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119Observatório Nacional, Rua Gal. José Cristino 77, Rio de Janeiro, Rio de Janeiro—20921-400, Brazil
120School of Physics and Astronomy, University of Minnesota,
116 Church Street SE Minneapolis, Minnesota 55455, USA

121Department of Physics, Case Western Reserve University, Cleveland, Ohio 44106, USA
122Brookhaven National Laboratory, Upton, New York 11973, USA
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Cosmic shear, galaxy clustering, and the abundance of massive halos each probe the large-scale structure
of the Universe in complementary ways. We present cosmological constraints from the joint analysis of the
three probes, building on the latest analyses of the lensing-informed abundance of clusters identified by the
South Pole Telescope (SPT) and of the auto- and cross-correlation of galaxy position and weak lensing
measurements (3 × 2pt) in the Dark Energy Survey (DES). We consider the cosmological correlation
between the different tracers and we account for the systematic uncertainties that are shared between the
large-scale lensing correlation functions and the small-scale lensing-based cluster mass calibration.
Marginalized over the remaining Λ cold dark matter (ΛCDM) parameters (including the sum of neutrino
masses) and 52 astrophysical modeling parameters, we measure Ωm ¼ 0.300� 0.017 and
σ8 ¼ 0.797� 0.026. Compared to constraints from Planck primary cosmic microwave background
(CMB) anisotropies, our constraints are only 15% wider with a probability to exceed of 0.22 (1.2σ)
for the two-parameter difference. We further obtain S8 ≡ σ8ðΩm=0.3Þ0.5 ¼ 0.796� 0.013 which is lower
than the Planck measurement at the 1.6σ level. The combined SPT cluster, DES 3 × 2pt, and Planck
datasets mildly prefer a nonzero positive neutrino mass, with a 95% upper limit

P
mν < 0.25 eV on the

sum of neutrino masses. Assuming a wCDM model, we constrain the dark energy equation of state
parameter w ¼ −1.15þ0.23

−0.17 and when combining with Planck primary CMB anisotropies, we recover

w ¼ −1.20þ0.15
−0.09 , a 1.7σ difference with a cosmological constant. The precision of our results highlights the

benefits of multiwavelength multiprobe cosmology and our analysis paves the way for upcoming joint
analyses of next-generation datasets.

DOI: 10.1103/PhysRevD.111.063533

I. INTRODUCTION

The standard model of cosmology, the Λ cold dark
matter model (ΛCDM), describes the cosmic expansion
history and the growth of cosmic structure and is consistent
with a variety of datasets. One key pillar in testing this
cosmological model is the accurate tracing of structure
growth from the early Universe at redshift z ∼ 1100, when
the cosmic microwave background (CMB) radiation was
released, to the late-time Universe z≲ 2. For over a decade,
such studies have been limited by the relatively weak
constraining power of late-time Universe datasets, whereas
primary CMB anisotropy measurements, in particular as
measured by Planck, have exhibited tighter constraints.
With the advent of wide-field lensing and galaxy surveys

such as the Dark Energy Survey (DES) [1–3], the Kilo-
Degree Survey [4], and the Hyper Suprime-Cam Subaru
Strategic Program [5], however, the constraining power of
local probes is boosted and is about to reach the regime
where the clustering properties of matter at z≲ 1 can be
determined as precisely as those at z ∼ 1100.
A key probe of the matter power spectrum enabled by

these surveys is the measurement of the three possible two-
point correlation functions (hence 3 × 2pt) among the
galaxy position and galaxy weak lensing fields. Such
measurements have provided tight cosmological con-
straints [6–10] with a tantalizing hint that the late-time
Universe may not have the exact properties as expected
from interpreting the Planck data in the context of the
ΛCDMmodel: The parameter S8 tends to be somewhat low
in the late-time Universe constraints.1

*Contact author: sebastian.bocquet@physik.lmu.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

1S8 ≡ σ8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm=0.3

p
is a combination of the amplitude of

fluctuations in the linear matter density field σ8 and the matter
density Ωm. In the two-dimensional Ωm-σ8 plane, S8 is the
combination that is best constrained by current cosmic shear
analyses.
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Another key probe of late-time structure formation on
megaparsec scales is the abundance of massive halos and of
the galaxy clusters they host. While clusters can be
identified in optical data, a particularly robust and well-
understood selection scheme consists in observing the
halos’ hot intracluster medium, which emits x-rays via
bremsstrahlung and which causes a spectral distortion of
the CMB via the thermal Sunyaev-Zel’dovich effect (here-
after SZ) [11]. High-resolution, deep millimeter-wave
surveys of the CMB enabled the first blind detection of
a galaxy cluster in 2009 [12] and by now have enabled the
detection of thousands of massive clusters out to z≲ 2, e.g.,
[13–18]. To turn the abundance of SZ-selected clusters into
a cosmological probe, one needs to relate the strength of the
SZ signature to the underlying halo mass (we refer to this
exercise as “mass calibration”). The halo mass creates the
link to the halo mass function and thus the cosmological
parameters and model. A particularly robust means of mass
calibration is based on measurements of weak gravitational
shear around clusters, which can be modeled with exquisite
control over systematic uncertainties. Indeed, the analysis
of SZ-selected clusters discovered in data from the South
Pole Telescope (SPT) [19] with weak-lensing mass cali-
bration using DES andHubble Space Telescope (HST) data
enables competitive cosmological constraints [20]. In the
Ωm-σ8 parameter space, the difference of these constraints
relative to the DES year 3 (Y3) 3 × 2pt results has a
probability to exceed (PTE) of 0.25 (1.1σ).2

