of a quotient
singularity C3/T" for a finite subgroup I' of SU(3), the corresponding noncommutative
algebra A is a Calabi-Yau algebra of dimension 3.

Calabi-Yau algebras arise naturally in the study of Calabi-Yau manifolds, providing a
noncommutative version of conventional Calabi-Yau geometry. An algebra A is Calabi-
Yau of dimension n if the bounded derived category of the abelian category of finite
dimensional A-modules is a Calabi-Yau category of dimension n. In this case the global
dimension of A is n [12]. The derived category of coherent sheaves over an n-dimensional
Calabi-Yau manifold is a Calabi-Yau category of dimension n and they appear naturally in
the study of boundary conditions of the B-model in superstring theory over the manifold.
For more on Calabi-Yau algebras, see e.g. [12, 38|.

In [38, Remark 4.5.7] Ginzburg introduced, in his terminology, ¢-deformed Calabi-
Yau algebras. In the case where ¢ is not a root of unity, these algebras are Calabi-Yau
algebras of dimension 3. In this paper we will study these algebras in the case where ¢ is
a root of unity, which are the SU(3) generalizations of preprojective algebras [37] for the
Coxeter-Dynkin diagrams ADFE. We will call these algebras almost Calabi- Yau algebras.

In Section 2 we bring together the strands needed from subfactor theory, modular ten-
sor categories and their modules, planar algebras and categorical approaches. We begin
in Section 2.1 by describing our notation for the representation theory of SU(n) at level
k. In Section 2.2 we recall the generalized Temperley-Lieb algebras for SU(n), which are
representations of the Hecke algebra. Then in Section 2.3 we review the description of
the Verlinde algebra and fusion rules for quantum SU(n) in terms of endomorphisms of
a hyperfinite type III; factor N. This system of endomorphisms has the structure of a
modular tensor category. For a braided inclusion N C M we obtain a module category
which produces a nimrep, or non-negative matrix integer representation of the fusion
rules, which is associated to the SU(n) modular invariants. In Section 2.4 we give a
subfactor description of the Verlinde algebra, where the space of intertwiners is identified
with the algebra of paths on the nimrep graph. In Section 2.5 we move to the categorical
picture, and give a diagrammatic and categorical description of the Verlinde algebra and
fusion rules for quantum SU(2). This is based on the diagrammatic representation of
the Temperley-Lieb algebra of Kauffman [49]. A categorical approach to Temperley-Lieb
algebras was given in [65, 71, 16]. In Section 2.6 we describe SU(2) module categories
in terms of preprojective algebras, following the ideas of Cooper [16]. We relate this in
Section 2.7 to braided subfactors using the Goodman-de la Harpe-Jones construction [39]
and its manifestation in the bipartite graph planar algebra construction of Jones [47]. We
give the analogous description for SU(3), where the diagrammatic and categorical descrip-
tion of Section 2.8 is based on the SU(3)-Temperley-Lieb algebra and its diagrammatic
representation constructed in [27] using the As-webs of Kuperberg [53]. In Section 2.9 we
describe the module categories in terms of (almost) Calabi-Yau algebras, following the
ideas of Cooper [16]. The corresponding nimreps, the SU(3) ADE graphs, are the graphs
associated to the SU(3) modular invariants. In Section 2.10 we relate the construction
of these almost Calabi-Yau algebras to braided subfactors using the SU(3) Goodman-de
la Harpe-Jones construction [26] and its manifestation in the SU(3)-graph planar algebra
construction [28].

Then in Section 3 we compute the Hilbert series of dimensions associated to these



almost Calabi-Yau algebras. The McKay graph of SU(3) is built out of closed paths of
length 3, which corresponds to the fact that the fundamental representation p of SU(3)
satisfies p ® p ® p 2 1. One can build an Ocneanu cell system W on the McKay graph
of a subgroup of SU(3) or an ADE graph G, which attaches a complex number to each
closed path of length three on the edges of G [59]. These yield relations on paths of equal
length, and one obtains a superpotential algebra A = A(G, W) by taking the quotient by
the ideal generated by these relations. For the ADE graphs G, we take potentials built
on the cell system W computed in [25], and study the Hilbert series of dimensions of the
corresponding quotient algebras A(G, W), which are almost Calabi-Yau algebras. The
preprojective algebras for SU(2) braided subfactors, and the almost Calabi-Yau algebras
for SU(3) braided subfactors, are given by the image under a functor F' of the quotient S
of the tensor algebra generated by the fundamental sector by a tensor ideal which makes
S symmetric, that is,

F(S) = A(g7 W)? (1)

where the functor F' is essentially the module category arising from the braided subfactor.

If H, is the matrix of dimensions of paths of length n in some graph G in the quotient
algebra A = A(G,W), with the indices of the matrix labeled by the vertices, then the
matrix Hilbert series H4 of the algebra A is defined as Hu(t) = > H,t". Let Ag be
the adjacency matrix of G. Then if G is the McKay graph of a subgroup of SU(3) then
A = A(G,W) is a Calabi-Yau algebra of dimension 3 [38, Theorem 4.4.6], and by [12,
Theorem 4.6] its Hilbert series is given by:

1
1= Agt+ AL — 3

H4(t) (2)

We prove in Theorem 3.1 that if G is a finite SU(3) ADE graph which carries a cell system
W, and thus yields a braided subfactor [26], then

- 1— Pt
1= Agt+ ALz — 13

Ha(t) (3)
where P is a permutation matrix corresponding to a Zs symmetry of the graph, and
h = k + 3 is the Coxeter number of G, where k is the level of SU(3). The permutation
matrix P corresponds precisely to the Nakayama permutation for A. This result was
mentioned without proof in [29]. In [13, Proposition 3.14] the Hilbert series was given
for a (p, q)-Koszul algebra (or almost Koszul algebra), of which (3) is a particular case,
where A = A(G,W) is a (h — 3, 3)-Koszul algebra, see Section 2.9.

The dual A* = Hom(A,C) is an A-A bimodule, not usually identified with 4A4 or
1A; with standard right and left actions but with ; Ag with standard left action and the
standard right action twisted by an automorphism /3, the Nakayama automorphism [72].
The Nakayama automorphism measures how far away A is from being symmetric. In the
case of a preprojective algebra II of a Dynkin quiver, this Nakayama automorphism is
identified (up to a sign) with an involution on the underlying Dynkin diagram, which is
trivial in all cases, except for the Dynkin diagrams A,,, Ds,.1, Fs where it is the unique
non-trivial involution [19, 20]. In the case of SU(3), the Nakayama automorphism is
identified in Theorem 4.6 with the Zs symmetry of the underlying ADE graph given by
the permutation P in (3). This answers a question we posed in [29, p.411]. The Hilbert
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series (3) for A is a key ingredient in our determination of the Nakayama automorphism
for the SU(3) ADE graphs. We also use the Ocneanu cells W(A) computed in [25],
and exploit their Zs-invariance and in most cases the non-vanishing of (certain linear
combinations of) cells which appear in the determination of a basis for A. It does not
appear that the non-vanishing of these linear combinations can be deduced merely from
the existence of cells in [59).

In Section 4 we obtain the first part of a resolution of A as an A-A bimodule

ARrAB] > A®rV*®@grA[l] > ARrV ®rA— A®rA— A —0,

where R, V are the A-A bimodules generated by the vertices, edges of G respectively, the
A-A bimodule V* is the dual space of V', and B|m| denotes the graded space B but with
grading shifted by m. The algebra A is a Calabi-Yau algebra if and only if the kernel of
the leftmost map is zero, as in [38, 12, 14]. In our case, this kernel Q*(A) is non-zero and
is determined in Theorem 5.1. We show that Q%(A) is isomorphic as an A-A bimodule to
1Az-1, and thus obtain a finite resolution of A as an A-A bimodule

0—=1A51h] > ARr A3 2 A®r V" @rA[l] 2 A®rV®rA—>ARrA—A—0.

This almost Calabi-Yau condition should be compared with the Calabi-Yau condition
expressed above.

This resolution of A will yield a projective resolution of A as an A-A bimodule. The
objective in deriving this resolution is to provide a basis for the computation of the
Hochschild (co)homology and cyclic homology of the algebras A(G, W) for the SU(3)
ADE graphs. Beginning with a pair (G, W) given by a cell system W on an SU(3) ADE
graph G, we construct a subfactor N C M which yields a nimrep which recovers the
graph G as described in Section 2.3. Then we can construct the algebra A(G, W) whose
Hochschild (co)homology and cyclic homology only depends on the original pair (G, W),
or equivalently, on the subfactor N C M. Thus the Hochschild (co)homology and cyclic
homology of A should be regarded as invariants for the subfactor N C M.

2 Preliminaries

In this section we bring together the strands needed from subfactor theory, modular tensor
categories and their modules, planar algebras and categorical approaches as outlined in
the Introduction.

2.1 Representations of SU(n) and SU(n);

Here we describe our notation for the representation theory of SU(n) at level k£ < oo.
Every irreducible representation A, of SU(n) is classified by a signature, or highest weight,

m = (my,ma, ..., m,_1), where m; are integers such that m; > mgy > -+ > m, 1 > 0,
fori=1,...,n—1. A signature m can be represented by a Young diagram with at most
n — 1 rows, and m; boxes in the i*® row, i = 1,...,n — 1. The irreducible positive energy

representations of the loop group of SU(n) at level k, or SU(n);, are described by the
irreducible representations of SU(n) whose signature has at most k& columns.



For SU(2) the signatures are just the integers £ > 0. The fundamental representation
is p = Ay, and the irreducible representations of SU(2) satisfy the fusion rules \,, ® p =
Am—1 @ Ay form > 1, and \g®p = p. The fusion graph for SU(2) is the infinite Dynkin
diagram A.. It is well known that the & symmetric product of C? gives the irreducible
level k representation. The irreducible representations of SU(2) satisfy the same fusion
rules as those for SU(2), only now )\, is also understood to be zero if m > k.

For SU(3) the signatures are pairs (mq,mg) with m; > mgy > 0. We will replace
the pair (mq,ms) by the Dynkin labels (p,l) = (mg — my, my), where now p,l > 0.
The conjugate representation of A, ;) is X(p,l) = A@p)- The fundamental representation
p = A,0) generates every irreducible representation of SU(3) with its conjugate p, and

the irreducible representations of SU(3) satisfy the fusion rules

Apl) @ p = Api-1) D Ap-11+1) D Apr11)y A @ P = Ap-11) D Ap+11-1) D A1), (4)

where A, is understood to be zero if r < 0 or s < 0. The fusion graph is the infinite
graph A (see [25, Figure 4]). The irreducible representations of SU(3),, satisfy the same
fusion rules as those for SU(3), only now A, is also understood to be zero if p +1 > k,

and the fusion graph is the truncated graph A®*+3).

2.2 The generalized Temperley-Lieb algebras

Let M,, = End(C"). By Weyl duality, the fixed point algebra of ®” M,, under the product
adjoint action of SU(n) is generated by a representation ¢ — g, on ®@™C" of the group
ring of the symmetric, or permutation, group .S,,. This algebra is generated by unitary
operators g;, 7 = 1,...,m — 1, which represent transpositions (j,j + 1), satisfying the
relations

97 = 1, (5)
99; = 9;9, li—j]>1, (6)
9:9i+19; = Gi+19i9i+1, (7)

and the vanishing of the antisymmetrizer
Z sgn(o)g, = 0. (8)
og€Sm

Writing g; = 1 — Uj, these unitary generators and relations are equivalent to the self-

adjoint generators 1,U;, j = 1,...,m — 1, and relations
Hi1: Uz = U
H2: UZU] = UjUZ‘, ‘Z —]‘ > 1,
H3: UiUinnUy = Uy = Ui UiUsy — Uy,

where § = 2, and the analogue of (8).

There is a g-version of this algebra, which is a representation of a Hecke algebra.
This is the centralizer of a representation of the quantum group SU(n), (or the universal
enveloping algebra), with a deformation of (5) to

(¢ —g;)(qg+g;)=0. (9)

b}



The invertible generators g;, j = 1,...,m — 1, satisfy the relations (6), (7), (9) and the
vanishing of the g-antisymmetrizer [18]

> (—9)*lg, =0, (10)

UGSm

where g, = [[;c; 9i if 0 = [;c; (4,4 + 1). Then writing g; = ¢! — U;, we are interested
in the generalized Temperley-Lieb algebra generated by self-adjoint operators 1,U;, j =
1,...,m — 1, satisfying H1-H3 and the analogue of (10), where now d = ¢+ ¢~*. In the
cases n = 2,3, which we are interested in, (10) reduces for SU(2) to the Temperley-Lieb
condition

and for SU(3) it is

(Ui = Usy2Ui 1 Ui + Uig1) (Uit Ui 2Ui gy — Ugyr) = 0. (12)

There are minor errors in a parallel discussion in Section 2 of the published version of
[27] which have been corrected in the arXiv version.

2.3 Braided subfactors and modular invariants

Let A and B be type III von Neumann factors. A unital x-homomorphism p: A — B is
called a B-A morphism. The positive number d, = [B : p(A)]"/? is called the statistical
dimension of p; here [B : p(A)] is the Jones-Kosaki index [46, 52| of the subfactor p(A) C
B. Some B-A morphism p’ is called equivalent to p if p’ = Ad(u) o p for some unitary
u € B. The equivalence class [p] of p is called the B-A sector of p. If p and o are B-A
morphisms with finite statistical dimensions, then the vector space of intertwiners

Hom(p,0) ={t € B :tp(a) = o(a)t, a € A}

is finite-dimensional, and we denote its dimension by (p,o). A B-A morphism is called
irreducible if (p,p) = 1, i.e. if Hom(p,p) = Clp. Then, if (p,7) # 0 for some (pos-
sibly reducible) B-A morphism 7, then [p] is called an irreducible subsector of [7] with
multiplicity (p, 7). An irreducible A-B morphism p is a conjugate morphism of the ir-
reducible p if and only if [pp] contains the trivial sector [id4] as a subsector, and then
(pp,idg) = 1 = (pp,id4) automatically [42].

The Verlinde algebra is realised in the subfactor models by systems of endomorphisms
nAn of the hyperfinite type III; factor N. That is, yXy denotes a finite system of finite
index irreducible endomorphisms of a factor N in the sense that different elements of
NAXn are not unitary equivalent, for any A\ € yAXn there is a representative A€ NXy
of the conjugate sector [\], and yXy is closed under composition and subsequent irre-
ducible decomposition. In the case of WZW models associated to SU(n) at level k, the
Verlinde algebra is a non-degenerately braided system of endomorphisms yXy, labelled
by the positive energy representations of the loop group of SU(n); on a type III; factor
N, with fusion rules Ay = @@, N{ v which exactly match those of the positive energy
representations [67]. The fusion matrices Ny = [N7,],, are a family of commuting normal
matrices which give a representation themselves of the fusion rules of the positive energy
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representations of the loop group of SU(n)x, NxN, = >, N{,N,. This family {N,} of
fusion matrices can be simultaneously diagonalised:

N, = S”’*s(,s;;, (13)
s Sa,l

where 1 is the trivial representation, and the eigenvalues S, /5,1 and eigenvectors S, =
[So.ul, are described by the statistics S matrix. Moreover, there is equality between the
statistics S- and T- matrices and the Kac-Peterson modular S- and T- matrices which
perform the conformal character transformations [48], thanks to [33, 32, 67].

The key structure in the conformal field theory is the modular invariant partition
function Z. In the subfactor setting this is realised by a braided subfactor N C M where
trivial (or permutation) invariants in the ambient factor M when restricted to N yield Z.
This would mean that the dual canonical endomorphism is in 3(yXy), i.e. decomposes
as a finite linear combination of endomorphisms in yXy. Indeed if this is the case for
the inclusion N C M, then the process of a-induction allows us to analyse the modular
invariant, providing two extensions of A on N to endomorphisms ozf of M, such that the
matrix Z, = (o, ;) is a modular invariant [10, 7, 22].

Let nyXy, Xy denote a system of endomorphisms consisting of a choice of rep-
resentative endomorphism of each irreducible subsector of sectors of the form [A7], [tA7]
respectively, for each A € yXy, where ¢ : N < M is the inclusion map which we may con-
sider as an M-N morphism, and 7 is a representative of its conjugate N-M sector. The
action of the system yAXny on the N-M sectors yX); produces a nimrep (non-negative
matrix integer representation of the fusion rules) G,G, = > N{ G,, whose spectrum
reproduces exactly the diagonal part of the modular invariant, i.e.

G)\ - Z %zﬁazﬁ;? (14)

o,1

with the spectrum of Gy = {S,, /5,1 with multiplicity Z, ,} [11, Theorem 4.16]. The
labels i of the non-zero diagonal elements are called the exponents of Z, counting multi-
plicity. A modular invariant for which there exists a nimrep whose spectrum is described
by the diagonal part of the invariant is said to be nimble.

The systems yXy, nXu, mXy are (the irreducible objects of) tensor categories of
endomorphisms with the Hom-spaces as their morphisms. Thus yXy gives a braided
modular tensor category, and yX); a module category. The structure of the module cat-
egory yAX)y is the same as a tensor functor F' from yAXx to the category Fun(yXys, v Xar)
of additive functors from X, to itself, see [62]. That is, F' is essentially the module
category yXs.

The classification of SU(2) modular invariants is due to Cappelli, Itzykson and Zuber
[15]. They label the modular invariant with an ADE graph G such that the diagonal part
Z,,,, of the invariant is exactly the multiplicity of the eigenvalue S, ,/S,1 of G, where 1,
p denote the trivial, fundamental representations respectively. Since these ADE graphs
can be matched to the affine Dynkin diagrams — the McKay graphs of the representation
theory of the finite subgroups of SU(2) — di Francesco and Zuber [18] were guided to
find candidates for classifying graphs for SU(3) modular invariants by first considering
the McKay graphs of the finite subgroups of SU(3) to produce a candidate list of ADE
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graphs whose spectra described the diagonal part of the modular invariant. They proposed
candidates for most of the modular invariants, except for the conjugate invariants A*
as they restricted themselves to only look for graphs which are three-colourable. In
the subfactor theory, this is understood in the following way. Suppose N C M is a
braided subfactor which realises the modular invariant Zg. Evaluating the nimrep G
at the fundamental representation p, we obtain for the inclusion N C M a matrix G,
which is the adjacency matrix for the ADFE graph G which labels the modular invariant.
Every SU(2) modular invariant is realised, and all nimreps are realised by subfactors
[59, 60, 70, 5, 6, 10, 11], apart from the tadpole nimreps of the orbifolds of the even A’s
(see e.g. [8] for an explanation of the failure of the tadpole nimreps). Behrend, Pearce,
Petkova and Zuber [1] (see also [73]) systematically proposed nimreps as a framework
for boundary conformal field theory. The N-M system yX); corresponds to boundary
fields in their language, and the M-M system ;X to defect lines. Bockenhauer and
Evans [3] understood that nimrep graphs for the SU(3) conjugate invariants were not
three-colourable. This was also realised simultaneously by Behrend, Pearce, Petkova and
Zuber [1] and Ocneanu [60]. The figures for the complete list of the ADE graphs are
given in [1, 60, 25]. The classification of SU(3) modular invariants was shown to be
complete by Gannon [35], and the complete list is given in [26]. Ocneanu claimed [59, 60|
that all SU(3) modular invariants were realised by subfactors and this was shown in
[70, 5, 6, 10, 8, 9, 25, 26]. However, the classification of nimreps is incomplete if one
relaxes the condition that the nimrep be compatible with a modular invariant [36, 41].
Ostrik [51, 62] took up a categorical description of subfactor a-induction, see [62, Remark
14], and this was taken further by Fjelstad, Frohlich, Fuchs, Schweigert and Runkel as a
categorical framework for conformal field theory. See [34] for a review.

2.4 Subfactors

Suppose we have a system of endomorphisms yXn of a type III; factor N for SU(n)y,
k < oo, where p denotes the endomorphism in yXy corresponding to the fundamental
generator. We can form the tunnel

.- C ppp(N) € pp(N) € p(N) C N. (15)

By decomposing the sectors of 1,7, pp, ppp, . .. into irreducible sectors we can obtain the
Bratteli diagram of the higher relative commutants of p(N) C N. If [A\] is an irreducible
at an even level of the Bratteli diagram and [A?][p] decomposes into irreducibles as
AONp] = @i, [\D], for irreducible sectors [A\?)], i = 1,...,s, then there is an edge
from the vertex [A(] in the Bratteli diagram to the vertices [A?], whilst if [A(] is an
irreducible at an odd level of the Bratteli diagram, we consider instead the decomposition
of [\®][p] into irreducibles. The Bratteli diagram obtained in this way is identical to
that obtained for the Jones-Wenzl type II; SU(n) subfactors [69]. The principal graph
is the bipartite graph constructed by deleting at each level the vertices belonging to the
old sectors (that is, any vertex at a given level which appeared at a previous level of
the Bratteli diagram) and the edges emanating from them [39, Definition 4.6.5]. The
decomposition of the sectors of 1, p, pp, ppp, . . . into irreducibles yields the dual principal
graph in a similar way.



The decomposition of the sectors of the form (pp)™ and (pp)™p will not usually produce
all the irreducible sectors in y X, so to obtain all the irreducible sectors we also consider
the decomposition of more general products p™7' into irreducibles, m,l > 0. In this way
we recover the graph A when n = 2,3, with vertices labelling the irreducible sectors, and
the edges representing multiplication by the fundamental generator p. This corresponds
to idempotent completion in the categorical language of Section 2.5. The principal graph,
respectively dual principal graph is however only the 0-1, 0-(n — 1) part of the full graph
A, where the edges are now undirected, and where either would be the entire graph only
in the case when n = 2 [23].

There is an identification between intertwiners and explicit paths on the intertwining
graph A [44], [24, Section 3.5]. For a sector [\;] at an even level in the Bratteli diagram,
the intertwiners Hom(pA;, A;) are identified with the edges from [X;] to [A;] on A, whilst
for a sector [\]] at an odd level in the Bratteli diagram, the intertwiners Hom(pA;, ;) are
identified with the edges from [A] to [A;]. Let T'(a;) denote an intertwiner labeled by an
edge a; of A, and for a path = ajas---a, on A, define T'(x) := T'(a1)T(az)---T(as).
Then the T'(z) are an orthogonal basis of the intertwiners between some endomorphisms.
The spaces of intertwiners are the Hilbert spaces on which the system nyXy acts. In
this way the spaces Hom(p™ 5", p™2p) of morphisms are identified with the span of all
pairs (x1,29) of paths z1, x93 on A and its opposite graph A° where all the edges of A
are reversed, where z; has m;, l; edges on A, A° respectively, j = 1,2. In particular,
the algebras Hom(p™p', p™p') are identified with the path algebra (in the usual operator
algebraic sense [24]) on A, A°. Jones projections e; [46] for the tunnel (15) are identified
with those in the path algebra on A, A°, where edges are alternately on A and A°P
[23]. The Jones projections in the path algebra are given by the product c¢*c, where the
annihilation and creation operators ¢, ¢* are defined in Section 2.6.

We now focus on the cases n = 2,3, where for k < oo, ¢ is a (k + n)™ root of
unity. For n = 2, let p = p denote the endomorphism corresponding to the fundamental
generator of SU(2);. The tunnel (15) defines Jones projections e; which generate the
Temperley-Lieb algebra. The intertwiner space is generated by the Jones projections e;,
so that Hom(p™, p™) = TL,, = alg(1,e1,es,...€,_1). Jones-Wenzl projections f,, =
1—e V- Ve, are given by [68]:

fm-{—l - fm - %fmemfma (16)
where the quantum integer [m], is defined by [m], = (¢™ — ¢ ™)/(¢ — ¢~ *). Here, a Vb
denotes the projection such that Ran(a Vv b) = Ran(a) + Ran(b) where a, b are projections
on a Hilbert space. For m < k — 1 < oo, the Jones-Wenzl projection f,, is the minimal
central projection corresponding to the new sector that appears at level m in the Bratteli
diagram. For the fixed point algebra (®™ M)V which is equal to the Temperley-Lieb
algebra with ¢ = 1, the Jones-Wenzl projection f,, is the projection on the (m + 1)-
dimensional representation indexed by m in the intertwiner space Hom(p™, p™), where p
is the fundamental representation of SU(2) on C2.

For n = 3, we take the fundamental generator p of SU(3);. The Jones projections
ej, j=1,...,2m — 1, for the tunnel (15) are identified with projections in the algebras
Hom(p™p™, p™p™), whilst the algebras Hom(p™, p™) are generated by the As-Temperley-
Lieb operators U;, j = 1,...,m — 1. For the fixed point algebra (®mM3)SU(3), there is
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a generalized Jones-Wenzl projection f(,, 0y which is the projection on the representation
indexed by A0 in the intertwiner space Hom(p™, p™), where p is the fundamental
representation of SU(3) on C3. More generally, if we have an Ay-Temperley-Lieb algebra
generated by self-adjoint operators U; with parameter § = ¢ + ¢!, generalized Jones-
Wenzl projections fi,, ) (called projectors in [64], also called clasps [53], magic elements
[61]) are defined by [64]:

foo = 1, fao = 1,
[m]q
fom+1,0) fm,0) [m+1]qf(m,0> fm,0)

Note that the nimrep graph given by the module category X, is not the principal
graph for the braided inclusion N C M. The principal graph of a subfactor of index < 4
can only be A, Deyen, Fg or Eg, whilst the nimrep graph of a subfactor is any Coxeter-
Dynkin diagram including D,qq and E;. Indeed, the principal graphs of the braided
inclusions N C M usually have index which exceeds 4, and are those of the Goodman-de
la Harpe-Jones construction and their generalizations discussed in [39, 24, 26]. The even,
odd vertices of the ADFE graphs are the A-A, B-B systems respectively for a subfactor
A C B. For the braided SU(2) subfactors, all A, vertices (both even and odd) are
represented as N-N sectors, and all the vertices of the classifying graph G appear as
N-M sectors.

When we consider modular invariants, their module categories or nimreps, other
graphs G will appear. The above intertwining discussion already leads us to the path
Hilbert space CA, which is the vector space of paths on A, identified with the intertwin-
ers T'(x) where z is a path on A. The module category yAX)s from a braided inclusion
N C M yields a nimrep GG and we obtain the path Hilbert space CG, the vector space of
paths on G = G, identified with the intertwiners 7'(x) where x is now a path on G. De-
note by (CG), the space of paths of length j on G. The path Hilbert space CG is a graded
algebra where multiplication (CG); x (CG); — (CG),4; of two paths z € (CG);, y € (CG);
is given by concatenation of paths xy, and is defined to be zero if r(x) # s(y), where s(x),
r(z) denote the source, range vertices of the path x respectively. The endomorphisms
End ((CG);) on (CG); are the |(CG);| x |(CG),|-matrices, with rows and columns labeled
by the paths of length j on G. The End ((CG);) have an algebra structure given by matrix
multiplication. Thus there are two different notions of path algebra of G. In the theory of
operator algebras, the path algebra of G is usually €;.,End ((CG);) [24]. In this paper
however, we will work with the graded algebra CG, as in e.g. [12].

2.5 SU(2) Categorical Approach

In this section we will describe the Verlinde algebra and fusion rules for SU(2) in the
diagrammatic and categorical language of the Temperley-Lieb algebra [49, 65, 71, 16].
Let ¢ be real or a root of unity, so that § = [2], is real. Denote by 7, the set of all
planar diagrams consisting of a rectangle with m, n vertices along the top, bottom edge
respectively, and with (m + n)/2 curves, called strings, inside the rectangle so that each
vertex is the endpoint of exactly one string, and the strings do not cross each other. Let
Vn.n denote the free vector space over C with basis 7,,,. Composition RS of diagrams
R € Ton, S € T, is given by gluing S vertically below R such that the vertices at

10
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Figure 1: diagram F; € T,

the bottom of R and the top of S coincide, removing these vertices, and isotoping the
glued strings if necessary to make them smooth. Any closed loops which may appear are
removed, contributing a factor of 6. The resulting diagram is in 7, ,. This composition is
clearly associative, and composition in )V = Um7n>0 Vin.n is defined as its linear extension.
The adjoint R* € T, of a diagram in R € 7, is given by reflecting R about a horizontal
line halfway between the top and bottom vertices of the diagram. This action is extended
conjugate linearly to V. Let E; denote the diagram in 7, := 7, illustrated in Figure 1.
For § > 2 there is an isomorphism V, = TL,, given by 6 'E; — ¢;.

We will now define the Temperley-Lieb category T'L as a matrix category T'L =
Mat(C'). We begin by defining C' to be the tensor category whose objects are projections
in V, := V,n, and whose morphisms Hom(py, ps) between projections p; € V,,,, i = 1,2,
are given by the space paV,, »,p1. We will use fraktur script to denote morphisms. The
tensor product is defined on the objects and morphisms by horizontal juxtaposition. The
trivial object idy is the empty diagram which is a projection in Vy. (The category C'
is the idempotent completion, or Karoubi envelope, of the category whose objects are
non-negative integers, and whose morphisms are given by V,, ,,.)

In order to be able to take direct sums, we define the matrix category T'L = Mat(C) to
be the category with objects given by formal direct sums of objects in ', and morphisms
Hom(p; & -+ @ pn,, 1 ® -+ @ ¢n,) given by ny X ny matrices, where the 4, j-th entry is
in Hom(p;, ¢;). The tensor product on T'L is given on objects by (p1 @ -+ @ pn,) ® (1 &
D) = (@)D (PR @)D DB (Pny; ® ¢ny), and on morphisms by the usual
tensor product on matrices with the tensor product for C' on matrix entries. A projection
p € TL is called simple if (p,p) = 1.

We write T'L,, :==V,, and p for the identity object in T'L; consisting of a single vertical
string. Then the identity diagram in T'L,,, given by n vertical strings, is expressed by
p" = ®"p. We have dim(T'Ly) = dim(T'Ly) = 1 and T'Ly, T'L, have simple projections
fo (the empty diagram), f; = p respectively. Moving to T'Ls, the identity diagram p?
is a projection but is not simple, since (p?, p?) = 2. One of these morphisms is the
identity diagram, the other is &, = idg,. Since Ef = 0Fy, e; = 6 ' E} is a projection. In
fact, ey is isomorphic to fy, as can be seen from the following isomorphisms ) : fy — eq,
Vv* i er — fo, where ¢ = \/mfl \, and ¢* is defined by reflecting 1) about its horizontal
axis. Then we have ¢*¢) = fy = id, and ¢¥0* = ¢; = id,,, where the morphism ¢; = § 1 &;.
Since (fo, p*) = 1, where the morphism is given by ‘\_ , and (f1, p*>) = 0 (by parity), we
have the decomposition p? = fo @ fo, where f5 is a simple projection in T'L. In the same
way, we obtain at each level n that p” is a linear combination of fy,..., f,_1 plus a new
projection f,, which turns out to be simple. The morphisms §, = idy, are Jones-Wenzl
projections, and satisfy a similar recursion relation to (16), with e, replaced by e,,. These
satisfy the properties [69]:
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tr(f,) = [p + 1y,

where tr(f,) is given by connecting the i string from the left along the top is connected
to the i'" string from the left along the bottom for each i = 1,...,p. For p > p’ the
Jones-Wenzl projections also satisfy the property f,(id, ® fp ®id p-p—i) = f, = (id, ®
fp ®id pp,p/,i)fp, for any 0 < i < p — p'. The morphisms f; and objects f; are denoted by
e;, X; respectively in [16]. In [56] there is some abuse of notation with both the objects
and the morphisms given by the Jones-Wenzl projections denoted by f@.

We have the relation

fr®p= 1@ fpa (17)
This is seen from the isomorphisms ¥ : f, ® p — f,—1 & fyr1, and =1 = b*, where
e
o= | o) |

prrl

and 9" is defined as the transpose of 1) where we replace each entry a in ¢ by the reflection
a* of a about its horizontal axis. Then it easy to check using the above properties and
(16) that Y* = f,_1 ® fpr1 = idy,_, @ idy,,, and Y*Y = f, ® id, = idy,g,. Suppose that
we have obtained simple projections f, for 0 < p < n, and we obtain a new projection
fns1 at level n+ 1 as above. From the relation (17) we obtain the decomposition

lp/2]

7~ HE= (18)

where [ ? } = C7 — C7_, for binomial coefficients C¥, 0 < p < n. Then from the relation

(17) with p = n we obtain the decomposition (18) with p = n + 1. Since f, is simple for

0<p<n, (P 0" = (fasr, farr) + 2500 [ ; ] — 1= {fas1s far1) +a— 1,

where ¢, = C?"/(n + 1) is the n'" Catalan number, which gives the dimension of T'L,, in
the generic case. Thus we see that (f,11, fny1) = 1, so that f, ;1 is indeed simple.

In the generic case, 6 > 2, the Temperley-Lieb category T'L is semisimple, that is,
every projection is a direct sum of simple projections, and for any pair of non-isomorphic
simple projections p;, ps we have (p1,pa) = 0. We recover the infinite Dynkin diagram
Ao, where vertices are labeled by the projections f; and edges represent tensoring by p.
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In the non-generic case, § = [2], < 2, where ¢ is a k + 2 root of unity, we have
[k+2], = 0. Then tr(fx+1) = [k+2], = 0. Thus the negligible morphisms are those in the
unique proper tensor ideal in the Temperley-Lieb category generated by fi.1 [40]. The
quotient TL® := TL/(fr41) is semisimple with simple objects fy = idg, f1 = p, fo, - . -, fx
which satisfy the fusion rules (17) for p < k, and f;, ® p = fr_1. Thus we recover the
Dynkin diagram Ag,i, where the vertices are labeled by the projections f; and edges
represent tensoring by p.

2.6 SU(2) module categories

In this section we describe SU(2) module categories in terms of preprojective alge-
bras. Then in the subsequent Section 2.7 we relate this to braided subfactors using
the Goodman-de la Harpe-Jones construction [39, 24, 11] and its manifestation in the
bipartite graph planar algebra construction [47].

As usual y Xy will be a braided system of endomorphisms on a factor N, and N C M
will be a braided inclusion with classifying graph G = G, of ADFE type, arising from the
nimrep G of yXy acting on yX),. Denote by Gy, G; the vertices, edges of G respectively.
The graph G is directed, and for every edge a € G; from vertex ¢ to j, there is a unique
reverse edge a € G; from j to 7. As described in Section 2.4, the irreducible sectors in
~nXn label the vertices of the Dynkin diagram Aj,;, and the edges of Aj,; represent
multiplication by the fundamental generator, and the irreducible endomorphisms satisfy
the same fusion rules as the projections f; in the category TL*). We will use \; to denote
endomorphisms in y Xy, whilst f; will denote the abstract object in the category T'L*).