In this paper, we present a joint analysis of the abun-
dance of SPT-selected galaxy clusters and galaxy clustering
and weak-lensing two-point correlation functions measured
in the DES Y3 dataset. As we will demonstrate explicitly,
the two probes are essentially independent even if they are
both based on the same lensing data and probe the same
matter field. Indeed, the SPT cluster mass calibration relies
on weak-lensing shear profiles measured in DES Y3 data,
but because these profiles are restricted to small scales
r < 3.2=ð1þ zclusterÞ h−1Mpc, and because the SPT
analysis is still limited by statistical uncertainties, the
correlation with the 3 × 2pt measurements on larger scales
is negligible. Therefore, our joint analysis enables signifi-
cantly tighter constraints than obtained from the probes
individually.
The first joint analysis of the abundance of optically

selected galaxy clusters, cluster mass calibration from
large-scale cluster lensing, cluster clustering, and clus-
ter-galaxy clustering, and 3 × 2pt [21] used data from the
1321 deg2 DES year 1 survey. A sample of 4794 galaxy

clusters [22] was analyzed jointly with weak-lensing
[23,24] and galaxy clustering [25] data, building on the
DES year 1 3 × 2pt analysis [26]. The analysis presented
here complements the DES year 1 multiprobe analysis as
we use a different cluster selection, mass calibration, and
inference methodology.
In Sec. II, we review the 3 × 2pt and cluster datasets and

summarize the respective analysis frameworks. In Sec. III,
we discuss the correlations between the two datasets and
how we join the two analyses. We present the results in
Sec. IV and conclude with a summary in Sec. V.

II. DATA AND INDIVIDUAL ANALYSIS
FRAMEWORKS

We use data from the first three years of DES (covering
nearly 5000 deg2) and from the first two SPT surveys (SPT-
SZ and SPTpol, covering a total of nearly 5200 deg2), along
with additional cluster follow-up data as described below.
The two surveys share a common patch of 3567 deg2.

A. DES Y3 3 × 2pt

We use the DES Y3 3 × 2pt dataset and analysis as
described in [7] and references therein. Briefly, the 3 × 2pt
analysis combines weak-lensing measurement of 100 ×
106 “source” galaxies [27] and positions of 10.7 × 106

“lens” galaxies with magnitude-limited selection [28]. The
lensing shear measurements are obtained in a data-driven
way by estimating the response to artificial shear applied to
the images using the MetaCalibration algorithm [29]. To
enable tomography, the sources are split in four redshift
bins and the lenses are split in six redshift bins, of which
only four are used in the analysis.
The data vector d contains the three two-point correlation

function measurements and shear ratio measurements on
small scales between source redshift bins that share the
same lens bin [30]. The corresponding theory vector tM is
computed for a given model M. In this model, the nonlinear
matter power spectrum is computed using HALOFIT [31,32].
Intrinsic alignment of (source) galaxies is modeled with the
tidal alignment and tidal torquing model [33], which is an
extension of the nonlinear linear alignment (NLA) model.3

The theory vector tM depends on the parameters p. These
include the cosmological parameters, but also 29 nuisance
parameters that describe, e.g., the lens galaxy bias, the
shear and photo-z calibrations, intrinsic alignment, etc.4

The likelihood L is assumed to be Gaussian and we write

2The PTE is the probability of obtaining a larger difference
between two measurements or between a measurement and a
model prediction than what is observed. A very low PTE would
thus imply that the observed difference is larger than random
chance would allow given the uncertainties.

3The NLA model describes intrinsic alignment as a linear
function of the nonlinear matter power spectrum, hence the name.

4Note that, of the 29 nuisance parameters of the DES Y3
3 × 2pt model, only those describing the calibration of the
effective source redshift distribution and residual shear biases
may be correlated with the SPT cluster lensing analysis (see
Sec. III B).
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lnLðdjp;MÞ ¼ −
1

2

�
d − tMðpÞ

�
T
C−1

�
d − tMðpÞ

�
þ const:

ð1Þ
with the covariance matrix C that is computed analytically
[34]. We exactly follow the DES Y3 3 × 2pt analysis and
modeling choices as published and hence defer to [7] for
details.

B. SPT (SZ+pol) cluster cosmology

The SPT cluster cosmology dataset and analysis frame-
work are described in [35]. Cluster candidates are identified
by applying a matched filter to data from the 2500 deg2

SPT-SZ, the 2800 deg2 SPTpol Extended Cluster Survey
(ECS), and the 500 deg2 SPTpol 500d surveys and meas-
uring the detection significance ξ [13,16,36]. Over the
footprint of the SPT survey that is shared with DES,
we consider detections with ξ > 4.25 for SPTpol 500d,
ξ > 4.5 for SPT-SZ, and ξ > 5 for SPTpol ECS. We
perform the cluster confirmation and redshift assignment
using the multicomponent matched filter algorithm [37,38].
We use DES data, and at high redshift z > 1.1, data from
the Wide-field Infrared Survey Explorer [39]. In essence, a
candidate is confirmed as a cluster if the measured richness
λ exceeds a redshift-dependent limit λminðzÞ that is empiri-
cally calibrated to ensure a target purity of > 98%. Outside
of the shared survey footprint, we consider detections with
ξ > 5 and perform the cluster confirmation and redshift
determination based on targeted follow-up observations
(using among others, the PISCO imager [40] and Spitzer/
Infrared Array Camera [41]) as described in [13,36].
The cosmology sample comprises 1005 confirmed clus-