Semisimple module categories over C, (where C, = T'L for ¢ = £1 or ¢ not a root
of unity, and C, = TL® when ¢ is an k + 2 root of unity) where classified in [21]:
A semisimple C,-module category D is abelian, and is equivalent as an abelian category
to the category M of I-graded vector spaces, where I are the (isomorphism classes of)
simple objects of D. The structure of a C,-module category on M; is the same as a tensor
functor F' from C, to Fun(M;, M) = M., the category of additive functors from M;
to itself. Thus the module category D = yX); gives rise to a monoidal functor F' from
the Temperley-Lieb category TL%*) to Fun(yXas, nXas), given by

F(f)= @D Gali,j) Ciy, (19)

1,7€G0

where A = ), is an irreducible endomorphism in y Xy identified naturally with the Jones-
Wenzl projection f = f,. The C,;; are 1-dimensional R-R bimodules, where R = (CG)y.
The category of R-R bimodules has a natural monoidal structure given by ®g, or more
explicitly, BV @z E?) = @i,kego(E(l) ®@r E®)ix, where (EV @ E®)), ) = @jego(Ei(}j) ®
Eﬁ? ) for all R-R bimodules E™) = @, g Ei(j"j), r =1,2. Then we have R-R bimodules
F(p) =D, jeg, Ag(i,j) Cijj = (CG)1 and F(p™) = @™(CG)1 = (CG)p.

The set of all edges a form a basis for (CG);. The functor F is defined on the morphisms
of TL by specifying annihilation and creation operators ¢, ¢* respectively [58, Section 4]:

clab) = 6,2 s(a), (20)
vV Hs(a)

13



(i) = Felo) za, (21)

a€Gy:r(a)=i \//TZ

where (y;); is the Perron-Frobenius eigenvector for the Perron-Frobenius eigenvalue ¢ of
G. Then we set F' (\JJ) =¢*, F (M) =c.

Let ¥ be the graded algebra X = @;‘;0 F(f,), where the p™ graded part is ¥, =
F(f,) = F()\,). The multiplication p is defined by ji,; = F(fpt1) 1 p Qr 21 — Lty

Preprojective algebras associated to graphs were introduced in [37], and it was shown
that they are finite dimensional if and only if the graphs are of ADE type. They
have since found many other applications, including to Kleinian singularities [17] and
to Nakajima’s quiver varieties [55]. The preprojective algebra of G is the graded al-
gebra defined by II = CG/(Im (F (\/))), where (Im (F (\2/))) C CG is the two-sided
ideal generated by the image of the creation operators \_/ in CG. Its p'* graded part is
II, = (CG),/(Im (F (\)))p, where (Im (F (\))), is the restriction of (Im (F (\))) to
(CG),, which is equal to >’ Tm(F(e;)), the linear span of the images in CG, of the
morphisms ¢; = id,,.

Now (C )/Zp_ m(F(e;)) =
ker(F(e1) V -+ V F(ep—1)) = Im
the essential paths EssPath, =

(C Q)p/Im( (e1) V ---V F(ep—1)) is isomorphic to
— F(e ) -V F(ep—1)) = Im(F(f,)). These are
(e) V.-V F(ep 1)) of Ocneanu [58], and we have

(1
ker(F

= (CO)/ - Im(F(e)) = I (F(fy)) = FUy) =

The isomorphism ¢ : ¥, — II, is given by the natural inclusion of ¥, in (CG),, then
passing to the quotient (CG),/(Im (F' (\/))), = II,. That ¢ is an isomorphism as algebras
is seen as follows, see [16, Proposition 5.5.6]. Since the quotient map 7 : CG — II is an
algebra homomorphism, the multiplication of the images of ¥, and X, in I is equal to the
multiplication of F'(f,) and F(fs) in CG and then taking the quotient. Now the image
of p, (3, ® ;) in CG is F(f,4+s), which is equal to the image of the multiple of F(f,)
and F(f,) in CG under F(f,,), since j,(p' ®@ fy @ pP =) = f, for any 0 < i < p —p/,
P’ < p. Since f,ys = idy+s + ¢, where ¢ is a linear combination of e¢;, we see that
Im(F(¢)) C (Im (F (\))) so that o F(f,1s) = 7. Thus ¢ is an algebra homomorphism.

Applying the functor F' to the construction in Section 2.5 we obtain the identification

F(f,) ®r F(p) = F(fy-1) ® F(fp+1), which yields
Zp QR (Cg)l = prl b Eerl- (22)

Let A be the graded coalgebra A = F(fo) ® F(f1) ® F(fo) = (CG)o @ (CG); & (CG)o with
comultiplication A, where Ay : Ay — A} ®g Ay is given by Ay; = F'(\) and the other
comultiplications are trivial [16]. Let 6 = [2], and suppose [m], # 0 for all m < n for
some n € N. Then for all p < n — 2 we obtain the following exact sequence:

O—>2p—1 KR Ag —)Zp ®RA1 —>2p+1 ®RA0—>07 (23)
where the connecting maps are given by the Koszul differential, the composite map d,; =

(Up1®1)o(1®A 1) : Bp@rA; = X @r M @rN—1 = By @rE1QpNim1 — Xpi1 QrA_1.
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Thus for § = [2], < 2, where ¢ is a k + 2% root of unity, we have ¥ = @];:o F(f,),
since f, = 0 in TL® for p > k + 1. This means that Im(F(e;) V-V F(ex)) = (CG)prr.
The short exact sequence (23) degenerates for p = k to give 0 — 31 ®p Ay —>
Yr®pA; — 0, and we see that the pair (IT, A) is almost Koszul, in the sense of [13], where
the preprojective algebra II is a (k,2)-Koszul algebra [13, Corollary 4.3] [16, Corollary
5.6.16).

In the generic case, § > 2, there is an analogous pair (II, A) which is Koszul [13], where
Koszul duality is a generalization of the duality between symmetric and antisymmetric
algebras.

2.7 Bipartite graph planar algebras and the GHJ construction

Jones [47] introduced the graph planar algebra construction for a bipartite graph G. We
will show that the functor F' defined in (19) recovers this bipartite graph planar algebra
construction.

The planar algebra P9 of a finite bipartite graph G, introduced in [47], is the path
algebra on G where paths may start at any of the even vertices of G, and where the m'™
graded part P9 is given by all pairs of paths of length m on G which start at the same
even vertex and have the same end vertex. Let P be the set of tangles in a disc with an
even number of vertices on its outer disc, and a finite number of internal discs, each with
an even number of vertices, such that each vertex is an endpoint of a string. Internal
discs with 2m vertices on their boundary are labeled by elements of PY. The presenting
map Z : P — PY is defined uniquely [47, Theorem 3.1], up to isotopy, by first isotoping
the strings of a tangle T with internal discs in such a way that 7" may be divided into
horizontal strips where in each strip only cups, caps, internal discs or through strings
appear. Then each cup, cap is given by the local operators (21), (20) respectively, which
operate on the elements of PY inserted in the internal discs, and the outer boundary of
the tangle T yields an element of PY. The planar algebra PY is a planar *-algebra, with
s-operation defined on matrix units by (z1,x9)* = (22, x1). The *-structure on a tangle
T is given by reflecting about a horizontal line which bisects T, and replacing every label
of T" by its adjoint. The tangles F; in Figure 1 are thus self-adjoint.

We have a tower of algebras PY C PY C P§ C ---, where the inclusion PY C PY 41
is given by the graph G. There is a positive definite inner product defined from the trace
on PY9. We have the inclusion P? := Z(V,,) C P9 for each m, and a double sequence

Pl c PP c P C
N N N
Py c Pl c P C

Then P? .= Z (V) is the embedding of the Temperley-Lieb algebra into the path algebra of
G, which is used to construct the Goodman-de la Harpe-Jones (GHJ) subfactors [39]. Let
P9 denote the von Neumann algebra GNS-completion of PY with respect to the trace.
Then for ¢ = Z(*g) the minimal projection in P§ corresponding to the distinguished
vertex *g of G with lowest Perron-Frobenius weight, we have an inclusion ¢P? C qP9%
which gives the Goodman-de la Harpe-Jones subfactor Ny C Ng, where N, N Ng =
qPjq=C.
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Figure 2: A, webs

The limit of the sequence of inclusions

Py c Pl c P C
N N N
P Cc P C P C

gives a subfactor Ng C Mg in a similar way.
Thus we obtain a commuting square of inclusions [39]:

Ny C Ng
N N (24)
My C Mg

This commuting square allows us to compute the dual canonical endomorphism 6 of
the GHJ subfactor, from which we construct the nimrep graph G = G, [11].

Since the functor F'in Section 2.6 is defined by the annihilation and creation operators
in (20), (21), we see that F is equivalent to the presenting map Z above. The embedding
PA C PYis given by the image under F of the morphisms in the Temperley-Lieb category.

2.8 SU(3) Categorical Approach

In this section we describe the Verlinde algebra and fusion rules for SU(3) in the dia-
grammatic and categorical language of Kuperberg spiders [53, 27, 16], namely the A,-
Temperley-Lieb category.

Let ¢ be real or a root of unity, so that § = [2], is real. The Ay-Temperley-Lieb alge-
bra is the generalized Temperley-Lieb algebra generated by a family {U;} of self-adjoint
operators which satisfy the relations H1-H3 and the vanishing of the g-antisymmetrizer
for SU(3) which gives (12).

We call a vertex a source vertex if the string attached to it has orientation away
from the vertex. Similarly, a sink vertex will be a vertex where the string attached has
orientation towards the vertex. A string s is a sequence of signs +, —. For two (possibly
empty) strings si, o, an As-s1, So-tangle T' is a tangle on a rectangle with strings s, so
along the top, bottom edges respectively, generated by A, webs (see Figure 2) such that
every free end of T is attached to a vertex along the top or bottom of the rectangle in a
way that respects the orientation of the strings, every vertex has a string attached to it,
and the tangle contains no closed loops or elliptic faces. Along the top edge the points
+ are source vertices and — are sink vertices, while along the bottom edge the roles are
reversed. We define the vector space V2. to be the free vector space over C with basis

51,52
T

S1,82°

We define Vs‘i‘fsg to be the quotient of V;‘if& by the Kuperberg ideal generated by the

Kuperberg relations K1-K3 below. That is, composition in Vs‘i‘?s2 is defined as follows.
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Figure 3: The tangle W; € V72,

The composition RS € Vs‘i‘fsg of an As-s1, so-tangle R and an As-ss, s3-tangle S is given
by gluing S vertically below R such that the vertices at the bottom of R and the top
of S coincide, removing these vertices, and isotoping the glued strings if necessary to
make them smooth. Any closed loops which may appear are removed, contributing a
factor of a = [3],, as in relation K1 below. Any elliptic faces that appear are removed
using relations K2, K3 below. The composition is associative and is extended linearly to

. As
elements in V72 .

K1: @ - @
K2: =9
_ \>_/
K3: - + /S
There is a braiding on Vg?sg, defined locally by the following linear combinations of

local diagrams in V22 (see [53, 64]), for any ¢ € C:

PR ST )

The braiding satisfies type Il and type III Reidemeister moves, and a braiding fusion
relation [27, Equations (8), (9)], provided § = [2], and a = [3],.

Thus it is sufficient to work over V(ﬁf’n)’(mW,) = Vfi_n e where +*—"is the string
of k signs + followed by [ signs —, since, for any arbitrarif string s with m signs + and n
signs — and string s’ with m’ signs + and n’ signs —, there is an isomorphism ¢ between

ij and V(ffn) () given by using the braiding to permute the order of the signs in s to

/

+m—" and the inverse braiding to permute the order of the signs in s’ to +™ —"".

A diagrammatic representation of the Hecke algebra for SU(3) is as follows: Let
W, € Vi = V(j?qi,o),(m,o) be the tangle illustrated in Figure 3. A x-operation can be
defined on VA2 where for an m-tangle T' € 7,42, T* is the m-tangle obtained by reflecting
T about a horizontal line halfway between the top and bottom vertices of the tangle,
and reversing the orientations on every string. Then * on V2 is the conjugate linear

extension of * on T42. For § € R (so ¢ € R or ¢ a root of unity), the *-operation
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leaves the Kuperberg ideal invariant due to the symmetry of the relations K1-K3. For
m € NU{0} we define the algebra Ay-T'L,, to be alg(id,,, w;|i = 1,...,m — 1), where id,,
is the identity diagram given by m vertical strings, and w; is the image of W; € V42 in
the quotient space V42 := Vm 0),(m,0)" The w;’s in Ay-TL,, are clearly self-adjoint, and
satisfy the relations H1-H3 and (12) [27].

Diagrammatically, the generalized Jones-Wenzl projections f(,, o) of Section 2.4 are
given as follows: f(1 ) is given by a single vertical string in 7];%2_, whilst f,0) € V(‘:fo (m,0)
is defined inductively by [64, (2.1.0)-(2.1.2)]:

Y
m],
‘ f<";+"0> ‘ f <m0> % mTl] m-2 (26)
m m-l
The generalized Jones-Wenzl projections fi,,) € V(;?fn : V;?fn ) (mn) BT€ defined

inductively by [64, (2.1.7)]:

@+ m+l]

n m+l

(27)

We will define the Aj-Temperley-Lieb category by A,-T'L = Mat(C4?), where C42
is the tensor category whose objects are projections in VA2 ) and whose morphisms

are Hom(py,ps) = pQV(ﬁfQ na),(mi.mn) P> for projections p; € V(;?f i = 1,2. We write
Ay-TLippy = V(;‘in), and p, p for the identity projections in A,- TL (1,00, Ao-T'Lg 1) re-

spectively consisting of a single string with orientation downwards, upwards respectively.
Then the identity diagram in Ay-T'L(y, », given by m + n vertical strings where the first
m strings have downwards orientation and the next n have upwards orientation, is ex-
pressed as p"p". We have dim(Ay-T'L(o,0)) = dim(As-T'L(1,0)) = dim(A»-TL,1y) = 1 and
A9-TLo,0y, Ao-T' L1y and As-T'L(g 1y have simple projections fgg) (the empty diagram),
fa0 = p and f1) = p respectively. Moving to level 2, that is, Ay-T'L;) such that
k + 1 = 2, consider first Ay>-T'L(5). The identity diagram p* is a projection but is not
simple, since (p?, p*) = 2. One of these morphisms is the identity diagram, the other is
t; = id,,. Now u; = d 1w, is a projection, isomorphic to fo,1), as can be seen from
the isomorphisms 9 : fo1) — w1 and ¥* : u; — f(o1), where ¢ = \/371 . Then we
have b = wy = idy,, ¥*¢ = fo1) = idy,,,- Since (fo1), p*) = 1, where the morphism
is given by ¥ , and (f’,p?) =0 for f' = f0,0), fa,0) (by parity), we have the decom-
position p* = fo1) ® f2,0), where f(a0) is a simple projection in Ay-T'L(z). Similarly,
7> = fu0 @ foz2), where foo) is a simple projection in Ay-T' L. Finally at level 2
cons1der A2 TLq,y. The simple projection e; := a™'E; € Hom(p ® p,p ® p) is isomor-
phic to f,0), as in the SU(2) case (see Section 2.5). Since (f(,0),p ® p) = 1, where the
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morphism is given by o | and (f',p®7p) = 0 for f" = fu.0), flo1) (by parity), we have
the decomposition p ® p = f(0,0) @ f,1), where f 1) is a simple projection in As-T'L 1y.

In the same way, we obtain we obtain at each level that p"p" is a linear combination
of f fore,7 > 0,0 <i+7 < m+nsuch that :—j = m—n mod 3, plus a new projection
J(m,n), which turns out to be simple. The morphisms f, ;) =1idy,, are generalized Jones-
Wenzl projections which satisfy the recursion relations (26) and (27). These satisfy the
properties [64]:

S R PN [ A
f(p,l) - f(p,l) - = f(p,l) =0

A1 TAL-] LA

fonr | = | Fon | = = = | foo | =0

T [

-1

*f*]  [pti2][pt], f* r
(p:l) - +l+1 (p-l,l)
T3 [p 1,[p], 7

[p+ gl + 1q[p + 1 + 2],
2], ’
where tr is defined as in Section 2.5. For p > p/ and [ > I’, these generalized Jones-
Wenzl projections also satisfy the property f(pl)(idp i ®f 1y @ idpp g voi) = Fpn =
(idjiz @ fpr iy @ id i ), forany 0 <i <p—p', 0<j <1 —10. This property
also holds if we conjugate either f, ) or id iz & fr ) ®id ; by any braiding.
We have the relations

fon ®@p = fpi-1) ® fp-1041) © fpr1, (28)

given by the isomorphisms ¢ : fo,) @ p = fipi—1) ® fp-1,41) D fipr1p), and =1 = *,
where

tr(f(p,l)) =

pP— ! z*l V-

-1 p

I
[p+i+1],[1], |} + ¥
([VFHZ—]q[lﬂ]q) fo

AT

p-1

b4
)= fo-v141) : (29)

LT
[mrt) (




Then it easy to check using the above properties and (27) that ¥¢* = fpi1-1) @ fp-1,41) D
fp+1,0 and ™Y = §, ;) ® id,. Similarly we have

fon @D = fo-11) ® fpr1i-1) @ fip+1), (30)

so the f, ) satisfy the fusion rules for SU(3), given in (4). Suppose that we have obtained
simple projections f(,; for 0 < p +1 < n, and we obtain a new projection f(;,—;+1) at
level n+ 1 as above, for some 0 < j < n -+ 1. From the relation (28) withp=j,l=n—j
and from dimension considerations we see that (f(; n—j+1), f(jn—j+1)) = 1, so that f;,—j41)
is indeed simple.

In the generic case, 0 > 2, the As-Temperley-Lieb category A,-T'L is semisimple and
for any pair of non-isomorphic simple projections py, p we have (py, ps) = 0. We recover
the infinite graph A(°), where the vertices are labeled by the projections fwy and the
edges represent tensoring by p.

In the non-generic case where ¢ is a k + 3™ root of unity, we have tr(fy) = 0 for
p+1l=Fk+1 By (27), fpr) =0 forall p',lI' > k + 2 if i,y = 0 for p+1 =k + 1. Thus
the negligible morphisms are the ideal (f,,|p +1 = k + 1) generated by f, ;) such that
p+1=Fk+1. The quotient Ay-TL® := Ay-TL/{fpnlp +1 =k + 1) is semisimple with
simple objects f(, ), p,1 > 0 such that p + 1 < k which satisfy the fusion rules (28) and
(30), where f(,y i1y is understood to be zero if p’ < 0, 1" < 0 or p' +1' > k+ 1. Thus we
recover the graph A%*+3) where the vertices are labeled by the projections Jwy and the
edges represent tensoring by p.

2.9 SU(3) module categories

In this section we describe SU(3) module categories in terms of certain algebras of paths.
Then in the subsequent Section 2.10 we relate this to braided subfactors using the SU(3)
Goodman-de la Harpe-Jones construction [26] and its manifestation in the SU(3)-graph
planar algebra construction [28].

As usual Xy = {Apn| 0 < p,l,p+1 <k < oo} will be braided system of endomor-
phisms of SU(3), on a factor N, and N C M will be a braided inclusion with classifying
graph G = G, of ADE type, arising from the nimrep G of yXy acting on yX;. Then the
module category gives rise to a monoidal functor F' from the As-Temperley-Lieb category
Ay-TL® to Fun(yXyr, nXar), where F is given by (19), where now A = Ap,) is an ir-
reducible endomorphism in yXy identified with the generalized Jones-Wenzl projections
f = fop- We denote by G°P the opposite graph of G obtained by reversing the orientation
of every edge of G. Then we have that F'(p"™p") is the R-R bimodule with basis given by
all paths of length m+n on G, G°°, where the first m edges are on G and the last n edges
are on G, where R = (CG)y. In particular F(p™) = (CG),n.

If a € Gy is an edge on G, we denote by a € G{* the corresponding edge with opposite
orientation on G°?. We define annihilation operators ¢, ¢, by:

T Hor(a) > v/ Hs(a)
ci(ab) = Os(a),s(v) s(a), ¢ (ba) = 6r(a),r(v) r(a), (31)

VHs(a) Her(a)

and creation operators ¢}, ¢} as their adjoints, where a is an edge on G and b an edge on
G°P, and (f1;); is the Perron-Frobenius eigenvector for the Perron-Frobenius eigenvalue «
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W W/ A M

Figure 4: left and right cups; left and right caps

¥ oY AN

Figure 5: incoming and outgoing Y-forks; incoming and outgoing inverted Y-forks

of G. Define the following fork operators Y, Y by:

Y@ = W ( ;jg}’jl (o)) D12, (32)
A/ M ,Ur(a I;b:z (a) )r(
Y(a) = ————=> WAL |, bibs, (33)

v/ Hs(a) Hr(a) by b

where As‘(lab)lrb(i ) (br) denotes the closed loop of length 3 on G along the edges a, b; and
by, and W (A) are the Ocneanu cells on G constructed in [25]. We also define A = Y*
and A = Y*. Then the functor F' is defined on the morphisms of A,-T'L by assigning
the following operators to the morphisms given in Figures 4 and 5: to the left, right caps
the annihilation operators ¢;, ¢, respectively, given by (31), to the left, right cups the
creation operators ¢, ¢ respectively, to the incoming, outgoing Y-forks the operators Y,
Y respectively given in (32), (33), and to the incoming, outgoing inverted Y-forks the
operators A, A respectively.

Let ¥ be the graded algebra ¥ = @;‘;0 F(fp.0), where the p™ graded part is ¥, =
F(fp0) = F(Apo). The multiplication p is defined by p,; = F(fpt10)) @ Ep ®r X1 —
Zp-I-l? where f(p,l) = idf(p,l)'

We define a graded algebra II by I1 = CG/{Im(F(*¥"))), where (Im(F(*¥"))) c CG
is the two-sided ideal generated by the image of the operators ¥ in CG. Its p* graded
part is 1T, = (CG),/{Im(F(*¥"))),, where (Im(F(*¥"))),, is the restriction of (Im(F(*¥")))
to (CG),, which is equal to 327~/ Tm(F(8()), the union of the images on CG, of the
morphisms ; = idy,.

The quotient (CG),/ 37— Im(F(4)) = (CG),/Im(F(sh)V- - -VF (8L, 1)) is isomorphic
to ker(F () V-V F(th,_q)). Clearly ker(F'(L) VvV ---V F(th,—1)) D Im(F(fp,0))) since
Uifpoy=0fori=1,...,p—1. Fora €ker(F(th)V---VF(_1)), a=a-F(fpo) since
the only term in f(, ) which does not contain a ; is the identity, which has coefficient 1.

Thus a € Im(F (f,,0))) so ker(F (L) V-V F(4,_1)) = Im(F(f,0))).
Then we have

= (CO)/ 3 Im(F(4) 2 (P (i) = FlJipo) = en

The isomorphism is given by the natural inclusion of ¥, in (CG),, then passing to the
quotient (CG),/(Im(F(*¥"))), = II,. That this map is an isomorphism as algebras follows
by an analogous argument to that in the SU(2) case [16, Theorem 7.3.5].
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Applying the functor F' to the construction in Section 2.8 we obtain the identifications

F(fwn) ®r F(p) = F(fpi-1) & F(fp-1141) © F(fip+1) and F(fp-20) @r F(p) =
F(fop-21) ® F(fpi-1)) ® F(fp-11+41)), which yield when [ = 0:

Yp ®r (CO = F(fp-1,1) © Spta, (35)
Y1 ®r (CGP) =X, 2@ F(fp-11))- (36)

Let A be the graded coalgebra A = F'(f0,0)) ® F(fa,0) ® F(fo,1) ® F(fo0) = (CG)®
(CG)1 & (CG°?); @& (CG)p. The comultiplication is A is given by Ay = F(%%) @ Ay —
Al Rpr Al, ALQ = F(\)J) : A3 — Al XRpr AQ, A2,1 = F(V) : A3 — A2 KR Al, and the other
comultiplications are trivial. Let § = [2], and suppose [m], # 0 for all m < n for some
n € N. Then for all p <n — 3 we obtain the following exact sequences:
F(y3) d
0— F(f(p—l,l)) — Ep KR A1 — Zerl XRpr AO — O, (37)

(Fp—1,1))

F
0— % 0®rAs 5%, 1 @Ay 25 F(fpo11) — 0, (38)

where 1) = (1) is the isomorphism given in (29) and d is the Koszul differential defined
in Section 2.6. These sequences can be combined to give another exact sequence:

0—)2;0,2 ®RA3 —>pr1 ®RA2 —)Ep ®RA1 —)Zerl ®RA0 —)0, (39)

where now all the connecting maps are given by the Koszul differential d.

Thus when ¢ is a k + 3% root of unity, we have ¥ = @];:0 F(fp0), since fp0 =0 in
Ao-TL® for p > k + 1. This means that Im(F (L) V -+ -V F () = (CG)ss1. The exact
sequence (39) degenerates for p =k to give 0 — X o Q@r Az — X1 Qr Ay — X Qg
A1 — 0, and for p = k + 1 it degenerates to give 0 — ¥ 1 ®g A3 — 3 ®r Ay — 0.
Then we see that the pair (II, A) is almost Koszul, where the algebra II is a (k, 3)-Koszul
algebra [16, Corollary 7.4.19].

In the generic case, § > 2, there is an analogous pair (II, A) which is Koszul [16,
Corollary 7.3.9].

The isomorphism between the two algebras Il and ¥ is a key ingredient in the deter-
mination of the Hilbert series in Section 3.

2.10 SU(3)-graph planar algebras and the SU(3)-GHJ construc-
tion

In [28] we introduced the A,-graph planar algebra construction for an SU(3) ADE graph
G. The Aj-graph planar algebra PY of an SU(3) ADE graph G is the path algebra on G
and G°?. We will show that the functor F' defined in Section 2.9 recovers this As-graph
planar algebra construction.

The presenting map Z : P — P9 is defined uniquely [28, Theorem 5.1], up to isotopy,
by first isotoping the strings of T in such a way that the diagram 7" may be divided into
horizontal strips so that each horizontal strip only contains the following elements: a (left
or right) cup, a (left or right) cap, an (incoming or outgoing) Y-fork, or an (incoming
or outgoing) inverted Y-fork, see Figures 4 and 5. Then Z assigns to the left, right caps
the annihilation operators ¢, ¢, respectively, given by (31), to the left, right cups the

22



creation operators ¢}, ¢ respectively, to the incoming, outgoing Y-forks the operators Y,
Y respectively given in (32), (33), and to the incoming, outgoing inverted Y-forks the
operators A, A respectively.

We have a tower of algebras PSO C Pgl C ng C ---, where the inclusion PY C P¢Y 4
is given by the m-(m + 1) part of the graph G. There is a positive definite inner product
defined from the trace on P9. We have the inclusion P, = Z(VA2) C Py, for each m,
and we have a double sequence

Py ¢ By c Py, C
N N N
P, C P, C Fy, C

Then P? := Z(V*2) is the embedding of the Ay-Temperley-Lieb algebra into the path
algebra of G, which is used to construct the A,-Goodman-de la Harpe-Jones subfactors
[26]. Let P9 denote the GNS-completion of P9 with respect to the trace. Then for
q = Z(xg) the minimal projection in Pog corresponding to the vertex xg of G, we have an
inclusion ¢P? C ¢P9¢ which gives the Ay-Goodman-de la Harpe-Jones subfactor N4 C
Ng, where N,NNg = ngoq = C and the sequence {qP&m C Pdcfm}m is a periodic sequence
of commuting squares of period 3, in the sense of Wenzl in [69].

Thus we obtain a commuting square of inclusions as in (24), which allows us to compute
the dual canonical endomorphism 6 of the A>-Goodman-de la Harpe-Jones subfactor, from
which we construct the nimrep graph G = G, [26].

Since the functor F'in Section 2.9 is defined by the annihilation and creation operators
given by (31), and the incoming, outgoing (inverted) Y-fork operators given in (32), (33),
we see that F' is equivalent to the presenting map Z above. The embedding P4 C PY is
given by the image under F' of the morphisms in the As-Temperley-Lieb category.

3 Hilbert series of the almost Calabi-Yau algebras

In Section 3.1 we introduce an algebra A(G, W) associated to a finite graph G (an SU(3)
ADE graph or the McKay graph Gr of finite subgroup I' € SU(3)) which carries a cell
system W. In the case where G is an SU(3) ADE graph, these algebras are called almost
Calabi-Yau algebras and are shown to be isomorphic to the almost Koszul algebras II of
Section 2.9. We will determine a formula for the Hilbert series which counts the dimensions
of these algebras in Section 3.2.

3.1 The algebras A(G,W)

In this section we introduce the algebra A(G, W) associated to a finite graph G which
carries a cell system W.

For any finite directed graph G, let [CG, CG] denote the subspace of CG spanned by
all commutators of the form xy — yx, for x,y € CG. If x,y are paths in CG such that
r(z) = s(y) but r(y) # s(x), then zy — yx = xy, so in the quotient CG/[CG, CG] the
path zy will be zero. Then any non-cyclic path, i.e. any path z such that r(x) # s(x),
will be zero in CG/[CG,CG]. If x = ajay - - - ay is a cyclic path in CG, then ajay - - - ay —
agay -+ -a—1 = 0 in CG/[CG,CG|, so ajay - - - ay is identified with aga; - - - ax_;. Similarly,
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r = ajay---ay is identified with every cyclic permutation of the edges a;, j = 1,... k.
So the commutator quotient CG/[CG, CG| may be identified, up to cyclic permutation of
the arrows, with the vector space spanned by cyclic paths in G. One defines a derivation
d, : CG/[CG,CG] — CG by dy(ay -+ -a,) = Zj Qji1- - ApQy - - - aj_1, where the summation
is over all indices j such that a; = a. Then for a potential & € CG/[CG, CG], which is
some linear combination of cyclic paths in G, we define the algebra

A(CG, @) = CG/(pa),

which is the quotient of the path algebra by the two-sided ideal generated by the relations
pa = 0,@ € CG, for all edges a of G. If ® is homogeneous, we define the Hilbert series
Hy for A(CG,®) as Ha(t) = > 7, H}jt?, where the HJ, are matrices which count the
dimension of the subspace {izj| x € A(CG,®),}, where A(CG,®), is the subspace of
A(CG, @) of all paths of length p, and i,j € A(CG, ®),.

Suppose A(CG, @) is a Calabi-Yau algebra of dimension d = 3 and that deg & = 3,
that is, ® is a linear combination of cyclic paths of length 3 on G. Then H4(t) is given
by (2) [12, Theorem 4.6].

For G an SU(3) ADE graph or the McKay graph Gr of a finite subgroup I' C SU(3),
we define a homogeneous potential ® by [38, Remark 4.5.7]:

o (a,b,c) (a,b,c)
O= Y WAL @)  Liawse € CG/CG.CFl, (40)

a,b,ceGy

for a cell system W [59], and we will denote by A(G, W) the algebra A(CG, ®).

Now let G be an SU(3) ADE graph and let (z1,22) € End ((cg),(CG)p(cg),) be matrix
units, where zy,29 € (CG), for p = 0,1,... , as in Section 2.2, which act on CG by
(1,22)y = 0y4,71. Applying the functor F' to the morphisms , in Ay—T'L we obtain a
representation of the Hecke algebra on CG given by (c.f. (32) and Figure 3):

_ _ b,as,a b,a1,a
F(4,) = Z ¢s(21)@(22)W(Ag(b)i«(g)),r(%))W(Ai(b)fr(g)),r(al)) (zaraz, vazas), (41)

x,a;,b

where the summation is over all paths = of length p — 1 and edges a;, b of G such that the
paths xajas, razas make sense. These operators were shown to satisfy the relations H1-H3
in [26]. Let (p,), denote the restriction of the ideal (p,) in (CG),, which is isomorphic to
S Im(F (%)) Then A(G, W), = (CG),/ P Im(F()) = 11, = %, where II, X are
the graded algebras defined in Section 2.9.

3.2 Hilbert Series of A(G,W)

In this section we give the Hilbert series of the algebra A(G, W) where G is an SU(3)
ADE graph G with cell system W. In this case we will call A(G, W) an almost Calabi-
Yau algebra.

When G = Gr is the McKay graph of a finite subgroup I' C SU(3), A(G,W) is a
Calabi-Yau algebra of dimension 3 [38, Theorem 4.4.6] and its Hilbert series is thus given
by (2).

Let nXnv = {Appl 0 < p,g,p+1 < k < oo} denote a non-degenerately braided
system of endomorphisms on a type III; factor IV, which is generated by p = A0y and its
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conjugate p = A(g,1), where the irreducible endomorphisms A, ;) satisfy the fusion rules of
SU(3), given in (4).

Let N C M be a braided subfactor with nimrep G which realises the modular invariant
Zg at level k, where G = G,, and let | = yAX),. The nimrep G sends A € yXy to
the graph G,. Let § = @];:0 A(p,0), so that F(S) = @];:o F(Apo) = X. Then since
A(G, W) =11 =X (see Section 3.1),

F(S) = A(G, W), (42)

that is, the algebra A(G, W) is given by the module category associated to the inclusion
N C M.

The algebra S has another description, based on [55] in the context of SU(2), and the
proof of Theorem 4.4.6 in [38]. The tensor algebra Tp = P2, ¢’ is the free algebra in the
category Ao-T'L at level k generated by p. Under the functor F' defined by (19), Tp maps
to F(Tp) = CG, cf. Section 2.9. Let T" be the quotient of Tp by the two-sided ideal
(p) generated by p C p?. It can be shown inductively for each grade that 17 = S;. For
j = 0,1, the result is trivial. Since p® =P+ A2,0) by (4), we have T) = A9y = S2. Now
consider j = 3. From (4) we obtain p* = pp + A(1,1) + A@0). Since pp = id + A\(1,1), we see
that the ideal (id+ A(11)) C (). Then A1) € (p) and T3 = A30) = 5. The situation for
general j is similar. Thus we see that S is the symmetric algebra given by the quotient
of the tensor algebra T'p by (p), see also [38, (4.5.1)]. Let m, v denote the composite
morphisms 7 : Ao <> p* < Tp and v : p < p* < Tp. Then 7 maps under F to
F(m): CI — Cg, which sends 1 € CI to the potential ® of (40), and F(v) : F(p) — CG
sends the reverse edge a of a to the relation p, = 9,9. Then under F, S = Tp/(p)
is mapped to F(Tp)/(F(p)) = CG/(F(v(p))) = CG/{pa) = A(G,W). Reversing the
argument, exactness of F' yields F(S) = F(Tp)/(F(p)) which by the above discussion is
isomorphic to CG/(F(v(p))) = CG/{pa) = A(G,W).

The fusion rules (4) yield the recursion relation A¢j11,0)® (P ® Aj—1,0) = (P @ A(j0)) ©
AG—2,0, J = 2,3,...,k — 1, and so each A can be written recursively in terms of the
three irreducible endomorphisms p, p and A(gg) = id. Summing over all j, and using ¢ to

keep track of the grading, we find that S = @];:o A@p0)t? satisfies
(S (PP ®S) @t A\pg) = Ao @ (tp® S) @ £°S. (43)
Then applying F' to (43) we obtain the following equation for the Hilbert series of A:
Ha(t) —tAGHA(t) + PALHA(t) — P Ha(t) = 1 — "2 P,

where P = Gy, . From P? = Gy, , ® Gy, , @Gy, = Gry, = 1, we see that the
matrix P is an automorphism of the graph G of order 3. Since each GG Aoy CAN be written
recursively in terms of G, = Ag, G, = Ag and G,,, = 1, the permutation P can be
determined for each graph G separately using standard Mathematica computations, and
we obtain the following result:

Theorem 3.1 Let Ha(t) denote the Hilbert series of A(G, W), for an SU(3) ADE graph
G with adjacency matriz Ag, Coxeter number h =k + 3 and cell system W. Then

1 — Pth

Ha(t) = :
1— Agt + ALt2 — 1

(44)
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where P 1s the permutation matriz corresponding to a Zs symmetry of the graph. It is
the identity for D™, AMW* n > 5 £®* 5l(12), [ =1,2,4,5, and E®Y. For the remaining
graphs A™ , DW* and E®), let V be the permutation matriz corresponding to the clockwise
rotation of the graph by 27/3. Then

V2 for  AM™ n >4,
P = Vo for E®),
Vo for DM p > 5.

The numerator and denominator in (44) commute, since any permutation matrix which
corresponds to a symmetry of the graph G commutes with Ag and A:gp.

We warn that we have not yet realised the graph 54(12) as the nimrep produced by a
subfactor, as we have not been able to construct a cell system on 5&12). However, Ocneanu
has claimed that the graph 5&12) does have a cell system built on it [59], and hence the
above proof would hold in this case also.

In [13, Proposition 3.14] the Hilbert series was given for a (p, q)-Koszul algebra (or
almost Koszul algebra), where the permutation matrix P is equal to the product of the
permutation matrices given by the Nakayama permutations for A and its Koszul dual
A. Tt was shown in Section 2.9 that A = A(G, W) is a (h — 3, 3)-Koszul algebra. Then
the Nakayama permutation for the coalgebra A being trivial is equivalent to Nakayama
permutation of A being given by the permutation matrix P.

4 Nakayama automorphism for SU(3) ADE graphs

When G is an SU(3) ADE graph, the dual A* = Hom(A, C) of the algebra A = A(G, W)
is identified as an A-A bimodule with ;Ag, with standard left action and the right ac-
tion twisted by an automorphism S, the Nakayama automorphism. In this section we
determine the Nakayama automorphism £ in Theorem 4.6.

The explicit cell systems W computed in [25] and knowledge of the Hilbert series (44)
for A are key ingredients in both these results. Thus these results are not proven for the

U(3) ADE graph 5&12), since we were not able to compute an explicit cell system W for
this graph in [25]. In the remainder of the paper, any reference to an SU(3) ADE graph
will not include the graph Eim)

We begin with some preliminary results, including Proposition 4.4 whose lengthy proof
will be the content of Section 4.1. This section is based closely on [13, Section 4.2], which
is in the context of preprojective algebras of the ADFE graphs in SU(2).

Let A = A(G,W) for an SU(3) ADE graph G and let A, denote its p'" graded part.
The edges a € G; are a basis for A;. With the potential ® defined in (40), A has a relation
p, for each edge a € Gy given by

= > W b (45)

b,b'€G1

b ) (a b b)
Let h = k: + 3 denote the Coxeter number of G. The image of the endomorphism A )
under the functor F' defines a unique permutation v of the graph G, which is described
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as follows. If the permutation matrix P in Theorem 3.1 is the identity matrix, then the
permutation v on the graph G is just the identity. For the other graphs, the permutation
v is given on the vertices of G by the permutation matrix P and on G; by the unique
permutation on the edges of G such that s(v(a)) = v(s(a)) and r(v(a)) = v(r(a)) (note
that there are no double edges on the graphs G for which P is non-trivial).

For any vertex i of G, it can be seen from the Hilbert series of A(G, W) that the space
i-Ap_3-v(7) is one-dimensional. For k a vertex for which there is an edge from £ to i, it can
be seen from the Hilbert series of A(G, W) that the space i- Aj,_4-v(k) is one-dimensional,
except where there is a double edge from k to i on G, in which case dim(i- Aj,_4-v(k)) = 2.
Let w; ;) denote a generator of i - A3 - (i), and let {vj} ), m € {1, py;}} denote a basis
for i- Ap_s-v(k), where py; denotes the number of edges from k to i. For each edge i — j

and each edge k s ion G there are non-zero scalars AE]”), ,uz()m/) such that
N avfle) = i = " v r(0), (46)
for any m € {1,p;;}, m' € {1, pri}.

Definition 4.1 We call a cell system W on G v-invariant if Wf?fic) = Wlfég‘i)(’;)(ﬁg";(c)) for

all triangles i — j ek S on g.

Proposition 4.2 Let W be a v-invariant cell system on G. There is a constant C' such

that (m) \ (m') \ (m"")
AU\ bme) b
(m) Ifm’) oy = C (47)
Ha " fy " He

for all triangles i — j Lok s ion G, and all m € {1,p;}, m' € {L,pjr}, m" €

Proof: The dual A* of A is an A-A bimodule with the products x, xy defined by
(px)(y) = p(zy), (xp)(y) = p(yx), for p € A* and z,y € A. The element dual to Ul
is (v%)j)* = /\gm)uj;(i)ia, where s(a) =i, r(a) = j, and Uiy 18 the element dual to u;,(),
since

m

(U%)j)*(v}n(i)) = )\t(zm) (Uz(i)ia)(vﬁ(i)) = )‘EzM)uz(i)i(avju(i)) = Ui(i)i(uiu(i)) =1

Similarly, the element uy)u(a’)ui(j)j, where s(a’) = i, r(a’) = j, is also dual to vJ},.
Then (46) dualises to give
)‘ELM)U;(i)ia = (’U:/T(Li)j)* = uf:l)y(&/)u;(j)j‘ (48)

Let a = o’ and m € {1,p;;}. Then multiplying on the right by (Agm))_ll/[/iﬁb’c)b in (48)

for a vertex k such that there is a triangle i — j ek —sion G, we have

(m) (m)  (m’)

( ,b’ ) * _ Ma‘ ( ’b’ ) * _ Ma M ( ’b, ) *
VViﬁc ‘ uu(i)i&b - )\(m) VViﬁc ‘ V(&)uu(j)jb - )\(m))\l(]m/) VViﬁc ‘ V(&)V(b)uu(k)ka
a a b



where the second equality follows from (48) for a choice of m' € {1, pj;x}. Summing over

all vertices j and edges a, b such that there is a triangle i — j ek —sion g, and
making a choice of m = m;, m" = m/; for each j, the L.H.S. is zero by the relation p. in

*

(45), and so we obtain om)u;,, = 0 where

(my) (m5)
. Ha = My (a,b,c)
o) = ) sy Wi v(a@)r(b),
jab Aa A

and m = (mq, mj, mg, mh,...,m,,m.) where r is the number of vertices j in the sum-
mation. Suppose om) # 0. Then there exists a non-zero v € k- A,_5 - v(i) such that
Vom) = Ukuk) € k- Ap—s - v(k), and omyu Sk = = V* # 0 (since v # 0) which is a
contradiction. Thus om) = 0, which implies

:U’( ):ul()m) (a,b,c)
(m) y (m”) Uk'
)\a )\b

(v(a),w(b),v(c))
fszl, @ (§)v(k) 5 (49)

where &, € C does not depend on j, a or b. For j = ji, the left hand side of (49) only

depends on my and m/, whilst for j = j,, the left hand side of (49) now only depends
(m'")
on mg and mj. Thus &, does not depend on m, but only on 4, k. Define &, := %fik,

which only depends on i, kK and m”. Then since W is v-invariant, we have
p " ™)

m = Sk (50)
AN\

which only depends on i, k& and m”. However, by a similar argument, the left hand side
is also equal to & ; (which only depends on &, j and m') and ¢j; (which only depends on
J, i and m). Hence the left hand side does not depend on i, j, k or the choices of m, m’

and m". So we have & = &; =&}, =: 1/C for all triangles i =5 2k -Siong. O
Since &, in (50) does not depend on the choice of m € {1,p;;}, we obtain as an
immediate corollary:

Corollary 4.3 For any v-invariant cell system W on G,

)\((lm) )\((lm’)
pdm )

for any edge i — j on G, and m,m’ € {1,p;;}.

We will now define an alternative basis {v§,, } for i+ A,_4-v(k) such that for any edges

i —) j and each edge k —> 1on G we have \ya’ Vi) = a0/ Wiv () ub/vf’y(k)l/(b’) = O,y Uin(3)
where A\, i1, are non-zero scalars. This basis will be used in Section 5.

For any double edge (a,a’) on G With s(a) =i, r(a) = j, if we set v§, /\(l)vjl.y(i) -
)\(2 (i) and v;.l;(i) = )\((11) — )\ JV(Z) then we have avj ) =0 = J;(i) and
)\bbvw(l = U@, b € {a, a/}, Where Ny = € )\él))\,(f)/()\fy)\ff) — )\(1))\((3)) and g, = 1,
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es = —1. Then from (46) and Corollary 4.3, we see that vf,;,v(d') = 0 = v?;(i)u(a)

and ,ubv]l/(l)y(b) = uw @, b € {a,a’}, where p, = s )/(/\S)uff) - ME}))\S)) and [y =
1 1) (2 2)
WD [ — 0N
Let v;.’y(i) = UW @) )\ = )\(1 when there is only one edge a from 7 to 7, and if there is a

double edge (a,a’) from 1 to J let UW(Z), Ay be as defined in the previous paragraph, where
b € {a,a’}. Thus we have defined an alternative basis {v§,} for i - A4 - v(k) such that

there for each edge i — j and each edge k s ion G we have

AaVj, 5y = Uin(i) = 15050 V(), (51)

where \,, o are non-zero scalars. Since dim(i - Ap_3-1) =0 for all [ # v(i), we have

by, ]I/(’L) =0= U]z/(z) (b) (52)

when a # b. We will usually write vj,(; for V5,0) where there is only one edge a from 7 to
j. Dualising (51) we thus get:

a

Aatty i@ = (Vp);)" = parv (@) ;- (53)

4.1 Computation of the constant C

In this section we compute the value of the constant C' in Proposition 4.2.

Proposition 4.4 Let G be an SU(3) ADE graph, which is not 6}&12). Then for the per-
mutation v of G defined in Section 4, the constant C' in Proposition 4.2 is 1.

The proof of Proposition 4.4 is done in a case-by-case method, where we will use the
Ocneanu cells W (A) computed in [25]. For the graphs D™ D™* and 5 (12 we did not
claim to have computed all cell systems up to equivalence in [25].

We will begin by describing the general strategy. We choose a vertex ¢ of G which
is the source of only one edge a, and similarly the range of only one edge b. We denote
by j, k the range, source vertices of the edges a, b respectively. Note that there must
necessarily be (at least one) edge ¢ from j to k on G. We choose a non-zero path ;) =
[ijlly - lhs v(k) v(i)] € i - Ap_s - v(i) of length h — 3 from i to v(i), where
ly,...,ln—¢ are vertices of G. We let the elements v;,;) and v;,x) be the paths v;,;) =
Glily - s v(k) v(i)] € j-Ap—a-v(i) and vy = [i j li lo -+ lh—g v(K)] € i-Ap_g-v(k).
Then w;y = avjuu) = Viwr(b) in A, and we have A\, = u, = 1. Note that since
Jj-Ap_g-v(i)and i- A,y - v(k) are now one-dimensional, we omit the notation m = 1
from )\S,ﬂ), uf}”). We now form the paths v,,;v(a) € j- Ap—3-v(J), bviu) € k- Ap—s-v(k),
and transform these using (46) so that we have

Ao

viv@pr(a) = 1, COR) (54)
Lhe

bviu(k) = )\—bvku(j)’/(c)> (55)
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where the same path vy,(;) appears in the right hand side of both equalities. By Propo-
sition 4.2, Ao/ g = Clicpin/ NaXo = Clic/ Ny, since A\, = pp = 1, so that (54) becomes

_ He

= )\b OCU]W(]'). (56)

Vv (a)
Then we obtain the value of p./A, from (55), and substituting into (56) we can determine
the value of C.

For the graphs where v is the identity, that the constant C' which appears in (56) is 1
follows from the following considerations. There is a conjugation on the A graphs given
by the conjugation on the representations of SU(3) given in Section 2.1. There is also
a conjugation on the other SU(3) ADE graphs: The conjugation 7 : yXy — yAXny on
the braided system of endomorphisms of SU(3), on a factor N, given by the conjugation
on the representations of SU(3), induces a conjugation 7 : yXy — yAXy such that
G+ = 7G\7, where Gha = \a for A € yXn, a € yXy. We call a path symmetric if it is
invariant under reversal of the path and taking the conjugate of the graph, i.e. a path
r = la; ag -+ a1 @ is symmetric if ¢ := [a; a1 -+ @z @1] = =, where U denotes
the image of the vertex v under conjugation of the graph. We note that for a path to be
symmetric, it must start at a vertex of colour p and end at a vertex of colour —p mod 3.
We choose a non-zero path ;) which is symmetric. We then form the path v;,;v(a) as
above, and transform this to a scalar multiple d; of cvy,(;), where vy, ;) is a basis path in
k-Ap—4-v(j). We also find a non-zero path ¢v’ € j-Ap_3-v(j), where v’ € k-Ap,_4-v(j) is a
symmetric path of length i —4, and transform this to a scalar multiple dy of cvy, ;). Then
we obtain that v;,;v(a) = dydy*c'v'. Now, since Uiy () 1s symmetric, (vjyiv(a))® = D).
Then bviyry = (vjupyv(a))® = (dydy ') = didy ' v'v(d) = d1v(yv(c). So we see that
the same coefficient d; appears in both (55) and (56), so that C' = 1. However, this method
will not work for the graph Eéw) even though it has v = id, since for all the possible choices
for the vertices 7, k, one of these must be of colour 0, hence the conjugation of the graph
does not interchange j < k.

For the graphs 51(12), 52(12), 55512) and £24 it is not clear that chosen paths are non-zero
inl-Ap_3-v(l), for | =i, j, k, and we will need to construct a basis for the space of all paths
which start at the vertices 4, j (and also & in the case of 55(12)). The computations of these
basis paths are lengthy and are contained in the Appendix to [31]. We will summarize the
results for the computation of C' for these graphs here, with the detailed computations
given in the Appendix to [31]. In what follows we will use the notation a,s to denote the
edge from r to s where this edge is unique.

The identity A graphs:

We will first compute the value of the constant C for the graphs AM™. The infinite
graph A illustrated in [25, Figure 4], is the fusion graph for the irreducible represen-
tations of SU(3), whilst for finite n, the graph A™ is the fusion graph for the irreducible
representations of SU(3),, as described in Section 2.1. We will write (p, q) for the irre-
ducible representation Ay, .. For A the automorphism v is the clockwise rotation of
the graph by 27/3. Choosing the vertices ¢ = (0,0), 5 = (1,0) and k& = (0,1), we have
v(i)=(n—3,0), v(j) = (n—4,1) and v(k) = (n — 4,0). The unique cell system W (up
to equivalence) was computed in [25, Theorem 5.1], and we use the same notation for the
cells here. The cell system W is v-invariant.
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(n-4,1) k=(0,1) / (1,1) (n-4,1)
A=) -0

i=(0,0) ;:(1,0) (2,0) (n-5,0) (n-4,0) (n-3,0) i=(0,00 j=(1,00 (2,0 (n-5,0) (n-4,0) (n-3,0)
=uv(k) =u() =uv(k) =u(i)

Figure 6: Two paths in j - Aj,_s - v(j) for A™: VvV (a4;) on the left and a;;vy,(;) on the
right.

k=1 / (1,1) (n-4,1) k=(,1)/ (1,1 (n-4,1)
=1(j) i j i i ji iiv(i)

i=(0,00 j=(1,00 (2,0 (n-5,0) (n-4,0)' (n-3,0) i=(0,00 j=(1,00 (2,0 (n-5,0) (n-4,0) (n-3,0)
=uv(k) =u(i) =uv(k) =u(i)

Figure 7: Two paths in k- Aj,_s - v(k) for A™: A1iVin(k) o0 the left and vy, jyv(a;;) on the
right.

There is only one possible non-zero path of length A — 3 from i = (0,0) to v(i) =
(n—3,0), which is given by ) = [(0,0) (1,0) (2,0) --- (n—4,0) (n —5,0)]. Any path
of length > h — 3 will be zero in A since using the relations on A it can be transformed
to a path which begins [i j & --- ] = 0 since [i j k| = p,, = 0 in A, where a,, is
the edge from 7 to s. Then vj,;) = [(1,0) (2,0) --- (n —4,0) (n — 5,0)] and v =
[(0,0) (1,0) (2,0) --- (n—4,0)]. We form vj,(;v(a;;) and using the relation p,(,,,) we
obtain the path [(1,0) (2,0) --- (n —4,0) (n —5,1) (n —4,1)], as shown on the left
hand side of Figure 6, with coefficient —Wyg,_s5 ) / WA (n-4,0), where we use the notation
Watkm) = Wikm)k+1m)(emt1) 80 W em) = Wiettm)(km+1) (k+1,m+1)- Continuing in this
way we obtain the path a;;ve.) = [(1,0) (0,1) (1,1) (2,1) --- (n —4,1)], as shown on
the right hand side of Figure 6, with coefficient

5 _ (_1 n—a WV(O,O)WV(L()) e WV(n—5,O) '
WaaoWaeo) - Wam-1,0)

Similarly, we form az;vi, ) and transform using the relations to obtain

WA -4,

=i WeooWvao - Wem-s0)

Vi) = (—1 AjkVku() = & Ak Vku (5)

WaooWaao - Wam=s0) Wa,0)

= £ a4k,

where the last equality follows from the v-invariance of the cell system W. Thus we see
that C' = 1 for the graphs A™. The only properties of the cells W (A) that are used here
are their v-invariance and the fact that they are non-zero.

The orbifold D graphs:

We will now consider the graphs D™ which are Z;z orbifolds of the graphs A™. The
graph D) is illustrated in Figure 8. The weights W (A) for A™ are invariant under the
Zs symmetry of the graph given by rotation by 27 /3. Thus there is an orbifold solution
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V{

Figure 8: Graph D

for the cell system W on D™ where the weights W (A) are given by the corresponding
weights for A [25, Theorems 6.1 & 6.2]. More precisely, excluding triangles A which
contain one of the triplicated vertices (k, k); in the case where n = 3k + 3, the weight
W (A, i) for the triangle A; 4, = 13 — i9 — i3 — i1 on D™ is given by the weight
W(Aigo),igl),ig)) = W(Ai?)’igg)’igo)) = W(Ai?),igo),igl)) for A(”), where Z'](GO), Z'](cl), Z'](f) are the

three vertices of A™ which are identified under the Zs action to give the vertex i, of

D™k =1,2,3. If for a triangle A;, 4,4, on D™ there is no choice of vertices Z(Jl) igh),

:())33 on A™ which lie on a closed loop of length three i{" — i — ;¥*) — zgjl) then
we have W (A, i,i,) = 0. When n = 3k + 3, the weight W(A) for a triangle /A which
contain one of the triplicated vertices (k, k); is just given by one third of the weight for the
corresponding triangle on AG*3) . Thus the relations (45) for D™ are given precisely by
the relations for A™, except for the relations P~, Py in the case where n = 3k + 3, which
involve the triplicated vertices (k, k);. However, these last two relations are not used to
show C' = 1, and thus the result for D™ follows from the result for .A™ under the orbifold
procedure. The vertex (n—3,0) of A™ is identified with the distinguished vertex (0,0) of
A™ . Thus with ¢ the distinguished vertex of D™ with lowest Perron-Frobenius weight,
the element wu;,(;) is a closed loop of length n — 3 starting and ending at 7. We see that
the permutation v must be the identity for D™,

We will illustrate the general D case by giving the computations for the graph D).
We label the vertices as in Figure 8, and denote the two edges in the double edge by v and
v'. We write W)sw)s(e) for W(AS?ZCS(I))S(C) where a,b,c & {7,7'}, and W (@)s(b)s(e) When

one of a, b or ¢ is the edge i € {7,7'}. We note that Wy, = Wi, = 0 [25, Theorem 6.2].
We choose the vertices i = 1, j = 4 and k = 7. Then the path u,,(; is obtained from the
corresponding element for A®) 5o U () = U1l = [1483571] which is symmetric. We have
Vjp) = Va1 = [483571], vy = v17 = [148357]. Since v = id, we only need to transform
v v(a) = [4835714], where a is the edge from i to j, to a scalar multiple of a path v’
where v’ is some symmetric path. We will underline at each stage the subpath of length
2 which we transform using the relations. We have

,Y/

Waur Was7Wasg /
4835714 = 4835724 = —/———"14835924| = 4836924
[ 714 147[ ST24 147 257[ 35024 W147W257W359[ T ]
_ Wour Waso Wao Wass 14826/924] Wour Woso W Wags Woar 4726/924]
WiarWastWisgWaes = Wiar Wasz WasgWaes Waag ’
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A(7)* ( ) ( )

a9 Q Q

Figure 9: Graphs AM* A®)* Figure 10: Graph D(™*

where [69], [6'9] denote the edge from 6 to 9 along 7, 7' respectively. The path [4726'924]
is non-zero, with [726'924] symmetric. Here it is important that the cells W(A) for
some of the triangles which contain one of the double edges are zero, otherwise the path
Vju) = Va1 = [483571] might be zero in A. The only other property of the cells W(A)
that is used here is the fact that those that appear in the coefficient of [4726'924] in the
above equality are non-zero. If there was another inequivalent cell system on D such that
this coefficient is non-zero and the Hilbert series of A was given by (44), then the result
C =1 would hold for this cell system also.

The conjugate A* and conjugate orbifold D* graphs:

The proof for these graphs is slightly different to that for all the other graphs in that
we do not choose ¢ to be a vertex which is the source of only one edge. Here the vertex
i is chosen to be the source of exactly two edges. First consider the graphs A™*, where
v = id. The unique cell system W (up to equivalence) was computed in [25, Theorems
7.1, 7.3 & 7.4], and we use the same notation for the cells here. The A™* graphs are
illustrated in [25, Figure 11|. We illustrate the cases n = 7,8 in Figure 9. The labelling
we use here for the vertices of A2™ V" is the reverse of the labelling used in [25]. The
relations in A(A™* W) are

Wiia[121] + Wiy [111] = 0,
Wa-1aala(a —1)a] + W, aalaaa) + Wy g ar1]a(a + 1)a] =0, (57)
Waaatrilaa(a +1)] + W at1ar1[a(a + 1)(a+1)] = 0, (58)
Waaati[(a+ Daal + W at1.a+1[(a +1)(a + 1)a] = 0, (59)

where a = 2,...,p—1in (57), and a = 1,...,d in (58), (59), where p = [(n — 1)/2],
a = p—1for even n, and @’ = p — 2 for odd n. For even n we have the extra relation
Wyt ppp(p—1)p]+ W, »[ppp] = 0, and for odd n we have the extra relation [p(p—1)(p—
Dl =1[p—=1)(p—1)p] =0.

We first consider the even case n = 2m + 2. We choose the vertices 1 = j = k =1
as illustrated in Figure 9. The element w;, ;) = ui,) of length 2m + 1 is (up to some
scalar) [111---1]. We show this is non-zero by induction. When m = 1, we see using the
relations that [1111] = —(Wy19/Wh1p)[1121] = (W3, /WE)[1221] = —(Whie/Whip)[1211],
so that all paths of length 3 are equal, up to scalar multiple, in A. We assume that all
non-zero paths in A(A®"2* 1) are proportional to the path uglf/)(l) = [111---1] of length
2m — 1 for m = k. For m = k+ 1, any path in A(A®*+9* W) of length 2k + 1 must have
one of the following forms, where a{j} = [vov; - - - vor_1] is a path of length 2k — 1 with
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Vo —1 = j (I) [a{l}ll] = —an/Wnl[a{l}Ql], (II) [&{2}11] = —W122/W112[&{2}21],
(III) [a{3}21]. Any path of form (I) is clearly proportional to uglfj(rll)) = [111---1] of length

2k—1, since any path a{1} in A(A+* W) of length 2k—3 must be proportional to uglf/)(l)
(we note that a non-zero coefficient when m = k may become zero when m = k41 since we
replace the quantum integer [s]yu) by [s]qk+1) in the weights W, where ¢(m) = e?mi/my,
We now consider paths of form (II). There are three cases: (a) Suppose vgr_4 = 1 in
a{2}. Then using the relations we see that [a{2}11] = =Wy, /Wiia[a{1}11], where a{1}
is obtained from a{2} by replacing its last edge by a closed loop from 1 to 1. This path
is now of form (I). (b) If vy,_4 = 2, then we have [a{2}11] = —Wy15/Wigs[a{1}11], where
now a{1} is obtained from a{2} by replacing its last edge by an edge from 2 to 1, and this
new path is of form (I). (¢) If vog_4 = 3, then we move to consider vg,_5. Then we will
have three cases similar to (a)-(c). If we are in case (c¢) we consider vy,_g, and continuing
in this way get vor_;_1 < w9 for some [, and we are in case (a) or (b). Finally, consider
paths of form (III). Suppose vor_4 = 2. Then using the relations we obtain

W, W
(1 vp_52321] = —szz [1-- - vg_52221] — sz [1-- - vp_52121]
W112W222 W111W122
= 1. vgy_52211] + 1 vg_52111
W122W223[ 2 ] W112W223[ 2 ]

and we are in case (I). If vor_4 = 3,4, we proceed as in (II). Thus any path in A(A+H* 11)
of length 2k + 1 is equal to fugﬁ?ll)) = ¢[111---1], for some £ € R (possibly zero).

Thus for A®™+2* we choose ;) = w1y = [111---1], and we have vj,) = Vi) =
[111---1] of length 2m — 2. Then v, ;v(a;;) = [111---1] = wi,q) = a;xVk(j), Where
Uku(j) = Vipy = [111---1]. Similarly apviv) = Veu()v(ajr). Thus we obtain C' = 1. The
situation for A®™+D* follows similarly.

The graphs D™* are (three-colourable) unfolded versions of the graphs A™* where
we replace every vertex v of A™* by three vertices vy, vy, v, where v, is of colour a,
such that there are edges vy — wy, v1 — wse and vy — wy if and only if there is an edge
from v to w on A™*. The graph D* is illustrated in Figure 10. Then the proof for
D™ follows exactly as the proof for A™* where now we write a suffix for each vertex
indicating the colour of that vertex. Due to the three-coloured nature of the graphs D"
we see that the maximum path w;, ) = ui(1,) of length n — 3 must end at the vertex
v(1ly) = 1,, where r = n mod 3. Thus the permutation v should be the identity, clock-
wise rotation of the graph by 27/3, or anticlockwise rotation of the graph by 27/3, for
n = 0,1,2 mod 3 respectively. Since v is not always the identity for the graphs D™* we
require v-invariance of the cells here. The orbifold cell systems computed in [25, Theo-
rems 8.1 & 8.2] are v-invariant. If another inequivalent v-invariant cell system could be
found such that ;) = u1y(1,) is non-zero and the Hilbert series of A was given by (44),
then the result C' = 1 would hold for this cell system also.
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3, 2,
2\ /3

1\7 21 3() 1 1 1

Figure 11: Graph £® Figure 12: Graph £®)*

The graphs E®, E®)* for the conformal embeddings SU(3)s C SU(6); and SU(3)s C
SU(6); x Zs [70, 5, 26]:

We will first consider the graph £®*  illustrated in Figure 12. The unique cell system
W (up to equivalence) was computed in [25, Theorem 10.1], and we use the same notation
for the cells here. The quotient algebra A has the relations

D
e}

[123] = [231] = [324] = [432] = 0,
222] = F722[232],  [333] = p22(323],

T2 [312] = [322] + [332],

T2 (243] = [223] 4 [233],

where WQQQ = —W333 and ngg = W233.

We choose the vertices i = 1, j = 2 and k& = 3. We choose the path [122331] of
length 5 to be the path w;,;), which is nonzero since [122331] = —(Way3/Wao3)[124331]
using (63) and (60), and no relations can be used on [124331] except for the one which
transforms it back to [122331]. The only other relation which can be used on [122331] is
[12&1] = —(W243/W233)[122431] Then ij(i)l/(aij) = Ugy(l)l/(alg) = [223312], which we
transform to the (non-zero) path [233122]:

~—~~
=)
DO

~ ~— ~— ~—

W W W W2
[223312] = ——222[223322] — —22[223332] = —222[223222] + — 233 [223232]
123 123 123 123 VYV 333
W
= —2-221922922],

123

where in the penultimate equality we also used (60) and in the last equality we used (61)
once for [223222] and twice for [223232]. Similarly,

W233 W222

[233122] = -—1@5”1233222]—- 233322] = —2
123 123 123

so that v;,;v(aij) = [223312] = [233122] = a;,v’, where v' = [33122] is symmetric. Here
we need the fact that the coefficient of [222222] in both the above equalities is not zero

for the cell system W, as well as the fact that they are non-zero.
Since the graph £®) illustrated in Figure 11, is the (three-colourable) unfolded version
of £®)* the result for £® follows in the same way as the result for D"** follows from
AP0 The unique cell system W (up to equivalence) was computed in [25, Theorem

222222],
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Figure 13: Graphs 51(12) and 52(12)

9.1]. Due to the three-coloured nature of E®) we see that since Uin(i) = Ulgu(1o) has length
5, v must be the non-trivial permutation which sends 19 — 1. Since v is not the identity
for the graph £® we require v-invariance of the cells here. The cell system W for £®),
computed in [25, Theorem 9.1] is v-invariant.

The graph 51(12) for the conformal embedding SU(3)e C (Eg)1 [70, 6, 26]:
Two inequivalent solutions for the cell system W= for the graph 51(12), illustrated in
Figure 13, were computed in [25, Theorem 12.1]. We will use the solution W*. The

solution W~ is obtained from W™ by taking the conjugation of the graph 51(12), that is,
V[/Z.;,Eabc) = W;r(gp&;ﬁ?g(c» where ¢ is the map which reflects the graph 51(12) about the
plane which passes through the vertices 7, is, 73 and p, and reverses the direction of
each edge. For 51(12) the automorphism v is the identity. We choose the vertices i = 1,
Jj = Jjs and k = kg, for some s € {1,2,3}. We first computed a basis for the space of
paths which start from the vertices 7, 7,. The explicit details of these computations are
given in the Appendix to [31]. We will denote by [rp], [r'p] the path which goes along
the edge «, o’ respectively, and similarly by [pg|, [p/q] the path which goes along the edge
B, ' respectively. Let w;u) = u;,6,) be the (non-zero) path w;,uy = [isjsrpqrpgksis]
of length 9. Using the computations contained in the Appendix to [31], we obtain
Uju(i)V(aij) = [jsrpqrqusisjs] = d[jskquksisjsrpjs] = dajkvl> where v' = [kquksisjsrpjs]
is symmetric and d is a non-zero scalar. Hence C' = 1. In the computations for the graph
51(12) we have used the orbifold cell system which was constructed explicitly in [25]. If
another inequivalent cell system could be found which satisfied the non-vanishing of many
coeflicients which appear in the computations of a basis for A, and such that the Hilbert

series of A was given by (44), then the result C' = 1 would hold for this cell system also.

The graph S for the conformal embedding SU(3)g C (Eg)y % Zs [9, 26]:
The graph 52(12), illustrated in Figure 13, is a Zs orbifold of 81(12). Every cell system

W for 52(12) is equivalent to either a cell system W™ or the inequivalent cell system W~
[25, Theorem 11.1]. We will use the solution W*. The solution W~ is obtained from
W by taking the conjugation of the graph €%, that is, V[/Z.;,Eabc) = W;}g;ﬁ?};ﬁ?g(cn where
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Figure 14: Labelled graph 55512)

@ is the map which reflects the graph 52(12) about the plane which passes through the
vertices i, p1, p2 and ps3, and reverses the direction of each edge. For the graph 52(12) the
automorphism v is the identity. We choose ¢, 7, k£ as labelled on the graph 82(12) in Figure
13. We first computed a basis for the space of paths which start from the vertices ¢, k. The
explicit details of these computations are given in the Appendix to [31]. Here ¢ = >7/12,
and we will write [m] for the quantum integer [m],. We let ay, by denote the scalars

ar = \/[2] [4] £/[12][4], b+ = +/[2]*2 £ /[2][4]. Let u;,) be the path [ijripijkpiqikil,

which is symmetric. This path is non-zero in A since

3][4 1\ . : y : ' /
( 3]14] +a;) lijripikpigiki] = —ay [ijripugikpigiki] = —b_[ijrprgiraprai ki),

2]

Then v;,;yv(ai;) is given by [kijripijkpiqik] = d[kpigikpijripijk] = dajpv’, where o' is
symmetric and d is a non-zero scalar, and we obtain C' = 1.