ters at z > 0.25. A subset of 688 clusters at z < 0.95 also
have DES Y3 weak-lensing data [35], and 39 clusters at
higher redshifts of 0.6–1.7 have weak-lensing data from
HST [42–46]. The lensing measurements exclude the
cluster core regions and are restricted to the well-under-
stood small-scale 1-halo term regime. For DES, we con-
sider scales between 0.5 and 3.2=ð1þ zÞh−1 Mpc, and for
HST, scales between 0.5 and 1.5 Mpc. The individual radial
profiles of the tangential shear gt, along with a “lensing
mass to halo mass” relation MWL −Mhalo that accounts for
all stochastic and systematic uncertainties [47], are used to
calibrate the mean observable–mass relation. We describe
the cluster sample and the weak-lensing data using a
Bayesian hierarchical model M as

lnL
�
fξi; λi; zi;gt;igNcluster

i¼1 jp;M
�

¼
XNcluster

i¼1

ln
d4NMðpÞ
dξdλdgtdz

����
ξi;λi;gt;i;zi

−
Z

� � �
Z

dξdλdgtdz
d4NMðpÞ
dξdλdgtdz

Θsðξ; λ; zÞ þ const: ð2Þ

with the sample selection Θsðξ; λ; zÞ and where the index i
runs over all clusters in the sample. The differential cluster
abundance is computed as

d4NMðpÞ
dξdλdgtdz

¼
Z

dΩs

Z
� � �

Z
dMdζdλ̃dMWL

PðξjζÞPðλjλ̃ÞPðgtjMWL; pÞ
Pðζ; λ̃;MWLjM; z; pÞ
d2NðM; z; pÞ

dMdV
d2Vðz; pÞ
dzdΩs

ð3Þ

with the halo mass function [48] d2NðM;z;pÞ
dMdV and the differ-

ential volume d2Vðz;pÞ
dzdΩs

within the survey footprint Ωs. The
second line in Eq. (3) contains the relationships between
the observed (and thus noisy) cluster properties and the
intrinsic ones. Finally, Pðζ; λ̃;MWLjM; z; pÞ describes the
multiobservable-to-mass scaling relations, including
the effects of correlated intrinsic scatter. For the cluster
analysis, the vector p contains the cosmological parameters
along with 23 parameters that describe the observable–
mass relations and, importantly, the systematic uncertain-
ties in the weak-lensing modeling.

III. ANALYSIS METHOD

In this section, we describe how we join the DES Y3
3 × 2pt and SPT cluster abundance analyses. We note that
the two analyses were performed blindly to avoid con-
firmation bias. Because we strictly follow the analysis
choices and modeling frameworks of the existing analyses,
we do not need to (and cannot) perform a blind analysis.
We summarize our joint analysis as follows, and refer the

reader to the individual subsections for further details. We
compute the cross-covariance between the two datasets due
to the coupling of long-range modes in the matter density
field. Given the current size of the cluster sample and the
current magnitude of the shot and shape noise in the cluster
lensing measurements, we find that the cross-covariance
does not contribute significantly and is ignored in the
analysis that follows. Therefore, we can simply sum the
existing log-likelihood functions [Eqs. (1) and (2)], but we
account for the fact that some of the lensing systematics (in
particular, the uncertainty on the source redshift distribu-
tion) are shared between the 3 × 2pt analysis and the cluster
mass calibration. We do so by imposing a correlation
between the respective parameters [see Eq. (5) below].
Instead of sampling the high-dimensional parameter space
(six ΛCDM parameters, 29 nuisance parameters for
3 × 2pt, 23 parameters for the cluster observable–mass
relations), we importance sample the respective posterior
parameter distributions. To overcome the inherent noise in
importance sampling, we train normalizing flows from
which we can draw sufficiently large numbers of samples to
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obtain our final constraints. Finally, we assess the quality of
the joint fit and conclude that the mean recovered model is
an adequate description of the data.

A. Impact of cross-covariance between the SPT cluster
abundance and DES 3 × 2pt

Galaxy clusters trace the peaks of the large-scale
structure. Hence, the abundance of galaxy clusters and
halo-scale cluster mass profiles (probed by small-scale
cluster lensing) are inherently correlated with tracers of the
cosmic density field. In turn, the cross-covariance of cluster
and 3 × 2pt measurements in the same survey footprint and
with overlapping redshift ranges and scales is nonzero.
Note that in our analysis, however, the expected level of
cross-covariance is small because the angular scales tested
by the two probes are different. In this section, we
demonstrate that we can safely ignore this cross-covariance
given the level of uncertainties in the current measure-
ments. Neglecting the cross-covariance has the practical
advantage that no additional development for a joint
analysis pipeline is needed and that we can instead keep
utilizing the existing ones.
First, we verify that for the SPT cluster dataset, the

uncertainties in cluster lensing are dominated by shape
noise and the uncertainties in the abundance are dominated
by shot noise. Adopting a halo model approach [49,50], we
analytically calculate the covariance matrix of the cluster
abundance and the stacked cluster lensing data. This
calculation assumes that clusters are separated into two
bins in SPT detection significance ξ and three redshift bins.
The cluster sample selection also involves a cut in optical
richness, the so-called “optical cleaning,” e.g., [37,38]. For
the SPT cluster sample, the impact of optical cleaning is
small, and for simplicity, we ignore it here (but we do
account for it in the cluster likelihood). We generate the
simulated data vector dsim and the covariance matrix Σ
using the scale cuts for cluster lensing as in the SPT
analysis [35] and assuming the best-fit ξ–mass relation and
cosmological values obtained from that analysis [20]. We
then calculate the signal-to-noise ratio

SNR≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dTsimΣ−1dsim

q
ð4Þ

of the simulated data with the full covariance matrix and
with the covariance matrix that only contains shape and
shot noise terms. We find that the signal-to-noise ratios of
the two covariance matrices differ at the ∼3% level, which
would have minimal impact on the cosmological con-
straints. We note that the SPT cluster lensing analysis [35],
and thus also this work, does not perform a stacked
analysis; instead, it considers each cluster individually in
a hierarchical Bayesian likelihood framework. This is
equivalent to an analysis with infinitely small ξ and redshift
bins. To apply our stacked result to [20], we verify the

sensitivity of our calculation to the number of ξ and redshift
bins. Specifically, we perform another set of stacked
analyses by increasing the number of bins by a factor of
6 and do not see a difference in our result. We thus conclude
that our result also applies to the analysis framework
adopted in [20].
The fact that the cluster lensing and abundance data

vectors are dominated by shot and shape noise already
justifies ignoring the cross-covariance between the cluster
data vector and the 3 × 2pt data vector in our combined
analysis. However, we explicitly test the impact of ignoring
this cross-covariance term on our combined analyses. Still
using the halo model approach, we calculate the full
covariance matrix of 3 × 2pt, cluster abundance, and cluster
lensing. We then calculate the signal-to-noise ratio of the
whole 3 × 2pt and cluster data vector using the full
covariance matrix and using the covariance matrix without
cross terms of 3 × 2pt and cluster parts. We find that the
differences in signal-to-noise ratios are at the ∼0.05% level,
solidifying our conclusion that we can safely assume that the
cluster dataset and 3 × 2pt are independent of each other.

B. Determination of shared systematics

As the DES weak-lensing measurements of SPT clusters
and the shear two-point correlation functions that enter the
DES 3 × 2pt data vector use the same lensing source galaxy
shapes and photo-z’s, systematic uncertainties in these
properties impact both cosmological probes in a correlated
way. Note that there is no correlation between the DES
galaxy position two-point correlation function and the SPT
cluster abundance. Similarly, the 39 cluster lensing mea-
surements based on HST data are not correlated with the
DES lensing dataset. For the DES Y3 3 × 2pt analysis, the
lensing source galaxies were split in four tomographic bins
according to their mean redshift estimates. For each bin b, a
mean redshift biasΔzbs and a mean multiplicative shear bias
mb were determined, along with the systematic uncertain-
ties on both quantities (eight parameters in total) [51,52].
The SPT cluster lensing analysis used the same source
selection, although tomographic bin 1 was dropped entirely
[35]. The systematic uncertainty in the cluster weak-lensing
mass calibration was determined by calibrating a “weak-
lensing mass to halo mass” relation [MWL −Mhalo, see
Eqs. (36)–(38) in [35]] using Monte Carlo simulations of
synthetic cluster lensing measurements based on mass
maps from hydrodynamical simulations (following [47]).
In these Monte Carlo simulations, the lensing source photo-
z’s and the shear bias parameters m were stochastically
drawn from the calibrated distributions, thereby incorpo-
rating the effects of the uncertain photo-z and shear
calibration into the uncertainties in the MWL −Mhalo
relation.
In this work, we repeat the calibration of the cluster

lensing model, but for each Monte Carlo realization, we
now also record the shear bias mb and the uncertainty on
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the mean redshift Δzbs for each tomographic bin b. This
allows us to track the correlation between the parameters of
the MWL −Mhalo model and Δzbs and mb. We determine
that only the first principal component of the cluster weak-
lensing mass bias bWL and the mean redshift bias of the
fourth tomographic redshift bin Δz4s (anti)correlate signifi-
cantly, with a correlation coefficient ρ ¼ −0.81.5 The
negative correlation is explained as follows: If, for example,
the source redshift is biased low, then, for a given lensing
signal, the inferred lensing mass would be biased high, and
with it, the amplitude of the MWL −Mhalo relation. All
other parameters exhibit negligible levels of correlation.
This is expected because only at relatively large cluster
redshifts does the uncertainty in the photo-z calibration
represent a significant contribution to the overall systematic
error budget (see discussion and Fig. 10 in [35]). The
uncertainty in the shear calibration is negligible at all
cluster redshifts. In our analysis, we account for the
correlation ρ as discussed in the next subsection.
We note that the characterization of the shared system-

atics between 3 × 2pt and the weak-lensing cluster mass
calibration as performed here is straightforward because of
the deliberate choice taken in the SPT cluster cosmology
analysis to perform the cluster weak-lensing analysis based
on the same source selection as used for the DES lensing
two-point correlation functions. While alternative, more
optimal cluster lensing source selection schemes would
almost certainly have led to slightly reduced statistical
uncertainties, the characterization of the systematic uncer-
tainties and, in particular, the characterization of their
correlation with the systematic uncertainties in 3 × 2pt
would have been more complicated. Therefore, we recom-
mend a similar analysis philosophy also for future multip-
robe analyses that include weak-lensing calibrated cluster
abundance measurements.