The graph 5;12) for the twisted orbifold D" invariant:
The Moore-Seiberg invariant Z a2 is realised by a braided subfactor which produces
MS

the nimrep 55512) [26, Section 5.4], illustrated in Figure 14. The unique cell system W (up to
equivalence) was computed in [25, Theorem 13.1]. For the graph 55512) the automorphism
v is the identity. There are four possible choices for the vertices j, k: these are (3,8), (5,9),
(14,3) and (15, 4). We see that it will not be possible to use the quicker method described
above for the case where v = id, since conjugating the graph will not interchange the
vertices j <> k for any of the choices of j, k. We choose the vertices : = 10, j = 15 and
k = 4. We first computed a basis for the space of paths which start from the vertices 10,
15, 4. The explicit details of these computations are given in the Appendix to [31]. Here
q = e*™/'2 and we will write [m] for the quantum integer [m,.
We choose ¢y = t10,010) = [10,15,2,9, 16,5, 8,14,4,10]. Then

’U151,(10)I/(CL10715) = [15, 2, 9, 16, 5, 8, 14, 4, 10, 15] = 6[15, 4, 7, 12, 1, 7, 13, 1, 7, 15]

= CA15,4V40(15),
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Figure 15: Labelled graph &%

whaec::-{ﬂvﬁjﬁ(vﬁa§+-pnﬂ)/MPmLand(?::1ﬁﬂbwsﬁom

asiovione) = [4,10,15,2,9,16,5,8,14,4] = ¢[4,7,12,1,7,13,1,7,15,4]

= CU4V(15)V(&15,4)-

The graph £2Y for the conformal embedding SU(3)s; C (E7), [70, 6, 26]:

For the graph £®% illustrated in Figure 15, the automorphism v is the identity. The
unique cell system W (up to equivalence) was computed in [25, Theorem 14.1]. We choose
the vertices © = 1, j = 9 and k = 17. We first computed a basis for the space of paths
which start from the vertices 1, 9. The explicit details of these computations are given
in the Appendix to [31]. Here ¢ = ¢*™/?*, and we will write [m] for the quantum integer
(m],. Let u be the path [1,9,18,6,13,22,4,14,19,2,11,19,2, 11,22, 5, 14,21, 3, 10, 17, 1],
which is symmetric, and is non-zero as shown in the Appendix to [31]. We choose ;) =
U1y = u. Then v, v(a;;) = vo,yv(ary) is given by

[9,18,6,13,22,4,14,19,2,11,19,2,11,22,5, 14, 21, 3,10, 17,1, 9]

_ ._[4Hi£igi/ﬁgg[3ﬁ[9,17,2,11,20,5,14,21,3,10,17,2,9,18,6,136,22,4,12,19,2,9
[4][91[10]\/[2][3°

= - kY

712/ 153

where v’ is symmetric. Then C' = 1. O

4.2 Determining the Nakayama automorphism for A(G, W)

We will now determine the Nakayama automorphism for the algebras A = A(G, W), where
G is an SU(3) ADE graph which is not &'

The algebra A = A(G,W) is a Frobenius algebra, that is, there is a linear function
f A — C such that (z,y) := f(zy) is a non-degenerate bilinear form (this is equivalent
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to the statement that A is isomorphic to its dual A* = Hom(A,C) as left (or right)
A-modules). There is an automorphism [ of A, called the Nakayama automorphism
of A (associated to f), such that (z,y) = (y,5(z)). Then there is an A-A bimodule
isomorphism A* — 1Ap [72]. Using the notation of Section 3, we will define a non-
degenerate form on A by setting f to be the function which is 0 on every element of A of
length < h —3, and 1 on u;,(;), for some ¢ € G;. Then using the relation (z,y) = (y, 8(x))
this determines the value of f on u;,(;), for all other j € G;. We will normalize the wu, ;)
such that f(u;,j) = 1 for all j € g1 From equation (51) we see that a* = Av§,,

(v5,))" = Hav(a), where a is an edge from ¢ to j on G.

Definition 4.5 Let 8 denote the automorphism of A defined on G by 5 = v, where v is
the permutation defined on G in Section 4.

Let W be a v-invariant cell system on G. With 8 defined above we have

6([)“) = ZWZ(Z(II))b Z l/(z e ll//((lz (b)l/(b/) = pu(a);

b,t/ b,t/

for a an edge from k to i. The following lemma shows that g is the Nakayama automor-
phism for A:

Theorem 4.6 The A-A bimodule A* contains an element u* such that A* = Au* = u*A,
and u*a = [(a)u* for all a € A. Thus A* is isomorphic to 1Ag as an A-A bimodule.

Proof: Asin [13, Corollary 4.7], any u* = ) . ;u; (1yi With non-zero ¢; € C will generate A”
as both a left and right module. We will show that the ¢; can be chosen such that u*a =
B(a)u* for each a € A;. By Definition 4.5 this becomes }; Guy,,,a = v(a) 3, Guy gy, s0
that Gu; .0 = Gr(a)u) ;) = ((Xa/pa)uy;ya by (53). Thus we need to choose the ¢
such that

Q_a

1= .
Ci Ha

(64)
Similarly, for any triangle i —s j ek s ion G, we need (64) with a replaced by b.
Then (64) for a and b gives
G _ G
Ck )\a)\b Ck :uc’
by Propositions 4.2 and 4.4. Thus (64) will also be satisfied with ¢, j replaced by k, i
respectively. We may then consider a maximal connected subgraph G’ of G such that for
all vertices ¢, j on G', with an edge ¢ — j, there is a choice of non-zero (;, (; such that
(64) is satisfied. Suppose G' # G so that there is a vertex k of G’ which is the source
of an edge v to a vertex [ which is not on G'. If we choose ; = (p1e/Ac)(x then (64) is
now satisfied for all vertices 7, 7 on the graph G”, which is the graph obtained from G’
by adjoining the vertex [ and the edge c¢. This contradicts the assumption that G’ is the
maximal subgraph such that (64) is satisfied, hence G’ = G.
Then there is an A-A bimodule isomorphism ¢ : 1A — A* given by ¢(a) = au*, such
that ¢(xaf(y)) = zaf(y)u* = zau*y = z¢(a)y, for all a € 1Ag, z,y € A. O

Corollary 4.7 For every a € G; we have N\, = puq.
Proof: Using equation (51), 1 = Aa(a, vj,(;)) = Aa(V§, ), B(a)) = Aa/Ha- O
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5 A finite resolution of A as an A-A bimodule

In this section we determine a finite resolution of A = A(G,W) as an A-A bimodule,
where G is an SU(3) ADE graph.

Let A = A(G, W), where G is either an SU(3) ADE graph or the McKay graph Gr of a
finite subgroup I' € SU(3), and W is a cell system on G. Consider the following complex:

AR AR L5 ARV Or Al X5 A@rV@r AL AQr A5 A—0,  (65)

where the A-A bimodules R, V and V are given by R = (CG)o, V = (CG); and V=
Dacg, Ca. We denote by B[m]| the space B but with grading shifted by m. The A-A

bimodule V' is isomorphic to the dual space of V. The connecting A-A bimodule maps
are given by

po(z®@y) = zy,
mrRa®y) = ra®y—rQ ay,

ppERaey) = Y. Way(@b@l @y+r@beby),
b,b'€G1
pa(r®y) = Y ra®i®y— ) rOI®ay,
acGy acGy

where z,y € A, a € G; and we denote by Wy the cell W(A(a bl; )s(b,))

The sequence (65) is exact and the kernel of pj is zero 1f and only if A is a Calabi-
Yau algebra of dimension 3 [12, Theorem 4.3], e.g. if G is the McKay graph of a finite
subgroup of SU(3) — see [30] for these subgroups and their graphs. When G is an SU(3)
ADE graph, we will see that the kernel of 3 is non-zero.

As in [14], applying the functor F = —®4 R to the two-sided complex (65), we obtain
the following one-sided complex of right A modules:

Fp)

AR 2 A0, V1) T Ay v I AT Ry, (66)

where the connecting A module maps are given by F(po) the projection of A onto its zero-
graded part R, F(u)(z ® a) = va, F(u2)(x @ @) = >, yeg, Waptb @ V' and F(uz)(z) =
> e, Ta®a, where y € A, a € G;. The proof of [14, Prop051t10n 7.2.1] carries over to our
setting to show that the full complex (65) is exact if and only if the one-sided complex
(66) is exact.

It was shown in Section 2.9 that the one-sided sequence (39) is exact, for k < h — 2.
Thus the bottom row of diagram (67) is shown to be exact everywhere except at the first
term A in degree h — 3, where the Koszul differentials d; are given by di(x ® a) = za,

d2($ ® Zi) = \/Hs(a)Hr(a) Zb Ve Wb @ b, and d3( ) Zaegl (\/,U/r(a)/\/,us(a))xa ® a.

There are isomorphisms 1); such that the following diagram commutes:

A M A,V M ag,v W 4

\I/ws Jﬂ/fz Jﬂ/fl J/wo (67)
A B AgpV B AepV A4
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where 1y = 1 = id, Y2(x ® @) = \/lis(@)fir(a) T ® @ and 3(x) = fiy(z)@. Then the top row
of diagram (67) is exact everywhere except at the first term A in degree h — 3, thus the
complex (65) is shown to be exact everywhere except at the first term A ®p A[3]. We will
now compute the kernel of the map ps, that is, the fourth syzygy Q4(A) of A. The proof
of the following theorem is based on the proof of Theorem 4.9 in [13].

Theorem 5.1 Let G be an SU(3) ADE graph which is not 5492), and W be a v-invariant
cell system on G. The fourth syzygy Q*(A) = Ker(us) of A = A(G,W) is isomorphic to
1Az-1 as an A-A bimodule, where (3 is the Nakayama automorphism defined in Definition
4.5. Thus

0= 1451[h] 25 A®RA[3] 22 AQRV@RA[l] 22 A0rVeRrA L5 AQrA X5 A =0
(68)

is a finite resolution of A as an A-A bimodule, where py(x) = 3, x; ® a7, the x; are a

homogeneous basis for A and x} is its dual basis under the non-degenerate form on A.

Proof: Since A is a (h — 3, 3)-Koszul ring (see Section 2.9), by [13, Theorem 3.15] we see
that Q4(A) is generated both as a left A-module and as a right A-module by its component
Z with total degree h, where

h—3

Z C (A QR A[?)])h = ZAT ORr Ah—3—7‘7
r=0

and that Z — Ay ®r Ap_3[3] is an R-R bimodule isomorphism. Since Ay = R and
A,_3 = 1R, as R-R bimodules, we see that Z = | R, as an R-R bimodule, and has a basis
given by elements w;,; which project onto 7 ® wu;,(; in the one-dimensional subspaces
iAo ®@p Ap—s - v(i) of Ay ®pr Ap—3. Since pg(wiy;)) = 0 we must have

Wiy =1y 1@, (69)
J

where the z; are a homogeneous basis for A and z} is its dual basis under the non-
degenerate form on A, i.e. xjx* Us(z;)v(s(z;))- L0 see this, consider the terms in A, @g
Ap—o—y in pg(win )forr—l Jh —3:

Z ya®a®y* — Zy'@ﬁ@a

a€gy a€gy
yEBL_4 v €BL

where Bj denotes a basis of i - A,. Now ya = erBz g for any y € B'_,, a € Gy, where
A¥¢ € C. Then for each y’ € BY,

(> wal@))=( > ya,)) = (D N, (y))= D Moypa= Y N,

YEB]_, yeB;_, yeBL_, yeBL_, yEBL_
aceBZ aceBZ
Ik ya, x
so that a(y')” =32 cpi  Ayy™- Then for fixed a € Gy we have
a / ~ / ~ a
E yaRa®y* — E v Ra®aly E MY ®a®y" — E y@a 'yt =0,
VEB] 4 y'€BL yeBL_, yeBL_,
y'eBL y'eBl
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as required.

Let w = Y, g Wiv@). Then we have Z = Rw = wR and by [13, Theorem 3.15]
O4(A) = Aw = wA. Then there is an automorphism v of A such that zw = wy(x)
for all z € A, which we will assume to have degree zero since w is homogeneous. If
we take x = i € Ay we see from (69) that (i) = v(i) = (i), and so we must have
v(a) = vav(a) = v.0(a) for some v, € C\ {0}. If we now let z = v(a) € A, we obtain
Win(iyV (@) = Yu(a)aWjy(j)- Then by (69) and comparing the terms in A; ®r Aj—3, we have

Z Apb ® Ulbl,(i)l/(a) = Tv(a)d ® Ujv(j)s
beGy

using the identification b* = )\bvlby(i). Using (51), (52) on the left hand side we obtain
(Aa/1a)@ @ Wjn () = V()0 @ Uju(j).- Thus V) = Aa/pte = 1 for all a € Gy, using Corollary
4.7, and we have v = 3 as required. Then there is an A-A bimodule isomorphism ¢ :
1Ag-1 — QYA) given by ¢(a) = aw, such that ¢(zaf'(y)) = zaflyw = zawy =
zp(a)y, for all @ € 1Apg-1, x,y € A. The isomorphism ¢ thus defines an A-A bimodule
map py : 1Ag-1[h] — A®g A[3] given by ps(z) =23, 2; ® 27, O
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Appendix to:
The Nakayama automorphism of the almost

Calabi-Yau algebras associated to SU(3)
modular invariants

David E. Evans and Mathew Pugh

School of Mathematics,
Cardiff University,
Senghennydd Road,
Cardiff, CF24 4AG,
Wales, U.K.

A Computation of certain basis paths for A(G, W) for
the graphs 81(12), 52(12>, 5;12) and £

Here we provide the computations for a basis for (a subspace of) the quotient path space
A(G, W) for the exceptional SU(3) ADE graphs 51(12), 82(12) and £?%. These computa-
tions are needed for the proof of Proposition 4.4 in The Nakayama automorphism of the
almost Calabi-Yau algebras associated to SU(3) modular invariants. Due to the length of
these computations, it was not practical to include them in the original paper, thus for
completeness they are reproduced here instead. We do not write down a basis for the en-
tire quotient space A(G, W), but rather only for the subspaces i- A(G, W) and j- A(G, W)
for two vertices 7, j of G, where ¢ is a vertex which is the source of only one edge a of G,
and j is the range of this vertex. For the graph 55512) we also write a basis for the subspace
k- A(G,W), where k is the source of the unique edge b whose range is the vertex i. We
also include details of the explicit computation of the constant C' = 1 for each of these
graphs. These computations were only summarised in [31].

For each graph G we set ¢ = €>™/" where h is the Coxeter number of G, and we will
write [m] for the quantum integer [m], = (¢™ — ¢ ™)/(¢ — ¢ ).

Al 51(12) graph for the conformal embedding SU(3)y C (Eg);

Two inequivalent solutions for the cell system W for the graph 51(12), illustrated in
Figure 13, were computed in [25, Theorem 12.1]. We will use the solution W*. The
solution W~ is obtained from W™ by taking the conjugation of the graph 51(12), that is,
V[/i]_.,f:abc) = W;gﬂ?};ﬁ?g(c» where ¢ is the map which reflects the graph ' about the
plane which passes through the vertices 1, iy, 73 and p, and reverses the direction of
each edge. For 81(12) the automorphism v is the identity. We choose i = 5, j = js and
k = kg, for some s € {1,2,3}. We will write out a basis for the space of paths which start
from the vertices iy, j,. We will denote by [ the length of the paths. Suppose we have a
basis for the paths of length k. We will consider every path of length & + 1 obtainable
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by adding an extra edge to the end of each of the basis paths of length k. We will first
list the basis paths of length k 4+ 1. These will be followed by computations (contained
within parentheses) showing how all the other paths obtained can be written in terms
of these basis paths. We will mark basis paths with an asterisk, e.g. [isjsrpgl*. We will
underline the subpaths of length 2 on which we have used a relation at each stage, and
if a subpath of length k£ > 2 is underlined, this will indicate that we are using a relation
on that path found when considering [ = k. Often when a relation is used on a path b of
length £, which gives b as a linear combination of basis paths b; of length &, some of these
paths b; are easily shown to be zero because the subpath given by the first [ < k edges
of b; was shown to be zero when considering paths of length {. When this is the case, we
will usually omit the paths b; which are known to be zero in this way. We will denote
by [rp], [r'p] the path which goes along the edge a, o respectively, and similarly by [pg],
[pq] the path which goes along the edge 3, B’ respectively Let a4, b+ denote the scalars

as =/ [204] £ /BRI bs = /(22 + /B, ez = (a3bs)/(a2bs), and e, the third root

of unity e, = >~ 1/3 for s = 1,2, 3.

Paths starting at vertex i:

! Paths
2 [isjsr} ([isjs ] = 0)
o _/[3][4 . —
3 lisjsrp) = — —[wsr p] — \/[ [ isjsksp] = —€s——[isjs'p]
[2] at at
4 [i.sjsrpjs] = *657[15]57” p]5]7 [isjsrp‘ﬂ
+
.. . a— .. . . _ .. . .. .
([ZS]STPJS:tl] = _esj:la_[zs]sT/p].s:tl} B esesil[ls]srp]s:l:l} = [Zs]sTp].s:tl] B O)
- + =
. by . . _ayby .
([zsjsrp’q] = _+[ZSJS7'IP‘1} = _GSL[ZSJSTPQ] )
b_ a_b_
i ZA
5 [isjsTpaks], [isjsTpisr] = €s H [isjsTpgr]
L V2] . _ V2] Ly, (2] .
[Z-Sjsrp].sks] = —€s a— [Zs]srqus} — €s a+ [ls]srp qks} = —€s a—(l + C+)[25]5quk5]*
( (3][4] (3][4] (3][4]
([Zsasrqusiﬂ = —esi[zsasrp’qksiﬂ = cy[isjsrpgkst1] = [isjsrpaks+1] = 0)
6 [isjsTpgrp) = —€s — 2 a+ [Zs]squksp]
e [4] b_
. . . b N
([ZsasrqusZs] = 0) ([Zsﬂsrpqr/p} Pla — [isjsTpgksp] = [isjsTpgrp] )
4] by by
7 [isjsTpqrpq]
. 2
([Zsasrp’tﬂ —[wsrpqr pql = 69[ Ja —— [isjsrpakspq] = —€ — [isjsrparpq]” )
— [4] b — a+
o . a— .. . ;. 2] a2 . _ . .
[ZS]SquTp].s:tl] = _esil_[ls]squT p]s:l:l] B —Gsesil_—[ls]srpksp]sil] = —€s€s+1C— [ZstTPqTPJs:ﬂ]
ay — [4] atby
= [isJsTPqrpjs+1] = 0) ([zsasrpqrms] = Hb—[lsjsrquspjs] = 0)
8 [isjsTpqrpgks) ([isjsrpqrpqr} = 0)
([zsasrpqrqugil] = *Gsil * li5jsrparp qhs1] = Esesi[isjsrparpgksi] = [isjsTpqrpgks+1] = 0)
9 [isjsTpgrpgksis] ([zsasrpqrqusp] = 0)
10 ([isjsrpqrqusisjs} = 0)
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Figure 16: Graphs 51(12) and 52(12)

Paths starting at vertex j:

Paths
[Fsrpl, [js7'p] ([Fsksis] = 0) ([jsksp]—es [3[}2[]4]11+[j57‘p}*—63%a[jST/p]*>
Usrpie] = —eu S=liar'piv] (€ (s,a k1)), Gorpal,  Lorw'al = (= ljor'pa
([m’ql =~ L Ukl )~ o'y = Y okapa] ~ 7 S5 ')
= —cliorpdl” & (U el pa)
at
Usrpaks] (5" € {s,s £1}), [Jsrpqks], [jsrpar], [jsrp’qr]
B B
(b‘”m‘gk‘“} /e s g e qm)
. . A
([Jsrpjsilksil]— €s+1 [3][4}a—[351"qusi1] €s+1 [3”4]a+[Jsrqusi1]
= —¢ \/ma jsTpgk — €st1 2] arbs s’ pak
s+1 B4 _[jsrrgks+1] — Ex1 B4 b (757" pgkst1]
2
= —€s+1 [;ﬁl}af[jsrqusﬂ:l}‘f' [3[]2[]4} :fii [jsr’p’qksi1]+esi12j2i [Js7'Pist1ks+1]
- [3[}2[}4] a— (escy — €s£1) [fsrpakss1] — & /[?52[]4] aﬁ+ (1 + e)[jsr'pakssr] — eqlsrpise1ksz]
2] VI

= B0 a— (escy — €s+1) [jsrpgks+1] — € B0 ay (14 cq)[jsrp’ gkst1] — c4 [jsTpis+1kst1]
(2]

= a— (€scq — €s+1 + Ex16s(1 +c4)) [FsTpakst1] + (€s+1 + (es+1€ — 1)) [fsrpjstikst1]

2]
[3]14]

= [jsrpjsilksil} =

) . N (4) €sCy —€s+1 + EGries(L+cq)
a_\ rpgks+ where A\ =
sil[]s Paks 1] st1 (1 T C+)(1 _ esila)

a_ VI3l4] 1 a_
[jsrplqksil} = 7€si17[jsrqusj:1} — €s+1 [ ][ } 7[j57"pjsi1ksil] = —— (Gsil - Gsil)\gi%) [jsrqusil]*
—_— ayt 2] ay = T/ ayt
2 2 2
(Now orp/ar] = —ev B4 2 farpdar] = evin (5 T erpiaar] = s G5 o7
atby 2l ay . . 2lay ..
= —€s t []srpqr] + (€s€s+l — €5+1) ui[]srpﬂ&klﬂ + (636571 - 6571) ui[ﬂsrp]sflrL (T)
a_b_ [4] b [4] b—
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but also [jsrpqr] = b_,[JST par] =& E —[jsr'pjsr] + €sx1 E b —[js7'Pjs+17] + €51 E b

[2] a
[4] b

—[js'pjs—17]

a_ . 2 a_ . . —
- _GST[JsT/P/qT] + (€41 — €s€st1) U*[Js"“'PJerN’] + (€&=1 —es€s—1) *[Jsr Pjs—17]
+ —

[4] b
_a— . a2 [2]
= esabsrmr} t 3 T (1 +c)lis'par] + (€s — €s+1) 1 [

—[jsTpjs—17]
+ 4] b S S—

O Larpiaar] + (6s — o )E} -

(2] a—

= & arpar] + (co + 1) arp'ar] + (es — €a31) B 2 arpagar] + (es — ea- 1)1 2= [arpja_17]
a+ [ [4] b,

4 b

= lorplar] = —& 2 [jorpar] + (copn - % O oy lorpiosar) + (o1 - % S lorpia_irl. ()

€s41 — €s€st1 + (€541 —€s)Cy
€s€s—1 —€s—1+ (s —€s—1)ct

Then from (1), (1T) we obtain [jsrpjs—17] = uljsrpjs+1r] where p =

s { % 7[357“pq7“} = &[jsrpjsr] + s 1lisrpis+1r] + E—1jsTPjs—17] = Ejsrpisr] + (G641 + E—1p) [fsrpis+ar],  (F11)

and % lisrp/ar] = —esljsrpisr] — est1lisrpiss1r] + —€s—1ljsrpis—17] = —esljsrpisr] — (€st1 + €s—1p) [jsrpiss17],

o i by i b
giving [jsrpjs+17] = €s — [jarpar]* + & — [jsrp’qr]*
l—pa_ 1—payg

i
1—p

in b
B_2F orpar]* + &

([jsrpjs—ﬂ} = pljsTpise1r] = €s -

b— . ! ar]*
absrp qr] )
(By (t11), [srpist] = es E [jsrpgr] — es (€541 + €&—1p) [Jsrpist1r]

b 4 i s 5— . * ibf i s 55— . *
_ (u n w) Gorpar] + estm LEFLHETTH e )
a— \[2] 1—pn a4+ 1—pn

; - aT - ; - ;
[7sTpgksis] = *6safbsrp'qksls]7 [7sTpakspl, [7srpakss1p], [jsrpgks—1p)]

JsTPGRs+1%s+1] = —€s+1—[JsTP qRs+1%s+1] = — €S sj:l JsTPqRs+1ts+1 JsTPGRs+1%s+1] =
ljsrpak ] ~ljarp/qk = (1-&E0\Y)) lsrpak | = [jsrpgk ]=0

a— | . . a—
(NOW darpgrp] = —€s 7 —i(1 — p)ljarpjstarp] — s —
R +

b_[' / ]
b b JsTP qrp

[3[}2[]4] i = wlierpiesihosip] + bii(l ~ ilfsrpfosar'el + {‘J

— €Cs

—[jsp’ qksp]
+E€st1€s 2] a ——[jsrp qks+1P] + €s—1€s 2] a —[jsrp qks—1p)]
Mo ———— [4] by T

) 1. _ b
(65)\(+1(1 +i(1—p) — 6s6s+1> lsrpakstapl — s —ljsrparpl — & arbr [jsrp’qrp]

a+b
2] a a?

T, s ks - €s— s - Cs— )\ s ks
+[4]b [jsrp’qksp] — € 1€ a+b+( 1 —es—1 )[JTPQ 17)]

az 2@ 1 Rt .. .,
= ( Agp1(L+i(1—p)) — 6s6s+1> [FsTpakst1p] — €5 — [JsquTp] +Eq16s— —[jsp gkst1p]

o ] br
+€s_1€s [2] k u - k o — a” _ )\ i
s 169[4] by [dsrp’aks—1p] + 4] bs —[js7p" qksp] Gtes g 1 —€s—1 [jsTpgks—1D]
a- 2] €5 . 1 ..
= aibe (m (€5+163 € >\(9.£1> +a-— 69)\(+1(1 +i(1 —p)) — a,eses+1) [Fsrpakss1p] — ESZ[]Srpqrp]
2] — @\, 2la- ..
—€s41€s (a— +€s) (€s—1 —€s—1A;24 ) [JsTpgks—1p] + — —[js7P qksp]
[ a +b+ ( 1> [4] by
but also [jsrpgrp] = [ Ja [Js'qulcep} 65+1[ la [Jgrqusﬂp} - 1[ la [Je'quks 19]
[4] b [4] b_ 4] b_
"o that [jorp'aksr] = =% b P+ AV srpaks 1] + esﬁi ( P ) [isrpaks—1p]*
a— 4] aZ (1 —
where A{) = CoCotl (6s+1 - €s+1A221> —€s H at e(Jra_))‘E:ﬁl)
Lot s pakep)” — espT

a .
2t [jsrpaksiip)* —

([jsTpﬂ] =—& Wb

[]squks 1] )

ot [2a
[4] b b

50



2] a

4 oy — [jsTpgksy1p]” 4+ €s—1

2a_ . .
— [Jsrpaksp]” + esy11 [ }_[]s"'qus—lp} )

(4] b

2] a+

T T =€ [2}
([Js pqr'p] S

2] a+

_ ]2 .
([Jsrp qrp] = —& = = [jsrp' gksp] — ESHP s qkss1p] — &1 [jsrp'qks—17]

(4] b— 4] b (4] b—
2] a%by . , . a? i(1—p
= ES% abe lsrpaksp)™ + A [Gsrpaksap], where A = b—_ﬁ’ﬁ&)
N, (2] a 2] a 2] a
[Jsrp'qr'p] = es 13 15, — [srp qksp] + €s 4115 4 b — [jsrp'qks+1p] + €s—11 A 5; — [srp"qks—1p)]

2] a
L b—+ lsrpaksp]® + A srpakst1p]™ + A [isrpaks—1p]*,

[4]

2] a* 4 _dd -

here >\(5) = (€ [ ( — )\( ) ) — s——A( )

w. 3 (59€5+1 5s+l)[ } a+b+ €s+1 Es+1Ms 41 € a+b+ e +a_ s+1
2] a%
and A = (G6=1 — es—1) {4% aibr (H_ 5871&47)1) >
orpakeisj _ V4L . . . : O /
JsTpaksisjs] = Tmbsrqusms}, [Jsrpgkspjs+1], [Jsrpakspq] = € [7srpgkspql,
. a . . .
[jsTpakst1pq] = 768+1a7+[]57'qus+1p,q] ([Jsrqusﬂmsiﬂ = 0)
. . [4] b— . . .. .
From [jsrpgkspjs+1] = —esmabswq?msﬂl — €56 11JsTPqks—1pjs+1]
4 a_b_ . ;. . .
= sCsg T [JsTPgr ' Pis+1] — €s€—1[jsTPqks—1Pjs+1]

= Eest1C—[jsrpakspist1] + €sE=1 (c— — 1) [jsrpaks—1Pjst1]
giving (c— — 1) [Jsrpgks—1pjs+1] = (€s€s—1 — c—) [jsrquspjs+l]*>

(Similarly (c— — 1) [jsTpgkst+1Pjs—1] = (€s€s+1 — c—) [jsTpakspis—1]")

. . 4] b— . . _ . . . . .
(NOW [JsTPgkst1pis] = —€st1 P — [Js7parpjs| — €ses+1[isTpakspis] — €s—1€s+1[isTPgks—1D]s]
B + -

2] a
4 a_b_ . . _ . . . .
= €s€s41 H 2 [jsTpqr'pjs] — €sest1[isTpakspls] — €s—1€s+1[isTPaks—1D]s]
+
= &est1(c— — 1) [Jsrpgkspys] + es€sric—[jsrpahks+1pjs] — (€s=1€s+1 — c—) [jsrpaks—1pJs],
so that (1 — esésyic—) [Js7pkst1pjs] = €s€st1 (c— — 1) [jerqu‘spjs} — (€s—1€s41 — =) [jsTpaks—1pjs]- 1)
. . 1 2 1
But also [jsrpgks+1pjs] = ——55 lsrp'arpis] + es 2 el [isTPakspjs]
A [4] a
.= 1 2 a+b+ 1
=€ )\(5)[ srp'qr'pjs] + e ot 3O [7spakspjs]
(5) (5)
_ (2] a— a_ Mg a_ A
T (- ))\ [srpakspis] + es— (5)[ erqu‘sHsz]Jree (5) [is7paks—1pjs],
(5) (5)
a_ A\ . . 2l a_ a_ Ay
so that (1~ es— 2 | [jorpgkst1pis] = _esu_(l — ) —F [Jsrqusme] + s —— 5y UsTPaks—1p3s]- ()
ay \ [4] b AP ( )

Then from (), (1) we obtain AEG) [Jsrpgks—1pjs]) = A(G) [FsTpakspis]™

(5)
6) _ a— A —
where \; <1 (5)> (€s+1€—1 —c—) + 65 (5) (1 — es€sric—)
(5)
© _  [2a _ _ a_ Ay
and A, —esmb—w( —€s€s110—) (1 —cq) —Es€st1 1765;@ (1—c).

(From (1),  [Gsrpakss1pis) = AL [jsrpakspis)*,

(6)
Ay
where )\gs) = <Gses+1(1 —c-) — (€s+18—1 —c-) )\(6)> (1—es€sre—)"" )

<A§5)[jsrqus+1pq} [jsrp qks qkqu]+es b

a—
* ljsrpakspq] — €sEs—1— (es_l €s— 1>\ )[]srque 1pq]
+
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3[4 a_ . a_ .
= —es 314 1 — [JsTpjskspq] — €& —(1 — c4)[isrpakspq] — es€s—1— (6s—1 - es—1>\§4)) [js7Pgks—1pq)
a4 at a4

V2l

. . a— . . __a— . ____a— s/ .
= E|JsrpisTpq] + o [jsTpis'pq) — 6s—(1 — c)[isTpakspg) — es€s—1 — (65—1 - 65,1/\54)) [1s7Pqks—1pq]
+

b 4 i b_ 4 i
=t (U +* ) [4sTpgrpqg] + esfi[asrp qrpq] + 6s ([ } +1 " ) [jsTpgr'pq]
a- \[2] - ay 1— [2] —n
a_b_ _ _
+es 7[jsrp/qr’pq} — &2 (1 — 1) [jsrpakspg] — esEs=T — <6s—1 - ﬁs—1>\54)) [1sTPaks—1pq]
ay l—p——— a+ a+
) [jsrpakst1pd] +>\ ) [jsrpaks—1pa]
_ 2| 7 (€sr1 + €s—1, ! (€s+1 + €s—1, _b_ b_
where A" = &3T o (estarT — )(1+ LRGSR 1“)) I YOO
a4 [4] 1—p 1—p a3 a4t
_ 2] i (€511 + €5—1, b -
and A© — 1% (cotT — c1) (1 n [2]i(E&s31 + & 1#)) e L i (€11 +€_11) A®
ay [4] 1—p a? 1—

___a- [____ i
—€s€s—1— | €s—1 —€s—1 .
ay 1—pn

Thus A [jerpaks—1pa] = A = A)[jerpaksi1pg)* )

[jsquksisjsT]v [jsrququk ]
) . V2] 2] . /
[Jsrpakspjstiks+1] = —€s+1 _[jsrpakspgks+1] — €1 a4 [jsrpgksp qks+1]
- (3] [4] (3][4]
2 V2
= 2 a— (€s€sx1 — €s+1)[jsTpgkspgks+i] <[j5rquspjsk5} = 7L[jsrqusisj5ks] = 0)
(3][4] V(4]
. _ [3][4] i B _
[jsTpaks1pgks] = ] a [Js7Paks+1pgsks] 65 * [jsrpaksi1p aks) = esestiljsrpakst1pgks)

= [JsTpaks+1pgks] = 0)

. . _ [4] b4 . . .
Now [jsrpgks—1pjst17] = GSH@ a—[asrqus_wqr} — €s€s111JsTPqks—1pjsr]

(6)

—5—sTpaks—1p'qr] — 61 = s 25y isrpakspisr]
1

_ _65“6871[ |a +b+
(2]
A©
= ct[fsrpgks—1pjst] + €sties—1c4 [fsrpaks—1pjs 7] — €€l 55 (6) [ispakspjst]

. . A .
= €sr1€s—1C4 [JsTPqks—1DJst17] + (cf —Es€st1) ﬁ[ysmqksmsr]
1
(6)
So (1 —€sy1es—1cy) [JsTpaks—1pjs17] = (cf — €s€st1) ﬁ[jsrquspjsr].
1

. . -1 . . LT .
Then [jsrpgkspjst17] = ﬁ[]srqus—lpﬂs+lr} = Ag ) jsrpakspisr]*,
- s€s—1 — -

(6) —
)\ — s€s
here /\(7) (e (e —&est1) )

)\56) (€ses—1 —c-)(1 — Exgies—1c4)

)\gs) (C— — 1)(C+ - aes—l) >

Similarly [jsrpakspjs—17] = S [jsrpakspjsr]®,  where ASY = A ,
(€sesy1 —c-)(1 — esp1€s—tCy)

. _[2la- . . _ [2]a- . . _ [2la- . )
S kS = 8T 1 S kS S S Ta 3 S kS S s—1,755 S kS S—
([] rpgkspgr] =€ ] by [FsTpakspjsr] + €11 ] by [Js7pgkspis+17] + €1 4] by [jsrpgkspjs—17]
20a— /__ . Lk
= %H (es + es+1>\§7) + 6571)\?)) [FsTpakspysr] >

2] a

, 2
([Jsrmksﬂpqﬂ =% LJ —[JsTpgksy1pgsr] + &1 T4 by —[sTpgkst1pgs—17]

2l a_ Cy — €s€s— . - *
[ } )\(6) (54’@&) []srqusp]sr}
[4} 1 —€esp1€s—1c4
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] a- SRR -

3l[4] 1 c— —€g€s41 . . _ .
—€s—1 [ []2[] } P _; ot [Jsrpakspis—1ks—1] + Eor1€s—1[JsTPaks+1Pqks—1]

. 4 1
<[Jsrqus+1qus—1]=es_1 —[Jsrpgkst1pjs—1ks—1] — €s— 1 * srpaksi1p gks—1]

[B][4] 1 c— —Eesta '

= (Gr1es—1 — 1)[jsrpgksy1pgks—1] = €51 jsTpqkspjs—1ks—1]* >

2] a- 1—c-
3 1 c_ — €se, . .
(Slmllarly (Gs—t1€s+1 — 1)[Jsrpgks—1pgkss1] = \[/ﬂ] u 1 75c st [Jsrpgkspjs+1kst],

giving (A = A)[jorpgks s 1paksi1] = /\ ) [jsrpaks—1pgks+1]

BICIEENG! c. —Ees
2] a— ° (G—tes1—1)(1—c_)

= &1 [jsrquspjs+1ks+1]*>

[jsrququksis]v [jsrququksp] ([jsrquspjs+1ks+1is+1] = O) ([jsrquspjs—lks—lis—l} = 0)

. 4] b . . .
(NOW [jsTpakspaksp] = —es % . [js7pqkspqrp] — es€st1lisTpakspgksy1p] — €s€s—1ljsTpakspgks—1p)]
qaksp | JsTPasPT: JsTPqkspgkst1 JsTPakspaks—1

a_b_
atby
e VEE L
€s€s—1 — €s—1 \/[2} a—
2] a+

~ Via-
® _ V[2Jat

s0 [jsTpqksisjsTp] = (s) [7srpakspgksp)™ where A} \/m (c_ +es(l+co) (—es_,'_l)\g?) + 65_1)\27)» >

€s€s+1 [3} [4] i
€s€st1 — €st1 2] a-

= —€s (E +eria” + 65_1A§7)) [JsrpakspisTp] — [Jsrpakspis+1kst1p]

[jsrquspjs—lks—lp}

(- +est+eo) (G707 + &=\ ) Lsrpaksisgorsl,

. .. _a . .. _a . %
<[937'qusls]s7’/p} = —esi[gsrquszsjsTp] = _esiW[Jsrququksp] >
a— a— >\1
V12l

V(2 . . _ . .
¢a+ [jsTpakspjs+17P] — €531 —=—=a— [jsrpgkspjs+17'p]

Bl ——— (3]14]

([jsrquspjs+1ks+1p] = —€s+1

\/ma)\(n'r kspjsTp] — €541
Bl + A1 [dsrpgkspisrp] — st gl

s 2]
ERNTVE
2] )\(7)

= = (€s4+1 — E&Esr1)at g[jsrququksp]*>
[4]v/13] A®

a— )‘(17) [jsrquspjsrlp]

= —€s+1

a— )‘57) [jsrqusisjsrlp]

as M7 [jsrpaksisjsrp) + &1

(7)
.. ) . 2 A
(Slmllarly [Jsrpakspjs—1ks—1p] = 2l (€s—1 — Es€sz 1)a+ (8) [isrpgkspaksp]™ )

9

[4V/B3]
v

[1s7pakspaksisjs] = 7ﬁ[j57"ququkspjs]

(We know from the Hilbert series of [31, Theorem 3.1] that all paths of length 9 ending at any other vertex v # js are zero)

Let i) = ui,u(,) be the (non-zero) path wiuy = [isJs7pgrpgksis] of length 9. We

have

['skquksisjsrrpjs] - —6376L+[]5’I“pq]€ Zs]srpjs]

N
i
B

ENEION

_[Jsr'paksisjsrpgs)

= —es——=04[]sTpqksisjsTP]s] — — 457 qksisjsrpjs)

Jr

= —€g— /=0 +(1 - Cf>[jsrqusisjsrpjs]
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ar (1 — e )NV [jsrpakpakspiy]

@®)r . o
€s——=a, (1 — c_ )\, [jsrpakspaksisjs)-
[4]1/[3]
Then
Vv (i) = [Jsrpqrpaksisys)
_[2]as . 2] a

= —esmb—jbsrququksisjs] - G{ 1 bj [JsTPqks11pqksis]s)
2]

T

a
b—+ [jsrPaks_1pqksis]s)

- —a%i—*[ysrququk isJs) — %
. E& Zj s pakspaksisjs]

- d[ skqukslsjsrpjs] - dajkvla

)\(5) o )\516)
T [Jsrpaksi1paksisis]
5

@|Q
+

where v' = [kspgksisjsrpjs) is symmetric and d = —65\/[3]/b_)\§8)(1 — ¢_) is non-zero.
Hence C = 1.