C. Parameter inference

We follow the DES Y3 3 × 2pt analysis and apply the
same uniform priors on Ωm, Ωb, Ωνh2, h, ns, and As, see
Table I in [7]. We consider σ8 as a derived parameter.
As demonstrated in the previous subsections, the cluster

abundance and mass calibration likelihood and the 3 × 2pt
likelihood are effectively independent. Therefore, instead
of running an excessively expensive Markov chain
Monte Carlo (MCMC) to explore the joint high-dimen-
sional parameter space, we adopt an importance sampling
approach. In this approach, the samples of the posterior
parameter distribution of one analysis are updated by
multiplying their weights with the likelihood of the other
analysis; the resulting samples describe the joint distribu-
tion. Typically though, this procedure leads to noisy

posterior distributions because the effective sample size
decreases. To mitigate this effect, we first train normalizing
flows to learn the posterior distributions of the SPT cluster
and DES 3 × 2pt analyses.6

A normalizing flow is a generative model in machine
learning that learns the bijective mapping between a simple
distribution and the target probability distribution [53–55].
In our case, the simple distribution is a multivariate normal
distribution, and the training set are the MCMC samples
(from the SPTor DES analysis). Once the transformation is
known, one can draw a large number of samples from the
target distribution by drawing samples from the normal
distribution and applying the transformation. Furthermore,
one can obtain the posterior probability at any point in
parameter space by applying the inverse transformation.
We use a modified implementation of FlowJax

7 that can
handle weighted samples.8

In this work, we are interested in the improvements on the
cosmological parameter constraints enabled by the joint
analysis. Therefore, we restrict the importance sampling to
the parameters Ωm, Ωb, Ωνh2, h, ns, σ8, and the correlated
nuisance parameters bWL and Δz4s . This reduces the dimen-
sionality of the parameter space to eight and improves the
stability of the normalizing flows and of the importance
sampling analysis. In the Appendix B, we demonstrate that
the trained flows are able to accurately reproduce the true
distributions (see the upper-right triangle in Fig. 6). We now
draw a large number of samples from one flow and update
the sample weights w using the likelihood at that location in
parameter space from the other flow. Finally, we account for
the correlation between bWL and Δz4s (see previous section)
by updating the sample weights

δ≡
�
bWL − hbWLi
Δz4s − hΔz4s i

�
;

Σuncorr: ≡
� σ2bWL

0

0 σ2Δz4s

�
;

Σcorr: ≡
� σ2bWL

ρσbWL
σΔz4s

ρσbWL
σΔz4s σ2Δz4s

�
;

lnwwith corr: ¼ lnwno corr: þ
1

2
δTΣ−1

uncorr:δ −
1

2
δTΣ−1

corr:δ: ð5Þ
We use the importance sampled chains to extract the
parameter constraints presented in this work. Our baseline
results are based on the DES Y3 3 × 2pt chain, updated with
the SPT cluster likelihood and after applying Eq. (5). These

5Note that the first principal component of the cluster lensing
mass bias is defined as σln bWL;1

in the SPT analysis [20,35] but we
use a shorter notation bWL here.

6The original SPT cluster analysis assumed different priors on
the cosmological parameters [20]. To enable the importance
sampling analysis, we reran the cluster analysis using the DES Y3
priors. The recovered results were essentially unchanged.

7https://danielward27.github.io/flowjax
8Our implementation is available at https://github.com/

SebastianBocquet/flowjax.
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constraints are shown in solid red in Fig. 6. To cross-check
that the importance sampling scheme is robust, we also
extract results starting for the SPT cluster chain, importance
sampling using the DESY3 3 × 2pt likelihood, and applying
Eq. (5), as shown in red dashed lines in Fig. 6. The two
analysis routes lead to almost indistinguishable results,
confirming the reliability of our approach.

D. Goodness of fit

We test whether the best-fit model for the joint cluster
and 3 × 2pt analysis is an adequate description of the data.
The 3 × 2pt data vector contains 471 data points. The χ2 at
the maximum a posteriori probability (MAP) of the joint
analysis (χ2 ¼ 538.5) is higher than the χ2 at the MAP of
the 3 × 2pt ΛCDM analysis by Δχ2 ¼ 1.8. The implied
PTE decreases by about 10%. Note that if the MAP of the
joint analysis is not identical to the MAP of the individual
probe (and if the priors are not changed) then a somewhat
worse fit is to be expected by definition. The 3 × 2pt
analysis does not show signs of significant internal incon-
sistencies (PTE of 0.023 [7,56]). Because the PTE in the
joint analysis is only slightly lower, we conclude that the
3 × 2pt data are well fit in our joint analysis, too. We also
compare the total number of clusters and the measured
stacked shear profiles with the model predictions at the
MAP of the joint analysis (analogous to Figs. 1 and 2 in
[20]) and obtain χ2 ¼ 43.1 for 27 data points, with a
corresponding PTE of 0.03 (χ2 ¼ 35.6 for the clusters-only
analysis). Note that the cluster analysis is performed using
an unbinned Poisson likelihood for the cluster sample and a
hierarchical Bayesian likelihood for the individual cluster
lensing shear profiles. Stacked data are only used to
evaluate the goodness of fit. We conclude that the model

is an adequate description of the joint dataset and present
the recovered cosmological constraints.

IV. RESULTS

We present our constraints on ΛCDM, the sum of
neutrino masses, and wCDM. Throughout this work, we
assume spatial flatness and a uniform prior [0.06, 0.6] eV
for the sum of neutrino masses (the lower limit is given by
measurements of neutrino oscillations, see, e.g., [57]).