A.2 52(12) graph for the conformal embedding SU(3)y C (Fg)1 X Z3

The graph 52(12), illustrated in Figure 16, is a Zg orbifold of 51(12). Every cell system W
for 52(12) is equivalent to either a cell system W™ or the inequivalent cell system W~ [25,
Theorem 11.1]. We will use the solution W*. The solution W~ is obtained from W by

taking the conjugation of the graph £, that s, Wi;,gabc WJ’(“D aj);";?,)j(c) where ¢ is the

map which reflects the graph 82(12) about the plane which passes through the vertices 7, p1,
po and ps3, and reverses the direction of each edge. For the graph 52(12) the automorphism
v is the identity. We choose 7, j, k as labelled on the graph 52(12) in Figure 16. We will
write out a basis for the space of paths which start from the vertices i, k. Let a4, by

denote the scalars a. = \/[2] [4] £ /[2][4], bs = /[2]? £ /[2][4] and ¢ = (aZbs)/(aZbs).

Paths starting at vertex i:

1 Paths
2 [igr], [igra], [ijr3] ([ijk] = 0)
= T — aT = T
3 [ijrip1] = 7af+hjr2p1], [ijropa] = fai[mrspz], [ijrsps] = *ai[lj?“lp:ﬂ
L. ay ... _a by
4 lijripiqi] = —a—+[lj7“2p1q1} = +b ligrepeqi] = c[ijrapeqi],
.. a+ ... +b
[ijrap2ge] = *7[2]7”3?2112} = 5 [ijrspsqz] = c4lijripsqz],
- ag .. a+b . .
[ijr3paqs] = —a—[ZJT1P3q3} =-— [ijrip1gs] = c4[ijrap1gs],
g ) at .. ) | ) at ... ) | ) at ... )
[ijripig] = —a—[W1P3J] = [ijrapsj] = —a—[ZJT3P2J] = [ijropaj] = —a—[mﬂm}

o4



. [ X > aF X > aF 5 .
5 [igripiqira] = bi[whpmrzL [ijrap2qars] = bi[m"zpzﬂ"s], [ijr3psqsri] = bi[m"spsjh], [ijr1p1q1K]
.. 3][4] 1 .. . a— ... 3l[4] 1 ... . a_b_ .
Now [ijriprq1k] = —&—[zgmpuk} — —[ijrip1gzk] = @—[Uhpsjk‘} - [ijr1p3q3k]
- 2] av+ — at+ T V2] a- - a404
. a . . .
= —[ijripsqek] — a—+ (1 + c-)[ijripsqsk] = —c—[igrapag2k] + (1 + c4)[ijrapigsk]
a_ . 3][4] 1 .. . a_ -
= —c_[igrapeqik] + Bl 1, ligrapajk] — — (1 + cy)[ijrip1qsk]
ap T VR ar T +
\V[3]14] 1 a_
= —c? [ijrip1g1k] + 13]14) —c—[igrip1jk] — — (1 + c4)[ijr1p1g3k]
— V02l at +
a_ \V[3]14] 1
= — (& —cqp — 1) [ijriprask] + VB 1 (¢ +c) [ijrip1jK],
a+ V2] a+
. L o _ [3][4] 1 ... ) — .
and comparing this with the first equality [ijrip1g1k] = — — [igrip1jk] — —[ijripig3k]
(2] at at
btai [ k} [ k] h V2] C+—02_
we obtain [ijrip1 = plijripiqsk], where p = a_ .
Jrip1l H(2)T1P14g 1 [3][4} 1+07+C27
Similarly [ijrepajk] = plijrep2qik] and [ijrapsjk] = plijrapsgak].
.. V[3l14] 1 ... . a— .. 3|[4] 1 a_ 1 . .
Thus [ijripi1qik] = — l }—[ZJTIPUk] — —[igrip1gzk] = | — B4 1 a1 [ijrip1jk]
— V02l at ay —— 2] av ayp) ——
3][4] 1 a_ 1
=|- Bl 1 a1 [ijrop2jk] = [ijrap2q2k],
V02l e app) T
so [ijropagek] = [igripiq1k]™, and similarly [ijrapsgsk] = [ijrlplqlk]*>
B 1 A
From the previous computation we have [ijripijk] = [ — I [ijripiqik]™
V2] ey agpp
-1 -1
L 34 1 a1 . 34 1 a1 . .
Similarly [ijropajk] = | — BIl ]— - —— [ijrop2gek] = | — 3]14] —_— = = [ijriprqik]™,
2] a+ atp 2] av+ aqp
—1
. . 3|[4] 1 a_ 1 . N
and [ijr3psjk] = VB a1 [ijr1p1q1K]
2] a+ atp
. [ — e — .
6 [ijriprqirap1] = b—[ZJT1P1q1kP1] = b—[lﬁ3p3¢]3/€m} = [ijrapsqsripi],
a a
[tjrapaqarape] = bi[ij?“zmekpz] = bi[ijrlmmkpﬂ = [ijrip1qir2p2],
. ay ... at ... .
[ijr3psqsrips] = bi[zjrsp:aq:akps] = bi[wrzpzqzkp:a] = [ijrap2qarsps]
. . 3][4] 1 a1\ . o
ligripiqiki] = | — B4 1 _ a1 [ijrip1jki] =0
— 2] a+ aqp —
.. by by ...
7 [ijripiqirapiqi] = b_[ZJT1P1¢I1T2P2q1] = b—[ZJT2P2¢I2T3P2q1L
.. by .. by ...
[tjrap2qarapaq2] = b*[lj?“zpmﬂ:aps%] = b*[Z]T3P3Q3T1PBQQL
.. by by ...
lijrspsqsripsgs] = b—[23r3p3q3r1p1q3] = b—[whp1q1r2plq3},
. 4 ag . ) . . a_ ... . a_ ... .
Now [ijripiqir2p1j] = r[zjr1p1q1kp1]]7 but also [ijr1p1g1r2p1j] = *?[Z]TIPIQITQPQJ] = fbf[whmmkpzj],
— + —
» . a- ... . a- ... L a . 2 .
and [ijrip1qirep1j] = ——— [ijr1p1q1r2pej] = — —— [ijrepeqersp2j] = —5 [ijr2p2qerspsi] = [ijrop2g2kpsj]
a+ at — ay T ayrb_
(12
== ; [ijr1p1q1kpsj]. Now since [ijr1p1g1kij] = 0,
+ —_
[4] ... . . . . . . . bo fa-  ay . .
V.5 [igriprqikij] = [ijrip1gikpg] + [igrip1qikpeg] + [ijrip1qikpsj] = — P 1) [igripiqirap1j] = 0,
- + -
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so [ijripiqirap1j] = [ijrapaqarapaj] = [ijrapsqsripsj] = 0~>

. [ a_b_ .
8 [ijriprqireprqik] = ——[ijripiqarapigsk] = — [ijr3p3q3r1p3qsk] = c—[ijrapsqsripsqek]
b_ . . a+ .. .
=oC- [ijrap2qarsp2q2k] [ijriprqirapiqira] = bf[whmqﬁzpmrz] =0
+ —
[tjroapaqarapagars] = r[lJT2PQQ2T3p2]T3} =0 [ij73p3q3r1p3qsri] = T[ZJT3P3Q3T1P3]T1] =0
. . . b_ .
9 [tjr1ip1girap1q1ki] [ijrip1qireprqikpl] = 7[%JT1p1q1T2p1Q1r2p1] =0
+
y bo b2 )
lijripiqirep1qikpe] = —c—[ijrapaqarspagekpa] = c—[ijrapaqarspaqersp2] = 0

.. a_b_ . b_ .
lijripiqirapiqikps] = b [ijr3p3qsrip3qskps] = P [ijrsp3qarip3qarips] =0
+b4 -

10 ([ijhplqwzplm@] = 0)

Paths starting at vertex k:

l Paths
2 [kl =—"lkpaa], (el =~ Flkosaal.  hpsas] = ——lkprasl. [keidl, [keadl,  hes]
y VR, e VR o VI .*>
kij] = — Y kp i)t — Y2 kpag]* — Y [
([ J] [4}[ P17 [4][ 27] [4][ P37]
a? a_ 2_
3 [kp1qi72) = — — [kpagira) = —— [kp2jra], [kp2gors] = —— [kpagers] = [kp3jrs],
at a+b+ a4 a+b+
a2
[kpsqsri] = *a;[kplq;ah] = 7;[16;01]'?“1]7
a4 atby
[kp1jra], [kp2jri], [kpsjra], [kp1q1 K], [kp2g2k], [kp3qsk]
([kpljrﬂ = Zi[kplqlm]*) ([kp2j7“3} = Zi[kpzqw:a]*) ([kp:aj?“ﬂ = Zi[kpsq;ah]*)

viel

(31[4]

v at[kp1ra1k] = v

a_l[k k| —
hprask) = e B

<[’€M} =- a+ ([kpagsk]” — [kp1q1k‘}*)>

P . 2 * * . V 2 * *
(Slmllarly [kp2jk] = 2l a4 ([kprgik]™ — [kp2g2k]™), and [kpsjk] = 2l a4 ([kp2g2k]™ — [kp3qsk] )>
(3][4] (3][4]
[ [ b_
4 [kp1g1kp1] = —[kp1qirapi], [kp2gakpa] = —[kp2garapa], [kp3gskps] = — [kp3qarips],
at at a4
by by by
[kp1g1kpa] = —a—[kp1th7’2p2]7 [kp2g2kps] = —a—[kPQQQTBPBL [kp3gskp1] = ——[kpsgqsrip1],
) a_ ) ) a— ) .
[kp1q1kps], [kp2g2kp1], [kp3q3kpa], [kp1q1ki] = 77[76102%1%} = [kp2gaki] = 77[kp3q2k1} = [kp3qski]
— + T +
. 3][4] 1 . a— . a_b_
hpagrspa] = — YV L ksl — O lhpuiraps] = (kprarkpa] — [kpsaskps] — “=2 (kprarrapa]
VI2] a+ a4 a3

= (1 + c-)[kp1q1kp2]™ — [kp3Q3kp2}*>

<Simﬂarly [kp2jrips] = (1 + c—)[kp2g2kps]” — [kp1qikp3]®  and [kp3jropi] = (1 + c—)[kp3g3kp1]™ — [kPQQQk‘Pl]*>

. 3][4] 1 . . a a a? by
prgrsps] = — Y LG ksl — “ hpyjraps] = — 2 [kpsashps] + % kprqukps] — o [kpsgsrips]
— V2] a- —— a. ——— a_ a_ a3

a a
= ai[kplmkp:a]* - ai(l + C+)[kp3¢13kp3]*>

. a. * a *
(Similarly [kp2jrip1] = a—+[k‘p2q2kpﬂ - a—+(1 + c)[kp1gikpi]

. a * a *
and [kp3jrapa] = a—+[kp3q3kp2} - a—+(1 + cy)[kp2q2kp2) >
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a— a— a—
5 [kprgrkprqa] = *af[kplmkmm], [kp2g2kp2g2] = *af[kpmzkp?)@}, [kp3qskp3qs] = *af[kp?)%kpl%},
E— + B + E— +
a— a— a—
[kp1g1kpsqs] = —a—[kmmkm%]’ [kp2g2kp1q1] = —a—[k‘m%k‘mm}, [kp3qskp2qz] = —a—[k‘m%k‘m@},
E— + E— + E— +
. b_ . a-b_ . .
[kp1g1kp1j] = —[kp1qirep1j] = ——5—[kp1q1r2p2j] = c— [kp1g1kpaj],
a4+ as —
. b_ . a-b_ . .
[kp2g2kpaj] = —[kp2qerspej]l = ———5— [kp2ger3psj] = c—[kp2g2kpsjl,
a4+ a —
. b . _b . . ..
[kpsgskpsj] = Z[kpsqsmpsﬂ =2 [kpsgsrip1j] = c—[kpsgzkp1j], (kp1q1kij]
+
2
a_ a” v 13][4] a— .
[kpsgskpiqi] = —— [kpsgskp2q1] = —5 [kpsgakp2q1] + &T[kpsakpzqﬂ
at ai VI[2 ey
a— a% . a— .
= ———[kp2g2kp2q1] — —5 [kpsjrepeq] — — [kp3jrap2q1]
ay a? - a4
a— . b+
= ———I[kp2a2kp2q1] — e [kp3jrapiq] — —[kp2g2rsp2qi]
+ —
a_ a_ 3|4
= —— (1 + ¢4 )[kpagekpap1] + —c— [kpajripiq1] + Eil }a_c_ [kpsjkpiqi]
at . VI I
a_b_ a_
= (1 + c4)[kp2g2kp1p1] + 2 [kp3garipiqi] — P [kp3g2kp1q1] — c—[kpsgskpiqi]
+ +
= (14 ¢4 +c-) [kpagzkpip1] — (c— + %) [kpsgskpiqi]
» 1+c_ + cz
= p1[kpsgskpiq1] = [kp2g2kpip1] where g = —————.
14+cy +c—
(Similarly p1[kp1g1kp2qe] = [kpsgskpap2]™  and pi[kp2gekpsqs] = [kp1q1kpsps]™)
. . . V4 . s 4 s
([k‘pmk‘psﬂ = —[kp1g1kp1j] — [kp1g1kp2j] — J[/’€1®1c11/’<:w] = —(1+cy)[kprgikp1j]™ — J[/’wmql/’m} >
(2] VI2]
. . . V4 . 1 V04 .
([k‘mqakmﬂ = —[kp2g2kp2j] — [kp2g2kpsj] — J[/’ﬁoaqal’m} = —(1 + ¢4 )[kpagekp2j]™ — J[/’wmql/’m} >
V(2] V2]
L . VAL s
(Slmllarly [kp3qskpaj] = —(1 + cy)[kp3qakpsj]™ — \/—%[kplqllm] >
a X a R a .
6 [(kp1g1kpiqira] = bi[kplmkpmrz], [kp2g2kpaqars] = bi[kpzqzkpzjw], [kp3g3kpsqsri] = bi[kmqskpwﬁ],
[kp2g2kprqim2], [kp3gskp2qars], [kp1q1kp3q3ri], [kp1g1kp1jk], [kp2g2kp1 k], [kp3q3kp1jk]
. b arb .
([kplq1kp1]7"1] = *ai[kplmkplqwﬂ = 22_‘_ [kp1q1kp3gsri] >
. . ayby “ . ayby N
Similarly [kpagakpajra] = — [kp2gekpiqire]”  and [kpsqskpsjrs] = 2 [kp3qskpaqars]
\[2 \/[2 \/[2
([kPIQ1@T1] = *J[kplmkpljrﬂ - L[761101Q1761102j1“1] - J[kplqlkpsj?“l]
4] V4] V4
Vip , V2 b V2] agb .
= *L(l +c-)[kpiqrkpijri] — Lf[k;mm761103(131“1} _ v +2+ (1 +2c-) [kp1g1kp3gsri] >
4] [4] a+ VAT
Similarl .. o .. _ \/[2} a+b+ «
imilarly [kp1g1kijro] = [kp2gakijra] = — = —5— (1 + 2c_) [kp2g2kp1q172]
A= VA a2
_VI2]aq by

and [kp1q1kijrs] = [kpsqskijrs] = (1+42c-) [kmqskpzqzm}*)

Vil o

. . b 1 b_
[kp1q1kp1jrs] = c—[kp1qikp2jr3] = —c—[kprq1kpagars] = — —c— [kp3Q3kp2(J2T3}*)
R = ap B ag

. ) 1 b . , 1 b i
(Slmllarly [kp2gokpajri]) = — —c—[kp1q1kpagsri] and [kp3qskpsjre] = — —c— [kp2g2kp1q172] )
B at P aq

31[4]
2]

a—
(NOW (kpraikpiqik] = *a[

kpiqikpiqr—1k] —

(Bl14] 1

1 . .
— [kpiqikpijk] = [kpiqikpi—1q1—1k] — (kpiqikpiik]
at —_— 2] a+
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(8][4 1

= p1lkpiy1qirikpi—1qi—1k] — ] — [kp1qikpijk]

= p1[kpir1qu1kpiy1qik] — [3[]2[}4} H1 al (kpir1qi41kpi—15K] — [3] [4} —[k‘P akpjk].
So [kp1qikp1qik] = pa[kp2gakpagak] — [3[}2[;1] mi[kpzqzkmjk] [ [kp 1q1kp1jk]

= i [kpsgskpagsk] — [3[]2[}4 } ? ! [kp3q3kp Jk] — ﬁlg [wk]

1C (kp2g2kp1ik] — %w [kp1g1kp17k]
= S [kpra1kprark] — [2} %[kp q1kpajk] — = [2} —[wk} - [3[}2[?] u?i[kpsqskmjk]
7[;@ 2q2kp1jk] — [?)[}2[;1] i[kmmkpljk]
= 13 [kprarkp1ark] — (1 + picy) [kpigikpijk] + 3114 K1 L [kp2g2kp1jk]
[2} 2] a+
[2] (1 + ¢ )[kp3qskp1jk].
\/\/; (1= i) ar[kpraikpigik] = — (1 + pier) kpigikpijk]® + pi [kpagzkpiik]* — pf(1+ C)[kpsqskmjk}*)

( \[/?EZL} (1= 1f) ax [kprgi kpsask] = \/_/3[]2[4 (1= 4?) a-[kprarkpsgak] — (1 = 1) lhpraakpashk]

= ﬁ] (1= 1if) ay [kp1gikp2gzk] + (1 + c1)[kp1gi kp1jk]

= \[/3?4} (1= 1) a-[kprarkp2aik] — (1 — 4f) [kp1gikpajk] + (1 + 1) [kp1gikpijik]

= ﬁ] (1= p3) a—[kprgrkpigik] — (1 — i) [kp1qikp1jk]

= —p3 (1 + cy)[kpra1kp1jk]* + p1[kp2gokprik]™ — pi(1+ C)[kpsqskpljk‘}*>

( [3[]2[}4} (1= 1) ay [kp2gakpagok] = ,\/_/Wz; (1 = 1) a- [kp2g2kpagsk] — (1= 1i7) [kpagzkpak]
= \/_%] (1= i) at[kpaazkpsgsk] + (1 — 1f) 1+ecy [kp2qzkprik]
_ [3[}2[{1] (1= 1) as leprarkpsash) + (1 = ) 1 paaakp 5]

—u3(1+ cq)[kprarkpijk]* + (2 — pf +

cy) [kp2g2kp1jk]” — p1(1 + C)[kp3tI3kp1jk‘}*>

1
14cy

(Now, from the computation of [kpiqikp1gik] we obtain

VP2 V2] 1
[3[] [}4} (1 — 4}) as [kpsqskpsqsk] = \/[— (1—p?) Nﬁa-s- [kprgikprgik] + (1 — p3) [kpagskp1jk]
1
1 1 1
(1 —p) o [kpaqakpajk] — (1 — ) R — [kp2gokp1jk] + (1—p?) 2 (kp1g1kp1jk]

1

(2

— —1l—m(l+ecy)
1

) (kp1gikp1jk]* + p3[kp2gakpijk]* — (43 + c=) [kps%kpljk‘}*)

a_ 3]4] 1 .
(NOW [kp3qskp3qsk] = *af[kp?)%kpl%k] = [kp3gzkp1a1 k] + [ [}2[] ] T[kp3Q3kp1Jk]
+
1 3|4
= —[kp2g2kp1qik] + El }f[kp?)%kpmk}
M1 \/ [2} ay
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Thus ﬁ] (1 — 1) ay [kp2g2kprqik] = \F%} (1 — 1) pray[kpsgskpsgsk] — (1 — pf) pa[kpsgskpjk]

1 ok ok -
= (— — 1 —pi(1+ C+)) [kp1gikp1jk]* + pf [kpagakpijk]* — p1 (1 + pf + c—) [kpagskpijk] >

m
( [3[]2[}4} (1 = 1?) as [kpsaskpazk] = — \/_[?ETQM (1= ) a—[kpsaskpsazk]
el

(1 — 3) ay [kpsgskpsask] + (1 — p3) [kpsqskpssk]

(3]14]

1 . . .
= (;2 —1—p(1+ C+)) (kprq1kp1jk]* + 13 [kpagakp1jk]* — s [kp3q3kp13k}*>
1

([kplthk@] = 0)

[kp1q1kp1jkp1], [kp2g2kp1jkp1], [kp2g2kp1jkp2], [kp3qskp1jkp2], [kp3qskp1jkps], [kp1q1kp1jkps]
(Ikprarkpijhi) =0)  (kpaaskprjki] =0)  ([kpsaskpujki] = 0)

2
— [kpjkp1jripa]
by —

. a_ . a
(NOW [kpijkpsgsripi] = T [kpijkpigsripi] = p
+

%] aibs [kpiikp1ikpi],
2

a o
= ——[kpijkp1jrep1] —
by

. a4 . az . .
and [kpyjkpaqirapi] = *a*[kpwkmqlrzpﬂ = [kpijkp1irapi),
. . e . B]4] .
thus [kp;jkpsqarepi] + [kpijkpeqirap1) = —— (1 + c4 ) [kpijkpijrepi] — [kpiikp1jkpi]
bt [2] ayby
a? o [3][4] a- o a? , a- ,
=(1+cy) (kpiikpiirip] + (1+cy) [kpijkp1jkp1] + (kpijkpigskpi] + —— [kpiikpigikpi]
a+b+ \/[2} a+b a b+ b+
\/[2} a? V(2] a?
) (kpiqi—1kprjrip1] — 1+ +) (kpiqikp1jripi]
Y, [3][4 by (3][4] by
a2 [2] ai
—(1+cy) (kpiai—1kp1jkpi] — (1 + )= (kpigikpr jkpi] — [kpiqi—1kp1g3kp]
atby by [B][4] a+by —
[2] a \/ 2 ata_—
— [kpiqikp1gskp1] — —[ kpiqi—1kp1qikp1] — (kpiqikp1q1kp1]
(3][4] b+ V3[4
V2 V2
— [3[] [}4} (T4 cy)a—[kpi—1qi—1kprgarip1] + [3[] []4} (L4 cy)a—[kpiqikp1garip1)

a_— . a— .
+(1+ C+)7 (kpi—1q1—1kp1jkp1] — (1 + u)a [kpiqikp1ikp1] +

*[ Pi—1q1—1kp1q3kp1]
V13 [4

2] V12 ata— V2] ata-
[ pirqikp1gskpi] — [kpi—1q1-1kp1g1kp1] — (kpiqikp1qikp]. ()
V/BIA b (3][4] b+ (3][4] b+
o al [3][4} 1
Also, [kp1jrap2jrapi] = [kp1jrspsirepi] = [kp1jripsjrapi] + [kpmkpwrzpﬂ
ay V12
b . [3][4
= —— [kpigsripsjrap1] — M la —5 [kp1jkpsjripi] — w—[kpukmjkpl]
a— — a? [2] o
ayrby Ja— . V13][4] a— .
= — M [kp1gskpsjrap] — 3 —[kp1jkpsqsrip1] + oy (kp1g3kpsjkpi]
a_b_ azy [2] ai
3][4] 1 .
Bl ]*[kmqlkpwkpﬂ
2] a+
_ayby V3] a?b_
= b 1 )kpsqskpsjkpi] + [kp1g3kp3qaripi]
0= V2 a
a_b_ VAL
+——5—[kp1q1kpsgsrip1] + 7[kplq1kp33kpl]
a3 \/[2}
a_b_ v [3][4] 1 . a_b_
=Tz (1 + e4)[kpsaskpsgsripi] — g — (1 + c-)[kpagakp1jkpi] + —5—I[kp1q1kpagaripi]
ag V2] e+ a
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[3[]2[]4] i(l + c4)lkpraikprikpi]. (+)
We have [kp1q1kp1jkpi] = — \Q]?[]ZL} a—[kprqikpijripi] — ﬁ] a4 [kp1q1kp1jrapi]
_ Ve VBl
= B by [kp1g1kpigsripi] B b_[kp1q1kpigqirep1]
=- \[/3?4} a;rlj+ [kp1q1kp3qzrip1] + \[/3?4} a;i, [kp1g1kp2qirap)
= ﬁ] by [kp1gskpsgsripi] + Z—t[kpljkpwsnpﬂ - \Q]?[L] bi): [kp1g17r2p2q1T2p1]
= ﬁ] %[kmqanpsqsnm] + Z—t[@kmqsnpﬂ - [3[}2[]4] by [kp1jrapaqirapi]
=- \[/3?4} b;ﬁ_ [kpsgsrip3gsripi] — %[kmjkm%ﬁpﬂ - Z%[kp?,jkqu,hpﬂ + %[@kmqﬂ“zpﬂ
[3[}2[]4] aﬁJr [kp1jrap2qirapi]
= @] aZer [kp3qskpsqsripi] — Z—t[kmjkps%npﬂ - Z—J:[kmjkmmmpl] - Z_Ji[kPSjkPSQ?:Tlpl]
—Z—J_r (kpsjkpaqirap1] — @4} ay [kpijrapajrapi].
Then by (%), (), [kp1gikp1jkpi] = i) ay [kp3qzkpsqskp1] + el by (1 + cy)[kprgikp1garip]
(3][4] (3][4]
Rviv)] V2 Rt
B a—[kp1qikp1gskpi] Bin ay [kp1qikpiqikpi] Bin by (1 + ct)[kpsgskpigsripi]
+(2+ ey +c-) [kpsgzkpijkpi] — [3[}2[]4] a—_[kp3qskpigskp1] + %w [kp3qskp1q1kp1]
+ [3[}2[]4] a;i, (1 + cy)[kpsqskpsgsripi] — ﬁ] a;i, [kp1q1kp3qsripi]
= [3[}2[11] a4 (14 c—)[kp3qskpsqskpi] — \[/3?4} a— (14 c4)[kp1g1kp1gskp]
+ [3[}2[]4] a1+ c—)[kp1gi1kp3gakp1] — @] ay [kp1q1kpigikp1]
+ @] a—(1+ c4)[kp3gskpigskp1] + (2 + c4 + c—) [kpsgskprjkp1] + @] a4 [kp3qskp1qikp]
=- [3[]2[}4} a[kprgikpigikpi] + ﬁ] ay (2+cy +c-) [kp1q1kpsgskp1] + %M [kpsgskp1q1kpi]
- [;}2[11] ay (24 ey + ) lkpsgskpsqskp1] + (2 + ¢4 + c—) [kp3qzkp1jkp1]
= (1 + A1 ﬁ) [kp1q1kp1jkp1] + Azﬁ[kpzqzkpljkpﬂ + A3 1 *1#? [kpsqskp1jkpi]
where A1 = p1 (1 7;1%) (24 2c4 + c— +c3_), A= (=) +cy+c),
and A3 = (1 —u%) (24 4 +2c- +02_).
Thus we obtain [kpsqskp1jkpi] = f%[kpmlkpﬂkpﬂ* - ;\Q[kPQWkpljkpl]*)
3 3
(Similarly [kp1g1kp2jkps] = f%[kqukpzjkm] — %[kPBQ3kp2jkp2] which gives

Cc_

. A . LA . .
(kprqikp1jkps] = = [kp2g2kp1jkpa]™ + )\—207(1 + c)[kp3gskp1jkpa]”,
3

Az 1+cy

, A . A . o
and [kp2g2kp3jkps] = *7; [kp3qskpsjkps] — /\f [kp1q1kp3jkps] which gives
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. A . A .
[kp2gakp1jkps] = )\f;c—(l + ¢ )[kpagskp1jkps]™ — 72(1 +ep)(1+ C—)[kplmkpl]kps}*)

a
([kp1q1kp1q1r2p1] = bi[kplq1kp1q1kp1]

B4 1 1 3 . /BI4] ul
=- — (1+ pia—cy) [kprgikpijkpi] + [kpztpkpl]kpﬂ
2] 1—- b V2
3[4 2 .
- \[/%] ; Ml}ﬁ 5 (L+c-)[kpsaskpijkpi]
3
3 1 1 A N
-V []2[} } A (1 +pia_cy + /\—1;@(1 + cf)) (kp1q1kp1jkpi]
B3
(B]4] p1 1 ( T
+ 1+ —ul(l +c-) ) [kp2g2kp1ikp1
2] 1—uibo [ !
ay 1 1 3 1 ,
k k = —Ik k kpo — — k k k
([ p2q2kp2qar3pa) b_[ p2q2kpaq2kpa) \/_ - ( ui+cy) 1+C+[ p2q2kp1jkpa)
Bl4] m .
- (1 + c-)[kpagqskp1jkpa]
2] 1—uib-
B4 1 1 3 1 A1 ) T
_ N — 2L 2¢_ ) [kpagakpiik
o] 1 b (2— i +cq) TFer s pic— | [kp2askpijkps]
BRI 1 A N
- [[}2[]] e (1+ §u1(1+c_)) [kpaqshpyjkpe] )
3 -
([kp3q3kp3q3r1p3] = — [kp3qakpsqskps]
3[4 1 1 /1 .
[ [}2[} ] T (7 —1—p(1+ C+)) (kp1g1kp1jkps]
17— 1
B[4 13 (BJ4 1 1 .
k k k k k
+ 2 1o ?b_[ P2g2kp1jps] — 2 1o (ul + c_) [kpsqskp1jkps]
(3]

= 4 1 1 (ig —1—p(l+ey) (1 - >\—m(1 +Cf))) (kp1a1kp1ikps]”

2] 1-ufb \ 4 A3
B[4 1 1 ( 3 Al o ) T
— — ) - — _(1 _ k k k
o T (0t +co) e (1+c-) ) [kpsgskpijkps]
a—
([kp:a%kp:aq;arlpl] = *b*[kp?)%kp?)%kpﬂ
+

1 1
2
_ \5’%‘” - ‘_‘1“3 ai;+ [kp2gakp1ip1] + %] . = 3 ai;+ (ki + c-) [kpsaskprikpi]
1 1

3[A] 1 _ 1 A I,
=- [[]2[} } T ajb+ ((”—% —1—pu(1 +C+)) + )\—; (ud +Cf)) [kp1g1kp1jkpi]

B4 1 a- (,ul + i (1 + - )) [kmthkpljpl}*)

VR T ashy

a—
([’“plql’“plml =~ kprgikprgikps)]
+
B4 1  a- 3 , B4 wm  a- .
= 1 _ k k k — k kp1jk
A T agpy (T emen) Bpakpiibps] = So0 T e ke k)

B[4 pf  a
V] 1—nfayby
B 1 a

A1
= — (1
ey (R (e

+

(1 + c—)[kp3gskp1jkp2]

Cc_ . *
) [kp2g2kp1jkp2]
c+
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B4 1
\/m 1-— ,u,1 a+b+

A2 . .
(1+c- )(u%+g (1+u?a_c+)c_) [kpsaskp1jkpa) )

a—
([kpzqzkpzqzr?,m] = fbf[kpzqzkpzqzkm]
+

_VBIMA] kP e . B4 1 a
= VR 1o arey e makmbes] = o
+ [3[}2[;1] 1 ljlu aj_b+ (1 4 c-)[kpsgskp1jkps]
1
= [3[}2[?] N _1”% aj;+ (;ﬁa +eq) - :\\—; (2—pf +e4) 63) [kp1g1kp1jkps]”
(3] [4] 1

1/ l—p,l a+b+

1 .
(2—4f +eq) - [kp2askpyikps]

1+c

+

A . *
(I+co) (ul + )\—z (2—pd+ C+)) [kp3q3kp1ikps] >

[kplmkpljkleL [kmtnkpljk‘m%L [kp3q3kp17kp3qs], [kp1q1kp17kp1y]