A. ΛCDM
Figure 1 (left) shows ΛCDM constraints in the Ωm-σ8

plane as obtained by SPT clusters, DES 3 × 2pt, and our
joint analysis SPT clustersþ DES 3 × 2pt. The constraints
on a selection of parameters are presented in Table I. The
joint constraints lie at the intersection of the two individual
probes. The degeneracy direction mostly follows the
degeneracy of the 3 × 2pt result; the parameter combina-
tion that is constrained with the smallest absolute uncer-
tainty is σ8ðΩm=0.3Þ0.494, which is essentially S8. The ratio
of the areas of the 95% credible region in Ωm-σ8 space for
SPT clusters, DES 3 × 2pt, and the joint analysis is
3.3∶2.1∶1. While the two probes cannot individually con-
strain the Hubble constant, the joint analysis breaks some of
the parameter degeneracies and we recover h ¼ 0.73� 0.07
(see also Fig. 6 in the Appendix B). However, this result is
not strong enough to inform the Hubble tension.
In the Ωm-σ8 plane shown in Fig. 1, the 95% credible

region of the SPT cluster þ DES 3 × 2pt analysis is 15%
larger than for Planck 2018 TT;TE;EEþ lowE [58]. We
quantify the two-parameter difference with a PTE of 0.22
(1.2σ). Our measurement S8 ¼ 0.796� 0.013 differs from
the Planck measurement S8 ¼ 0.831� 0.017 at 1.6σ. We

FIG. 1. Constraints on Ωm and σ8 (68% and 95% credibility) in ΛCDM with massive neutrinos. The two panels show the same
parameter ranges. Dashed lines show lines of constant S8 ≡ σ8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm=0.3

p
. Left: the individual lensing-informed SPT cluster abundance

and DES 3 × 2pt results, along with their combination. We also show the constraints from Planck TT;TE;EEþ lowE primary CMB
anisotropies and the combination with our joint analysis. Right: comparison of our SPT clustersþ DES 3 × 2pt results with a selection
of external single-probe and multiprobe analyses.
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show lines of constant S8 in the figure to help guide the eye.
Because the difference is not significant, we combine our
joint constraints with Planck temperature and polarization
power spectra to obtain tight constraints on the cosmo-
logical parameters. In Fig. 1 (right), we also show the
results from the multiprobe analyses of DES Y1 cluster
abundance, cluster clustering, galaxy clustering, and lens-
ing [21] and of CMB lensing measured by the Atacama
Cosmology Telescope (ACT) and baryon acoustic oscil-
lations (BAOs) measured in the 6dF and SDSS galaxy
surveys [59,60]. In theΩm-σ8 plane, the ratio of the areas of
the 95% credible regions of the DES Y1, ACTþ BAO, and
our SPT clustersþ DES 3 × 2pt analyses is 2.8∶1.0∶1. Our
results are similar to the joint analysis of DES Y3 galaxy
clustering and lensing and SPT+Planck CMB lensing [61],
but somewhat tighter.
Comparing to the eROSITA eRASS1 cluster cosmology

analysis [62], if we assume that their analysis is independent
from ours, we find that their reported value of σ8 is higher
than ours at the 2.4σ level, and we find a PTE of 0.018 (2.4σ)
in the Ωm-σ8 plane. In reality, however, the footprints of the
DES, SPT, and eRASS1 surveys overlap and the eRASS1
and SPT cluster samples have objects in common, and both
analyses rely on mass calibration using DES lensing data
[35,63]. Carefully assessing the statistical significance of the
difference is not the main goal of this study, and we leave this
quantification for future works.

B. Sum of neutrino masses

Following the DES 3 × 2pt analysis, we set a lower limitP
mν > 0.06 eV to reflect constraints from neutrino oscil-

lations. Measurements of Planck18 TT;TE;EEþ lowE
primary CMB anisotropies place an upper limit

P
mν <

0.30 eV at 95% credibility [58]. As shown with the gray
contours in Fig. 2, this constraint is limited by degeneracies
with Ωm, σ8, and h. Therefore, the combination of CMB
data with independent measurements of these other cos-
mological parameters breaks (some of) these degeneracies
and enables tighter constraints. In Fig. 2, we show that
while our joint SPT clustersþ DES 3 × 2pt analysis cannot
meaningfully constrain

P
mν, it breaks the degeneracies

withΩm and σ8 in the CMB analysis. In Fig. 3, we show the
marginalized posterior probability distribution for the sum
of neutrino masses. The constraints from Planck18 and
from the combination of that dataset with either 3 × 2pt or
the SPT cluster abundance peak at the minimum allowed
mass. However, the upper limits in all three analyses cannot
rule out the inverted hierarchy, which would implyP

mν > 0.1 eV. Interestingly, due to the breaking of
degeneracies in the nontrivial high-dimensional parameter
space, the combination of Planck18 and our joint SPT
clustersþ DES 3 × 2pt analysis results in a constraint on
the sum of neutrino masses that peaks at a nonzero value of
0.09 eV (mean value is 0.14 eV, see also Table I). However,

TABLE I. Parameter constraints for the ΛCDM and wCDM models, marginalized over all cosmology and 52 nuisance parameters
(mean and 68% credible intervals, or 95% limit). σ8ðΩm=0.3Þ0.5 is the parameter combination that is best constrained by 3 × 2pt, and
σ8ðΩm=0.3Þ0.25 is the combination that is best constrained by the SPT cluster abundance. The cluster and 3 × 2pt datasets cannot
individually constrain h and we only quote the joint constraint (but we always marginalize over h). The joint analysis does not
meaningfully constrain

P
mν on its own, and we only quote the constraint obtained in combination with Planck 2018

TT;TE;EEþ lowE. Note that while the wCDM constraints from SPT clusters only are affected by the hard prior w > −2, the
contours of the joint constraints close.