A . a— .
2L [kpigikpijkpiar] — — [kpsgskpijkpaai]
A3 a4

(- [kp2g2kprikpiq1] = [kp1q1kplﬂkp1qﬂ + [kpsgskpijkpiqi] =

A1 . >\3 ayby A1 1
— Ik kpijk - — k kpijk -_
/\3[ p1q1kp1jkpiqi] > ab. Theo (kp1a1kp1ikpaqi] + — oo AT e)d e
- (ﬁ 4o _cr

Al 1
A3 Ao l+c_

[kp2g2kp1jkp2qi]

) [kp1q1kp1ikpiqi] — [kp2g2kp1ikpiqi]

X2 (T+ep)(d+co)

. . A2 M 1 AL A3 ey
= [kpaazkprikprar] = palkprgrkpijkpia]®,  wh A A S - 2 .
[kp2g2kp1ikp1g1] = p2lkpigikp1jkpiqi] where ( I + o (1 +c+)(1+c,)) p2 = I + o 1t e >

(From the previous computation

. at A2
[kp3gskpijkpaqi] = —+ 22

a4 T+ A A1
Y [kp2g2kp1jkpiqa] + ff[kplmkpljkplm] = ( 22 e+ 77) [kp1Q1kp1jkp1Q1}*>
_ A3 —

a_ A3 )\ a_ A

) a ) a . .
([kP2Q2kP13kP2Q1] = —a—+[/€p2Q2kp1Jk‘P1Q1] = —a—+u2 [kp1q1kp1ikp1qi] )

A . . A .
(}\1 [kp2g2kp1jkp2ge] = c4 (1 + c4)[kp1g1kp1jkp2ga] — )\—2(1 + cq)(1 + c—)[kp3gzkprikpaga]
3

_a b .
=~ (1 + ey [kprai kp1jikpsaa] — —(1 + ) (1 + c_)[kp3gskp1ikpago)
A3 arb 1 . )\ _ . A .
= 32 [kp2g2kp1jkpsqz] — R [kpsaskp1jkpsgz] — < (1 + c4)(1 + c—)[kpsaskprjkpago]
Aa_b_1+c_ A2 a4 A3
A [ A A .
=22 —[kp2g2kp1jkpago] + (—1 2 4ep)+ C,)) [kp3gskp1jkpags]
T X lte A2 A3

= [kp3qskp1jkpaqa] = p2 [kPQQ2kp1jkPQQ2]*>

R
(1+ eI +co)

(From the previous computation

. _b_ Ao _b_ )\
[kp1g1kp1jkpsqz] = — b+ —(1 + c—)[kp3gskp1jkpaqa] — —b i [kp2g2kp1 jkpaqs]
a_b_ [\ A2 1 .
- My 22 kpaqokpyikpega]*
arbr ()\3 v +C+) [kp2g2kp17kp2g2] >

1

— |k kp1jk *
(1+c+)(1+c,)[ p2q2kp1jkp2qso] )

[kp3gskp1jkpsge] = ——[kp3tI3kp1Jk‘P2Q2] = —u2—+

/N

A ) A . .
(fc (1+ e )kpsaskpijkpsgs) = 32 (14 c4) (1 + e ) [kpraikpr jkpags] + [kpaazkpr jhpaas]
3 3

A . a— .
= )\—2(1 +c)(1 +c-)[kpi1gikp1ikpaqs] — T[kPQQQkPIJkp1q3]
3 + -

A . a_ A . a_ X\ .
= Z2(1+c4)(1 + ) [kp1g1kp1ikpags] + — =2 [kpagskp1ikpigs] + — == [kprq1kp1jkpigs]
A3 at A2 T =
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A A . A .
(—2 I+cr)T4en)— —1) [kpra1kp1ikpsas) — =2 [kpsgskp1jkpsas)
A3 A2 A2

= [kp1q1kp1jkp3qs] = —p2 [kp3Q3kp1jkp3Q3}*>

Cc—
14 cyt

(From the previous computation

A .
T+ e)(1+ co) kpraikpjkpsss)
3

A1 .
[kp2g2kp1jkpiqs] = —C (1 + c—)[kp3g3kp1jkp3qs] —
A3
A A . "
=(1+c) (—167 + u2—267) [kp3q3kp1jkpsqs]
A3 A3

a_b_

1
([kplmkpljkpl%] = *f[kplmkpl]kp?)%] =p2——
ayby 1+cq

[kp3Q3kp1jkp3Q3]*)
(We have [kpsqskp1jkpsj] = —[kpsqskp1ikp1j] — [kpsqskp1jikpaj]

A1 . . A2 . . . .
= E[kpmkpmkpm] + E[kpzqzkpmkpm] — [kpagskp1jkpaj],

[kp1g1kp1ikp1j] = —[kp1q1kp1jkp2j] — [kp1q1kp1jkpsj]
A1 A2 . . . .
vk [kp2q2kp19kp2y] - —c (14 c-)[kp3gskp1jkpaj] — [kp1g1kp1jkpsj],
and [kP2QQkp1]kp2ﬂ = *[kPQQQk;Dle;Dl]} — [kp2g2kp1jkpsj]

. . A . .
—[kpagzkp1jkp1s] + A—Q(l +c)(1 + ) [kp1q1kprikpsj)
3

A . .
7)\—10 (14 c—)[kp3qskp1jkpsj].

Then from (I)-(III) we obtain

(D A1 A2 L
[kp3qskp1jkpaj] = s [kp1q1kpukpm]+)\ [kp2g2kp1jkp1j] — [kpsgskpijkpsj]
(1) >\1 >\1>\2

3

[kp1q1kpwk‘pu} (1 +

)\2 . .
——[kp2g2kp1jkp2j]
A3

m /A A2 . DY . .
D(2- B0+enu ) Bprankps ki) = 321+ e lpaaakpkpas
3
A A1 A2 . . A )\ . .
- ()\2 + ;\3207(1 + cf)> [kp2g2kp1jkpaj] — (1 + 22 (14 cf)> [kp3q3kp1jkpsj]
3 3 3
. . A A2 . .
1+ —(1 +c2)3 ) [kpsaskpijkp2j] = sV F(l + )1 +co) ) [kprqikp1ikpij]
3

>\1)\2

3

PYEDIPY:
- (—2 + 52 (1 +c—>) [kp2qzkp1jkpag) — (1 +
X3 A3

Similarly from (I)-(III) we obtain

c—(1+ c_)) [kpsqskp1jkpsj].

oo () AL - A2 o L
[kp1q1kp1jkpsj] = TNt [kpszzkpUkpz]} = 736 (1 + c—)[kpagskp1ikp2j] — [kp1q1kp1jkp1j]
A A >\ . .
Q@_2 [kp2g2kp1jkpaj] — (1 + 222 (14 cf)) [kp1q1kp1jkp1]]
)\3 14+cy 3

2

A3 A2 . .
)\2 2e_ (1 + c—)[kp2gzkp1rjkpij] + = X c— (1 + c-)[kpaqskp1jkpsy]
- 3

2
@, (—g(l +eo)— )
A3 A3 l+cy

A )\
122, (1+ c_)) [kp1q1kp1jkp1j]
3

) [kp2q2kp1jkpaj] — (1 +

3 o A2 AiAZ o
_F(l + c-)?[kprqikprjkpaj] + c—(1+c_) (; + ;32 c(1+ cf)) [kpsqskp1ikpsj]
3

A2 A1
= (14220 +¢2)?) [kprqikpijkpsj]l = c— [ 221 +c_) - = )k kp1jikpaj
(+)\§(+C))[p1q1 p1jkp3j] =c (/\g(JrC) N lter [kp2q2kp1jkp2j]

A1 2
- (1 + ;22 c—(1+ C—)) [kp1q1kp1jkpij] +c—(1 +c-) ()\— + )\32 c-(1+ C—)) [kp3gskpi1jkpsj].
3 3 3
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o (1+c7>) [kpsaskp jkpad] + 22 (1+c+>(1+c ) kprqukprikpsj]

)

(11)

(I11)

Iv)



From (I)-(III) we also obtain

(11

. . D A . . A . . . .
[kp2g2kp1ikp1]] D )\—z(l +cp)(1 4 c-)[kp1g1kp1jkpsj] — )\—20—(1 + c—)[kp3gskp1ikpsj] — [kp2g2kp1kpaj]

(11) A1 A2 . DY 3 . .
= -1+ c—(1+c-) ) [kp2q2kp1jkpaj] — P(l + c—)°[kpsgskp1ikpaj]
3 3

A oo A I
~ (Ut es)(1 + e bprarkpijkpij] = Te- (14 e lkpsaskprjkpai]
3 3

A
A

2 A1
21+ c_>2) [kprgrkp1 k1] — (1 + M 1y c_>> [kpagakpi kpaj]
3

(D) —(14co) (i—z(l +cq)+

A2 A A3 L
+(1+co) ()\—g(l +eo)? - )\flc_> [kpsqskp1jkpsj] — )\%(1 + ¢ ) [kp2q2kp15kp15)
3 3 3

)\3
= (1 + )\—3(1 + 07)3) [kp2g2kp1jkp1j]
3

Ao
A3

A A1A2
=—(1+c-) (i(1+0+)+ -

1+c¢)?) [kprqikpijkpig]) — (1
A3 )\g('f‘c))[plthpljplﬂ (+

c_(1+ c,)> [kp2q2kp1jkp2j]

A2 A . .
+(1+co) ()\—g(l +eo)? - )\—lc_> [kp3qskp1jkpsj]. (V1)
3 3

Thus we have expressed [kp3gskp1jkpaj], [kp1g1kp1ikpsj] and [kp2g2kp1jkpij] in terms of [kp1g1kpijkpij],
[kp2g2kp1jkp2j] and [kpsqskp1jkpsj].
We now want to express [kp2g2kpi1jkp2j] and [kpsgakp1jkpsj] in terms of [kp1qikp1jkpij].

. . b . . .
Consider [kp1g1kp1q1kp1j] = . [kprq1kprgirap1j] = — [kp1g1kp1qirapej] = c—[kp1qi1kpiqikp2j].
+

+
Thus we obtain 0 = [kp1q1kp1q1kp1j] — c—[kp1q1kp1qikp2j]
= — (u¥cq + 1) [kprgrkp1ikp1g) + pi[kp2gekp1jkpii] — 03 (1 + c—)[kpsgskp1jkpij]
+ (13 + c2) [kprqukp1jkp2j] — pic—kpaqekp1ikpej] + pic— (1 + c=)[kpsgskp1ikp2s]
1 2

A . . A . .
= (— (pfer +1) + )\—Buf(l + cf)) (kp1q1kp1jkp1j] + (ul + /\—3u§(1 + cf)) [kp2q2kp1jkp1j]

A
+e_ (—1 (13 +co)
A3

. . A . .
- ul) (kp2g2kp1ikpa2j] + (M?C—(l te )+ e (14 C—)) [kpsgakpiikpaj).

1
1+C+ A3

. A3 3) .
Multiply through by 1+ e 14c2)’):
3

A3 A1l
o= {(1+ S+ o) (S en) uber = 1)

2
“n (2 rmren) (arenuse s Ease)?)

A
A A A3
+e-(1+c-) (72 (] +c-) +u§> (—1 -2 +en +c_>>} [kp11kp1jkp1j]
3 )\3 )\3
A3 A1 c_ A2 1 A1A2
+{(+A§(+C))(As(“l+c)1+c+ pes ) =g Wit ) U g e e

A2 A1 A2
C2(1 4 )2 (_ 2
ul( +c ) )\3 + )\g

+ {ul (i—i +u1(1+c_)) (%(1 te)P i—;c_(l +c_)>

e (14 07)) } [kpagakps jkpai]

A A o
—c—(1+c-) (72 (3 +co)+ u?) (1 + ; e (1+ c—)) } (kpsgskp1jkpsj]
3

W

= A" [kp1a1kp1ikpig] + A5 [kp2aakp1ikpa] + AS" [kpsaskp1jkpsi). (VII)
. . b_ . a_b_ . .
Now consider [kp1q1kp3gskpsj] = T[kp1Q1p1kQ3T1p3J] i [kp1q1kpsgsrip1j] = c—[kp1q1kpsgskpij].
+ +

Thus we obtain 0 = [kp1q1kp3qskpsj] — c—[kp1q1kpsqskpij]
= —p3 (1 + cq)[kp1qikp1ikpsg] + p1[kp2gekp1ikpsi] — pi (1 + c—)[kpsqskp1ikpsj]
+p3 (1 + c)[kpra1kp1jkp1j] — pic—[kpagakpijkp1i] + pie— (1 + c—)[kpsaskp1jkp1s]

Y L A o
=— (ui’(l +cy)+ )\—im(l +ey)(1+ c_)) (kp1g1kp1jkpsj] + (A—;mc_(l +eo)— i1+ c_)) [kp3q3kp1ikpsj]
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A . . A . .
+ (u‘i’(l +eo) - A—lu?cf(l + cf)) [kp1g1kp1jkp1j] — (mcf + 2 de (14 cf)) [kp2g2kp1jkp1j].
3

A3
1+ c_)3) :

A3

Multiply through by (1 + \3
3

A3 A A A
0= {;ﬁ(l +c) (1+ =20 +c_)3) (m - —lc_) +p(14cy) (u? +220 +c_)) (1 + 1220_(1+c_))
A3 A3 X3 A2
A2 A1A2

+)\3 pie—(1+co) (1 + i—i(l + c_)) ((1 +et) + Tg(l + C—)Q) } (kp1q1kp1jkpij]

)\2 )\2 >\l
_ 2 201 _ 721 _277_)
o (it + Zaren) (Farer -

3

A 1A

Fprc— (1 + ul/\—Q(l + C—)) (1 + /1\22 ce-(1+ C—)) } [kp2g2kp1jkp2]]
3

+ {0} [kpsqskp1ikpsj]

= 2P [kpra1kp1ikpig] + A [kp2gakp1jkpai).

(2)
Thus [kp2g2kp1jkp2j] = )\?Q)[kplmkpljkplj]*)
2

(Then from (VII)

A A
[kpsaskp1jkpsj) = — 5 kprakp1ikp1s] — 5 [kp2azkprikpaj] = BN
A A Az A
3 3 3 72

(1)4(2) (1) (2)
A5 AT = A
2 L2 [kplmkpljkplj]*)

)\3
(From @) (14 520+ e ) lopaaskprhpai]
3

A A2 AL A® AW A Ao o
=0 =2 e )t )+ | T+ S (2 =220 ) ) (14 S5% e (Lt en) ) ¢ Rpraikprjkprd]t
{ Az A3 AL A \As AW A3

)\3
(From (V) (1 + )\—3(1 + C—)B) [kp1q1kp1jkpsj)
3

(2) 2
A A A1 1

_ _%C,( 2(1 1oy )
)\2 )\3 A3 1+C+

(142 _ (1)@
ADAD _ZDAD AL o
22022 2 (qel) 1) (14 52 e (1 4co)) ¢ [kprarkpijkpiy]
)\(1))\(2) A3 )\3
3 2

3

(2)

NS A2 A1z

= {(W — /\—3(1 +ey)(1 +c)> (1 + v c—(1 +c,))
2

)\gl))\?) _ )\gl))\gQ)

)\3
(From (V) (1 + /\—g (1+ c_)3) [kp2g2kp1kp1]

A2 A
(I+c-) (—3(1 +ec)? - —10—) } [kp1q1kp1jkp1j}*>
3 A3

)\gl))\éz)
[kp1q1kp17kp1q1K]
. (3][4] 1 o a— .
Now [kp1q1kpijkpiqik] = — o a[kplmkpl]kpl]k} - Z[kplmkpljkpl%k}

[31[4]

1 o .
- [kp1q1kp1jkp1ik] + [kp1g1kp1jkpsqsk]
+

[kp3qskp1jkpsqsk]

1 C4

VBIA 1 e ad b

. . . . - 1 .
= o ar (kp1q1kp1ikpijk] + i ar He [kp3gskp1jkpajk] + p2 T iter [kp3qskp1jkpsgk]
+

-V
— _% — [kp1q1kp1ikpijk] — p2
~ VI3]4]

1
ay
1

(1) (2) (1) (2)
3[4 1 AWAR D@ ,
=- 3]l4) 1 (1 - = — [kp3q3kp1jkpaq2k]

[kp1q1kp1jkp1ik] — p2
VBl o i)

1+4+cy
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(1) (2) (1) (2)
3]14] 1 A5 AT = A c_
B4 (1 - E— T ) [kprqikpiikpijk] — p3(1 4 c4+) ™3 [kpaqakp1jkpagak]

2] a+ AN L+ey
(1) (2) (1) (2)
[3][4] 1 AT AT Cc— . .
= 1- k k k k
TV e ATH®) T5es [kp1g1kp1jkp1ik]
[3}[ ] 3 o sa— 3 .
+ 2(1 + ¢y ) T [kp2gekprikpeik] + ps . (1 + c4) " [kp2g2kp1jkp2q1 k]
+

_ L . A“) AN e . AP P
a (1) [©) NG @ c+ p1q1kp1jkp1jk]
a+ DYDY AS

14cy
*H2(1 cy) " 3lkpagakp1ikpiai k]
3”4 1 A 0@ A® -
TVl s (1 K2 NGRe! T+es + 13 5y e (1+c)7? | [kprqikp1jkpi k]
—#2(14‘0 )3 lkpra1kp1ikpiqik]
(1)4(2) (O (2)
(3][4] 1 A AT AT c— 2 A -3 . .
— | 1= —(1 kp1q1kp1jkpijk
V2] ay ’ AAY) 1+cy +u2)\§2)( +et) (kp1g1kp1jkpaik]

=1+ u3(1+cp)™) [kp1q1kp1jkp1Q1k]*>

(From the above computation [kp2g2kp1jkpag2k]

(1) (2) (1) (2)
L 3 ; 3][4] 1 Ag AT = AL Ay c— : ;
*;%(1 + c4)°lkprgikp1jkpiai k] + o o 1— po )\gl))\g) . [kp1g1kp1jkp1ik]

= pslkp1qikp1jkpiqik]”, where

(1)y(2) (1)y(2) (2)
c— XA AT 2 A -3 2
- +pus;—(1+c = p2 —
( w2 1+ s )\gl))\gm 2 )\gg) ( +) K3 = H2 — K3

D R R R P
1+ey AR NoN

(We also obtain

1 /3 1 1
[kp3qzkp1jkp3qsk] = ——cy (1 + cy)[kprgikprjkpiqik] — VBl 11 c (1 + cq)[kprgikprjkpijk]
2 V2] at pe e
= palkprqikp1jkpiqik]”, where
(1)4(2) (1)4(2) (2)
e Ay AT = A0 2\
1— 2 2 1 1 2 + (1 +C+) 3 m
( 14+cq )\gl))\g) 2 (2)
) 1 AWAE A2 A 1
=pu —pe g -
(1 +ci)(l4eco) AP AP (L4 ep)(d +eo)

(We know from the Hilbert series of [31, Theorem 3.1] that all paths of length 9 that end at q1, g2, g3 are zero.)

Let u be the path [ijrip1jkpiqiki], which is symmetric. This path is non-zero in A
since

BE . 1\, o |
[2] +a—,u [7/]7"1271]@716]1/?2]— a+[2]T1P1Q1kP1Q1k7/]— 57[2]7“1]916]17"21716]1]?2]-

We choose ;) := u. Then v;,;v(a;;) is given by

(kijrip1jkpiqik]

:—@k ir1ip1ik k—@k ir1p1ik k—@k r1ip1ik k
[4][ P1JTiP1JrP1G1 ] \/m[ P2JT1P1JrRP1G1 ] \/m[ P3JT1P1JrP1d1 ]
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\Fb_

_ a+ (1+ cp)[kpsgzriprikpiaik] — ﬁ[mjkpl%k]
la_b_ - \% '
_ Vi (1 + ) kpsgskprjikpi g k] — ——+ (kpaqakp1jkpra k)
/ CL_|_b_|_ \/7 h
V[2]a .
+ﬁa—+ (14 c)[kprgikprikpigi k]
VI2]a
— + 1+cy) (1 — )\—c_) (kprgikprgkpigi K]
, / _ 3
V[2] a Ao -
_Vi2as ( c_(1+ c+)) [kpagekp1jkpigi k]
V4] a- )\3
= dilkprgrkprjkprgik],
A\ A
s S ) ) o
a_ A3 A3
7V[2](1 — 113 )a_[kpigikpyjripy k)
[3][4] -
2] oy A+b4 ;
[_3][4]( ’ul)a_b_[ P1q1kp3garip1jk]
— —ﬂ(l — 113)a [kpigi kpsgskp k]
[3][4] -
= pi(1+ ) [kpraikpijkpijk] — pa[kpagokprjkpi k] 4 13 (1 + c2) [kpsgskpijkpiik]

1

(1
2 A o
(1 4cy) — )\—3(1+c,) \kp1qikprjkpr gk

M oo
— (1+ 3 L1+ )) [kpagokp1jkpijk]
3

)\2

/\3 + /\1/11(1 +c_ )

A
Ha (M%(l +oy) = /\—;Ml(l +eo) -

dy [lfpl qkpigkpiqa k]

SN AS(L + )3

d2) [kpl q1 kpljkpljk]

A1 Az + A (1 + )
here dy = 2(1 e 222 dzt #0,
where dy = (11 + ) = S+ o0) — HEIIEE gy ) 4t 2
, A2, A
with dg = <@ — )\—3(1 +C+)(1 +C,) 1 —+ )\2 ,(1 +C,)
A ()
1+¢ —(1+c_)"— —c_
e e (e
G 1 A AN e w A
MEG= 7T 0 1o (1t )@
3 Ay + +)7 Ay
Then vj,;\v(ai;) = didy Ykpiqikpyjripigk] = didy? ajxv’, where v’ is symmetric, and we
obtain C' = 1.
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11 17

Figure 17: Labelled graph 55512)

A.3 The graph 55(12) for the twisted orbifold D!'?) invariant

The Moore-Seiberg invariant Z a2 is realised by a braided subfactor which produces the
MS

nimrep 55(12) [26, Section 5.4], illustrated in Figure 17. The unique cell system W (up to
equivalence) was computed in [25, Theorem 13.1]. For the graph 8;12) the automorphism
v is the identity. There are four possible choices for the vertices j, k: these are (3,8), (5,9),
(14,3) and (15, 4). We see that it will not be possible to use the quicker method described
above for the case where v = id, since conjugating the graph will not interchange j <+ k
for any of the choices of j, k. We choose i = 10, j = 15 and k = 4. We will write out a

basis for the space of paths which start from the vertices 10, 15, 4. Here ¢ = e*™/12, and
we will write [m] for the quantum integer [m/,.
Paths starting at vertex 10:
l Paths
2 110,152, ([10,15,4 =0)
3 [10,15,2,9],  [10,15,2,6] ([10, 15,2,7) = — A [10,15,4,7] = 0)
[4]
4 [10,15,2,0,16],  [10,15,2,9,13] = — 2 [10,15,2,7,13] - A2 [10,15,2,6,13] = — 12 [10,15,2,6,13]
ViE) (3][4] (3][4]
V2 >
10,15,2,6,12] = —¥-2[10,15,2,7,12] = 0
(10152019 = - Ynoasam
V4
5 [10,15,2,9,16,5] = —Y[10,15,2,9,13,5 10,15,2,9,13,3
[ | = \/@[ [ I
([10, 15,2,9,13,1] = -2 110,15,2,6,13,1] = —2_[10,15,2,6,12,1] o> (110,15,2,9,13,2] = 0)
(3][4] —  MWVB -
V4 VI
6 [10,15,2,9,16,5,8) = —Y[10,15,2,9,13,5,8] = V= [10,15,2,9,13,3,8],  [10,15,2,9,13,3,11
[10,15,2,9,16,5,8] = \/E 13,5,8] \/m[ I [ ]
VI3l VI )
10,15,2,9,16,5,9] = 10,15,2,9,13,3,7] = 10,15,2,9,13,1,7] — Y21[10,15,2,9,13,2,7] = 0
(1 =0) ([ 1= o -5 ]
[4] V/[3][4]
7 [10,15,2,9,16,5,8,14] = Y2[10,15,2,9,13,3,8,14] = — 10,15,2,9,13,3, 11, 14
[10,15,2,9, 16, 5,8,14] \/@[ 3,8,14] 5] [ ]

V2
<[1o, 15,2,9,16,5,8,13] = —\/—%[10, 15,2,9,16,5,9,13] = 0)

68



S

<[10, 15,2,9,16,5,8,17] = Y~—[10,15,2,9,13,3,8,17] = 0>

S

8 [10,15,2,9,16,5,8, 14, 1]
(110,15,2,9,16,5,8,14,3] =0)  ([10,15,2,9,16,5,8,14, 1] = —/[4][10,15,2,9,16,5,18,13,1] = 0)

9 [10,15,2,9,16,5,8, 14, 4, 10] ([10, 15,2,9,16,5,8,14,4,7) = 0)

N
10 ([10, 15,2,9,16,5,8,14, 4,10, 15] = fﬁ[lo, 15,2,9,16,5,8,14,4,7,15] = 0>

viel
Paths starting at vertex 15:

l Paths
V2
2 (15,26, (15,27 =Y [15,4,7),  [15,2,9 10,15,4] = 0
[ ] [ ] \/W[ ] [ 1 ( ] =0)
V2
3 [15,2,6,12] = — Y2 [15,2,7,12 15,2,6,13,  [15,2,7,13],  [15,2,9,16
[ ] m[ | ] [ ] [ ]
__ v _ _
<[15, 2,7,14] = m[w, 4,7,14] = 0) (115,2,7,15] = 0)
<[15,2,9, 13] = 215, 0,7, 197 — V2P [15,2,6,13}*)
(3] (3][4]
4 [15,2,6,13,1] = -~ [15,2,6,12,1] = ~[15,2,7,12,1] = ————[15,2,7,13, 1],
(2][4] [4] (2]3[4]
V] V]
15,2,6,13,2] = — Y"1 [15,2,6,12,2] = [15,2,7,12,2] = — Y- [15,2,7,13, 2],
[ ] [2}[ 1= ] m[ ]
15,2,6,13,3,  [152,6,13,5,  [15,2,7,13,5  ([15,2,7,13,3 = 0)
Vi 2] . VR )
15,2,9,16,5] = — Y 1[15,2,9,13,5] = —=L_[15,2,6,13,5]* — 15,2,7,13,5
([ ] \/m[ ] \/E[ ] 3] [ ]
V4] [3]4]
5 [15,2,6,13,2,7 = — Y [15,2,6,12,2,7] = 15,2,6,12, 1,7 = —[4]/[3][15,2,6,13,1,7
[ ] \/@[ ] N [ ] = —[4VB3Il ]
32 )
= —[2][4][15,2,6,13,2,7] — [4]\/[2][6][15, 2,6,13,3,7 15,2,6,13,3,7) = — 15,2,6,13,2,7
2l 4 ) <:»[ )= | )
[15,2,6,12,1,8],  [15,2,6,12,2,9] = —\/—\/%[15,2,6, 13,2,9] = %[15,2,6, 13,5,9]
[15,2,6,13,3,8],  [15,2,6,13,3,11]

([15,2,7, 13,1,6] = [2][15,2,6,12,1,6] = [\2/]%[15 2,6,12,2,6] = [21°14] [15,2,6,13,2, 6]

Vi3]

2[4
[\/]H[w 2,7,13,2,6] = —[2][4][15,2,7,13,1,6] = [15,2,7,13,1,6] = 0)
V[6 6
<[15,2,6, 13,5,8] = —[15,2,6,13,3, 8] — J[15,2,6, 13,1,8] = —[15,2,6,13,3,8]* + 6] [15,2,6, 12, 1,8]*)
- V[4] - [4]v/12]
V6 2]./T6
<[15,2,7, 13,5,8] = —% [15,2,7,13,1,8] = \]/%}[15,2,6,12,1,8]*>
6 [15,2,6,12,1,7,13] = f\/—_VM][lS,Z,ﬁ,lZ,l,& 13], [15,2,6,12,1,7,14] = —/[4][15,2,6,12, 1,8, 14],
1
[15,2,6,12,1,8,17], [15,2,6,13,3,8, 14] <[15,2,6, 12,1,7,15] = 7\/?[15,2,6, 12,2,7,15] = o)
2] .

([15,2,6, 12,1,7,12] = o) [15,2,6,12,2,9,13] = ﬁ[m,zﬁ, 12,2,7,13] = —[2][15,2,6,12,1,7, 13]

([1526122916}*B[1526135916]*0) ([1526133817}*0)
) Sy M ) =y Yy 7[4] )<y M (] - )<y M (et i) -
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[15,2,6,12,1,7, 13]*)

[15,2,6,13,3,8, 14]

[2][6] [3]2
15,2,6,13,3,8,13] = Y2015 9 6 13,3,7,13] = —
<[ 813 = 2y 18.2.6.18.3.7.18) =~ o
<[15,2,67 13,3, 11, 14} = 7[15,2,6, 13,3,7, 14] — \/ﬁ
[2][3]
- 3 [15,2,6,13,1,7, 14]* — V6] [15,2,6,13,3,8, 14}*)
[2]3[4][6] [2][3]

V6
7 [15,2,6,12,1,7,13,1 1]_7J[152612,1,7 14,1]

Vi

([15,2,6, 12,1,7,13,2] = 0)

/—[ ] [ )&y Yy » 49 Oy ) }
V [6}

([15,2,6, 12,1,8,17,3] = —[15,2,6,12,1,8,13,3] —
(2](3]

[15,2,6,13,3,8, 14, 4]

([15,2,6, 12,1,7,13,5] =

[4][6]

_ V4
=Y_"[15,2,6,12,1,7,13,3] +

[15,2,6,12,1,7,13,3] =

[15,2,6,12,1,7,14,3] =

V6] [2]13]

<[15261338143]

[21[3]
V16l

[15,2,6,13,3,8,13,3] =

[3]
(2][6]

[15,2,6,12,1,7, 14, 3],

([15,2,6, 12,1,7,14,4] = 0)

[15,2,6,12,1, 8,14, 3]

3]\/[F( +\/7>[15261217133}>

[15,2,6,12,1,7,13, 3]*)

2][6
el ][15,2,6,12,1,7, 13,3,7],

viEl

([1526121713167> <[1526121713311]

8 [15,2,6,12,1,7,13,1,7] =

V4]
~Y"115,2,6,12,1,7,13,3,8] =

<[15,2,6, 12,1,7,13,1,8] =

V16]
= [3]\/m[15,2,6,12,1,7, 14,1,8] = — 4]
[6] [6]°

V[6
([15,2,6, 13,3,8,14,4,7] = fL[15,2,6, 13,3,8,14,1,7] —

[15,2,6,12,1,7,13,1, 8]

[15,2,6,13,3,8,14, 4, 10]

"[}1526121714311 O>
- [15,2,6,12,1,7,14, 3,8
[6] ,—[} 5 Vs s Ly by ’7]

= [15,2,6,12,1,7,13,1,8] = 0>

[15,2,6,13,3,8,14,3,7

Vi

= Jng[w 2,6,12,1,7,13,1,7] — o

[15,2,6,12,1,7,13,3,7]

21[4)° [4][6]

:7[6}\/3]22]T (\/7+[3 4]) [15,2,6,12,1,7,13,1,7]* )

9 [15,2,6,12,1,7,13,1, 7, 15]
([15,2,6, 12,1,7,13,1,7,12] = 0)

([15,2,6, 12,1,7,13,1,7,13] = 0)

([15,2,6, 13,3,8,14,4,10, 15] =

Ve

- [2”4 (6] (\/7+[3 4]) [15,2,6,12,1,7,13,1,7, 15]* )

([15,2,6, 12,1,7,13,1,7, 14] = 0)

_vil
[15,2,6,13,3,8,14, 4,7, 15]

10 ([15,2,6, 12,1,7,13,1,7,15,2] = 0)

Paths starting at vertex 4:

([15, 2,6,12,1,7,13,1,7,15,4] = 0)

l Paths
V12l
2 4,7,12], 4,7,13], 4,7,15] = —+—=14,10,15 4,7,14] =0
[ ] [ ] [ ] \/W[ ] ( ] =0)
V[4]
3 4,7,12,1] = 4,7,13,1 4,7,12,2], 4,7,13,2], 4,7,13,5
[ ] F[ Lo ] [ ] [ ]
(2]

([4, 7,13,3] = 0) <[4, 7,15,2] =

[4,7,12,2]" + ﬂm 7,13,2]* ) ([4,@4} = 0)

VI3

4 [4,7,13,2,6] =

[4]
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—V3][4,7,13,1,6] = V2P [4,7,12,1,6] = —

[2][4,7,12,2,6]




= —[2][4][4,7,13,2,6] + /[2][3][4][4,7, 15, 2, 6] <:> [4,7,15,2,6] = [2[]3[1} [4,7,13,2,6] = % [4,7,12,1, 6]*)
(4,7,13,2,7] = @[4, 7,13,1,7] = — \[/2[%3} [4,7,12,1,7] = %[4, 7,12,2,7]
=[4,7,13,2,7] — V3] [4,7,15,2,7] (=4,7,15,2,71=0)
(2][4]
viel
4,7,12,1,8], 4,7,12,2,9], 4,7,13,2,9] = ——~—=14,7,13,5,9
[ ] [ ] [ ] \/m[ ]
<[4, 7,13,2,7 = @[4, 7,13,1,7] = —~ [2[{4[}3} [4,7,12,1, 7]*)
4,7,13,5,8] = —Y=14,7,13,1,8] = 4/[2]3[6][4,7,12,1,8
<[ ] \/W[ ] =/ [2°[6]] ]
[4,7,12,1,6,12] = —/[2][4][4,7,12,1,7,12], [4,7,12,1,6,13], [4,7,12,1,7,13],
[4,7,12,1,7,14] = —/[4][4,7,12,1,8, 14], [4,7,12,1,8,17], [4,7,12,2,9,16]
1 it
4,7,12,1,7,15] = ———=[4,7,12,2,7,15] =0 4,7,13,2,9,16] = ———=[4,7,13,5,9,16] = 0
(w2200 - - Jgurnanag o) - (wrmssio--YHeriss-o)
BE . VA )
4,7,12,1,8,13] = ———=1[4,7,12,1,6,13]" — ——[4,7,12,1,7,13
<[ J ] [ ] \/@[ ]
VI2]? 2]
4,7,12,2,9,13] = — 4,7,12,2,6,13] + —==[4,7,12,2,7,13
(orns0m =S nam + o mars
_ JEP . .
= & (4,7,12,1,6,13] (2][4,7,12,1,7,13] )
2]° 2]
4,7,13,2,9,13] = — 4,7,13,2,6,13] + —=[4,7,13,2,7,13
(ns e - SRt snem + fownmaris
= _%[4, 7,12,1,6,13]" — T‘E; 4,7,12,1,7, 13}*)
4,7,12,1,7,13,1], 4,7,12,1,6,13,3], [4,7,12,1,6,13,5], [4,7,12,1,7,13, 3]
(We know from the Hilbert series of Theorem 3.1 that all paths of length 6 which start at 4 and end at 2 are zero.)
<[47 7,12,1,6,12,1] = % [4,7,15,2,6,12,1] = — [3\]/\[/?[]?} [4,7,15,2,7,12,1] = [%}[4, 7,15,4,7,12,1] = 0)
(2° V4
4,7,12,1,7,14,1] = — 4,7,12,1,7,12,1] — +~—=[4,7,12,1,7,13,1
<[ ] NG [ J \/@[ J
= 2 471216121—@471217131—@471217131>
[4}[6][”””]@[”””] \/@[H’H’}
LR ) ( [2106] )
4,7,12,1,7,13,5] = ———=14,7,12,1,6,13,5 4,7,12,1,7,14,3] = 4,7,12,1,7,13,3
<[ ] \/W[ ] [ J 3] [ ]
[6]

<[4, 7,12,1,8,17,3] = —[4,7,12,1,8,13,3] — [4,7,12,1,8, 14, 3]

[2]13]

2 VA V[6
_ VI [4,7,12,1,6,13,3] + H[4,7,12,1,7,13,3]+ 6] [4,7,12,1,7,14, 3]

W)

Y NG PIBIHA
- [[26}]3 [4,7,12,1,6,13,3]" + <\/\/% + [3][6][40 (4,7,12,1,7,13, 3]*>

<[4, 7,12,2,9,16,5] = f\/—\/%[w, 5] = 7%[4, 7,12,1,6,13,5] + v/[2][4][4,7,12,1,7,13, 5]
__ [2}[?2 [4,7,12,1,6, 13, 5}*) (14.7.12,1,7.14,4) = 0)

We will let € denote the path [4,7,12,1] of length 3

[€,7,13,1,7], [€,7,13,1,8], [€,6,13,3,11] <[§,67 13,3,7 =
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_ _ VB B 3]/ .
([5,7, 13,1,6] = 0) <[§,7, 13,3,8] = T [€,7,14,3,8] = \/@[5 7,14,1,8] = 5 [€,7,13,1,8] )
<[§61338] ~[4,7,12,1,6,13,5,8] = [[24]]3[5,7,13,5,8}=f‘/W

YT - ;?%Lg;zg§;1§
m (\/@Jr [3}[4]) [€,7, 13,1,8}*) ([5,6 13,5,9] = 0)
(Kunyg;zl— [5?]KJ737LH*> <E{Q£§§1H el
8 [67,13,1,7,14 =

(€,7,14,3,11] = 0>
2]6
—/[4][¢,7,13,1,8,14], (€,7,13,1,7,15]
(We know from the Hilbert series of Theorem 3.1 that all paths of length 8 which start at 4 and end at 12, 13, 17 are zero.)
vV [6
([5,6, 13,3,11,14] = —[¢,6,13,3,7,14] — ¢[§ 6,1

5 Oy 373787 14} = [6] [5,6, 13,5,87 14}
[2][3] [2][3] -
([W+mw)msz&mﬂ

VI[2]
€,7,13,1,7,14,4) = — Y12 1¢ 7.13,1,7, 15, 4]
V4
([5,7, 13,1,7,14,1] = 0)

([g 7,13,1,7,14,3] = 0) ([5,7, 13,1,7,15,2] = 0)
VB
10 [€,7,13,1,7,14,4,10] =

: Ve 7,13,1,7,15, 4, 10] = 0) ([5,7, 13,1,7,14,4,7) :0)

We choose )y = t10,010) = [10,15,2,9, 16,5, 8,14,4,10]. Then
Ulsu(lo)l/( ) =

4

ii

S
=
o
-
&1

[15,2,9,16,5,8,14, 4,10, 15]

_ VB

—
[iam—

&

2
[15,2,7,13,5,8,14, 4, 10, 15] :%%ﬁ[15,2,6,13,5,8,14,4,10,15]
2
[15,2,6,12,1,8,14,4,10,15]———l—L—

[15,2,6,13,3,8,14,4, 10, 15]
V3]
2|16
N [][][15,2,6,12,1,8,14,4,10,15]

|
)
w

6

5

+[4]) [15,2,6,12,1,8, 14,4, 10, 15]

V(6] [15,2,6,12,1,7,13,1,7,15
4 6 < + ) ) ) Y Y ) Y Y ) Y ]

[15,2,6,12,1,7,14,4, 10, 15]
[4]?

= ( [6y34—[3n44)[15,2,7,12,1,7,13,1,7 15]

(6 + [8]14]) [15,4,7,12,1, 7,13, 1,7,15] = cassavns)
and

A4,10V100(4)

= [4,10,15,2,9,16,5,8, 14, 4]

[4,7,15,2,9,16,5,8, 14, 4]
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Figure 18: Labelled graph &%

2 VI 4
_ [4,7,12,2,9,16,5,8,14,4] — 4,7,13,2,9,16,5,8, 14, 4]

ﬁ

_ _%[4,7,12,1,6,13,5,8,14 +\;—, 7,13,5,9,16,5,8, 14, 4]

_ [f]][gg <ﬁ+ ) 7,12,1,7,13,1,8,14,4]

_ [6][2]532 <\/7+ ) 4,7,12,1,7,13,1,7,14, 4

_ 2[11]2[[2]]3 <ﬁ+ ) [4,7,12,1,7,13,1,7,15,4] = cvgsv(aisa).

Then C = 1.

A.4 £C?Y graph for the conformal embedding SU(3)y C (Er)

For the graph £?Y illustrated in Figure 18, the automorphism v is the identity. The
unique cell system W (up to equivalence) was computed in [25, Theorem 14.1]. We
choose i =1, j = 9 and k = 17. We will write out a basis for the space of paths which
start from the vertices 1, 9.

Paths starting at vertex 1:

l Paths
2 [L,9,18 (L9, 17=0)
3 [1,9,18,6] = & ([1,9, 18,2] = 0)
4 [1,9,18,6,13],  [1,9,18,6,15] ([1,9, 18,6,11] = 0)

[4]
5 [1,9,18,6,13,22 = ——_[1,9,18,6,15,22],  [L,9,18,6,15,24] [1,9,18,6,13,20] = 0

6,18,22 = — ( )
4] [4]1/13]
4 =1 7= 4,7 4

6 [61,13,22,4],  [£1,13,22,7] \/@[51,15,22, 1 T [€1,15,24,7),  [€1,15,24, 8]

([51, 13,22,5] = 0) ([51, 13,22,6] = 0)
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[€1,13,22,4,12], [€1,13,22,4,14] = — @[{1, 13,22,7,14],

[£1,15,24,7,16] = —

(21[3]
(519
3
][

4]

[£1,13,22,7,16] = [&1,15,24,8,16]

(5][9]
([51, 13,22,4,11] = 0) ([51, 13,22,7,15] =

4]

[&1,15,24,7,15] = O>

=

5][7 3]\/[5
[€1,13,22,4,12,19] = — VIl ][51,13, 224,14, 19], [€1,13,22,4,12,21] = _BIVI ][51,13, 22, 4,14, 21],

[31v/19]

[£1,13,22,4,14,23] = — @[Sl, 13,22,7,14,23] = [3[]7

([51,13,22,4, 14,22] = 0) ([51,13 22,7,16,24] = 0)

[€1,13,22,7,16, 23]

5]

V4 V5]
[€1,13,22,4,12,19,4] = 7] [€1,13,22,4, 12,21, 4], [€1,13,22,4,12,19,3] = [51,13, 22,4,12,21, 3],

BVE VB
=)

[€1,13,22,4,12,19, 2] <[§1,13,22,47 12,19,5] =

[7]
312 [9

5

[€1,13,22,7,14,19,5] =

e

8105]

v 19
@ 6n18:22,4,14,19,3] - 1, 13,22,4,14,21,3

(4]

([51, 13,22,4,14,23,3] = —

_ VBEPP]
(417
_JE
[4](5]/BIT7]

[7109]
[3]14]

[€1,13,22,4,12,19, 3] + [€1,13,22,7,14, 21, 3]

([312[5] + [7]) [€1,13, 22, 4,12, 19, 3}*) ([61, 13,22,4,14,23,7] = o)

10

We will Tet &2 denote the path [€1,13,22,4,12] =[1,9, 18, 6, 13, 22,4, 12] of length 7.

[€2,19,2,9],  [£2,19,2,10] = — \/\/%[52,19,3, 10,  [£2,19,2,11] = ﬁ?[@ 19,4, 11],

[€2,19,3,12] = —/[3][€2,19, 4,12

[7]
312[5]

|=- [&2,19, 3, 14]

[3] [312V/5] - BEE

= [6,19,3,14] =0 = [£2,19,4,14] = o)

([52,19,3, 14] = —\/m[iz,w,zx, 14] = 7] [€2,21,4,14] = — 7] [€2,21,3,14

11

[€2,19,2,9,17] = —/[3][¢2, 19, 2,10, 17], [€2,19,2,9,18] = f\/m[§2,19,2,11,18}, [€2,19,2,11,20],

Vi3]

,19,2,10, 19 ,19,2,11,19 ,19,4,11, = —
[52 \/7[52 } \/@[52 19} [2” }

_ /e [€2,19,3,12,19] <[§2, 19,2,11,22] = — m[@, 19,4,11,22] = o) ([52, 19,3,12,21] = 0)

[€2,19,4,12,19]

(2][4] [3]

12

[€2,19,2,9,17,2] = —/[3l[€2,19,2,9,18,2] = /l{€2, 19,2, 11, 18,2] = —/[3I[Blle2, 19,2,11,19, 2]
[5][€2, 19,2, 10, 19, 2],

[€2,19,2,11,18,6] = — @[52, 19,2,11,20,6],  [£2,19,2,11,19,5] = — [?2@7} [€2,19,2, 11,20, 5]

([52, 19,2,9,17,1] = 0) ([52, 19,2,10,19,3] = o) ([52, 19,2,11,19,4] = o)

13

V2 2][3]
[€2,19,2,11,18,6,11] = — H[52,19,2,11,18,2,11] _ V2 [€2,19,2,11,19,2,11]

VH VH
[21[7]

— [€2,19,2,11,19,5, 11],

- Em

\/ 9] \/
[€2,19,2,11,18,6,13] = [52,19 2,11,20,6,13] = [52 19,2, 11,20, 5, 13]

: [€2,19,2,11,19,5,13], [€2,19,2,11, 18,6, 15]

[3} [5] m
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([52, 19,2,11,18,2,9] = 0) ([52, 19,2,11,19,2,10] = 0) ([52, 19,2,11,19,5,14] = 0)

14 We will Tet €3 denote the path [€2,19,2,11,18] =1, 9, 18,6, 13,22,4,12,19, 2,11, 18] of length 11.

[é3,6,11,20] = \/E[és,& 13, 20, [€3,6,15,24]
[€3,6,11,22] = — EHE [62,19,2,11,19,5,11,22] = [2[2}3[]5[]9} [€2,19,2,11,19,5,13,22] = %[&”6’ 13,22]
([53,6, 11,18] = 0) <[§3,6, 15,22] = — E[S] [é3,6,11,22] — @[5376, 13,22] = — [[2;][:}[5} (3,6, 11,22]*)
15 [63,6,11,20,5] = — [\3/]% (63,6, 11,22, 5], [€3,6,11,22,7], [€3,6,15,24, 8]
([63,6, 11,20,6] = — \5%5] [€3,6,11,22,6] = — [3][;[5] [€3,6,13,22,6] = — [3[]73][5}3 (3,6, 13,20, 6]
*[3];][5] [€3,6, 11,20, 6] = [¢3,6,11,20,6] =0 = [¢3,6,11,22,6] :0) ([63,6,11,22,4] :o)
([63,6,15,24, 7 =- g [€5,6,15,22,7] = [[ﬂ][z] [&,6,11,22,7}*)
16 [€3,6,11,22,5,14] = — [3[}7} [€3,6,11,22,7,14], [¢3,6,11,22,7,16]

([53,6,11,20,5,11} :o) ([53,6,11,20,5,13} :0) ([53,6,11,22,7,15] :0)

<[£3,6,15,24, 8,16] = — E [€5,6,15,24,7,16] = 1 [3}[3”4} [€5,6,11,22,7, 16]*)
17 [€3,6,11,22,5,14,21],  [£3,6,11,22,5,14,23] = — \{3[]7][53,6, 11,22,7,14,23] = [3[]7[}5} [¢3,6,11,22,7,16, 23]

V7
([53, 6,11,22,5,14,19] = 0) <[§3, 6,11,22,5,14,22] = —%[53, 6,11,22,7,14,22] = o>

(1€5,6,11,22,7,16,24] = 0

~—r

T
18 [£3,6,11,22,5,14,21,3] = — \}[]a[fg,ﬁ, 11,22, 5,14, 23, 3] ([53,6, 11,22, 5,14,21,4] = 0)
([53,6,11,22,5,14, 23,7] = )
19 [€3,6,11,22,5,14,21, 3,10] ([53,6, 11,22,5,14,21,3,12] = 0) ([53, 6,11,22,5,14,21,3,14] = 0)

20 [€3,6,11,22,5,14, 21, 3,10, 17] ([53,6, 11,22,5,14,21,3,10,19] = 0)

21 [&3,6,11,22,5,14, 21, 3,10,17, 1] ([53,6,11,22,5,14,21,3,10,177 2] :0)

22 ([53,6,11,22,5,14,21,3,10,17,1,9] - 0)

Paths starting at vertex 9:

Paths
2 [9,17,2] = —/[3][9, 18, 2], [9,18,6]  ([9,17,1] = 0)
V2] 2]
3 9,18,6,11] = — Y= [9,18,2,11] = 9,17,2,11], 9,18,6,13], 9,18,6,15
[ ] \/W[ ] 3] [4][ ] [ ] [ ]
([9, 17,2,9] = 0) ([9, 17,2,10] = 0)
(3]
4 9,18,6,13,20] = Y-1[9, 18,6, 11, 20], 9,18,6,11,22], 9,18,6,13,22], 9,18,6,15,24
[ ] \/ﬁ[ | [ ] [ ] [ ]
<[9, 18,6,11,18] = 12 [9,17,2,11,18] = o) <[9, 18,6,11,19] = v [9,17,2,11,19] = 0)
- (3][4] - (3][4]
([9, 18,6,15,22] = — E[E’] [9,18,6,11,22]* — @[g, 18,6, 13, 22]*)
5 [9,18,6,13,22,5] = — 7 [9,18,6,13,20,5] = — V1T [9,18,6,11,20,5] = L[Q,l&ﬁ, 11,22, 5],
- BlvE (5]v/13] - (33 [5][9]

75



NIE 36
[9,18,6,13,22,6] = L[9,18,6,13,20,6] =1[9,18,6,11,20,6] = — Ell }[9,18,6,11,22,6],

NE VT
[9,18,6,11,22,7], [9,18,6,13,22,4], [9,18,6,13,22,7], [9,18,6,15,24, 8] ([9, 18,6,11,22,4] = 0)
Vi _ 5 . VB )

<[9, 18,6,15,24,7] = \/Ep, 18,6,15,22,7] = ] [9,18,6,11,22,7]" + ]\/_[9 18,6,13,22,7]*
<[9, 18,6,15,22,6] = — 13][5] [9,18,6,11,22,6] — @[9,18,6, 13,22,6] = (\/@ — @ [9,18,6,13,22,6] =0

- 4 — M [4] [4]
<[9, 18,6, 15,22,5] = — E[E’] [9,18,6,11,22,5] — @[g 18,6, 13,22, 5] = —[2]\/[9][9, 18, 6, 13,22,5]*)
[9,18,6,13,22,5,11] = 7] [9,18,6,11,22,5,11] = fi[Q,l&ﬁ, 11,22,6,11]
R BB B BIEE ——

[\?)/]g[g 18,6,13,22,6,11] = %p 18,6,13,22,4,11] — FE ][7][ }[9 18,6,13,22,5,11]
4]/ . [3][5]
9,18,6,13,22,4,11] = ———=19, 18,6, 13,22,5,11 9,18,6,13,22,6,11| = 9,18,6,13,22,5,11
<¢ [ )= = ] = ] = m[ * )
VI
9,18,6,13,22,5,14], 9,18,6,13,22,6,15] = ———[9,18,6, 13,22, 7,15], 9,18,6,11,22,7,16],
[ 0 ] m[ Lo ]
[9,18,6,13,22,4,12], [9,18,6,13,22,4,14], [9,18,6,13,22,7,16]
V] B315]

9,18,6,13,22,5,13] = ————[9,18,6,13,22,6,13 —~— 9 18,6,11,22,6,13 9,18,6,11,22,5,13

(bavorsmany=-rpmonmon - Yhemonmon Yl menmss
=— [3}[;[5] [9,18,6,13,22,5,13] =19,18,6,13,22,5,13] = 0)

E

VBI5]9]

[9,18,6,11,22,7,14] = U

[9,18,6,11,22,5,14] =

™

] [9,18,6,13,22, 5, 14}*)

<9 18,6,13,22,7,15] = %[9, 18,6,11,22,6,15) = —————_ 4]19] [9,18,6,13,22,6, 15]*)
( vidl

(2][3][5]
7
9,18,6,13,22,7,14] = 8l [9,18,6,13,22,4, 14]* — #[9,18,6,13, 22,5,14}*)
VA 5 5][9
[9,18,6,15,24,8,16] = Lp, 18,6,15,24,7,16] = — 5] [9,18,6,11,22,7,16]* — &[9, 18,6,13,22, 7, 16]*)
(2] V[2][4] (2](3]14]
10
[9,18,6,13,22,5,11,19] = %{9,18,6,13,22,5,14, 19], [9,18,6,13,22, 5,14, 21],
2][4
[9,18,6,13,22,5,11,22] = — [ [}5[} ] [9,18,6,13,22,5, 14, 22], [9,18,6,13,22,5,14, 23],
1
[9,18,6,13,22,7,15,24] = ~ TG [9,18,6,13, 22,7, 16, 24], [9,18,6,13,22, 4,12, 19],
3]\/[5
[9,18,6,13,22,4,12,21] = _Bl [7[} ] [9,18,6,13,22,4, 14, 21], [9,18,6,13, 22,4, 14, 23]

([9,18,6,13, 22,5,11,18] = 0

~—

([9, 18,6,13,22,5, 11, 20] = 0)

([9,18,6,13, 22,7,15,22] = —/[3][9, 18,6, 13, 22,7, 14, 22]
_ V19 18,6,13,22,4,14,22) + YD [9,18,6,13,22,5,14,22
SO B LM 0 18.0.10.2.0. 10,22
_ v [9,18,6,13,22,4,11,22] — VI [9,18,6,13,22,5,11,22] = VIR [9,18,6,13, 22,5,11,22]*)
B4 — (2113][4] (2114][7]

[5]

[3] V17

2114 [9,18,6,13,22,4,11,19] — [3]\/@[9, 18,6,13,22,4,12,19]
B — [5]7]

5]./19
<[9, 18,6,11,22,7,16,23] = [9,18,6,11,22,7,14,23] = BlvI ][9,18,6,13,22,5,14, 23}*)

<[97 18,6,13,22,4,14,19] = —
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_ B [4]3[9,18,6,13,22,5,11,19}* _ BV
(10] [5][7]

[9,18,6,13,22,4, 12, 19]*)

NiB
<[9, 18,6,13,22,7,16,23] = _vDbl [9,18,6,13,22,7, 14, 23]

Vi3]
_ VDIt ][9 18,6, 13,22, 4,14, 23]* + I17] 9,18,6,13,22,5,14, 23}*>
VEE VIB]?

We will Iet € denote the path [9, 18,6, 13, 22] of length 4.

Vo)
,5,11,19, 3], ,5,11,19,5] = — 5,11,22,5
€ Lok )= ool )

[€,5,11,22,4] = ﬂ[g 5,11,19,4] = —[¢,5,14,19,4] = [3]\/@[5 5,14,21,4] + 214 }[g 5,14,22, 4]

Vo) T — Bl V5]
ENGH (121 /BIl7 .
= [€,5,14,21, 4] — [¢,5, 11,22, 4] (é [€,5,14,21,4] = [3][4}\/ﬁ [€,5,11, 22, 4] >
[€,5,11,22,7) = — \[/2%4] [€,5,14,22,7] = Eﬂg €,5,14,23,7),  [£,5,14,21,3],  [€,4,12,19,2],
[€,4,12,19,3] = % €,4,12,21,3],  [£,4,12,19,4] = — [33/\[/7[}5_] [€,4,12, 21, 4]
[g 5,11,19,2] = 0 ([5,5,11,22,6} - 0)
<§ 5,14,23,3] = E[‘r’] [€,5,14,19,3] — %[& 5,14,21,3] = [S][[fg} [€,5,14,19, 3] — %[&,5,14,21,3}*)
(5 7,15,24,7) = —\/—% £,7,15,22,7] = — [?2]][2]2[7 I3 5711,22,7]*> ([5,7, 15,24, 8] :0)
<5 4,14,23,3] = -V g[s [€,4,14,19,3] — \/_ [€,4,14,21, 3]
_ PWBIEIBL, o4y 49 5 BT 4 12,10.3 MO e 412,01,
Ju_o “ TV T IV oL
_ v [2]v/[3][4][5] .
= v Lie, 4,12, 19, 3)" Y o [€,5,11,19, 3] )
[2][4][7] [5][7]
4,12,19,5] = — 41 - 4,14, 19,
([s 12,105 = 2 2lle 5= e 14:19.5
Ay [4][5][7] _ [BI[12]/[2][7] .
_ [3]\/@[5,4,11,22,5“ [%/W[EA’ 14,22,5) = I/ [€,5,11,22, 5] )
<[§,4,12,21,3] %[g 4,12,19,3]* > ( €,4,14,23,7) = —/[3[6,4,14,22,7) = —\/[2][3}[4][5}[5,5,11,22,7}*)
[€,5,11,19,3,14],  [¢,5,11,22,4,12] = \/L_][g 5,11,19,4,12] = [3}[?110} [€,5,11,19, 3, 12],
[€,5,11,22,4,11] = \/ﬂ[g,s, 11,22,5,11],  [£,5,11,22,4,14],  [£,5,14,21,3,10],  [¢,4,12,19,2,9],
[€,4,12,19,2,10] = —% €,4,12,19,3,10] = [5][2]3[;]][[ ]] [€,4,14,23,3,10],  [£,4,12,19,2, 11],

[€,4,12,19,3,12] = —/[3][¢, 4, 12,19, 4,12] ([5,5, 11,19, 3,10] = 0) ([5,5, 11,22,5,13] = 0)

(K“”* 14,21,3,12) = @[w 12] = 5}3[2;_

<[5,5,14,21,3,14] = —/[3][¢,5,14,21,4,14] = [[12}] V[;]][g [€,5,11,22,4,14]* >

[4]
EE [€,5,14,23,3,14]

3 5,11,22,4,12]*)

(2][4]
,5,14,23,7,14] = —
315] ¢ }

<[£,5, 11,22,7,14] =
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vi4

=Y [¢511,19,3,14] + V1] [€,5,14,21,3,14] =

V[10] o [3115]

([5,5, 11,22,7,15] = 0) ([g 5,11,22,7,16] = 0)

[12]/T7]
[5 5,11,19,3,14]* — Bl

%

<[§,4, 12,19,3,14] = — \F [€,4,12,19,4,14] — [Z} [7][;0] [€,4,12,19, 5, 14]
= [7] 4,12,21,4,14 W 5,11,22,5,14
pryE R T Ty SRR
=— ] 4,12,21,3,14 [7][12]\/[? 5,11,22,4,14 [ H } [4][5” ] 5,11,19,3,14
[3]5[ } [67 k) ) ) ) ] 3] \/_ [é ] 3]\/[9—10 [é k) bl k) ’ ]
- [3}[ ][ ][5 4,12,19,3,14] — [2[1%_[5 5,11,22,4,14] — W[g,an,w,& 14]
= [€,4,12,19,3,14] = 7% %[5,5,11,19,3,14} [1[2}\/% [€,5,11, 22, 4,14]* >

3]

<[§,4,12,19,4,11] = [5 4,12,19,2,11] — [£,4,12,19,5, 11]

5\

__ Bl [€,4,12,19,2,11] — B2 V[T 5 5,11,22,5,11]

Nl [3]/9]T10]

27& ,4,12,19,2, 11]* 2][12] [5 ,5,11,22,4,11 >
<[§,4,12,19,4, 14] = —[3\}/\[/7[}57][5,4,12,21,4, 14] = [3}[?[5] [€,4,12,21,3,14] = [\ﬁ[g 4,12,19,3,14]

:—[12}\/ﬁ 51119314*—w 51122414*)

oo AT Gy ey 65 M
10 [€,5,11,19,3,12,19] = — \/\5’%5} [€,5,11,19,3,14,19], [€,5,11,19,3,12,21] = — %[5,5, 11,19, 3,14, 21],
[€,5,11,19,3,14,22], [€,5,11,22,4,11, 18], [€,5,11,22,4,11,19)],
[E, 5,11,22,4,11, 22] = \/%[5, 5,11,22,4,14, 22}, [f, 5,14, 21, 3, 10, 17]7
[€,4,12,19,2,9,17] = —/[3][¢,4,12,19,2,10,17],  [£,4,12,19,2,9,18] = —\/—E[g,zl, 12,19,2,11, 18],
[€,4,12,19,2,10,19] = —+/[3][¢,4,12,19,2,11,19],  [£,4,12,19,2, 11, 20]
VBl )
.5,11,19,3,14,23] = 0 ,5,11,22,4,11,20] = ,5,11,22,5,11,20] = 0

(5 ] =0) Os = e ]
<[§,5,11,22,4, 14,19] = — \[/2%4} [€,5,11,22,4,11,19] — [3}[5}%3} [€,5,11,22,4,12,19]

/P . V/BIEP .

= \/@ [5,5,11,22,4,11,19} + [5”7][10] [5,5,11,19,3,12,19] >

VIT 4][7] *>

,5,11,22,4,14,21] = — ,5,11,22,4,12,21] = —Y 2 _[¢,5. 11,19, 3,12, 21
QE 1=y e 222 = e }
<[§,5, 11,22,4,14,23] = —[¢,5,11,22,5,14,23] — \[/%[5,5,11,22,7, 14,23] = —[¢,5,11, 22, 4, 14, 23]

= [£,5,11,22,4,14,23] = 0)

<[§,5, 14,21,3,10,19] = —@[5,5, 14,21,3,12,19] = E[E’] [€,5,14,21,3,14, 19

S /11— 5,11,19,3,12,19 Il \F €,5,11,22,4,14,19
BPAPI0] I V*‘———___J
___2mn2 5,11,19,3,12,19 \/7 5,11,22,4,11,19 >

BPAEI ho J4* © :
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[€,5,14,22, 4, 14]*)



[4] [3](5]
,4,12,19,3,12,19] = ———=[¢, 4,12, 19,3, 10,19 ,4,12,19,3,14,19
<[£ | m[& | - N 13 I
= [2[2]4] [€,4,12,19,2,10,19] + 3\}1[?7 ;”1];[5 5,11,19,3,14,19)] + Ei]g\]/[?[g 5,11,22,4, 14,19
= VO 10 19,0, 10,107 — BEVEIBIBE 50y 00 4 1 19*)
[9][5”””] 91v/4 G512 L1
<[§,4, 12,19,2,11,22] = 7%[@4, 12,19,4,11,22] — %[5,4, 12,19, 5,11, 22]
= 7 (¢ 412,10, 14,22 Bl[7]12] /2] 5,11,22,5,11,22
T/ R 2T s gy 5L 2202
_ L2AvD 5,11,19,3, 14,22 (712 VI 5,11,22,4,14,22 2”7 12}\/[? 5,11,22,4,11,22
aquf””’”m s L2417 g orinE L
= %3”}10][\5/]%[5,5,11,19,3, 14, 22]* — 7[]2[}1[3 V[4[5 [€,5,11,22, 4,11, 22]* )
VB
,4,12,19,3,12,21] = Y21 [¢,4,12,19, 3,14, 21
<[£ ] m[é ]
__ BIAVBP 54 193,14, 21 511121 /3] 5,11,22,4,14,21] = — ALAVIEIDBIT o0y 4 5 10 01 )
] o S Ty g B LB A= T ey (&
V]
11 ,5,11,19,3,12,19, 2], ,5,11,19,3,12,19,3] = Y 2[¢,5,11,19, 3,12, 21, 3],
13 ] 13 ] m[& ]
V1T
,5,11,19,3,12,19,4] = 5,11,19,3,12,21,4 ,5,11,19, 3,14, 22, 6],
13 ] 3]\/[3[5 1, 13 I
(3][5] (3][4][5]
,5,11,19,3,12,19,5] = — 5,11,19,3,14,19,5 5,11,19,3,14,22,5
[S ] N I3 | = 10 (3 I,
[€,5,11,22,4,11,18,2] = —/[3][¢, 5,11, 22,4, 11,19, 2], [€,5,14,21,3,10,17,1],
[€,4,12,19,2,9,17,2] = —/[3][¢,4,12,19,2,9,18,2] = /[5][¢,4,12,19,2,11,18,2] = —/[3][5][¢, 4, 12,19, 2, 11,19, 2]
= /[5ll€,4,12,19,2,10,19, 2], [€,4,12,19,2,9,18, 6], [€,4,12,19,2,10, 19, 5]
<[§,5,11,19,3,14,22,4} __ VBl [€,5,11,19,3,14,19,4] — v [€,5,11,19,3,14, 21, 4]
(2]4] [2][4][7]
_ VBl [€,5,11,19,3,12,19,4] — SR [€,5,11,19,3,12,21,4] = [21[4]19] [€,5,11,19,3,12, 19, 4}*)
(21(3][4] [21[4][7] (3]

([5,5, 11,19,3,14,22,7] = 0)

[31[5] (5]/3]

[€,5,11,22,4,11,22,6] = —

[€,5,11,22,5,11,22, 6]

<[§,5, 11,22,4,11,18,6] = —

q el a1/ 2]
= [3][ } 5,11,22,5,14,22,6 [3][5} 5,11,22.4.14,22.6 [3]3[5 5,11,19,.3,14,22.6
] 2225, 14,22,61 = umm@+4—;***]+umw75’ 193, 14,22,0)

3175 3]3[5
_ VBl o 1904 10,22,60 + \/10]} %7 [€,5,11,19,3, 14,22, 6]

=

3
= —[£,5,11,22,4,11,18,6] + B1°[) [£,5,11,19, 3,14, 22, 6]

[10]/]7]
4]/ Q
,5,11,22,4,11,18,6] = ——Y 270N e 599 193,14, 22,6
=k TN A ]
13]y/0] 5]
,5,11,22,4,11,19,3] = — ,5,11,22,4,12,19, 3] — ,5,11,22,4,14,19,3
(K 1=~ pam® 2193 o 14293
= VBIBIOL o 11 99,4,12,21,3) + V/19) 6,5, 11,22,4,14,21,3) — LIV EITIO] [5,5,11,19,3,12,21,3}*)
Rl e DR R E E 31ETy
5] 5]
,5,11,22,4,11,19,4] = ,5,11,22,5,11,19,4] = ,5,11,22,5,11,22,4
(K '~ Ve HR AT gy S
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(3]v/14]

= —[¢,5,11,22,5,14,22,4] = —[¢,5,11,22,4,14,22,4] —
I - [7][10]

[€,5,11,19,3,14,22, 4]

:—ﬂ 5,11,22.4,11,22. 4 w
v ©o R LA+ =y
= —[€,5,11,22,4,11,19, 4] + HVI2[3]19] Vmw[g,s, 11,19, 3, 12,21, 4]
Ao
42/ EE
(12 /7ITL0]

[€,5,11,19,3,12,21, 4]

= [£,5,11,22,4,11,19,4] = [€,5,11,19,3,12, 19,4]*)

] [€,5,11,22,4,11,22 5] = — O]
(2][4] I [2][10]

<[§, 5,11,22,4,11,19,5] = — [€,5,11,22,4,14, 22, 5]

g
- ,5,11,22,4,14,19,5] = —[¢,5,11,22,4,11,19,5
oy 2 L 22414, 19,5] = ¢ I+ /Emm

= [£,5,11,22,4,11,19,5] = _ MBI
(12]/[2][7][10]

[€,5,11,19,3,12, 19, 5]

[€,5,11,19,3,12,19, 5}*)

VA
<[§,5, 11,22,4,11,22,7] = J[g,a 11,22,4,14,22,7] = 0)

V/[10]

[€,5,14,21,3,10,17,2] = _Tvg [€,5,14,21,3,10,19, 2]

— P2 e 504 19,3,12,10,9) + BEAVEIT e 5 14 99 411,10,
O ARV TET IR s

___[mn2 [€,5,11,19,3,12,19,2]* — w[&& 11,22, 4,11, 18, 2}*>
(312\/[4][10] (3]v/14]3[9]

([5,4, 12,19,2,9,17,1] = 0) ([5,4, 12,19,2,10,19, 3] = 0)

[3][10]
(4]
— VI [€,5,11,19,3,14,22 4] + W[g,5,11,22,4,11,22,4}

<[§,4, 12,19,2,10,19,4] = —+/[3][¢,4,12,19,2,11,19,4] = — [€,4,12,19,2,11, 22, 4]

(3][4][9][10] 2]/ B[
_ [12]V2B]7] [61[7[12] /EI0]
TN [€,5,11,19,3,12,21,4] + PN [€,5,11,22,4,11,19, 4]
= WK,S, 11,19,3,12, 1974]*>

[3]v/15]

(2][4][7] BI[7]
,4,12,19,2,11,20,5] = — ,4,12,19,2,11,19,5] — 4,12,19,2,11,22,5
<[§ 11,20, 5] 3]/ € ] 5 /0] [€,4,12,19,2,11, 22, 5]