Dataset Ωm σ8 S8 ≡ σ8ðΩm
0.3Þ0.5 σ8ðΩm

0.3Þ0.25 h
P

mν (eV) w

ΛCDM
SPT clusters 0.286� 0.032 0.817� 0.026 0.795� 0.029 0.805� 0.016 � � � � � � −1
DES 3 × 2pt 0.339þ0.032

−0.031 0.733þ0.039
−0.049 0.776� 0.017 0.754� 0.031 � � � � � � −1

SPT clusters
þDES 3 × 2pt

0.300� 0.017 0.797� 0.026 0.796� 0.013 0.796� 0.017 0.73� 0.07 � � � −1

SPT clusters
þDES 3 × 2pt
þPlanck

0.314� 0.009 0.791� 0.013 0.809� 0.009 0.800� 0.010 0.674� 0.007 0.14þ0.02
−0.07 ð< 0.25Þ −1

wCDM

SPT clusters 0.268� 0.037 0.820� 0.026 0.772� 0.040 0.796� 0.020 � � � � � � −1.45� 0.31

DES 3 × 2pt 0.352þ0.035
−0.041 0.719þ0.037

−0.044 0.775þ0.026
−0.024 0.746� 0.029 � � � � � � −0.98þ0.32

−0.20

SPT clusters
þDES 3 × 2pt

0.294� 0.021 0.793� 0.023 0.784� 0.019 0.788� 0.015 0.71� 0.06 � � � −1.15þ0.23
−0.17

SPT clusters
þDES 3 × 2pt
þPlanck

0.284� 0.018 0.811� 0.020 0.787� 0.016 0.799� 0.013 0.715� 0.024 0.25þ0.07
−0.19 ð< 0.50Þ −1.20þ0.15

−0.09
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the credible intervals are still wide enough that both the
normal and the inverted mass hierarchy are compatible with
our results.
For comparison, in Fig. 2, we also show the combination

of CMB and BAO data from the Dark Energy
Spectroscopic Instrument (DESI) [64]. While BAOs do
not constrain σ8, they provide measurements on Ωm and h
and thus break the degeneracies in the CMB analysis (see
also, e.g., [65]) in a way that is complementary to our SPT
clustersþ DES 3 × 2pt analysis.

C. wCDM

We now additionally allow the dark energy equation of
state parameter w to vary. Figure 4 shows the constraints
from DES 3 × 2pt, from the SPT cluster abundance, and
from our joint analysis. The constraints on Ωm and σ8 are
comparable with the constraints recovered for the ΛCDM
model. We report w ¼ −1.15þ0.23

−0.17 , which improves over the
single-probe uncertainties by 35% and 22%, and which
agrees with a cosmological constant w ¼ −1 with a PTE of
0.58 (0.6σ). For reference, the purely geometrical meas-
urement using DES Supernovae is yet another 26% tighter
and peaks at a less negative value w ¼ −0.80þ0.14

−0.16 . The
DESI BAO measurement is also purely geometric and
yields w ¼ −0.99þ0.15

−0.13 , which is 31% tighter than our
measurement and almost perfectly centered on w ¼ −1
[64]. Conversely, the results from Planck data alone exhibit
extended degeneracies between w and many other param-
eters. By combining Planck temperature and polarization
data with our SPT cluster þ DES 3 × 2pt dataset, we can
break these degeneracies and recover tight constraints;
notably, our measurement w ¼ −1.20þ0.15

−0.09 differs from a
cosmological constant with a PTE of 0.09, or 1.7σ (see
Table I and purple contours in Fig. 4).
The Planck 2018 data are known to exhibit more

smoothing at high multipoles than can be explained by
lensing, and this can impact the recovered parameter
constraints [58]. We investigate this effect by also allowing
the amplitude of CMB lensing AL to vary, and we recover
AL ¼ 1.20� 0.06 and w ¼ −1.16þ0.16

−0.10 . The difference with
a cosmological constant thus reduces to the 1σ level but AL
is greater than unity at more than 3σ.

FIG. 2. Joint constraints on the sum of neutrino masses
P

mν and a selection of other cosmological parameters. For the sake of
readability, we omit the comparatively weak constraints on h from the SPT clustersþ DES 3 × 2pt analysis, and we note that the BAO
data do not constrain σ8. Neither the BAO data nor the joint SPT clustersþ DES 3 × 2pt analysis can meaningfully constrain

P
mν on

their own. However, their combination with CMB data allows for refined constraints compared to those obtained from CMB data alone
by breaking the

P
mν-Ωm degeneracy in the CMB-based constraints. The BAO data also break the

P
mν-h degeneracy, while the SPT

clustersþ DES 3 × 2pt analysis also breaks the
P

mν-σ8 degeneracy.

FIG. 3. Marginalized constraints on the sum of neutrino
masses. For the normal hierarchy, the minimal value isP

mν > 0.06 eV, which is the prior we adopt in our analysis.
For the inverted hierarchy,

P
mν > 0.1 eV, as indicated by the

dashed line. The posterior of the joint Planckþ SPT clustersþ
DES 3 × 2pt analysis peaks at 0.09 eV, with no significant
preference for either hierarchy.
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V. SUMMARY AND OUTLOOK

In this work, we present a joint analysis of weak-lensing
and galaxy clustering measurements from DES data and the
abundance of SPT-selected clusters with DES and HST
weak-lensing mass calibration. The two individual probes
have roughly comparable constraining power and we show
that their cosmological correlation and the correlation due to
using the same DES lensing dataset are both negligible.
Therefore, the joint analysis of these two probes is particu-
larly appealing.
For a flat ΛCDM model with massive neutrinos, we

report competitive constraints on Ωm and σ8 (see Table I).
In the two-parameter plane, the 95% credibility region is
only 15% larger than the one allowed by Planck 2018
primary CMB data (TT;TE;EEþ lowE) [58]. We are thus
witnessing the beginning of an era where measurements of
the large-scale structure are (at least) as constraining as
early-Universe CMB observations. Our analysis does not
provide a strong suggestion for S8 being lower than
measured by Planck, but as with many other published
results, our measurement lies below the Planck value (at the
1.6σ level in our case).
The combined SPT cluster, DES 3 × 2pt, and Planck

dataset shows a mild preference for a nonzero positive sum
of neutrino masses with an upper limit

P
mν < 0.25 eV.