= VIO e 4 19,19,2,10,19, 5) — CUIVIIO e 54y 4 510, 19,5]*>
(33[9] [31°[5][9]
[4] (3][5]
,4,12,19,2,11,20,6] = ———[¢,4,12,19,2, 11,18, 6] — ,4,12,19,2,11, 22,6
<[§ 11,20, 6] \/@[5— I NG [€,4,12,19,2,11,22, 6]
- CIVE) 4,12,19,2,9,18,6] — BI[L2)y17) 5,11,19,3,14,22,6 Blo)T12] 5,11,22,4,11,22,6
R T TV R TTIVE
= [4]\/E[§,47 12,19,2,9,18,6]* — [5}[12}\@[&5’117 19,3,14,22,6]* + M[&& 11,19, 3,14, 2276}*>
[5][9] [9][10]/[3] [2][10]\/[3]3
V14
,5,11,19,3,12,19,2,9], ,5,11,19,3,12,19,2,10] = —Y=[¢, 5,11, 19, 3,12, 19, 3, 10],
13 ] 13 I \/m[é I
[€,5,11,19,3,12,19,2,11], [€,5,11,19,3,12, 19, 3, 14], [€,5,11,19,3,12,19, 4, 11],
¢,5,11,19,3,12,19,5,13] = ) [£,5,11,19,3,14,22,5,13] = — ! [€,5,11,19,3,14,22,6,13],
[9][10] - [9][10]
[€,4,12,19,2,9,17,2,11], [€,4,12,19,2,9,18,6,13], [€,4,12,19,2,9,18,6,15]
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<[§,5, 11,19,3,12,19,3,12] = —/[3][¢,5, 11,19, 3,12,19,4,12] = [[{42}]27 V[S}[[lgo]][g,a 11,22,4,11,19,4,12]

_ [12)/[0]
(2 /2B
= [5,5, 11,19,3,12,19, 3, 12} =0)

[71[12]
[3]2[4](5]

[€,5,11,22,4,11,19,3,12] = — [€,5,11,19,3,12, 19, 3, 12]

<[§,5, 11,19,3,12,19,5, 11] — _%[5,5, 11,19,3,12,19,2,11]* — [¢,5,11,19,3,12, 19, 4, 11}*)
R2IT7]M0] VT
,5,11,19,3,14, 22,6, 11] = 5,11, 19,3, 14, 22,4, 11] — ~=[£,5,11, 19,3, 14,22,5, 11
([s 1= YavE € - )
_ EVIEMBILo) VMMW[5,5,11,19,3,12,19,4,11] _ vl [€,5,11,19,3,12,19, 5, 11]
3]3[5] (3]3[4][5]

V/19][10] . [3][7][9][10]
Sl [€,5,11,19,3,12,19,2, 11]* + T UEE

([5,5, 11,19,3,12,19,4,12] = 0)

[€,5,11,19,3,12, 19, 4, 11]*)

M[g,a 11,19,3,14,22,5,14] = — 311415
[9][10] - [9](10]

[€,5,11,19,3,14,22,4,14]

<[§, 5,11,19,3,12,19,5,14] =

[4]v/[2][5]
[10]

[€,5,11,19,3,12,19,4,14] = % Vﬂﬁ}[‘:’][g,ts, 11,19,3,12,19, 3, 14] + [2][4][¢, 5, 11, 19, 3,12, 19, 5, 14]

[312[4]v/[21°[5]

= [£,5,11,19,3,12,19,5, 14] = [€,5,11,19,3,12, 19, 3, 14]*

(6191 /[7ITI0]
= [£,5,11,19,3,12,19,4, 14] = [6][[23}[3]2[7] [€,5,11,19,3,12,19, 3, 14]*)
([5,5, 11,19,3,14,22,6,15] = 0) ([5,5, 11,22,4,11,18,2,9] = 0)
<[§,5, 11,22,4,11,18,2,10] = —/[3][¢,5, 11, 22,4, 11, 19,2, 10] = %[5,5, 11,22,4,11,19,3,10]
= 7%[5@ 11,19, 3,12, 19,3, 10}*)
<[§,5, 11,22,4,11,18,2,11] = J/—\/g[g,s, 11,22,4,11,18,6,11] = 7%[5@ 11,19, 3,14, 22, 6,11]
= —%[Qs,m 19,3,12,19,2, 11]* — %[g,a 11,19, 3,12, 19, 4,11]*)
<[§,5, 14,21,3,10,17,1,9] = —%[5,5, 14,21,3,10,17,2,9] = %[&,5,11, 19,3,12, 19,2,9]*)

~~

[€,4,12,19,2,9,17,2,9] = —/[3][€, 4, 12,19,2,9, 18,2, 9] = 0) ([5,4, 12,19,2,9,17,2,10] = 0)

V] 2] )
,4,12,19,2,9,18,6,11] = ——1¢,4,12,19,2,9,18,2,11] = ,4,12,19,2,9,17,2,11
(K 18,611 VA £ } BI[4] ¢ ]
[3]
,4,12,19,2,10,19,5,11] = ———1¢,4,12,19,2,10,19,2,11] — [£,4,12,19,2,10,19,4, 11
([5 ] o 3 - [€ ]
= [3}3 4,.12,19,2,11,19,2,11 W 5,11,19,3,12,19,4,11
[7] [E’ 9 9 9 ) 9 9 ) ]+ [g]m [57 b b b 9 b b 9 ]
[3] [4][6]+/[2I[7][10]

=— [€,4,12,19,2,9,17,2,11]* +
7] (31v/15]

[€,5,11,19,3,12,19,4, 11}*)

([5,4, 12,19,2,10,19,5,13] = —/[3][¢,4, 12,19, 2, 11,19, 5, 13]

_ vV [3]3[9] [€,4,12,19,2,11,20,5,13] + V/131[5] [€,4,12,19,2,11,22,5,13]
2147 (2]14]
_ [BlVIBIP[9] [€,4,12,19,2, 11,20, 6, 13] — [5] [€,4,12,19,2,11,22,6, 13]
[7]v/[2][4] I




[3]2v/[4][5]

- 16,4,12,19,2,9, 18,6, 13] — L2V U

[€,5,11,19,3, 14, 22, 6, 13]

1V 13][10]1/[9]
_O2AVEPBL S ) g9 41118,6,18 + PEALVET ) 0g 4 1199.6,13)
PHEED [31° V2P [P

VI, 4 1y 10.9.0.15,6,13] - [6VEIEPT)

7V [3]v/19]

[€,5,11,19,3,14,22,6,13]

_ BEVIIBT 4 19,10,2,0,18, 6,13 4 HIEVETIO 5111931219513*)
[7} [2] [67 s s g Ly, , 0, } + [3} [5] [57 ) ) [d) ) (] ]
<[§,4,12,19,2,10,19,5,14] — e 4,12,10,2,10,10,4,14) = — N ¢ 541, 10,3,12,21,4,141
e 2][4] [312v/[5]

_ [4o)l7] [€,5,11,19,3,12,21,3,14] = H4]6]17] [€,5,11,19,3,12,19, 3, 14}*)

VBI°[3] [31[5]

We let &2, &3 denote the paths &2 =[¢,5,11,19,3] =19, 18,6, 13,22,5,11, 19, 3], and
€5 = [¢,4,12,19,2] = [9,18,6,13, 22,4, 12,19, 2] of length 8.

iVabs)
[€2,12,19,2,9,18] = — g [€2,12,19,2,11,18],  [£2,12,19,2,10,19] = —/[3][€2,12, 19,2, 11, 19],
[€2,12,19,2,11,20],  [£2,12,19,2,11,22],  [€2,12,19,3,14,22],

3][4 4][5

1€5,9,17,2,11,20 = Y B e g 156, 11,20) = YO e 9 186,13, 20),

VI[2] el
[&3,9, 18, 6,13, 22], [£3,9, 18, 6,15, 24]
(We know from the Hilbert series of [31, Theorem 3.1] that all paths of length 13 which start at 9 and end at 17 are zero.)

/N

_ M _ VI[2][4] . _
[€2,12,19,3,14,19] = 58 [€2,12,19,3,10,19] = G5 [€2,12,19,2, 10, 19] > ([52,12,19,3,14,21} _0)

1 *
([52,12, 19,3,14,23] = 0) <[§2, 12,19,4,11,18] = 7W[§2, 12,19,2,11, 18] )
B 13)2/2I[5]
,12,19,4,11,19] = — 012,19,4,14,19] = — == ¥V =" 1, 12,19, 3, 14, 19
(KQ LIL19) oy 2 2L LT = ey 22193 14 19

__BIVBE e 15 19,2, 10 19*)
el 220
(NOW 60.10,22,6,11,20) = Vg2, 19,220,120 = 06 12,105,100
_ VBB 1o 19 511,20 = — VIEPBIOIIOL 4o 19,9 11, 20) — VBIBIOIIOL e 45 19 4 11, 20).
] [€2,12,19,5,11,20] 7 [€2,12,19,2,11,20] A (62,12, 19, 4, 11, 20]
Then [£2,12,19,4,11,20] = %[&2,1& 22,6,11,20] — rlm[&, 12,19,2, 11, 20]
= —%[&,12, 19,2,11,20] — @[52,12, 19,4,11,20]

(8lv/17] 7]

= [£2,12,19,4,11,20] = — [4]\@[527 12,19, 2, 11,20}*)

(31(6]
<[£2,12, 19,4,11,22] = \/E} [€2,12,19,4,14,22] = %[52, 12,19, 3, 14, 22]*>
<[€2’1271975713720} ) 7[33/[7[]5] €2 2 19.0.10,20 = [3}2[7{@52712,19,2711,20} + B [7[]5] [€2,12,19,4, 11, 20]
- ﬁﬂ?ﬂ%l — [[7)[e2, 12,19, 2, 11,20}*>
- JE[&, 12,19, 2, 11,22)* + %[& 12,103, 14, 22]*>
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([53,9,17,2,11,18] :0) ([53,9,17,2,11,19] :0)

[51[7]
[3]

= v/[0[€5.10.19,5.13,22] +

[4][6]

<[£3,9,17,2711,22] = — [€3,10,19,5,11,22] +

(2]14][7]
[3]

[¢3,10,19, 5,14,

A . 12,10,4,11,2

22] + 6]y [2} ?]] [1° [€2,12,19, 3, 14, 22]

_ B \/W [4]6] /RI[7IOI[10] 6]]
=T 1861820 - S e 612,190,518, 220+ T

_ Br W[g 9,18,6,13,22]* — 6]\/W[g 12,19,2,11,22]* + 2P ]([3}2 + 1)[¢€2,12,19, 3,14, 22]*
[7v/12] [9]
<[§3,9, 18,6,15,22] = — E[S} [€3,9,18,6,11,22]* — \ﬁ]_][gg,g, 18,6, 13,22}*)
14 [62,12,19,2,9,18,6 ~V/B][L0]
2,12,19,2,9,18,6],  [€2,12,19,2,10,19,4] = —/[3][¢2,12,19,2,11,19,4] = VT [€2,12,19,2,11,22, 4],
[€2,12,19,2,10,19,5],  [£2,12,19,2,11,20,6],  [£2,12,19,2,11,22,7],
[€3,9,18,6,13,22,5],  [£3,9,18,6,15,24,8],  [£3,9,18,6,13,22,7]

([52, 12,19,2,9,18,2] = 0) ([52, 12,19,2,10,19,2] = 0)

([52,12 19,2,10, 19, 3] =0)

_ A
<[§2’1271972’11720’ 5] = \/E(B]Q[G] — [4][7)) (€2, 12,1975,w] bl
- Al 12.19 2.11. 22,5 — _ [2PBIEVHEPEIT 12,19,3,14,22,5
Ty € 1219211228 - R e 12,10,8,14,22.5
- \/[[??]([gmg}?][z}[ﬂ) [€2,12,19,2,11,19,5] + %[52, 12,19,2, 11,20, 5]
+ \/1?3]24(]3]\/?7])[%7 5]
_ (31°[6] S
,M[ﬁ&&lg,zn,go,sh NOHCEE [7])[52,12,19,2,10,19,5]

[21°[3]
[4][7][9]°
[2][4]

~ Y 6,12,19,2,11,19, 5] -

V]

[&2,12,19,2,10, 19, 5}*)

= [£62,12,19,2,11,20,5] = —

([&2, 12,19,2,11,22,5] =

_[6PMVE
o } (3][4][5]3
l€2,12,19,2,11,22,6] = — L
- (3][5]
VI
(2][4]

VIO ) 19,10,3,14,10,5
m[&— | =

[€2,12,19,3,14,22,4] = —
[€2,12,19,3,14,22,5] =

(€2,12,19,3,14,22,6] =

[527 127 19747 117 227 6}

N7 N7 NN

_ VBB 10 11 g, VPTEET
I A
TEII0L . 1y 1091115, o /PIFIEII0
Ve TV R
- [?%[10 [€2,12,19,2,9,18,6]* + 7[2}[%10}

([52, 12,19,3,14,22,7) = 0)

83

[€2,12,19,2,10, 19, 5]*

[£2,12,19,2,11,18,6]*" —

€2.12,19,3,14,19,4) = —

N—

31v/I9]
[5][7]

[€2,12,19, 2,11, 20, 5]

€2, 12,19, 2,11, 20, 6}*)

[€2,12,19,2,10, 19, 4}*)

[€2,12,19,2,10, 19, 5]*)

[62.12,19,4,11,20,6

12,19,2, 11, 20, 6]

[€2,12,19,2,11, 20, 6}*)

OIAVIIAIT® o 15 19 5 14,29]

[62,12,19,5, 13,22, 5]



I [€3,9,17,2,11,22,5] = — 11 mm[&aﬁ, 18,6,13,22, 5]

RV — 2]
_HeEIm VR g;\%ﬂ 1001, 12,19,2,11, 22,5 — [V PHPE] V[3][2}3ﬁ[gf L (1312 4 1)[62,12,19,3,14, 22, 5

(3](5]/[4] . [2P[7VAPP10]
= 7w[53, 9,18,6,13,22,5]" + W

<[§3,9, 17,2,11,20,5] = —

[€2,12,19,2, 10,19, 5]*)

BB ¢, 6. 17.,11, 22,6 — — PVEP T

or [71v12]
[4][6]/12][5][7][10] (22 [3][4]?[5][7]
fW[&, 12,19,2,11,22,6] — W
BP VBT |, o 1561320, + LIOVEIA 01511 1.

mveE [31v/19]

CHPBIVEPTIIOL, 1y 10 5 11 00,6 4 42 VEPBIEIO)

<[§3,9,17,2,11,20,6] = - [£3,9,18,6,13,22, 6]

(3)° + 1)[€2, 12,19, 3, 14, 22, 6]

(317 + 1)[€2, 12,19, 2,9, 18, 6]

[6]9] [71[91°

=— [3];][5} [€3,9,17,2,11,20, 6] — AP VRPRIEI10] [2[2[{;}][35”10] [€2,12,19,2,9,18,6] — RRUNIORGIEY [6][[25[7”10] (€2, 12,19, 2,11, 20, 6]

= [£3,9,17,2,11,20,6] = —%[@, 12,19,2,9,18,6]* — W[@, 12,19,2,11, 20, 6}*)
<[§3,9, 18,6,13,22,4] = M[&,g,mz, 11,22,4] — 121161 VI4I[TP[10) VMWW[@, 12,19,2, 11,22, 4]

- (312V/[4][5][9] - [312V/[5]19]
_2PAVITE o2 _ [2P[n2l V173 x
B [5}[9]3([3] +1)[€2,12,19,3,14,22,4] = SHEIE [&,12,19,2,10,19,4])
(5] 2]

,9,18,6,13,22,6] = ,9,18,6,13,20, 6] = ,9,17,11,20,6

<[€3 ] 3 €3 ] BI €3 ]

(22[5]v/[4]°[7][10]

— PIWVHBION 1y 19.2,0,18,61 - [€2,12,19,2, 11,2076l*>

[7][9]3 [6119]v/13]
V5] 5] [5][9]
,9,18,6,15,24,7) = — ,9,18,6,15,22, 7 = —1[£3,9,18,6,11,22, 7] + ,9,18,6,13,22,7
<[§3 ] \/E[ES ] T (€3 ] N (€3 ]
[2][5][6]+/[7][10] [2]1/[5]19]
= EIOIV I e, 12,19, 2, 11,22, 7] + €3,9,18, 6, 13,22,7]*)
BEE Vol
[62,12,19,2,9,18,6,13],  [€2,12,19,2,9,18,6,15],  [&2,12,19,2, 10,19, 4, 11,
[€2,12,19,2,10,19,4, 14] = — [21[10] [€2,12,19,2,10,19, 5, 14], [€2,12,19,2,11,22,7, 16],
V]
[€3,9,18,6,13,22, 5, 14], [€3,9,18,6,13,22,7, 16] ([52, 12,19,2,9,18,6,11] = 0)

([52, 12,19,2,10,19,4,12] = 0) ([52, 12,19,2,10,19,5, 11] = —[£2,12,19,2,10, 19, 4, 11]*)

[3][5]

[2][10 [€2,12,119,3,14,22, 5, 13] = B [€2,12,19,3,14, 22,6, 13]

[2][10]

<[§2, 12,19,2,10,19,5,13] = —

= VBB, 19109018613 + DV ) 19 19,9 11,90,6,13

i RIS 6 B g gy 12 19 2 1 200,19
— VBl 15 10,2,0,18,6,13 A8 ey, 12,19,2,11,20,5,13

Y TV P R
= [7}[4] g [€2,12,19,2,9,18,6,13] — % [£2,12,19,2,10,19,5,13]

__ BEVEP *
= [£2,12,19,2,10,19,5,13] = TENIEED [€2,12,19,2,9,18,6,13] >
<[52,12,19,2,11,2o,6,11] = —/[3][€2,12,19,2,11, 20,5, 11] = B V2© [€2,12,19, 2,10, 19, 5, 11]
2020 [41[7091°
_ _BPVEP 19 10,2,10,10,4,11 )
A B



[£2,12,19,2,10,19,5,13]

([52, 12,19,2,11,20,6,13] = {5[}7}[52, 12,19,211,20,5,13) = X [2][;[2]‘"’3

= ﬁ[éz, 12,19,2,9, 18,6, 13}*)

[4][712V/19]°

2 6 5][7][10
(Now (65,9,18,6,13,22,6,15] = — V2 {e; 0,18 6,13,22,7,15) = — VBN 19 19 5 11,99, 7,15)

VT [3]/TATO]

= W[&z, 12,19,2,11, 22,6, 15]
(3]/[2]19]
_ _H6ElvITIo) VMM[EQ,12,19,2,11,18,6,15] _ [6vnol [€2,12,19,2,11, 20,6, 15]

BIEED VAP
= 7M[§2, 12,19,2,9,18,6,15] — w[fz, 12,19,2,11, 20, 6, 15.
ENEEE 2IP
Then [£2,12,19,2,11, 20, 6, 15]
sz 918613226157& 12,19,2,9,18,6,15
2[5) /T et R0 oy gy 2 129 18,010
- _%([3}2 +1)[€2,12,19,2,9,18,6,15] — %[@, 12,19,2,11, 20, 6, 15]

= ([2[41°[7] + [3]°[6]) [¢2, 12,19, 2, 11, 20,6, 15] = — 4 %\[/9[]3_]([3]2 +1)[¢2,12,19,2,9,18,6, 15]*)

<[52’12’ 19,2,11,22,7,14] = *%[&, 12,19,2, 11,22, 4, 14] — @[52, 12,10,2,11,22,5, 14
- vl 12.19.2.10.19.4. 141 — VR 10 105 10.19.5. 14
BRp) o O B 10 ] = e 2 12 192,10, 19,5, 14]
_ PI6IVEIT e 15 19,2,10 19414*>
/0] 121 10,194, 14
<[52’12’ 19,2,11,22,7,15] = — E} [£2,12,19, 2,11, 22,6, 15]
= [4]3 12,19,2,11,18,6,15 [4”9} 12,19,2,11, 20,6, 15
5] IO R 21[3][5] €2,12,19,2,11,20,6. 19

__ VB (214707 - [6)
[5]v/12] ([21[412[7] + [3]*[6])

[£2,12,19,2,9,18,6, 15]*)

[2][10] (3]
,9,18,6,13,22,5,11] = ,9,18,6,13,22,4,11] — ,9,18,6,13,22,6,11
<[§3 22,5,11] NE] [€5,9,18,6, 13,22, 4,11] m[&— ]
= %ﬁggz[w][&’ 12,19,2,10,19,4,11] + W%SHO][@, 12,19, 2,11, 20, 6, 11]
= VRO (o] + [37[5) 2, 12,19, 2, 10,19, 4, 11 >
[6] [3“7”9}5([ ][ H }+[ ] [ })[52’ ) PR ) » &y }
1
<[53’9’ 18,6,13,22,5,13] = —ﬁ[w’ 13]
_ RIVIIBINOL 0 19 99,18, 6,13) + PLOWVIPTION e 15 19 5 11, 20,6, 13
BIUEE [3]i6119]
_ [2012)/15)[10] 12 192918613*)
BIAITEp e
<[$3,9, 18,6,13,22,7,14] = — @[W, 14] - @[63,9, 18,6,13,22,5, 14]
= %[52,12, 19,2,10,19,4, 14]* — \{3[]7}[63797 18,6,13,22,5, 14}*)

V][4
O&&m&mm%m—{$&QM&mw@m
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= %[&, 12,19,2,9,18,6,15] + W[@, 12,19,2,11, 20,6, 15]
_ BIPMAVIEIBIN0] (6] — [2][4]*[7)
(71977 ([2][4]2[7] + [3]2[6])

[€2,12,19,2,9, 18,6, 15}*)

VA
<[53,9, 18,6,15,24,8,16] = — H [€3,9,18,6,15,24,7,16]

—  VEIIBIE] [€5,9,18,6,13,22,7,16]" — LUl [€2,12,19,2,11,22,7, 16}*)

V3] VI[3)3
1
16 [€2,12,19,2,9,18,6,13,22] = — \[/[%][52, 12,19,2,9,18, 6, 15, 22], [€2,12,19,2,9, 18,6, 15, 24],
5
[€2,12,19,2,10,19,4,11,19] = — [2[] [}4} [€2,12,19,2,10,19, 4,14, 19], [€2,12,19,2,10,19, 4,14, 23],
[€3,9,18,6,13,22,5, 14, 21], [€3,9,18,6,13,22, 5,14, 23]
_ RGNS _
[€2,12,19,2,9,18,6,13,20] = 0 [€2,12,19,2,10,19,4,11,18] = . [€2,12,19,2,11,20,6,11,18] =0
[B]2v[21
V[T
[€2,12,19,2,10,19,4,11,20] = —[¢2,12, 19,2, 10, 19,5, 11,20] = [€2,12,19,2,10,19,5, 13, 20]
- BV

= [£2,12,19,2,9,18,6,13,20] = 0)

4 2][4
<[52,12, 19,2,10,19,4,11,22] = [[1(1] [€2,12,19,2,10,19,4,14,22] = — \[/%} [62,12,19,2,10,19, 5,14, 22]
3]1/[9
= [£2,12,19,2,10,19, 5,11, 22] + [ ][5}{% [€2,12,19,2,10,19,5,13,22]
3]215]/[9
= —[£,12,19,2,10,19,4,11,22] — M[gz, 12,19,2,9, 18, 6,13, 22]
(213[4][7]
[3]2[5]/[4][9]
= [€2,12,19,2,10,19,4,11,22] = —— Y= [¢,; 12,19,2,9,18,6, 13, 22]*
(12]V/[2]3[7)°

([52, 12,19,2, 10,19, 4, 14,21] = 0)
5]
VBl

([52, 12,19,2,11,22,7,16,24] = —/[3][£2, 12,19, 2,11, 22,7, 15, 24]

_ VBIHEP  ([2141°[7] - [6])
(5v/12] ([21[412[7] + [3]*[6])

[2][6]/[4][7]

312V/[5][10]

[£2,12,19,2,11,22,7,14,23] =

<[§2, 12,19,2,11,22,7,16,23] = — [€2,12,19,2,10,19,4, 14, 23}*)

[€2,12,19,2,9,18,6, 15, 24]*)

4]
10

<[§3,9, 18,6,13,22,5,14,19] = — [€3,9,18,6,13,22,5,11, 19

—%([2} [7][12] + [3}7[5])[52, 12,19,2,10,19,4, 11, 19]*>
<[§3, 9,18,6,13,22,5, 14, 22] = — [2[]5[]4} [53, 9,18,6,13,22,5,11, 22] — [?E}Q] [4[?[]7] [53, 9,18,6,13,22,5,13, 22}
—% ([2} [7][12] + [3]7[5})[52, 12,19,2,10,19,4, 11, 22] — W [52, 12,19,2,9,18,6,13, 22]
- me?m%%l M02] + (2B [0 — [6)[7120)12%) (e, 12, 19,2, 9, 18, 6, 13, 221*)

VB
<[53,9, 18,6,13,22,7,16,23] = — H [¢3,9,18,6,13,22,7, 14, 23]

_ 2P . (5][7] .
=~ BEVEE [€2,12,19,2,10, 19, 4, 14, 23]* + \/W[63,9,18,6,13,22,5,14,23])

([53,9, 18,6,13,22,7,16,24] = —/[3][¢3,9, 18,6, 13, 22,7, 15, 24]
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RIBIPBI0] _ ([2)[41[7] — [6])
(7012 ([21[412(7] + [3]°[6])

[€2,12,19,2,9,18,6, 15, 24}*)

17 [52,12,19,2,9, 18,6, 13, 22,4}, [52,12,19,2,9,18,67 13,22,7]7 [52,12,19,2,107 19,4,11, 19, 3},
[€3,9,18,6,13,22,5,14, 21, 3]
([52, 12,19,2,9,18,6,13,22,5] = 0) ([52, 12,19,2,9,18,6,13,22, 6] = 0)
<[§2, 12,19,2,9,18,6,15, 24, 7} = —%[52, 12,19,2,9, 18,6, 15,22, 7] = [4}%[{2, 12,19,2,9,18,6, 13,22, 7]*)
_ JFRP (2R + (3206) B
<[§z,12,19,2,9,18,6, 15,24, 8] = NG OHNG €3,9,18,6,13,22,7,16, 24, 8] _0>
B v/ [10]
<[§2,12,19,2,10, 19,4,11,19,4] = N [€2,12,19,2,10, 19, 4, 14, 22, 4]
- 7[‘?1];[5} [2][21[[%2] [€2,12,19,2,9, 18,6, 13, 22,4}*) ([52, 12,19,2,10,19,4,11,19,2] = 0)
V5] BPVBPPL _
<[§2, 12,19,2,10,19,4, 11, 19,5] \/7[52, 12,19,2,10,19,4, 11, 22, 5} 2]2[12]\/W[§27 12,19,2,9,18,6, 13,22,5} = O)
<[§2,12 19,2,10,19,4,14,23,3] = — Y [52,12 19,2,10,19,4,14,19,3] = \[/2[%3} [52,12,19,2,10,19,4,11,19,3}*)
<[§2,12, 19,2,10,19, 4,14, 23,7 = —/[3][€2, 12,19, 2, 10,19, 4,14, 22, 7] = %[gg, 12,19,2,9, 18,6, 13,22,7]*)
gl RIA
,9,18,6,13,22,5, 14,21, 4] = — ,9,18,6,13,22,5, 14, 19, 4] — ,9,18,6,13,22,5, 14,22, 4
<[€3 ] [3}\/@[53 | BVl (&3 ]
:w 21[7][12 317[5 12,19,2,10,19,4,11,19,4
i (202 + 78] [62,12.19.2,10,19.4, 11,10,
- 6”12[]2] V;ﬁ{fi}] s (PP + RIS~ 0PI f612,19,2,9,18,6,15, 22,4
2][12] [5 10 [f 12,19,2,9, 18,6, 13,22 4} >
BIAITIEP
<[£3,9, 18,6,13,22,5,14,23,3] = f%[iw, 18,6,13,22,5,14,19,3] — @[53,9, 18,6,13,22, 5,14, 21, 3]
— BRI (o) + 715 12102, 10,29.81020,5 - Y 60.0,18,6.15, 22,5,14,21,31*>
<[§3,9, 18,6,13,22,5,14, 23,7 = —/[3][€3,9, 18,6, 13, 22,5, 14, 22, 7]
—% (RRBERUREIMN + 21351 — [6)m20)[121%) (62,12, 19,2,9, 18,6, 13,22, 7]*)
18 [EQ, 12,19,2,9,18,6, 13, 22,4, 12]7 [53, 9,18,6,13,22,5,14, 21, 3, 10]7

[€2,12,19,2,9,18,6,13,22,4,14] = —%[52, 12,19,2,9,18,6,13,22,7, 14]

([52,12,19,2,9, 18,6,13,22,4,11] = 0) ([52 12,19,2,9,18,6,13,22,7, 15] = 0)

VS

[€2,12,19,2,9,18,6,13,22,7,16] = 2VRPITE [€2,12,19,2,10,19, 4,14, 23,7, 16] = 0)
(5]V/[31°[9][10]

~~

[€2,12,19,2,10,19,4,11,19,3,10] = 0)
[€2,12,19,2,10,19,4,11,19,3,12] = —/[3][£2, 12,19, 2,10, 19,4, 11,19, 4, 12]

?mg 12,19,2,9,18,6, 13,22, 4, 12]*)

V7
<[52, 12,19,2,10,19,4,11,19,3,14] = — [3[} ] [€2,12,19,2,10,19,4,11,19, 4, 14]

/N
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= M[&, 12,19,2,9,18,6,13,22, 4, 14]*)

BCTUEVPE
_ V[ _ [202]v/i0] )
<[$3,9,18,6,13,22,5,14,21,3,12}— B [€5,9,18,6,13,22,5,14,21,4,12] = [3][4”5”9}[52,12,19,2,9,18,6,13,22,4,12]

<[§3,9, 18,6, 13,22, 5,14, 21, 3,14] = —/[3](£3,9, 18, 6,13,22,5,14, 21, 4, 14]

= —M[@, 12,19,2,9,18,6,13,22, 4, 14]*)
[4][7119]

5][7
19 [€2,12,19,2,9,18,6,13,22,4,12,19] = — VIl ][52, 12,19,2,9,18,6,13,22, 4, 14, 19],
(3]V/19]

[€3,9,18,6,13,22,5, 14,21, 3,10, 17]

12] /2137
<[§2,12, 19,2,9,18,6,13,22,4,12,21] = %[52, 12,19,2,10,19, 4,11, 19, 3,12, 21]
(5]/[3]°[9][10]

12]\/2P[TP Vi
_ [2] [3] [7] [€2,12,19,2,10,19,4,11,19,3,14,21] = (7] [€2,12,19,2,9,18,6,13, 22,4, 14, 21]
[3]21/[5]3[9][10] [3]1/[5]
7
- 7%[&, 12,19,2,9,18,6,13,22,4,12,21] = [€2,12,19,2,9,18,6,13,22,4,12,21] = o)

([52, 12,19,2,9,18,6,13,22,4,14,21] = 0) ([52, 12,19,2,9, 18,6, 13,22, 4,14, 22] = 0)

3
<[52, 12,19,2,9,18,6, 13,22, 4,14, 23] = ,A[&, 12,19,2,9,18,6,13,22,7, 14, 23] = 0)

vl

<[§3, 9,18,6,13,22,5,14, 21, 3,10, 19]

V9 VBIb
- _#[53,9,18,6,13,22,5,14,21,3, 12,19] — u[ }[53,9,18,6, 13,22,5,14, 21, 3,14, 19]

2][12]/T10 2][5][12] /[3][10
_ _ 22 vio] }[52,12,19,2,9,18,6,13,22,4,12,19}+—[H][ VI ][52,12,19,2,9,18,6,13,22,4,14,19]

(3][4]3[5] [4]3[7][9]
2]2[12]+/710
= 7M[52, 12,19,2,9, 18, 6,13, 22, 4,12, 19]*)
(3]05]
20 [62,12,19,2,9,18,6, 13,22, 4,12, 19, 2], [€2,9,18,6,13,22,5, 14, 21, 3,10, 17, 1]

([52, 12,19,2,9,18,6,13,22,4,12,19, 3] = 0) ([52, 12,19,2,9,18,6,13,22,4,12,19, 4] = 0)

5117
<[§2,12, 19,2,9,18,6,13,22,4,12,19,5] = — [3}[ }H [€2,12,19,2,9,18,6,13,22, 4,14, 19, 5] = 0)
VB
<[§3,9, 18,6,13,22,5,14,21,3,10,17,2] = —%[53,9, 18,6,13,22, 5,14, 21,3, 10, 19, 2]

2]2[12]/]10
%[52, 12,19,2,9, 18,6, 13,22, 4, 12, 19,2]*)

2T [&2,12,19,2,9,18, 6,13, 22,4, 12,19, 2, 9]
([52, 12,19,2,9,18,6,13,22,4,12,19,2,10] = 0) ([52, 12,19,2,9,18,6,13,22,4,12,19,2, 11] = 0)

V04
<[§3,9, 18,6,13,22,5,14,21,3,10,17,1,9] = —%[53,9, 18,6, 13,22,5,14,21, 3,10, 17, 2, 9]

= —% [€2,12,19,2,9,18,6,13,22,4,12,19, 2, 9]*)

22 ([52, 12,19,2,9,18,6,13,22,4,12,19,2,9,17] = 0) ([52, 12,19,2,9,18,6,13,22,4,12,19,2,9, 18] = 0)

Let u be the path [1,9, 18,6, 13,22,4,14,19,2,11,19,2,11,22, 5,14, 21, 3,10, 17, 1], which
is symmetric. This path is non-zero in A since

[1,9,18,6,13,22,4,14,19,2,11,19,2,11,22, 5,14, 21, 3,10, 17, 1]

88



—_

= ———_[1,9,18,6,13,22,4,14,19,2,11,18,2,11,22,5, 14, 21, 3,10, 17, 1]

= [1,9,18,6,13,22,4,14,19,2,11, 18,6, 11,22,5,14,21, 3,10, 17, 1]

S
E

[19186132241219211186112251421310171]

We choose i,y = t1,(1) := u. Then vj,v(ai;) = vo,yv(ary) is given by

[9,18,6,13,22,4,14,19,2,11,19,2,11,22,5,14,21,3,10, 17, 1, 9]

31v/[9
= i)__ij.g 18,6,13,22,4,12,19,2,11,19,2,11,22,5,14,21,3,10,17,1,9]

= £3,10,19,2,11,22,5,14,21,3,10,17,1, 9]

Now

VLR (82 4 1)[6, 12,19, 3,14, 22, 5,14, 21, 3,10, 17, 1, 9]

= 2V 06,,12,19,2,10,19,5,14,21,3,10,17,1,9] = 0,

so we have

Vjuy(aiz)

Now

9,17,2,11,20,5,14,21,3,10,17,2,9,18,6,13,22,4,12,19,2, 9]

39



45
4l ][9, 18,6,13,20,5,14,21,3,10,17,2,9, 18,6, 13,22,4, 12,19, 2, 9]

V2]
_BIBIVIY
2] [9,18,6,13,22,5,14,21,3,10,17,2,9,18,6,13,22,4,12,19,2,9]
5)(12]/[2I[7
_ BIIAVRIT e 19 19.9,0,18,6,13,22,4,12,19,2,0] # 0,
[3]/110]
so that
Vju(iy ¥ (aij)
4)19)[10)/2I[B]°
_ []7[]2] [5[]3][] 9,17,2,11,20,5,14,21,3,10,17,2,9, 18,6, 136, 22,4, 12,19, 2, 9]
= apv,

where v’ is symmetric. Then C' = 1.
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