Our joint analysis improves the constraints on the dark
energy equation of state parameter w over the results from
the individual probes. We recover w ¼ −1.15þ0.23

−0.17 from
SPT clustersþ DES 3 × 2pt, and for the joint analysis with

Planck, w ¼ −1.20þ0.15
−0.09 . However, these results cannot

rival the existing constraints enabled by geometric probes
such as BAO and Supernovae.
While dark energy with a time-evolving equation of state

has seen renewed interest, we do not consider this model
here. Constraints on w0 and wa were presented using the
DES Y3 3 × 2pt data [66] and their combination with DES
Supernovae and SDSS BAO [67]. However, the SPT
Collaboration has not yet presented a w0waCDM analysis
using its cluster sample. Therefore, we leave a joint SPT
clusters and DES 3 × 2pt analysis of the w0waCDM model
to future work that will show whether the contours in
w0 − wa space close, which would enable an independent
cross-check of the Supernovaeþ BAO (þCMB) con-
straints [64,67–69].
This work presents the second joint analysis of the cluster

abundance and 3 × 2pt measurements. Compared to the first
analysis [21], which used optically selected clusters and
large-scale cluster–shear correlation functions, we use the
SZ-selected SPT cluster sample and cluster lensing mea-
surements in the small-scale, 1-halo term regime. Therefore,
our analysis is complementary to the existing work. Our
work paves the way for future joint analyses of larger SZ-
selected cluster samples (from, e.g., SPT-3G [70], ACT
[15,17], the Simons Observatory [71], and CMB-S4 [72]),
improved lensing and galaxy clustering datasets (e.g., DES
year 6, Euclid [73,74], and LSST [75] obtained with the
Vera C. Rubin Observatory), and updated CMB lensing
measurements (such as presented in, e.g., [76]).
In these future analyses, the statistical uncertainties in the

cluster abundance and cluster lensing measurements will be
reduced and we expect the correlation due to using the same
lensing data as 3 × 2pt to no longer be negligible. The
upcoming cluster sample will extend down to lower halo
masses, implying that the sample (co)variance and the cross-
covariance with 3 × 2pt and other large-scale structure
probes might no longer be negligible, either. Our work thus
sets the stage for future, more complex analyses of joint
probes that will enable us to probe the large-scale structure of
the Universe with unprecedented constraining power.
This research has made use of the SAO/NASA

Astrophysics Data System and of ADSTEX.9
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FIG. 5. Impact of the shared systematics in the lensing source
photo-z calibration, which introduces a correlation ρ ¼ −0.81
between the amplitude of the cluster lensing mass-to-halo mass
bWL and the uncertainty on the mean redshift of the lensing
tomographic bin 4, Δz4s . We show the 68% and 95% credibility
regions. Neglecting the fact that the lensing systematics are
shared between the two analyses (gray) has a negligible impact on
the recovered cosmological constraints. Throughout this work,
we nonetheless correctly account for the correlation (red).
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APPENDIX A: IMPACT OF SHARED
SYSTEMATICS

In our baseline analysis, we account for the correlation
ρ ¼ −0.81 between (one of) the parameters of the cluster
lensing mass bias bWL and the mean redshift bias of the
fourth tomographic bin Δz4s . Here, we investigate the
impact of this correlation. In Fig. 5, we show the two

parameters along with the cosmological parameters of
prime interest, Ωm and σ8. In the baseline analysis, the
correlation between the two noncosmology parameters can
be clearly seen. For comparison, we also produce con-
straints without accounting for the correlation of lensing
systematics, which we do by not applying Eq. (5). As can
be seen in the figure, ignoring the correlation between bWL

FIG. 6. Parameter constraints (68% and 95% credibility) in ΛCDM. Upper right triangle: the original SPT and DES analyses are
shown in solid blue and green, posteriors obtained from the trained normalizing flows are shown with dashed lines. Lower left triangle:
the fiducial joint analysis, in which the DES posterior is updated with the SPT likelihood, is shown with solid red lines; the inverse
analysis (SPT posterior updated with DES likelihood) is shown in red dashed lines.
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and Δz4s has a negligible impact on the recovered cosmo-
logical constraints. This is expected, because the analyses
of the individual probes are not limited by the uncertainty in
the photo-z calibration. Nevertheless, in our baseline
analysis, we properly take the correlation into account.

APPENDIX B: ROBUSTNESS OF NORMALIZING
FLOWS AND IMPORTANCE SAMPLING

In Fig. 6, we show the SPT cluster and DES 3 × 2pt
chains, along with the posterior distributions obtained from
the trained normalizing flows. We observe that the well-
constrained parameters such as the nuisance parameters and

Ωm and σ8 are very well reproduced by the normalizing
flows, whereas the reconstruction of the other parameters
seems to be more challenging. In the same figure, we also
show our fiducial results, as obtained by importance
sampling the 3 × 2pt results with the cluster likelihood
(solid red lines and contours). Finally, we also show the
results obtained from the inverse approach, where we
importance sample the probability distribution obtained
from the cluster analysis with the 3 × 2pt likelihood
(dashed red lines and contours). There is very good
qualitative agreement between the two sets of results,
and we thus conclude that our inference scheme is robust.
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